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Orbital eccentricities in primordial black hole binaries
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It was recently suggested that the merger of ~30 M, primordial black holes (PBHs) may provide a
significant number of events in gravitational-wave observatories over the next decade, if they make up an
appreciable fraction of the dark matter. Here we show that measurement of the eccentricities of the
inspiralling binary black holes can be used to distinguish these binaries from those produced by more
traditional astrophysical mechanisms. These PBH binaries are formed on highly eccentric orbits and can
then merge on time scales that in some cases are years or less, retaining some eccentricity in the last seconds
before the merger. This is to be contrasted with massive-stellar-binary, globular-cluster, or other
astrophysical origins for binary black holes (BBHs) in which the orbits have very effectively circularized
by the time the BBH enters the observable LIGO window. Here we discuss the features of the gravitational-
wave signals that indicate this eccentricity and forecast the sensitivity of LIGO and the Einstein Telescope
to such effects. We show that if PBHs make up the dark matter, then roughly one event should have a
detectable eccentricity given LIGO’s expected sensitivity and observing time of six years. The Einstein

Telescope should see O(10) such events after ten years.
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I. INTRODUCTION

The LIGO collaboration recently detected gravitational
waves (GWs) from the coalescence of black holes (BHs)
[1,2]. Many viable models for the progenitors of coalescing
binary BHs have been proposed in the literature [3—13], all
consistent with the estimated rate (if all mergers involve
black holes of similar masses) of Refs. [14,15]. The fact
that the first detected GW signal originated from a pair of
BHs with masses ~30 M [16] suggests that such high-
mass merger events are common enough that a significant
sample of them will soon be obtained.

In Ref. [3], we suggested that if ~30 M primordial
black holes (PBH) make up the dark matter [17-19], then
the rate for the merger of such events is consistent with the
range inferred from the first LIGO events. PBHs in the
mass range 20-100 M remain viable DM candidates
[20,21]—lower masses are ruled out by null microlensing
searches [22-26] and pulsar-timing-array searches [27],
and higher masses by the dynamics of wide stellar binaries
[21,28,29]. Reference [30] inferred a strong constraint to
the PBH abundance in the ~30 M mass range from the
cosmic microwave background (CMB) spectrum and
anisotropies. Reference [31] discussed an interesting con-
straint, from a weakly bound stellar cluster, to dark matter
in this mass range. Given the caveats associated with both
results, however, neither constraint is strong enough to
robustly exclude the possibility of PBH dark matter. In
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particular, it is conceivable, given the large number of GW
events likely to be detected within the next decade, that
some may be PBH binaries, even if PBHs are only a
subdominant constituent of dark matter [3].

Several ideas have already been proposed to test the
possibility that ~30 M, PBHs make up all or part of the
dark matter. For example, merging PBHs are likely to
reside in lower-mass halos [3], so the cross-correlation of
future GW event-location maps with galaxy catalogues may
test the PBH-progenitor model [32,33]. The scenario may
also be tested by seeking fast-radio-burst echoes induced by
strong gravitational lensing by PBHs [34], or additional
work along the lines of the CMB, wide-binary, or stellar-
cluster probes discussed above.

In this paper we explore the possibility to distinguish
directly with gravitational-wave measurements whether
PBH mergers contribute some of the gravitational-wave
events that will be observed. In particular, we show here
that some PBH binaries through their evolution will have
eccentricities that are large enough to be detectable even in
the final stages of inspiral before the merger. This contrasts
with the expectation for most other progenitor models, in
which the orbits will have very effectively circularized by
the time they reach the observable gravitational-wave
window.

The velocity dispersion of dark matter PBHs in the
galactic halos in which they reside depends on the size of
the DM halo. For example, PBHs in Milky Way-sized
halos typically have relative velocities of O(10?) kms™!,
while in halos as small as 10° M, those velocities are
suppressed to O(0.1) kms~!. PBH binaries are formed
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when two PBHs pass so close that they emit enough energy
to GW radiation to form a bound pair. Higher relative
velocities result in tighter binaries with highly eccentric
(nearly parabolic) orbits. As the PBHs coalesce, the orbit
will gradually circularize. The characteristic merger time,
though, can vary significantly, leading to a wide range of
residual orbital eccentricities, as different merger events
enter the frequency band of a GW detector. The signature of
higher eccentricities is the observation of the higher
harmonics they produce in the gravitational-wave signal.
Here we focus, in particular, on the possibility of observing
these higher harmonics with advanced LIGO [35] and the
planned Einstein Telescope (ET) [36]. We find that the
former is likely to see O(1) and the latter O(10) such
eccentric mergers of ~30 M, BHs over the span of ten
years, providing an important test of the PBH scenario.
Before proceeding, we note that Refs. [37,38] have
argued for mechanisms by which PBHs would form
binaries in the early Universe. Reference [38] concluded
that PBHs would be compatible with the observed LIGO
GW150914 event-type rate while making up only a fraction
of the dark matter. The mergers of such primordial PBH
binaries would occur only after the primordial binaries have
had considerable opportunity to circularize. The large-
eccentricity signature of PBHs that we discuss here thus
applies only to the scenario envisaged in Ref. [3], in which
PBH binaries form late in the Universe via GW radiation.
This paper is organized as follows. In Sec. II we review
the two-body GW mechanism for binary capture, as well as
the equations for the evolution of the orbital properties
during the subsequent merger. In Sec. III we analyze the
case of PBH binaries and calculate their initial orbital
properties and their evolution, including the time from
formation until merger and their final eccentricities. We
discuss also the effects that a third body may have on the
existing PBH binaries. In Sec. IV we address the detect-
ability of the high-eccentricity PBH-merger events by
current and future GW observatories. We first estimate
the expected event rate for eccentric events and compare it
to other progenitor models for the formation of BBHs that,
in particular, occur at globular clusters (GCs) or in
environments near supermassive BHs. Furthermore we
consider the resulting gravitational-wave modes and their
observational consequences. We conclude in Sec. V.

II. PRELIMINARIES

In this section we provide the formulas that are used to
derive our results in Sec. III. Unless explicitly specified we
use geometric units with G = ¢ = 1.

A. Two-body binary capture

We consider the formation of a binary from two BHs
with masses m; and m, and a mass ratio defined as
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As the two BHs approach each other with a relative velocity
w, they emit gravitational waves whose power peaks at r,,,
the distance of closest approach, which is related to the
impact parameter b by [39]
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In order for the two BHs to create a binary after the close
encounter, enough energy has to be radiated via GWs. For
such systems, the final energy right after formation is given
by [40,41]
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Ef(ml, mz, w, b) =

where the second term is the energy released in GWs, and the
maximum impact parameter to form a bound binary is [39]
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Once formed, the binary’s initial semimajor axis is

2
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while its initial eccentricity is
E :b*w?
eo(my,my,w,b) =41 42 f3 , (6)
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and the initial Keplerian-orbit pericenter distance is given by
rp, = do(1 —ep), or in its dimensionless parametriza-
tion, p, = 1, /M.

It is useful in what follows to rewrite these expressions as
a function of b/b. (W),

1 bmax 7
Ey = _Emtotnwz [(T) - 1} ) (7)
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B. Merger time scale and orbital evolution

For a binary with initial eccentricity e, = 1 and semi-
major axis a, the time it takes it to merge is given by [42]
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Given that ¢( and a can be traced back to the initial relative
velocity and impact parameter of the BHs, Eq. (10) can be
recast as

4
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Thus in our analysis of PBH binaries, we simply need to
simulate the distributions of w and b for a given choice of
m; and m,. This is done in the next section.

In order to track the evolution of the orbital eccentricity,
we evolve the BH binaries until their final eccentricity e,
given an initial value e\, some initial pericenter distance r,,
and a final pericenter distance r), ;- The semimajor axis and

eccentricity decrease due to angular momentum and energy
loss through gravitational-wave radiation. The resulting
coupled ordinary differential equations can be rewritten as

de (1 o) 304 + 121¢2
r,—=ce e )
Pdr, 192 — 112e + 168¢2 + 47¢3

(12)

This equation can be integrated analytically and the
solution takes the form of an algebraic equation [42]
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We wish to find the eccentricity e, when the pericenter
reaches some final value r), . Equation (13) is implicitin e,

o, 7y, Flep)) 1912
el reg) )

However, it can be solved very efficiently through the

following iterative method: we set e}o) =0 and
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We iterate until reaching a 1% convergence. We have
checked that the solution obtained this way matches that
obtained from explicitly solving Eq. (12).

III. THE CASE OF DM PBH BINARIES

A. Assumed distributions of PBHs in DM halos

In deriving the distribution functions for PBHs in DM
halos, we have to make some assumptions regarding the
velocity distribution of the PBHs. Following [3], we take a
Maxwell-Boltzmann distribution,

P (v) _ Falv2(€—1;2/v2DM _ e‘”%ir/”ém), (17)

UPBH
with Fo = 4x [} v*(e™"/"w — ¢~"/"bv) and where the
velocity dispersion vpy; and the virial velocity v.;, depend
on the DM halo mass. For a 10'?> M,/ h object for instance,
we have vpy = 166 and vy, = 200 kms~!. The typical
relative velocity of PBHs in a 10°(10°,10'?) M,/h DM
halo is w = v/2v = 2(x10', x10%) kms~', and for m, =
m, =30 Mg, we get by, = 5.1 (0.26, 1.3 x 1072) au.

As for the impact parameter, we assume that b? is
uniformly distributed between 0 and b2, (30 M,
30 Mg, w).

Using these distributions, we simulate the formation of
10° binary PBHs of 30 M. Their rate of formation in a
DM halo of a given mass is described in Egs. (8) and (9) of
Ref. [3], where it was shown that the total rate of merging
PBH binaries overlaps with the range of 2-53 per Gpc® per
yr quoted by LIGO [15]. Recently, the rate of ~30 M
merging black holes was reevaluated to be between 0.5 and
11.5 mergers per Gpc® per yr [14]. In the remainder of the
paper we normalize the rate of PBH to this updated
observed LIGO rate.

B. Initial inspiral properties

The probability distribution functions (PDFs) for the
eccentricity at binary formation are shown in Fig. 1, where
we present our results for binaries residing in three different
sizes of DM halos, i.e. virial masses of 10°, 10° and 10'2
M /h. We find that in all cases the eccentricity of the BHs
is close to unity at formation regardless of the mass of the
host halo. In fact, a heuristic argument can be made for
where the peak of the PDF of the eccentricity distribution,
(1 — ey)Pe3, should be. The (1 — e()Pedk = 7o/ @ Which
from Egs. (2) (at zeroth order) and (5) is -b*w?E;/(mi,n).
Approximating b with b, [given by Eq. (4)], we get (1 —
eo)P™* = —(3407/3)%/7 wy5/"E;/myy. Since the ini-
tial energy of the system is E; = nm,w?/2, and defining
&= |Ef|/E;, this gives (1 — )P = 2.6&7%/7(w/c)'0/7.
Matching to the peaks in the simulations, shown in Fig. 1,
they fall at £ =1 for w = 2(x10', x10?) kms~'. As we
discuss below, binary BHs created dynamically in globular
clusters have flatter eccentricity distributions at formation.
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FIG. 1. The distribution PDF(e,) of eccentricities at formation,
for PBH binaries residing in DM halos of three different sizes,
based on 10° simulations. In all cases the PBH binaries have
highly eccentric orbits, with their respective distributions peaking
as expected (see the text for details).

The PDFs for the semimajor axis, the initial pericenter
distance and the time 7,, from formation until merger are
shown in Figs. 2—4, respectively. Here again, we can derive
simple scalings analytically. From Eqs. (8) and (11) we get,
for my, = 60 M,

ay ~ Mg vpay ~ 100 au (vpy/20 kms™H)72, (18)

rpo = (10(1 - 60) ~2 X 104 km (UDM/ZO kmS_l)_4/7,
(19)
7 ~10° s (vpy/20 kms™!) =3, (20)
PDF of semi-maijor axis at formation for PBH binaries
m1=m2=30-Mo
0.100
*S 0050
g
o
o
M,i:=10"%(Mo/h)
0.010 Lir=10%(Ma/h)
Myir=108(Mo/h)

0.005
0.01 0.10 1 10 100 1000 104

ao(au)

FIG. 2. The distribution PDF(ag) of the semimajor axis a at
formation. We consider PBH binaries residing in DM halos of
three different sizes. The formed binaries in larger halos have
smaller distance separation. Even for PBH binaries in 10° M
halos, a, only goes up to O(10*) au. In all cases we used 10°
simulated BH binaries.
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FIG. 3. The distribution of the pericenter distance r, at binary

formation PDF(r,, ). As in Figs. 1 and 2, we show binary PBHs
residing at three different DM halo sizes. Some of the formed
PBH binaries at Milky Way-sized and dwarf galaxy sized halos
have pericenter distances at formation very close to (and even in
some cases less than) the last stable orbit distance of 6 Ry, (black
dashed line), suggesting direct plunges. In all cases we used 10°
simulated BH binaries.

These quantities depend strongly on the DM halo the
binaries form in. Due to the difference in velocity dis-
persions between halos of different masses, the character-
istic time it takes a BH binary to merge can range from
minutes to hours for M;, = 10">M /h up to 100 kyrs for
M, = 10°M/h. In environments with high relative
velocities the capture rate is much smaller, as was shown
in Ref. [3], but when such captures occur they result in tight
binaries that merge much faster. For any choice of
parameters, the merger time scales for PBH binaries are
always small enough that the evolution of the DM halo
during the coalescence can be neglected. Therefore, the
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FIG. 4. The distribution PDF(z,,) of time between binary
formation and merger, considering host DM halos of three
different sizes. Binaries of PBHs in Milky Way-like halos tend
to merge within months (<107 s) of their formation, with a
significant portion merging within hours (<10* s). Even for PBH
binaries in 10° M, halos, there is a few percent chance that they
merge within hours of their formation.
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merger rate can be taken to equal the rate of PBH binary
formation. This is generally not the case for binaries formed
in other astrophysical environments where the initial
separations are typically larger and the merger time scales
can be as large as Gyrs [8,43-51]. This difference in merger
time scales is an essential characteristic in discriminating
between the PBH and other progenitors.

If the impact parameter is small enough, the pericenter at
first passage can be less than 6Rg,, the radius of the
innermost stable orbit (Rg, is the Schwarzschild radius of
the 30 M, PBHs). In this case the BHs practically collide
(plunge) at first encounter. Such events would also produce
strong GW signals. However, these would not follow the
same waveform evolution as typical coalescence events
currently searched for by LIGO. Based on Eq. (2) to lowest
order in w, we see that this corresponds to a minimum
impact parameter,

3
3407zn

1/7
bmin(w) = \/ﬁmtotw_l = \/ﬁ( ) W2/7bmax (W)

(21)

The fraction of binary formation events that are direct
plunges is therefore of order

3\ 4
Brin/ b )? ~ 12 ( —— /
( mm/ max) <3407[7]> vDM

~1%(vpp /20 kms™H)¥7. (22)

Numerically, we find that for PBHs of 30 M, residing in
10° (10, 10'?) Mo/h0.3% (1.3%, 4%) of the interactions
for which E; < 0 fall in that category.

Figures 1-4 do include those plunges. To search for such
events, a better understanding of the expected signals is
needed, most likely through numerical-relativity simula-
tions. In the remainder of the paper we exclude such plunge
events when referring to BH binary mergers.

C. Final eccentricities

Following the binary evolution until the last stable orbit
of 6Rg,, we derive their final eccentricity distribution in
Fig. 5. We show the distributions of eccentricities for three
different pericenter distances. These are at 22, 14 and 6
Rsen- We choose 22 Rg, as this is the distance at which we
estimate the binary to enter the LIGO band of observations:
a pair of 30 M, BHs will merge at an orbital frequency of
=35 Hz (=70 Hz for the quadrupole mode). LIGO at
final design will be able to detect down to orbital frequen-
cies of 5 Hz (or quadrupole frequencies of 10 Hz).
Thus LIGO with enough sensitivity can observe such a
system’s orbital period evolution out to a factor of 7.
Using Kepler’s third law of motion, this results in a
semimajor axis evolution by a factor of 7%/3 = 3.7. For
fixed eccentricity, the pericenter distance will evolve by the
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FIG. 5. The distribution of eccentricities at three different

pericenter distances for PBHs. The eccentricities e»,, €14 and
ey so refer to the orbital eccentricity when the pericenter distance
p is 22, 14 and 6 Rg,, respectively, near enough to enter the
LIGO and ET observed frequency bands. As before, we show
results for three different host-halo masses. PBH binaries in
Milky Way-sized halos, although they have a much lower
formation rate, retain higher eccentricities up to the latest stages
(due to the smaller impact parameter required for their forma-
tion). PBH binaries residing at 10° M /h have a ~0.1% chance
to remain in an eccentric orbit up to the late stages.

same factor, i.e. from 3.7x6 =22 Rgy, to 6 Rgy,.
Realistically, since the eccentricity will also be reduced,
the evolution in the pericenter distance is smaller. The
value of 14 Rg, is thus also presented as an intermedi-
ate case.
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Figure 5 in combination with Fig. 4 suggests that
binaries in heavier DM halos retain their high values of
eccentricities due to their quick merger time 7,,. The
connection between 7,, and final eccentricity e;go (€14,
e57) can be seen even more clearly in Fig. 6, where we plot
contours with the recurrence of these PBH binary proper-
ties. We use 30 M, residing in 10'> M /h DM halos. We
have checked that allowing the PBH mass to vary anywhere
in the range 2040 M does not affect either the time scale
or the eccentricity results beyond the 10% level.
Observationally, LIGO and future detectors will probe a
combination of all the narrow bands of Fig. 6, since it will
be difficult to define an eccentricity at a specific pericenter
distance, given the fast evolution of the binary’s orbital
properties at the late inspiral stages.

Finally, we comment on the impact of a third PBH on the
existing binaries and their properties. A third BH traveling
with a relative velocity w' will affect significantly the
binary if it comes within a distance similar to its semimajor
axis a < a. The time scale for that is 73,4 ~ (zaw'ngy) ",
with npy being their local halo density. We compare that
time scale to the binary merger time scale z,,. The ratio of
T/ Tara ~ maiw' ngyt,,. Using Eq. (11) and the results in
Sec. 1B, we get 7,,/73q ~ mygw Cngy. Since w' ~
(Mhato/ Ruato) '/ and ngy ~ Mo/ Viato (Mhato> Riato and

: i\ Occurrence for PBH binaries at My;=10"?(Ma/h)
10} | -
N my=m,=30-Mo

Log1oTm (sec)

€obs

FIG. 6. The distribution of time 7,, between binary formation
and merger versus the e,,, ¢4 and ¢ 5o eccentricities, for binaries
of PBHs residing in 10'> M /h. Color brightness indicates
the occurrence of binaries. We show regions including 33%,
68%, 95% and 99.5% of the 10° simulated BH binaries. Binaries
with merging times of more than 10 yrs do not retain eccen-
tricities larger than 0.05 by the time they enter the LIGO
band.
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Vialo are the mass, scale radius and volume of the DM
halo), we get that 7,, /75,4 ~ N~ where N is the number of
PBHs in the DM halo. We assume that even for the smallest
halos N > 13. Thus third-body interactions are negligible.
Another possible effect includes the likely rare occasion at
which a third BH of mass m5 orbits the tight binary, causing
eccentricity oscillations with a time scale 7., of [52,53]

my+my (ay\3
e =PI () 1 gpe oy

P is the orbital period of the tighter binary, a; the semi-
major axis of the tight binary and a, and e, the equivalent
orbital quantities for the binary-third BH system. Here
m; = m, = m3. Considering first 10%(10%) M,/h DM
halos, we take for a; the characteristic initial values a
of 3 x 10%(x10%) au, since the slowest evolution of any
binary’s orbital properties occurs at the beginning of its
existence. For a, we take the equivalent typical separation
distance between BHs in the halos of 2(0.5) x 10° au.
Assuming also that e, < 1, we get based on Eq. (23) that
Tose/ P = 1.5 x 108(70) for binaries in 10° (10°) My /h
DM halos. These numbers refer to the 7., /P ratio at the
beginning of the tight binary’s existence. As the binary
evolves its semimajor axis a; get reduced, while the typical
separation distance between BHs remains the same; thus
the impact of the eccentricity oscillations becomes less
relevant during the evolution of the binary. In more massive
halos the 7,/ P ratios are even larger. Furthermore, for the
events that give high remaining eccentricities, the 7,y /P
ratios are even higher than the typical values calculated
above, since the relevant a; values are smaller in those
binaries. Thus we conclude that even if a significant
fraction of binaries had a third BH orbiting around,
eccentricity oscillations can be ignored in this work as well.

IV. DETECTABILITY

The detectability of an eccentric PBH-binary inspiral
will depend on the exact level of the eccentricity before the
last stable orbit (for a given noise level), as well as its
distance from Earth. High values of eccentricities can be
probed with current as well as future detectors, as we
discuss next. We begin with an estimation of the event rate
for elliptical orbits and then discuss the expected gravita-
tional waves from these mergers.

A. Eccentric event rates

In Table I, we present the calculated fraction of 30 M
PBHs with eccentricities e,,, e14 and ey go of at least 0.1,
0.2, 0.3 or 0.5, respectively. We find that for PBHs in dark
matter halos of virial mass larger than 10° M, those
fractions are more than 0(0.01). Even for PBH binaries in
less massive halos the fraction is always more
than 2 x 1073.

084013-6



ORBITAL ECCENTRICITIES IN PRIMORDIAL BLACK ...
TABLE L.

PHYSICAL REVIEW D 94, 084013 (2016)

The typical values for the fractions of eccentric orbits at the late stages of inspirals, assuming 30 M, PBH binaries. For each

case we provide three numbers, referring to the eccentricities at pericenter distances r, = 6, 14 and 22Rg,, respectively. In the last

column, we show the fraction of events for which the initial pericenter distance r

», 18 smaller than the r, threshold.

Environment % fraction % fraction % fraction % fraction % fraction
My (Mo/h) with e, > 0.1 with egp > 0.2 with e, > 0.3 with e s > 0.5 with r, <r,
PBHs in 103 0.2, 04, 0.6 0.1, 0.2, 0.3 0.06, 0.12, 0.19 0.03, 0.06, 0.10 0.05, 0.15, 0.23
PBHs in 10° 0.6, 1.3, 2.0 0.3,0.7, 1.1 0.2, 04, 0.7 0.1, 0.2, 0.3 0.3,0.5,1.0
PBHs in 10° 2.6,5,8 1.5,25, 4 1.0, 1.6, 2.5 0.5,0.8,1.2 1.3,22, 4
PBHs in 10!2 8, 18, 29 5, 10, 15 3,6, 10 1.5,3,5 4,9, 15

For LIGO we assume that eccentric events with
e14 > 0.3 would be observable up to a redshift of 0.75
at final design sensitivity. The expected number of
observed events with e, up to a redshift z,,,, is given by

Zmax
NCobs — Tobs/ dZ
0

where R;™(z) is the comoving merger rate of eccentric
events with e, at the source redshift, y(z) is the comoving
distance and T, is the observing time. Our results are
shown in Table II for e,,, = e4. After 6 years of LIGO
final-design observations, we expect a total of O(1) events
with e, > 0.2, none of which would originate in dark
matter halos more massive than 10° M. We also show
forecasts for the ET, for which the exact design sensitivity
has yet to be determined. Thus, we project for two
alternative values, z =3 and 10 (“optimistic”), of the
maximum redshift to detect eccentric events with
e14 > 0.1. ET may observe up to a few events originating
in 10® M, halos, and once integrating over the entire halo
mass range considered, that number increases to O(10).
The GW event contribution from the least massive halos
has significant uncertainties. These originate from our
assumptions about the DM profile (at the level of a factor
of 2), the concentration-mass relation (by another factor of
2), and also from discreteness effects of PBH DM. For
further details on the PBH event rates, we refer the reader to

Ry (2)4my?(z)

(1+2)H(z) ° (24)

TABLE IL

the discussion in [3]. These uncertainties result in a wide
range of predictions for the rate of PBH mergers, compat-
ible with the updated LIGO rate of 0.5-11.5 Gpc=3 yr~!,
mentioned in Sec. IIT A. In Table II we used the updated
LIGO range for the total rate of PBHs. For redshifts z > 6,
relevant for the optimistic ET projections, the mass-
concentration relations [54,55] are not properly calibrated.
Thus, extending them to predict rates at high redshifts may
result in additional uncertainties. We note that if instead of
the fixed value 30 M, for the PBHs, their mass is allowed
to be in the wider range of 20-40 M, the number of
eccentric coalescence events presented in Table II changes
by only =10%, increasing with decreasing BH mass.

B. Alternative models to PBHs

As mentioned in the introduction, there are a number of
alternative models for the progenitors of BH binaries whose
mergers may be seen in gravitational-wave observatories.
For example, GCs may provide fertile breeding grounds for
binary black holes. Most binaries in GCs are formed by
three-body interactions, where the BHs form a binary that
becomes tighter after multiple interactions with nearby BHs
over a time span of Gyrs. Moreover, through those same
interactions the binaries receive random kicks, and even-
tually get ejected from their host GC [8,56], after which
they evolve as isolated systems. As a consequence, these
systems are typically highly circularized well before their

The typical numbers of eccentric orbits at the late stages of inspiral for alternative conditions on the host halo of 30 M

PBHs. The rate quoted is the comoving merger rate. In the last three columns we present the number of events we expect LIGO (final
design) or ET would observe in a 6 or 10 year interval, respectively. The values in the last column account for optimistic alternative
assumptions regarding the ET sensitivity (see the text for details). For the case where we include all PBHs in halos of 10>3M/h or
heavier (fourth row), we give a range in accordance to the LIGO quoted rate. The relative contribution from different DM halos is based
on the results of [3]. In the bottom row we show the expected contribution from two-body encounters of BHs in the cores of globular
clusters, with uncertainty ranges reflecting the major astrophysical uncertainties (see the text for details).

Environment Rm(o)el4>0.2 Ne|4>0.2 Ne14>0.1 Ne|4>0.l

My (Mo /h) (Gpe? yr 1) LIGO 6 yr ET 10 yr ET 10 yr (optimistic)
PBHs in 10° (0.2-4) x 104 (0.05-1) x 10~! 0.04-1 0.08-2
PBHs in 10° (0.1-2.5) x 1075 (0.2-5) x 1073 (0.2-4) x 1072 (0.5-10) x 102
PBHs in 102 (0.7-20) x 10~ (0.15-3) x 1075 (0.25-5) x 1073 (0.04-0.8) x 102
PBHs in > 10*° (1-20) x 1073 0.3-5 1.5-30 3-60
BHs in GC20ody (0.2-2) x 1075 (1-10) x 103 0.1-1 0.3-5
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GW emission enters the LIGO sensitivity band [5,57] (see
though [53,58] for three-body systems where the tighter
BH-BH binary may go through eccentricity oscillations).
However, there is a small fraction of BH binaries formed
through two-body interactions at the cores of GCs, which
may retain their eccentricities up to the last stages of the
inspiral. We study these binaries, and refer to them as BHs
in GC?™% (fifth row in Table II).

A representative distribution of the structural parameters
of GCs can be found on the Harris catalog [59]. We focus
on the objects of this catalog with a measurement of their
core velocity dispersion. For these GCs we can also retrieve
their core radii, distributed log normally around 1 pc, and
their core luminosities. We calculate the GC core mass from
its luminosity, assuming a light-to-mass ratio of 1 L /M.
Given these three parameters, we can calculate the number
of two-body captures that would occur in a GC core [39],
assuming that BHs make up all its mass. We find this binary
formation rate to be between ~1071” and 10~!! yr~! per
GC, for GCs with core radii in the range from 0.1 to 1 pc.
Smaller cores would not have enough BHs to have any
meaningful interactions, and bigger cores would be too
diffuse.

However, not all of the core mass will be in the form of
BHs. With the Kroupa initial mass function [5,60], only 1%
of the mass of the entire GC is in objects heavier than
30 M. The core mass is around one tenth of the total GC
mass, thus yielding an upper estimate of fgy = 0.1 to the
fraction of the core mass in 30 M BHs (that is if all the
30 M BHs of a GC are concentrated in its core). Knowing
feu» and since there are roughly 0.7 GCs per Mpc?
[61], we obtain a local merger rate of R,(z=0)=
7x 1072 =7 x 1073 x f3,; Gpc yr~!. We note that this
rate is a realistic upper bound. Many effects can change it.
Many BHs from stars more massive than 30 M end up
becoming lighter BHs, which should not be confused with
the PBHs that we are after. Moreover, it has been suggested
that heavy BHs are expelled from GCs early on [5].
Alternatively, dynamical friction can bring the velocity
dispersion of the BHs below that of the stars in the GC core,
decreasing their virial radius and making them more
concentrated, hence producing more events.

Of course, not all the BH mergers due to two-body
interactions in the cores of GCs will be highly eccentric. To
find the number of these events we have assumed that the
BHs follow a Maxwell-Boltzmann relative velocity distri-
bution with vpy; = 12 kms~™! [59]. Thus, while GCs can in
fact be the major source of GW detections, coming from
circular BH binaries, we do not expect LIGO to observe
any heavy binary mergers with high eccentricities [we
estimate less than O(1072) events]. With ET, and after
10 yrs of observations, there is an optimistic estimate of
O(1) eccentric events from GCs, to be compared to the
conservative O(10) events from PBHs. We think that these
two alternatives remain distinguishable.

PHYSICAL REVIEW D 94, 084013 (2016)

The authors of Ref. [39] have suggested another scenario
for binary BHs with eccentric inspirals in the LIGO
frequency range. These binaries reside in the inner sub-
pc of galactic nuclei and are formed by two-body inter-
actions of BHs in a gravitational potential dominated by the
central supermassive BH. Such black hole binaries, with
relative velocities of =30-80 kms~!, would also be formed
with high initial eccentricities and relatively small merger
time scales. We get that =10% of such binaries would
retain a high eccentricity. However, the model of Ref. [39]
relies on densities of BHs that are extremely uncertain in
the inner sub-pc of the galactic nuclei, with those densities
varying by typically ~10 orders of magnitude (20 orders of
magnitude for the rate profile) from 107 to 1 pc. In
particular, using the models “B” and “E-2” of [39] for
which a density profile is given, we find that
=60%(=95%) of the total merger rates are due to
0(10) [0(10?)] BHs in the inner 1073(1072) pc.

In our opinion, all these uncertainties are simply too
large to allow a fair comparison to the PBHs case. Yet, we
note that if one takes their assumptions at face value, then
LIGO should be able to detect anywhere between a few to
several hundreds of eccentric events during its expected
observation period, with a factor of 10 more total (nearly
circularized) events. Yet, all those events should still follow
a mass function, originating from the initial stellar mass
function, with the majority of those events being 5-10 M,
merging BHs. That is in stark contrast to the narrower and
higher mass range of the PBHs considered here.

C. Waves from eccentric inspirals

In the previous section we discussed the properties of
PBH binaries and the rate of occurrence of gravitational-
wave inspirals with high eccentricities, showing that with
fiducial assumptions we could perhaps observe such events
with LIGO. In this section, we discuss some observational
aspects of these high-eccentricity events.

Every coalescence event has an inspiral phase lasting z,,,,
a merger phase, and a ringdown phase. Each observatory
can, through the portion of the inspiral phase that is within
its frequency range, measure the redshifted chirp mass,
which at the position of the source is
(m, - m2)3/ °

1/5
Mot

Following Ref. [62], the spectral energy density at the
source of the emitted GWs during the inspiral of a
circularized orbit is

dE 1 (7[2)1/3 my - my
df sinspiral 3 f s mtl(,/g ,
where f is the GW frequency at the source (f s = f,/

(1 4+ z)). The frequency at the end of the inspiral and the
beginning of the merger phase is (at the source)

(26)
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fmerger(mh m2) = 0.02/mq. (27)

Between the redshifted fieeer and the frequency of
quasinormal ringdown (at the position of the binary),

~ (1-0.63(1—a)¥19)

fringdown(ml’ m2) - 2ﬂmtot ’ (28)

the merger phase of the coalescence events is observed. The
. . . . . _ CS

dimensionless spin a of the final BH is simply a = G

assuming my = my,. The merger phase is taken to last

Mot

—t 29
10° M (29)

Tmerger(ml’ I’VL2) =147

During the merger phase, the spectral energy density is
given by

dE _ 16p%€ (30)
df smerger Moy (f ringdown — f merger) ’

where p is the reduced mass and € is the fraction of the
energy in the initial BH binary that is emitted in GWs
during the merger phase. We take ¢ = 0.04, in agreement
with the uncertainties of the GW150914 event [16].
Alternative values for € and a only affect the merger and
ringdown phases, which are of no direct importance for the
eccentricity discussion here.
The observed strain amplitude is

hc(fobs) = \/iﬂ_lT—i_(j) \/%’ (31)

f (Hz)
f (Hz)

0.2 0.4 0.6 0.8 1.0
10! (t:sec)
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where for the g—ﬁ we include the inspiral and merger phases,
but ignore the contribution from the ringdown, which is
short and characterized by a very fast reduction of
the h. with time (even in the high signal-to-noise
GW150914 event).

In Fig. 7 (left panel), we show the evolution of the strain
amplitude over frequency and time during the last second
of the coalescence of two 30 M, BHs following a
circularized orbit. Assuming that the event occurs at a
redshift of 0.09 and that the resulting final BH has a spin a
of 0.67 (roughly corresponding to the best-fit values for the
GW150914 event), we see that such an event would be
easily traced over the expected final-design noise of LIGO
[35], during a full second before the merger. If instead those
black holes were on an elliptical orbit with eccentricity e
evolving from 0.55 to 0.3 during that last second of the
coalescence (right panel of Fig. 7), then GW power would
be emitted also in other modes that at a given time are
emitted from the source at frequencies f, ~—=n- fop,
where f 4, is the Keplerian orbital frequency of the binary.
As can be clearly seen, in addition to observing the n = 2
(quadrupole) mode, LIGO with its expected final-design
sensitivity should clearly be able to identify higher modes
at least up to n = 8, since for frequencies > 50 Hz all these
additional modes have a strain amplitude that is at least a
factor of 3 higher than that of the noise. We discuss the
details of how the strain amplitudes for those higher modes
are calculated in the Appendix. We note that the extent to
which the higher modes can be identified relies on the
waveforms used by the LIGO collaboration. We also note
that the eccentricity gets reduced within the last second of
the inspiral, which changes the relative power of GWs
between modes. As the eccentricity of the orbit is reduced,
lower modes down to the quadrupole become more

Logo((e+hy)x10%")

0.25

0

-0.25
-0.50
-0.75
-1.00

0.2 0.4 0.6 0.8 1.0
10! (t:sec)

FIG. 7. Evolution over the last second of the amplitude of the signal strain, superimposed on the noise as expected with the LIGO
design sensitivity. Time ¢ here is between -1 and 0 seconds. Left: assuming no significant remaining eccentricity over that last one
second. Right: assuming that during the last one second there is a remaining eccentricity that evolves from 0.55 to 0.3, resulting in the
presence of higher GW modes than just the quadrupole (n = 2) one. The different mode amplitudes also evolve with time.
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f (Hz)
f (Hz)

0.0 0.2 0.4 0.6 0.8 1.0
10! (t:sec)

FIG. 8.

PHYSICAL REVIEW D 94, 084013 (2016)

Logio((he+hi)x102")

0.2 0.4 0.6 0.8 1.0
10! (t:sec)

As in Fig. 7, assuming ET noise sensitivity instead. We plot the last 5 seconds. Left: assuming no significant remaining

eccentricity over that last 5 seconds. Right: assuming that during the last 5 seconds there is an evolving eccentricity from 0.7 to 0.2. One

can also see an n = 1 mode just above the background.

powerful over higher ones [40]. That should also be a
matter of further investigation, to be accounted for by the
waveform searches. That is because the rate of eccentricity
evolution with time over the last phase of the inspiral
depends on the exact realization of the BH binary
coalescence.

With future detectors such as ET, the significantly lower
noise and wider frequency range will allow us to follow
coalescence events from further away and for a longer time.
Figure 8 shows an equivalent merging event of two 30 M
BHs, but at a redshift of 1 and with an eccentricity of e = 0
(e:0.7 — 0.2), left (right), as that could be observed by ET.
The first several higher modes could be followed for several
seconds, possibly allowing even to probe the time evolution
of the eccentricity of the individual coalescence events.

Observing higher modes can also allow the identification
of events with eccentricity at the last stages of the inspiral
with a higher signal-to-noise ratio (S/N) than that of the
equivalent circularized objects. In fact, properly accounting
for the presence of higher modes is relevant to

TABLE IIL

understanding the physical properties (mainly the masses
and the distance) of the binary. In Table III, we present the
expected S/N at LIGO and ET. For LIGO we assume the
final-design sensitivity while for the Einstein Telescope we
used the design option “ET-B” of Ref. [63], which is more
pessimistic at low frequencies (relevant for high-mass BH
coalescence events). As can be seen, the exact contribution
to the S/N from the various GW modes at the inspiral
depends on the eccentricity of the binary once its GWs
enter the frequency band of the observatories, denoted here
as e;, (not to be confused with the eccentricity at formation
of the binary e), as well as the final e; 5. Yet, for events
with significant eccentricities during observation, higher
modes can contribute significantly to the total S/N.
Furthermore, these modes would reduce the overall con-
tribution of the quadrupole mode to the S/N.

The results in Table III do not include the » = 1 mode
since its contribution to the S/N is small and also depends
on the exact assumptions of the instrument sensitivity at the
lowest frequencies. For LIGO, the frequency band we

The contribution of higher GW modes at elliptical orbits of 30 M, PBHs. We assume that when entering the frequency

band of observation the binary has an initial eccentricity e;, that evolves down to e; go. The total S/N is the linear sum of columns 4—10
(we have accounted for the quadratic sum from the various phases). We take o = 0.67 in Eq. (28) and ¢ = 0.04 in Eq. (30). If we let
a:(0.5-0.9) and €:(0.03-0.05), there is a resulting 20% uncertainty in the values quoted in the fourth column.

Observatory z ej, = erso S/N Merger A(S/N) InspiralA(S/N) InspiralA(S/N) InspiralA(S/N) InspiralA(S/N) InspiralA(S/N) Inspiral

Final design and ringdown (n=2) (n=73) (n=4) (n=Y5) 6<n<10) (11<n<l1)5)
LIGO 009 0—- 0 44 +25
LIGO 0.09 0.6 - 0 44 +22 +33 +35 +31 +85 +19
LIGO 0.090.6 — 0.3 44 +8.0 +30 +37 +33 +89 +19
LIGO 075 0—-0 6.8 +1.3
LIGO 0.750.6 —» 0.3 6.8 +1.2 +3.3 +4.2 +4.1 +11.8 +2.6

ET 1 0-0 82 +16

ET 1 06> 02 82 +8.1 +35 +49 +50 +145 +32
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assume starts as 20 Hz and for ET that frequency is 10 Hz.
Any further advances that would allow those conservative
values to be reduced would increase the S/N values quoted
and the capacity of these observatories to identify elliptical
orbits at coalescence.

The last orbits of the inspiral, the merger, and the
ringdown have been the subject of numerical relativity
and a variety of analytic approaches, where different orders
of post-Newtonian approximation are implemented and
where the impact of BH spins is included [64-70]. While
future advances will certainly help in identifying GW
events with higher modes, our quantitative results in this
section should not be affected by these future develop-
ments. Such developments will affect predominantly the
contributions of the merger and inspiral phases to the total
S/N (fourth column in Table III). For the inspirals, more
accurate waveforms in combination with lower instrumen-
tal noise will only affect how many of the higher modes will
be identified and contribute to the S/N.

V. CONCLUSIONS

The possibility that the merger of primordial black holes
may provide at least some of the gravitational-wave signals
to be seen in the coming decade was first discussed in
Ref. [3]. In this work, we investigated some of the
implications of that hypothesis for future observations of
gravitational waves.

We found that all binaries of PBHs, in all DM halos, are
formed with high eccentricities. In the more massive halos,
these binaries are characterized by small separations and
short merger time scales, which can be as long as years and
in some cases less than minutes. Consequently, some of the
binaries retain a significant portion of their initial eccen-
tricity as they enter the frequency bands of GW detectors.
Even in the smallest halos we considered, ~10° M o» there
is a O(1)% chance that a merger will have a high
eccentricity. Altogether, advanced LIGO is expected to
observe O(1) events with large eccentricities at the final
stages of inspiral, while the ET should observe O(10) such
events.

These coalescences are characterized by detectably
strong higher modes of GW waves. In fact, with ET we
should be able to easily observe multiple higher modes
from PBH binaries as far as redshifts z = 1. The develop-
ment of strategies to search for these higher modes is
important, since misinterpretation of the physical properties
(masses and redshift) of the coalescing binaries could result
if they were missed. In addition, the total S/N can be
significantly increased by measuring these higher modes.

We also considered eccentric events from competing
astrophysical sources and found them likely to be a factor
of 10 smaller, although uncertainties prevent a more
definitive statement. We therefore conclude that a detection
of highly eccentric 30 M, GW events will provide strong
supporting evidence for the PBH progenitor scenario. Since

PHYSICAL REVIEW D 94, 084013 (2016)

for some of the PBH binaries, the merger time scale is
~years or less, with future observations at lower frequen-
cies, such as those by eLISA [71], we may be able to follow
such binaries through a longer era of their evolution (see for
instance [72,73] for studies of stellar BH binaries). In fact,
if proper waveforms are developed we may be able to detect
GW emission from the formation event.

Strong evidence for a PBH-merger contribution to
gravitational-wave events will likely require additional
lines of evidence, including possibly some from cross-
correlations of high-mass GW event locations with galaxy
surveys [32], or an excess in the stochastic gravitational-
wave background at lower frequencies (from higher red-
shifts, where the PBH should still reside) [74].
Furthermore, PBH binaries are formed from randomly
moving BHs. We thus expect no correlation between the
products S; - L, S, - L, where §; is the spin of the individual

BHs and L the angular momentum (note that this is a
characteristic that is shared for all binaries formed through
dynamical processes, rather than a common-envelope
origin).

Ultimately, if the scenario considered here is correct, the
mass distribution of an ensemble of events should dem-
onstrate a significant contribution from high-mass BHs,
and their measured properties, such as the eccentricity and
spin, should be consistent with the two-body capture
mechanism. In Ref. [3] we estimated that by the end of
a six-year run at full sensitivity, LIGO should observe ~600
PBH events. ET will observe roughly an order of magnitude
more events. This should provide ample statistics to
perform these tests.
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APPENDIX: STRAIN AMPLITUDE FOR
HIGHER MODES

Here we provide formulas needed to calculate the strain
amplitude A, used in Sec. IV C.

We define fg}g‘ at the minimal orbital frequency where
there is contribution to GWs at detectable frequency
ranges by a given experiment. GW modes are emitted at

frequencies of
(A1)

The current sensitivity of LIGO has a minimum of ™" =
20 Hz with the design sensitivity being f™" = 10 Hz, and
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with the future ET expected design sensitivity being at
fmin = 2 Hz. Thus the relevant /™0 are 10, 5 and 1 Hz,
respectively. In this work we use f™" = 10 Hz for LIGO
and 5 Hz for ET as a conservative estimate. Thus, for a
given eccentricity, LIGO or ET observe the inspiraling

binary when its pericenter is at most

. 2 . 1/2 %
atmom. ) = (i1 PG Pl ) L (a0

orb

or in its dimensionless form at

rin (my, my, e®)G™1c?
pe( 1 2 ) (A3)

p(ml? my, ein) =
Moy

The spectral energy densities of higher modes at a given
eccentricity can be evaluated based on the quadrupole
mode at the same time by [40]

dEn22  2g(n,e) dEn=2
dfsinspiral n g( ) dfslmplra]

(A4)

where

nt 2 2
g(l’l 6) 32 |:(Jn—2 —26]n_1 +Zjn +2€Jn+1 _Jil+2)

4
+(1_62)(Jn—2_2‘]n+]n+2) 3 2‘]31:|’ (AS)

and J,, is the Bessel function of order n evaluated at ne. For
n =1 we use that [40]
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n=co 1+73 2+374

=— = (A6)
; (1 )7/2
For the total signal-to-noise ratio we used [39]
48 n(moi(1 + 2))°p(my, my, ™)
2 2 o tot
<S /N >msp1ral 2% sz(Z>
5 Mmax /fmax ﬂng(}’l’ e)s(e, eil‘l) (A7)
= Jpn f oe(1+2)fS,(f)
and
4R
SZ NZ . — 2_/ d ¢ A8
< / >merger+r1ngd0wn 5/ rmuin Sn (f) (2f)2 ( )
with
e \®/1+13e? =
S(e, ein) = e—m 71 +;S}l lzn
(14 e2)(1 —e?)3/?
X 11 . A9
(et ) @

In Egs. (A7) and (A8), S, (f) is the strain noise amplitude
(hn (f)) Squafed; fis fobs-
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