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Vertex operators for irregular conformal blocks: Supersymmetric case
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We construct supersymmetric irregular vertex operators of arbitrary rank, appearing in the colliding limit
of primary fields. We find that the structure of the supersymmetric irregular vertices differs significantly
from the bosonic case: upon supersymmetrization, the irregular operators are no longer the eigenstates of
positive Virasoro and Wy generators but block diagonalize them. We relate the block-diagonal structure of
the irregular vertices to contributions of the Ramond sector to the colliding limit.
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I. INTRODUCTION

Primary vertex operators in two-dimensional conformal
field theory are the objects playing an important role in the
Alday-Gaiotto-Tachikawa conjecture [1], connecting regu-
lar Liouville conformal blocks to Nekrasov’s partition
function [2] for N = 2 supersymmetric gauge theories in
four dimensions. These theories, however, admit a special
case with nontrivial IR fixed point, described by Argyres-
Douglas theory [3,4]. This class of theories does not allow
marginal deformations and is described in terms of the
colliding limit of the primary vertex operators. The operator
of rank ¢, obtained from the colliding limit [5,6], generates
an irregular state of rank ¢ when applied to the vacuum.
The irregular states of rank ¢ are annihilated by positive
Virasoro generators L; with k > 2¢ and are simultaneous
eigenstates of L; with g < k < 2q. These irregular states
are called Gaiotto states [7] or Whittaker states [8]. In the
generalizations of Liouville theory to Toda field theories,
the irregular states also possess Wy symmetries, being
simultaneous eigenstates of positive Wy generators. For
example, in the simplest case of two fields the irregular
states are eigenvectors of positive W5 generators (W3),
with 2¢g < k <3q. For higher numbers of components,
higher Wy symmetries are switched on as well, and
the irregular states are the eigenstates of (Wy), with
N(g—1) <k<Ng.

In our previous paper [9] we have performed explicit
construction of the irregular vertex operators describing
these states. In general, the irregular vertex operators
describing the states of rank ¢ for n-component Toda field

-

¢ = (¢, ...¢p,) are given by
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Uy, = e2aico ™9, (1.1)

The Virasoro eigenvalues of U, , are bilinear in the

components of @, while the W) eigenvalues are polyno-
mials of degree N in « (see also [10-12] related reference).

The objects of the type (1.1) generalize regular vertex
operators in Toda theories and in bosonic string theory and
are in fact of interest far beyond their relevance to gauge
theories in four dimensions. First of all, such objects have to
appear naturally in AdS/CFT correspondence, being the AdS
string duals of composite operators on the CFT side. For
example, the operators of the type 79 ~ T, ,, ...qunq (with
T ., being the energy-momentum tensor in super Yang-Mills
theory) have to correspond to the colliding limit of ¢
gravitons, or the irregular vertex of rank g in AdS string
theory. At the same time, the objects of this type should be
dual to higher spin fields with mixed symmetries in AdS
higher spin gravity. Unlike regular vertex operators, these
objects are not in Becchi-Rouet-Stora-Tyutin cohomology
and are off shell. Nevertheless, they are completely mean-
ingful in the string field theory (SFT) context. On the other
hand, the world sheet correlators of U,, , can be understood as
generating functions for the higher spin interactions in string

theory since the derivatives H"1--"s a";Ll % U

naqla, a0
ny

describe on-shell higher spin vertex operators with momen-
- 1 . .

tum @, and masses m ~ (3_4_; n;)?, making the irregular

vertex operators (1.1) natural candidates for SFT solutions

describing nonperturbative higher spin backgrounds.

Since the irregular states are typically of relevance to
models with supersymmetries, it is naturally of interest to
find the supersymmetric extensions of (1.1). This turns out
to be a major challenge in the conventional matrix model
approach and, so far, very little progress has been made in
describing supersymmetrizing the colliding limit. The
purpose of this work is to elaborate on this problem
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using the superspace extension of the vertex operator
formalism (1.1). The results that we find are somewhat
surprising. It turns out that the states, emerging in the
supersymmetric colliding limit, no longer diagonalize
Virasoro generators. Instead, the positive Virasoro gen-
erators turn out to be block diagonal in their basis, with the
multiplicities related to the ranks of the blocks. Such a
situation is familiar in logarithmic conformal field theo-
ries (LCFT) where the Hamiltonian L is also well known
to be a Jordan matrix. The Hamiltonian being a Jordan
block leads to appearance of the logarithmic partners and
modified conformal symmetry constraints on correlation
functions involving these partners. Solving these con-
straints leads to emergence of logarithms in the correla-
tors. The supersymmetric extension of the vertices (1.1)
thus, in a sense, may give the irregular analogues of
logarithmic operators in LCFT in the interacting case,
although we will not elaborate on this question in the
present paper.

The rest of the paper is organized as follows. In the
Sec. II we perform the supersymmetrization of the
operators (1.1) using the superspace approach. Next,
we study the properties of the supersymmetric irregular
vertices under Virasoro transformations. In the Sec. III we
discuss the reasons behind the appearance of the block-
diagonal structure for the irregular vertices, with the
positive super Virasoro generators having the form of
Jordan blocks in their basis. We relate this structure to
contributions of operators from the Ramond sector to the
colliding limit, with the multiplicities of eigenvalues of
the Jordan blocks connected to various possible structures
of these contributions.

II. SUPERCONFORMAL PROPERTIES
OF IRREGULAR VERTICES

The vertex operators (1.1) can be supersymmetrized
in a straightforward and manifest way by replacing
the fields by the superfields and covariantizing the
derivatives:

- -

$(z) > $(2.0) = d(z) + 6

0=0,—-D=00+0, (2.1)
and expanding in 6. Using
D¥*¢(2.0) = O + 00~
D2k+l$(z,9> = oy + gak—«—l(_i,
k=0,1,... (2.2)

one easily finds

PHYSICAL REVIEW D 94, 086011 (2016)

S MG Dig(28) > 6,0
Wq+l = e n=0 = e n=0
2

S

x | | (1 +ag109)
k=0
g -
X (1 +0 <Z aZnaan/ - a211+l an+l¢> >
n=0
2 7 = q_l
Wq = eZioanD;j‘/’(z’g) = ezzzoaz”ondl H(] + &2k+18klﬂ)
k=0

q—1
X (1 +6’<a2q8"l//+ Z&2n8"$—52n+18"“¢> >

: (2.3)

for the odd and even ranks respectively. The a; coefficients
are Grassmann even for even k’s and Grassmann odd for
the odd k’s. Clearly, the supersymmetrization reduces the
total rank of the operators by half. In particular, Wi is just

a combination of regular vertex operators with different
conformal dimensions:

W, = (1 + By +0(ay—pod))  (24)

(S

or simply

U (2.5)

1
2

- / dOW, = &% (@i —fod)

upon @-integration. Unlike the irregular bosonic vertices,
the operators (2.4) and (2.5) are not by themselves the
eigenvectors of positive super Virasoro generators. For
example, Wy is annihilated by L, for n > 2, however the

action of L; on Wi gives

LW, = 665$B1/7 =0
L2W, =0
2

o=

(2.6)

implying that L, acts on (W%, W;) as a block-diagonal

Jordan matrix with (Wi, V~V% ) having eigenvalue zero and

multiplicity 2 (for brevity and simplicity, here and else-
where we set the background charge ¢ to zero; the
generalization to g # 0 is, however, straightforward).
Next, consider the case of W;. In components, one has

W = e 7% (1 + Bip) (1 + 0@y —pod + 707)). (2.7)

This operator block diagonalizes L; and L,. Acting with
L,, one obtains
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1 1 -, .2 .- 1 -
LW, = —572W1 + Eaﬂyea(/lﬂ’&ll = —§Y2W1 + ng)
g L,
L2W(1 )= —EVZWE )

implying the block-diagonal structure of L, acting on W,
with eigenvalue —%yz and multiplicity 2. Acting with L,
one obtains

LW, =—&7 W, + (7 +6ap)e" 7% = a7 W, + W\
L, VNng) = —&7717[/(12)

implying the block-diagonal structure of L; acting on W,
with eigenvalue —ay and multiplicity 2. For the W, case,

the structure becomes more diverse.
The operator in components is

Wi = #4799 (1 + fip) (1 + 40p)
x (1 + 0@y +p0d + 700 + 10%¢)).  (2.10)

It block diagonalizes the Virasoro generators Ly, L, and L3
with multiplicities 4,3 and 2 according to

-

/13 = 4670700 (1 4 (B + A)i)a 10

2

wa!

2
1 - L= - L=
3 (1 T0F7 -1+ Fiiiy
W22 = —ed +100 (B 25 A)B 1.0
2
Wl = —e@0+7947 ] 9.

2

Accordingly, the Jordan block constraints for W% are

(L +&77)4W% =0

1 3
(L2+572> Wy =0
LW; =0. (2.15)

It is straightforward to check that the same pattern holds
for the higher ¢’s as well. At half integer orders, the
operators W, il block diagonalize L, with g <n <2qg+ 1

with the eigenvalues given by
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i

L2 an > > L L= oo 1-- N - - > -
= @10 % {(1 +py)(1 +/18u/)(yﬁ+2aﬂ)0—§/}/1(1 + 0(ay +pOdy 0w A0*P))

L\W:=—ayW:+ W'
2 2 2
L1V~V§'l — —ay ~§,1 1 V~V§’2
(2.8) L R
LWy = —a7 Wi+ Wy?
2 2 2
L1V~V§1’3 =—ay ~§1*3 (2.11)
2 2
for Ly,
Ly W: = —— 2W§+W21
(2.9) ’ P
LW = - 2W2 4 W22
2
LyW?? = —— W32 (2.12)
2 2
for L, and
L3W§ = W?’l
2 b
LW =0 (2.13)
2
for Ly with
(2.14)
1 - S
/ln = _E kl !kzlaklakz (216)

0<kyska<q:k+kry=n

for n <2q and A,,,; = 0. The Jordan block conditions
are

(Ly = 2)" "W 1 =0 (2.17)
with the multiplicities ranging from
2 +1
m2q+1,q) =1+ [5#17] (2.18)
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for the highest Virasoro operator Ly, to m(q.q) > [+
2+1 ] for the lowest Virasoro generator L,. Likewise, at

the integer orders the W, operators block dlagonahze the
Virasoro generators from L, to L,, with the similar
eigenvalues 4, (2.16) and with the multiplicities ranging
from

(2.19)

for L, and m(q.q) > ["H} for L,,. The analysis of W,

behaV10r under the supersymmetry transformations by the
supercurrent modes is performed analogously. The irregu-
lar vertices block diagonalize the supercurrent modes
from Gq_% up to qu_% for integer ranks and G,, il for
half-integer ranks. This concludes the analysis of the CFT
properties of supersymmetric irregular vertex operators.

III. COLLIDING LIMIT AND BLOCK-DIAGONAL
STRUCTURE

In the bosonic case, the irregular vertex operators with
the structure W, = eznzo'iananqs appear in the colliding
limit of ¢ regular vertex operators as a result of simulta-
neous normal ordering which structure is rather compli-
cated. Namely, for N colliding operators sitting at points
Zy, ...,z one has for N vertices at z,...zy around z;

Wy = lim e%?(z))...e™(zy)

22,.--INTZ)

N

= H(Zkl)—ap<al+...a,,_,)
x Z Z Z (ZZI)H'(Z31)"2_k‘...

wkyooqre g
N-1

coknoy
(ZNl)nN 1—kn_o Hl{nkq} B((x]i]qj( )

X e(al+"'+aN>(/) : (Zl)

(3.1)

with the g-numbers satisfying

=

-2

=

-2

ki= 4
1

(3.2)

Kﬂ.
~.
I

and Ay, ; .y are some constants. Here z;; = z; — z; and Bé’”

are the normalized Bell polynomials in the derivatives of ¢
defined as [13]

..ok ¢

33
k1"]k .k 'Clk ( )
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Here the sum is taken over the ordered length p partitions
ofn(I<p<nin=k +- - +kyk <ky---<k,and
qx, is the multiplicity of an element k j in the partition. The
irregular operators, appearing as a result of the summation,
diagonalize positive Virasoro generators, with the deriva-
tives of fields in the exponents appearing as a result of
summing over all orders of z;;, involving the exponents
multiplied by Bell polynomials of various degrees. The
Bell polynomials (times exponents) form a basis which is
somewhat inconvenient to describe the colliding limit,
therefore, the relation between complicated summation
(3.1) and a relatively simple structure of the resulting
irregular vertex operator (1.1) is not straightforward to
obtain. Nevertheless, the colliding limit may be useful to
illustrate the difference between the bosonic case (where
the Virasoro operators are diagonal) and the supersym-
metric case, where they become the Jordan blocks (with the
eigenvalues, inherited from the irregular bosonic vertices,
except for the half-integer case, where an extra block-
diagonal generator L, with the zero eigenvalue appears
as well). The important difference between these two cases
is related to the fact that the supersymmetric irregular
vertex operators involve the colliding limit of the regular
vertices from the Ramond sector involving o, satisfying

. (3.4)

The simplest supersymmetric vertex, W%, appears as a result
of a collision of spin operator multiplied by exponent of
super Liouville field with the spin operator without
exponents:

lim:o.e(z):
=W

(3.5)

toii(w)

(or equivalently, OPE expansion and normal ordering
around the midpoint may be considered). In such a
collision, the exponent does not develop irregularity
(appearance of derivatives of ¢) because all the Bell
polynomials B, appearing in the collision will multiply
by the exponent with the same a, producing total deriv-
atives of e that will sum up to the exponent at the location
of the normal ordering. The higher ranks, such as W; or
W,, admit more possibilities in the colliding limit. For
example, one can either collide e®c,. at z; with e’?6, at
2y, or collide the same two exponents with extra insertions
of the spin operators o, say, at z3 and z4 with the collision
structure 6. e —o,ef? —6,. —o,.. In the absence of
supersymmetry, the insertion number of free ¢’s can be
arbitrary; in the supersymmetric case the number is limited.
It is precisely this “ambiguity” that stands behind the
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appearance of multiplicities of eigenvalues and, as a result,
the super Virasoro generators become the Jordan blocks.

IV. CONCLUSION

In this paper we have constructed the supersymmetric
extension of irregular vertex operators, which correlation
functions describe irregular supersymmetric conformal
blocks. We found that the superconformal structure of
the irregular vertices differs significantly from the bosonic
case, with the supersymmetric irregular operators block
diagonalizing the positive Virasoro generators. The block-
diagonal form of the positive Virasoro generators in the
supersymmetric case is related to contributions of the
operators from the Ramond sector to the colliding limit.
Although in this paper we only considered the Virasoro
symmetry in details, it is straightforward to check that, in
case of the multiple (Toda) fields, the same block-diagonal
structure emerges when the irregular vertices are trans-
formed by the positive modes of the W y-currents. It will be
important to understand the impact of the structures,
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observed in this work, in the language of the matrix model
approach such as in [5,12,14-16] and their relevance to
Seiberg-Witten curves in related supersymmetric gauge
theories in four dimensions. As we also mentioned, the
irregular vertex operators appear to be natural objects in
background-independent string field theory, being natural
blocks for solutions describing both nonperturbative
higher-spin backgrounds, as well as cosmological back-
grounds, such as the noncommutative rolling tachyons. We
hope to be able to address these questions soon in the future
papers.

ACKNOWLEDGMENTS

The authors acknowledge the support of this work by the
National Research Foundation of Korea (NRF) grant
funded by the Korea government (Ministry of Science,
Information Communication Technologies and Future
Planning) (NRF-2014R1A2A2A01004951) and by the
National Natural Science Foundation of China under
Grant No. 11575119.

[1] L.F. Alday, D. Gaiotto, and Y. Tachikawa, Liouville
correlation functions from four-dimensional gauge theories,
Lett. Math. Phys. 91, 167 (2010).

[2] N. A. Nekrasov, Seiberg-Witten prepotential from instanton
counting, Adv. Theor. Math. Phys. 7, 831 (2003).

[3] P.C. Argyres and M.R. Douglas, New phenomena in
SU@3) supersymmetric gauge theory, Nucl. Phys. B448,
93 (1995).

[4] P.C. Argyres, M. R. Plesser, N. Seiberg, and E. Witten, New
N = 2 superconformal field theories in four dimensions,
Nucl. Phys. B461, 71 (1996).

[5] T. Eguchi and K. Maruyoshi, Penner type matrix model and
Seiberg-Witten theory, J. High Energy Phys. 02 (2010)
022.

[6] D. Gaiotto and J. Teschner, Irregular singularities in Liou-
ville theory, J. High Energy Phys. 12 (2012) 050.

[7] D. Gaiotto, Asymptotically free N = 2 theories and irregu-
lar conformal blocks, J. Phys. Conf. Ser. 462, 012014
(2013).

[8] E. Felinska, Z. Jaskolski, and M. Kosztolowicz, Whittaker
pairs for the Virasoro algebra and the Gaiotto—Bmt states, J.
Math. Phys. (N.Y.) 53, 033504 (2012).

[9] D. Polyakov and C. Rim, Irregular vertex operators for
irregular conformal blocks, Phys. Rev. D 93, 106002
(2016).

[10] H. Nagoya and J. Sun, Confluent primary fields in the
conformal field theory, J. Phys. A 43, 465203 (2010).

[11] J. Gomis and B. Le Floch, M2-brane surface operators and
gauge theory dualities in Toda, J. High Energy Phys. 04
(2016) 183.

[12] S.K. Choi, C. Rim, and H. Zhang, Irregular conformal
block, spectral curve and flow equations, J. High Energy
Phys. 03 (2016) 118.

[13] D. Polyakov, Solutions in bosonic string field theory and
higher spin algebras in AdS, Phys. Rev. D 92, 106008
(2015).

[14] T. Nishinaka and C. Rim, Matrix models for irregular
conformal blocks and Argyres-Douglas theories, J. High
Energy Phys. 10 (2012) 138.

[15] S.K. Choi, C. Rim, and H. Zhang, Virasoro irregular
conformal block and beta deformed random matrix model,
Phys. Lett. B 742, 50 (2015).

[16] S.K. Choi and C. Rim, Irregular matrix model with W
symmetry, J. Phys. A 49, 075201 (2016).

086011-5


http://dx.doi.org/10.1007/s11005-010-0369-5
http://dx.doi.org/10.4310/ATMP.2003.v7.n5.a4
http://dx.doi.org/10.1016/0550-3213(95)00281-V
http://dx.doi.org/10.1016/0550-3213(95)00281-V
http://dx.doi.org/10.1016/0550-3213(95)00671-0
http://dx.doi.org/10.1007/JHEP02(2010)022
http://dx.doi.org/10.1007/JHEP02(2010)022
http://dx.doi.org/10.1007/JHEP12(2012)050
http://dx.doi.org/10.1088/1742-6596/462/1/012014
http://dx.doi.org/10.1088/1742-6596/462/1/012014
http://dx.doi.org/10.1063/1.3692188
http://dx.doi.org/10.1063/1.3692188
http://dx.doi.org/10.1103/PhysRevD.93.106002
http://dx.doi.org/10.1103/PhysRevD.93.106002
http://dx.doi.org/10.1088/1751-8113/43/46/465203
http://dx.doi.org/10.1007/JHEP04(2016)183
http://dx.doi.org/10.1007/JHEP04(2016)183
http://dx.doi.org/10.1007/JHEP03(2016)118
http://dx.doi.org/10.1007/JHEP03(2016)118
http://dx.doi.org/10.1103/PhysRevD.92.106008
http://dx.doi.org/10.1103/PhysRevD.92.106008
http://dx.doi.org/10.1007/JHEP10(2012)138
http://dx.doi.org/10.1007/JHEP10(2012)138
http://dx.doi.org/10.1016/j.physletb.2015.01.003
http://dx.doi.org/10.1088/1751-8113/49/7/075201

