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We consider a charged scalar field in a D-dimensional de Sitter spacetime and investigate pair creation
by a Schwinger mechanism in a constant electric field background. Using a semiclassical approximation
the current of the created pairs has been estimated. We find that the semiclassical current of the created pairs
in the strong electric field limit responds as £2. Going further but restricting to D = 3 dimensional de Sitter
spacetime, the quantum expectation value of the spacelike component of the induced current has been
computed in the in-vacuum state by applying an adiabatic subtraction scheme. We find that, in the strong
electric field limit, the current responds as E>. In the weak electric field limit the current has a linear
response in E and an inverse dependence on the mass of the scalar field. In the case of a massless scalar
field, the current varies with E~! which leads to a phenomenon of infrared hyperconductivity. A new
relation between infrared hyperconductivity, tachyons, and conformality is discussed, and a scheme to
avoid an infrared hyperconductivity regime is proposed. In D dimension, we eventually presented some
first estimates of the backreaction of the Schwinger pairs to the gravitational field, and we find a decrease of

the Hubble constant due to the pair creation.
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I. INTRODUCTION

The purpose of this paper is to look at Schwinger pair
creation in D =1+ d dimensional de Sitter spacetime
(dSp), with special emphasis on the case of D =3
dimension. The Schwinger effect, i.e., pair production by
a strong electric field, is a nonperturbative effect of
quantum field theory in flat spacetime which was initially
discovered in the pioneers’ works [1]; for a recent review
see, e.g., [2]. Despite tremendous efforts on the exper-
imental point of view, it has never been detected so far. The
main reason is that the number of pairs created is
exponentially damped before a critical value for the electric
field Eica = 108V /m [3]. New laser facilities [4—7] are
planned to be operational in the next ten years and might
approach this critical electric field. In the meantime,
another proposal is to change the perspective: whereas
all the experiments aiming at detecting the Schwinger effect
are conducted on Earth, one could look for the Schwinger
effect in astrophysical and cosmological systems. The
review [8] describes some of these ideas, and the stress
is on the backreaction of the created pairs and its appli-
cation to astrophysics. During inflationary magnetogenesis
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strong electric fields are also produced [9], which provides
motivation for considering Schwinger pair production in
this context. Furthermore, pairs can also be created by
gravitational fields, e.g., in dS [10] and quasi-dS [11],
which is sometimes referred to as the cosmological
Schwinger effect [12]. These effects can also be essential
for the interaction and balance between matter-field and
cosmological constant in the Universe evolution [13,14].

Recently, the combination of electrical and gravitational
pair creation was studied in depth for various types of
particles and spacetime dimension [15-21]. In [15] and
[16], the authors computed the Schwinger effect for a
charged scalar test field in dS, and dS, respectively. In [18]
and [19], the generalization to dS, and dSy, respectively, for
fermionic particles was performed aiming at checking if the
known equivalence in flat spacetime between boson and
fermion for a constant electric field still holds. The answer
was that there was a difference between boson and fermion.
To see that, it was necessary to compute the induced current
which turns out, as also noted in [15,16], to be the right
quantity to describe the Schwinger effect in curved space-
time. Indeed, it is not plagued by the need of the notion of
particle in the adiabatic future which allows one to explore
a broader parameter space.

But to cure infinities arising from momentum integra-
tion, this current needs to be renormalized. The adiabatic
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subtraction is the most used method. The Pauli-Villars
method was implemented in [15] and can be shown to agree
with the adiabatic subtraction.' In [20], the point-splitting
method was shown to agree with the adiabatic subtraction
in dS, for the boson. In [16,18], an adiabatic subtraction
method was used to regularize the current. To further
explore the validity of the use of the adiabatic subtraction, it
is legitimate to look at dS; and see which kinds of
divergences arise and how they are cured.

In [22], the Schwinger effect in dS; has been investigated
as an example of odd dimensional dS, and it has been shown
that no particle production occurs in odd dimensional global
dS. However, in our study on the Poincaré patch together
with an electric field, we report particle production. One
more motivation to look in depth at an odd dimensional
quantum field theory is that those theories sometimes exhibit
strange behaviors. For instance, dimensional regularization
shows no one-loop ultraviolet divergences because it only
registers logarithmic divergences and all the divergences are
power law in an odd dimension. For D =3 in curved
spacetime with an electric field, we will, however, report a
linear divergence arising from the electromagnetic side of the
theory. Regarding infrared phenomena, we will also report a
different behavior than in an even dimension which is also
the case in flat spacetime. Our work aims at completing the
picture of the Schwinger effect in dS; by computing the
induced current.

All the works so far describing pair creation in dS under
the influence of a strong electric field [15-21] assumed two
backgrounds, i.e., electromagnetic and gravitational. In
[16] and [23], the backreaction effects due to the created
Schwinger pairs on the electromagnetic field background
have been investigated, while in this case, there is no report
on the backreaction to the gravity sector. In order to
investigate the backreaction to the gravitational background
one needs the energy-momentum tensor of the created
particles. In the absence of the electromagnetic back-
ground, i.e., in the presence of a purely gravitational field,
the energy-momentum tensor of the created scalar
[10,24-29] and fermion [30] particles in a spatially flat
Friedmann-Lemaitre-Robertson-Walker universe (consid-
ering dS, as a special case) have been computed. In [10],
the author examined backreaction to the gravitational field
and found that the particle creation leads to a decrease of
the cosmological constant, whereas in [24-26,30], the
authors mainly developed the renormalization theory. In
the last part of this article, we will present some preliminary
results on backreaction to the gravitational field, namely, an
estimate of the variation of the Hubble constant due to the
influence of the gravitational field. We hope to come back
to this issue in the future by solving fully the Einstein
equation.

"Private communication between FEckhard Strobel and
Clément Stahl.
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The article is organized as follows: in Sec. II, solutions of
the Klein-Gordon equation are obtained. The pair creation
is examined in Sec. III. In Sec. IV the quantum vacuum
expectation value of induced current is investigated.
Section V is devoted to a discussion about the phenomenon
of infrared hyperconductivity. In Sec. VI, we present some
first results on backreaction of the created pairs in D
dimension to the gravity sector of theory. Eventually, in
Sec. VII, we give some concluding remarks. For the sake of
clarity, we relegated some of the technical calculations to
the appendixes. In Appendix A, an alternative method to
derive the main result of Sec. III is given. In Appendix B,
some useful properties of mathematical functions are
represented. In Appendix C the computation of the current
integral is reviewed.

II. SOLUTIONS OF THE
KLEIN-GORDON EQUATION

To study the vacuum expectation value of the current
operator of a charged scalar field coupled to a constant electric
field background in a dSp, the field operator is needed. The
field operator contains mode functions which are obtained by
solving the Klein-Gordon equation. The dSp metric can be
read from the line element in the half of dSp manifold

ds? = dr* — e*dx?, t€ (-0, +0), xR (1)

It corresponds to the line element of the flat Robertson-Walker
universe with its scale factor a(r) = exp(H?t), t is the proper
time, and H is the Hubble constant. In terms of the conformal
time

1
7= —Ee‘H’, 7 € (—00,0), (2)

the line element (1) takes the form
ds* = Q*(7)(dr* — dx?), (3)
where

Q)= - @)

revealing that this portion of dS is conformal to a portion of
Minkowski spacetime.

A. The Klein-Gordon equation

In order to obtain solutions of the Klein-Gordon equation
in the presence of a constant electric field background in
dSp, we consider the action of scalar QED,

s= [ @/l {Waﬂ T ieA)p(, — ieA,)p"

1
- (7€) = . )
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where ¢(x) is a complex scalar field with mass m and
electrical charge e. The dSp metric g, reads from Eq. (3),
lg| is the absolute value of its determinant, R is the scalar
curvature, and ¢ is the dimensionless conformal coupling.
The introduction of the conformal coupling is done to make
the theory more general and arises naturally in string
inflation framework [31,32]. The vector potential describ-
ing a constant electric field background is

AE) = ==, (©)
where E is constant. Our convention for indices is that we
label the spatial dimension with arabic-persian numerals,
e.g., 1,2, ..., and that letters, e.g., x, y, ..., are reserved for
Fourier space. Then, the only nonzero components of the
electromagnetic field strength tensor are

Fop = =Fyo
= 80A1 - 81A0 = Q2(7>E (7)
We derive the equation of motion for the scalar field ¢ by
using the Euler-Lagrange equation for the Lagrangian

coming from the action (5). We then obtain the Klein-
Gordon equation

1
— 9,(\/99"0,p) + 2ieg” A, 0,0 — > ¢ A, A @
NG
+mip =0, (8)
where we defined

m3, = m?* + £R. 9)

After substituting explicit expressions of the dSp metric
and the vector potential given in Egs. (3) and (6),
respectively, Eq. (8) takes the form

{ag 50,0, + (D — 2)HO(2)y — ZZE Q(2)9),
82 2
+ (H—P; + m§s> 92(1)] @(x) =0. (10)
If we define
P(x) = Q7 (1)gp(x). (11)

it can be shown that Eq. (10) leads to

3 2ieE 1 [e2E2 m2. 1-d*\].
=100+ 2o+ (G + e+ 15 ) o

=0. (12)

Based on the invariance of Eq. (12) under translations along
the spatial directions, let
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P(7.x) = e KX f*(z), (13)

where the superscript &= denotes the positive and negative
frequency solutions, respectively. Substituting (13) into
Eq. (12) leads to

d’ 1 x  1/4—92 B
Efi(zi) + <—Z+Z+T>fi(zi) =0, (14)

where the variables z, and z_ are defined by
7, = +2ikz, 7_ = ez = =2ikx, (15)

with k& = |k|. In terms of dimensionless parameters

mgs eE 1 kx
Am = T ﬂ::—?, p:=-|-(,1%1—|-,12)2, r:=?’
(16)
the coefficients x and y read
K = —idr, (17)
d2
yzzz—/l,zn—/lz. (18)

In Secs. II and III of this article we consider that y> < 0,
and then the coefficient y becomes purely imaginary; in
this case, we use the convention y = +i|y|. Equation (14) is
the Whittaker differential equation, and its most general
solution in terms of the conventions of [33] can be
written as

[H(z1) = O\ W, 1, (z1) + CoM, 1 (22, (19)

where C; and C, are arbitrary constant coefficients. In
view of Eqgs. (11), (13), and (19) the corresponding
solutions of Eq. (10) for positive and negative frequency
solutions are

2-D

Uk (x) = Q7 (1)et™ ™ (C1W,, (z4) + O M, (1)), (20)

Vie(x) = QF(2)e ™ (O, W, (z2) + CoM,_, (2.)),
(21)

where the choice of the sign for the y parameter will follow
without ambiguity from the discussion in Sec. II B.

B. Mode functions

We need mode functions that determine the creation and
annihilation operators and hence the vacuum state of the
quantum field theory. This vacuum will be determined by
specifying the asymptotic form of the mode functions
[34,35]. In order to determine the mode functions at early
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times, which is approached as t - —oo0, we impose that the
functions f*(z,), given by Eq. (19), asymptotically take
the form f*(z,) ~eT* as 7 — —co. A comparison with
the Minkowski spacetime mode functions shows that the
functions f*(z,) and f~(z_) are positive and negative
frequency mode functions, respectively. By the virtue of
asymptotically expansions of the Whittaker functions
W,,(z) and M,,(z) as [z] - oo [see Eqgs. (B4) and
(BS), respectively], the normalized positive and negative
frequency mode functions are [36], respectively,

Uik (x) = (2)2e5QF (1) M XW, (z).  (22)

ink

Vi (x) = (2k) 27 FQ5 (1)e ™ W, (z.). (23)

A similar discussion is possible in the asymptotic future
(t = o). The desired asymptotic form is f*(z, ) ~ eFirIH,
leading with Eqgs. (B6) and (B7) to the mode functions [36]

2-D

Ut (¥) = (4y[k) 7€ QT (2)e M, (z,),  (24)
Vour (¥) = (4]y[k)27QF (2)e ™ *M, _,(z_).  (25)

The subscripts in/out denote that these mode functions
have the desired asymptotic form at early/late times, and the
corresponding vacuum state is referred to as the in vacuum
and out vacuum, respectively.

Since the orthonormality of the mode functions should
be independent of time, there exists a conserved scalar
product. Between two scalar functions u; (x) and u,(x) it is
defined in D =1 + d dimension by

Uy us) = i / dix/[glg Byt — urdyurt),  (26)

where the integral is taken over a constant x° hypersurface
[34,35]. If u;(x) and wu,(x) are solutions of the field
equation (8) which vanish at spacial infinity, then
(uy, up) is conserved [35]. The mode functions (22)—(25)
will be orthonormal with respect to the scalar product (26)
integrated over a constant z hypersurface. Then, subsequent
orthonormality relations are satisfied

(Uin(out)k» Uin(out)k’) = _(Vin(out)k’ Vin(out)k’)
= (27)6 (k — k'),
(Uin(out)k’ Vin(out)k’) =0. (27)

III. PARTICLE CREATION

In Sec. II, two complete sets of orthonormal mode
functions were obtained, i.e., {Upx, Vi) given by
Egs. (22) and (23) and {Uguk, Vourc} given by Egs. (24)
and (25). In this section, we will derive a first result
describing the Schwinger pair creation rate: the decay rate
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that we will derive via a Bogoliubov transformation; see
also [36]. Analogous methods were used to compute the
pair creation rate in time-dependent field in Minkowski
spacetime [37] and without an electric field for bosons in
dS in [38]. In [39] the connection of this Bogoliubov
technique to kinetic theory was shown. We will then
compute the semiclassical conduction current. The con-
duction current will be computed in the full generality in
Sec. IV, and a comparison with the semiclassical expression
will be performed.

The scalar field operator ¢(x) may be expanded in terms
of the {Ujn, Vink } set in the form

d
$x) = / % Uik (¥)aime + Vi @bl (28)

where a;, annihilates particles described by the mode
function Uy, and biTnk creates antiparticles described by
the mode function V. The quantization of the theory is
implemented by adopting the commutation relations

[ainks @lye] = [Pinics bl = 22)*610 (k — k'), (29)

The vacuum state is defined as

aink|0>in =0, Vk, (30)
and then the construction of the Fock space can be done
similarly to the Minkowski spacetime case. However, there
is no 9/0x" Killing vector to define positive frequency
mode functions, and consequently a unique mode decom-
position of the scalar field operator ¢(x) does not exist.
Therefore, ¢p(x) may be expanded in terms of a second
complete set of orthonormal mode functions in the form

d :
¢(x) = /% [Uoutk(x)aoutk + Vouk (x)b(';utk]’ (31)

where a,, annihilates particles described by the mode

function Uy, and bj)u[k creates antiparticles described by
the mode function V.. In this case, the commutation
relations are

[bOUtk ’ qutk’}

[outes @] = = ()% (k - k). (32)
The decomposition of ¢(x) in Eq. (31) defines a new
vacuum state

aoutk|0>out =0, vV k, (33)
and a new Fock space. Since both sets are complete, the
orthonormal mode functions U, can be expanded in

terms of the first complete set of orthonormal mode
functions. Hence
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diK

Um@jAMMW%mH&MMM(W

By virtue of the orthonormality relations (27) the Bogoliubov
coefficients ay - and fy o will be determined by
Prx = (35)

Ak k' = (Uoutk7 Uink’)’ _(Uoutkv Vink’)’

where the Bogoliubov coefficients satisfy the relations

dk
/ 2 st = Pachipe] = (2m)5O (K~ k"),

dk | .
—<2ﬂ.)d [ak.k,ﬂk‘k/« - /Bk,k/ak,k”] =0. (36)

As a consequence of Eqs. (28), (31), and (34) the late time
annihilation operator a,, is related to the early time
annihilation operator a;,; by a Bogoliubov transformation

ddk/ ;
Aoutk — /W[a;k/aink’ _ﬂ;,k/bink']- (37)

Using @y, and the vacuum state |0);, we can calculate the
expectation value of the particle number operator2

. 'K ,
in<O|Noutk|O>in = in<0|aoutkaoutk‘0>in = /W |ﬁk,k’| .

(38)
Therefore, if |ﬂk,k/|2 # 0, then particles are created.

A. Density of created pairs

In order to obtain the density of the created pairs an
explicit expression of the Bogoliubov coefficients is
needed. To identify the Bogoliubov coefficients, the ortho-
normal mode functions, given by Egs. (22)—(25), should be
substituted into Eq. (35). We then obtain

12979 (Zﬂ)d5(d)<k - kl)ak7

— L) e
akg = <2|7/|) F(%—}/—K)e v ’ (39)
Py = (2m)45D (k + K')py,
. 1 I'(=2y) (x4y)
po=—iC g g @)

and the normalization condition |ay|? — |Bi|> =1 is sat-
isfied. The expected number of the created pairs, with a
given comoving momentum K, in the in vacuum is given by
Eq. (38). After a short calculation, Eq. (40) results in

20116 can veﬁfy that in<0|azulk Aoutk |O>in = 0ut<0|aiTnkaink |O>out'
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B> = ((27)46\D (k + K'))?| B

|ﬂ |2 B 6—27[\}/\ 4 p2mix
K 2sinh(27)y])

2

(41)

For convenience we normalize the d volume of dSp in a
box with dimensions L¢. Then, the number of created pairs
per comoving d volume, with given comoving momentum
k is

1 di
—ax /—|ﬁk,k'|2 = |/))k|2'

L4 (2r)¢ (42)

Using the mathematical formulas (B17), (B23), and (B24),
the number of created pairs per unit d volume is

/ dk Bl = 1
2m) 7" (ax)isinh(2a]y))
e_Z”M d 00
X <—+(7Z/1)1_5Ig_1(2ﬂ/1)>/ k=1 dk,

r') 0
(43)

where I, is the modified Bessel function; see Appendix B 2.
This integral is not finite, since it takes into account the
total number of created pairs from the infinite past to the
infinite future. However, the number of created pairs per
unit of time is finite. Thus, we convert the k integral in
Eq. (43) into a 7 integral.

To have physically acceptable particles states, one needs
to have particle states well defined in the asymptotic past
and future; that is, the background gravitational and electric
fields vary slowly. This is called the adiabatic condition and
is a semiclassical approximation. In the case of positive
frequencies, the mode equation (14) can be rewritten

d2
SO w2 -0 (@4)
dr
where the momentum dependent frequency is
2eEk, 1 (m?> e’E* 1-d°
e 5| —>+—+——+ED(D-1) ),
v Hr 7 <H2+ gt e )>
(45)

and we have used R = D(D — 1)H?. The adiabatic con-
dition requires that at all times, the frequency w satisfies the
relations

2

0]
<1, e <1, (46)

o'
where dots refer to the partial derivative with respect to the
conformal time 7. In the infinite past 7 - —co the fre-
quency approaches w — k, and hence the adiabatic con-
dition (46) is satisfied. In the infinite future 7 — 0 we have
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62)2

W) 1 —d*\"!
_4N§_3~<A§n+,12+—> , (47)

[0 [

under the condition that

2+ 22> (48)
the adiabatic condition is satisfied. In our investigation, the
spacetime dimension is not too large, i.e., d ~ 1. Hence, the
condition (48) implies

PP=2+ P =>1 (49)

The condition (48) justifies our assumption about the range
of parameters A, and 1 which leads to y*> < 0. Observe that
assuming (48) implies that, if one does not want to have
trivial flat spacetime results, one needs to assume as well

-1

22> (50)
The proof of the previous statement is that if one assumes
Am < 1, together with the semiclassical condition (49), it
will be equivalent to assume 1> 1. In this limit the
scalar field, the electromagnetic field, and the de Sitter
spacetime are conformally invariant, leading to flat space-
time results; see the discussion in Sec. III B 1. Two regimes
can be discussed then under the semiclassical approxima-
tion: strong electric field, 4> max(1,4,) which will
give the flat spacetime results, and heavy scalar field,
Am > max(1, 2).

Under (49), i.e., p > 1, it can be verified [15] that the
extremum of |@/@?| occurs around the time

p
~—=. 51
i~-t (51)

More on converting momentum to the time integral, in the
context of Schwinger pair creation, can be found in
[37-39]. As a consequence of Eq. (51), the k integral in
Eq. (43) can be converted into a 7 integral

ddk 1 6—211'/) p
/(zﬂ)d‘ﬂkh: s (2e7) <F(%) +(72)! zlg_1(2ﬂ2)>
XHngl/O QD(T)dT. (52)

The number of created pairs per unit of D volume of dSp, or
the decay rate is then given by

1 d’k
INi=— - 2
AV X / (2”)d |ﬁk|
HDpd <e—27zp

(47)% sinh(27p) \T'(§)

+ (74)' g (2;:1)), (53)

PHYSICAL REVIEW D 94, 104011 (2016)

where

AV =QP(7)Ar (54)
is the slice of D volume in the conformal time interval Az.
Using Egs. (B15) and (B16), it can be shown that in the
cases D =2 and D =4, Eq. (53) gives the same result as
[15] and [16], respectively. The decay rate (53) is inde-
pendent of time, and as a consequence the number density
in the comoving frame at time 7 reads

n = Qd(z) /_ QP () = (55)

- - Hd’
It is constant with respect to time; therefore, the number of
pairs created by the background electric and gravitational
fields is exactly balanced by the expansion of the dS.
Provided that Eq. (49) is satisfied, then the Bogoliubov
coefficient (41) is approximated as

|ﬁk|2 ~ 6—471/) + e—2n(p—ir). (56)

From the definitions in Eq. (16), |r| < 1 implying p > Ar,

so the first term in the right-hand side of Eq. (56) is smaller

than the second one. Then, to leading order, we find
eEk,

Bl = exp {—zn((’g—% . <j§32f v ?)} (57

Therefore, under the semiclassical condition (49), fy is
nonzero for both k, > 0 and k, < 0 [40]. In the language
of nucleation of bubbles, considering £ > 0 and taking the
particle with charge |e| to the right of the particle with
charge —|e|, the pairs can nucleate in both the screening
and the antiscreening orientations (corresponding to
k., <0 and k, > 0, respectively) because of the gravita-
tional effects [41]. Hence, creating charges in the screen-
ing orientation tends to decrease the background electrical
field while creating them in the antiscreening orientation
tends to increase it. Usually screening and antiscreening
orientations are referred to as downward and upward
tunneling [15].

The Minkowski spacetime limit is obtained in the limit
H — 0. The decay rate (53) in this limit approaches

timr = 1E -2 (58)
G FS TR

which is the same result with the Schwinger pair production
rate in D-dimensional Minkowski spacetime [37]. In dSp,

the pair production rate is higher than in flat spacetime, due
to the gravitational pair production contribution.

B. Semiclassical current

Because of the electrical field, the newly created pairs
start to move and hence create a conductive current. In this
subsection we present a first semiclassical expression for it,
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following similar steps as in [15,16]. In general, the relation
between the current J,, and the density n of the semi-
classical particles with charge e and velocity v is
Jem = 2evn. The density of created pairs can be read
from Eqgs. (53) and (55). Hence, the semiclassical current is
determined by

J 2T
sem Hd v
2 Hd d —27p
e i (S ) e ).
(47)2d sinh(2zp) \T'(5) 2

(59)

For a semiclassical particle with a comoving momentum k;
that interacts with the background vector potential (6), the
components of the physical momentum vector pj can be
written as

py = Q7 () (m3, + Q7% (7)5Y (k; + eA;) (k; + eAj))%,
ph= Q205 (k, + ed),  i=1,...d, (60)

and then the magnitude of the velocity reads v = |py|/p}.

1. Strong electric field regime

In the strong electric field regime, the relation A >
max (1, A,) is satisfied. Using Egs. (51) and (60) one can
show that

pY = Q71 (2)HA/2(1 + cos ).
pL=-Q7(7)HA(1 + cos 0,),
P =@\ (H!,  i=2..d  (6])

where ' is given by Eq. (B20), and consequently v ~ 1.
Hence, in the strong electric field regime the created
particles are ultrarelativistic. Using an asymptotic expan-
sion of the modified Bessel function (B14), it can be shown
that in the strong electric field regime, 1> max(1,1,,),
Eq. (59) is approximated as

QeleElZ ™
Jyum = 2IEl (62)
H(2x)%d

An explicit comparison to the flat spacetime is possible in
the strong electric field regime. Indeed, under the same
assumptions, the flat spacetime limit in D dimensions reads

et|eE|? _w?
Jsem,ﬂat = # e I, (63)
with 7 being the Minkowski time [38,42]. In the expanding
dS, accounting for the spacetime dilution in the comoving
frame can be done by substituting t — H~!. In the limit
|A] = oo, the exponential factor in Eq. (62) approaches
unity; then J., becomes independent of the scalar field

PHYSICAL REVIEW D 94, 104011 (2016)

mass and responds as E?. The result corresponds to the
result of massless scalar fields in flat spacetime.

2. Heavy scalar field regime

In the heavy scalar field regime, the relation
Am > max(1,1) is satisfied. It was shown in [15] that
due to the background electric field, the charged particles
have a terminal physical momentum at late times which is
determined as

) E
pi = Q7 (7)lim (—Hrk,- + %@,1) =-Q ' (v)H25, ,,

7—0

i=1,..4d. (64)

In the heavy scalar field regime, we consider the terminal
value for the physical momentum that leads to

P = Q' (2)Hi, (65)

and consequently the terminal velocity becomes v ~ [4]/4,,
[15]. Hence, in the heavy scalar field regime, A, >
max(1,4), the leading order term of the expansion of
Eq. (59) is obtained as

eE |5
I, (2n2)e 2. (66)

d-3,,3
2eH ™ my

2
mds

T =
5 (2r)4='d

Thus, for heavy, i.e., nonrelativistic charged particles the
semiclassical current is exponentially suppressed.

We will give a more rigorous derivation of these results
in D = 3 dimension below: we will see that, in the strong
electric field regime, the semiclassical current J,,, agrees
with the expectation value of the current operator, whereas
in the heavy scalar field regime, they are exponentially
different from each other.

IV. INDUCED CURRENT AND CONDUCTIVITY
IN D=3 DIMENSION

In this section, we confine ourselves to the case of dS;
and compute the induced current and the conductivity
without imposing the condition indicated in Eq. (49).
Whereas the particle number has no meaning when the
adiabatic future does not exist, the current is well defined
and is indeed the right quantity to describe the Schwinger
effect in this context. It can be shown that the current
operator of the charged scalar field

) =5 ¢ (0, + ieAd). 47}
{0~ ieA ). B)) (67)

is conserved, i.e., V,j* = 0 [35]. Using Eqgs. (28)-(33) it
can be shown that in the in vacuum and out vacuum,
(j°) = 0. However, in the in-vacuum state, the expectation
of the spacelike component of the current operator is
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<j1>in = in<0|j1 |O>in

=2eQ73(1) / %

PHYSICAL REVIEW D 94, 104011 (2016)

K7l

(ke + eAr(2) S Wiy (). (68)

In order to compute the vacuum expectation value of the current operator (67) we choose the in-vacuum state because this
state is Hadamard [15,40]. Hence, the expectation value has a UV behavior similar to the flat spacetime. Substituting

explicit expressions, the integral (68) can be rewritten as

(") = =5 H2Q7!(2) lim

1
271'2 A= [

dr
— rz

A
dp(rp — )™ |W_j;,.,(=2i
m—/ p(rp = D Wiy, (<2ip)

?, (69)

where A = —K7 and K is an upper cutoff on momentum k introduced for convenience and that will be taken to infinity at

the end of the calculation. We also have introduced

p = —krt. (70)

The details of computation of the integral (69) are reviewed in Appendix C. The final result is

(i = ZL;[Z}PQ—I (7) {_gﬂAﬁ_{&A + %/1}/ cot(2zy) +

n i /1 dr b (
2sin(2zy) Joiv/1=12 "

where y denotes the digamma function and the coefficient
b, is defined as

3 1y
bo=—228 4 (==L 4 2). 7
rT7) r+<8 7t >r (72)

A. Adiabatic subtraction

In order to remove the UV divergence term from the
expression (71) we need to apply a renormalization
scheme. In the context of quantum field theory in
curved spacetime various regularization and renormali-
zation methods have been developed [34,35]. The
adiabatic subtraction or regularization method is
achieved by subtracting terms computed in the limit
of slowly varying backgrounds to obtain a finite
expression. The idea of slow varying backgrounds is
implemented by introducing adiabatic orders which in
our problem will be nothing but counting time deriv-
atives in a given quantity. More details about adiabatic
substraction in the context of Schwinger pair creation in
curved spacetime are given in Ref. [18]. We will hence
perform the adiabatic expansion of the mode functions
up to the minimal order which makes the original
expression (71) finite. To do so, we express the solution
of the mode equation (44) as a Wentzel-Kramers-
Brillouin (WKB) type solution

£at6) = W) tesp =i ["wienae|. (3)

_r
4sin(2my)

(31, (274) — 27A1y(27A))

. 1 ) 1
e e‘””)w(z +idr— y) — (¥ 4 &2 )y <2 +idr + 7> H . (71)

where in order to fulfill Eq. (44), the function W
satisfies the equation

i 3IW2 1w
W(r)—w(r)—f—4w2 W (74)
Provided that the adiabatic condition (46) holds, deriva-
tive terms in Eq. (74) will be negligible compared to ?
terms. As we will see in this subsection, the zeroth order
of the adiabatic expansion is enough to remove the UV
divergent term from (71). The zeroth order adiabatic

expansion of W is
WO (z) = wy(7), (75)

where the superscript denotes the adiabatic order. The
last term in @’ [see Eq. (45)] can be rewritten in the

form
6 N gl ]! Q’ 26
Tz<§—8>— <§—8>Qz, (76)

revealing that this term is of adiabatic order 2.
Therefore, wy in Eq. (75) is given by

2¢E m?  e?E*\1
wo(ﬂ:*("“m“m*w)- (77)

By virtue of Egs. (11), (13), (73), (75), and (77), the
zeroth order adiabatic expansion of the positive
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frequency U, and of the negative frequency V, mode
functions are

Upx (x) = Q72(7) (2w0) 2 exp [ik X — i / ' wo(’[/)d’[/] ,

Vak (x) = Q73(7) (2wp) 2 exp [ik X+ / ' wo(f’)dr'] .

(78)

We use this complete set of orthonormal mode functions
to expand the charged scalar field operator, then sub-
stituting into Eq. (67) leads to the zeroth order adiabatic
expansion of the current operator

H2
(1) a = —64—7[,19—1(1) lim A.

A—oo

(79)

We emphasize that in the expression (79) there is no
finite term or A-independent contribution. Applying the
adiabatic subtraction scheme,

<jl>reg = <j1>in - <j1>A

= Q' (0)J, (80)

gives the regularized current as

PHYSICAL REVIEW D 94, 104011 (2016)

_eH v A cos(2ry) + 31, (222) — 21y (272)
= 822 sin(2ay) |” YT OUNTA] T SRS
2 [1 bdr o
+ = x o= e2nlr + e—2my w(_ + i — 7)
14 -1V1 -2 {( ) 2

— (e + &2 )y <% +idr + y> H : (81)
By virtue of the modified Bessel function property given
in Eq. (B12), one can show that J is an odd function
under the transformation 4 — —A4, illustrating that if one
inverts the electrical field sense, the particles move in
the opposite direction.

B. Regularized current and conductivity

After computing the renormalized current, we consider
the conductivity defined as

(82)

We present a plot of the current (81) and of the conductivity
(82) in Figs. 1 and 2, respectively. The general features
of these figures are that in the strong electric field regime
A>max(1,1,) all the curves have the same asymptotic
behavior, and in the weak electric field regime A <
min(1, 4,,) the current and conductivity are suppressed
for increasing scalar field mass. For the case of a massless

109 =

104 —

10711 =

1
1
1
1
1
1
1
I
1
I
1
1
1

An=10 An=100 i

1

I

1

1
1
1

n 1 L 1 L 1

1074 0.01

FIG. 1.

100 104 10°

A

For different values of 1, the normalized quantum vacuum expectation value of the induced current J/eH? and the

semiclassical current J,,/eH?> in D = 3 dimension are plotted as a function of 1 with solid and dashed lines, respectively.
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FIG. 2. For different values of A, the normalized conductivity o/e? is plotted as a function of A. The phenomenon of infrared

hyperconductivity appears for 4, < \/3/4.

minimally coupled scalar field, i.e., 1, =0, for 4 <1,
the current and conductivity are increasing as the electric
field is decreasing. This phenomenon was dubbed infrared-
hyperconductivity (IR-HC) in [15]. In the following sub-
sections, we analytically investigate the limiting behaviors
of the current and the conductivity. In this analysis, for
simplicity, we use the sign conventions A = |1| and J = |J|.

1. Strong electric field regime

Taking 4 — oo in the current expression (81) with 4,
fixed, the leading order term is

e? |eEf
J=—

. e? |eEf
47> H 47> H

(83)

The results (83) analytically describe the behaviors of the
current and conductivity shown by Figs. 1 and 2, respec-
tively. As illustrated in the figures, in this limit, the current
and conductivity become increasing functions of electric
field E and independent of m . In the cases of dS, [15] and
dS, [16], the authors showed that the current responds as E'
and E2, respectively, in this regime. Indeed, in this limit the
semiclassical computation is a good approximation, and as
we found in Sec. III B, the current responds as E? in this
regime.

To compare the quantum vacuum expectation value of
the induced current (81) with the semiclassical current (59),

in D =3 dimension, we plot J,, as a function of the
electric field in Fig. 1. This figure illustrates that in the
strong electric regime A > max(1,4,,), the semiclassical
current approaches the induced current. However, as one
decreases A and goes away from the strong electric regime,
there is a large discrepancy between the semiclassical
current and the induced current due to the exponential
mass suppression factor in Jg,; see Eq. (66) and the
discussion in Sec. IV B 3.

2. Weak electric field regime

The behavior of the current (81) in the weak electric field
regime 1 < min(1, 4,,) is obtained by a series expansion
around 4 = 0 with 4, fixed. In the case of heavy particles,
ie., 4, > 1, the leading order terms are

e’H e’H
J = E, = , 84
247wmy ’ 247wmy (84)

and in the case of light particles, i.e., 4, < 1, leading order
terms are given by

2ry2 22
e‘H e‘H

= B o= (85)
oMy oMy

The results given by Eqgs. (84) and (85) are in agreement
with the curves shown in Figs. 1 and 2. As illustrated in
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FIG. 3.
dotted lines, respectively.

Fig. 1 the current monotonically increases for increasing
electric field E. Figure 2 shows that the conductivity is
independent of the electric field E. For both the current and
the conductivity, the general feature is an inverse depend-
ence on the scalar field mass parameter mg,. In the case of
dS, the authors [15] showed that the current responds as
J x mE exp(—2zm/H) for heavy particles and behaves as
J « E/m? for light particles, in this regime. In the case of
dS,, it has been shown that for the cases of heavy and light
particles, the current behaves as J « E/m? [16].

3. Heavy scalar field regime

The behavior of the current (81) in the heavy scalar field
regime A, > max(1,1) is obtained by taking the limit
Am — oo with 4 held fixed. We then obtain the leading order
terms as

G
24-77.'1’ndS

e*H
o= ,
247des

(86)

which are the same as the result (84). In Fig. 3, the current
(81) and its limiting form (86) are plotted together. This
figure illustrates a good agreement between the exact and
the approximated results.

The semiclassical current (66), as it is exponentially
suppressed, cannot appear in the plot of the Fig. 3 and
exponentially disagrees with the current (81). The

For different values of 4, the normalized current (81) and its approximation (86) are plotted as a function of 4, with dashed and

comparison of the results, in this regime, shows
that in the D =2 dimension for heavy scalar [15] and
for heavy fermion [18] fields, the current scales as
J o msinh(2z4) exp(—2zm/H), i.e., is suppressed expo-
nentially. In D = 4 dimension, for heavy scalar [16] and for
heavy fermion [19] fields, the current scales as J o« E/m?>.
Therefore, in the heavy scalar field regime, due to an
exponentially mass suppression factor, the semiclassical
current does not agree with the induced current.

4. Massless minimally coupled scalar field case

In the case of a massless minimally coupled scalar field,
i.e., 4, = 0, we now examine the behavior of the current in
two limiting regimes. In the limit A — oo, the current and
conductivity are approximated by Eq. (83), whereas in the
limit A — 0 we find the leading order terms

H4
CRER

H4
J oyt (87)
The results (87) agree with the asymptotic behavior of
the red curves corresponding to 4, = 0 in Figs. 1 and 2.
In the regime 1 < 1 the current and the conductivity are not
bounded from above and increase as A decreases, as
illustrated in Figs. 1 and 2, respectively. This divergence
signals that the framework used to derive this result is not
valid anymore and backreaction to the reservoir fields
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FIG.4. The normalized current (81) (in the blue dashed line) and
of 1 with 4, = 0.01.

needs to be taken into account. More about that regime will
be given in Sec. V.

5. Light scalar field case

We now study the behavior of the current (81) for a
light scalar field case, i.e., 4,, < 1 and more specifically

Am < +/3/4. In the regime 4 > 1, the current and conduc-
tivity scale as indicated by Eq. (83). Numerical analyses
show that in the regime 0 < A < 1 the current and conduc-

tivity behave as
) (i) 69

(

In Sec. V we will derive Eq. (88) analytically. In Fig. 4, we
plot the current (88) together with the current (81), in the
IR-HC regime. This figure illustrates the quite good
agreement between the numerical and analytical results.

The current has a local minimum in Ay, = +/3/4 + ¢,
where € is a small positive parameter, and a local maximum
in Apax = Am. In the interval 4 € (Apax, Amin) the phenome-
non of IR-HC occurs; i.e., the current increases for
decreasing 4. Beyond A, in the interval (0, A, ), the
current has a linear response for 4,, # 0 which agrees with
Eq. (85). From this and Sec. IV B 4, we can conclude that
for decreasing 4, if y becomes real, then there would be a
period of IR-HC; if one keeps decreasing 4, it will be

eH? e?
72

_A
2+ 2%

o
2+ 24

o=—
7[2

A

its approximation (88) (in the red dotted line) are plotted as a function

followed by a linear behavior for 4, # 0 or continued
unbounded for 1, = 0.

In this section, we computed the current and described it
in different limiting cases. Especially a IR-HC regime has
been reported, and we propose a discussion and a summary
of what is known about IR-HC in Sec. V.

V. DISCUSSION ABOUT IR-HC IN D DIMENSIONS

IR-HC is a regime where for a given interval of the
electric field, a decreasing electric field gives an increas-
ing conductivity. IR-HC was first reported in [15]. The
authors showed there, in the case of dS, that the current
responds as J ~ E~! for small electric fields and IR-HC
was present for m/H < 1/2. In the case of dS, the
renormalization scheme introduces a term of the form
log(m/H) [16] in the regularized current expression
which arises from the second order adiabatic expansion.
Therefore, it signals this renormalization method was not
applicable for the case of exactly massless scalar field in
dS, [16]; see also discussions in [24,25]. Hence it was not
possible to discuss IR-HC for the massless case but it was
present for m/H < \/5/4. In [20], the point-splitting
method was shown to agree with the adiabatic subtraction
in dS; for boson. In dS;, we report the same behavior
J ~ E~! in the regime of small electric field and massless
minimally coupled charged particles and report IR-HC

for mys/H < \/3/4.
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These results lead us to propose a procedure to avoid an
IR-HC regime by setting the value of the conformal
coupling to a specific range. In dSp, the nonrenormalized
in-vacuum state expectation of the spacelike component of
the current operator is

<jl >in = in<0|jl |O>in
d eKlZi
= 26272(0) [ (453 (O 1 (6) G IWey P
(39)

Generalizing to D dimensions the step performed between
Eq. (68) and Eq. (69), the integral (89) can be conveniently
rewritten as

d
il L= eH -1 Arm 13
<.] >1n (Zﬂ)dQ (T)/dZd_le A!l_];lolo

xAAdppd—z(rp—/1)|WW(Z+)|2’ (90)

where dX¥,_; is given by Eq. (B22). As pointed out in
[15,16], in a IR-HC regime, the population of created pairs
is dominated by IR contribution and no longer by the pairs
created within a Hubble time. Hence the asymptotic
behavior of the wave function, in the limit p — 0 will
give the dominant term in a IR-HC regime. The Whittaker
function W,,(z) as z — 0 has an asymptotic form [33]
given by

WK,y(Z) ~ Z%_y’ (91)

and in this regime y is real and by convention is positive.
As a consequence, the integral (90) in the limit p — 0
behaves as

/1/ dppP=272r. (92)
0
Then power counting shows that in the regime
D-2
r>—s (93)

the current integrand diverges in the limit p — 0. However,
since y < %, the total current integral remains finite. From
Eq. (93) and the definition of y, given by Eq. (18), we find
first that

eH)  eH
<Jl>in“7ZM9 p<d. (94)
Observe that setting A, = 0, one recovers the behavior
J o« E~'. Figure 4 shows a plot of the current in the IR-HC
regime together with the analytical result of (94), and the
curves agree reasonably well. Similar plots could be
produced for D=2 or D =4. Second, again from
Egs. (18) and (93) it is also possible to deduce that IR-

HC occurred when

PHYSICAL REVIEW D 94, 104011 (2016)

TABLE I. Minimum values of A2, and ¢ to avoid IR-HC. The
interval Zig_pc is the range of m?/H? for which IR-HC would
appear after turning on the conformal coupling.

/1r2n,min fmin IIR—HC
In dS, 1 ! (0.5-2¢)
In dS; 3 I (0.3 - 6¢)
In dS, 2 = (0.3 —12¢)
mds, B3 gy (022-p(D-1)p)
2D -3
2+ 22 < ) (95)
Therefore, a sufficient condition to avoid IR-HC is
2D -3
A2 : (96)
4
and we define thus 4, i, = —V22D_3. The previous condition

implies also a minimal bound to avoid IR-HC for the
conformal coupling £ which in the case of a massless scalar
field reads

2D -3

fmin = m . (97)

We see that in nonconformally coupled theories, a con-
formal coupling with values larger than &, can be used to
avoid the IR-HC regime. Conversely, V& < &, IR-HC
would appear for m?/H? € T\g_pc, with

2D -3

— D(D—l)é). (98)

Tir-nc = <0’

These results are summarized in Table I. In D =2 and
D =3, Eq. (96) agrees very well with numerical inves-
tigations. However, in the case of D = 4, to avoid IR-HC
one needs to have A, = 1.25 [16]; in this case, a small
variation from condition (96), comes from a term also
dominant in the IR regime but not taken into account in the
previous calculation: the one coming from the renormal-
ization in “log(m/H).”

Table II presents the results of the numerical investiga-
tions for the value of A,;, and A,,,, for dimensions D = 2, 3,
4. Numerical investigations indicate that A, = 4, and

TABLE II. Numerically found values of 4,;, and A, for
different values of 4,, and D. IR-HC occurs for 1 € (Apaxs Amin)-
Those results point toward the idea that A, =4, and

Amin = Ammin T € = 7V22D_3+ e, e>0.

D 2 3 4

Am 0.1, 0.01, 0.001 0.1, 0.01, 0.001 0.1, 0.01, 0.001
Amin 0.54, 059, 0.59 0.92, 095, 095 127, 1.54, 1.68
Amax 0.1, 0.01, 0.001 0.1, 0.01, 0.001 0.1, 0.01, 0.001
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Amin = Ammin + € With € > 0. Recall that A, ., = 0.5,
0.87, 1.12 for D =2, 3, 4, respectively. € reaches an
asymptotic value for 4, — 0 in D =2, 3, whereas it is
unbounded for D = 4. This difference comes again from
the renormalization term in “log(m/H).”

Looking at the fermionic induced current in dS, [18]
and dS; [19], no IR-HC was reported. In dS,, the
only difference between the fermion and the boson
was effectively a translation of the mass squared, i.e.,
mi o o=ml —H*/4. It is furthermore known that a
massless fermion is conformally invariant and gives, as in
flat spacetime, a linear behavior for the current. In the
bosonic case this conformal behavior was found for
m?/H?> = 1/4 and the IR-HC for 0 <m?/H* < 1/4.
Hence, conformality plays an important role to understand
IR-HC. Note that for a fermionic particle in D = 2, to have
a regime of IR-HC one needs to let the mass parameters
m?*/H? < 0, that is, to allow for tachyonic propagation. In
parallel to tachyon, IR-HC is a regime where decreasing
one source (the electrical field) increases the consequence
(the produced pairs). Therefore, it is against physical
intuition and for massless cases leads even to a current
unbounded from above. The links between tachyonic field,
conformality, and IR-HC remain to be explored.

VI. DISCUSSION ABOUT GRAVITATIONAL
BACKREACTION

In this last section, we present our first results on the
gravitational backreaction. More specifically, our main goal
is to naively estimate the variation of the Hubble constant in
the heavy scalar field regime. The numerous works on the
Schwinger effect in dS [15-21] always assumed that the
created pairs do not backreact to the background metric.
This assumption holds as far as the energy density of the
pairs is much smaller than the background Hubble energy
[13,14]. For this paper, we will focus on a semiclassical
computation of the stress energy-momentum tensor. We
assume that the effects of the pair creation to the Einstein
equation are small; they give rise to an effective cosmo-
logical constant Ay in the Einstein equation. Then, the
Einstein equation can be written as

1
R — ERQ"” + Aer g = —82GpTiem, (99)

where R* is the dSp, Ricci tensor and G, = H*P M2 [43]
is the gravitational constant in D dimensions, w1th Mp
being the Planck mass. Now, we wish to compute the
semiclassical energy-momentum tensor on the right-hand
side of the Einstein equation (99). Similar to, e.g., [44] the
semiclassical energy-momentum tensor of the Schwinger
pairs can be defined as

a? k P p
ngm = ik

, (100)
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where | |* (41) is the distribution function and p}. (60) is
the physical momentum vector of the created particle. To
perform the integral on the right-hand side of Eq. (100), we
follow the same integration procedure used in Sec. III A:
impose the relation (51) to convert the k integral into a =
integral. In the heavy scalar field regime, 4,,, > max(1, 1),
we consider a terminal value of the physical momentum.
Hence, substituting expressions (64) and (65) into
Eq. (100) leads to

M =978 T =Tl Th =57,
TO  =Td, =0, i=2,...d, (101)
where & is given by
HP )
&= WXT ¥(2m1)/1D e~ (102)
The Hubble parameter is defined as
H(z) := Q‘Q(r)%ff). (103)

Considering the metric (3), in terms of the Hubble
parameter H(z), the components of the Ricci tensor are
obtained

Rop = (D = 1)(H*(z) + Q7' (1) H(2))2 (1),
Ry =~((D = 1)H (1) + Q" (0)H (7)) (2)5;.
Ro; =0, i=1,....d, (104)
and the Ricci scalar is

R = (D —1)(DH*(z) +2Q7'(¢)H(7)).  (105)
The trace of the Einstein equation (99) gives

D —-2)R 8zGp€
Aoy = B 2R 8760 (106)

2D D

and in the heavy scalar field regime, we find that the
leading order terms for the Einstein equation (99) involve
T% : using Egs. (104)—(106) it leads to
o '(2) dH(7) _ 872G p& ‘
dr (D-2)

(107)

The above equation determines the evolution of the Hubble
parameter with respect to the conformal time 7. In order to
compare with the existing literature, we now work in
cosmic time f: using Eqgs. (1) and (3), it can be shown
that the evolution of the Hubble parameter with respect to
the cosmic time ¢ is
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dH(1)  81GpE
ad  (D-2)°

(108)

which agrees with [10,29,45]. Thus, the Schwinger pair
creation leads to a decay of the Hubble constant and, as
consequence of Eq. (106), a decay of the cosmological
constant. This decay of the cosmological constant begins
with the pair creation and continues until A = 0. In this
picture, as a classical black hole being evaporated into
Hawking radiation or the coherent energy of an electric
field being dissipated into e™ e~ pairs, the coherent vacuum
energy is dissipated into a cloud of scalar pairs. The decay
of the Hubble constant affects G, for D # 4. For D < 4 the
gravitational constant decays until it reaches zero and for
D > 4 the gravitational constant increases. Similar to [10],
the time scale for evolution of the Hubble constant can be
estimated by

_ H (2rn)P3(D-1)(D-2)M}
4H?

Ip=— dH (1)
dr

X (AT (274)) 7 AP €.

(109)

A series expansion of the time scale expression (109)
around 4 = 0, with 4, fixed, leads to the leading order term

D-3
2

(47) =T (254 (D — 1)(D - 2)M}

2 -D 27,
4H A€

tp = (110)

which is independent of A. In [10], the time scale has been
computed in the global patch of dS,, without electric field,
and the author showed there, in the limit m > H, the
time scale behaves as Hm™* exp(zm/H). Hence, in D = 4
dimension, the result (110) agrees with the time scale
obtained in the Ref. [10] up to a factor of 2 in the exponent.
This factor could come from the different definitions for the
energy-momentum tensor.

Observe that the calculation carried out in this section is
not valid for D = 2 as there is no Einstein gravity in 1 4 1
dimension. Observe beside that under our working
assumption, i.e., heavy scalar field regime, 4,, > max(1,4),
we find 15>ty = H-' which still allow for a long
inflation. Furthermore, we argue that this decay of the
Hubble constant presents similarities with generic models
of slow roll inflation where a scalar field sees its potential
energy slowly decaying into kinetic energy to ultimately
exhibit coherent oscillations around the minimum of its
potential which unleash a reheating phase. We want to
explore further this issue in a future paper [46]. The next
step is to consider the expectation value of the energy-
momentum operator, which as the current will present
divergences. The computation of this tensor is much more
involving and is beyond the scope of this paper. We have
seen in Sec. [V B that the semiclassical estimates agreed in
the strong field regime, but were exponentially different in
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the heavy scalar regime, so we argue that those results have
to be checked by further study, mainly the exact compu-
tation of the energy-momentum tensor in order to see if
those first estimates agree with the general case. For
instance, a very recent work [29], without electric field,
in D =4 dimension, with a slightly different method,
discovered an enhancement of the Hubble constant. The
same exponential behavior as in Eq. (109) was also found
but with a different prefactor. We argue that those changes
are due to the renormalization procedure they carried out
which gives different results than the replacement of the k
integral into a 7 integral we performed here.

VII. CONCLUSION

We have investigated pair creation by the Schwinger
mechanism in dSp. Specifically, we considered a charged
massive scalar field coupled to a constant background
electric field in dSp. After the canonical quantization,
Bogoliubov coefficients were obtained, and then the decay
rate and the density of created pairs were computed; see
these main results in Egs. (53) and (55). Also, using a
semiclassical method the decay rate and the density were
computed; see Appendix A. Both methods agree to say that
in the semiclassical approximation, the screening orienta-
tion stays and the antiscreening ordination is suppressed.
The density of created pairs is constant with respect to time.
It signals that the pair creation in dSp from electric and
gravitational fields exactly balances the dilution from the
expansion of the universe. Under the semiclassical con-
dition we computed the conduction current of the created
particles in any dimension. We find that in the strong
electric field regime, 1> max(1,4,), the semiclassical
current becomes independent of the scalar field mass and

responds as E?, and in the heavy scalar field regime,
Am > max(1, 1), due to the presence of a Boltzmann mass
suppression factor it exponentially damped. Our main goal
has been to study the induced quantum vacuum expectation
value of the conduction current of the created pairs. Thus,
in the case of a D = 3 dimensional dS, the expectation
value of the spacelike component of the current operator
has been computed in the in-vacuum state. As expected, a
linear UV divergence appeared. Applying an adiabatic
subtraction regularization scheme the divergent term was
removed and a finite expression was obtained for the
current and the corresponding conductivity. They have
been plotted in Figs. 1 and 2, respectively. The current
and conductivity have been also analytically investigated.
We find that in the strong electric field regime,
A > max(1,4,), the current responds as E> and becomes
independent of scalar field mass parameter mgys (9). In the
weak electric field regime, 4 < min(1, 4,,,), the current has
a linear response in E and is inversely proportional to mg;.
For the case of a massless minimally coupled scalar field,
ie., A,=0, for A <1, the current varies as E-L.
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Consequently, in this regime, the current and conductivity
are increasing unbounded for decreasing electric field,
which leads to the phenomenon of IR-HC. The regime
of IR-HC has been extensively discussed in Sec. V from
both numerical and analytical points of view. It has been

shown that IR-HC happens for 1 € (4, */212)—_3 + ¢) with
0 <e<x1 for D=2, 3 and € positive but unbounded in
D = 4. This difference comes from the renormalization
scheme used in D = 4. The behavior of the current has also
been derived in the IR-HC regime for any dimension in
Eq. (94) up to the renormalization factors. A proposed
relation of IR-HC with conformality and tachyonicity
remains also to be further explored but is beyond the scope
of this paper.

Until Sec. VI, the gravitational and electric fields were
treated as an external fields, and one important next step is
to take into account backreactions of the created pairs to
those two fields. Indeed, as soon as the energy of the
population of the Schwinger created pairs becomes of the
order of the energy carried by the constant electric field or
of the gravitational energy, backreaction effects become
unavoidable. Investigating these effects could be used to
find specific forms of electric fields or specific classes of
spacetimes which favor or disfavor pair creation.
Furthermore, it could also be a fruitful way to make
cosmological statements about magnetogenesis, matter-
antimatter asymmetry, primordial gravitational waves, or
the way inflation is driven and ends. Those issues are
currently under investigation [46]. Our first results on
gravitational backreaction effects were depicted in Sec. VI.
Using a semiclassical approach the energy-momentum
tensor of the Schwinger pairs has been computed in the
heavy scalar field regime; see Eq. (101). We showed that
creation of particles leads to a decay of the Hubble
constant. In the limit of zero electric field, our result is
consistent with a previous study [10] up to a factor of 2 in
the exponent but disagrees with a very recent work [29]. A
more consistent calculation of this effect must dynamically
study the evolution of the Hubble constant H through
Einstein equations, and this will explicitly break de Sitter
invariance by introducing a preferred time slicing. We
argue that it should be possible to compute it together with
the corrections from the Schwinger effect and the presence
of an electric field to the vacuum fluctuation during an
inflationary phase. This could in turn affect the power
spectrum at the end of inflation, as it was already suggested
in the conclusion of [47]. After the evolution of the
primordial power spectrum through the reheating and the
radiation dominated era, in principle it could be measured
by cosmic microwave background experiments.
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APPENDIX A: SEMICLASSICAL
SCATTERING METHOD

In this appendix we compute the pair creation rate using
the semiclassical scattering method. Starting from Eq. (44),
it is possible to write the equation of motion for the scalar
particles as a harmonic oscillator one with a time dependent
frequency given by Eq. (45). From here it is possible to do a
Bogoliubov transformation and reformulate the equation of
motion (44) in term of the Bogoliubov coefficients a ()
and S\ (7). This technique is inspired from well known flat
spacetime techniques (see, e.g., [48]) and was already
applied to the equivalent problem in D = 4 dimension [49].
The result will be similar up to dimensional factors. The
semiclassical scattering method was usually referred to as
the WKB method, but as detailed in [50], it is more precise
to call it the scattering semiclassical method to differentiate
with other WKB inspired methods [51]. The starting point
is to implement the Bogoliubov transformation using an
ansatz inspired by a WKB expansion,

Px (T) iK(z)

e )

e KO 4 (A1)

where
(A3)

To preserve the commutation relation, it is necessary to
impose the Wronskian condition |ay (7)|* — |y (7)]* = 1.
In this basis, the momentum spectrum of the pair creation
rate reads

e = lim| i ()2 (A4)

with the boundary conditions being plane waves in the
positive frequency direction as the past asymptotic behav-
ior of Eq. (44) suggests

Pr(—0) =0,

It is possible to find a first order coupled differential
equation for the Bogoliubov coefficients

ay (—o0) = 1. (A5)

in(0) = s 5 SO ), (46)
Bu(@) = 20 ik g, (o) (A7)
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Note that at this point, the equations derived are still exact.
Aiming at finding the momentum spectrum (A4), it is
possible to integrate formally Eqgs. (A6) and (A7) by using
the boundary condition (A5). One finds [52]

£ [ 20 o
m=0+Y — 2&)(10)

mooe O(tn) k)
t n
x H/—oo dnza’(tn)e

n=1

X /t” dr, o(z)

o 2w(z,

Each of these integrals can be calculated using a saddle
point approximation. Those integrals are dominated by the
regions around the turning point, i.e., w(z;) = 0, where
the superscript + denotes the two conjugate pairs in the
complex plane of 7. More precisely, by deforming the

contour of integration, we consider the singularities for
the turning point for which

P (0) =

(A8)

~—

S[K(z,)] <O. (A9)
From now on, the subscript + will be dropped, and we will
consider 7, the turning point which corresponds to (A9).
Following [52], it is possible to describe the behavior of
@?(7) near the turning point assuming first order singularity
which is the case contemplating Eq. (45),
w*(t) =A(r —1,). (A10)
with A being a constant which can be calculated. One can
find then an expression for K(7) near the turning point

K(7) =K(,) +§A(T—T,,)%, (A11)
a(r) 1 dK(7)
w(z) 3(K(z) - K(z,)) dr (A12)

Changing variables to &, = K(z,) —K(z,) and 7, =
K(z,) — K(z,) one gets an approximate expression for
the integrals

- —2iK(t S (_l)m
B (0) = —2ime2K() Z it L (A13)
m=0
where

] o0 ei&) n 5”_] e_ir’n o0 eign

T A | A

2in —00 0 50 g —00 M My 5n

7[2m

= Al4
(2m +1)! (A14)

PHYSICAL REVIEW D 94, 104011 (2016)

The final results read then

= |e~2K(m)|2, (A15)

ng

For the semiclassical approximation to hold, one needs the
notion of adiabatic vacuum in the asymptotic future. Hence,
the semiclassical approximation holds if the relation (49) is
satisfied. The remaining step is to compute the integral
(A3). The turning point is given by

1
7y = lix = i(p? + K21, (A16)
where the coefficients p and x have been defined in
Egs. (16) and (17), respectively. Then one can find the
imaginary part of K(7)

S[K(z,)] = —n(p + Ar)0(=Ar), (A17)
where the Heaviside step function € is there to ensure
that the condition (A9) holds. Recall our convention
A= —eE/H?, and hence Eq. (A17) implies that, e.g., a
particle with charge e > 0 is only created with a momen-
tum k, > 0. Again, we see that in the semiclassical limit,
the upward tunneling is suppressed and only the screening
direction or downward tunneling stays. The number of
pairs in the semiclassical limit is eventually given by

nx = exp|—2z(p + Ar)]|0(—Ar). (A18)
The pair creation rate is defined as
1 d'k

N'=— /[ —n, Al9

AV / 2n)? " (A19)

where AV is defined by Eq. (54). As before, the procedure
then is to transform the k integral into a 7 integral by using
an estimate for the time when most of the particles are
created; see Eq. (51). Using Egs. (B17), (B18), and (B23),
it is then possible to present the final expression for the
scalar pair creation rate in dSp under the influence of a
constant electric field,

HD

"= 2y

pd |)]|l%de_2”(p_|’1l> 3

(A20)

A common feature regardless of the number of spatial
dimensions and of the bosonic or fermionic nature of the
particle is that the physical number density defined in
Eq. (55) is constant with respect to conformal time. It
signals that pair creation in dSp from electric and gravi-
tational fields exactly balances the dilution from the
expansion of the universe. This implies that the population
of scalars is always dominated by the particle created
within a Hubble time [16]. This observation is important
when it comes to study the backreaction to the electric field
[23]. It is interesting to note that when one changes the
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space dimension, what changes is the prefactor before the
exponential. Indeed, the semiclassical approximation is an
expansion in 7 to first order. The exponential factor is
the classical trajectory which is not a function of the
dimension d. However, the one loop integration depends
on d, and hence the prefactor to the classical trajectory is a
function d. Before concluding, we should remark that
under the semiclassical condition (49) the result (53)
obtained using standard methods reduced to the semi-
classical result (A20). Therefore, the flat spacetime limit of
the semiclassical pair creation rate (A20) is equal to the
result presented in Eq. (58).

APPENDIX B: USEFUL MATHEMATICAL
FUNCTIONS

In this appendix, we have represented some useful
relations and properties of mathematical functions needed
in this article. More relations can be found in, e.g., [33].

1. Whittaker functions
The Whittaker differential equation is

d&? 1 k L1—y?
~_F 4244
5 (z)+< 4+Z+ p

)F(Z) _o0. (B

It has the two linearly independent solutions, namely,
W,,(z) and M, ,(z). The needed connection formulas are

WK.}/(Z) = WK,—y(Z)’ (BZ)

M,,(e*7z) = £ie™™M_,,(2).

Ky

(B3)

The asymptotical expansion of the Whittaker functions as
|z| = oo are given by

WK‘,}’(Z) ~ e_%ZK’ (B4)
(142 r(1+2y) . _
M;gy(Z) ~ M -k Me—gi(%-&-y—lc)mzk’
FG+r—x) (17 +x)
1 3
_§”+5Siph(z) Siﬂ'—é, (BS)

where ¢ is an arbitrary small positive constant. In the limit
|z] = 0, the asymptotically expansions are given by

M, (z) ~ 2, (B6)
2 (-2
Wiy (2) ~ Fl(iy)_ 27 4 111(_431) Feaxd
G+7r-x) i
1
0<NR() <5.  r#0. 7)

Finally, some useful Wronskians are
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W{W,,(2), W_, (e772) } = '™, (B8)

W{M,, (2), M, (2)} = =27, (B9)

WIW,.,(2) M, (2)} = H (B10)
2

2. Modified Bessel functions

The modified Bessel function has integral representation
along the real line

zv T
L(z) =——— / sin @)% e*cs?4p. (Bl
) 2w (v +1) Jo (sinf) (B

If n is an integer, then

L(e"z) = "™, (2). (B12)
When v is fixed and z — 0,
ID(Z)NWD_H/), v#-1,-2,-3,....  (B13)
When v is fixed and 7z — oo,
Lo~ = h@I<5-a (@19
In the cases v = —% and v = % the relations
Ii(z) = \/zcosh(z), (B15)
2 nz
Li(z) = \/zsinh(z) (B16)
2 7z

are satisfied. The following mathematical formulas can be
shown:

f(sine)bde - %FG + v), (B17)

T F(u+1
lim / (sin @) e~2rlHlecosO0qg = = 2 227 (B18)
[A=e0 Jz 2(mA)T

3. Spherical coordinates
In order to evaluate the integrals (43) and (A19), we
make use of the spherical coordinates to decompose the
momentum vector k in the flat d-dimensional Euclidean
space. Hence, in this space the volume element is

d%k = dX,_ k¥ 'dk, (B19)
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where dX,;_; is the area element of the unit sphere in the
d-dimensional Euclidean space. Convenient coordinates on
this sphere are specified by

' = cos b,

w* = siné, cos b,

d—1

0’ =sin@; ---sinf,;_,cosO,_;,

w? =siné, ---sinf,_,sin6,_;, (B20)
where 0 <@; <z for 1 <i<d-2 and 0<60,_| < 2.

Then, the metric on the sphere is

d
dw’_ = Z:(ci(z)")2
i=1

= d6% +sin?0,d0} + - - +sin? 0, - -sin®0,,_,d6?_,,

(B21)
and consequently, the area element is
dZd_] = (Sin 9] )d_2 -+ sin gd_sz] cee d@d_l . (B22)
Therefore the area of the sphere is
21t
dZd_l - . (B23)
[ e =rg

Using Eqgs. (B11), (B17), (B22), and (B23) the following
formula can be shown:
|

PHYSICAL REVIEW D 94, 104011 (2016)

/ X, e¥e0% =277\, (274).  (B24)

APPENDIX C: COMPUTATION OF THE
INTEGRAL FOR THE CURRENT

In this appendix, the computation of the current integral
(69) is reviewed. We follow the same integration procedure
as performed in [15] for a one-dimensional and [16] for a
three-dimensional momentum integral. We deal with the
following integral:

_1%1_13010/ \/—/ dp rp— }“ hﬂ|w—llry( 2lp)|
(C1)

We will use the Mellin-Barnes representation of the
Whittaker function

. [Fiods TE+y+8)TE—y+5)T(—k—s
Welmer [ BT T T )
Cico 27i F(§+7—K)F(§—y—K)

1
—dy—k#£0,—1,-2....,

ph(a) <7 3 )

where the contour of integration separates the poles of
IG+y+s)LE—7+s) from those of I'(—k —s) [33].
Based on the definition (18), it depends on the range of the
involved parameters whether y is real or purely imaginary.
However, by virtue of the relation (B2), in the integral (C1)
we have (W_;,,(=2ip))" = W;;,,(2ip). Then, the inte-
gral (C1) can be rewritten

+ico (s 1
J =1 I'f=- I'(iAr —
AE‘;/ m /_ 27 (* “) (2 ”s> (ir =)

+ico (]t
X / —F
—ico 2TI

where c, is defined as

1 1 1
c, = e’”“(l“(i—l-)/—l— iﬂr)l“(i—y—l- iﬂr)l“(i—l—

1 i A
<§ +r+ t)F (E -7+ t) [(=idr — t)e30=12=s~ / dp(rp —A)p~,
0

(C3)

(C4)

s’

If we choose both s and ¢ integration contours to run in a similar way as Ref. [16], then we obtain the final result

T . T 4
= T otim A+ Zaycot(2ay) + — L
J == AlmA Ay col2my) + e

e e

where b, is given by Eq. (72).

(31, (274)

—27A1y(27A))

o (1
o2y e‘z’”y)l//<§ +idr — y) — (&2 4 e2ir )y <5 +idr + y) } (C5)
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