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We construct a set of nonrational conformal field theories that consist of deformations of Toda field
theory for si(n). In addition to preserving conformal invariance, the theories may still exhibit a remnant
infinite-dimensional affine symmetry. The case n = 3 is used to illustrate this phenomenon, together with
further deformations that yield enhanced Kac-Moody symmetry algebras. For generic n we compute
N-point correlation functions on the Riemann sphere and show that these can be expressed in terms

of sl(n) Toda field theory ((N —2)n + 2)-point correlation functions.
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I. INTRODUCTION

In the last years, the interest in two-dimensional con-
formal field theories (CFTs) with W, symmetry has been
renewed, mainly because of two reasons: On the one hand,
W, algebra has been identified as the charge algebra
associated with the asymptotic symmetries of spin-n theo-
ries in three-dimensional anti—de Sitter spacetime [1,2]
generalizing the spin-2 result of Brown and Henneaux
[3]. On the other hand, it has been observed in [4] that
conformal blocks of s/(n) Toda conformal field theory, the
archetypical example of a theory with W, symmetry, codify
the information of the partition function of A = 2 four-
dimensional superconformal quiver theories for the gauge
group SU(n), generalizing the Alday-Gaiotto-Tachikawa
(AGT) correspondence [5] for the case n > 2. Here, we will
study the sl(n) Toda field theory (TFT) from a different
perspective: We will consider TFT as a generating functional
of N-point correlation functions of a plethora of new
nonrational conformal field theories that are defined ipso
facto. This is in the line of the so-called H; Wess-Zumino-
Witten—Liouville correspondence [6] or, more precisely, of
the extension of it proposed in Ref. [7], where correlation
functions of a new family of nonrational CFTs were
constructed in terms of Liouville field theory [namely, in
terms of the s/(2) Toda field theory]. Here, we provide a
generalization of these results for the case si(n).

The Hj Wess-Zumino-Witten—Liouville correspon-
dence has been proposed in Ref. [6]. It is based on a
remarkable relation existing between the s/(2) Knizhnik-
Zamolodchikov (KZ) equation and the Belavin-Polyakov-
Zamolodchikov (BPZ) equation [8]. The latter is the
differential equation obeyed by Liouville correlation func-
tions that involve degenerate fields, usually denoted by
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V_1/(p)- Using that solutions of the BPZ equation can be
related to solutions of the KZ equation for sI(2),
it was shown in [6] that N-point correlators in H{ =
SL(2,C)/SU(2) Wess-Zumino-Witten (WZW) on the
sphere can be written in terms of (2N — 2)-point correlators
in Liouville field theory formulated also on the sphere,
where the latter correlators include N — 2 degenerate fields
V_i/(p)- This correspondence has been later generalized
to genus g [9], to surfaces with boundaries [10-13], to
spectrally flowed representations of s/(2,R) [14], to the
irregular vertex representations of the Virasoro algebra
[15], and to supersymmetric theories [16]. In Ref. [7], a
generalization of the H; WZW-Liouville correspondence
was proposed for the case in which the Liouville correlators
include N —2 degenerate fields of higher level, V_,, )
with m € Z_,. In the case m = 1, these correlators yield
correlators of H 3+ WZW [6,8]; however, in the case m > 1
the (2N — 2)-point Liouville correlators including N — 2
fields V_,, 0y were argued to generate the n-point
correlation functions of a new family of nonrational
conformal field theories [7]. This family of CFTs is
parametrized by m, which enters in the central charge
as ¢ =3+ 6(b + (1 —m)/b)?, with the Liouville central
charge being ¢, = 1+ 6(b+1/b)*>. The consistency
of these theories was later studied in Refs. [17-19],
where correlation functions on different surfaces were
computed. It is possible to speculate that such CFTs
actually exist even for other real noninteger values m,
where the Liouville correlators do not necessarily involve
degenerate representations.

Another natural question that has been addressed in
the literature is whether an extension of the H{ WZW-
Liouville correspondence is possible for higher rank

© 2016 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.94.086001
http://dx.doi.org/10.1103/PhysRevD.94.086001
http://dx.doi.org/10.1103/PhysRevD.94.086001
http://dx.doi.org/10.1103/PhysRevD.94.086001

BABARO, GIRIBET, and RANJBAR

algebras. That is, whether a relation of this sort also exists
between, say, the SL(n,R) WZW theory and the si(n)
Toda theory, which would extend the results of [6,14] to the
case n > 2. This problem has been explored in Ref. [20] for
the case n = 3, where such a correspondence has been
observed to emerge in the highly quantum limit k£ — 3,
where the WZW level equals the Coxeter number of the
s1(3) algebra. In the recent paper [21], a more general
correspondence for cases n > 3 was achieved by consid-
ering particular s/(2) embeddings in (super)algebras.
Here, aimed at investigating whether a generalization
of the construction of [7] to higher rank is possible,
we will propose a larger family of nonrational CFTs whose
N-point correlation functions are given by a subset of
(N + (N —2)r)-point correlation functions of si/(n) Toda
field theories, with r = n — 1 being the rank of s/(n). These
new CFTs are parametrized by a collection of n — 1 real
numbers {m, m,,...m,_ }. They correspond to deforma-
tions of Toda field theories that, while preserving con-
formal invariance, seem to break the W, symmetry. We will
see, however, that the CFTs constructed through this
procedure may also preserve a larger symmetry generated
by an affine extension of a proper subalgebra of the Borel
subalgebra of the affine Kac-Moody s/(n),. The case n = 3
is analyzed explicitly to illustrate such remnant infinite-
dimensional symmetry in relation to the symmetries of the
s1(3) WZW model. We will present a Lagrangian repre-
sentation of these new nonrational CFTs, which is the
natural generalization of the Lagrangian proposed in [7]
for n = 2, here involving interaction operators between the
n — 1 scalar fields associated with the simple roots of si(n)
and n — 1 copies of the -y ghost system. In the case n = 2
the theories coincide with those defined in Ref. [7]; that is,
for n =2 and m; =1 it corresponds to the H; WZW
model,1 while for n = 2 and m; = 0 it reduces to Liouville
theory. In general, the undeformed case m; =0 with
i=1,2,...n—1 for arbitrary n corresponds to si(n) TFT.
The paper is organized as follows: In Sec. II, we briefly
review the theory of Toda for the Lie algebra si(n). In
Sec. III, we propose the Lagrangian representation of a
family of CFTs which consist of deformations of the TFT
Lagrangian. This is a generalization of the theories pro-
posed in [7] for the case n > 2. We compute the correlation
functions for these theories in the path integral approach,
following the techniques developed in [9] adapted to this
case. We show that these correlation functions are deter-
mined in terms of those of TFT. We also derive an integral

'One may wonder whether the nonrational CFTs defined in
this way are unitary. Being ¢ > 1 theories defined as deformation
of Toda field theories, it is probable that, at least in some
particular cases, the theory can be rendered unitary provided one
considers some restriction of the Hilbert space. This is the case,
for instance, of the SL(2,R) WZW model, which represents a
unitary theory when one restricts the isospin j of the discrete
representations.
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representation for the N-point functions in the Coulomb
gas formalism. In Sec. IV, we study the remnant affine
symmetry that the deformed TFTs exhibit. We consider the
case of s/(3) to illustrate the details of such symmetry. We
discuss the relation between the deformation of the sI(3)
TFT and the s/(3) WZW model, which leads us to suggest
other deformations of the former. Section V contains our
conclusions.

II. TODA CONFORMAL FIELD THEORY

The s/(n) TFT is a conformal field theory whose degrees
of freedom are represented by n — 1 bosons living in the
(n — 1)-dimensional root space of sl(n) Lie algebra; see for
instance Refs. [22-26]. There are n —1 simple roots
ey, ey, ..., e,_1 in this Lie algebra and its Cartan matrix is
given by

-1 2 -1
0 -1 2
Kij = (1)
2 -1
0 )

This defines the inner product (.,.). That is to say,
this defines the bilinear form K;; = (e;,e;) with
K;iv1 =K;1; = -1, K;; = 2, and 0 otherwise in the basis
above. The n — 1 fundamental weights w; are defined in
such a way they span dual roots, i.e. (w;,e;) = §;;.

The Lagrangian of the sl/(n) Toda CFT is

_ 1 2 7 (Qr.9) - V2b(er.)
STzﬂ/dZ<(a(p’8(p)+ 4 R'f';e
(2)

where b is an arbitrary (real) parameter, and the background
charge is

0r=Va(b+3) 3

where p is the Weyl vector; that is, p is the half-sum of all
positive roots. Normalization of the action is such that the
free field propagator of the fields is

(Do) = =30 logc=w), ()

with k,7 =1,2,...n— 1.

For every integer value n, action (2) defines a different
theory. The case n =2 corresponds to Liouville field
theory; in such case there is just one simple root e, = /2
and just one highest weight w; = 1/+/2. Liouville field
theory is a conformal field theory with central charge
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¢ = 1 + 607 and background charge Q; = (b + b~"). For
n > 2 the theory contains n — 1 fields of the Liouville type
interacting with each other by specific couplings that are
given by the s/(n) structure. The resulting theory, the si(n)
TFT, is also conformal invariant and its central charge is
given by

cr=n—1+60%=mn—-1)1+n(n+1)(b+b")?),
(5)

where Q7 = (Qr, Q7).

These theories present spin-n symmetry represented by
n — 1 holomorphic and n — 1 antiholomorphic conserved
currents. These generate the W, @ W, algebra, which
contains Virasoro as a subalgebra [see (7)—(9) below].
Let us denote such currents by W*(z) and W*(z) with
s =1,2,3,...n. The index s labels the spin of the current.
These admit a representation in terms of Miura trans-
formation [24]

n—1

((g+ g0+ V2(0ur. 0p))

I:l

r=0
_ Z wn- r

where the vectors g, are the weights of the first fundamental
representation of the Lie algebra s/(n) with the highest
weight |, namely ¢, = w; —e; —ey — -+ - €.

The first and second currents are taken to be W° = 1 and
W! =0 the third one is the first nontrivial one and
corresponds to the energy-momentum tensor

((g+4q7")0) (6)

W(2) = (09, 09) + (0r. D), (7)
while W3(z) is the generator of the Zamolodchikov algebra
[27]. It is customary to write these algebras (and their n > 3
generalization) in terms of the modes of the currents, which
are defined by the expansion

— Zwsrz—r—S. (8)

reZ

In terms of the modes, and in the case n = 3, in addition
to the Virasoro algebra
(Wa Wal = (n=m)W,, +

12”(”2 - 1)5n+m,0 (9)

the algebra includes the Lie products
(W3 W3] =

(21’1 - m) W?Hrm (10)

and
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1 1
(W3 W3] —E(n—m)<n2+m2—§nm—4>Wﬁ+m

16
+%n<n - 1)( 4)5n+m.0a (11)

where the quadratic piece in (11) is given by the normal
ordered product

A= TWaWi,:

mezZ

1
——1, W2, 12
4 n n ( )
with ¢, = n?> — 4 for n even, and t, = n> + 2n — 15 for n
odd. As usual, the normal order is deﬁned as W2w2 .=
WaW50(n—m)+W5Wi0(m—n), with 6(x) = [,_dyé(y)
being the Heaviside step function with 9( ) =1 / 2. The

operator product expansion (OPE) that realizes the Wj
algebra (9)—(11) takes the form

/2 2W2(w)  OW?*(w)
WZ(Z)WZ(W>—(Z_W)4 = (Z_W)+"',
3W3(w)  OW3(w)
W2(2) W3 (w) = c=w2 T =w) +-
s /3 2W2(w)  OW?*(w)
WOV = e ewy
1 32 3 s
+(Z_W)2 (22+5CA(W)+E8 w (w)>
+ (Z_lw) (221f568A(w) +%83W2(w)>
e (13)
with A(z) = :(W?(2))?: = (3/10)90*W?(z).

The basic objects in the construction of conformal
TFT are exponential fields parametrized by an (n — 1)-
component vector parameter @ = (@, @, ...a,_; ), namely

Vi(z) = oot (14)

which is in correspondence with the primary states of the
theory |a) = lim,_,VZ(z)|0). The OPE between the cur-
rents and these primary fields reads

REVE(w)
(z—w)t
where the ellipses stand for terms that vanish when w — z.
In particular, it yields

W) Ve (w) = (I+--) (15)

haVa(w) W2, Va(w)
(-w)?  (z-w)

with W2, VI(w) = OVI(w). From this, we obtain the
conformal dimension

W2(2)Ve(w) = +--- (16)
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hi = (@, Or — ). (17)
The OPE with the W3(z) current reads

hVi(w)
(z—w)?

W3, VE(w)  W2,VE(w)
(z—w)? (z—w)

W3 (2)Va(w) =

(18)

where £ is an expression cubic in @ and quadratic b, and
symmetric under b < b\,

The N-point correlation functions in TFT on the
Riemann sphere are defined by

N n—1 N
<H Vgi (Zi)> = / H Do e 57 H e2(aio(z)) (19)
i=1 TFT a=1 i=1

where the fields in the functional integral are defined on
CP"\{z, 25, ...zy}. In the next section, we will propose a
definition of a set of two-dimensional CFTs whose corre-
lation functions can be expressed in terms of TFT corre-
lation functions (19). Proving such correspondence
between observables in the case of s/(2) can be assisted
by the modular differential equations that correlators that
involve degenerate representations obey. In the case of TFT
for sl(n > 2), the structure of degenerate and semidegen-
erate is less restrictive [20,22-25]. Because of that, and
because we are interested in defining the theories for
generic values of the parameters m;, in this paper we will
resort to the path integral approach, following the tech-
niques of Ref. [9]. We will also derive an integral
representation for the N-point functions resorting to the
free field approach.

III. DEFORMATIONS OF TODA FIELD THEORY

A. Lagrangian representation

Generalizing sl(n) conformal Toda theories, and gen-
eralizing at the same time the family of theories presented
in [7], here we will consider the theories defined by the
following actions

1 R
%m=g/f{@ww+§anﬂwm

(Q{mk} ¢) R+Z B eV ek¢> (20)

which, apart from the (n — l)-component boson field
¢ = (¢1, ¢, ...¢p,_;) multiplied with the sI(n)-based inner
product, includes n — 1 copies of the commutative -y
ghost system of conformal weight (1,0). The definition of
the theory also requires the specification of n —1 (real)
parameters my, k = 1,2, ...n — 1, and the parameter b. For
each collection {m;} = {m,m,,...m,_;} one obtains a
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different’ CFT, which is a deformation of TFT. The
background charge depends on these parameters my; it is
given by

—

n—

\/Emk
b

Qmy = Or +60, with 60 = — wp. (21)

;v.
I

1

where Q7 is the Toda background charge (3). The specific
value (21) is such that the interaction terms in (20) are
marginal. This value for the background charge yields

the central charge cy,,; =3(n—1) + 6Q%mk}. This can be
obtained from the OPE
C{m }/2 2W2 (W) 8W2 (W)
W22 W) = + o
@=w)' (@=-w) (z—w)
(22)

with the stress tensor being

n—1

22) =Y BeOre — (04, 00) + (Quyy Ph).  (23)
=1

From this one can also verify that the operators
B e eV2(erd) in (20) have actually conformal weight 1.
This follows from (e, 5Q) = —\/zmk/b.

We will refer to the CFTs defined by action (20) as
m-deformed CFTs. As said in the Introduction, these
theories are the natural generalization of the Lagrangian
proposed by Ribault in Ref. [7]. In fact, in the case
n =72 with m; =1 the theory corresponds to the level
k=b72+2 SL(2,R) WZW model, while for n =2
and m; =0 it reduces to Liouville theory. In general,
the undeformed case m; =0 for all k =1,2,...n—1 for
arbitrary n corresponds to si(n) TFT.

We consider primary states defined by vertex operators
that are exponential functions of the fields; namely

O, ({pi}lz) = Nelrr@le2ed(c) (24)
where we define [p,y] =Y "1 (piri — Pix) With
{P1, P2, .--Pu_1} being complex variables, and where N

is a normalization factor, that, in principle, can depend on
the momenta {p,, p5,...p,—1} and «, and on the param-
eters of the theory {m, m,,...m,_;} and b.

B. Correlation functions: Path integral

The quantities we are interested in computing are the
N-point correlation functions

’It is, however, possible that a given CFT is represented by
more than one set {m,m,,...m,_}; see [19].
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Q({pt). ()]{2))
- <H <1>ap<{pk}”|zy>>
v=1 {mi}

n—1 N
= [ TTotpneen [ o (pe 1) @9
k=1 v=1

where our notation is such that the symbol {p%} in the
argument of a function represents the collection of N(n—1)
elements {p{.pl.,...p_ipt.p3....p2 5.V pY PN}
on which the function depends, while the symbol
{px}¥ represents the collection of (n—1) variables
{p%. p5....p"_,} with v fixed. Indices y, v will be used
to run over {1,2,...N}, while indices k,# run over
{1,2,...n— 1}, and indices a, b run over {1,2,...N —2}.

The first step in computing (25) is dealing with the ghost
system: The integration over the fields y; and 7, produces a
product of n — 1 double § functions

8 <8ﬂk(w) —2m Yy pist(w— m) : (26)

which set the conditions

Pz 2;:2 pie(z—z,) =0,

v=1
N

Op(z) +21 ) prot(z—z,) =0, (27)
v=I

for each k.

These 2(n — 1) equations have solution only if the sum
of the momenta {p;}* vanishes. More precisely, being
meromorphic on the Riemann sphere, the sum of the
residues of f;(z) vanishes, and therefore

N
> pi=o. (28)
v=1

In order to write the f;(z) in terms of its residues
{p}.p%....pY}, one may resort to the representation
0(1/z) = 0(1/Z) = 226*(z) and integrate. Since f;(z)
are |-differentials, the general solution can be written as
a rational function; namely

2, {yat")

Pk
ZZ_ZZ/_ ( {Zu}>

with Py (z, {y,}*) being n — 1 polynomials of degree N — 2
in z, and Q(z, {z},) being a polynomial of degree N in z. In
fact, for a meromorphic 1-differential 5, (z) on the Riemann
sphere, the difference between the amount of its poles
{v.}* (@=1,2,...) and the amount of its zeroes {z,}
(u=1,2,...) is 2. Therefore, these polynomials have
the form

(29)
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N

(. {ya}t* _KkHZ vo).  Qzdzh)=]I-2)
v=1

(30)

From this, using (28) it is easy to show that

Ky = >N | pkz,. This follows from multiplying (28) by
9O(z,{z,}) to obtain an identity between polynomials and
then matching the coefficients of powers of z. More
precisely, one finds

N N N-1
{ya ZHP Z_Zy EZCnZN_n7 (31)

v=1 p#v n=1

which yields

O0=c;= Zpk’ K=y == Zpkzu Zzul’k (32)

HFV

It is easy to keep track of the dependence on x;. This is
gathered by an overall factor [[¢=}[k;|** in the final
result. This can be seen by shifting the fields as ¢ —
¢ — S 1=t V2 b7 mywy log ki to absorb other dependence
of k;. Then, we can omit the explicit dependence on «; and
restore it in the final result (50).

By evaluating the residues, one finds

N2(

a=1

- yk)

—;é s (33)

P = Kk

Taking all this into account, the § function (26) can be

replaced by

52<Zpk>n52(ﬁk ey {zm

provided the determinant factor det'™[] is trivial on the
sphere (with [J = 00). Then, one can integrate over f; and
P to obtain

({p} =) = / Hwke H/\/ ‘
(35)
with the effective action

1 - mbs
Scff = —ﬂ/ d2Z <(8¢, 34)) + (Q{47k}¢)7€

n—1
+07 [Pz v}/ Q. {z}”)|2mkeﬁb<ek,¢>),

k=1
(36)

which depends on the N inserting points {z,} and the
(n—1)(N —2) variables {y*}, although the latter are
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determined by the (n — 1)N algebraic equations (33) with
the n — 1 constraints (28).

For further purpose, in order to achieve a regularization
of divergence coming from coincident points in the path
integral, it is convenient to write the action in the conformal
frame ds* = ¢**dzdz which yields (1/4),/gR = —20o.
This will enable us to regularize the propagator (¢(z)p(w))
in the limit z — w.

As previously said, the normalization of the vertices N
in (24) can in principle depend on the momenta
{p1, P2 ---Pn_1} and a. For instance, the natural generali-
zation of the normalization considered in [7] to the
sl(n > 2) case would be

n—1
N, = [T Ipy e o, (37)
k=1

which, after d-function evaluation and considering (33),
would produce in (35) a factor

ﬁ Pk Zw{ya} )

V=1 k=1 ZV’{Zﬂ}

accompanying the N vertices. On the other hand, a
convenient normalization also seems to be demanding
N, not to depend on the momenta at all. In order to
consider a more general case that, in particular, includes

(37), we might consider N, = [ 7=} | p¥ o)1= with
0 <t < 1. This would affect the ﬁnal result only in the
exponent of the factor that we call ® in (47) below.

In order to absorb the factors |Py(z,{y.}¥)/
Q(z.{z},)|*™ in the terms in the effective action (36), it
is convenient to shift the scalar field ¢—which actually is a
vector in the space generated by the simple roots {e,}
(¢ =1,2,...n — 1)—by defining the new field ¢,

2m
Y
n=1 (a,. )

(38)

Qz.{z}) - o).

(39)

n—1
=5 0,2 gy e
k

That is

n—1 2 N-2
$(2) = 9(x) = >y v2my <Z log |z — y&P?
k=1 a=1

N
—zzloglz—m2 —0). (40)
v=1

Indeed, this produces the rescaling in the exponential
potential terms, yielding

Qz.{z})

oV2blerh(2)) — YAy
Pi(z,{ya}")

eV2b(erp(2)) 2mw’ (41)
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which cancels the factors [P (z. {y,}*)/Q(z. {z},)[*". 1t
also produces the rescaling

Tk a,,w)

QzA{zu#2})

b(2)) — V202 ))
Pk(z7 {ya} )

k=1

N eV

’

(42)

where the divergences coming from coincident points
are regularized by defining the finite part of
lim, . log|z, — z,|* absorbing the divergence in the
exponent of the conformal factor —2¢ [28]. Let us consider
the normalization (37), corresponding to ¢ = 0.

Definition (40) also produces a shifting in the kinetic
term; namely

-1
(¢.0¢) = (¢, Ug) —= (@,
fﬂ (.0 kz:\/— WDy ak

(@, by) (43)

with

ar(z.{z,} {va}")
N-2 N
= ¢(z) (27:2 % (z—y*) - 27[252(2 -z,)— 2Do->

+ 00¢(z (Z log |z — y|> = Z loglz —z,|* - 20)

(44)
and

bi(z{zu b {vat  {va}!)
N-2
= 27wy <z:10g|z—ya|2 Zloglz—z,f 26)

x (252&—%) —Zéz(z—zu)>
5 —
—2wk<210g|z yE|? - 2:10g|z—z,,|2 2G>|:|

(45)

Considering again the regularization of coincident
points, and replacing the last equation into the effective
action (36), one obtains the following contributions in the
correlation function: From the first two terms (44), one
obtains

n—1 N-2

- ka
I I e b wk(ﬂ

k=1 i=1

(@r0(z,)) (46)

nlm
D[
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From the third term, and taking into account (1/4),/gR = —2[Jo, one observes that the background charge term in the
action gets shifted as Qy,,,; = Q) — 60 = Q. The terms (45), after a proper regularization of coincident insertions,
yield the factor

N-2N-1n-1 n-1 _
©({m}{z,} 4D = TTIT 1% = vl e H 2, — 2, [ 20 2y mem(onn)
a=1 b=1 k=1 I=1 u<v
N-2n-1 N
% H ‘y]; _ Zﬂ‘ b 1 ) m/(wkwl)_ (47)
a=1 k=1 p=1

Notice that this contribution corresponds exactly to the correlator of exponential vertices of a free boson y with a
background charge [29]; namely

N-2 n—1
O({ml{z.}. bt)) = <H Vs (60 [T T Vi > (48)
a=1 [=1 7
where
Vp(z) = 2P, (49)

and where ¢, = myw,/(\/2b), Wick contracted the free field propagator (y(z)y(w)) = —(1/2)1log(z — w). The value of
the background charge Q, associated with the field y(z) can be read from the conservation law that would follow from the
integration over the zero mode (y). This yields the result Q, = 60.

Therefore, we finally arrive at the conclusion that the N-point correlation functions (25) take the form

o)) =T TTo(3 ) (1o e T T oo
(o) (S

(my k=1 u=1 a=1 1=1 P
N n—1N=-2
X vT (z,) Ve, > (50)
<ul W ia 11:[1};[1 ” TFT

where 4 = my(1 4 b7 = 31~ m;b™*(wy, @;)); notice that here we have reintroduced the dependence on . In other
words, N-point correlation functions Q({ p}, {a, }|{z,}) of the theories defined by the Lagrangian representation (20) turn
out to be given by ((N — 2)n + 2)-point correlation functions of the CFT given by the product of s/(n) TFT times a free
U(1) boson. Having the expression (50) for the correlation functions Q({p{}. {a*}|{z,}), the m-deformed CFTs (20) are
defined ipso facto. In the next section, we will analyze the symmetries of the new theories.

C. Correlation functions: Coulomb gas

Lagrangian representation (20) enables us to compute correlation functions in the so-called Coulomb gas approach and
thus provide an integral representation of N-point correlation functions. This amounts to considering the expectation values
(25) and first integrate over the zero modes of the fields ¢,. This yields

Q(p) (@ Hiah) - [T)™ris, )/ 1T <Hq> ({p*lz.) ﬁﬁsk o)

=1 k=1 =1 k=1 =1 free
where {wt} = {wi, wi,..wliwi w3, wl; owimhowsTl L wim} are complex variables, where the screening oper-
ators S*(w) are given by

S¥(w) = B (w)pm (w)eHlev e (51)

and where the expectation value (...)s.. is defined in terms of the free action
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1 _ n—1 _ _ _
Siwe = 5z | (00 00) + 4+ Budr)

. (Qgmy-®) R)

: (52)

The dependence on {m;} is through the number of
integrals to be performed, and it is given by

sp = V2b7 (A, o),

n—1 N
A=V2(b+b")p—V2b" Zmlwl - Zai.
=1 i=1
This equation, as well as the I'(—s,) factors above, comes
from the ¢ functions arising in the integration over the zero
modes (¢;), what selects in the path integral the terms
satisfying the vector equation

n—1

o{pi Atz = IV TI-D

PHYSICAL REVIEW D 94, 086001 (2016)
N n—1

ﬁz @+ > (spexh +2b~ myay) = 2(b+ b~)p = 0.
(54)

The integrals are over the complex hyperplane

CZE *!. where wk represent s; + s, + -+ 5,_; complex
integration  variables, with k=1,2,...n—1 and
r = 1, 2, Ny

The fact that the expectation value is now defined in
terms of action (52) enables one to use the free field
propagators. In particular, one has the Coulomb propagator
(De(zi)di(z;)) = —(644/2) log(z; — z;). For the set of
correlators whose vertices obey the kinematic condition
pi=pi =0 for all k such that m; #0 and for all
u=1,2,...N, one eventually finds

)T (s, H|zﬂ—zy| e Iy (e} {mi}{z,})

p=1 =1 U<v
with
n—1 s n—1 Sky1 . n—1 s 5
ntta)- tmlta,)) = [ TTTTwt TTTITT i P T vt -
k=1 r=1 k=11=1 I=1 =1 r<t
N n—1 s;
< TTTITT wk = 2l 722 teva (55)
p=1 k=1 r=1
I
where K;; = (e;, ¢;) has been used. In the cases in which Integral representation (55), which is similar to the one

for some value of k it happens that p, # 0 # my, then a
similar representation exists, although the combinatorics
when performing the Wick contraction is more involved
because of the -y systems, which in particular yield
Bi(w)elPr@l = pelrr0l/(w — z) + ... This is similar to
the contraction between string theory tachyon and graviton
vertices. The Wick contraction for these operators in the
case n = 2 is discussed in [9]. The same can be applied
here. For instance, in the case of the two-point function the
Wick contraction of the holomorphic piece of the f-y
system yields a factor

(11T

k=1 \Ni=1 r=

b7 (LL=hio+ p+--))

=1
(56)

where the ellipses represent contributions with fewer w
factors. Using (28), one observes that, eventually, only a
contribution proportional to

2
x HH|Zi —W]f|_2 (57)

survives. This produces an additional shift in the exponent
in the last factor of (55).

that originally appears in the context of minimal models
[30], can be solved in some very special cases using the
techniques of Refs. [22,23]. This yields closed expressions
for reflection coefficients, structure constants, and the
spherical partition function in several CFTs, including
nonrational ones [31]. Especially in the latter case, an
analytic continuation is required as the expression (55) only
makes sense for s, € Z,. Such extension for values
s, € C has been successfully carried out in diverse exam-
ples, including noncompact timelike CFTs [32].

Notice that even when the integral representation (55)
looks very similar to the one that would appear in the
analogous computation for TFT, the integrals appearing in
both cases are not exactly the same, one of the differences
being the amount of integrations to be performed: While for
the m-deformed theory one finds (53), the analogous
quantity in an M-point TFT correlation function requires
not s; but

n—1

Sto= S +2b77 Zml(whwk)

= —\/EZ(O{,-T, i) +2(b+ b7 ) (p, ) (58)
i1
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integrals. This is consistent with the shifting in the
momenta {«;} and the presence of additional M — N =
(N =2)(n — 1) vertices in the TFT correlator on the right-
hand side of Eq. (50), as well as with the shifting 5Q in the
background charge. To see this in a concise example, let us
compute the two-point functions in the theory (20) using
the integral representation above. That is, let us compute

R(a)
|Zl - Zz|4h‘2’ ,

(@, ({Pi}'121)@a{Pi}?122)) () = (59)

where % = (a, Q + 6Q — a) is the conformal dimension.
The relevant information here is given by the reflection
coefficient R(a). Conformal invariance permits us to fix
three vertex insertions on the Riemann sphere; as usual,
let us fix the inserting points of the vertex operators
®,({pr}i|z;) at z; =0 and z, = 1, together with one
screening operator at oo. Taking into account (57), one
observes that (58) maps into (53) if one identifies the TFT
momenta a! as follows

n—1
af =a;+ 241’ (60)
=1

which turns out to be in perfect agreement with (50) for
N = 2. On the one hand, this shows that the Coulomb gas
realization above is consistent with the relation between
correlators given in (50). On the other hand, this gives the
expression for the reflection coefficients of the CFTs
defined by (20), which turns out to be given by the TFT
analogous quantity [33] evaluated in the shifted momentum
(60). This explicit form of the TFT reflection coefficient is
such that making the replacing (60) results in the shifting
Or — Q, as expected. This is because the TFT reflection
coefficient depends on the momentum’ through the combi-
nation 2a’ — Qy.

IV. REMNANT AFFINE SYMMETRY

A. Remnant symmetry

Let us consider the case n = 3 with deformation param-
eters m; and m,. It turns out that, remarkably, in that case
the theory (20) turns out to be invariant under the symmetry
generated by the currents

Ji(2) =m B,

J(z) = V2mb~ ey, 0) = 27181 + mymy "' yaps.

J5(2) = my™' B,

J8(z) = V2myb~' (e3.0p) + mymy~'y1 By — 2128, (61)

3See Egs. (1.14)—(1.17) of Ref. [33]. Our convention relates
to the one there by performing the changes ¢ — ¢/v/2,

a’ - a/V/2, and Q7 — V20.
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and their antiholomorphic counterparts J4 (A =0, +,
i =1, 2), with the free field correlators
(z=w)
(62)

(@i(2);(w)) =

—%5,7 log(z=w),  (Bi(2)r;(w))

with i, j =1, 2. It is possible to verify that the OPE
between the interaction term of the action (20) and the
currents (61) has no singular term up to a total derivatives.

The symmetry algebra is encoded in the singular terms
of the OPE between the currents (61). The nonregular
OPEs read

57 @00 ~ g 4

Cij

(Z_W)2+...,

B@Iw) ~ -

and regular otherwise. The coefficients of the central terms
of the algebra are given by
ci; =mm;b>(e;, e;) + 46;; — 2(m? + m¥))m; 'm7!|e; |
ij il i»€j ij i jM g
+ mimjzm1:2|€ik8jk| (63)
k

where €, = —&,; =1, €y =€ =0, and i, j, k=1, 2.
Some of these coefficients, however, can be changed by
changing the normalization of the currents. In terms of the
modes J¢,, which are defined by J¢(z) = 3,z J¢, 2"
(with i=1, 2 and a=0,+), the symmetry algebra
reads [J9,.J9,] = (n/2)¢ijpimor i 0wl = 201 s
[Jlf,rn"]?q’:j,m] = _J;,rner’ [JIJFH’J;Lm] =0.

This can be extended to the s/(n) case, which one can
actually verify to be symmetric under the 2n — 2 currents

Ji(z) = m~ .,
k1

JY(2) = V2mb™ (er, 09) = 3yiBr + my Z m By

I=k—1
(64)

with k,/ =1,2,...n — 1 and where my' = m;' = 0.

Let us denote by /Aln @ ,Zln the algebra generated by (64)
and by its antiholomorphic counterparts. Some properties
of this algebra are the following: Algebra A, is the affine
extension of the semidirect sum of two Abelian Lie
algebras A and A% that is, A, = A @, A with
Ji(z) and J9(z) generating each of the two pieces
respectively. Algebras A;; and A are Abelian and of
dimension n — 1. AY is the Cartan subalgebra of si(n).
While ,Zl,f is the loop algebra associated with A}, algebra

.»212 is the affine Kac-Moody extension of .49 with
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nonvanishing central extensions. Algebra fl,f is an ideal of

the semidirect sum le,f D, .212; the latter is not semisimple.
The semidirect sum A} @, A9 is included in the Borel
subalgebra of si(n), coinciding with the latter in the case
n = 2. This means that the m-deformed CFTs defined by
(20) may exhibit an infinite-dimensional symmetry apart
from local conformal invariance.

One could still raise the question as to whether the full
W, symmetry is actually broken. That is, as it happens with
conformal symmetry, which is preserved after the intro-
duction of the f-y system and the shifting §Q in the
background charge, one may wonder whether the W">?2(z)
currents do not suffer from similar modifications and still
represent a symmetry of the theory. A naive attempt to
construct such modified currents would be shifting the
background charge contribution in the W3(z) current of the
s1(3) TFT and adding to it a piece

_ b

W?}y(w) N (8B10y1 = P10%71 + 0Py, — $20°72),

(65)
which indeed yields

4/3  2W,(w)
(2=w)®  (z-w)*

OW3, (w)

W2y<Z>W2y<W> = (z—w)?

(66)

where the ellipses stand for quadratic and simple poles, and
where

W;,(z) = Brr1 + 201, (67)

is the correct contribution of the ghost system to the stress
tensor. However, this direct sum proposal can be seen not
to work, the reason being the nonlinear nature of the W5
algebra. To the best of our knowledge, there is no evident
systematic manner to deform the W">2 currents and find
W symmetry in the m-deformed CFT. At least in the case
of W; the question about whether such enhanced W
symmetry exists is motivated by the fact that the theory
seems to have foo many fields for a current algebra such as

213 ® A3. One would expect the CFT to be well defined—
at least in the sense of the conformal bootstrap—if it has
enough symmetry generators,4 and therefore it is certainly
an interesting question whether the model (20) exhibits
larger symmetry.

A related question is the following: Since the m-
deformed CFT seems to break the original W, symmetry
to Virasoro symmetry, it would be fully defined only after
a complete list of Virasoro primaries together with an
algorithm to compute their three-point point functions are

*G. G. thanks Sylvain Ribault for conversations about this
point.
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provided. The question arises as to whether the Virasoro
primaries considered here form a complete basis or, at
least, a sector closed. While Eq. (24) provides a collection
of such primaries whose correlation functions are defined
in terms of the TFT observables (50), the spectrum of
Virasoro primary operators could be a priori larger, since
in the undeformed theory the W, module can be decom-
posed in multiple W, modules. The situation would be
somehow more problematic if the theory happens to
exhibit full W symmetry, as in that case it is not sufficient
to consider only W, > 2 primaries to fully solve the CFT
[34]. This is precisely why providing techniques alter-
native to the bootstrap, such as the path integral tech-
niques of [9] is important, especially in the case of
nonrational CFTs.

B. Hidden Kac-Moody symmetry

As suggested in [35], the existence of this hidden
symmetry generated by ./Aln &) .zzln, which is a subalgebra
of sI(3) @ sI(3), invites us to look for a generalization of
the deformation (20) that, if supplemented with the addi-
tional fields in order to realize the additional generators,
happens to exhibit full s/(3) @ s/(3) affine Kac-Moody
symmetry. In order to look for such a theory, let us consider
the action

1 - S
Stncs = 35 | #(100.00)+ 3 (b + o)
" (Or +45Q7¢) R

+ (1) () = &)™ (By — &)meVlerd)
+ (—ﬁsz)mzeﬁb(“'@) ’ (68)

which is a deformation similar to the one considered before
for the case n = 3 that, apart from the kind of deformation
of the type (20), also includes a shifting in the ghost
field ;.

The theory defined by action (68) may represent a
conformal field theory exhibiting a larger algebra than
the one generated by the current (64) above, provided an
adequate relation between ¢ and the fields of the theory is
prescribed. For instance, if one introduces a third copy of
the f-y system by adding to (68) a piece

1 - _
Spr = 5= | d2(B30r3 + B3073), (69)
2r

and considers the deformation 6 = —y,f;, making the
fields (69) interact, and chooses m; = m, = 1, for which
Or + 60 = bp, then one finds that the action (68) exhibits
a hidden full sI(3), @ s/(3), affine symmetry with
Kac-Moody level k = b=2 + 3 [36,37]. To see this explic-
itly, one writes down the s/(3) currents
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JT(Z) =pi,
J5(2) = o + 1153

together with J7 (z) = f3; and

PHYSICAL REVIEW D 94, 086001 (2016)

J(z) = \/Eb_l(eh 0p) = 2711 + v2P2 — 135,
J(z) = V2b71(ey,0¢) + 7181 — 21282 — 13Ps

J7(2) = V2b~' (€1, 0p)r1 = kdyy = 3o = ririB1 + 1ivaPa = 1173,
J3(2) = V2b7(e2.0)y> — (k= 1)dy2 + v3B1 — v212P>.
J5(2) = V2b™'(e1. 00)rs + V20~ (e3. 0¢)ys = V20~ (e2.0¢)7172 = kO
+ (k= 1)y10r2 — r1v3B1 — var3Pa — vsr3Ps — viravaba, (70)

with b2 =k —3, and with the free field correlators
(#r(2)dpr(w)) ~ —(1/2)5; clog(z —w) and (B;(z)y;(w))~
8;;/(z—w), now with k., = 1,2 and i, j = 1, 2, 3. It is
possible to verify that the OPE between these eight currents
and the interaction operators

SU = (By 4 1283) (By + 723) eV 2bler ),
= ﬂzﬁzgﬁb(%’(ﬁ) (71)

is regular, up to total derivatives. Notice that, excluding the
contribution of the third ghost system (69), the currents J,
J9, J, and J5 above coincide with the currents (61) in the
case my; = m, = 1.

Other deformations of this type, such as m; = m, = b2,
also enjoy full s1(3); @ sI(3); symmetry, in such case with
k= (3k —8)/(k —3). However, the case m; = m, = 1 is
special: In this case, action (68) augmented with the system
(69) actually corresponds to the SL(3,R) WZW model at
level k = b=2 + 3 written in Wakimoto variables. In other
words, Swzw = S{m, ,=1:5=—yp;1 T Spuys- The central charge
in this case is given by cwzw = 8 + 24b* = 8k/(k — 3).
The relation between the level k and the parameter b of the
undeformed TFT is the same as in the Drinfeld-Sokolov
Hamiltonian reduction [36-38]. To see this explicitly,
consider the WZW action

k _
Swawlgl =5 /S d*zTr(g~'dgg~' dg)

oo [ Exe TG 0,00710,6070,9) (72)

127 B
where k is the WZW level, ¢(z) is a group valued field on S,
g € SL(3,R), S is a two-dimensional surface that coincides
with the boundary of B, i.e. S = JB. {(x) is the extension
of g(z) in the three-dimensional ambient B. To parametrize
the group element, consider the Jordan-Chevalley
decomposition

g=e T7 =115~ (r3=3172)T5 eh T+, 79 e TT 7T (73 —37172)T5
9,

(73)

with 7% being the generators of s/(3) given by the upper
triangular matrices

010 000 001
Tf=1000]|, T;=[001|, T{=(000],
000 000 000
together with the lower triangular
000 000 000
IT7=1100|, T;={000], T5=1000|,
000 010 100
and the two Cartan elements
0 0 0 0 O
=10 -1 0|, T9=]|0 1 0 |;
0O 0 O 0 0 -1

it is convenient to define the basis 79 = (T9 + T9)/v/2,
T3 = (T9 — T9)/\/6. The holomorphic conserved currents
that generate the s/(3) affine algebra are

JH2) =Te(J()T).  J(z) =kdgg™"  (74)
withi=1,2,3forA=4 and i =1, 2 for A =0. The
antiholomorphic currents can be written in a similar
manner, with J(z) = —kg~'0g. The simple roots of s/(3)
are

(LV3)., e (L=V3),  (75)

1 1
e =—= =—
V2 V2

with fundamental weights

(a)i,ej') = 51/ and

(e1.e3) = (ey,e1) = —1;  the

from which one easily verifies
(e1,e1) = (e2,€2) =2,
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Weyl vector reads p = @, + @, = (v/2,0). Plugging this
representation in (74), defining the fields f3;,

b= —keﬁb(e"d’)aﬂ =723,
ﬂ2 = —keﬁh(‘fZ-(/’)aT/z’
P = —keﬁb(p’@(a% —72071) (77)

(similarly for f3;), and taking into account quantum cor-
rections that amount to renormalizing ¢ — v/2b¢, one
eventually verifies that the SL(3,R) WZW action (72)
takes the form’

1 . S
Swzw = ﬁ/ d22<(3¢7 op) + Z(ﬁia}’i + Bi07:)
i-1

b . P 5 =
+ @R = (B1 + P3r2) (51 +ﬁ3y2)e\/§b(61,(/))

- ﬁsze\/zb(ez'qb) + Ct> ) (78)

where c.t. stands for a contact term, more precisely, for a
term

1 _
c.t. = —2—/d2Zﬂ3ﬂ3€\/§b(p'¢). (79)
n

In Ref. [21], a different parametrization of the SL(3,R)
elements is considered. Such parametrization leads to a
more symmetric form of the action (78), introducing a shift
o also in the last term is what makes the two screening
operators look similar. The parametrization we considered
here has some advantage for the Coulomb gas computation.
The contact term in [21] takes, however, exactly the same
form as the one here, namely (79). The same interpretation
for such term as the one given in [21] holds here. Then, we
observe that, up to contact terms, action (78) actually agrees
with S{"1|,2:1§5:—Y2/f3} + Sﬁﬂs'

V. DISCUSSION

In this paper, we have constructed an infinite-
dimensional family of two-dimensional conformal field
theories that admit Lagrangian representation. These the-
ories consist of particular deformations of s/(n) Toda field
theories. Such deformations preserve conformal invariance
and deform the full W, symmetry. As recognition for
having being indulgent with the conformal symmetry, we
have been left with a remnant infinite-dimensional sym-

metry /Aln ® .,Zln which, in the particular case n = 3, can be

enhanced to full s/(3) @ sl(3) affine symmetry if other
deformation operators are allowed. We have explored

>Where we also shifted the zero modes of the fields ¢, and ¢,
in order to absorb an overall factor b2 in the interaction terms.
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here the simplest cases of deformation of TFT, which
basically consist in the most direct extension of the results
of [7] to the sI(n) case with n > 2. It would be interesting to
explore other types of deformations and their possible
physical applications. Some open questions regarding this
are the following: First, whether a systematic way of
deforming s/(n) TFT is possible such that one obtains a
full s/(n) @ sl(n) affine symmetry for n > 3. This would
extend the WZW-Liouville correspondence to higher rank
and for more general s/(2) embeddings. Second, it would
be interesting to have a full understanding of the relation
between the Hamiltonian reduction at quantum level and
the correspondence between correlators of theories with W,
symmetry and of theories with sl(n) affine symmetry.
Interesting results in this direction have been obtained
recently in [21]. A third question that remains open is the
aforementioned problem of proving whether or not the
deformed theory exhibits hidden W, symmetry. It appears
to us that there is no obvious, systematic way of showing
this. This could be seen as an obstruction, since the theory
seems not to have a symmetry algebra as large as needed
to be solved by bootstrap methods. This is precisely why
alternative techniques such as the path integral approach of
[9] are important, in particular when dealing with nonra-
tional CFTs.

Lastly, it would be interesting to see whether there exists
a concrete application of the deformed TFT to study gauge
theories via AGT and its generalization. It turns out that the
m-deformed theories do offer a potential application within
this context, which is the description of defects in the
N = 2 superconformal SU(n) quiver theories: According
to the Wyllard’s generalization of AGT conjecture, the
Nekrasov partition function of such SU(n) theories is in
correspondence with si(n) TFT correlation functions. In
the case n = 2, it is known how to generalize the corre-
spondence in order to describe not only the partition
function but also expectation values of a whole set of
surface and loop operators in the gauge theory side [39,40].
Such observables are also given by Liouville correlation
functions, but including degenerate fields, namely fields
that contain null Virasoro descendants. The vacua of
surface operators in the gauge theory are labeled by integer
numbers that are in correspondence with the level of the
null vectors in the two-dimensional CFT. Nonfundamental
surface operators of this type are believed to exist in generic
SU(n) N' = 2 gauge theories too, and the expectation value
of such operators would also admit a two-dimensional
CFT description in terms of TFT observables. TFT contains
degenerate and semidegenerate representations, and the
possibility of the correlators of the theory (20) for the
appropriate values of {m;,m,,...,m,_;} describing
expectation values of nonfundamental operators in SU(n)
gauge theories is certainly interesting. This idea has been
discussed in [18] for the case n = 2, where it was argued
that defects in the AN/ = 2* SU(2) gauge theory could be
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associated with a theory with affine symmetry. The affine
CFT description of surface operators in A/ = 2 theories
was suggested in [41]. Another possibly related result is
that of Ref. [42], where, based on previous results [43] for
the TFT correlation functions, it was argued how the
inclusion of a semidegenerate primary operator in the
TFT three-point function corresponds in the gauge theory
side to a particular Higgsing of the non-Lagrangian theory
on S*. It would be interesting to make these ideas precise
and study the potential applications of these deformed
theories within the context of the 2D/4D correspondence.
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