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Ladder operators for the simplest version of a rationally extended quantum harmonic oscillator
(REQHO) are constructed by applying a Darboux transformation to the quantum harmonic oscillator
system. It is shown that the physical spectrum of the REQHO carries a direct sum of a trivial and an infinite-
dimensional irreducible representation of the polynomially deformed bosonized 08p(1|2) superalgebra. In
correspondence with this the ground state of the system is isolated from other physical states but can be
reached by ladder operators via nonphysical energy eigenstates, which belong to either an infinite chain
of similar eigenstates or to the chains with generalized Jordan states. We show that the discrete chains of
the states generated by ladder operators and associated with physical energy levels include six basic
generalized Jordan states, in comparison with the two basic Jordan states entering in analogous discrete

chains for the quantum harmonic oscillator.
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I. INTRODUCTION

Darboux transformations, introduced originally as a
method to solve linear differential equations and general-
ized subsequently for Darboux-Crum(-Krein-Adler) trans-
formations [1-5], find many important applications in
physics. For a long period of time they were used in
quantum mechanics in the factorization method for
solving the Schrodinger equation [6-9]. Nowadays they
are exploited intensively in the context of supersymmetry.
These transformations lie at the heart of supersymmetric
quantum mechanics [10-14]. They are particularly
employed for the construction of new solvable and quasi-
exactly solvable quantum-mechanical systems. The Darboux
transformations play a fundamental role in the investigation
of nonlinear equations in partial derivatives and partial
difference equations, where they allow one to relate different
integrable systems and provide an effective method for the
construction of nontrivial solutions for them [5,15]. Periodic
Darboux chains generate finite-gap systems [16] in an
alternative way to the original algebro-geometric approach
[17,18]. Such chains also generate the quantum harmonic
oscillator (QHO) system and Painlevé equations [16,19,20],
which are intimately related with isomonodromic deforma-
tions of linear systems and integrability properties of non-
linear systems in partial derivatives. Recently, the
isomonodromic deformations [21,22] and Darboux trans-
formations played a key role in the discovery and inves-
tigation of the properties of the new class of exceptional
orthogonal polynomials [4,23-33]. One such family corre-
sponds to exceptional Hermite polynomials, which can be
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obtained by applying Darboux and Darboux-Crum trans-
formations to the QHO system. The quantum-mechanical
systems appearing in such a way are described by certain
rational extensions of the harmonic potential.

The simplest rationally extended quantum harmonic
oscillator (REQHO) [23,24] can be obtained from the
QHO system by applying to it a Darboux transformation
generated by the “Wick-rotated” second excitation of the
ground state. The resulting system is characterized by an
infinite tower of equidistant bound states which are
separated from the ground state by a triple energy gap.
As a consequence, the general solution of the evolution
problem for REQHO, like for the quantum harmonic and
isotonic oscillators, is periodic in time with a constant (not
depending on energy) period [23,34,35]. For the discussion
of different aspects of this quantum mechanical system, see
Refs. [4,23-25,31-33].

It is known that the spectrum of the QHO carries an
infinite-dimensional irreducible representation of the
bosonized 03p(1/|2) superalgebra which can be generated
by means of the creation and annihilation operators
identified as fermionic generators [36,37].1 In this context
there appears a rather natural question: what are the ladder
operators in rationally extended quantum harmonic oscil-
lator systems and what spectrum-generating algebras do
they produce? In this paper we answer these questions
for the simplest case of the REQHO system by employing
the properties of the Darboux transformations. A special
role in the construction we obtain belongs to generalized
Jordan states.

'For some recent investigations on superconformal quantum-
mechanical symmetry and its applications, see Refs. [38—42].
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The paper is organized as follows. In the next section we
review general properties of the Darboux transformations
and related Jordan states. In Sec. III we discuss discrete
flows generated by the ladder operators in the QHO system
and recall the bosonized superconformal 03p(1]2) structure
appearing in it in the form of the spectrum generating
superalgebra. In Sec. IV we generate the simplest REQHO
by applying the Darboux transformation to the QHO. Then
we construct ladder operators for REQHO by a Darboux
dressing of the creation and annihilation operators of the
QHO system, consider discrete flows, and discuss a
polynomially deformed bosonized 08p(1]2) structure in
the REQHO that reflects in a coherent way peculiarities of
its spectrum. Section V is devoted to the conclusion and
outlook. In the Appendix we describe the action of the
ladder operators on nonphysical eigenstates of the quantum
harmonic oscillator which are closely related to its physical
spectrum, and present the construction of the net of
associated Jordan and generalized Jordan states.

II. DARBOUX TRANSFORMATIONS
AND JORDAN STATES

Let ., (x) be a solution of the stationary Schrodinger
equation Hy, = E,y,. For the moment we consider this
equation formally as an abstract second-order differential
equation in which H = —j—;—l— V(x) is a Hamiltonian
operator with a real potential V(x) that is nonsingular on
R. A real constant E, is treated here as an eigenvalue
without considering the questions of boundary conditions
and normalizability for y.(x). Consequently, we do not
distinguish functions w(x) and Cy(x), where C € C,
C # 0, and assume that modulo such a multiplicative factor
w(x) is chosen to be a real-valued function. A linearly
independent solution for the same eigenvalue E, can be
taken in the form

d¢
wie)

70 =vo) [ .1

Due to the integration with an indefinite lower limit, the
function y, (x) is supposed to be defined up to an additive
term proportional to y,(x). We now assume that E, is
chosen so that the function v (x) is nodeless, ., (x) # 0,
and introduce the first-order differential operators

d1 d W
A = —_——= = — 2.2
Vg WL W= 22
and A}, = —< —W(x), where a prime denotes a derivative
dAj, = —<£ —W(x), where a prime d d

with respect to x. Note that because A, and AJ, are
first-order differential operators, their kernels are one
dimensional,
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1
kerAZ,* =—.

ker Au/* =Y., "

(2.3)

These operators provide a factorization of the Hamiltonian
shifted for the constant E,, H — E, = AZ;,*A%. The poten-
tial V(x) and superpotential JV(x) are connected by the
relation V(x) — E, = W? +W. The product with the
permuted first-order operators, AV,*A,L = H — E,, defines
the associated partner system described by the Hamiltonian
H= —j—; + V(x) with V(x) — E, = W? =W From the
alternative factorization relations it follows immediately
that the first-order operators A, and AJ,* intertwine the
quantum Hamiltonians H and H,

A, H=HA,., A} H=HA,. (2.4)
If wg is a physical (normalizable) or nonphysical
(non-normalizable) solution of the Schrodinger equation
Hyp = Eygp for some eigenvalue E # E,, then as a
consequence of Eq. (2.4), A, yg will be an eigenstate of
H of the same (physical or nonphysical) nature for the same
eigenvalue E: H (A, we) = E(A, wg). In particular, for
the linearly independent solution y constructed from yp
according to the rule (2.1), wgp = wg(x) [*dé/y%(€),
we have H(A, wr) = E(A, yg). On the other hand, for
E=E, and yp =y, we find that

|

*

The function WL is the kernel of the operator AT*, and

therefore it is an eigenstate of H, (H-E,)-=0.

W,
Analogously, if y7 is an eigenfunction of H of eigenvalue
E #E,, then ALI]}E is an eigenstate of H of the same
eigenvalue, H(A), ;) = E(A,, 7). For E = E, the appli-
cation of A?,L,* to an eigenfunction of H that is linearly
independent from Wl maps it into the kernel of 4, ,

»i- 1
Ax//* =Yy,
A

which is the eigenstate of H.

The described structure of the Darboux transformations
reveals an essential difference between the cases E # E,
and E = E,. The action of the Darboux transformation
generators on the eigenstates with £ # E, is of the two-
cyclic nature in the following sense: if y is such that
Hy = Ey, then A, maps this state into an eigenstate of H,

(2.6)

A, w =y, H 7 = Ey7, while the application of AT* to
reproduces (up to a multiplicative factor) the initial state .

At the same time, for E=E, we have A, y. :WL
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FIG. 1. Action of the Darboux transformation generators.

Al ;=0 and Ay (;-) = w., Ay w. =0, and no analo-
gous cyclic structure appears. In this case the functions

SMﬂzm@/Eﬁ563@%’
) = [T e @)

are the preimages of (wi) and v,

T\« P
Ay Q) = (ll/_) =Q, AIL/*Qz =y, =Q;. (28)

Similarly to the eigenstates of the form (2.1), the functions
Q,(x) and €, (x) are defined modulo additive terms v, (x)

and #X) respectively. The wave functions (2.7) are not,

however, formal eigenfunctions of H and H, but as a
consequence of Eq. (2.8) they obey the relations

A, AyA, Q =0and Aj, A, A}, Q, = 0. Therefore,

(H-E,)*Q, =0, (H-E)X%, =0, (29)
and we conclude that Q, and &, are generalized eigenstates
of H and H of rank 2 corresponding to the same eigenvalue
E = E,. Having in mind a generalization of relations of
the form (2.9) which appear in the following [in particular,
see Eq. (4.16) below], we refer to Q, and Qz as Jordan
states of order 2 [43,44]. The states (2.7) can be generalized
further by defining

%@I%@/}kﬁm@%

&, (x) = / (O (B)dE, (2.10)

. (x)
where n =2,3,.... These states obey the relations
A, Q, = Q. A{L*Qn =Q,_;. Consequently we find
that Q, and Q, are annihilated by differential operators
of order n+1 constructed in terms of A, and A
Namely, for even n = 2k we have A, (A}, A, )*Qy; = 0,

*

Ay (A, A} )Gy = 0, while for odd n = 2k — 1 we obtain
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(A}, A, ) Qi =0 and (A, A) 'Oy =0, k=1,....
In both cases of the even and odd values of n we have
(H=E,)'"*'Q,, =0, (H-—E)""'Qy, =0, n=1,2,...,
and (H—-E,)""'Q,. =0, (H-E,)"'Q,,., =0,
n=0,1,.... Thus, Q; and Qk with k =2n, 2n+1 are
Jordan states of order n 4 1. The described properties are
illustrated in Fig. 1.

III. DISCRETE FLOWS IN THE HARMONIC
OSCILLATOR SYSTEM AND THE 08p(12)

Let us consider now the QHO system with V(x) = x2. Its
physical bound eigenstates with eigenvalues E, = 2n + 1
are described by normalizable wave functions v, (x) =

H,(x)e™/2, n=0,1,..., where H,(x) are the Hermite

polynomials. The change x — ix transforms the
Hamiltonian of the QHO
d
H=- W + X2 (3 1)

into —H, from which it follows that the wave functions
Wy (x) = H,(x)e*/? with H,(x) = H,(ix) correspond to
nonphysical (i.e., non-normalizable) eigenstates of H with
eigenvalues E, = —(2n + 1). The corresponding functions
v, and v, are nonphysical (non-normalizable) eigenfunc-
tions of H with eigenvalues E, =2n+1 and E, =
—(2n+1), n=0,1,..., respectively. They will play an
important role in the structure and properties of the
REQHO system [4,23-25,31-33].

The well-known peculiarity of the QHO system in the
context of the Darboux transformations is that the choice
of E, =1, y, =y, = e /2 gives W= —x, and with
the factorizing operators A,, and AJ, we obtain the usual

(up to a multiplicative factor v/2) creation and annihilation
operators,

d
a=—+x, at=(a") =-—+x,

T [a,at] =2.

(3.2)

In this case, if N = a™a~ denotes the number operator for
the QHO [with the spectrum 2n, n = 0, 1, ..., correspond-
ing to a normalization chosen in Eq. (3.2)], we have

[N, a*] = £2a%, H=N+1. (3.3)
As a result, the Darboux-partner system for the QHO turns
out to be H = H + 2, which is the same quantum harmonic
oscillator but just with the spectrum of physical states
shifted by 4-2. Since y; = 1/, another choice E, = -1,
v, =y, changes the role of the Darboux-generating

operators, Aw* =at, A;,* = a~, and the partner system

H = H -2 in this second case is again the quantum

105022-3



JOSE F. CARINENA and MIKHAIL S. PLYUSHCHAY

PHYSICAL REVIEW D 94, 105022 (2016)

0
at v, (7% Yy / \ Y, W A a+
A A A °

a- a-
a+ WZ_ Wl_ WO_ /\I‘}; i}: i}; at
Y v Vo aV v v—>
: RO N T o !
Ol /‘><‘\ ~ ‘03::

FIG. 2. Discrete flows of the ladder operators of the QHO. The operator a~ acts left and up, and a™ acts right and up.

harmonic oscillator but with the physical spectrum shifted
by —2. The action of the ladder operators on physical and
associated nonphysical eigenstates of the QHO and on the
related Jordan and generalized Jordan states is described in
the Appendix. The corresponding discrete flows generated
by a~ and a*t are depicted in Fig. 2.

In general, because of the two-cyclic structure associated
with the Darboux transformations, there appears a super-
symmetry in the extended system composed from H and H.
Since for the QHO with its equidistant spectrum the partner
generated by the Darboux transformation based on the
eigenfunction y, =y, (or on y, =y, = 1/y) is the
same system but just with the spectrum shifted exactly by
one energy step AE = 42 (or, AE = —2), the Darboux
transformation generators responsible for the supersym-
metric structure transmute into the ladder operators for the
single harmonic oscillator system. In addition, instead of
the usual quantum-mechanical supersymmetry of the com-
posed system, the single quantum harmonic oscillator itself
is characterized by the bosonized superconformal 03p(1(2)
structure. The 08p(1]2) Lie superalgebra is generated here
by the set of operators

1 1

1
Lizzai, J0:§{a+,a‘}:ZH, Jj:: (ai)z,

(3.4)

=

with nontrivial (anti)commutation relations

1 1 1
{L£y. Lo} :EJO’ {£,. L.} :EJ-‘F’ {£..L} :EJ_’

(3.5)
Uo L] =43 Ler VoL =~Lon UoLi]=Lo,
(3.6)

Uodi)=%Jy,  [Jo.J]==2Jp. (3.7

For this superalgebra the reflection operator R =
(=1)N/2 = ¢i"N/2 plays the role of a Z,-grading operator,
ie.,

RE=1, {RL=0. [RJy)=[RJ]=0.

(3.8)

The operator

1
Cospip) = =I5+ 5 (JoJ_+J_J)+2(L L —L L)
(3.9)

is the quadratic Casimir of the 08p(1[2).

This corresponds to the well-known spectrum-generating
superalgebra of the QHO [36,37], on the physical eigen-
states y,(x) of which the infinite-dimensional irreducible
representation of the 08p(1]2) with Cyg (1)) =— is real-
ized. The generators of the 80(2, 1) Lie subalgebra (3.7) act
irreducibly on the eigensubspaces of R spanned by the
states y,(x) with even (n =2n,) and odd (n =2n_ + 1,
ny =0,1,...) values of n, where the operator J, takes
eigenvalues n, + ;lt and n_ + %, respectively. On both these
subspaces the 80(2, 1) Casimir operator Cgy( ) = —Jg +
2(JJ_+J_J,) takes the same value Cgy( 1) = 7.

To conclude this section we note that a structure with a
hidden bosonized supersymmetry [45,46] also appears in
periodic finite-gap and reflectionless quantum-mechanical
systems [47]. There, however, hidden supersymmetry has a
different origin associated with the presence of a nontrivial
Lax-Novikov integral in the quantum-mechanical systems
related to finite-gap and soliton solutions of the Korteweg—
de Vries equation.

IV. DISCRETE FLOWS IN THE REQHO
AND DEFORMED SUPERCONFORMAL
08p(1]2) STRUCTURE

Now we take a nonphysical eigenstate w5 (x) = (2x? +
l)exz/ 2 of the harmonic oscillator as the function y, to
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generate the Darboux transformation. This is a nodeless
function, and the associated Darboux-transformed system
will be given by a potential that is nonsingular on R. For
the sake of simplicity we denote by A~ the corresponding
first-order operator (2.2), in which the superpotential

1 1

4x
X+ =X+

d
Wix) = 22+ 1

d_(lmlfz) i

x+ﬁ x—ﬁ
(4.1)

has simple poles at oo and i\/%. By construction,
A"y, =0 and A*(#) =0, where AT = (A7)". A simple
2

computation gives

d
A+A_:—E+XZ+S:N+6EH0, (42)
_ d? 2% -1 y
AA* :—W+x2+3+8(2x2+1)2—H0, (4.3)

where N is the number operator for the QHO, N = a™a".
Here H, represents the QHO Hamiltonian shifted by an
additive constant 5. The Hamiltonian operator H,
describes the REQHO system with the physical bound
states U, = WL; =A7y, and VU, ; = A"y, of energies
Ey=0andE, | =6+2nn=0,1,...,
the corresponding QHO states.

Let us introduce the third-order differential operators

constructed from

A" =A"a A", At = (A7) =A"aTAT. (44)
These are the Darboux-dressed ladder operators of the QHO.
The operator AT maps a physical or nonphysical eigenstate
of H, into an eigenstate (of the same nature) of the QHO, to
which a~ or a* is then applied, and the eigenstate of H,,
obtained in this way is mapped by A~ into another eigenstate
of H. The operators (4.4) satisfy the following commuta-
tion relations with the REQHO Hamiltonian:
[H, A*] = £2A%, (4.5)
for which from now on we use a simplified notation H.
To find Eq. (4.5) we used the intertwining relations
ATH =H,A", A"H, = HA~, as well as Eq. (3.3).
Equation (4.5) is generalized further for
[H,A™) = £2nA*", n=1,2,..., (4.6)
and f(H)A* = A*f(H +2) for an arbitrary polynomial
function f(H).
The operators A+ and A~ transform eigenstates of H
(which are not from their kernels) into eigenstates of H with
the energy values increased and decreased by 2. In this

PHYSICAL REVIEW D 94, 105022 (2016)

aspect they act analogously to the ladder operators a™ and
a~ in the QHO system. There are, however, essential
differences. These third-order differential operators satisfy
the relations

A A = H(H -

A"AY = H(H +2)(H-4) = ®(H +2), (4.7)
which follow from Egs. (4.2), (4.3), and (3.3) and the
intertwining properties of A*, and include the degree-three
polynomial ®(1) = A(4—2)(4—6). From Egs. (4.7) and
(4.6) we also obtain the following relations which will be
used below:

AT2ZA- = ®(H -2) A", A-AT2 = ®(H +2) A",
(4.8)
AZAY =d(H+ 4 A, ATA?Z=0(H)A~, (4.9
APAT = O(H)P(H - 2),
A2AT? = ®(H +2)D(H + 4). (4.10)

Both third-order polynomials ®(H) and ®(H +2) in
Eq. (4.7) include a factor H. This reflects the essential
peculiarity of the REQHO system: its ground state ¥ of
zero energy is annihilated by both operators A~ and A™,

.A_ \IJO -

AT, = (4.11)

because ¥, = # is the kernel of A¥.
2

Now we consider other properties of the lowering ladder
operator A~. It also annihilates the first excited physical
state ¥, (x) = A"yo(x), A"¥; =0 due to the sequential
action of the operators A* and a~. Moreover, it annihilates
a nonphysical eigenstate A~y of H by means of trans-
forming it by the second-order operator a”A" into the
kernel of A~. As the kernel of the third-order differential
operator A~ is three dimensional, it is spanned by the three
eigenstates of H,

ker A~ = span{Wy, A"y, ¥, }, (4.12)
whose eigenvalues £ = 0, 2, 6 correspond to zeros of the
third-degree polynomial ®(H) in the first equality in
Eq. (4.7). The operator A~ acts as a lowering ladder
operator, and it is also interesting to look for kernels of
powers (A™)" with n = 2,3, .... A priori, it is clear that—
due to the presence of another physical state in the kernel of
A~ (which is the first exited state ¥, in the spectrum of H)
and of the nonphysical state A~y with eigenvalue E = 2
located between the energies £ =0 and E =6 of the
physical zero modes of .A~—some additional peculiarities
have to appear in comparison with the case of the QHO.
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FIG. 3.

Note first that Eq. (4.6) implies that ker(.A~)? must be
invariant under the action of H. On the other hand, we
remark that ker A~ C ker(A~)2. Moreover, y € ker(A~)?
if and only if A~ (w) € ker A~, and therefore ker(A~)? is
generated by ker A~ and the preimages under A~ of W,
A~y and ¥, i.e., one finds that

ker(A~)? = span{ker A=, A~y7, Ay, ¥y} (4.13)
Here ¥, = A7y is a physical eigenstate at the next energy
level E = 8, and two other states A‘l;f and A7y are
nonphysical eigenstates of H of energies E = 2 and E = 4.
Under the action of LA™ the states A"y, A"y, and ¥, are
transformed into the states Wy, A"yw7, and ¥, from the
kernel (4.12). One can proceed in this way and identify
the action of the decreasing operator on all the physical
eigenstates of the system and on the associated nonphysical
eigenstates of the special form \170, Ay, n=0,1,..., and
A"y, A"y,,n=0,1,3,4,5, .... This action is depicted in
Fig. 3. The figure also shows that the preimages of all the

indicated physical and nonphysical eigenstates of H with
eigenvalues £, = 2n, n € Z, are contained in the same set

of eigenstates with the exception of the three nonphysical
states A"y, Uy = (W—l,), and A"y; of the eigenvalues
2

E =4, E=0, and E = -2, respectively. These eigenval-
ues coincide with the set of zeros of the polynomial
®(H +2) that appears in the second relation in
Eq. (4.7). The preimages of the indicated states are the
states y,, a = a, f, y, which have the structure

Xa(x) = ﬁ / GG, < / : wo (n)pa (n)dn> dé.

(4.14)
Here p, = 1;01, Py =, p; = 1/7; and A7y, :A‘y/Ng,
.A‘)(/; =V, Ay, = A_l//;§ . The states y, are not eigen-
states of H but satisfy the relations

Aw1 A%/\Awo
‘A_
4 5 AWX ><M
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Discrete flows of the ladder operators of the REQHO. The operator A~ acts left and up, and A™ acts right and up.

9]

H(H - 6)y; = Ay,

H(H-6)y; =,.

9] 9]

H(H = 2)(H - 6)7; = Ay,

(4.15)

This implies that the following polynomials in the
Hamiltonian H annihilate the states y:

H(H -6)%; =0,
H*(H - 6)y; =0.

H(H - 2)(H -
(4.16)

In correspondence with Eq. (4.16), which generalizes the

relations (2.9), we call the states y, the generalized Jordan

states of the REQHO since they are destroyed by the
polynomials in A with different roots. Note also that

(A7) rz = Vo = x5 €ker(A)Y, (4.17)

whereas y; and y, are not annihilated by any degree of the

ladder operator A~ and in this aspect they are similar to the

Jordan state y; in the QHO system; see Eq. (A6).
The kernel of the raising ladder operator is

ker A" = span{A~y75. Vo, A"y | (4.18)

The action of A" is also illustrated in Fig. 3. The

corresponding generalized Jordan states i, a = a, f3, 7,
shown there are given by relations similar to Eq. (4.14),

70 = s [N [ wtint onan) de

w5 (x)
(4.19)

where pf =Q, -, p;; =y7, pf = Ty, and Ayt = Uy,
Aty = Ay, Aty
states (vao, A~y and A‘@; of H appearing here have
eigenvalues £ = 0, E = 2, and E = 6, respectively, which

correspond to zeros of the polynomial ®(H) in Eq. (4.7).
The states y; satisfy the relations

= A‘(Ilvo. The nonphysical eigen-
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H(H+2)(H -4yt =Aws,  HH-4)y5 =0,

H(H-4)y; = A yg. (4.20)
As a consequence,
H(H + 22(H -4 =0, H(H-4) =0,
H(H - 4)% =0. (4.21)
Note that we have here
(AT b =Ayy = yf eker(AT)4,  (4.22)

cf. Eq. (4.17). The notations for the generalized Jordan
states y& are chosen so that the ordering in the lower
index a = a, f, y in the wave functions y; corresponds
to the ordering in the energies of the associated
nonphysical eigenstates @6, A‘l//NI‘ , and A‘\/IIVO. The
generalized Jordan state y, is characterized by the
property (4.17) to be similar to the property (4.22)
for yt. Under subsequent application of the ladder
operator A" to the state ;(; and of the operator A~
to yj, these states are lifted up to the highest horizontal
level shown in Fig. 3 to which physical eigenstates
belong, while the generalized Jordan states y;” and y;
are lifted up by analogous action of the corresponding
ladder operator to the lower horizontal level where only
nonphysical eigenstates of H appear. As in the case of
the QHO system, one can proceed and construct
iteratively the net of the related generalized Jordan
states by finding the preimages and images of the six
basic generalized Jordan states ¥, and of the new states
generated in such a way under the sequential action of
the ladder operators A*.

A complete isolation of the ground state ¥, from other
normalizable eigenstates ¥, with n=1,2,..., reflects
here the fact that two irreducible representations of the
polynomially deformed superconformal algebra 03p(1/2)
are realized on the physical bound states of the REQHO
system. The operators £, =1A* can be identified as

the odd generators of the superalgebra, {R, Ei} =0,
while Jo =1H and J, =1.A*? are its even generators,
[R,Jy] = [R.J.] = 0. Here, as in the case of the QHO,
the operator R = (—=1)"/? with N =ata™ is the Z,-
grading operator, R> = 1. The nontrivial commutation
and anticommutation relations of the deformed 03p(1[2)
superalgebra of the REQHO can be found with the help
of Egs. (4.5)—(4.10). They can be presented in the form

o 1 v |y gy 1.
{£.. L} :ECL‘L(‘]O)JO’ {L.. Ly} :§J+’
{L_.L_} = %j_, (4.23)
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[-7+» E—] = —ng(jo)[:+,

- v 9 )

Vo L] =L Cse(Jo), (4.24)

[Juo»jﬂ =+Js, []+,j_] = _2CJJ(j0)j0' (4.25)

The operator-valued coefficients

Crr(Jo) =2(873 —10J, + 1),
Cre(Jo) = 16(Jo = 1)(3Jy = 1),
Cry(Jo) = 16(2Jy — 1)(Jy = 1)(24T3 — 14T, +7)

appear here instead of the unit coefficients in the 03p(1[2)
superalgebra (3.5), (3.6), and (3.7) of the QHO. The ground
state W, is annihilated by all the generators of the super-
algebra and carries its trivial one-dimensional representa-
tion. On the higher bound states ¥,, n=1,2,..., an
infinite-dimensional irreducible representation of the super-
algebra is realized. The structure with two irreducible
representations is reflected coherently in the discrete flows
of the ladder operators depicted in Fig. 3.

To conclude this section we note that the case of the
deformed 08p(1]2) superalgebra of the REQHO as well as
the 08p(1|2) Lie superalgebra of the QHO system can be
considered as particular cases of the algebra generated by
the three elements &, a™, and a~ subject to the relations

[h, o] = £2a*, {at,a"} = F(h) + F(h +2),

(4.26)

where F(h) is some polynomial [37]. Such an algebra is
characterized by the central element

= =aa? +ata (F(h) - F(h —2)) - (F(h))™.
(4.27)

In the case of the QHO we have the correspondences
af=a*, h=N+1, and F(h)=N. The quadratic
Casimir (3.9) of the Lie superalgebra 08p(1]2) generated
by the rescaled operators a®, a*?, and 4 is nothing but the
central element = rescaled and shifted for an additive
constant, Cogp(12) = % (2 —1). For the REQHO system the
operators a™ correspond to the ladder operators .A*, and we
have h = H, F(h) = ®(H) with ®(H) defined in Eq. (4.7).
The superalgebra (4.23)—(4.25) in this case can be consid-
ered as a polynomial deformation of the 08p(1|2) super-
algebra. Using Eqgs. (4.7) and (4.10), one can easily check
that the central element = reduces identically to zero.

V. CONCLUSION AND OUTLOOK

To conclude, we list some problems that may be
interesting for further investigation.
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We have constructed ladder operators for the simplest
version of the REQHO system by the Darboux dressing of
the creation and annihilation operators of the QHO. This
was done by means of the first-order differential operators
A~ and A" which intertwine the REQHO and QHO
Hamiltonians and factorize both of them. The procedure
applied here is analogous to the procedure by which
nontrivial Lax-Novikov integrals for reflectionless quan-
tum systems are constructed by the Darboux dressing of the
free particle’s momentum operator [48]. But the same
REQHO system can also be constructed by means of the
Darboux-Crum-Krein-Adler procedure based on the use of
several eigenstates of the QHO. In such a case the
intertwiners will be higher-order differential operators.
One can expect that the existence of different Darboux
and Darboux-Crum-Krein-Adler transformations should
reveal some new interesting aspects in the construction
of the ladder operators for the REQHO and related
dynamical symmetries (spectrum-generating algebras).

There exist other rational extensions of the QHO system.
First, the analogs of the REQHO considered here can be
generated by taking the nonphysical nodeless eigenstate
w5, with n > 1 as a function y, to generate the Darboux
transformations. The ladder operators for such systems can
be constructed in a similar way, by the Darboux dressing of
the ladder operators of the QHO. We can also generate a
corresponding polynomially deformed bosonized 08p(1|2)
superalgebra, whose trivial and infinite-dimensional rep-
resentations will be realized on physical states of the
corresponding rationally extended quantum harmonic
oscillator. It would be interesting to see if there is any
essential difference in the structure of the discrete flows
generated by the ladder operators in such systems in
comparison with the REQHO system considered here.
The construction of the ladder operators by taking into
account the existence of different Darboux-Crum-Krein-
Adler transformations to generate such systems should also
reveal a dependence on the order of the polynomial that
appears in the structure of the generating function 3, (x)
and on the size of the gap between the isolated ground state
and the infinite tower of equidistant bound states.

A more complicated and rich picture from the point of
view of the ladder operators and related symmetries can be
expected in rationally extended quantum harmonic oscillator
systems with a number [/ > 1 of isolated bound states in the
spectrum. There, a priori two essentially different cases
should be distinguished. One case is when / > 1 bound
states will be separated from the infinite tower of equidistant
bound states without any additional gaps between those
[ states. Another, more general case is when isolated states
include some additional gaps between themselves.

It is known that Jordan states appear in confluent
Darboux-Crum transformations [44]. In particular, they
were employed recently for the design of the PT-symmetric
optical systems with invisible periodicity defects as well as

PHYSICAL REVIEW D 94, 105022 (2016)

completely invisible reflectionless PT-symmetric systems
[43]. It would be interesting to look for possible physical
applications of the generalized Jordan states considered
here.

The considered REQHO system as well as its general-
izations also seem to be interesting from the point of
view of possible physical applications since—unlike other
known deformations of the QHO, e.g., those related to the
minimal length uncertainty relation [49,50]—they provide
a very specific change of the spectrum. Namely, they
effectively add a finite number of bound states in the lower
part of the QHO spectrum, separated by an additional
(adjustable) gap, without disturbing the equidistant char-
acter of the rest of the infinite tower of the discrete levels. In
this aspect they are very similar (as has been noted above in
different but related context) to the quantum reflectionless
systems which add a finite number of discrete bound states
to the spectrum of the free particle. Such reflectionless
systems are directly related to the soliton solutions to the
Korteweg—de Vries and modified Korteweg—de Vries
equations, and they find a lot of interesting applications
in very diverse areas of physics including QCD, cosmol-
ogy, solid states physics, the physics of polymers, plasma
physics, and quantum optics, just to mention a few.? Further
results related to the ladder operators in rationally extended
harmonic oscillator systems, which exploit the indicated
similarity, will be presented elsewhere [52].
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APPENDIX: DISCRETE CHAINS
OF THE STATES OF THE QHO

We describe here the action of the ladder operators a™
and a~ on nonphysical eigenstates i, and y, of the QHO
and the construction of the associated Jordan and gener-
alized Jordan states.

Making use of the identities H), =2nH,_; and
H, =2xH,_, — H),_, for Hermite polynomials, we obtain
the relations

x o8 1 [x & 1
C gp——— d
TGRS zn/ H,\ (&) (Hn@))
e)‘2 1 x 652
2n) H,

=t

— dé, (Al
2anHn_1 é ( )

2See, e.g., Refs. [15,48,51] and references therein.
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from which we find that

aW,=w,_1, n=12,... (A2)
Applying the operator a™ to both sides of this equality
gives

aty, =w,, n=0.1,... (A3)
Changing x — ix in Egs. (A2) and (A3), and taking into
account that a~ — ia™, we also obtain

a*zﬁ:ﬁl, n=12,..., a‘t]/v;:l//’;:p
n=0,1,... (A4)
In correspondence with Egs. (2.5) and (2.6),
—_ 1 + =
ayo=—=vy;,  atyy =y (AS)
Yo

We also have

ﬁwzww/Wmmmm,wﬁmz%sﬁ
(A6)

This is a Jordan state which obeys the relations
(H=1)y5 =wo, (H=1)*>; =0, where H=a"a™ + 1.
Analogously,

7 ) i/wﬁﬁ@%

= atyy =wo=x7.
Yo

(A7)

and (H+ 1)y5 =wy, (H+1)%3 =0.

Proceeding from the states y; and y5, one can construct
an infinite net of Jordan and generalized Jordan states that
are related to them. First, as analogs of €, and Q, defined
in Eq. (2.10) we have the states y, and y;,

X (x) = wo(x) / ' Wiy (&)1 (&)dE.

20 =wi) [l @ (A8)
where the case n = 1 is also included by assuming y; =
and y; =yy;. These are the higher-order Jordan states
(2.10) generated on the basis of y, = y,. They satisfy
the relations a~y, =y, a‘yl =x,_,, and, conse-
quently, a~(ata™)"y3,=0, a™(a~a™)"y;,=0. Therefore,
(H=1)""yy=0and (H+1)""'y =0 for k=2n, 2n+1.
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One can define 6, =a'y,, of =ay , n=2,....
These are Jordan states that obey the relations
(H—3)”65n:l//1, (H - 3>n65n+1 = i/-;;’ (H+3>n62+n :Wl_’
(H+ 3)"03@1+1 = 1/71‘ and, therefore, (H — 3)"“0,: =0,
(H+3)"o =0 for k =2n, 2n+ 1.

In the same vein the family of Jordan states 7, = a™ o),
and 7,7 = a o7, n=2,... can be defined. They satisfy
the relations (H —5)"75, =y, (H —5)"15,,, = ¥, (H +
5)' 03, =wy. (H+5)"t5, =3, and (H-5)"'7; =0,
(H+35)""¢f =0 for k=2n, 2n+ 1. These discrete
flows can be further continued ‘“horizontally.”

On the other hand, the states defined via y, = a0,
i =a o}, n=2,... are reduced to linear combinations
of the already introduced Jordan states. Namely, y;,, is a
linear combination of y; and y, ,, and y,; is a linear
combination of ;7 and y;_,.

Consider the states 4 given by means of the relations
a A, =y,_.a A =yt ,n=3,... Thestates 1, canbe
presented in a form similar to that for y;, in Eq. (A8) but
with y,_, in the integrand changed for y,_,. Analogously,
A are presented similarly to y;; in Eq. (A8) with y;_,
in the integrand changed for )(,J{_l. For these states we
have the relations (a*a™)"a"4;, =0, (a~a™)"a™3, =0,
a~(ata)"a 25,.,=0,a"(a"a*)"a*13,,, =0. As a con-
sequence, (H — 1), =y, (H+1)A4] =x,_,. Therefore,
these are generalized Jordan states which obey the relations
(H=1)(H=3)"2; =0, (H4+1)(H+3)"2f =0 with
k=2n,2n-1.

Similarly, generalized Jordan states u(x) can be
defined by proceeding from the states A via the relations

atp, =, a puy =A5, n=2,... Then

mm—wmf%@mww,

@mzwm/Wmmm@%. (A9)

For these states we have y, = (H+ l)u,, xf=
(H — 1)u,;. They are generalized Jordan states that obey
the relations (H + 1)(H—1)""'yy =0, (H-1)(H+
1)yt =0 with k =2n, 2n+ 1.

The described procedure of the construction of the
Jordan and generalized Jordan states can be continued
further in the obvious way. The discrete flows corre-
sponding to the action of the ladder operators on the
physical and associated nonphysical eigenstates of the
QHO Hamiltonian and associated Jordan and generalized
Jordan states are illustrated in Fig. 2.
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