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Following previous works on generalized Abelian Proca theory, also called vector Galileon, we
investigate the massive extension of an SU(2) gauge theory, i.e., the generalized SU(2) Proca model, which
could be dubbed non-Abelian vector Galileon. This particular symmetry group permits fruitful applications
in cosmology such as inflation driven by gauge fields. Our approach consists in building, in an exhaustive
way, all the Lagrangians containing up to six contracted Lorentz indices. For this purpose, and after
identifying by group theoretical considerations all the independent Lagrangians which can be written at
these orders, we consider the only linear combinations propagating 3 degrees of freedom and having
healthy dynamics for their longitudinal mode, i.e., whose pure Stiickelberg contribution turns into the
SU(2) multi-Galileon dynamics. Finally, and after having considered the curved space-time expansion of
these Lagrangians, we discuss the form of the theory at all subsequent orders.
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I. INTRODUCTION

In the search for well-motivated theories that describe the
primordial Universe, several attempts have been made to
obtain inflationary descriptions from particle physics (the
Standard Model, supersymmetry, grand unified theories,
etc.; see, e.g., Refs. [1-5]), or from quantum theories of
gravity such as supergravity, string theory, and loop
quantum gravity (see, e.g., Refs. [6—10]). This top-down
approach has been very fruitful, providing new ways to
understand the structure of the high energy theories
necessary to reproduce the observable properties of the
Universe, ranging from cosmic microwave background
radiation (CMB) to the large-scale structure (LSS).
However, little is known from the observational point of
view for many of these theories (those whose characteristic
energy scale is much higher than the electroweak one), the
CMB and LSS being, at present, the only situations in
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which they would have had observable consequences and
would thus leave testable signatures. Since the power of the
current and proposed accelerators is not going to increase
as much as would be needed to directly test these theories in
the foreseeable future, we need to devise another approach
to the fundamental theory that describes nature.

Such an approach already exists, and it boils down to the
question of whether there is any choice in formulating the
fundamental theory. This bottom-up approach consists in
finding an action completely free of pathologies, the first
of them being the Ostrogradski instability [11] (the
Hamiltonian could be unbounded from below), and satisfy-
ing a given set of assumptions, e.g., symmetry requirements.
One then needs to define the material content of the Universe
(scalar fields, vector fields, ...), although, in principle, the
construction itself and the stability requirements constrain
some content and allow others so that the material content is,
once the conditions are applied, somehow redefined. This
very ambitious program is just beginning to be imple-
mented, and interesting works have been carried out in
which the extra material content (on top of gravity) is
composed of one or many scalar fields. It was Horndeski

© 2016 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.94.084041
http://dx.doi.org/10.1103/PhysRevD.94.084041
http://dx.doi.org/10.1103/PhysRevD.94.084041
http://dx.doi.org/10.1103/PhysRevD.94.084041

ALLYS, PETER, and RODRIGUEZ

[12] who found, for the first time, the most general action for
a scalar field and gravity that produces second-order
equations of motion. In general, if the Lagrangian is non-
degenerate, having equations of motion of second order at
most is a necessary requirement to avoid the Ostrogradski
instability [13,14]. By pursuing this goal, an action is found
that, however, still requires a Hamiltonian analysis in order
to guarantee that the instability is not present.

Horndeski’s construction was rediscovered in the context
of what is nowadays called Galileons [15]. The Galileons
are the scalar fields whose action, in flat spacetime, leads to
equations of motion that involve only second-order deriv-
atives. The idea has been extended by finding the so-called
generalized Galileons, allowing for lower-order derivatives
in the equations of motion [16,17]. The background space-
time geometry where these generalized Galileons live can
be promoted to a curved one by replacing the ordinary
derivatives with covariant ones and adding some counter-
terms that involve nonminimal couplings to the curvature
[18,19]. The latter guarantees the equations of motion for
both geometry and matter are still second order, so the
Galileons, both generalized and covariantized, are found.
This procedure is equivalent to that proposed by Horndeski
for one scalar field [20], but it loses some interesting terms
when more than one scalar field is present [21]. The
Galileon approach for scalar fields has found multiple
applications in cosmology, ranging from inflation (see, e.g.,
Refs. [22-32]) to dark energy (see, e.g., Refs. [33-50]).

The original proposal was based on the requirement of
second-order equations of motion for all the additional
degrees of freedom to gravity, all of them therefore being
dynamical so that the system is nondegenerate. The
generalization to the so-called extended Horndeski theories
also includes nonphysical degrees of freedom and thus
considers degenerate theories [51-55]. Such a construction
is by now well understood, and some cosmological
applications have also been considered [55-63].

However, scalar fields are not the only possibilities as the
matter content of the Universe. Horndeski indeed wondered
some 40 years ago what the action would be for an Abelian
vector field in curved spacetime [64]. Working with
curvature is a way to bypass the no-go theorem presented
in Ref. [65], which states that the only possible action for an
Abelian vector field in flat spacetime that leads to second-
order equations of motion is the Maxwell-type one.
Relaxing the gauge invariance allows for a nontrivial action
in flat spacetime, in this way generalizing the Proca
action [66,67]. The construction of the resulting vector
Galileon action has been well investigated and discussed,
so there is already a consensus about the number and type
of terms in the action, even in the covariantized version
[68-70]. Moreover, the analogous extended Horndeski
theories have been built for a vector field [71,72], and
the corresponding cosmological applications have been
explored [67,73-78].
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Some cosmological applications of vector fields have
been investigated, and interesting scenarios, such as the fF?>
model [79] and the vector curvaton [80,81], have been
devised. There is, however, an obstacle when dealing with
vector fields in cosmology: they produce too much
anisotropy, both at the background and at the perturbation
levels, well above the observable limits, unless one imple-
ments some dilution mechanism or considers only the
temporal component of the vector field (which is, however,
usually nondynamical). In the fF? model, the potentially
huge anisotropy is addressed by coupling the vector field to a
scalar that dominates the energy density of the Universe and,
therefore, dilutes the anisotropy; in contrast, in the vector
curvaton scenario, the anisotropy is diluted by the very rapid
oscillations of the vector curvaton around the minimum of its
potential. Another dilution mechanism is to consider many
randomly oriented vector fields [82]; however, this requires
a large number of them, indeed hundreds, so it is difficult to
justify it from a particle physics point of view. There is,
nevertheless, another possibility, the so-called *“cosmic
triad” [82,83], a situation in which three vector fields
orthogonal to each other and of the same norm can give
rise to a rich phenomenology while making the background
and perturbations completely isotropic [84]. A couple of
very interesting models, gauge-flation [85,86] and chromo-
natural inflation [87], have implemented this idea by
embedding it in a non-Abelian framework and exploiting
the local isomorphism between the SO(3) and SU(2) groups
of transformations. At first sight, the cosmic triad configu-
ration looks very unnatural, but dynamical system studies
have shown that it represents an attractor configuration [88].
Unfortunately, although the background dynamics of these
two models is successful, their perturbative dynamics makes
them incompatible with the latest Planck observations
[89,90]. Despite this failure, such models have shown the
applicability that non-Abelian gauge fields can have in
cosmological scenarios.

Having in mind the above motivations, the purpose of
this paper is to build the first-order terms of the generalized
SU(2) Proca theory and to discuss the general form of the
complete theory. For the most part, we focus on those
Lagrangians containing up to six contracted Lorentz
indices, which we obtain exhaustively. To ensure that we
do not forget some terms, we first construct from group
theoretical considerations all possible Lagrangians at these
orders, before imposing the standard dynamical condition,
i.e., that only 3 degrees of freedom propagate. Then, after
identifying all the Lagrangians that imply the same dynam-
ics, e.g., those related by a conserved current, we verify that
the pure Stiickelberg part of the Lagrangians is healthy, i.e.,
that it implies the SU(2) multi-Galileon dynamics. To this
end, it is useful to derive all the equivalent formulations of
the SU(2) adjoint multi-Galileon model, which we provide
in Appendix A. Then, after computing the relevant curved
space-time extension of our Lagrangians, we conclude
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about the status of the complete formulation of the theory,
i.e., that containing the higher order terms we did not
consider in this work.

The layout of this paper is the following. In Sec. II, the
generalized non-Abelian Proca theory is introduced, and
some technical aspects needed for later sections are laid
out; the procedure to build the theory is also described. In
Sec. III, the building blocks of the Lagrangian are sys-
tematically obtained. Section IV deals with the right
number of propagating degrees of freedom and the con-
sistency of the obtained Lagrangian with the scalar
Galileon nature of its longitudinal part. The covariantiza-
tion of the theory is performed in Sec. V, and the final
model, together with a discussion and comparison with the
Abelian case, is presented in Sec. VI. Appendix A presents
the construction of the multi-Galileon scalar Lagrangian in
the three-dimensional representation of SU(2) and its
equivalent formulations. Throughout this paper, we have
employed the mostly plus signature, i.e., 17, = diag(—, +,
+,4), and set A =c = 1.

II. GENERALIZED NON-ABELIAN
PROCA THEORY

Our aim is to generalize the non-Abelian Proca theory,
described below, to include all possible second-order ghost-
free terms propagating only 3 degrees of freedom. After
discussing the general symmetry case, we concentrate on
the SU(2) symmetry, which is particularly interesting in a
cosmological perspective, as discussed in the Introduction,
and we roughly present the procedure, which will be
thoroughly explained below.

A. Non-Abelian Proca theory

Let us first present the nowadays standard non-Abelian
Proca theory. Also called a massive Yang-Mills model, this
theory had been extensively studied in the past, such as,
e.g., in Refs. [91-95], with a Hamiltonian formulation
detailed in Refs. [96,97]. Our starting point Lagrangian,
including the mass term, reads

1w 1
EZ_ZF’,; F;jy+§m2A’;A;;, (1)

with the non-Abelian Faraday tensor given by
FZ!/ = aﬂAZ - auAg + gfabcAzAch (2)

with g being the coupling constant and f“,,. the structure
constants of the symmetry group under consideration. This
can be considered as the limit of a valid particle physics
model based on a Higgs condensate whose corresponding
degree of freedom is assumed to be frozen, hence breaking
the relevant symmetry [73,74].

Let us emphasize a technical point at this stage: one
could work with the vector field assumed as an operator,
namely,
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Au(x) = AL(X)T, (3)

with T, representing the operators associated with corre-
sponding elements of the underlying group in a given
representation. We then have, by definition of the algebra,
the commutation relations

[Ta’ Th} = ifahCTC' (4)

Since this work concentrates on the vector fields them-
selves and not on their action on other fields, it is simpler to
restrict our attention to the fields themselves, i.e.,

Au(x) = {AL ()}, (5)

which are in the Lie algebra of the symmetry group under
consideration. These two ways of writing the field oper-
ators are, of course, strictly equivalent, but the latter
formalism, with group indices attached to the vectors
themselves, merely does not need the introduction of the
algebra operators themselves and is thus more appropriate
for our purpose.

Any action needs to be a scalar, and this includes not
only the Lorentz group but also any internal symmetry,
such as that stemming from the algebra in Eq. (4). If the
relevant symmetry is of the local type, and for an
infinitesimal transformation, the vectors transform through

1
OAf = = 0,0 () + S s (V) A, (6)

which leaves invariant only the kinetic term F§, F5", but of
course not even a mass term AZAZ, much less any extension
such as those we want to consider below. This is merely a
restatement of the well-known fact that mass breaks gauge
symmetry. We therefore restrict our attention to global
transformations of the kind

D04 =0 = 5A% = f9,.a"AS; (7)

i.e., we assume the vector field itself transforms as the
adjoint representation, with dimension equal to that of the
symmetry group itself. It is also profitable, and maybe more
enlightening, to look at the effect of a finite local trans-
formation of the group, still described by a set of param-
eters a?(x). Under this transformation, the vector field
transforms as

A, (x) = AL (x)T ;= Ula“ (x)] {—éﬁﬂ + Aﬂ(x)} U~ 'a%(x)],

(8)

where Ula“(x)] describes the action of the group element
labeled by a“(x). This allows us to emphasize that in the
case where the symmetry becomes global, i.e., where a“(x)
no longer depends on the space-time point, the vector field
transforms exactly as the adjoint representation of the
symmetry group. This is indeed the symmetry assumed
for the non-Abelian Proca (massive Yang-Mills) field. In
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the Abelian case, this transformation is trivial because the
action of the group commutes with the vector field, and the
transformation in Eq. (8) thus reduces to the identity in the
global symmetry case. In the non-Abelian case, however,
one needs to specify how the extra indices are to be
summed over in order to produce a singlet with respect to
this global symmetry transformation. To relate the set of
theories under considerations here with the more usual ones
in particle physics involving a local symmetry broken by
means of a Higgs field, one can envisage our transforma-
tion in Eq. (7) as the limit of that in Eq. (6).

With these motivating considerations, we now move on
to evaluating the most general theory with a massive vector
field transforming according to the adjoint representation of
a given global symmetry group.

B. Restricting attention to the SU(2) case

In view of the potentially relevant cosmological conse-
quences, from now on we restrict our attention to the case
for which the relevant symmetry group is SU(2), with
dimension equal to 3, and therefore consider a vector field
also of dimension 3. Since SU(2) is locally isomorphic to
SO(3), one can then simply use a vector representation with
group indices varying from 1 to 3 in A%; i.e., we restrict our
attention to the fundamental representation of SO(3).

The set of SU(2) structure constants is identical to the
three-dimensional Levi-Civita tensor €“,., whereas the
group metric g,,, given by g, = —fud’fre is simply
the flat metric 25,;,. The only primitive invariants are €,
and 9, [98-100], and one can therefore write all possible
contractions by merely contracting fields with contravariant
indices with all appropriate combinations of those two
primitive invariants written with covariant indices. Recall
also the further simplification induced by the fact that
contractions among structure constants (Levi-Civita sym-
bols in the case at hand) leaving one, two or three free
indices will, respectively, lead to a vanishing result, or
terms proportional to J,;, and €, [101]; it is therefore often
unnecessary to use multiple contractions.

As already alluded to earlier, choosing SU(2) is not
innocuous as we aim at cosmological applications, in view,
in particular, of implementing inflation driven by gauge
fields (see, e.g., Refs. [85-90,102—115]): since its adjoint
representation is three dimensional, SU(2) permits us to
generate configurations for which all three vectors are
nonvanishing while ensuring isotropy.

C. Generalization

What follows is very similar to the generalized Abelian
Proca case as discussed, e.g., in Refs. [66-70,116] (see also
Refs. [117-119] for the equivalent curved space-time
construction). In brief, we construct the most general action
generalizing that of Proca for a massive SU(2) vector
field, i.e.,
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1 s 1
Sproca = /‘CProcad4x = / <_ZFZDFI:I + Emix> d4X,
9)

where X = A,‘jAZ. To the above action (9), we add all
possible terms containing not only functions of X but also
derivative self-interactions. These terms will have to fulfill
some conditions for the corresponding theory to make sense.
We first split the vector into a scalar-pure vector decom-
position

A8 — 9,79 + AS, (10)

where 7 is a scalar multiplet in the 3 representation of

SU(2), i.e., the Stiickelberg field generalized to the non-

Abelian case, and f_\ﬁ is a divergence-free vector

(8,,1@”“ = (), containing the curl part of the field, i.e., that

for which the Abelian form of the Faraday tensor is non-

vanishing. The conditions one then must impose on the
theory in order for it to make (classical) sense are

(a) the equations of motion for all physical degrees of
freedom, i.e., for both Al‘j and 7, and hence Ay, and 7°,
must be at most second order, thus ensuring stability
[11,13,14],

(b) the action may contain at most second-order derivative
terms in z¢ and first-order derivatives for Az,

(c) each component of the SU(2) multiplet propagates
only 3 degrees of freedom, the zeroth component
being nondynamical.

In what follows, we apply these conditions and restrict our

attention to the theories involving terms with up to six

Lorentz indices contracted. From the cosmological perspec-

tive, such theories are expected to allow for a richer

phenomenology since this is what happens for the

Abelian Proca case [67,73-78].

D. Procedure

We now proceed along the lines of Ref. [68]; i.e., we
build, in Sec. III, a complete basis of linearly independent
test Lagrangians describing all possible Lagrangians con-
taining a given number of vector fields and their derivatives;
the detailed prescription is given in Sec. IIT A. Next we
demand only 3 degrees of freedom per multiplet component
of the vector field, which translates into a condition on the
Hessian [66,68], the latter being defined by

0 0
uvde __

" a(aoAyd) 8<60Aye) L’ (1 1)
for a given Lagrangian £. This functional over the fields is
symmetric under the index exchange (¢, d) <> (v, e).

In order for H*““¢ to have three vanishing eigenvalues,
one for each timelike component of the three vectors A4,
and since all the terms it is built of are a priori independent
(up to symmetries), a necessary condition is that we
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demand H%9 = 0; this requirement will be explicitly
checked in Sec. IVA for each test Lagrangian.

The above condition is, however, not sufficient, for it
does not exhaust all the constraints and thus does not count
the effectively propagating degrees of freedom. For in-
stance, some terms inducing no dynamics for the time
components of the vector fields may also yield no dynamics
for some other component, or even for the overall vector
field. The required analysis is tedious and must be followed
step by step [96,97].

As the final step of the above analysis, we consider the
scalar part associated with those linear combinations of test
Lagrangians verifying the Hessian condition. One must
check, which is done in Sec. IV D, that they are of two
kinds: either they have no dynamics at all, being vanishing
or given by a total derivative, or their dynamics is second
order in the equations of motion of the scalar field; i.e., they
belong to the class of generalized Galileons [100,120-124].
This will provide the most general terms that verify the
requirements we demand, formulated in terms of the non-
Abelian Faraday tensor; see Sec. IV E.

Before moving on, we mention that even though the
procedure discussed above and applied below is allegedly
tedious, it guarantees an exhaustive list of all possible terms
at each order, and, in particular, all those specific to the
non-Abelian case. Those terms might have been obtained
by some quicker method, but we prefer to be able to
produce all the theoretically acceptable terms rather than
constructing a few. In view of possible cosmological
applications, there is indeed no way to say which terms
will be relevant and which ones will not.

III. CONSTRUCTION OF THE TEST
LAGRANGIANS

As anticipated above, our method relies heavily on the
construction of a basis of test Lagrangians satisfying
the symmetry requirement, on which we later apply the
Hessian condition. This is the purpose of this section.

A. Description of the procedure

We now proceed to build the complete basis, in the sense
of linear algebra, of test Lagrangians, for a given number of
fields and their first derivatives. Since they are linearly
independent, we will then be able to write down the most
general theory at the given order as a linear combination of
these Lagrangians.

In order to construct Lagrangians, i.e., scalars, we need
to consider the Lorentz and group indices. The former
spacetime indices run from O to 3 and are denoted by small
Greek letters, while the latter group indices run from 1 to 3,
since we assume the adjoint three-dimensional SU(2)
representation, and are represented by small Latin letters
from the beginning of the alphabet. We first write down all
the Lorentz scalar quantities that may be formed with a
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given number of fields and first derivatives, and then
consider all the SU(2) index combinations leading to
SU(2) scalars of these Lorentz scalars.

For the sake of simplicity, beginning with the Lorentz
sector, we dismiss the group indices altogether, keeping
in mind, however, that their presence might spoil some
symmetry properties: contractions between symmetric and
anti-symmetric (with respect to Lorentz indices only) tensors
will not necessarily vanish when group indices are included,
as exemplified by the starred equations in the next section.
The Lorentz scalars, once formed, will then subsequently be
assigned SU(2) indices following simple alphabetical order,
leaving as many free SU(2) indices as there are fields in the
term, to then be contracted with a relevant pure SU(2) tensor.
For instance, a term like A¥A¥(0,A") will be indexed as
AFIAY (9,A*), demanding contraction with a structure
constant €,,. to form a Lorentz and SU(2) scalar. This
procedure can seem rather tedious, and it most definitely is,
but it ensures that we construct a complete basis.

For simplicity, we restrict our attention to those
Lagrangians containing up to six Lorentz indices con-
tracted as they should be to form a scalar.

B. Lorentz sector

An easy way to classify the Lorentz scalars that one can
form with a given number of 4-vectors consists in using the
local equivalence, at the Lie-algebraic level, between
SO(3,1) and SU(2) x SU(2) (see, e.g., Ref. [125]). One
obtains the following table [98,126]:

2 3 4 5 6 7 8
0 4 0 25 0 196

Number of vector fields A# 1

Number of Lorentz scalars 0 1

These scalars can be written in terms of the primitive
invariants, namely, g,, and €,,,,,. As shown in the table, an
odd number of vector fields is impossible, as is obvious
from the fact that one cannot form primitive Lorentz
invariants with an odd number of indices. For two fields,
the only contracting possibility is g,,, while for four free
Lorentz indices, the contractions with a term of the form

AFBYCPD? can be performed with any member of the list

g/wgpo'v
Gup9vo>
HpJvo (12)
GusYup>
6/41//)0'-
For the case with six free indices of the form

A*BYCPD°E°F¢, one finds the fifteen independent pos-
sibilities of combining three metrics, i.e., g,,9,,9s and the
nonequivalent permutations of indices, as well as fifteen
combinations of a metric and a Levi-Civita tensor, of which
only ten are independent, which we choose to be
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gl//) e;mée ’
Yvo €ﬂ/)5€ ’
9us eﬂpne ’
Gue eﬂpaé ’
gpa e;wés ’

13
gp(S 6/41/(76 ’ ( )
gpe e/,waé ’

o5 e;wpe ’

Yoe €/,wp5 )

g er‘ie/wpor .

Now, one needs to take into account that when only one
vector A¥ and its gradient are plugged into these expres-
sions, some terms are identical and can thus be simplified.
The following table sums up the number of independent
terms that can be built for a given product of vectors and
gradients. Numbers in parentheses indicate those terms that
would vanish if it were not for the group index; in our
listings of all available Lagrangians below, we indicate
these contractions with a star. Given the above discussion,
we are sure that all the possible terms have been found, and
they are all linearly independent.

HAPA
#OrAY) 0 1 2

1 1 (0) 3 (1) 6 (4)
2 4 (0) 13 3) 34 (23)
3 9 (2) 52 (22)

We now discuss each case separately.

For a single derivative and no additional field, one gets
the simplest combination, namely, (0 - A). With two addi-
tional fields, one gets

(9-A)(A-4),
[(0FAY)ALA,], (14)

[€pa(OAY)AP A7, (%)

and with four additional fields, one obtains

).
)-

—

9-A)A-A)A-A
J(A-A

(0rAY)ALAL (A -

e;wpa(a”AU)ApAg] (A : A)’ (*)
upa(PADVAAPATAL), () (13)
[€ups(OTAF)AYAPACA,], (%)

(8 . A) [GW/MA”A”A'”A”]. (*)

With two derivatives and no additional field, one then
finds
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(0-A)(0-A),

[(0"A¥)(9,A,)],

(0°4%)(0,4,) 1)
[€ps (0" A) (PA7)],
whereas with two additional fields, one finds'

(0-A)(0-A)(A-A),
[(0#A")(9,A.))(A - A),

[(0#A")(0,A,))(A - A),

[€ipe (D" AY) (P A)](A - A),
[(07A)A,A,)(D - A),
[
[
[

Cuvpo

(O"AYV)APAC)(0-A). (%)

A (0"A)(0"A,)], (18)
A, (0"A")(0,A)],

A, (0%A")(0,A)],

Ay
Ay

(A,

€

wpcAAY(PAT)(0°A,)]. (%)

[ A
[€upeAPAY (AT DAY, ()
[€po AP AT(AP) (A,
[€10po AP AT (A7) (D,A7)].

o

m

HUpo

6/4 vpo:

Finally, demanding three gradients of the vector field and
no vector field itself, one obtains

(0-A)(9-4)(9-A),
(044%)(8,A,)](9
(0"A")(0,A,)1(9
€upo (O'AY)(PA)](D - A),
(0"A,)(0°A,)(9°A,)], (19)
(0"A,)(0°A,)(9,A7)],

€ups (A7) (D" A,)(DPA)), - (%)
€upo( 0" AY)(0,A") (P A7)],

€up (0*A*) (0,A") (P A%)]. (%)

uvpo (

-A),
-A)

’

[
[
[
[
[
[
[
[

'As an example of the fact that not every reshuffling of indices
is independent, let us consider the term ¢,,,,,A*A*(0*A?)(0,A”),
which could, in principle, have appeared in the list in Eq. (18). It

is indeed not necessary because the property

Gup€uose = Jup€usse — Ypo€uvse + 9p5€uvoe — 9pe€uvos (17)
allows us to write it as a linear combination of the terms in

Eq. (18).
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C. Group sector

Let us now proceed with the similar procedure but now
in the group sector. Since we assumed that the vector fields
transform according to the representation of dimension 3 of
SU(2), one can safely use known results from representa-
tion theory of compact Lie groups. The table below
summarizes the different possibilities to obtain an SU(2)
singlet as a function of the number of fields belonging to
the 3 representation of SU(2) [98,126]:

Number vector fields in the 3 of SU2) 1 2 3 4 5 6 7
Number of SU(2) singlets 01136 15 36

We reproduce below the procedure explained in
Sec. IIT A, whereby one constructs the necessary products
of group metric coefficients J,, and structure constants
€. Getting as many independent terms as predicted by the
representation theory (table above) ensures completeness of
the basis. Similar to the Lorentz invariance discussed in the
previous section, these two tensors are the only primitive
invariants of the group [98-100].

To contract with two or three free SU(2) indices, the only
possible choices are, respectively, ,, and €. With four
fields, one can make use of the three combinations

5ah50d7
5acéhd ’ (20)
5ad6bc s

while five fields demand the following six possibilities,
namely,

5ab€cde ’
5ac€bde ’
5ad€bce ’ (2 1 )
5hc'€ade P

5hd€uce )

5cd€abe .

As in Sec. III B, one can devise other possible formu-
lations that apply, but they will always be expressible as
linear combinations of the above. For instance, relations
between the structure constants, such as

€ab €cde = SacObd — Oaddpe> (22)
imply that contracting a four-index term with two structure
constants is equivalent to a linear combination of the terms
given in Eq. (20).
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D. Final test Lagrangians

Gathering the results and applying the procedure of
Sec. Il A, we are now in a position to write down our test
Lagrangians, scalars under both Lorentz and SU(2) trans-
formations. Some of these terms simplify through con-
tractions, e.g., €,.(A% - A?)(9-A¢) =0, and we are left
with fewer terms than the naive multiplication of all singlet
possibilities of each sector would have otherwise sug-
gested. This is fortunate because the number of terms to be
considered a priori is quickly increasing with the number
of fields involved, as shown in the table below:

#APP
#orAva 0 2 4
1 0 3 36
2 4 42 510
3 9 312

After simplifications, we find two terms (instead of three
according to the table) containing a single derivative term
and two additional vector fields,

(- Canc (A" ALAL, o
L2 = CapelEyupa 9 A™)APA)
and eight with four such fields, namely,
L1 = €apc[(0"AV)AGADN(AC - Ay),
Ly = C[(c‘)"AC‘”)A"’A"](Ac “Ay),
L3 = €apc[(0"A™)AZALN(AC - Ay),
Lo = ol PADAT A A, 04
Ls = €apel€upo(HAY)APAP](AC - Ay),
L¢ = C[eW,(,(8/‘,4\d")A"1¢\“PA”"AC}
L7 = €apel€uupo (0" AW)ALAV AP AL,
Ly = €ape[€po (0 - Ag) AMA© AP A].

Note that one cannot build a single derivative term without
an additional field, as it would otherwise belong to the 3
representation of SU(2).

For two first-order vector field derivatives without addi-
tional fields, one gets

= (0-A)(9-A,),
= [(0"A2)(8,A70)),
[(0"A%)(0, A7),

= [Euupe(9"A) (7 A7),

(25)

whereas with two additional vector fields, one gets
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£y =(9-AD)(D-A,)(A - Ap).
Ly =(0-A)(0-A")(A, - Ayp).
Ly = [(0"A5)(0,A47)](A” - Ap),
= [(0"A%)(0,AD)|(A” - A,).
=[(3“AZ)(8 ADI(A” - A,),
= [(0rA%)(0,A)](A” - Ay).
£7 [eﬂy,,g(@”A””)(a”AZ)} (A"~ Ap).
Ly = [€upo(*A™) (0P AT)](A, - A7),
Ly = [(04AL)ALAL)(D - A,),
Ly = [(0"AL)ALAL) (0 Ay).
Ly = [(0"A%)ALAL (0 - A%),
L1z = [€uupo(O*A™)AZAT] (0 - A?),
L3 = [AfAL(0"AF)(0"Ag)].
L4 = [AGAL(0"AG) (0¥ Apa)].
L1s = A8A(0°4) (0,4 20
L6 = [AfAL(0"AG)(0.A)].
Ly = [AﬁA (aﬂAa)(aaAy)],
Lig = [e,psA™A™ (0P AZ)(07Apa)].
L19 = [eupeA™ AP (0P AZ)(0aAT)],
L2 = [eupeA™A™ (0°AG) (0,A7)).
La1 = [€upeA™AG(0"AL)(0°AD)).
Ly = [eﬂupaA“” Aa(ayA )(agAb)]’
L13 = [epsAuAG (¥ AP) (07 AG)],
L1y = [€uupeA™AG(0"A) (0,A7)].
Lrs = [eﬂl/pO'AaﬂAa(avAp)< a ba)]v
L6 = [epsAaAG (0¥ A”)(0,A)],
L7 = [AGAD(0"AT) (0 Aua)]:

Lag = [AfAD(0°A}) (0,AL))-
Finally, with three derivatives, one finds
L1 = eape|(0"A7)(AD) (0P AL,
Ez = €anc[(0"AL) (0¥ A})(9,A7)),
= €ape [ m//)o’(aﬂAua) (8UA2) (a/)Aco’)] ’ (27)
£4 = €abc [euypﬁ(aﬂAaa) (8(1Ahy)(8ﬂAw)]’
'CS = €abc [eﬂupa(aaAaﬂ)(aaAbU)(apAw)]’

completing our list of test Lagrangians.

IV. CONSTRUCTION OF THE HEALTHY TERMS

A. Hessian condition

Let us now apply the Hessian condition, as discussed in
Sec. IID. The first step is to calculate the Hessians

PHYSICAL REVIEW D 94, 084041 (2016)

associated with the various test Lagrangians, defined by
Eq. (11). One sees that only those terms containing at least
two first-order derivatives of the vector field yield a
nonvanishing value. In practice, one gets

'HIIWde = 20 g g

de
I
Hlébde = 2¢O g0 g
H/iyde _ O,

for the terms with two first-order derivatives and no
additional fields, and

H,uz/de _ 2g0ug()ygde (Ah . Ab)v

(28)

Hﬂ’/de 290;4901/ (Ad Ae)

H/;ude _ _2gypgde (Ah . Ab)’

B = g (AT A°),

HE = 2gM g gle (AP - A,),

He 2 (49 A°),

H,;u/de _ 0’

ngde _ 0,

Hﬂl/de _ AOdAueQOL/ + AOeAungy’
Hﬂ’/de AOeAMngv + AOdAWgO”,
H/wde — A0b A;g g% gl 4+ A% AY GO gle,

Hﬂ’/de — SOﬂPGApdAaeg()y + EOVpO.ApeAUng”,
H/wde — 24000 09w g de

H/wde _ AOdAOeg;w

(29)
H,uude _ AOhAZg”Ogde + AObA’,jg"Ogde,
Hﬂl’de AOdAyegﬂo + AOeAﬂngO’
H;wde AOeAydgﬂO + AOdAﬂegyo’
Hﬂude _ 0
Hlf;de — eﬂgOuApdAaegﬂO 4 epgo;tApeAndguO’
Hﬂyde - _2€po_[ll/ApdA0'e’
Hﬂyde _ 0’
H;wde =0,
Hﬂbde _ 0,
Hﬂyde — 0’
Hg;de _ 6/)0/,wApdA0e + €/}0v;4A/JeA0d’
H,uude _ € Oﬂl/AﬂeAOd + €/}0DﬂA/)dAOL”
H;wde _ AOdA()eg;w
H/wde _ _2AydA,M€’
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PHYSICAL REVIEW D 94, 084041 (2016)

for those with two first-order derivatives and two additional vector fields.

For the terms with three first-order derivatives, we have

d
Hie — 0,

pvde
H4 —

With these partial Hessians, we now construct a basis of
terms fulfilling the condition discussed above, i.e., such
that HO%4¢ = O for all values of y, d and e; see Sec. Il D. To
reach this goal, using notations already introduced in
Ref. [68], we produce a Lagrangian by means of a linear
combination of our test ones, namely,

Etest = in[’iv (31)

for a yet-unknown set of constant parameters x;. The
Hessian is then calculated for this Lagrangian, leading to
algebraic equations for the x; whose roots provide the
required actions. It turns out to be easier to separately
compute the cases ¢ =0 and u =1, as well as d=¢
and d # e.

Let us begin with the case d = e. Test Lagrangians with
two derivatives and no additional fields have only one
Hessian component not identically vanishing, namely,

HOOdd = 4(X1 + X + X3), (32)

while for two additional vector fields, there are four
independent Hessian conditions, given by

HOM = 4(x) + x5+ x5) (AP - Ap) +2(x3 + x4+ x6) (A7 - AY)

—2(Xg + X104 X14 + X16 + X137+ Xo7 + Xo8) (AVA)
—4(xy +x13 +x15) (AP AD), (33)

RO = —(xg + x10 + X16 + X17 + 2x05) (AMAY)
— 2(x11 + x15) (A% AL)
— (x12 + X194 2x29) (€, AP A%). (34)

On the other hand, the case d # e implies

HOE = 2(xy + x4 + x) (AT A°)
—2(xg + X194+ X14 + X6
+ x17 + Xo7 + xp8) (AMA%), (35)

Hlfbde — 3€dec(90yauACO _ gOuauAcO),
lell/de _ edec(gOya()Acu _ g()yaOACﬂ) + €dec(8;4Aczz _ al/AC[l)’

(30)

€dec (GOL/pO'gOﬂ 8/,14(0, _ €0ypngOuapAg_) + Zede . EPMOl'a/)A c0 ,

pvde __ d d Ov 50
HS™ = =2e% eP0,AG + de "V OPAS.

HOMe = —(x9 + x17 + 2x25) (A% A™)
= (%10 + x16) (A%AT)
= (=x12 + X190 + 2X20)(€inaApdAoe)- (36)
Making these four terms vanish can be done, without loss

of generality (since all linear combinations of the resulting
terms are all also acceptable):

X3 = —X; — X5,

Xg4 = =Xy — Xg,

xjp =0,

X13 = 0,

X14 = —Xp7 + X3,

X15 = — X115

X16 = —X10»

Xi7 = —Xg — 2xp3,

X19 = —2X50. (37)

With three derivatives, one finds that 044 }%0de (q £ ¢)
and H%““ identically vanish, whereas for d # e, we have

HOide = ¢ 4¢[(=3x) — xp)0'A% — (x4 + 2x5)e"P7 0, AS],

(38)
thus leading to the conditions
X, = —=3xy,
x4 = —2x5. (39)

B. Simplification of the Lagrangian

For one gradient and two vector fields, we can define the
current

JH = e, P ALAL AL, (40)
showing that £, is a total derivative, namely,

8" =3L,. (41)
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A similar technique applies for one derivative term and
four additional vector fields: in this case, one forms the
following two currents,

J/f = eﬂupaAmApbAﬁcAadAadeabc7

I = €, AP AP AP AT ASe ., (42)

117
yielding

@,J’l’ - 3([:3 - 2£5 + 2‘66)’

045 = —Ls. (43)

Finally, some terms involving two first-order derivatives
can be described by

Jm =GR AM90, A, (44)

Je = e°AL(0,A4,). (45)

where we have used the definition &', = &)!5,2 — 8,.6,°
stemming from Eq. (A2), leading to

0, J" = L) — L, (46)

0,J¢ =Ly, (47)

Terms containing two derivatives and two fields
are slightly more involved. We first make use of the
identity [127,70]

- - 1 -
At BUA = 5 (BIA.  (48)

valid for all antisymmetric tensors A and B. This provides
the relations

aa (b aby a
(G'u Gy +G* bGl/a )A;m

1 -
Ay =2 (GPGly) (A 4y) - (49)
and

- 1 ~
GﬂaanaaAzAz = Z (GaﬁaGaﬂa)(Ab ’ Ab)’ (50)

where G*** is the Abelian form of the Faraday tensor as
defined below in Eq. (59). From these, one then derives the
following two identities relating the Lagrangians in Eq. (26):

Los + Lo — Loy — Loz = Ly (51)
and
2(Lys = L)) = L4 (52)

It is also possible to find total derivatives to reduce the
number of independent terms. First, one can use the fact

that G is divergence-free, introducing the currents

PHYSICAL REVIEW D 94, 084041 (2016)
Jg1 = GirAL(AY - A,),
JGo =GP A, (A" AP), (53)
providing
8/4‘]/6.1 = Lq = 2Ly,
Gy = Ls = Lo — Lo3. (54)
One can subsequently use the antisymmetric forms written
from &,!02:
Jh = S ALALAY 0,,A"¢,
52 = SN AGATAMD,, AL,
Jhs = 5’5}5§AMAZ‘A‘,;28”2A§, (55)

resulting in
Ol = L1 = Ls +2L1g = 2L,
Oullsn = Ly = Lo+ Lo+ Ly = Ly5s = Ly7,
Ol = Lig+ Lo+ Lis = Loy — L7 = Ly (56)
Finally, we can write
JE | = €AV APPAZD A g, (57)
implying

8”.]5‘1 = £18 + £23 - £21. (58)

All the above conditions are linearly independent. They
allow us to write Lagrangians Ly, L9 — L6, L£11 — L5,
Lig, Lo1, Ly, Lo4, and Lys as functions of the other
Lagrangians. Note, however, that one can always add these
to other terms of the final basis for simplification purposes.

Lastly, the current J# = e”vpaa”A““@f’AgA“eabc permits
us to simplify one of the terms containing three first-order
derivatives by making use of 9,J¢ = L.

C. A new basis

One can now rewrite our basis of Lagrangians satisfying
the Hessian condition, taking into account the extra
relations stemming from the total derivatives and the
identity of Ref. [127]. We group our terms to produce a
new and more convenient basis, and for that purpose, we
use the Abelian form of the Faraday tensor, namely,

Gy, = 9,A] — 0,Ay, (59)

as well as its Hodge dual GZV = %GWMG/"’”, also defined in
the usual way. Using the Abelian form of the Faraday
tensor to describe a non-Abelian vector field theory may
seem a bit unusual, but it considerably simplifies our
forthcoming considerations since this term naturally
appears from the first-order derivatives of the vector field
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and cancels in the scalar sector. We later move on to a
formulation using the actual non-Abelian Faraday tensor, as
is given by Eq. (2). We also make use of the symmetric
counterpart of the Abelian Faraday tensor, namely,

S4, = 9,A + 9,A¢. (60)

For one first-order derivative of the vector field and two
additional vector fields, we obtain

Ly =2L; = e4pe[G"ALAS), (61)
and with four additional vector fields, we obtain

Ly =2L) = eapc[G"AGALI(A- Ay),
Ly=Lr+ L3= €[S ALAT (A - A,),

Ly = L3= Ly = eapc[ G ALAL (A A,),

Z"4 =Ly =€apc [G”DdAzAIZ] (A Ay),

Z5 =Ls=€4pc [G"”“AffAfj] (AC 'Ad)’

Lo= Lo~ L7= €ape[€ps G ALAP AP AG).

(62)

Terms with two first-order derivatives and no additional
fields can be written as

El - 2(,62 - £3) - GﬁyGZy, (63)

and with two additional fields, they are given by

Ly =Ly~ Ls=812ALA0(D, A (D, A%,

Ly =2(L3—Ls5) =Gl Gy, (A”- Ay),

Ly=L,— L= AN, (D, A1)(D,,A"P),

Ly=2(Ly—Le) =G G (A% AP),

Ls=2L,=G%Gi (AP A,),

Lo=2Lg=G,,,Gi (A% AP), (64)

Z7 = [’18 + £20 - 2"Cl9 = [eﬂupﬂAaﬂAbyGZang} s

Ly= Lo+ Ly = GhyAlA 5%,
Lo = Ly6— Ly = Gl,ALA G,
Z10 =Lyy—Ly= 5’5:5§A21A32 (0MAG) (0" Agp),

Z:ll =L+ Log—2Ly5 :Al‘jA’;GﬁbG’;",

As anticipated, we obtain 11 independent terms, which
correspond to 28 terms to begin with, with 8 constraints and
9 Hessian conditions.

PHYSICAL REVIEW D 94, 084041 (2016)

Finally, the three-gradient case yields

Z’l = 2(£1 - 3£2) = €abCGﬂyaGyprp”C,

. - (65)
Ez = 2£4 - £3 - £5 = GachﬂaaGal/bGﬂbc.

D. Scalar contribution

Let us now consider the scalar part of the previously
developed Lagrangian, as explained in Sec. II D, making
the substitution Aj; — 0,7 and writing only those terms
that do not identically vanish, using the results of
Appendix A, where the useful Galileon Lagrangians are
provided (Appendix A 2), as well as the linear combina-
tions leading to second-order equations (Appendix A 4).

With one derivative and four vector fields, the only
remaining term of the scalar sector out of the original
three is

Ly = eupeSPUALAL(AC - A), (66)

which does not yield second-order equations in the sca-
lar limit.

Lagrangians involving two derivatives of the vector
fields provide

L, = &12AL AL, AL)(D,, A7),
Ly = G2 ALA, (D, AM9)(D,,AY), (67)
210 = 5’5}5§A,‘51A,’iz (0MAG) (0" Ag),

leading to the corresponding scalar terms

Lyl = £,
Lal, = L3 (68)

p _ pGal2 Gal,2
Liol, = Lin”™ =Ly -

One can derive two linear combinations having second-
order equations, namely,

Lil+2Ls, = £33 + 2L (69)

|z

[see Eq. (A33)] and
~ ~ 1
Liole + Lale = Li* =5 QLI + £577)

+ 2 (L3 4+ 20887, (70)

N =

yielding second-order equations, as each of the three terms
on the right-hand side of Eq. (70) does so, as shown in
Appendix A [see Egs. (A21), (A31) and (A33)].
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E. Final flat spacetime model

Let us regroup the results of the above sections to
produce the final theory in flat spacetime with the
Minkowskian metric. We first gather most of the new
terms induced by the nonlinear contributions into an

arbitrary function f(Ay, Gy, GZ,,). Indeed, this is possible
because they not only appear in the systematic procedure
we have exposed, but they also satisfy all our conditions;
this is equivalent to the general proof discussed in Ref. [70],
where the typical term is built out of Levi-Civita tensors,
necessarily inducing terms proportional to €% in the
Hessian, and hence vanishing contributions.

Up to now, we have used the Abelian form of the
Faraday tensor to express the relevant Lagrangians,
although there can be situations in which working with
the non-Abelian counterpart in Eq. (2) can be more
|

L
L,
Ly = Gh,ALA 5,

the first two actually being equivalent in the pure scalar
sector since they lead to the same equations of motion, i.e.,
those stemming from the Galileon Lagrangian containing
four scalar fields in the 3 representation of SU(2). Note that
there is no term containing only one gradient.

With this general basis, which we expand upon in the
final discussion section, we can now turn to the covarian-
tization required to apply this category of theories to
cosmologically relevant situations.

V. COVARIANTIZATION

A. Procedure

Below we follow a procedure similar to that proposed
for the Galileon case [18,19,117], the generalized Proca
model [51,66,68,118], and the multi-Galileon situation
[120,123,124]. The principle is simple: one first transforms
all partial derivatives into covariant ones and then checks
that only those terms leading to at most second-order
equations of motion are kept.

The pure vector part now contains A and VA terms, which
translate into A, JA, g and Jg terms. None of these terms
could lead to any derivative of order higher than two in the
equations of motion. On the other hand, the Faraday tensor
terms do not yield metric derivatives since partial derivatives
can be replaced by covariant ones by virtue of the anti-
symmetry of these terms. We also leave these terms aside.

As for the scalar part, derivatives of order three or more
could appear for the curvature. To fix this potential
problem, we write the equations of motion in terms of
covariant derivatives and commute them in order to

PHYSICAL REVIEW D 94, 084041 (2016)

convenient, in particular, in view of the fact that this is
the relevant tensor that appears naturally when one extends
the theory to its gauged version. This is quite simple since
the arbitrary function f(A{, Gy, G,‘jb) can be equivalently
written as a new function f(Aﬁ Fiy. F ) using Eq. (2). Itis
worth noting that such a change of variable implies no other
terms than those already included in the original function.
Gathering the above considerations into a compact form,
we obtain a first generic term, reminiscent of the Abelian

case, namely,
Ly = f(AL Gl Gu) = f(AL F

ﬂD’FZD)‘ (71)

In addition to this term, all the remaining previously
derived terms involving contractions with up to six Lorentz
indices are

6#,,‘1',5‘22A£A§(8MAZ‘)(G”ZA”Z“) + 255‘”2AﬁA,1b(GMIA”I“)(amA"Zb),

12

s AGA (0, A1) (0,,A%") + 8L ALl AL, (0" AG) (02 Ag). (72)

1v2

|

generate the curvature tensor, which contains only second-
order derivatives of the metric: the problem is with the
derivatives of the curvature terms. As these particular
contributions stem from terms implying at least fourth-
order derivatives of the scalar field, it is easy to identify
them and to write down the required counterterms.

In practice, this does not show that the resulting equations
of motion of the metric do not involve higher-order deriv-
atives of the scalar field. We merely apply the results of
Ref. [118], where it was shown that if the equations of motion
for the scalar field are safe, then so are those for the metric.
This result translates directly to our case.

For many of the terms discussed below, it turns out to be
easier to write the Lagrangian as a function of the vector
field rather than of its scalar part, even though we are
ultimately interested in the latter. Indeed, the scalar Euler-
Lagrange equation

oL oL oL

0= a—ﬂ'd - vu a(vu”d) - vuvﬂ a(vﬂvu”d) (73)

can be written as

oL oL
0=V @m0 VYo, )
(o oL

- vl/ (aAud - Vﬂ 8(v,uAud)>

since the action is assumed to be local in A, and therefore
cannot contain terms involving nonderivative functions of
the scalar field 7.

(74)
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In the following sections, we write those terms contain-
ing only the curvature and its derivative, or only its
derivative, by the respective notation F|, or F|yg, wWhere
F is the term whose restriction is being considered. We
concentrate on terms which are nonvanishing in the scalar
sector only.

B. Terms in £62!

The Lagrangians we consider give, in the scalar sector,
(- £9 4 205,
’ : (75)
7 _ pGal3 Gal,2 Gal,2
Lol = Lin™ + Lin™ — L -

where we use the Galileon Lagrangians of Appendix A. In
the following, working in the vector sector, we substitute
d,m" — Aj. Equation (75) implies that only three inde-
pendent counterterms are needed, i.e., those associated with
L3372, L3 and (L57 — L£53). We now proceed to find
these counterterms.

First, we have

vy, [ 20
o a(vﬂAvd) R

— —2ALALR, VVARL — DAL ALARIVR . (T76)

Introducing
1
Gal,3 a
C51 = A ALAALR. ™)
we find that

{vb PES?.‘ST] }
8<Aud )

which finally implies the equation of motion (EOM)

= AﬁA/I{A”dV”(gﬂDR), (78)
VR

Gal, Gal 3
EOM, (L317 + L3 lvr

1
= —2A}ALARV" <RW -3 gWR> =0. (79)

vanishing by virtue of the properties of the Finstein tensor.
Similarly, for £33

41 » We have
v v 8[’4?211%’3
o a(vuAud) R

— —2ALAYR, VVARY DAL AYARPVR . (80)

Introducing

1
Liier = AL ALAALR, (81)
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which verifies

(= s}

we obtain

. = AjAYARPNY (g, R),  (82)
R

Gal,3 Gal,3
EOM”(£431] + £4.EIII.CT) |VR

1
_ oajAdarg (RW - gWR) —0. (83)

Finally, using the previous notation

L= ﬁ%ﬁ'z - ij}f, (84)
we have
Y } }
\YAY [7
{ ! a(vﬂAud) R
= —2A”dA‘bR”M,V,,A’b’ - 2A”dA’1bA$VUR”pM. (85)

We introduce the counterterm

1
EIO,CT = _EAWAUI?AZAZR/JW? (86)
giving
oL
vp ( IO,CT) _ —2AlmAjaAﬂdvyRﬂ/);w
a(A/Jd) VR
= 2AMA AV R )0, (87)
which, as expected, results in
EOMn’(le + Liocr)lyg = 0. (88)

Then, to obtain the covariantized form of the action, it is
sufficient to add the counterterms obtained in this part to
the action given previously in flat spacetime. The result is
summarized in Sec. VI.

C. Coupling with curvature

Once the derivatives have been covariantized, one must
also include possible direct coupling terms between the
vector field and the curvature tensors, which we do below in a
way entirely similar to that of Ref. [68]. First, we demand
contractions with tensors whose divergences vanish on all
indices (to ensure that integration by parts provides no higher
order contributions in the equations of motion) [117,118]:
this means the Einstein tensor as well as

L;w/m = 2R/w/)o' + 2(R;mg/w + R/wg/m - Rﬂ/)gl/()' - Ruo—gu/))
+ R(gupgyrr - g;mg/w)’ (89)

whose symmetries are those of the Riemann tensor, to which
it is dual in the sense that it can be written as
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1
Lapré — _ 2 eaﬁ”’jeﬁlmRﬂW)s- (90)

Even limiting ourselves to the same number of fields as
in the flat spacetime situation, many terms are a priori
possible. To begin with, all contractions involving a single
vector field are impossible. With two such fields, the
reasoning is exactly equivalent to the Abelian case, which
means the Lagrangians

L = G, A*AY, (91)
and
L5 = L,,,,G" Gl (92)

are acceptable.

Terms in which at least one of the Abelian-like Faraday
tensors is replaced by its Hodge dual can always be rewritten
as a contraction between the Riemann tensor and two
Abelian-like Faraday tensors, which cannot give second-order
equations of motion [118]. One could envisage a contraction
with a term like G*“GY°, but which is proportional to £5":
to show this, one needs to use the following identity,

€a/3y5 €POHY _ POt 6/3;/51/ + €ay5y eﬂp(m + ea/iﬁv ePYoH
— ehrverdon =, (93)

and the first Bianchi identity.

With three fields, one can obtain a new nonvanishing
term, in contrast to the Abelian case. This is mostly due to
the fact that it is possible to have an antisymmetry in the
exchange of two underived vector fields. We get

Egurv — L,uv/meachﬂmApbAac’ (94)
which is shown to be proportional to L ﬂ,,pgeach"/’“A”bA“,
by making use of the previous identity on the Levi-Civita
tensor.

Four fields provide, again in contrast to the Abelian
situation, the extra contribution

L™ = L, AP AP AGAS. (95)

It is worth noticing at this point that it is possible to go from
the expression of £5"" and L™ using G, (the Abelian form
of the Faraday tensor) to that using F, (the non-Abelian one),
|

L3 = Gh,ALA S,
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both of which are equal in an Abelian theory: it is sufficient
for this purpose to include the terms £5* and £5"™ only (they
are generated by the transformation from Gy, to Fy,).

VI. FINAL MODEL, DISCUSSION

Let us summarize the results obtained for the generalized
SU(2) Proca theory. First, we showed that any function of the
vector field, Faraday tensor, and its Hodge dual (either in
their Abelian or non-Abelian formulation) was possible, i.e.,

L, = f(AS, GS,.G4) = f(AS, FY,,

Fa,).  (96)

Such a general £, term involving only gauge-invariant
quantities for the derivatives is also present in the Abelian
case; we will not discuss it any further since it appears
similarly (and for the same reasons) in both the Abelian and
non-Abelian theories.

Before presenting the other terms contained in the non-
Abelian action, let us pursue the summary of what was found
for its Abelian counterpart, as worked out in Refs. [66,68—
70]; as usual, we denote £, ,, the Lagrangians containing
n > 1 first-order derivatives of the vector field. First, the
relation between the more general scalar and vector theories,
i.e., the Galileon and generalized Proca models, provide, in
this case, a deeper understanding through the use of the
Stiickelberg trick to go from one sector to another (i.e.,
switching between 0, w and A,)). In the scalar Galileon theory,
only one term exists in the Lagrangians £5 to Ls, each of
which generates a contribution to the vector sector by the
Stiickelberg trick, i.e., those with a prefactor f;(X) in the
conclusion of Ref. [70]. An additional freedom stems from
the fact that a given scalar Lagrangian can give different
vector Lagrangians when permuting the second-order deriv-
atives before introducing the vector field: although
0,0, = 0,0, this symmetry is absent in the pure vector
case since 9,A, # 0,A,,. This property led to one additional
contribution to the vector sector of each £, to Lg. These
contributions appear with the prefactor g;(X) in Ref. [70];
they vanish in the pure scalar sector.

Coming back to the non-Abelian situation, and in
addition to £,, we derived those relevant Lagrangians
implying up to six contracted Lorentz indices and being
nontrivial in flat spacetime. Contrary to the Abelian case,
we found no such Lagrangian for n = 1. For n = 2, there
are three possible terms; i.e., £, contains

Ly =82 ALAL(Y,, AL (V,,A%) + TALALALACR
+ 28012 ALA, (V, AV ) (V, A%P) + L ALA, AP ACR,

L5 =812ALA,, (V, AM9)(V, Ab) + LALA, AMPASR (97)
+ Sz AL AL (VH1AZ)(V2A,) — S A AV AGASR,, 0,

084041-14



GENERALIZED SU(2) PROCA THEORY

PHYSICAL REVIEW D 94, 084041 (2016)

the first two terms giving, once developed, the following forms:

Ly= (A, A")[(V-A)(V-A%) = (V,AL)(VFAD) + A, - A°R]

+2(A, - AV - A9)(V - AY) = (V, 4%)(VHAY) 4+ 1A% - APR],
3= (A, A)[(V - A)(V - AP) = (V,4%) (VHAD) + 1 A" - APR]

(98)

+ (A#aAyb)[(vuAg)(vuAub) - (VUAZ) (vﬂA(lh) - %AiAﬁbR;wprr]’

which are more easily compared with the equivalent results
for the Abelian case. Finally, we also found four extra
possibilities for the Lagrangians, implying a coupling with
the curvature

LS = G, AMAL,
LS = L, Fi Fé

— Huvpo gl
£(3:urv — LﬂypgeabCF/AvaApbAﬁc’
‘Cﬁclurv = L;wpaA”aA”bAZAZ’ (99)

thereby completing the full action at that order.

Let us first consider the actions whose equations of
motion involve only second-order derivatives for the scalar
(not first-order ones), which is equivalent to having only
two vector fields together with the relevant gradients in the
action. The multi-Galileon SU(2) model in the adjoint
representation has been considered in [100], where it was
shown that building a Lagrangian is only possible at the
order of £, (not to mention the order £, already discussed
above). The equivalent formulations of this Lagrangian
are detailed in Appendix A. Following the previous
considerations, no Lagrangian in the vector sector should
appear at the order of £5 since there is no such associated
Lagrangian for the multi-Galileon at that order; we
explicitly confirmed this expectation. In addition, two
Lagrangians should appear at the order of L4, one asso-
ciated with the multi-Galileon dynamics and one associated
with the commutation of second-order derivatives of the
scalar field. In fact, three Lagrangians have been found, two
of them giving the multi-Galileon dynamics in the scalar
sector. We then interpret these two previous terms as
contributions which are equivalent in the scalar case but
not in the vector case. The fact that there are two non-
vanishing Lagrangians in the scalar sector is also due to a
commutation of the second-order derivatives of the scalar
fields but in a current term, which implies that it is not
possible to describe this commutation with a Lagrangian
vanishing in the pure scalar sector. This additional term is
specific to the non-Abelian case: the term in
srAs Ab (V1AS)(V*2A,,) vanishes in the Abelian
case, while £} and £} both reduce to Li{belian =
ﬁ;;ﬁinA,l(VﬂlA”l)(VHZA”Z).

To go further, let us first consider terms implying more
derivatives, i.e., having n > 3. At the order of L5, and since

there is no possible dynamics for the SU(2) adjoint multi-
Galileon, we expect that no term having a nonvanishing
pure scalar contribution is possible. This suggests that the
only possible term is

[’5 = eahc(Aa : Ad)ézﬂéﬂb ﬂsgﬂ,

(100)

with the other SU(2) index contractions giving a vanishing
result. At the order of L, the only possibility seems to be
the independent possible contractions of SU(2) indices on
£avelian = (A - A)GP G S,,Sp,, since there is no possibil-
ity of having a term that does not vanish in the pure scalar
sector. However, one should verify that there is no other
term vanishing in the pure scalar sector, not included in £,,
and whose dynamics is not described by the previous ones.
This kind of terms would be specific to a non-Abelian
theory, as is the second term of L2, and they would vanish
for a vector field in a trivial group representation.

Concerning the Lagrangians with more than two vector
fields, together with the relevant gradients, one has to pay
attention to the fact that fully factorizing an f(Ay) as in the
Abelian case is not guaranteed to lead to a valid procedure,
although factorizing such an arbitrary function in front of
any valid contribution also leads to another valid contri-
bution. In addition, one could think that if there is no valid
Lagrangian with only a few nongradient vector fields at a
given derivative order, it is fairly probable that there is also
no such valid Lagrangian at all at this order. For instance,
we showed explicitly that terms at the order of £; are not
possible with up to four vector fields, and this questions the
possibility of having such a term even with a higher number
of vector fields. An interesting point is that if a Lagrangian
is allowed which does not vanish in the pure scalar sector, it
corresponds to a possible term in the multi-Galileon action,
which shows that both theories are closely related.

To conclude, this discussion showed that even if the full
action of the model has not been obtained yet, discussing
the low order terms permits us to identify and understand
the whole Lagrangian structure. The above discussion is
not specific to the SU(2) case and therefore can be extended
to other group representations. For a theory with a vector
field transforming under any representation of any group, a
systematic study of all possible terms in the action should
be performed in parallel with the corresponding multi-
Galileon theory.
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APPENDIX A: SU(2) GALILEON LAGRANGIAN
EQUIVALENT FORMULATIONS

1. Introduction

The purpose of this appendix is to write explicitly all the
Lagrangians describing the multi-Galileon dynamics in
the three-dimensional representation of SU(2), focusing
on the Lagrangians containing only four Galileon fields,
i.e., those which are useful in this article. A Lagrangian
describing this dynamics is given in Ref. [123], namely,

Lr = g 5’[‘52’:]717” 0,,0"x;,...0, @rx; ,  (Al)
with m running from 1 to 5, and with the notation
! it in01 D
(D —n)! J1-ednG1--0py
=gl = § =G S, (A2)

for n running from 1 to 4 (in a four-dimensional spacetime).
Other equivalent formulations are possible, which is the
purpose of this appendix.

This investigation is necessary for two reasons. First, the
formulation given in Eq. (A1) cannot be obtained from a
vector Lagrangian using the switch Aj — 0,7¢ since a
scalar field without derivatives is present. Second, if
different Lagrangians are equivalent in the scalar sector,
they could give Lagrangians that are not equivalent in the
vector sector. We thus expect that different Lagrangians
valid in the vector sector become different but equivalent
formulations of the multi-Galileon dynamics when con-
sidering the pure scalar part of the action.

For this purpose, we use the results of Ref. [16], which
describe equivalent formulations of the Galileon theory in
the Abelian case, introducing a Lagrangian similar to that in
Eq. (Al), together with the following Lagrangians:

LM = 5t 8, 701 70,0470, Pz, (A3)
Gal2 __ oHi---ppa v, A T

Ly = 5‘61['“” _2]8,4]715‘,1”8 1.0, 02w, (A4)

LoA3 — gt § 1Pnd, M w...0, P A5

m - [yl-“l’m—Z] Aﬂ ﬂ Hi ... Hm-2 ﬂ:’ ( )
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for m>2, the case m=1 giving L =n. These
Lagrangians all give second-order equations of motion.

2. Lagrangians

We first write all possible Lagrangians appearing when
we add the group indices to the previous Lagrangians,
restricting ourselves to the case m = 4. They are more
numerous than in the multi-Galileon case since we have an
additional freedom when choosing the group index
contractions.

The only possible Lagrangian associated with the for-
mulation of Ref. [123] is

LS =8 n,0,, 0" 70,,0"1,0,,0" 1. (A6)
The Lagrangians appearing in Ref. [16], given in

Egs. (A3)—(AS5), can be endowed with SU(2) indices in

several ways, namely, two possibilities for Lfal'l:

LY = 8180, 1,01 20,0 m,0,,0% 5" (A7)
and
£yt = 8o, 1,00 1,0,,071%0,,0" 1% (A8)
three possibilities for £5%:
L3 = 8120, 1,0,7°0" 0" m,0,,0" 7>, (A9)
Cfﬁ?}'z =820, 7,0,7,0'0" 20, 0" 1", (A10)
and
LEE = 8120, 1,0,m,0'0" 20, 0»x%  (All)
and finally two possibilities for £5*:
LY = 0,7,0'n°8,120,, 0" 1,0, 0 x° (A12)
and
LY = 0,7,0'm, 3120, 0 20, 0"ab.  (Al3)

Looking for the Lagrangians implying second-order
equations of motion, one can quickly verify that £FSZ,
L3 and Effﬁ’l have this property due to the symmetry
properties of 65’]',','_‘533. However, the other Lagrangians do not
give a priori second-order equations of motion.” We then
investigate, in the following, the relations among the
different Lagrangians.

The automatic cancellation between third-order derivatives
discussed in Ref. [16] is not valid anymore since this cancellation
can be spoiled by the group indices.
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3. Relations among the Lagrangians
a. Between PSZ and Gal,1

We first relate £F57 and the Lagrangians £5*"' by means
of conserved currents. Indeed,

Jh = S0 = gt g 29D, 07,0, 0% 1P
(A14)
gives
By il = 0 Joy O = LBy LG, (A15)
and
Joy = Jisr o = gt 00 1,0, 00149, 0
(A16)
gives
(A17)

T PSZ-Gal,u, __ pPSZ Gal,1
ol = 04 Jant =L+ Ly

It is also possible to make a direct correspondence
between L5 and L5 with the current

() _ gGalluy _ guy...p3 vy a Y vy b
Joion = ool = 601030, 1,00 700 1,0, 0% 7,

(A18)
yielding
Gal.l, : .
a/«lz‘] g,zl—ﬂl = 8;42J 4,?—;11” P = Lg’.?ll - E?fﬁ g (A19)
b. Between Gal,2 and Gal,3
Introducing
T = JE = 9,1, Pt M 1,0, 077, (A20)
we get
Gal.2-3, al, al,’
O i =0, Jo7 M = 2L + L. (A21)
In a similar way, from
Ty = Jon = 0,1, 00w, 810" 700,008, (A22)
we obtain
By Jh = 0, Jo M = L9 4 L3024 £, (A23)

PHYSICAL REVIEW D 94, 084041 (2016)

c. Between Gal,1, Gal,2 and Gal,3 through
Kronecker properties

We use the following identity given in Ref. [16]:

Sl = o + Z (=) S v
=2
| (A24)
which gives, for n = 3,
Sl = B8 — Suduiy + L. (A25)
It is then possible to obtain two additional relations among

the different Lagrangians. Indeed, applying this identity to
£33 and LT3, we get

LM = —2L3 + L (A26)
and
Gal,1 Gal,2 Gal.2 Gal,3
£4.?1 - _54,?1 - [:4.?11 + 54,11 . (A27)

4. Lagrangians with second-order equations of motion

Using the results of the previous subsections, we can
summarize the Lagrangians that give second-order equa-
tions of motion:

LPSZ, (A28)
LG = 2LE 4 L5 = Lo, ()
Gal,1 Gal,2 Gal.2 Gal.3
54,?1 = _54,?1 - 54,21111 + 54,?1 - _ﬁgsz - 8/4‘] G.H’
(A30)

1 1 1 1
L0 = L1 =S L4 = 70,01 + 50,75, (A31)

‘ 1 ocas 1
L2+ L =~ L +50.01. (A32)
and

, w1 oG ar 1
L4 +2L8 = S LG + LG 450,08 + 9,5
(A33)
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