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Maxwell-Jiittner distribution for rigidly rotating flows in spherically
symmetric spacetimes using the tetrad formalism
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We consider rigidly rotating states in thermal equilibrium on static spherically symmetric spacetimes.
Using the Maxwell-Jiittner equilibrium distribution function, constructed as a solution of the relativistic
Boltzmann equation, the equilibrium particle flow four-vector, stress-energy tensor and the transport
coefficients in the Marle model are computed. Their properties are discussed in view of the topology of the
speed-of-light surface induced by the rotation for two classes of spacetimes: maximally symmetric
(Minkowski, de Sitter and anti-de Sitter) and nonrotating black hole (Schwarzschild and Reissner-
Nordstrom) spacetimes. To facilitate our analysis, we employ a nonholonomic comoving tetrad field,
obtained unambiguously by applying a Lorentz boost on a fixed background tetrad.
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I. INTRODUCTION

Because of their simplicity, rigidly rotating systems in
thermal equilibrium represent attractive toy models which
can be used to gain insight on the physical features of more
complex systems or geometries which exhibit rotation (e.g.
rotating Kerr black holes). Such systems can be interesting
also from a quantum field theory point of view, where the
definition of vacuum states or states at finite temperature is
still an open field (for some recent results, see Ref. [1] and
references therein).

On Minkowski spacetime, such systems were studied
using both kinetic theory and quantum field theory [2—-19]
and the quantum corrections can be obtained analytically
[14,15,17]. In this paper, we use the relativistic Boltzmann
equation to study the equilibrium states and the transport
coefficients of fluids undergoing rigid rotation on static
spherically symmetric background spacetimes, as well as to
discuss the topology of the speed of light surface (SOL)
which forms due to the rotation.

In order to obtain expressions for the transport coef-
ficients, the Marle model is employed for the Boltzmann
collision integral [20]. To facilitate our analysis, we employ
nonholonomic tetrad fields [21-23] with respect to which
the mass shell condition for the momentum four-vector
becomes independent of the background metric, while the
calculation of the transport coefficients becomes identical
with that on the Minkowski spacetime [6]. The tetrad of the
comoving frame is obtained by applying a pure Lorentz
boost (i.e. without rotation) on the tetrad of the background
metric [24]. The only degrees of freedom available in this
procedure correspond to choosing the gauge for the fixed
tetrad. Our formulation is sufficiently general to encompass
previously studied examples, such as the Minkowski [17]
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and Schwarzschild [25,26] spacetimes. We specialize our
results to the cases of maximally symmetric spacetimes
(Minkowski, de Sitter and anti-de Sitter spaces), as
well as for nonrotating black hole spacetimes (i.e. the
Schwarzschild and Reissner-Nordstrom spacetimes).

In Sec. II, we discuss the tetrad formalism, which we
apply to obtain the transport coefficients in the Marle
model. The construction of the comoving frame for rigidly
rotating flows on spherically symmetric spaces is presented
in Sec. III, while Sec. IV is dedicated to the discussion of
rigidly rotating thermal states on maximally symmetric
and Schwarzschild and Reissner-Nordstrom black hole
spacetimes by considering the properties of the Killing
horizons seen by rotating observers. Section V concludes
this paper.

II. THE RELATIVISTIC BOLTZMANN
EQUATION

We start this section by presenting in Sec. IIA a
technique for defining the comoving frame with no
unspecified degrees of freedom, which relies on a fixed
tetrad field corresponding to the (arbitrary) background
spacetime.

Section IIB reviews the Boltzmann equation written
with respect to tetrad fields in conservative form, as
described in Ref. [23]. Details regarding the transition
from the generally covariant Boltzmann equation to the
Boltzmann equation with respect to tetrad fields, as well as
from this latter form to the conservative form of the
Boltzmann equation, are presented in Appendices A
and B, respectively.

Section II C introduces the Maxwell-Jiittner distribution
for local thermodynamic equilibrium, as well as the
conditions that the chemical potential, temperature and
four-velocity must satisfy in order for the fluid to be in
global thermodynamic equilibrium.

© 2016 American Physical Society
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Section II D ends this section by introducing the trans-
port coefficients arising when the Marle model is used for
the collision integral, which are calculated starting from the
Boltzmann equation in conservative form in a manner
analogous to that employed on flat space [6]. The expres-
sions for the resulting coefficients, defined by using a
covariant generalization [27] of their flat spacetime defi-
nitions, are identical to those obtained in flat spacetime.

A. Comoving frame

For a fixed spacetime having the line element

ds* = g, dx"dx", (2.1)
an orthonormal frame {e;} can be chosen such that the
metric is locally flat:
gﬂpegelé = ’7&57 (22)
where 7#.; =diag(—1,1,1,1) is the metric of the
Minkowskian model of this spacetime. The tetrad frame
vectors e/ uniquely determine a set of covectors (one-
forms) {w®} through [24]:
(e, %) = wie? =59, (2.3)
There are 6 degrees of freedom in choosing the tetrad, due
to the invariance of Eq. (2.2) under Lorentz transforma-
tions. However, we consider that the tetrad {e;} is fixed in
some predefined gauge, such that it can serve as a reference
tetrad for the future development in this chapter.
A comoving frame is defined as an orthonormal frame
{es} with respect to which the fluid four-velocity is
u® = waof = (1,0,0,0), (2.4)
where {@®} are the covectors corresponding to the tetrad
vectors {e,}. Equation (2.4) implies
Ho_

e, = ut.

A (2.5)

Equation (2.5) reduces the number of degrees of freedom in
Eq. (2.2) to 3. We eliminate these degrees of freedom by
requiring that the comoving frame {e;} is obtained from
the local frame {e;} by applying a pure Lorentz boost L%,
such that

€5y — e;lLZ’&. (26)
The components LE‘() can be obtained by contracting
Eq. (2.5) with f:

Ly = u® = u' ol (2.7)
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The above equation fixes all 3 degrees of freedom of the
genuine Lorentz boost L%, which can be written as
follows:

u I/t]

L”& - 1 5 uiu]
u 7 + 5
u +1

(2.8)

It can be checked that L¢ F is indeed a pseudo-orthogonal
matrix:

”&I;La&Lb/} —_ ’7&/}’7 I’]&ﬂLa&Lb/} _ ;,I&b’ (29)

satisfying LT = L [28].

B. Conservative relativistic Boltzmann equation

The relativistic Boltzmann equation with respect to
arbitrary coordinate systems on arbitrary geometries can
be written as [6,27,29]

0 4 0
RO T

(2.10)

where f = f(x*, p') is the Boltzmann distribution function,
x* represent spacetime coordinates and p* = (p°, p') are
the components of the particle four-momentum vector. The
time component p° of the momentum 4-vector is fixed by
the mass-shell condition:

Gu " p* = —m?, (2.11)

where g, are the components of the spacetime metric. The
connection coefficients I' w appearing in Eq. (2.10) have
the following expression with respect to a coordinate frame:

I, =

gla(gtm,v + gﬂl/,ﬂ - g/w,a)’

where a comma denotes differentiation with respect to the

. a Of
coordinates, €.g. g5y, = 0,95, = é‘ip".

The Boltzmann equation (2.10) can be expressed with
respect to the tetrad components of the momentum vector
as follows:

of

a 8f 7 —
; 5 = U1

.’

(2.13)

For more details on the relation between Egs. (2.10)
and (2.13), we refer the reader to Appendix A. The
connection coefficients I" ?& B appearing in Eq. (2.13) can
be obtained using

ap =1 (Chap T Gopa=Capp)r  (214)
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where the Cartan coefficients can be calculated from the
commutators of the tetrad vectors [24]:

oy = (leas ep], ). (2.15)

In order to derive transport equations for macroscopic
quantities, we follow Ref. [23] and express Eq. (2.13) in
conservative form:

app

1 - 5 0 R
\/—__gé?ﬂ(\/—_gp“egf) - p’ oy (F’aﬁ pp]g f) = C[f].

(2.16)

For completeness, we provide the details of the derivation
of the transition from Eq. (2.13) to Eq. (2.16) in
Appendix B. The form (2.16) of the Boltzmann equation
is particularly convenient from a numerical point of view,
being directly amenable to finite-element or finite-volume
numerical methods. Furthermore, Eq. (2.16) can be used to
easily derive transport equations for the moments 7% @1

of f:

! (2.17)

3
Vi, Tt = / L2 cifipin...pn,
p

where

3
Tl z/déjfpf’l...p&"p&"ﬂ (2.18)
p

In particular, the conservation equation for the particle

four-flow N®=T% and stress-energy tensor 7%/ can be
obtained from Eq. (2.17) for n =0 and n = 1:

ViNi =0, V1P =o. (2.19)

The right-hand sides of the above equations vanish since 1
and p? are collision invariants [6], i.e.

/ ‘i—({)Cm -/ ‘if Clflpt = 0.

(2.20)

C. Thermodynamic equilibrium

At local equilibrium, the collision integral C[f] vanishes
and f is given by [6,30]

2 lexp(—pu—ppiug) — e, (2.21)

(27)
where Z represents the number of degrees of freedom, f =
1/T is the inverse local temperature, u; are the covariant
components of the macroscopic velocity 4-vector, and u is
the chemical potential. The constant ¢ takes the values —1,

f(eq) =
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0 and 1 for the Fermi-Dirac (F-D), Maxwell-Jiittner (M-J)
and Bose-Einstein (B-E) distributions, respectively. Since
the equilibrium distributions corresponding to the F-D or
B-E statistics can be inferred from the M-J distribution
[17,31], the focus in this paper will be on the latter
distribution, which we give explicitly below:

V4 N
f(eq) = exp (Pu + Ppiuy). (2.22)

(2r)

When the fluid is in global thermodynamic equilibrium,
f = fd everywhere in the spacetime. Substituting
Eq. (2.22) into the Boltzmann equation in conservative
form (2.16) shows that fu must be constant, while the
vector field k% = pu® must satisfy the Killing equa-
tion [6,32-35]:

where the semicolon denotes the covariant differentiation.
In Sec. III, Eq. (2.23) will be solved for the case of rigidly
rotating thermal distributions on general static spherically
symmetric spacetimes.

D. Transport coefficients

1. Out-of-equilibrium flows
In an out-of-equilibrium flow, the distribution function f
is generally different from f(¢9. In the Eckart decompo-
sition, the particle flow 4-vector N = T% and the stress-

energy tensor TP, corresponding to the cases n = 0 and
n=1 in Eq. (2.18), respectively, can be written as
[6,27,36]

N% = nu,

(2.24a)

TeP = Eutub + (P + @) A% + 2q@uP) 4 72F (2.24b)

where the energy density £ and hydrostatic pressure P
define the nonequilibrium inverse temperature f through
Eq. (C5). The energy density E, dynamic pressure @, heat

flux g% and pressure deviator 7%P can be computed from
T%P using the following expressions:

E = uau; T, (2.25a)
N

P+@ =3 8,T%, (2.25b)

q* = =A%, TP, (2.25c¢)

nth = 7@k, (2.25d)

085022-3



VICTOR E. AMBRUS and ION 1. COTAESCU

where the notation A@?) refers to

Alah) = [1 (2.26)

. a1
2(A?A/}ﬁ+AﬁA/j) 3A ﬁA?ﬁ}A

In the hydrodynamic limit, the following relations hold
[6,27]:

w = -nVu, (2.27a)

& = A% VT——VP 2.27b

a ( E+P 7 ) (2:27)

Tap = —2puV qu (2.27¢)

where T = ! and the bulk viscosity #, shear viscosity u

and thermal conductivity A are the transport coefficients
which make the subject of the present subsection.

2. Transport coefficients in the Marle model

The values of the transport coefficients depend on the
form of the collision operator C[f] in the Boltzmann
equation (2.16). In general, C[f] is a nonlinear integral
operator which drives f towards local thermodynamical
equilibrium [6,37]. The computation of the transport
coefficients requires the analysis of the hydrodynamic
regime of the Boltzmann equation, for the recovery of
which there are various procedures, including the
Chapman-Enskog procedure [20,38], the Grad moments
method [6] and the renormalization group method [39-41].
To illustrate the methodology for the computation of the
transport coefficients, we employ in this section the single
relaxation time models proposed by Marle [20] and
Anderson-Witting [42]:

Clfh === (f = 1), (2.284)

ugp”

C[ﬂA_w = (f feq ) (2-28b)

where 7 is the relaxation time. For the remainder of this
section, we only consider the Marle collision term, with

which the Boltzmann equation (2.16) in conservative form
reads

\/— ﬂ(rpae f)

__= (f — flea), (2.29)
T
In order for the Marle model (2.28a) to be consistent, the

collision invariants 1 and p* must be preserved. Replacing
Eq. (2.28a) in Eq. (2.20) gives

PHYSICAL REVIEW D 94, 085022 (2016)

3
VN =——/d )

A~ m ~ ~
ViT* = —— (N* = Nj).

— (1% = Tha)

(2.30a)
(2.30b)

The above equations can be used to determine the param-
eters ng, u"’E and Ty of the Maxwell-Jiittner distribution
f) | as well as of the corresponding “equilibrium” stress-
energy tensor TZ/}. Since N* = nu® and N% = nzu% by
virtue of Eq. (2.24a), the requirement that the right-hand
side of Eq. (2.30b) vanishes imposes

ng = n, ud = ug,. (2.31)
By contracting Eq. (2.24b), Eq. (2.30a) reduces to

It is important to note that S, defined by Eq. (2.32), does
not in general coincide with the inverse temperature f of the
system, which is defined by Eq. (C5) in terms of the energy

density E corresponding to the stress-energy tensor 7%/
computed from f.

The expressions for the transport coefficients in the
hydrodynamic limit (i.e. when f is not far from f (ea)) can
be obtained using the Chapman-Enskog method. Since the
explicit calculation is quite technical, we provide the
necessary details in Appendix C, while here we only
summarize the final results:

Pe(3 -
=D e " CE) E(3 “uE) (906, + 3¢, - 3,GR
Cl/ E

— 203G — 10{GE + 2(3Gy), (2.33a)
P

2=2E(1 4+ cp), (2.33b)
m

H = TPEGE, (2330)

where G = G({) is defined in Eq. (C6) in terms of the
relativistic coldness {; = mpf.

3. Relaxation time and effective transport coefficients

According to Ref. [6], the generalization of the relax-
ation time 7 to the relativistic case yields the following
expression [38]:

1

where o is the cross section and the mean velocity V can be
taken to represent either the average of the Moller velocity
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gp =/ (v=7.)2 = (vxv,)% or of the modulus of the
velocity v = ¢p/ po:
: [4CEKi (2 k) + 6¢£Ki3(2¢ k)
=" i i
G, (gg)P P oFm 2t R

+ (3 = 4¢2)Kis (28 ) — 6 £Kis(28k)
— 3Ki6(2{g)],

<g¢> =

(2.35a)

¢ o, 1+¢
(v £ |:€§E 2E

) = () —r(o,gE)], (2.35b)

E

where Ki,(z) is the repeated integral of Ky(z), defined as

[6,43,44]
oo p—zcosht
Ki, (z) = / R
0

(cosh 7)" (2:36)

while T'(v,z) denotes the incomplete Gamma function
[43,44]:

I(v,z) = / dte™'r7 L. (2.37)
Z
In order to have a quantitative estimate of how much (g,)

and (v) differ, Fig. 1 shows their dependency on the
relativistic coldness £, confirming the following limits:

4 16
(v) > 1 (v) - i (2.38Db)
v <l v SSHF /e ’

Mean velocity
LOp===r=mmrmem

0.8F--=mmmmemm""
0.6
041

021

0.01 0.1 1 10 100

FIG. 1. Comparison between the mean of the Moller velocity
(94) (2.35a) and of the modulus of the velocity (v) (2.35b) as
functions of the relativistic coldness . The limits (2.38) at small
and large ¢ are confirmed: (g,) goes to % at small § and is well

approximated by /16/z{ at large {; while (v) goes to 1 (the
speed of light) as { — 0, while at large ¢, it behaves like /8/x(.
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FIG. 2. Plots of (a) the effective bulk viscosity 7 = a’n/m;
(b) the thermal conductivity i= a®2; and (c) the shear viscosity
it = a*u/m. Bach plot shows two curves, corresponding to the
cases when the mean velocity in Eq. (2.34) is taken to be the
average of the Mdller velocity ( g¢) and the average of the particle
velocity (v), respectively. It can be seen that, in both cases, the
coefficient of shear viscosity has a maximum located at ) =
1.342 and {,) = 1.535, having the values 7((,,)) = 3.292 x

10~ and 7(¢,)) = 3.554 x 107*, respectively.

It is also interesting to note that the maximum value of
(gy) is attained at £y, = 1.034, where (g,) = 0.876.

Using Eq. (2.34) for the definition of 7, it is convenient to
introduce the following notation:

. on
n=—
m

N ZIUA, /’2:75
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where the “effective” transport coefficients 7, 2 and ji only
depend on {p (since Pp = nm/{g). Figure 2 shows a
comparison of Eq. (2.39) in terms of { when the mean
velocity is taken to be (g,) or (v). It can be seen that, while

2 and i decrease monotonically from infinite values at
{—0to 0 as {— oo, the “effective” bulk viscosity 7
presents a maximum value at { = ¢, While decreasing to
0as { - 0 or { - oo. The value of {,,, depends on the
definition of the mean velocity, having the value ¢, ) =
1.342 and ¢,y = 1.535, when the mean velocity is taken as
(9p) and (v), respectively. A direct comparison of the
curves for the transport coefficients corresponding to the
relaxation time constructed using (g,) and (v) reveals
that their qualitative behavior is the same. Thus, for the
remainder of this paper, we will only discuss the case when
(v) is employed.

To conclude this section, it is worth emphasizing that the
tetrad formalism has made possible the analogy between
the computation of the transport coefficients on curved
spaces with respect to arbitrary coordinate systems and on
Minkowski space in Cartesian coordinates, as discussed in
Appendix C. Moreover, the expressions (2.33) for the
coefficients of bulk viscosity, thermal conductivity and
shear viscosity are identical to those obtained for
Minkowski space [6], in agreement with Einstein’s equiv-
alence principle. This is not surprising, since the equa-
tions (2.27) defining the transport coefficients, as well as
Eq. (C12) describing the nonequilibrium part of the stress-
energy tensor, are written in a covariant form, reducing to
the Minkowski expressions presented in Ref. [6] in the flat-
space limit. The effect of curvature is however felt through
the covariant derivatives in Eqgs. (2.27), which define the
transport coefficients. It is worth writing down the expres-
sion for V}A,uf’ appearing in Eq. (2.27a):

Voul = ehdu + 17 pul =174, (2.40)
since, in the comoving frame, u” = (1,0,0,0).

Finally, we note that the expressions that we obtained
for the transport coefficients depend on the form of the
constitutive equations. In this section, we defined the
transport coefficients using Eqs. (2.27), which represent
the covariant form of the standard definitions on
Minkowski space [27]. While other definitions of the
transport coefficients are possible [25,26], in this paper
we only consider the covariant formalism presented in this
section.

III. ROTATING FLOWS IN
CENTRAL CHARTS

In this section, we consider an application of the
formalism presented in Sec. II to the case of flows under-
going rigid rotation on spherically symmetric spacetimes.
In Sec. IIT A, the expression of the inverse temperature /3
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and 4-velocity u* are found by solving the Killing
equation (2.23). Section III B defines the comoving frame
using the Lorentz boost (2.8) introduced in Sec. ITA.
Section III C ends this section with a discussion of the form
of the rigidly rotating equilibrium states on arbitrary static
spherically symmetric spacetimes.

A. Four-velocity

Let us consider a central chart (i.e. static and spherically
symmetric) whose metric in spherical coordinates (x*) =
(t,7,0,¢) may be written in the general form

d 2 2
ds® = w2 | —di® + u—’; n % (d6 + sin%0dg?)|,  (3.1)

where u, v and w depend only on the radial coordinate r.
The nonvanishing Christoffel symbols corresponding to the
above metric are given below (the prime denotes differ-
entiation with respect to r):

w w w u
' ) roo_
Ftr g, l—',t—u ;7 rrr V_;’
2.2 /1) /
ur-(w 1 w .
[y = 7 (W—’—; —;) 1“9,,,,,, = —sinfcosd
2.2 /o0 /
u w 1 w
Fr(/ﬂ/’ =~ 2 W—F;_;)’ F(pf)(p:COta’
! !
w1 v
o=l =y ey o

For the remainder of this paper, we will consider rigidly
rotating flows rotating with constant angular velocity Q
about the z axis. The only nonvanishing components of the
4-velocity of such flows are u' and u?, which can be found
once k* = (k',0,0,k%)T is known. Substituting (u,v) =
(t,r) in Eq. (2.23) gives

k, = Cw?(r), (3.3)
where C; is an integration constant. Furthermore, setting
(u,v) = (r, ) in Eq. (2.23) gives

k, = ©(0) (ﬂy

- (3.4)

The function ©(0) can be determined by setting
(1, v) = (0. 9):
0(0) = C,sin’0, (3.5)

where C, is an integration constant. Let us consider the
norm of k*:

2
K2 = g ki = —C2w? + C2 (@> . (36)
v

085022-6
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where p = rsin @ represents the distance to the z axis. Since

k* = —f2, it is convenient to set C; = —f; and C, = Sy,
such that
k= (1.0,0,Q)", (3.7a)
P2
p=p(r,0)=pPowy /1 - ) (3.7b)

The velocity field u* can be obtained by dividing k* (3.7a)
by S (3.7b):

4 T
#=——(1,0,0,Q)", 3.8
W= 1501.0.0.9) (33)
where the Lorentz factor y is defined as
1
e} (3.9)

-

B. Comoving frame

In this subsection, we follow the steps in Sec. I A in
order to define a comoving tetrad for the problem of rigidly
rotating flows described in the previous subsection. The
first step is to construct a tetrad with respect to which the
spacetime metric (3.1) is diagonal. Such a local frame is
that of the diagonal gauge, defined as

ey = —0,, @° = wdt,
e; = 18,, o = Kdr,
u
ey = 169, W’ = ﬂd&,
rw v
v _ o pw
e; =—20,, w? =—d 3.10
P = O -de (3.10)

With respect to the above tetrad, the flow four-velocity
(3.8) has the following components:

_ O\ T
u :y<1,o,o,%> ,

where we remind the reader that p = rsin @ is the distance
to the z axis, Q is the angular velocity of the rotation,
the Lorentz factor y is defined in Eq. (3.9) and v = v(r)
is defined in Eq. (3.1). Substituting u? in Eq. (2.8),
the following expression can be found for the Lorentz
boost L%,

(3.11)

PHYSICAL REVIEW D 94, 085022 (2016)

Q
y 0 0 77
v
. 0O 1 0 O
Lé, = (3.12)
0O 01 O
Q
P2y o v
v

w
erzzar’
w
v
=—20,,
€ rw 0
Y (P v

while the corresponding coframe one-forms are given by

LW
o =—dr,
u
s TW
o’ ==—do,
v

Wb = WTW (—Qdt + dg). (3.14)

The expression for L%, is useful in obtaining the above
coframe one-forms:

Q
v 0o o _rpe
v
. 0 1 0 0
L% = (3.15)
0 0 1 0
Q
L v
v

It is now easy to check that the spatial components of the
flow four-velocity (3.8) vanish with respect to the comov-
ing frame:

u* = (1,0,0,0)7. (3.16)

Before ending this section, it is worth giving the metric
(3.1) with respect to corotating coordinates, defined as

I = Iatic and P = Pstatic — Qtstatic:

2020 ar P
ds? = w2 |—y2dP +pv—2dtd(p+u—r2+%d£22 .

(3.17)

Thus, the corotating observer sees gy — O as the Killing
horizon (i.e. where k* = uf* becomes null) is approached:
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FIG. 3. The dependence of the energy density E (top) and
equation of state w = P/E (bottom) on the inverse temperature

p~!, for various values of the mass m. The expressions for E and
P can be found in Egs. (3.21a) and (3.21b), respectively.

2002 iz

2 4

—goo =w-| 1 - )=—=0.
(-55)

It can be seen that, on these Killing horizons, the temper-
ature ! tends to infinity, in agreement with Tolman’s law
[45,46]. In Sec. IV, we will discuss the structure of these
horizons for the particular cases of maximally symmetric

spacetimes and of the Schwarzschild and Reissner-
Nordstrom (charged) black holes.

(3.18)

C. Equilibrium states

According to the first of Egs. (2.23), the chemical
potential for a state in global thermodynamic equilibrium
is constant. Setting, without loss of generality, the chemical
potential to 0, the Maxwell-Jiittner (M-J) distribution
function (2.22) can be written with respect to the tetrad
field {e;} (when p,u* = —p") as follows:

z

a0
(2”)36 pp ,

f(eq) = f(eq) (Z;p) =

(3.19)

giving rise to the following macroscopic quantities:

: & A
Neg = / é)f(e(nl’a = (n,0,0,0)", (3.20a)
P
e & .
T — / CL fie) piph = diag(E. P.P.P).  (3.20b)
p
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The integrals in the above equations can be performed
analytically in terms of modified Bessel functions

[6,17,31]:
= 2 3k K 321
M-J — 2ﬂ2ﬂ2 [ Z(mﬁ) + mﬂ 1<mﬂ)]7 ( . a)
m2
Py_y = WKz(mﬁ)’ (3.21b)

while n = gP. While in this paper we only considered
particles obeying Maxwell-Jiittner statistics, the above
results can readily be extended to Bose-Einstein and
Fermi-Dirac statistics, as described in Refs. [17,31].

Since the modified Bessel functions in the expressions
of E and P in Eq. (3.21) decrease monotonically as their
argument increases, it can be seen that these quantities
also decrease monotonically with the increase of m or f.
The plots in Fig. 3 show the dependence of the energy
density E (3.21a) and equation of state w = P/E with
respect to the temperature #~! for various values of the
mass, confirming the monotonic behavior of these func-
tions as the temperature is increased.

IV. KILLING HORIZONS FOR RIGIDLY
ROTATING STATES

In this section, we consider the properties of rigidly
rotating states in global thermodynamic equilibrium.
According to Figs. 2 and 3, 4, ji, E and P (as well as
n = fP) are monotonic functions of S, such that their
properties can be inferred directly from the behavior of f.
Thus, in this section, only the properties of f and 7 [which
has the nontrivial dependence on f depicted in Fig. 2(a)]
will be presented.

The analysis of # will be focused on the structure of the
Killing horizons seen by corotating observers, as described
by Eq. (3.18). Furthermore, the regimes where 7 is
monotonic, or where it exhibits regions of local extrema
will be discussed. For simplicity, in this section, we only
consider the relaxation time (2.34) constructed using (v)
(2.35b), since the results obtained using (g,) are qualita-
tively similar.

According to Eq. (3.18), the temperature measured by
corotating observers diverges on the Killing horizons asso-
ciated with the Killing vector in Eq. (3.7a). In the case when
the metric functions w and v, defined in Eq. (3.1), are nonzero
and well defined everywhere in the spacetime, such surfaces
represent speed of light surfaces (i.e. where corotating
observers travel at the speed of light):

2
1_<p_Q> =0.
v

The second class refers to horizons which occur in spaces
where w and » can vanish for some choice of the spacetime

(4.1)
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coordinates. In the absence of rotation, they coincide with the
event horizons for the cases of black holes or with the
cosmological horizons in the case of the de Sitter expanding
universe.

In Sec. IVA, the maximally symmetric spacetimes (e.g.
the Minkowski, de Sitter and anti-de Sitter spacetimes) will
be discussed. Sections IV B and IV C will be dedicated to
the discussion of the properties of the Schwarzschild and
Reissner-Nordstrom spacetimes, respectively.

A. Maximally symmetric spaces

The maximally symmetric spaces which make the
subject of the present subsection represent vacuum sol-
utions of the Einstein equations in the presence of a
cosmological constant equal to

A = 3ea?, (4.2)
where ¢ = 0, 1 and —1 for the Minkowski, de Sitter and
anti-de Sitter spacetimes, respectively. The notation @
refers to the Hubble constant for de Sitter space and to
the inverse radius of curvature for anti-de Sitter space. For
completeness, we also give the corresponding Ricci scalar:

R = 12e0”. (4.3)
The line element can be written as [47]
2 2.2\ 12 dr? 2102
ds*> = —(1 —ew’r?)dt> + ———— +r'dQ>, (4.4)

1 —ewr

where the radial coordinate r has the range [0, o) on AdS
and r € [0,™") on dS. On dS spacetime, the surface r =
™! represents the cosmological horizon. Equation (4.4)
can be put in the form of the generic line element in

Eq. (3.1) by making the following identifications:

w=0v=1V1-ecw*r?,

Using Eq. (3.7b), the following expression can be obtained
for the inverse temperature f:

u=w?, (4.5)

B =boy/1 - (e + Q2sin0) 2, (4.6)
where f, represents the inverse temperature at the origin
r = 0. Setting Q = 0 in Eq. (4.6) shows that, in the absence
of rotations, the local temperature ~! remains constant
(Minkowski case), decreases to 0 as » — oo (AdS case) or
increases to infinity as the cosmological horizon r = ™! is
approached (dS case).

When Q # 0, the rotation induces an SOL where f (4.6)
vanishes, such that

1— e —2Q7 =0, (4.7)
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where the notation

- - . ~ Q

7= or, p = wrsin0, Q=— (4.8)
0]

was introduced for convenience. In the case of the

Minkowski spacetime (¢ = 0), the SOL is located where
pQ=1. (4.9)

Rearranging Eq. (4.7) to

PP =1-ci? (4.10)
shows that the repulsive nature of a positive cosmological
constant (¢ = 1), occurring in the case of the dS space,
induces a further centrifugal effect, pulling the SOL
inwards with increasing r. In the AdS case (¢ = —1), the
attractive nature of a negative cosmological constant A =
—3w’ can play the role of a centripetal force, thus
diminishing the effect of rotation.

The position 7go; of the SOL can be found from
Eq. (4.7):

- 1
rsoL = —Fmm———-
LV Q%sin20 + ¢

On dS, the SOL always forms inside the cosmological
horizon, being located at

(4.11)

. 1
rsor, = —F/—/—m3m—
vV Q%sin20 + 1

It can be seen that the SOL always touches the cosmo-
logical horizon on the rotation axis (i.e. sin@ = 0), where
7sor. = 1. This behavior is illustrated in Fig. 4(a).

The situation on AdS is quite different: as shown in
Ref. [48], compact manifolds do not exhibit superluminal
velocities unless the rotation parameter is sufficiently large.
In this case, no SOL forms if ©Q < 1 and the temperature

7! remains finite throughout the spacetime. For Q> 1, the
location of the SOL is given by

(de Sitter). (4.12)

1

;SOL e
V Q%sin%0 — 1

where @ is constrained such that sin@ > fz—l, as shown in
Fig. 4(b). Furthermore, Eq. (4.7) implies that for a fixed

value of Q, the value of # (and indeed of all quantities

(anti-de Sitter), (4.13)

derived from it, such as n, E, P, 7, i and ;1) is constant on
the cones having their apex at the origin, for which
sinf = Q7" (4.14)

In particular, setting Q = 1 implies that § is constant
throughout the equatorial plane.
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FIG. 4. The SOL structure of (a) dS and (b) AdS. The vertical
axis represents the coordinate Z = wrcos@ along the rotation
axis, while the horizontal axis represents the distance p=
wrsin@ from the rotation axis. In the dS case, the rightmost

line corresponding to Q = 0 represents the cosmological horizon,
located at 7 = z/2. On AdS, no SOL forms when Q < 1. The
Minkowski case, when p = Q_', is not shown here.

A more geometric assessment of the location of the SOL
is the proper radial distance § = ws from the origin to the
SOL, which can be written as follows:

i=0 / " dr /g
0
arcsin[(Q%sin0+1)"1/2]  (dS),
= Q7! (Minkowski),
arcsinh[(Q?sin20—1)"1/2] (AdS).

(4.15)
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0=n/2
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FIG. 5. The proper radial distance Sgop (4.15) between the
origin and the SOL in the equatorial plane (sin€ = 1) with
respect to Q = Q/w. The bottom, middle and top lines corre-
spond to the cases € = 1 (dS), e = 0 (Minkowski) and ¢ = —1
(AdS). In the case of Minkowski spacetime, we adopt the
convention 5§ =s=Q! and Q=Q (i.e. the parameter w is
immaterial in this case).

e=1, 0=0
M T
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1.0F-~

N,
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0.6
0.4

02f
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FIG. 6. Dependence of the effective coefficient of bulk vis-
cosity 77 (2.33a) divided by its maximum value 7,,,,, on 7 on (a) dS
and (b) AdS spacetimes in the absence of rotation (Q = 0). Each
curve corresponds to a different value of {y = mp, where f, =
S(r = 0) is the inverse temperature at the coordinate origin. The
local maxima exhibited by # (highlighted by circular points)
appear only when ¢ is large (dS) or small (adS), its locations
being given by Eqs. (4.16) and (4.17) for the dS and adS spaces,
respectively.
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FIG.7. Dependence of the effective coefficient of bulk viscosity 7 (2.33a) in the equatorial plane (0 = 7/2) divided by its maximum
value 77, on (2) dS, (b) Minkowski and (c), (d) AdS spacetimes. Each curve corresponds to a different value of Q, while the parameter
£y = 4 for (a)—(c) and £, = 1 for (d). It should be noted that when Q=1, 7 is constant in the equatorial plane of AdS space, cf. (4.14).

Figure 5 shows that, for fixed Q, the distance from the SOL
to the rotation axis in the equatorial plane is larger in the
AdS and smaller in the dS cases with respect to the same
distance in Minkowski space.

The plots in Fig. 6 show the dependence of # on 7 for
various values of the relativistic coldness ;=
mfy = mpP(r = 0) measured at the origin when Q=0
for the cases of (a) the dS and (b) the adS spaces. On dS
space, # decreases monotonically from the maximum value
Py at the origin towards O on the cosmological horizon
(where 7 =1). For all { <. = 153508, Fig. 2(a)
implies that 7 also decreases monotonically, since in this
regime, # shows no local extrema. However, for all
Co > Cmax» 1 increases up to the maximum value
=3.554 x 1074, attained when

1 _ <Cmax>
)
as can be seen in Fig. 6(a). On adS space, { increases
monotonically from ¢, at the origin to infinity as 7 — oo.
Figure 6(b) shows that 7 also decreases monotonically to 0

as 7 — oo for all {5 >, While in the case when
Lo < Cmax» N attains the maximum value #,,,, when

nmax

(4.16)

Fmax =

(4.17)

~ Cmax 2
=) ()
rde < CO )

At nonvanishing values of Q, 7 attains the maximum
value 7, at

1- (gmax/§0)2:| ]/2. (418)

Fmax = |: o2 I

For the dS space, Fig. 7(a) shows that increasing the value

of Q decreases the distance to the horizon, while the
location of the maximum also decreases according to

el (8

Figure 7(b) shows that, on Minkowski space, # is constant
throughout the spacetime in the absence of rotation, while

for nonvanishing values of Q, it attains a maximum for all
Lo > Cnax located at

maxJ Mink — = <§max>
Q o

;madeS (419)

(4.20)
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FIG. 8. The dependence of 5%/ ﬁ(z) on 7 = r/2M in the equatorial plane sind = 1 for (a)-(c) Q fixed at (a) O (Schwarzschild space),
(b) 0.5 and (c) 1.0 (extremal Reissner-Nordstrom space), for various values of Q=2MQ.1Tn (d), Qs fixed at 0.4 and the charge is varied
from Q = 0to Q = 1.0. The regions where 2 > 0 represent “allowed” regions (where the temperature is finite and well defined), while

the points where f = O represent horizons.

On AdS space, three regimes can be distinguished. When
Q> 1, an SOL forms and the characteristics of n are
similar to the case when dS space is considered. When
Q=1, n is constant throughout the equatorial plane, as
implied by Eq. (4.14). These two regimes can be clearly
seen in Fig. 7(c). Finally, when Q < 1, no SOL forms and 7
only attains a maximum when {5 < {.c, as shown in

Fig. 7(d). The coordinate of this maximum increases as £
increases.

B. Schwarzschild black hole spacetime

The line element of the Schwarzschild spacetime is
given by

2M dr?

2 2
ds _—<1——r >dt +1 W
=

+ r2dQ2?,

(4.21)

describing the gravitational field of a black hole of mass M.
Comparing Eq. (4.21) with Eq. (3.1) gives the following
expressions for the metric functions:

2M 2M
W=7 = 1——, M:l——,
r r

(4.22)

such that the inverse temperature # (3.7b) becomes

(4.23)

where f, is the inverse temperature at infinity on the
rotation axis (i.e. z =rcos@ — +oo and p = 0). In the
absence of rotation, the temperature $~! increases from £
at infinity to an infinite value as the black hole horizon is
approached (i.e. r — M). To better investigate the topology
of the horizon structure when Q > 0, it is convenient to cast
the equation ?> = 0 as

rF_- 1 P2Qr =0, (4.24)
B3 F
where the following notations were introduced:
r ~
F=—, Q =2MQ. 4.25
F=ou (4.25)

Figure 8(a) shows the dependence of 4% /3 (4.24) on F in
the equatorial plane sin @ = 1 at various values of Q (the rest
of the plots in this figure refer to the case of Reissner-
Nordstrom black holes, which are discussed in the following
subsection). In the regions where % > 0, the local temper-
ature ! is finite and the hydrodynamic moments (3.21) are
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FIG. 9. The SOL structure of the Reissner-Nordstrom spacetime for four values of Q = Q/M. The vertical axis represents the
coordinate 7 = z/2M along the rotation axis, while the horizontal axis represents the distance p = r sin /2M from the rotation axis. The
contours represent the surfaces where f§ = 0, i.e. either the black hole horizon (only the outer horizons are shown) or the rotation horizon
(i.e. where the SOL induced by the rotation forms). The case (a) shows the horizon structure for the Schwarzschild space (Q = 0), while

the case (d) represents an extremal Reissner-Nordstrom black hole (Q = M).

well defined. At small enough values of Q, the two
intersections of the graph of #?/f3 with the horizontal axis
correspond to the locations of the black hole horizon and of
the SOL. As Q increases, [/ remains negative for all values of
7, showing that the SOL and the black hole event horizon
join, forming an exclusion region which incorporates the
whole equatorial plane. It is interesting to note that the black
hole horizon moves outwards as € is increased, while the
SOL moves inwards, as expected.

The horizon structure of the Schwarzschild spacetime is
represented in Fig. 9(a) for various values of Q (as before,
the remaining plots refer to the case of charged black holes,

which are discussed in Sec. IV C). It can be seen that
increasing Q pushes the black hole horizon outwards, while
the SOL is pulled inwards. At large enough Q, these two
horizons merge, thus excluding the entire equatorial plane
from the region where * > 0.

In the absence of rotation, { = mf increases monoton-
ically from O on the event horizon up to { as r — 0. In this
case, the dependence of 7 on r is nonmonotonic only when
Co > Cmax» as shown in Fig. 10(a). The points of maxima
Tmax Occurring outside the event horizon are located at

;max = [1 - (gmax/§0>2]_17 (426)
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FIG. 10. Dependence of the ratio 77/, (2.33a) of the effective
coefficient of bulk viscosity divided by its maximum value,
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distance from the rotation axis for the Schwarzschild space-time
(Q = 0) in the following cases: (a) Q = 0 for various values of

£o; (b) o = 7 for various values of Q; (©) Q = 0.36 for various
values of {.

valid only for £y > {,.<- When the rotation is switched on,
the location of the points of maxima is given by the
following cubic equation:

(4.27)

Figures 10(b) and 10(c) suggest that # can develop two
points of maxima with a point of local minimum between
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FIG. 11. Same as Fig. 10 for the Reissner-Nordstrom

black hole. (a) (Q.¢) = (0.1.1); (b) gfz,go):(o,4);

(©) (Q,&) = (0.36, 10), for various values of Q = Q/M.

the event and rotation horizons. For the cases shown in
these plots, it can be seen that the regime where 7 presents a

local minimum can be obtained either by increasing Q at

fixed values of ¢, or by increasing ¢, at fixed values of Q.
The properties of 7 in the case of the charged black hole are
presented in Fig. 11, which is discussed in the following
section.

C. Reissner-Nordstrom metric

Let us now consider the case of a black hole with mass M
and charge Q, for which the metric functions in Eq. (4.22)
become
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[ 2M Q?
w=v=1/1- —|—Q2,

Hence, the inverse temperature f picks up a term which
depends on the charge Q, such that Eq. (4.24) becomes

2M Q?

u=1-==+%5. (428)

2 2
Fo, 1, 0

g F 4P

where the reduced charge is defined as Q = % If Q #0,
the event horizon is split into an inner and an outer

horizon, which are located at 7_ = (1 —+/1 —0?)/2
and r. = (1 + — 0?)/2, respectively. At Q = 0, the
inner horizon collapses to the black hole center, while the
outer horizon forms at 7 = 1. As Q is increased, the radius
of the inner horizon grows, while the outer horizon is pulled
in, up to the extremal case Q = 1, when the two horizons
touch at 7_ = 7, = 0.5. While Eq. (4.29) admits up to four
roots where % vanishes, some of these solutions may be
imaginary, negative or located inside the outer horizon, in
which case they will be discarded. In the following, only
the roots which correspond to the rotation and the outer
horizons will be discussed.

As expected, Figs. 8(b), 8(c) and especially 8(d) confirm
that Q acts contrary to M, since as Q is increased at fixed €2,
the outer horizon moves inwards. Furthermore, the SOL is

o (4.29)

pushed outwards as Q is increased. It is interesting to note
that, in the extremal Reissner-Nordstrom case, an equilib-
rium distribution of rotating particles sees an event horizon
near the black hole which dresses the singularity at 7 = 0.
Similar conclusions can be drawn by inspecting the horizon
structure presented in Fig. 9.

To assess the effect of Q on 7, the equivalent of
Eq. (4.26) when the charge is not zero can be investigated:

1t \/ 1= Q%1 ~ (Cman/ C0)’]
" (Cmax/z.:O) ]

As in the case of the Schwarzshild black hole, the above
equation also implies that no points of maxima exist unless
Lo > Cmax- When £y < .« and no maximum of # occurs,
Fig. 11(a) shows that # increases as Q is increased.
Furthermore, Fig. 11(b) shows that increasing O decreases
max When ¢y > {.«. In the rotating case, Eq. (4.27)
becomes quartic in 7:

(4.30)

(4.31)

Increasing Q for large enough (fixed) ¢, and at fixed Q
pulls the first maximum towards the rotation axis, while
pushing the second maximum towards the SOL, as can be
seen from Fig. 11(c).

PHYSICAL REVIEW D 94, 085022 (2016)
V. CONCLUSION

In this paper, we employed the tetrad formalism to study
the properties of equilibrium states of gases undergoing
rigid rotation on spherically symmetric spacetimes. By
employing the Boltzmann equation in conservative form
[23], we obtained covariant expressions for the transport
coefficients when the Marle model for the collision
operator is employed. Our results coincide with the
expressions on flat spacetime, in agreement with the
equivalence principle. In order to study rigidly rotating
thermal states, we employed a comoving tetrad field, which
we obtained by performing a Lorentz boost on a fixed tetrad
which diagonalizes the background spacetime metric.
Using the tetrad formalism, we obtained expressions for
the particle flow four-vector and stress-energy tensor
corresponding to such states. Furthermore, we discussed
the formation of speed of light surfaces and their topology
in the cases of maximally symmetric spacetimes
(Minkowski, anti-de Sitter, and de Sitter spaces) and
spherically symmetric black hole spacetimes (i.e. the
Schwarzschild and Reissner-Nordstrom spacetimes).

In constructing the transport coefficients, the Marle
model was employed, where the relaxation time was
chosen to be inversely proportional to the average of the
Moller velocity or the modulus of the velocity. Our analysis
showed no qualitative differences between the results
obtained using the two aforementioned definitions for
the mean velocity. We found that the particle number
density, energy density, equilibrium pressure, coefficient of
thermal conductivity and coefficient of shear viscosity
exhibit a monotonic dependence on the inverse temperature
f, such that their properties can be inferred from those of .
However, since the coefficient of bulk viscosity # attains a
maximum value at a finite value of , while decreasing to 0
as f# approaches either O or infinity, its properties were also
studied in detail. We note here that, according to Ref. [49],
the Chapman-Enskog analysis indicates that the transport
coefficients obtained when the collision term is approxi-
mated using the Anderson-Witting model exhibit features
which are qualitatively similar to those corresponding to
the Marle model. Indeed, the coefficients of thermal
conductivity and shear viscosity depend monotonically
on f, while the coefficient of bulk viscosity can be
approximately related to that obtained in the Marle model
by means of a suitable rescaling.

For the case of maximally symmetric spacetimes, we
showed that the speed-of-light surface forms closer to the
rotation axis on de Sitter space compared to Minkowski
space, while on anti-de Sitter space, it forms farther away.
Furthermore, no SOL forms on adS if the rotation param-
eter Q is smaller than the inverse radius of curvature @. Our
analysis also revealed that, on AdS, the inverse temperature
p and all quantities derived from it (i.e. the stress-energy
tensor and the transport coefficients) are constant on cones
defined by Qsinf = w. In particular, f is constant
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throughout the equatorial plane when Q = w. We found
that the coefficient of bulk viscosity can display a non-
monotonic behavior for certain values of the relativistic
coldness {, measured at the origin of the spacetime.

In the Schwarzschild case, the SOL plays the role of a
“rotational horizon,” complementing (and indeed enhanc-
ing) the event horizon of the black hole. As the rotation
parameter Q is increased, the distance between the rota-
tional horizon and the rotation axis decreases, while the
distance between the event horizon and the rotation axis
increases. When the rotation parameter is nonzero, the
coefficient of bulk viscosity # can exhibit two points of
maxima and one local minimum between the event horizon
and the speed-of-light surface.

Similar conclusions were obtained in the case of
Reissner-Nordstrom (charged) black holes. Furthermore,
it was shown that increasing the value of the black hole
charge at fixed rotation parameter has the inverse effect of
decreasing the radius of the event horizon, while pushing
the rotational horizon away. In the case of the extremal
Reissner-Nordstrom black hole, the tendency of rotation to
close the distance between the event and rotation horizons
induces an event horizon which dresses the singularity at
the origin. The points of maxima observed in the
Schwarzschild case are modified in the same spirit as
the Killing horizons, namely the maximum closer to the
event horizon is pulled towards the rotation axis, while the
maximum farther away is pushed towards the SOL.

We would like to highlight the fact that the results
presented in this paper represent a solid starting point for a
systematic comparison between kinetic theory results and
the properties of rigidly rotating thermal states obtained
using quantum field theory on curved spaces. We wish to
perform such comparisons for, e.g., rigidly rotating states
on the Minkowski spacetime, where analytic results are
available from the quantum-field theory approach [14,15],
as well as from the kinetic theory approach [17].
Furthermore, similar comparisons can be performed for
the case of the anti-de Sitter space, where analytic results
obtained using quantum field theory are already avail-
able [50]. Another possible extension is in the direction of
the Einstein static universe (not covered in the present
work), where quantum field theory results for nonrotating
thermal states of the Klein-Gordon field were obtained in
Ref. [51]. Finally, this work can be extended to the case of
rigidly rotating thermal states on axisymmetric space-
times, such as the Kerr black hole spacetime.
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APPENDIX A: BOLTZMANN EQUATION WITH
RESPECT TO NONHOLONOMIC
TETRAD FIELDS

In this section of the appendix, the transition from the
Boltzmann equation (2.10) with respect to arbitrary coor-
dinates {x*} to Eq. (2.13), where nonholonomic tetrad
fields are employed, is presented. Following Ref. [6], it is
possible to write the exterior derivative of f as follows:

— ﬁ H of i
df = <8x">p,-dx +6pi dp

N <ﬂ> A o dp',
pl

- Al
Ox# ap' (A1)

where on the first line, 0f /0x* is taken while considering
p' to be constant. On the second line, the components p’ =
p"a)fl with respect to the tetrad one-forms {w%} are kept
constant. In order to derive the Boltzmann equation when
the components of the momentum 4-vector are expressed
with respect to nonholonomic tetrad fields, the derivatives
on the first line of Eq. (A1) must be expressed with respect
to derivatives on the second line.
Using Eq. (2.11), the following expression can be
obtained for the exterior derivative of p°:
12
dp® =~ lg,w PP g - P g,

A2
2 Po Po (A2)

such that the exterior derivative of p’ can be written as

. Ow! 1 . pep?
dpt = v v __ 3 dx*
p < O p Zwoga/i.u o X
n ~ p] .
+ | @' — —')dpf.
< ! OPo

Substituting the above result in Eq. (Al) yields the
following identifications:

8_f = g _|_8f uwi_wi papﬁ'
oxt) . \ox*),;  Op' P xn ~ o9abs 2p0 )’

(A3)

0 5 s pi\ O
S w! — w)) piyor (A4)
op' po) Op’
The Boltzmann equation can now be written as
of of o}, . R
(i PP pp’p*
—wh| TV - — )| =C[f].
W < v Po Japp 2p0 [f]
(AS)
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The term involving the derivative of the metric Japu CAN be
written in terms of the Christoffel symbols (2.12):
p*p’pt . ppPpt

T, ofpy

— A6
2po Po (A6)

g apf.u

while the two terms inside the square bracket on the first
line of Eq. (AS5) can be related to the covariant derivative

of wl:

=P gt Db Pt

= —P”P”vywiu - Fo;wpﬂpl/wg)’ (A7)
which can be written in terms of the connection
coefficients (2.14):

Vﬂwz = wﬁvﬁwz = —Fjaﬁw,‘z‘w{f. (A8)
Inserting Eqs. (A6), (A7) and (A8) into Eq. (AS) gives the
final form for the Boltzmann equation:

pie, (ﬁ) of
“\ ox# P

) N ol |
PPy [f]
APPENDIX B: CONSERVATIVE FORM OF THE
BOLTZMANN EQUATION WRITTEN WITH
RESPECT TO NONHOLONOMIC
TETRAD FIELDS

(A9)

In this section of the appendix, we present a derivation of
the conservative form (2.16) of the Boltzmann equa-
tion (2.13), written with respect to nonholonomic tetrad
fields. Even though the relation between these equations
was already found in Ref. [23], we present this calculation
here for completeness.

The term involving the spatial derivatives of f in
Eq. (2.13) can be put in conservative form as follows:

ap O _ 1
Payu™ Nk
where the connection coefficient appears from taking the
covariant derivative of ¢%:

0,(v=gpesf) = TP ;p%f.  (BI)

1 R
\/—__ga,,(,/—ge&) Ve = wﬁfpaﬁel) =07 (B2)
The second term in Eq. (2.13) can be written as

5 Of 9 pep’
It . p? Y4 = 0 (1 5
pp ap' p 8pl< ap po f
aph
N S B3
ot (CF) 9
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The term on the second line in Eq. (B3) can be computed as
follows. For the case when the derivative acts on p®, the
following expression is obtained:

. Op® - D .
It =Tl "+ 17, (B4a)
ap (9]9[ 0p po Jp
- Da
= Fa()/} g (B4b)
p
R
=10, % (B4c)
p

where the term F7j ) in Eq. (B4a) vanishes due to the
antisymmetry of the connection coefficients in the first two
indices. Furthermore, the term ["g;p; =% ;p,, since
o, 0p = 0. Finally, Eq. (B4c) can be established by noting
thatlﬁoﬁpafl"aoﬁp = FOa/,p Faﬂp
Next, the term involving the derivative of pﬁ can be
expressed as

R 6p/}

Dai g7 = FlaOpo + T (B5a)
Pij i
= Tjao 5+ (BSb)
where the relation I;5p; =T}, pP 410 p0  was
used.

Finally, the term involving the derivative of po can be
computed as follows:

~ 8 ( 1 ) N Pi
.,—{|(—|=-1",,—— Bo6a
ap apz po ap (p0)3 ( )

(B6b)

Inserting Eqgs. (B4c), (B5b) and (B6b) into Eq. (B3)
yields:

R R app R
o 0.0 (F?&ﬁp g'f) + 10,0
(B7)

The final result is obtained by substituting Eqgs. (B1)
and (B7) into Eq. (A9):

9 /. p&p/?
- pt = (I == = .
P (e r) = i

(B8)

1 .
— 9 /—ap e
\/_—g Il( gp eaf)
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APPENDIX C: TRANSPORT COEFFICIENTS IN
THE MARLE MODEL OBTAINED VIA DE
CHAPMAN-ENSKOG EXPANSION

The simplified version of the Chapman-Enskog
procedure is performed in three steps, which are described
below.

1. First step

In the first step, f is considered to be close to f(¢9, in
which case it can be written as

f=r1901+ ), (C1)

where ¢ is regarded as a small number. Similarly, the
relaxation time 7 is also considered to be small, such that
the leading contribution on the left-hand side of Eq. (2.29)
is given by f(9):

. /
vV, pleiflea — pb 8A .. Qf(eq) = _ﬂf(eq)qb'
H a: p ap T

(€2)

Starting from Eq. (2.22), (9 can be written in terms of
the “equilibrium” particle number density nz, macroscopic
velocity u% and inverse temperature g as follows [6]:

nefe

- drm?K,(mp) (C3)

St exp (Bepatif)-

According to Egs. (2.31), ny = n and u% = u® where n
and u® are defined by N% (2.24a), which is obtained by
integrating f. In order to obtain the definition of S, it is
instructive to consider the expression of the equilibrium
SET, which can be obtained by substituting f(9 given by
Eq. (C3) into Eq. (2.18), with n = 1:
%P — Eputub + Ppa®, (C4)
where A®P = 115‘/} + utb is the projector corresponding to

the hypersurface orthogonal to u?, while the equilibrium
energy density Eg and pressure Py are given by

Ep =nmG(lg) = P, (C5a)
- C5b
P 5 (Csb)

In the above, {; = mpg is the relativistic coldness [6,27],
while G({g) is defined in terms of modified Bessel
functions of the third kind K,, [6]:

K;5(Ck)

A A

(Co)
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Thus, the inverse temperature 5 uniquely determines the
energy density Ey and hydrostatic pressure P through
Egs. (C5). Furthermore, substituting Egs. (C5) into
Eq. (2.32) allows fg to be written in terms of quantities
derived from f:

(€7)

2. Second step

In the second step, Eq. (2.20) is used to determine
the evolution equations of the equilibrium quantities n, u®
and Eg:

Dn = —nVu?, (C8a)
. 1 L
Du* = —7A‘”V};PE, (C8b)
Ep + Pg
DEE = _(EE —+ PE)V?M}A/, (CSC)
where

is the convective derivative [6,27]. Combining Egs. (C8a)
and (C8c), the convective derivative of the equilibrium
temperature Ty = ﬁgl can be obtained:

DTE = — VJ;M},,

(C10)

ECv:E

where ¢, = % (0Eg/0Tg) is the heat capacity, which has
the following expression:

where G = G({) is defined in Eq. (C6).

3. Third step
In the third step, the nonequilibrium part ST4P = Tab —
T‘E/} of the SET is calculated by integrating Eq. (C2) after a
multiplication by p%p?:

(C12)

The third order moment T‘Zﬁ 7 of f(¢® is known analytically
and has the following expression [6]:
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) K4(€E) u&uﬁu?

K>(Ck)

G oA A A
+Z:_EE‘ (uanﬂy + uﬁﬂ}'a + My’/laﬂ):| .

Performing the contractions in Egs. (2.25) on Eq. (C12)
gives

T%M =nm

(C13)

_%<E —Ep) =nD (%) - 2PEGE%, (Cl4a)
—%(P—i—E—PE) =nD <%> +§PEGEVJ;M?, (C14b)
—%q? = nm(l —I—%)Du?
o (Eg+P
SNA (%) (Cldc)
_l”&ﬁ — 2PEGEV<&ui’>. (C14d)

T

Replacing the convective derivative Dn from Eq. (Cl4a)
with the right-hand side of Eq. (C8a) shows that Eq. (2.32)
indeed holds, allowing @ to be cast in the form:

1
The difference P — Py can be expressed in terms of the
difference E — Ej by expanding E in powers of ! — gz,
and retaining only the first order term, as follows [6]:

Substituting Eq. (C16) in Eq. (C15) gives (to first order in
B = pBgH
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C'UE_3

o= (E—Ep). (C17)

A tedious but straightforward calculation, involving the
use of Egs. (C8a) and (C10) to eliminate the convective
derivatives in Eq. (C14a), yields the following expression
for the coefficient of bulk viscosity:

P:(3-c,
p="TEC ) 06, 1 3¢, - 36,63
v.E

—203GE — 100G}, + 2(3Gy). (C18)

To set Eq. (Cl4c) in the form in Eq. (2.27b), the
convective derivative Du’ can be replaced using
Eq. (C8b), while the following identities can be employed
in the second term:

Ep+ Pg

E

s 1
= AP |:GEV,BPE+Z (g + 1>vﬁTE .

(C19)

The coefficient of thermal conductivity can now be
obtained:

7TPE

A (1 +cpp)- (C20)

m
Finally, the coefficient of shear viscosity can be read by
comparing Eqgs. (2.25d) and (C14d):
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