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The purpose of this paper is to calculate the Pomeron intercepts from the BFKL equation with the
running coupling constant and the gluon mass generated by the Higgs-like mechanism, and to estimate the
influence of the infrared dynamics on the spectrum. We found that as in the massless case, the spectrum of
positive Regge singularities is discrete and the leading Pomeron has a considerable dependence on
nonperturbative effects. We cross-checked this result with finite element analysis, semiclassical approxi-
mation and variational methods and confirmed the infrared sensitivity of the leading Pomeron. This fact is
related to the infrared instability of the BFKL equation in QCD, with a running coupling. The subleading
poles have a mild sensitivity to the soft physics, and are well described by known semiclassical methods.
Also for the first timewe study the BFKL equation for the various running coupling prescriptions suggested
in the literature.
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I. INTRODUCTION

The BFKL Pomeron [1,2] is a structural element of all
effective theories describing high-energy dynamics linear-
ized over the gluon density. Formally, it is a solution to
the BFKL evolution equation which sums large log
ðᾱS lnð1=xÞÞn terms in the perturbative QCD approach,
and gives the scattering amplitude at high energies. This
amplitude possesses two fundamental properties: the power-
like energy dependence of the scattering amplitude,1

A ∝ ð1=xÞω0 , where ω0 ¼ 4 ln 2ᾱS, and the growth of sizes
of the typical dipoles at high energy. The former feature for
asymptotically smallxB contradicts theFroissart theorem [4],
while the second imposes a constraint on the applicability of
the perturbative approach, when we approach the confine-
ment region. Both problems are solvedwhen nonlinear terms
are taken into account like in the Balitsky-Kovchegov (BK)
equation [5,6] and CGC/saturation approach,2 though the
large impact parameter (b) dependence of the scattering
amplitude still remains an open question.
As it has been discussed in Refs. [7–10], the scattering

amplitude at fixed b in this approach should satisfy the
unitarity constraint of being smaller than unity, but since
the radius of interaction increases as a power of energy,
eventually this leads to violation of the Froissart bound [4].

Such powerlike behavior of the radius is a direct conse-
quence of the perturbative QCD approach, and stems from
the large impact parameter behavior of the BFKL Pomeron
[1,2]. Therefore, we have to find how the confinement of
quarks and gluons will affect the large b behavior of the
scattering amplitude. Since we are interested in the behav-
ior of the scattering amplitude at large b, where the
amplitude is small, the nonlinear (saturation) effects can
be neglected and one can introduce the nonperturbative
corrections directly to the BFKL kernel.
In general, the main problem which one needs to solve is

the influence of the unknown infrared behavior on the
BFKL Pomeron. It is known that due to a running QCD
coupling in a problem, there appears a dimensional scale,
ΛQCD. According to previous studies in [2,11–20] due to
the running coupling constant, the spectrum of the problem
becomes discrete for positive ω, with infinitely many
Regge poles with quantum numbers of Pomerons, but also
the kernel has unbound from below a continuous spectrum
for negative ω.
As it has been shown by one of us [2], the spectrum of

these Regge poles depends on the behavior of the scattering
amplitude in the confinement region. Since the theory of
confinement is still in the development stage, nowadays
there are two approaches: phenomenological extraction of
nonperturbative effects from the experimental data, or their
evaluation in an effective model with built-in confinement.
The first approach parametrizes the information on confine-
ment in terms of the nonperturbative infrared phases
[18–20] and produces a reasonable description of HERA

1This behavior is valid for all sizes of interacting colorless
dipoles. We refer to the book of Ref. [3] for discussion on why in
QCD the colorless dipoles are the correct degrees of freedom at
high energy.

2See [3] for a review.
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data on deep inelastic scattering [18–20]. However, this
analysis is complicated by the fact that due to a limited
energy range and not sufficiently small hxi ∼ 10−3 in
HERA kinematics, a very large number of poles in a series
needs to be included in the fit, affecting the precision of the
extracted parameters. In this paper we address the problem
using the second approach, namely studying the spectrum
of the BFKL Pomeron in the particular model of infrared
behavior, the non-Abelian theory with the Higgs-like
mechanism for the gluon mass generation [21,22]. This
gauge invariant and normalizable model has a correct large-
b behavior ∝ exp ð−mbÞ of the scattering amplitude. At
short distances r ≪ m, wherem is the effective gluon mass,
this model transforms smoothly into perturbative QCD,
while at distances r ∼ 1=m the gluon acquires a finite mass,
in agreement with what was found for correlation functions
from eliminating Gribov’s copies [23] (see Refs. [24–26]).
We wish to stress that a gauge theory with the Higgs-like
mechanism leads to a good description of the gluon
propagator calculated in the lattice approach [27], with
gluon mass m ¼ 0.54 GeV.
The first attempt to find the spectrumof theBFKLPomeron

Higgs-like model with running ᾱS was undertaken in [28] by
one of us (see also [14]), in the semiclassical approach.
However, the underlying assumptions of the semiclassical
approach are not fulfilled for all momenta, and for the leading
intercept, this uncertainty might be substantial. For this
reason, in this paper we cross-check the results and solve
numerically theBFKLequationwith a runningQCDcoupling
constant. We study how the infrared behavior of a theory
influences its spectrum. Finally, we study the spectrum with
the so-called triumvirate form of the running αS [5,6,12,29]
used in [2,11–20], and demonstrate that it has qualitatively
the same spectrum.We expect that similar results are valid for
all other forms of running couplings, for example in the
Brodsky-Lepage-Mackenzie approach [30,31].
The paper is structured as follows. In Sec. II we briefly

recapitulate the main properties of the BFKL equation with
running coupling, as well as analyze different schemes of
infrared regularization. In Sec. III we present our results,
and analyze their dependence on the choice of the regu-
larization scheme, as well as on the low-energy confine-
ment model. We use three different approaches: the
semiclassical approximation (based on the method of
steepest descent), the variational method (based on an
exact solution to the BFKL equation in diffusion approxi-
mation) and the numerical study of the spectrum in the
lattice. Finally, in Sec. IV we draw conclusions.

II. THEORETICAL FRAMEWORK

A. BFKL equation and running coupling ᾱSðk;k0Þ
As it was discussed in the Introduction, the BFKL

approach corresponds to the effective high-energy
theories linearized over the gluon density. Formally, the

homogeneous BFKL equation in the case of running
coupling ᾱS is reduced to the eigenvalue problem [1,2]:

ωϕωðkÞ ¼
Z

d2k0

2π
ᾱSðk; k0ÞKðk; k0Þϕωðk0Þ; ð1Þ

where k and k0 are the transverse momenta, the eigenfunc-
tions ϕωðkÞ corresponding to eigenvalues ω are related to
the rapidity (Y) dependent scattering amplitude AðY; kÞ as

AðY; kÞ ¼
Z

ϵþi∞

ϵ−i∞

dω
2πi

eωYϕωðkÞ; ð2Þ

and the kernel Kðk; k0Þ is defined asZ
d2k0ᾱSðk;k0ÞKðk;k0Þϕωðk0Þ

¼
Z

d2k0ᾱSðk;k0Þ
�
ϕωðk0Þ
ð~k− ~k0Þ2

−
k2ϕωðkÞ

ð~k− ~k0Þ2ðk2þð~k− ~k0Þ2Þ

�
:

ð3Þ

For ᾱSðkÞ ¼ const, the conformal symmetry of the kernel
(3) allows us to find the eigenfunction of the BFKL
equation, in the following form,

ϕωðkÞ ¼ ðk2Þγ−1 ≡ eðγ−1Þt ≡ ðk2Þ−1
2
�iν ≡ eð−1

2
�iνÞt; ð4Þ

where t ¼ ln ðk2=Λ2
QCDÞ and γ ¼ 1

2
� iν is a continuous

parameter. It is related to eigenvalues as

ωðνÞ ¼ ᾱSχðνÞ

¼ ᾱS

�
2ψð1Þ − ψ

�
1

2
þ iν

�
− ψ

�
1

2
− iν

��
; ð5Þ

where ψðzÞ is the digamma function. The choice of
the argument of the running coupling is ambiguous
[2,13–19,28] and is usually done by absorbing parts of
logarithmic Next-to-leading order (NLO) corrections into a
definition of αs. The simplest form suggested in [28] is

ᾱSðk; k0Þ ¼ ᾱLOS ðkÞ; ð6Þ
where ᾱLO is the leading order running coupling in pQCD.
The virtue of (6) is that it allows one to evaluate the
spectrum and wave functions using approximate semi-
classical methods. Although in [28] it was considered for a
fixed flavor number scheme, in this paper we use a realistic
leading order coupling with a variable flavor number
scheme [32].

ᾱLOðkÞ ¼
1

βlight0 ln ðk2=Λ2
QCDÞ − 1

6

P
iFðk;miÞ

; ð7Þ

βlight0 ¼ 11Nc − 2Nlight
f

12
; ð8Þ
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where Nc is the number of colors, Nlight
f is the number of

light quark flavors, and the value of ΛQCD ≈ 150 MeV was
fixed from αsðMZÞ ≈ 0.118. The sum over i in the
denominator of (7) runs over heavy flavors c, b, t, and
the threshold function F is given by [32]

Fðk;miÞ ≈ ln

�
k2 þ 5m2

i

Λ2
QCD þ 5m2

i

�
: ð9Þ

As was shown in [33], the form (6) allows one to rewrite
the NLO corrections to the BFKL equation, in a form
similar to (3), provided we replace the kernel K as

Kðk; k0Þ ¼ ᾱSðkÞKLOðk; k0Þ þ ᾱ2SðkÞKNLOðk; k0Þ; ð10ÞZ
d2k0KLOðk; k0Þðk02Þγ−1 ¼ χðγÞðk2Þγ−1;Z

d2k0KNLOðk; k0Þðk02Þγ−1 ¼ δðγÞðk2Þγ−1; ð11Þ

where χðγÞ is defined in (5), and an explicit form of δðγÞ
andKNLOðk; k0Þmay be found in [33]. A symmetrized form
of Eq. (10) was suggested in [33],

ωϕωðkÞ ¼
Z

d2k0

2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ᾱSðkÞᾱSðk0Þ

p
KLOðk; k0Þϕωðk0Þ: ð12Þ

However, it can be reduced to (6) by redefinition of the
wave function ϕωðkÞ ¼

ffiffiffiffiffiffiffiffiffiffiffi
ᾱSðkÞ

p
~ϕω. The properties of this

equation with

ᾱSðk; k0Þ ¼ ᾱFFNSLO ðkÞ ¼ 1

βlight0 ln ðk2=ΛQCDÞ
ð13Þ

have been investigated in detail in [2,13–19] using the
semiclassical approximation. A more complicated form of
running coupling was suggested in [5,6,12,29] and used in
[2,11–20]:

ᾱSðk; k0Þ ¼
ᾱLOð~k − ~k0ÞᾱLOðk0Þ

ᾱLOðkÞ
: ð14Þ

The form of the QCD coupling given by (14) is
preferable, compared to (13), because of the following
features:

(i) Gluon Reggeization: It was proven that Eq. (14),
rewritten for the octet t-channel state and for
momentum transferred qT ≠ 0, satisfies the boot-
strap equation [12,29], i.e. leads to the gluon
Reggeization as expected on general grounds (see
Refs. [5,6]).

(ii) Summation of Feynman diagrams for large number
of flavors Nf ≫ 1: A direct sum of the Feynman
diagrams in the limit of a large number of fermions

Nf leads to the triumvirate structure both for octet
and for singlet exchanges in the t-channel [5,6,12].
Due to the renormalizability of QCD, this implies
that the triumvirate structure is preserved in the
general case.

(iii) Correspondence to NLO BFKL equation: In
Ref. [34] it is shown that the triumvirate reproduces
the term proportional to β0 in the NLO BFKL kernel.

After renormalization of the fields ϕωðkÞ → αsðkÞϕωðkÞ,
the coupling (14) in front of the BFKL kernel effectively

reduces to a function of a difference ᾱLOð~k − ~k0Þ. However,
as we will see below in Sec. II C, such transformation does
not work for the Regge trajectory (23) with mH ¼ 0.

B. Analytic solutions for massless BFKL case

A general analysis of the spectrum with a coupling
constant (7), (14) is quite complicated, so in the pioneering
papers [2,12–16] a BFKL spectrum was analyzed with
ᾱSðk; k0Þ, given by Eq. (13) in a simplified fixed-flavor
number scheme (FFNS). In this case we can solve Eq. (1)
analytically in aMellin space,making a transform forϕωðkÞ:

ϕωðkÞ ¼
Z

∞

−∞

dν
2π

~ϕωðνÞeð−1
2
þiνÞt: ð15Þ

Equation (1) for the Mellin image ~ϕωðνÞ becomes
[11,16].

iβ0ω
d ~ϕωðνÞ
dν

¼ χðνÞ ~ϕωðνÞ ð16Þ

which has solutions

~ϕωðνÞ ¼ e−
i

β0ω

R
ν

0
χðν0Þdν0 : ð17Þ

In general (17) is defined up to a real phase. The inverse
Mellin transform yields for the BFKL wave function

ϕωðtÞ ¼
Z

∞

−∞

dν
2π

e−
i

β0ω

R
ν

0
χðν0Þdν0þð−1

2
þiνÞt ð18Þ

¼
Z

∞

−∞

dν
2π

�
Γð1

2
þ iνÞ

Γð1
2
− iνÞ e

−2iψð1Þν
� 1

β0ωeð−1
2
þiνÞt

¼
Z

∞

−∞

dν
2π

eð−1
2
þiνÞtþiφpertðω;νÞ;

φpertðω; νÞ≡ 1

β0ω

�
Arg

�
Γð1

2
þ iνÞ

Γð1
2
− iνÞ

�
− 2ψð1Þν

�
: ð19Þ

The formal solution (18) should be supplemented with
boundary conditions. The first boundary condition stems
from the behavior of the wave function at large t. As has
been shown in [2,11], in this kinematic region the solution
of the BFKL equation should match the solution for the
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DGLAP evolution equation [35] in a double log approxi-
mation. In terms of the wave function this means that at
positive ω, values of ν should be real. The second boundary
condition comes from the nonperturbative QCD approach,
which gives the wave function with the phase φnon−pertðωÞ
at a fixed value of t ¼ t0. This condition for positive ω
results in quantization of the spectrum [2] from the
equation

φnon−pertðωÞ ¼ φpertðω; νÞ: ð20Þ

The choice of the value of t0 is dictated by a requirement
that the running QCD coupling αs should be small enough
to justify application of the leading order BFKL approach.
Since we impose two boundary conditions at t → ∞ and at
t ¼ t0, for positive ω the spectrum should be quantized. For
negative ω, we need not impose any conditions at t → ∞,
so the spectrum remains continuous.
In [13,16,28] it was found in a semiclassical approach

that for large root number j the spectrum is given by

ωj ≈
0.4085

j − 1
4
þ ϕnonpert=π − νt0=π

; j ≫ 1: ð21Þ

However, as we will show below, due to limitations of
the semiclassical approach the leading pole which controls
the high-energy behavior of amplitudes in this scheme has
the largest uncertainty. Additionally, there is an uncertainty
which stems from the region of small momenta, where
perturbative couplings in (14), (7) become inapplicable due
to an infrared pole. This requires some regularization at a
low scale.

C. Higgs-like mechanism

The BFKL kernel (3) was obtained in the regime of
asymptotically large jkj ≫ ΛQCD. However it is known that
in the regime of small momenta, nonperturbative effects
drastically affect all the partons, generating nonperturbative
masses [36] and affecting their interactions [37]. This
dynamics is very complicated, and at present its description
is inevitably model dependent. The non-Abelian theory
with Higgs-like mechanism of mass generation is a

particular (and a relatively simple) model, in which non-
perturbative effects only generate an effective mass and
affect the QCD behavior at large distances r ∼ 1=m, where
m ≈ 540 MeV is the effective gluon mass [23–26]. As was
found in [27], this model leads to a good description of the
gluon propagator, calculated in a lattice approach. More
elaborated models of the nonperturbative dynamics might
be found in [38–40]. In the Standard Model [41] this
infrared regularization naturally arises in the limit of
vanishing Weinberg angle θW ¼ 0.
The corresponding modification of a kernel (3) in a

massive case takes the form (see [21,22] and Fig. 1)

ωϕðkÞ ¼ 1

π

Z
d2k0ᾱSðk; k0Þ

ϕðk0Þ − 1
2

k2þm2
H

k02þm2
H
ϕðkÞ

ðk − k0Þ2 þm2
H|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

kinetic and potential energy terms

−
N2

c þ 1

2πN2
c

m2
H

k2 þm2
H

Z
d2k0

α2LOpdfðk02Þ
αLOðk2Þ

ϕðk02Þ
k02 þm2

H|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
contact term

;

ð22Þ

where we denoted by mH the effective gluon mass. The
coefficient in front of ϕðkÞ is sometimes referred to as a
Regge trajectory:

ωðkÞ ¼ −
ðk2 þm2

HÞ
2π

Z
d2k0

ᾱSðk; k0Þ
½ðk − k0Þ2 þm2

H�½k02 þm2
H�

:

ð23Þ

For the special case of (6), Eq. (22) simplifies to

ωϕðkÞ ¼ ᾱSðkÞ
π

�Z
d2k0

ϕðk0Þ − 1
2

k2þm2
H

k02þm2
H
ϕðkÞ

ðk − k0Þ2 þm2
H|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

kinetic and potential energy terms

−
N2

c þ 1

2πN2
c

m2
H

k2 þm2
H

Z
d2k0

ϕðk02Þ
k02 þm2

H|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
contact term

	
: ð24Þ

gluon Higgs

(q , q’ )1 1 (q , q’ )2 2

q2
q1

q’1 q’2

reggeized gluon

(a) (b)

FIG. 1. (a) The massive BFKL equation and (b) Diagrams contributing to the kernel.
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As we can see, both (22) and (24) are not symmetric with
respect to an interchange of arguments k and k0, which
implies that a kernel operator is no longer Hermitian.
However, its eigenvalues remain real. Indeed, in the first
term of (22), (24) we can symmetrize the kernel by a
redefinition of the wave function ϕðκÞ → FðκÞϕðκÞ, where
FðkÞ ¼ αðkÞ for (22) with coupling (14), and FðkÞ ¼ffiffiffiffiffiffiffiffiffi
αðkÞp

for (24). The contribution of the last (contact) term
in (22), (24) does not affect the eigenvalues [21,22].
Equation (22) has been studied in detail in [21,22] for the

case when αsðk; k0Þ ¼ const. In this case the integration
over the azimuthal angle can be easily done, yielding

EϕðκÞ ¼ κ þ 1ffiffiffi
κ

p ffiffiffiffiffiffiffiffiffiffiffi
κ þ 4

p ln

ffiffiffiffiffiffiffiffiffiffiffi
κ þ 4

p þ ffiffiffi
κ

pffiffiffiffiffiffiffiffiffiffiffi
κ þ 4

p
−

ffiffiffi
κ

p ϕðκÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
kinetic energy term

−
Z

∞

0

dκ0ϕðκ0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðκ − κ0Þ2 þ 2ðκ þ κ0Þ þ 1

p|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
potential energy term

þ N2
c þ 1

2N2
c

1

κ þ 1

Z
∞

0

ϕðκ0Þdκ0
κ0 þ 1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

contact term

; ð25Þ

where we introduced dimensionless variables and
parameters:

κ ¼ k2

m2
H
; κ0 ¼ k02

m2
H
; E ¼ −

ω

ᾱS
; ᾱS ¼

αSNc

π
:

ð26Þ
It was found that the inclusion of a gluon mass does not
affect the eigenvalues of a problem, though it changes the
wave functions at small momenta. Solving the problem on
the lattice (see Appendix A for details), we found that for
positive intercepts in a wide range of κ, the wave functions
may be approximated as

ϕðapproxÞ
n ðκÞ ≈ constffiffiffiffiffiffiffiffiffiffiffi

κ þ 4
p sinðβðnÞLnðκÞ þ ϕðnÞÞ; ð27Þ

where we introduced the notation

LnðκÞ ¼ ln

� ffiffiffiffiffiffiffiffiffiffiffi
κ þ 4

p þ ffiffiffi
κ

pffiffiffiffiffiffiffiffiffiffiffi
κ þ 4

p
−

ffiffiffi
κ

p
�
; ð28Þ

and βðnÞ, φðnÞ are linear functions of a parameter n,
βðnÞ ¼ bn, φðnÞ ≈ bϕβðnÞ. The found value of a parameter
bϕ does not depend on the lattice choice and is given by
bϕ ≈ 1.87, but the parameter b depends on the lattice size,

b ¼ 2.9
ln ðk2max=ðk2min þm2

HÞÞ
: ð29Þ

In a continuum limit, a root number n is proportional to a
parameter ν in (4), (5), and (27) takes the form

ϕðapproxÞðκ; νÞ ¼ αðνÞffiffiffiffiffiffiffiffiffiffiffi
κ þ 4

p sinðνLnðκÞ þ bϕνÞ: ð30Þ

The approximation (30) works for all ν, for which χðνÞ
remains positive. The solution (30) is odd, under ν → −ν.
Therefore, our eigenvalues are not degenerate and we have
one eigenfunction for each ν.

III. RESULTS IN A MASSIVE THEORY

A. Results with running coupling (6)

In this section, we will analyze the influence of the
confinement region on the eigenvalues of the BFKL
equation with running ᾱs. In order to avoid an infrared
pole, we assume that at t < t0 the coupling constant is
frozen [so the dynamics is described by (25)], whereas for
t ≫ t0 we expect that the theory should reacquire the
solution (18). Below we compare results for spectra found
with two methods, a semiclassical consideration and a
lattice result.

1. Semiclassical approximation

As was discussed in Sec. II A, the analytic solution of (1)
requires nonperturbative phase fixing (20). Due to the
different character of wave functions and spectra (discrete
vs continua), the phase matching condition (20) should be
supplemented with an additional requirement of equality of
eigenvalues,

ᾱSðm2
HÞχðνnpÞ ¼ ω; ð31Þ

where we use a notation νnp for the parameter which
appears in the nonperturbative regime. The dependence of
νnp on ω which follows from (31) is shown in Fig. 2.
In our approach, we fix the nonperturbative phase from a

solution (27). The choice of thematching point t0 is arbitrary,
provided the running couplingαs is small enough. Following
the notation introduced in previous papers [13–16], we use a
variable t ¼ ln ðk2=Λ2

QCDÞ. To evaluate the integral over ν in

FIG. 2. νnp vs ω.
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(18), we use themethod of steepest descent, aswas suggested
in [13–16]. Since the coefficient in front of theOððν − νSPÞ2Þ
term in the expansion ofφpertðω; νÞ is imaginary for small-t, a
contour should be taken parallel to the lines bisecting the first
and the second quadrants in the complex plane. The saddle
point is found from

ξ ¼ χðνSPÞ; ð32Þ
where ξ ¼ β0ωt, andwe are only interested in roots closest to
the real axis. As can be seen from the definition of χðνÞ in (5),
for real values of ν this function is restricted from above by
the value ∼4 ln 2, which implies that for sufficiently large ξ,
the relevant saddle point νSP lies on the imaginary axis (see
Fig. 3). In this regime instead of oscillations we have a
homogenous decreasewith t, and a solution corresponds to a
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) solu-
tion [35] in the double log approximation. As we will see
below, the lattice wave functions shown in Fig. 8, at
sufficiently large t, confirm this pattern of behavior.
The phase matching condition (20) in explicit form

yields

φnon�pertðωÞ þ πj ¼ π

4
þ νSPt0 − 2

ψð1Þ
β0ω

νSP

þ i
β0ω

ln

�
Γð1

2
þ iνSPÞ

Γð1
2
− iνSPÞ

�
; j ∈ N:

ð33Þ
The set of Eqs. (32)–(33) for positive ω leads to

quantization of the spectrum of ω, whereas for negative
ω the spectrum is continuous. Resolving Eq. (33) with
respect to ω, we may obtain

ωj ¼
1

β0

f−2ψð1ÞνSP þ Im lnðΓð12þiνSPÞ
Γð1

2
−iνSPÞÞg

πðj − 1
4
Þ þ νnpðωjÞðLnðΛ

2
QCD

m2
H
et0Þ þ bϕÞ − νSPt0

:

ð34Þ
The arbitrariness of the choice of matching point t0 can

be reinterpreted in terms of the uncertainty in the choice of

a nonperturbative phase, and would cancel if the t-depend-
ence of φpert and φnon-pert were the same. The dependence of
the eigenvalues on the choice of matching point t0 is shown
in Fig. 4. One can see that the sensitivity to the choice of t0
is very pronounced for the leading intercept, but decreases
rapidly for higher eigenvalues. Such a strong sensitivity to
the infrared dynamics (confinement region) can be under-
stood from (18)3: at asymptotically large momenta the wave
functions decrease as ∝ 1=k2, while for constant ᾱS the
asymptotic behavior is ∝ 1=

ffiffiffiffiffi
k2

p
. However, due to nodes

for higher excited states, the sensitivity to small momenta is
diminished, while it remains pronounced for the leading
intercept. Similar sensitivity to the infrared was obtained
recently in [42]. In what follows for the sake of definiteness
we fix t0 as t0 ¼ ln ðm2

H=Λ
2
QCDÞ, which reduces (34) to

ωj ¼
0.4085

ðj − 1
4
Þ þ 2.827νnpðωjÞ − 1.65

: ð35Þ

This result agrees with [28] for t0 ≈ 0.
The region of validity of the saddle-point approximation

might be estimated from the omitted Oððν − νSPÞ3Þ terms.
For the saddle-point integral, the dominant contribution
comes from the region jδνj < δνmax, where

δνmax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β0ω

.�
1

2
χðνSPÞ

�s
: ð36Þ

A ratio R of the Oððν − νSPÞ3Þ-terms to Oððν − νSPÞ2Þ-
terms in this region is given by

R ¼ ω


�
1

3!
χνðνSPÞ

1

β0ω

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β0ω=

�1
2
χðνSPÞ

�r �3�2

:

ð37Þ

FIG. 3. ReνSP and ImνSP vs ξ ¼ β0ωt for ω > 0. At ξ ≤ ξcrit νSP
is real while for ξ ≥ ξcrit it is pure imaginary.

FIG. 4. The values of the first four eigenvalues of the BFKL
equation in the semiclassical approach vs t0.

3See Fig. 8 below for the illustration of the wave functions.
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As we can see from Fig. 5, this ratio is small for 0 <
ω ≪ ωcrit and for negative ω, but is not well justified for the
leading eigenvalues, since these wave functions get large
contributions from a vicinity of ξcrit.
In the vicinity ξ ≈ ξcrit we can use the diffusion approxi-

mation and expand χðνÞ as
χðνÞ ≈ χ0 −D0ν

2 þOðν4Þ ð38Þ
with χ0 ¼ 4 ln 2 and D0 ¼ 14ζð3Þ ≈ 16.828 [1,3]. Using
this approximation, we can take the integral over ν0 in
Eq. (18) and express it in terms of the Airy functions (see
[13–15] for detailed discussions).

2. Variational method

In this section we discuss an approximate estimate of the
leading eigenvalues using the variational method. This
method reduces an integral equation (25) to a minimization
problem for the functional

E½ϕ� ¼ hϕjĤjϕi
hϕjϕi ; ð39Þ

Ĥϕω ≡ −
Z

d2k0

2π
ᾱSðk; k0ÞKðk; k0Þϕωðk0Þ; ð40Þ

where we use a variable E ¼ −ω. The variational method
gives an estimate from above for the energy (estimate from
below for ω0), with precision determined by how close the
chosen trial function is to the true eigenfunction. The
functional hϕjĤjϕi which corresponds to (1) is given by

hϕjĤjϕi ¼
Z

d2kϕðkÞᾱSðkÞ
Z

d2k0
�
ϕωðk0Þ
ð~k − ~k0Þ2

−
k2ϕωðkÞ

ð~k − ~k0Þ2ðk2 þ ð~k − ~k0Þ2Þ

�
: ð41Þ

Inspired by the solution in the diffusion approximation
[12,13,15], which is exact in the region of ω in the vicinity
of the leading pole, we parametrize our trial function as

t ≥ t0 ϕtrialðk;ω; aÞ ¼ CðωÞ
�

t
et þ a=Λ2

QCD

�
1=2

× Ai

��
ω

D0β0

�
1=3

�
ln ðet þ a=Λ2

QCDÞ −
χ0
ω

��
; ð42Þ

where AiðxÞ is the Airy function, the parameters χ0 and D0

are defined as Taylor expansion coefficients in (38), and for
t < t0, we use two models of boundary conditions:

model I∶ ϕtrialðk;ω; aÞ ¼ 0; ð43Þ

model II∶ ϕtrialðk;ω; aÞ ¼ ϕðapproxÞðκ; νnpÞ: ð44Þ

The function ϕðapproxÞðκ; νnpÞ in (44) is given by Eq. (30)
and νnp is determined by Eq. (31).
The model (43) assumes that confinement does not

contribute to the BFKL dynamics (so this region can be
dropped completely) while the model (44) corresponds to
the confinement model discussed in Sec. II C. The former
can be confronted with the numerical solution of the next
section (see the columns with different t0 values in Table I),
while the latter we can compare with the semiclassical
approach. From Fig. 6 we can see that we have maxima in
both cases. For model (43) the eigenvalue is equal to 0.5 for
a ¼ 0, and differs from the lattice result (column t0 ¼ 2.5)
by ðωexact − ωvar:med:Þ=ωexact ≈ 16%. Model II leads to
ω0 ¼ −E0 ¼ 0.42. Comparing this value with the semi-
classical approach we see ðωSCA − ωvar:med:Þ=ωSCA≈
11 − 12%. However, comparing with the exact solution
given by column ωjðk2 þm2

HÞ we see that ðωexact−
ωvar:med:Þ=ωexact ≈ 5%.
Also, we analyze the spectrum with the more general

trial function (42) given by

ϕtrialðk;ω; aÞ ¼ N
�
ln ðk2=Λ2

QCD þ a2Þ
k2=Λ2

QCD þ a2

�
1=2

× Ai½bðln ðk2=Λ2
QCD þ a2Þ − cÞ�; ð45Þ

(a) (b)

FIG. 5. The values of R vs ξ for (a) ω > 0 and for (b) ω < 0. For ω < R we can trust the method of steepest descent.

BFKL POMERON WITH MASSIVE GLUONS AND RUNNING … PHYSICAL REVIEW D 94, 096004 (2016)

096004-7



where a, b, c are free parameters. After numerical mini-
mization, the best local minimum which we found corre-
sponds to a ≈ 1.02, b ≈ 0.27, c ≈ 1.08, and the leading
intercept ω ≈ 0.58 is only 2% below the result found in the
lattice. In a similar fashionwemaygeneralize themethod and
estimate subleading eigenvalues, imposing in (39) additional
orthogonality conditions ∀l<j;

R
d2kϕðk;ωjÞϕðωl;k;Þ¼0;

however the precision of such an extraction decreases with
eigenvalue number j due to the accumulation of errors of trial
functions.

3. Spectrum from the lattice

In order to cross-check our results, we also study the
spectrum and eigenfunctions using a lattice method intro-
duced in [21,22] (see Appendix A for details). In this
method we no longer need to impose a nonperturbative
phase fixing (20), and consider instead two alternative

schemes of infrared regularization. First, we assume that
the gluon has no mass and set a minimal momentum
κmin ¼ Λ2

QCD=m
2
H expðt0Þ. As we can see from the second

column of Table I and upper panel of Fig. 7, the spectrum in
this case is discrete4 and has a very weak dependence on t0.
As expected, for all t0 the spectrum lies within uncertainty
due to a choice of the nonperturbative phase (light green
bands), but the difference with the semiclassical approxi-
mation (solid green central line) for the lowest excited
states turns out to be about 20%–30% for the first ten
eigenvalues (see columns 1 and 5 in Table I). An alternative
regularization scheme is to consider (24) in a full range of
momenta k, freezing the coupling constant in the infrared
region by adding some small scale λm2

H to its argument.
From the lower panel of Fig. 7 we can see that the
sensitivity to the choice of the scale is also very weak,
and agrees with eigenvalues shown in the upper panel. The
agreement with the semiclassical approach is quite good,
and for the first two eigenvalues, the two approaches agree
within 6%–7%. However, the difference grows for smaller
eigenvalues, and reaches 30% for the tenth eigenvalue. For
the sake of comparison in the same Fig. 7 we also plotted
eigenvalues of the BFKL equation (25) with fixed coupling
ᾱs. These curves illustrate that the distance between the
eigenvalues due to lattice discretization of the continuous
spectrum is considerably smaller, and thus the physical
spectrum is discrete (see Appendix A for more details).

TABLE I. The first ten eigenvalues ωj of the BFKL equation. The first column (SCA) denotes results with the semiclassical
approximation [see Eq. (34)]. The second group of columns corresponds to eigenvalues with different t0 values shown in the upper pane
of Fig. 7. The column marked by ωj½ᾱSðk2 þm2

HÞ� is the solution to Eq. (22) with a running QCD coupling frozen in the low-energy
domain by shifting variable as k2 → k2 þM2

H. The group of columns marked Triumvirate corresponds to the solution of (22) with
running coupling (46) with two different values of λ. Finally, the last group of columns corresponds to the triumvirate coupling
regularized as (47). In all evaluations we used MH ¼ 540 MeV and ΛQCD ¼ 148 MeV.

SCA Fig. 7 Triumvirate (46) Triumvirate (47)

j t0 ¼ 2.5 t0 ¼ 0.1 t0 ¼ 0.8 t0 ¼ 1.8 t0 ¼ 2.5 ωj½ᾱSðk2 þm2
HÞ� λ ¼ 0.1 λ ¼ 1 λ ¼ 0.05 λ ¼ 0.2 λ ¼ 1

1 0.475 0.626 0.609 0.599 0.595 0.442 0.509 0.418 0.479 0.430 0.381
2 0.223 0.268 0.266 0.266 0.265 0.236 0.276 0.254 0.258 0.240 0.221
3 0.144 0.176 0.176 0.175 0.175 0.164 0.187 0.177 0.178 0.168 0.158
4 0.107 0.132 0.132 0.132 0.132 0.126 0.141 0.136 0.135 0.130 0.123
5 0.085 0.106 0.106 0.106 0.106 0.102 0.114 0.110 0.109 0.105 0.101
6 0.070 0.089 0.089 0.089 0.089 0.086 0.095 0.093 0.092 0.089 0.085
7 0.060 0.076 0.076 0.076 0.076 0.074 0.081 0.080 0.079 0.077 0.074
8 0.052 0.067 0.067 0.067 0.067 0.066 0.071 0.070 0.069 0.067 0.065
9 0.046 0.060 0.060 0.060 0.060 0.059 0.063 0.062 0.061 0.060 0.058
10 0.041 0.054 0.054 0.054 0.054 0.053 0.057 0.056 0.055 0.054 0.052

0, t t0, a 0

0, t t0, a 0.1

mod, t t0, a 0

mod, t t0, a 0.1

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.30

0.35

0.40

0.45

0.50

0.55

0.60

H

FIG. 6. Dependence of E½ϕ� given by Eq. (39).
t0 ¼ lnðm2

H=ΛQCDÞ ¼ 2.5. hHðωÞi denotes the functional of
Eq. (39). ϕmod ≡ ϕðapproxÞ.

4In contrast to a discretized spectrum due to finite lattice size as
in Eq. (25), the spectrum of (24) is truly discrete because the
distance between the neighboring eigenvalues is considerably
larger than in the case of (25), and does not decrease as a function
of upper lattice cutoff κmax (see Sec. III C and Appendix A for
more details).
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To summarize, we conclude that results obtained with
running coupling (6) are robust with respect to a change of
the lower cutoff and freezing scale. For the leading
intercept, the sensitivity is largest, but still remains within
the phase uncertainty band of semiclassical approximation.
At large root number j, we observe a significant deviation
of the lattice results from the semiclassical approximation.
This can be understood from (21): when the distance
between the roots becomes smaller than the energy dis-
cretization due to lattice size, the method can no longer

distinguish separate discrete roots and jumps to the neg-
ative branch (which has continuum spectrum). For this
reason for large root number j we should trust the semi-
classical approximation.
Finally, in the Fig. 8 we plot the wave functions for the

first ten eigenvalues and compare them with wave functions
evaluated with a fixed coupling scheme. As we can see, the
falloff at large momenta is much faster than for the case of a
fixed coupling, in agreement with (18). Also, we note that
the nodes are no longer equidistant in the logarithmic
coordinates.
We conclude that a running coupling (6) leads to a

discrete spectrum; however, due to a sensitivity to the
choice of the confinement model, the leading intercept is
subject to a sizable uncertainty.

B. Results with triumvirate coupling (14)

In Sec. II we discussed that the choice of the coupling (6)
is not the only possibility, and the so-called triumvirate
parametrization (14) has certain advantages. However, the
evaluation of the spectra in the semiclassical approximation
in this case is impossible, and for this reason, up to now the
spectrum of BFKL Pomerons with this coupling has never
been studied. In this paper we address this problem, and
evaluate the eigenvalues of Eq. (22) using the lattice
approach described in Appendix A.
In order to regularize the infrared pole in the running

coupling αs, we introduce a freeze-out scale λm2
H into its

argument,

αsðð~k − ~k0Þ2Þ → αsðð~k − ~k0Þ2 þ λm2
HÞ: ð46Þ

5 10 15 20 25 30
0.01

0.1

1

0.01

0.1

1

j

j

0.093

0.1

0.2

0.5

1

k 2 MH
2

5 10 15 20 25 30
j

0.01

0.02

0.05

0.10

0.20

0.50

j

FIG. 7. Upper panel: Dependence of roots ωj of BFKL on root
number j (variable ν in a continuum limit) for different values of
lower cutoff. The light green band corresponds to the semi-
classical result with the central value evaluated according to (35)
and the uncertainty of the nonperturbative phase Δφ ¼ �π (see
text for more details). The roots with different values of t0 (dark
green lines with different dash patterns, corresponding to t0
values between 0 and 2.5) cannot be distinguished from the plot;
numerical eigenvalues corresponding to different t0 values may
be found in Table I. For reference we also put thin dashed grey
lines which correspond to the evaluation with fixed coupling,
taken at scales αsðmZÞ and αSðmHÞ respectively. Lower panel:
Dependence of roots ωj of BFKL on root number j (variable ν in
a continuum limit) for different schemes of freezing of a coupling
constant. As we can see, all curves almost coincide and are not
discernible in the plot.

j 1

j 10

10 40 10 23 10 6 1011 1028 104510 60

10 47

10 34

10 21

10 8

105

1018

j

FIG. 8. Wave functions with running coupling which corre-
spond to the first ten eigenvalues (multiplied by arbitrary constant
factor for better visibility). As expected, after ordering by
eigenvalues, a number of nodes in the jth wave function equals
j − 1. Changing color (red/blue) reflects a change of sign from
positive to negative. Thin dashed lines show the results with fixed
coupling obtained in our earlier paper [21], with normalization
chosen to match results with a running coupling at small-κ.
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We found that similar to the case of the coupling (6), the
spectrum of the problem is discrete, which manifests itself
in significant lattice independent distances between neigh-
boring eigenvalues. From Fig. 9 we can see that the
sensitivity to the choice of the infrared scale in (46) is
quite mild, which is somewhat unexpected, given the fact
that the BFKL kernel [the first term in the rhs of (22)] is
strongly peaked around k ≈ k0. As we demonstrate in
Appendix B, this happens because for large k the con-
tribution of this region is suppressed as ∼ΛQCD=k due to
cancellations of singularities of kernel K at k ≈ k0, and for

this reason there is a mild sensitivity to the choice of freeze-
out scale. In contrast to the results of the previous section,
this sensitivity exists for all eigenvalues (not only the
leading intercept). However, numerically eigenvalues of
(22) and (24) coincide (within 30%) with each other. This
coincidence is due to the above-mentioned fact that the
kernel (22) is peaked around k ≈ k0, and for this reason we
expect that any other prescription for the running coupling
argument (like e.g. [30,31]) should lead to similar results.
Finally, in order to address the uncertainty in the infrared

regularization, we also consider another regularization
scheme (see Appendix B for details),

αeffðk; k0Þ ≈
ᾱSðkÞ

1þ 2bᾱSðkÞ ln ðjk
2−k02j
k2 þ λÞ

; ð47Þ

where λ is a small effective parameter. In Table I we give the
first few eigenvalues for several values of λ. As a function
of eigenvalue number j, it has a behavior very similar to
(46) (shown in Fig. 9); for this reason for the sake of
legibility in Fig. 10 we only show the dependence on λ. For
λ ≈ 1 the corresponding eigenvalues are much smaller than
with a scheme (46), since the former roughly corresponds
to the latter with an artificially increased infrared freeze-out
scale ∼k2. However, in the limit λ → 0, the difference
between the two schemes vanishes.

C. Lattice results and continuum limit

In this paper we considered two different methods to
study the spectrum of BFKL: the semiclassical approxi-
mation and the lattice method. The former due to limi-
tations imposed by its applicability is not very reliable for
the first leading eigenvalues, with accuracy improving
considerably for larger eigenvalues. This is especially
important because these first roots determine the behavior
of the BFKL theory.

j

j 0.093

0.1

0.2

0.5

1

k k ' 2 MH
2

m m k

k k ' 2 m H
2

k 2 m H
2

5 10 15 20 25 30
0.01

0.1

0.01

0.1

j

j

5 10 15 20 25 30
0.01

0.02

0.05

0.10

0.20

0.50

FIG. 9. Upper plot: Eigenvalues of the BFKL equation with a
coupling (14). A value of λ was introduced to regularize infrared
behavior of a coupling constant. Lower plot: A comparison of the
eigenvalues evaluated in different IR regularization schemes:
adding mass to the argument of a coupling constant with coupling
(13) (solid line) and (14) (dashed line), as well as setting the same
infrared cutoff as the lowest momentum kmin (dotted line). A
value of λwas introduced to regularize an infrared behavior of the
coupling constant. The light green band corresponds to a result of
the semiclassical approximation in (34), with band width reflect-
ing uncertainty due to the nonperturbative phase φnon�pert; the
central line corresponds to the phase φnon�pert set as in (35).
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j 3

j 8

0.0 0.2 0.4 0.6 0.8 1.0
0.0
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0.3
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j

FIG. 10. Dependence of several largest eigenvalues of the
BFKL equation with a coupling (47) on a value of infrared
parameter λ.
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On the contrary, the lattice is applicable for the leading
intercepts, but, as we can infer from Figs. 7 and 9, becomes
unreliable for large root number j ≫ 1, when the size of the
lattice becomes insufficient to resolve the distance between
neighboring roots. As a consequence, instead of the infinite
series (35) of discrete positive eigenvalues, the lattice sees
only a finite number of them, jumping to a negative branch
(continuous spectrum). However, as we can see from
Fig. 11, the number of positive eigenvalues increases with
increase of κmax, and eventually reproduces an infinite
series (35). Similar to the case of fixed coupling (25)
studied in [21], we observe that at negative ω there is a
plateau in j-dependence: the spectrum freezes near a value
∼ᾱsð0ÞTð0Þ, where ᾱsð0Þ is a value at which the running
coupling freezes due to infrared regularization, and Tð0Þ is
a kinetic energy term [the first term in (25)]. Together,
eigenfunctions corresponding to positive and negative
eigenvalues form a complete and orthogonal set of
functions.

IV. CONCLUSIONS

In this paper we applied lattice methods for the study of
the BFKL spectrum with running QCD, and investigated its
dependence on the confinement model and change of
running coupling prescriptions. As a model of the low-
energy (confinement) region we used the non-Abelian
theory with the Higgs-like mechanism of mass generation
for modeling the behavior of the wave function at large
distances. In Sec. III Awe demonstrated that a dependence
on the low-energy model is weak for all eigenvalues except
the leading Regge pole. For the latter, we observed a sizable
(∼20%–30%) sensitivity to details of confinement physics.
We established that the semiclassical result for the leading
intercept within uncertainty of the phase5 coincides with an

exact lattice result, thus justifying the application of the
semiclassical approach. Also, we estimated the leading
eigenvalues with a variational method. We used the trial
functions based on diffusion approximation solutions of the
BFKL equation and demonstrated that this method yields
leading eigenvalues consistent with the exact numerical
solutions.
In Sec. III B, for the first time we studied the spectrum

with the so-called triumvirate form of the running coupling
(14) and found that it is discrete. We found that a mild
(up to 15%) dependence on the choice of the freezing
scale exists for any eigenvalue, and stems from
OðΛ2

QCD=k
2Þ-contributions of renormalons, as discussed

in Appendix B. However, numerically, eigenvalues of (22)
and (24) coincide with each other within 10%.
Our findings imply that the BFKL approach in the next-

to-leading order approximation with the running coupling
constant contains the uncertainty from a nonperturbative
domain, having a significant influence on the leading
Pomeron intercept. Potentially, this uncertainty could be
used in order to discriminate among different models of
nonperturbative dynamics.
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APPENDIX A: STUDY OF EIGENVALUES
IN THE LATTICE

Equations (22), (24), (25) have a common form,

ωϕðκÞ ¼
Z

dκ0Kðκ; κ0Þϕðκ0Þ ðA1Þ

where a kernelK is a smooth function of both its arguments
and decreases at large momenta as ∼1=maxðκ; κ0Þ. Such
large-momenta asymptotics implies that in order to avoid
sensitivity to ultraviolet effects, a very large value of the
upper cutoff κmax should be introduced. For the numerical
calculation of eigenvalue, we replace the continuous
variables κ and κ0 by the discrete set of fκng and fκ0ng
using the logarithmic grid (in κ ¼ k2=m2) with N þ 1
nodes,

κn ¼ κmin exp

�
n
N
ln ðκmax=κminÞ

�
; n ¼ 0;…; N;

ðA2Þ
where the values of κmin; κmax were set to κmin ¼ 10−40;
κmax ¼ 1080, and N ¼ 1024. Equation (A1) turns into a
discretized linear problem.
As we demonstrated in Ref. [21], for the fixed coupling

constant and massless limit, this method reproduces cor-
rectly the analytic spectrum (5), with a very mild sensitivity
to further improvements of lattice parameters. Due to the
finite size of the lattice, the spectrum is discretized, with the
distance between neighboring eigenvalues j and jþ 1
given by

Δωlattice
jþ1;j ¼ ᾱ

�
b
dχ
dν


ν¼bj

þ 1

2
b2ð2jþ 1Þ d

2χ

dν2


ν¼bj

	
ðA3Þ

where parameter b is defined in (29) and vanishes as
∼1= ln κmax in this limit. As we can get from (A3), this

distance is of order 0.03–0.05 and is considerably smaller
than the distance between neighboring eigenvalues for the
first leading intercepts (22), (24), which signals that the
spectrum is discrete. However, for eigenvalues with larger j
a lattice cannot reliably discern neighboring discrete roots.

APPENDIX B: THE CONTRIBUTION OF THE
INFRARED RENORMALON

In this section we discuss the contribution of the infrared
renormalon (IR) to the BFKL equation (1) with the
triumvirate coupling (14) (see more in Refs. [12,43]).
For the sake of simplicity we consider the case of massless
theory, assuming that the generalization for the case of
massive theory is straightforward. Explicitly, Eq. (1) can be
rewritten in this case as

ωϕωðkÞ ¼
Z

d2k0
ᾱSðk02Þ
ᾱSðk2Þ

ᾱSðð~k − ~k0Þ2Þ
ð~k − ~k0Þ2

×

�
ϕωðk0Þ −

k2

k02 þ ð~k − ~k0Þ2
ϕωðkÞ

	
: ðB1Þ

As we can see, a kinematic region ð~k − ~k0Þ2 ≤ Λ2
QCD, k ≈

k0 ≫ ΛQCD can potentially lead to a divergent contribution
and thus deserves special attention. In order to integrate
over the azimuthal angle φ, we rewrite a running coupling
as

ᾱSðð~k − ~k0Þ2Þ ¼ ᾱSðkÞ
1þ β0ᾱSðkÞ ln ðð~k − ~k0Þ2=k2Þ

¼ ᾱSðk2Þ
X∞
i¼0

ð−ᾱSðk2ÞÞilni
�ð~k − ~k0Þ2

k2

�
:

ðB2Þ

After integration of each term over the angle, we obtain6

Z
dφ

ᾱSðð~k − ~k0Þ2Þ
ð~k − ~k0Þ2

¼ ᾱSðk2Þ
X∞
i¼0

ð−ᾱSðk2ÞÞi
di

dμi


μ¼0

Z
dφðk2Þ−μ

ðð~k − ~k0Þ2Þ1−μ

¼ πᾱSðk2Þ
X∞
i¼0

ð−ᾱSðk2ÞÞi
di

dμi


μ¼0

1

jk2 − k02j
�jk2 − k02j

k2

�
2μ

2F1ðμ; μ; 1; zÞ

→
π

jk2 − k02j
�

ᾱSðk2Þ
1þ 2β0ᾱSðk2Þ lnðjk

2−k02j
k2 Þ

þOðzᾱ3Sðk2ÞÞ
�
; ðB3Þ

where we introduced z ¼ k02=k2 for k0 < k and z ¼ k2=k02 for k0 > k. Expanding the term in brackets f…g in (B1), we
obtain

6Here we use 3.665(2) and 9.131 from [44].
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ωϕωðkÞ ¼
Z

d2k0
ᾱSðk02Þ
ᾱSðk2Þ

ᾱSðð~k − ~k0Þ2Þ
ð~k − ~k0Þ2

×

��
1 −

k2

k02
þ k2ð~k − ~k0Þ2

k04

�
ϕωðkÞ

þ k2 − k02

k2
dϕωðk0Þ

d lnðk02=k2Þ

k¼k0

þ � � �
	
: ðB4Þ

Let us first consider the first term in f…g in which we
put ᾱSðk2Þ ¼ ᾱSðk02Þ in our kinematic region,

Z
d2k0

ᾱSðð~k − ~k0Þ2Þ
ð~k − ~k0Þ2

k02 − k2

k02
⟶
after angle integration

×
Z

dk02

k02
k02 − k2

jk02 − k2j
ᾱSðkÞ

1þ 2bᾱSðkÞ lnðjk
2−k02j
k2 Þ

: ðB5Þ

(1) In the region k0 > k we haveZ
dk02

k02
k02 − k2

jk02 − k2j
ᾱSðkÞ

1þ 2bᾱSðkÞ lnðjk
2−k02j
k2 Þ

¼
Z

∞

1

dz
ᾱSðkÞ

1þ 2bᾱSðkÞ ln ðz − 1Þ ðB6Þ

where we introduced z ¼ k02=k2. Although the
expansion (B4) is valid only for k0 ≈ k, for a moment
we will ignore this fact and extend the upper
integration limit to ∞. Deriving Eq. (B6) we
replaced dk02=k02 → dk02=k2. Introducing a new
variable z − 1 ¼ e

1
2
u we obtainZ

∞

1

dz
ᾱSðkÞ

1þ 2bᾱSðkÞ ln ðz − 1Þ

¼ 1

2

Z þ∞

−∞
due

1
2
u ᾱSðkÞ
1þ bᾱSðkÞu

: ðB7Þ

(2) In the region k > k0 we haveZ
dk02

k02
k02 − k2

jk02 − k2j
ᾱSðkÞ

1þ 2bᾱSðkÞ lnðjk
2−k02j
k2 Þ

¼ −
Z

1

0

dz
ᾱSðkÞ

1þ 2bᾱSðkÞ ln ð1 − zÞ : ðB8Þ

Introducing 1 − z ¼ e
1
2
u we reduce Eq. (B8) to

1

2

Z
−∞

0

due
1
2
u ᾱSðkÞ
1þ bᾱSðkÞu

¼ −
1

2

Z
0

−∞
due

1
2
u ᾱSðkÞ
1þ bᾱSðkÞu

: ðB9Þ

Summing Eqs. (B7) and (B9) we see that

Z
dk02

k02
k02 − k2

jk02 − k2j
ᾱSðkÞ

1þ 2bᾱSðkÞ lnðjk
2−k02j
k2 Þ

¼ 1

2

Z þ∞

0

du
e
1
2
u

1þ e
1
2
u

ᾱSðkÞ
1þ bᾱSðkÞu

ðB10Þ

where we replaced dk02=k2 → dk02=k02. Thus, in Eq. (B10)
the infrared renormalon completely cancels, and only the
ultraviolet renormalon remains.
In all estimates in this section we neglect the contribu-

tions of the order of Λ2
QCD=k

2. We expect that such terms
give an OðΛ2

QCD=k
2Þ-contribution from the infrared renor-

malon and are negligible outside of the confinement region.
The fact that the integral in (B10) is only taken over u > 0
implies that the dominant contribution stems from the
region ðk02 − k2Þ=k2 > 1. The last term in the lhs of (B10)
can be interpreted as an effective (angular averaged)
coupling constant

αeffðk; k0Þ ≈
ᾱSðkÞ

1þ 2bᾱSðkÞ lnðjk
2−k02j
k2 Þ

; ðB11Þ

which vanishes near the point k ≈ k0. In order to regularize
a behavior of (B11) near k ≈ k0, we introduce in the
argument of the logarithm a small constant λ, which leads
to an effective coupling (47). This form of regularization is
inspired by the fact that a relevant parameter in the
expansion (B4) is the ratio ðk2 − k02Þ=k2 rather than
ðk2 − k02Þ=Λ2

QCD. Also, a similar parameter controls the
size of higher order corrections in the expansion near
k0 ≈ k; as can be seen from the structure of the third term in
(B4), its relative size is given by

R ¼ k02 − k2

k2
d lnϕωðk0Þ
d ln k02


k0¼k

≈ λ
d lnϕωðk0Þ
d ln k02

; ðB12Þ

where λ is some parameter. As can be seen from (30), the
ratio d lnϕωðk0Þ=d ln k02 ∼ 1; for this reason R ≈ λ.
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