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An algorithm is used to generate new solutions of the scalar-field equations in homogeneous and isotropic
universes. Solutions can be found for pure scalar fields with various potentials in the absence and presence of
spatial curvature and other perfect fluids. A series of generalizations of the Chaplygin gas and bulk viscous
cosmological solutions for inflationary universes are found. Furthermore other closed-form solutions which
provide inflationary universes are presented. We also show how the Hubble slow-roll parameters can be
calculated using the solution algorithm and we compare these inflationary solutions with the observational
data provided by the Planck 2015 collaboration in order to constrain and rule out some of these models.
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I. INTRODUCTION

Recent cosmological data indicate that the Universe has
undergone two acceleration phases: an early acceleration
phase called “inflation,” prior to a radiation-dominated era,
and a more recent era of accelerated expansion which
appears to continue today [1–7]. The gravitationally repul-
sive stress that is responsible for the current acceleration of
the Universe is called “dark energy” and must possess
sufficient negative pressure to exert gravitational repulsion.
Its specific identity is still unknown and it may result from a
modification of general relativity when gravity is very weak
or the presence of a specific unknown matter field.
While a range of “exotic” fluids and modifications of the

gravitational action can provide cosmological acceleration,
scalar fields are the simplest candidates to explain the
acceleration phases of the Universe. Moreover, scalar fields
also have various applications in the inflationary phase of the
Universe, for instance in driving chaotic inflation [8]. While
the same scalar field might explain both of the periods of
accelerated expansion, no convincing cosmological model
has been found with this as a natural feature. In a scalar-field
cosmology the field equations are of second order where the
scalar field is introduced as an extra degree of freedom,with a
corresponding conservation equation. These equations dis-
play unexpected complexity. Simple power-law potentials
for the scalar field can create finite-time singularities during
inflation [9] and lead to chaotic dynamics [10], or singularity
avoidance [11] if the Universe is closed.
Very few exact scalar-field solutions in a Friedmann-

Lemaître-Robertson-Walker (FLRW) spacetime with spatial
curvature are known [12,13]. In a spatially flat FLRW
spacetime closed-form solutions with or without sources
for different scalar-field potentials, or scalar fields which

mimic other fluids, such as the Chaplygin gas, can be found
in [14–30] while some other classes of integrable scalar-field
models are also given [31–34]. Some solutions for three-
dimensional FLRW spacetimes are given in [35–37].
However, scalar-field cosmology is conformally equivalent
to other scalar-tensor theories, like Brans-Dicke or fðRÞ-
gravity. [38,39]. Hence, closed-form solutions of the con-
formally equivalent theories (see [40,41] and references
therein) can be used to construct closed-form solutions or
to find new integrable systems for the nonminimally coupled
scalar-field model.
Recently, with the use of nonlocal conservation laws in

[42], the general analytical solution has been expressed for
an arbitrary scalar field with an arbitrary number of
independent perfect fluids possessing constant equation
of state parameters in spatially flat or nonflat FLRW
universes. These general results are applied in this paper
to derive precise forms of the scalar-field potential for
various simple time-dependent forms for the expansion
scale factor, or for particular equation of state parameters
for the scalar field. Finally, the Hubble slow-roll parameters
are studied for these closed-form solutions so that we can
compare the inflationary parameters with the observable
constraints provided by the Planck 2015 observations [7].
The plan of this paper is as follows. In Sec. II, the basic

properties and definitions of scalar-field models are intro-
duced. The cosmological metric we consider is the four-
dimensional FLRW spacetime, while the gravitational
action is that of general relativity with a minimally coupled
scalar field. We review previous results in the literature and
present the general analytical solution for the cosmological
field equations for arbitrary scalar-field potential. Exact
closed-form solutions obtained by using these general
results are presented in Secs. III and IV. Specific closed-
form solutions are derived for spatially flat FLRW uni-
verses when only one scalar field and a perfect fluid with
constant equation of state parameter are present. For
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specific values of the barotropic parameter for the matter
source, these results give closed-form solutions in the case
of a nonflat FLRW universe. In Sec. V, we derive the
Hubble slow-roll parameters for our models and compare
them with those of the Planck 2015 data to isolate
observationally allowed parameter ranges. Finally, in
Sec. VI, we discuss our results and draw conclusions.

II. SCALAR-FIELD COSMOLOGY

We consider the gravitational action to be

S ¼ SEH þ Sϕ þ Sm; ð1Þ

in which SEH ¼ R
dx4

ffiffiffiffiffiffi−gp
R is the Einstein-Hilbert action,

R is the Ricci scalar of the underlying spacetime geometry
with metric tensor gμν, Sm ¼ R

dx4
ffiffiffiffiffiffi−gp

Lm is the matter
action, and Sϕ is the action for the scalar field, with

Sϕ ¼
Z

dx4
ffiffiffiffiffiffi
−g

p �
−
1

2
gμνϕ;μϕ;ν þ VðϕÞ

�
; ð2Þ

where VðϕÞ is the self-interaction potential of the scalar
field ϕ. Variation of S with respect to gμν gives the Einstein
equations,

Rμν −
1

2
gμνR ¼ TðϕÞ

μν þ TðmÞ
μν ; ð3Þ

where Rμν is the Ricci tensor, Tμν is the energy-momentum
tensor of baryonic matter and radiation, and TμνðϕÞ is the
energy-momentum tensor associated with ϕ. Furthermore,
variation with respect to ϕ gives

−gμνϕ;μν þ V;ϕ ¼ 0; ð4Þ

where we have considered that ∂Sm∂ϕ ¼ 0, so there is no
interaction between the matter source, Sm, and the scalar
field, ϕ, in the action integral (1).
Using the Bianchi identity for (3) we have that

TðϕÞμν
;ν þ TðmÞμν

;ν ¼ 0, which gives

TðϕÞμν
;ν ¼ 0; TðmÞμν

;ν ¼ 0: ð5Þ

These are the equations of motion for the matter sources Sm
and the field ϕ. It can be seen that (5) is just Eq. (4).
By assuming that the Universe is spatially isotropic and

homogeneous we select the four-dimensional spacetime to
be that of FLRW:

ds2 ¼ −dt2 þ a2ðtÞ ðdx
2 þ dy2 þ dz2Þ
ð1þ K

4
x2Þ2 : ð6Þ

Furthermore, we assume that ϕ inherits the symmetries
of the metric (6). Therefore ϕðtÞ and consequently

ϕ;ν ¼ _ϕδ0ν, where _ϕ ¼ dϕ
dt . Consider the comoving observer

uμ ¼ δμt ðuμuμ ¼ −1Þ. In the 1þ 3 decomposition the
energy-momentum tensor becomes

TðϕÞ
μν ¼ ðρϕ þ PϕÞuμuν þ Pϕgμν; ð7Þ

TðmÞ
μν ¼ ðρm þ PmÞuμuν þ Pmgμν; ð8Þ

where

ρϕ ≡ 1

2
_ϕ2 þ VðϕÞ; Pϕ ≡ 1

2
_ϕ2 − VðϕÞ ð9Þ

are the energy density and the pressure of the scalar field
and ρm, pm are the components that correspond to the
matter source Sm which we have assumed to be a perfect
fluid. This follows also from (6).
Therefore, the field equations (3) for the line element (6)

become

H2 ¼ 1

3
ðρm þ ρϕÞ −

K
a2

ð10Þ

3H2 þ 2 _H ¼ −ðPm þ PϕÞ −
K
a2

; ð11Þ

where HðtÞ≡ _a
a is the Hubble function.

Equations (5) become

_ρm þ 3Hðρm þ PmÞ ¼ 0 ð12Þ

_ρϕ þ 3Hðρϕ þ PϕÞ ¼ 0 ð13Þ

while the corresponding equation of state (EoS) parameters
are given by wm ¼ Pm=ρm and

wϕ ¼ Pϕ

ρϕ
¼ ð _ϕ2=2Þ − VðϕÞ

ð _ϕ2=2Þ þ VðϕÞ ð14Þ

which means that wϕ < − 1
3
when _ϕ2 < VðϕÞ. On the other

hand, if the kinetic term of the scalar field is negligible with

respect to the potential energy, i.e.,
_ϕ2

2
≪ VðϕÞ, then the

equation of state parameter is wϕ ≃ −1.
Substituting (9) into (13), we find Eq. (4) which for the

line element (6) takes the form

ϕ̈þ 3H _ϕþ V;ϕ ¼ 0: ð15Þ

The set of equations, (10), (11) and (15), provides us
with the cosmological evolution, i.e. the scale factor aðtÞ,
where a potential VðϕÞ and an equation of state parameter
wm have been defined.
There is a simple recipe [14–16,43,44] for finding exact

solutions in the flat FLRW universes containing only the
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scalar field (ρm ¼ pm ¼ 0 ¼ K), where the defining equa-
tions simplify to

3H2 ¼ 1

2
_ϕ2 þ VðϕÞ ð16Þ

2 _H ¼ − _ϕ2: ð17Þ

The third equation (15) is a consequence of these equations.
The recipe is to pick a physically realistic function ϕðtÞ,
solve (17) to findHðtÞ, useHðtÞ and ϕðtÞ to find VðtÞ from
(16) and convert this to VðϕÞ using the initial ϕðtÞ. This
completes the solution so long as the intermediate integrals
can be performed and appropriate positivity conditions
hold (for example, H > 0 and V ≥ 0). However, with a
perfect fluid or 3-curvature (which is just another perfect
fluid) this method is not efficient and we must look to a
more systematic version. To this method we now turn.

A. General analytical solution

In the line element (6) we use the comoving proper time,
t, by putting dt ¼ NðτÞdτ. From the action integral (1), we
can now define

LðN; a; _a;ϕ; _ϕÞ ¼ 1

N

�
−3a _a2 þ 1

2
a3 _ϕ2

�
− Na3VðϕÞ − Nρm0a−3ðγ−1Þ þ 3NKa;

ð18Þ

where for the matter source, Sm, we have put wm ¼ γ − 1.
Hence the gravitational field equations follow from the
Euler-Lagrange equations with respect to the variables
fN; a;ϕg. However, as it can be seen, the field equations
in the space of variables fN; a;ϕg form a singular
dynamical system with constraint equation ∂L

∂N ¼ 0.
Hence, using [42] with the application of the results of
[45], it has been shown that the gravitational field equations
which follow from (18) admit an infinite number of
(nonlocal) conservation laws. Specifically, every conformal
Killing vector of the minisuperspace fa;ϕg provides a
conservation law and, as the minisuperspace has dimension
two, the dimension of the conformal algebra is infinite and
consequently we have an infinite number of conservation
laws. Here, it is important to note that these conservation
laws are not necessarily in involution. For more details
see [45].
With the use of a specific (nonlocal) conservation law, in

[42] it was proved that the field equations form an
integrable system and for a specific lapse, ω, such as
dt ¼ eFðωÞ=2dω, where aðωÞ≡ eω=6; that is, the line
element is now

ds2 ¼ −eFðωÞdω2 þ eω=3
ðdx2 þ dy2 þ dz2Þ

ð1þ K
4
x2Þ2 ; ð19Þ

and the solution is expressed in terms of the unknown
function FðωÞ, which is directly related to the poten-
tial VðϕÞ.
In the case of a spatially flat Universe, K ¼ 0, and

without matter source,ρm0 ¼ 0, it has been found that1

ϕðωÞ ¼ �
ffiffiffi
6

p

6

Z ffiffiffiffiffiffiffiffiffiffiffiffi
F0ðωÞ

p
dω; ð20Þ

where

VðωÞ ¼ 1

12
e−FðωÞð1 − F0ðωÞÞ ð21Þ

and effective fluid components for the scalar field are

ρϕðωÞ ¼
1

12
e−FðωÞ;

PϕðωÞ ¼
1

12
e−FðωÞð2F0ðωÞ − 1Þ: ð22Þ

Furthermore, in the case of a spatially flat universe with a
perfect fluid the solution is generalized as follows:

ϕðωÞ ¼ �
ffiffiffi
6

p

6

Z
½ðF0ðωÞ − 6γρm0eF−

γ
2
ωÞ�1=2dω; ð23Þ

where now

VðωÞ ¼ 1

12
e−FðωÞð1 − F0ðωÞÞ þ γ

2
ρm0e−

γ
2
ω ð24Þ

and the fluid components become

ρϕ ¼ 1

12
e−FðωÞ − ρm0e−

γ
2
ω ð25Þ

and

Pϕ ¼ 1

12
e−FðωÞð2F0ðωÞ − 1Þ − ðγ − 1Þρm0e−

γ
2
ω: ð26Þ

In the latter case, the total fluid stress, Tμν ¼ TðϕÞ
μν þ TðmÞ

μν ,
can be described by a new field, Φ, which follows
from (20)–(22). Also in the latter, if we assume that γ ¼ 2

3

(to mimic a curvature term in the Friedmann equations) and
ρm0 ¼ −3K, then the solution of the scalar-field model in a
nonflat FLRW spacetime is recovered.
The aim of this work is to derive specific closed-form

solutions of the field equations using these results by
assuming special inflationary functions for the scalar factor,

1Where a prime, i.e. F0, denotes derivative with respect to ω.
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or special equation of state parameters for the scalar field,
which consequently combine to define the scalar-field
potential.

III. CLOSED-FORM SOLUTIONS:
SPATIALLY FLAT FLRW SPACETIME

WITHOUT MATTER SOURCE

Consider the simplest scenario for a spatially flat FLRW
spacetime containing only a scalar field. If we assume that
the scalar field has a constant equation of state parameter,
say wϕ ¼ ð−1þ 2

3qÞ, where q is a constant, then from (22)
we find that

FðωÞ ¼ 2 ln

�
e

ω
6q

6qða0Þ
1
q

�
; ð27Þ

and hence we have

ϕðωÞ ¼
ffiffiffi
2

p

6
q−

1
2ω; VðωÞ ¼ V0e

− 1
3qω: ð28Þ

Therefore, VðϕÞ ¼ V0e
−

ffiffi
2
q

p
ϕ ¼ ða0Þ

2
qqð3q − 1Þe−

ffiffi
2
q

p
ϕ in

which, if we apply the transformation dω → dt to write
(19) in the form of (6), we find the well-known power-law
solution [which we can verify directly in (16)–(17)]

aðtÞ ¼ a0tq; ϕ ¼ ϕ0 þ
ffiffiffiffiffiffi
2q

p
lnðtÞ: ð29Þ

However, this is only a particular solution of the
exponential scalar-field potential problem [46]. The general
solution can be found in [47], while some special solutions
are given in [48,49].
We continue with the determination of the closed-form

solution for some specific equation of state parameters for
the scalar field.

A. Perfect fluid with cosmological constant

Assume that the scalar field satisfies the simple equation
of state parameter

pϕ ¼ ðγ − 1Þρϕ − 3γΛH2
0: ð30Þ

Then, it follows from (22) that

2F0 þ 36γΛeF − γ ¼ 0: ð31Þ

We observe that, for Λ ¼ 0, FðωÞ is linear as above. Hence,
for nonzero Λ and γ ≠ 0, we find that

FðωÞ ¼ − ln ð36Ωm0H2
0e

−γ
2
ω þ 36ΩΛH2

0Þ; ð32Þ

where 36Ωm0H2
0 is the constant of integration and

ΩΛ ¼ Λ
3H2

0

. The Hubble function is

H2ðωÞ
H2

0

¼ Ωm0e−
γ
2
ω þ ΩΛ; ð33Þ

which is equivalent to a cosmological model containing a
perfect fluid and a cosmological constant. We can see that
for γ ¼ 1, ΛCDM cosmology is recovered.
Furthermore, using (32) we find

ϕðωÞ ¼ −
2ffiffiffiffiffi
3γ

p arctanh

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωm0 þ ΩΛe

γ
2
ω

Ωm0

s �
ð34Þ

and

VðωÞ ¼ 3

2
H2

0e
−γ
2
ωðΩmð2 − γÞ þ 2ΩΛe

γ
2
ωÞ; ð35Þ

where the equation of state parameter is

wϕðωÞ ¼ −1þ γ
Ωm0

Ωm0 þΩΛe
γ
2
ω
: ð36Þ

Finally, we find the potential

VðϕÞ ¼ 3ΛH2
0 þ

3ð2 − γÞ
2

ΛH2
0cosh

2

� ffiffiffiffiffi
3γ

p
2

ϕ

�
; ð37Þ

from which we observe that, for γ ¼ 2, the potential is
constant and the perfect-fluid term is that of stiff matter as
we expect for the kinetic part of the scalar field.
Furthermore, for γ ¼ 1, we have the unified dark matter
(UDM) scalar-field potential which has been found before
[50,51]. The difference between this solution and that of
[33] is that the free parameters have been selected so that
the stiff fluid of the kinetic part of the field is eliminated.
The transformation between the two line elements (19)
and (6) is

ω ¼ 4

γ
ln

�
1

Λ
exp

�
9

2
γ2ΛH2

0t
2

�
−
Ωm0

2

�

− 9γΛH2
0t

2 −
4 lnð2Þ

γ
: ð38Þ

B. Exponential function

Assume now that FðωÞ is an exponential function,
FðωÞ ¼ 2F0eF1ω, which gives that

H2ðaÞ ¼ 1

6
exp ð−F0a6F1Þ ð39Þ

while for the scalar field we find that
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ϕðωÞ ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3F0F1

p
3

e
F1
2
ω;

VðωÞ ¼ exp ð−2F0eF1ωÞ
12

ð1 − 2F0F1eF1ωÞ; ð40Þ

which gives the potential

VðϕÞ ¼ 1

24
e−

3
2
F1ϕ

2ð2 − 3ðF1Þ2ϕ2Þ: ð41Þ

Finally, the parameter of the equation of state for the
scalar field is

wϕ ¼ −1þ 4F0F1eF1ω; ð42Þ

and after the transformation dω → dt gives this in terms of
the inverse function of the exponential integral.

C. Chaplygin gas

Suppose that the scalar field satisfies the barotropic
equation for the Chaplygin gas [52], that is,2

pϕ ¼ A0

144
ðρϕÞ−1: ð43Þ

When we substitute from (22) and solve the first-order
differential equation, we find

FðωÞ ¼ − lnð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A1e−ω − A0

p
Þ; ð44Þ

where A1 is a constant of integration. Therefore, we have

ϕ2ðωÞ ¼ 1

3
arctanh2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

A0

A1

eω

s �
ð45Þ

and

VðωÞ ¼ 1

24

ð2A0eω=2 − A1e−ω=2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A1 − A0eω

p ; ð46Þ

which gives

VðϕÞ ¼
ffiffiffiffiffi
A0

p
24

sinh ð
ffiffiffi
3

p
ϕÞð2 − coth ð

ffiffiffi
3

p
ϕÞÞ: ð47Þ

Furthermore, for the parameter of the equation of state,
we have

wϕðωÞ ¼
A0eω

A1 − A0eω
; ð48Þ

while the transformation dω → dt now gives this in terms
of the inverse hypergeometric function.

D. Generalized Chaplygin gas I

The first generalization of the Chaplygin gas is by a
modification of the equation of state to [54,55]

pϕ ¼ 12μA0ðρϕÞðμþ1Þ; ð49Þ

where for μ ¼ 0 we are in the limit of a perfect fluid, and
for μ ¼ −2 we have a Chaplygin gas (43).
For the function FðωÞ we find

FðωÞ ¼ 1

μ
ln ðA1e

μ
2
ω − A0Þ: ð50Þ

For the scalar field it follows that

ϕðωÞ ¼ 2
ffiffiffi
3

p

3μ
arctanh

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

A0

A1

e−
μ
2
ω

s �
ð51Þ

and

VðωÞ ¼ 1

24
ðA1e

μ
2
ω − 2A0ÞðA1e

μ
2
ω − A0Þ−1−

1
μ: ð52Þ

From (51) and (52) the potential VðϕÞ is given by the
following closed-form expression:

VðϕÞ ¼ ðA0Þ−1
n

24

�
cosh2

� ffiffiffi
3

p

2
μ2ϕ

�
− 2

�

×

�
sinh2

� ffiffiffi
3

p

2
μ2ϕ

��−1−1
μ

: ð53Þ

Furthermore, for the equation of state parameter

wϕðωÞ ¼
A0

A1e
μ
2
ω − A0

; ð54Þ

while the transformation dω → dt is expressed in terms of
the inverse hyperbolic function.

E. Generalized Chaplygin gas II

In [14] a generalized Chaplygin gas was proposed with
barotropic equation

pϕ ¼ γρλϕ − ρϕ; ð55Þ

from which we can see that for λ ¼ 1 a perfect fluid is
recovered, while for λ ¼ 0 expression (55) reduces to a
special form of (30). Again, by substitution of (22) into (55)

2Note that in a flat FLRWuniverse the Chaplygin gas is simply
a bulk viscous stress for a pressure-free fluid with a bulk viscous
coefficient proportional to ρ−3=2. Similarly, the generalized
Chaplygin gas with p ∝ ρμ is simply a bulk viscous stress
proportional to ρμþ1=2. The bulk viscous solutions that corre-
spond to all the Chaplygin gas models can therefore be found in
Ref. [53].
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we find that the solution of the first-order differential
equation is

FðωÞ ¼ −
1

1 − λ
ln ðγωþ γ1Þ; ð56Þ

where γ ¼ 21−2λ31−λðλ − 1Þγ, and γ1 is a constant of
integration. In what follows we assume that λ ≠ 0, 1.
Hence, it follows that

ϕ2ðωÞ ¼ 2

3γ

ðγωþ γ1Þ
ðλ − 1Þ ð57Þ

and

VðωÞ ¼ ðγωþ γ1Þ−1þ 1
1−λððλ − 1Þðγωþ γ1Þ − γÞ
12ðλ − 1Þ : ð58Þ

This gives

VðϕÞ ¼ 1

36ðλ2 − 1Þ2
�
3

2
γðλ − 1Þ

� 1
1−λ

× ϕ−2þ 1
1−λð3ðλ − 1Þ2ϕ2 − 2Þ: ð59Þ

Also, from (22), it follows that ρϕðωÞ ¼ 1
12
ðγωþ γ1Þ 1

1−λ

and

wϕðωÞ ¼ −1þ 2γ

λ − 1
ðγωþ γ1Þ−1: ð60Þ

For the scale factor aðtÞ in the line element (6), we

find that ω ¼ − γ1
γ þ ððγ

2
2λ−1
λ−1 Þ2Þ−2

1−λ
2λ−1t−

2−2λ
2λ−1 for λ ≠ 1

2
, while

for λ ¼ 1
2
it follows that ω ¼ − γ1

γ þ 1
γ e

γt. Therefore, for the
cosmological scale factor we have

aðtÞ≃ exp ða1tNÞ; λ ≠
1

2
ð61Þ

and

aðtÞ≃ exp ða1eγtÞ; λ ¼ 1

2
: ð62Þ

F. Generalized Chaplygin gas III

Consider now a third modification of the Chaplygin gas
in which the pressure and the energy density for the scalar
field satisfy the nonlinear relation

pϕ ¼ Aρð2þλÞ
ϕ þ Bρ−λϕ ; ð63Þ

from which, for λ ¼ −1, we have that pϕ ¼ ðAþ BÞρϕ.
Equation (63) differs from that of [56] by a term ρϕ. Using
(22), we find that

FðωÞ ¼ −
1

1þ λ
ln

�
F0

�
F1 tanh

�ð1þ λÞ
4

F1ω

�
− 1

��
;

ð64Þ

where F0 ¼ 6−
1

1þλ12λA−1; F1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4AB

p
.

Hence, we have that

ϕðωÞ ¼
ffiffiffi
6

p

6ð1þ λÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
F1

1 − F1

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosh2

�ð1þ λÞ
4

F1ω

�
− sinh2

�ð1þ λÞ
4

F1ω

�s

× Fe

��
F1

1þ F1

�
1 − tanh

�ð1þ λÞ
4

F1ω

���
;−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ F1

1 − F1

s �
; ð65Þ

where Feðω; xÞ is the incomplete elliptic integral.
Furthermore, for the potential we find

VðωÞ ¼ ðF0Þ 1
1þλ

48

�
F1 þ 2 sinh

�
F1ð1þ λÞ

2
ω

���
F1 tanh

�ð1þ λÞ
4

F1ω

�
− 1

� 1
1þλ−1

�
F1 − 4cosh2ðð1þλÞ

4
F1ωÞ

cosh2ðð1þλÞ
4

F1ωÞ

�
: ð66Þ

Finally, the transformation ω → t is given now in terms of
hypergeometric functions. However, in the limit of large ω,
expression (64) becomes constant and the solution ap-
proaches the de Sitter universe.

G. Generalized Chaplygin gas IV

We now consider another generalization of the basic
Chaplygin gas, with equation of state
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pϕ ¼ 1

6

A
B − 12ρϕ

− ρϕ; ð67Þ

which for A ¼ 0, reduces to the cosmological constant, and
for B ¼ 0, to the Chaplygin gas II model, above, with
λ ¼ −1. On the other hand, for B ¼ 0 and ρϕ → 0, the
behavior is that of the basic Chaplygin gas (43).

From (67), we have the two solutions:

F�ðωÞ ¼ − ln ðB�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 − 2Aω

p
Þ: ð68Þ

Without loss of generality we work with the Fþ solution,
so for the scalar field we find

ϕðωÞ ¼ B
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ωðω − BÞp

ln ðBþ 2ðω − Bþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ωðω − BÞp ÞÞ − 2ωðω − BÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

24Aωðω − BÞp ; ð69Þ

VðωÞ ¼ ωðω − BÞ − A
12ðω − BÞ ; ð70Þ

where 2Aω ¼ 2Bω − ω2.
For the equation of state parameter we have

wϕ ¼ ωðω − BÞ − 2A
ωðω − BÞ ; ð71Þ

and the transformation ω → t is the real solution of the algebraic equation, 2ð3B − ωÞ ffiffiffiffi
ω

p ¼ 3At; that is,

ln ðaðtÞÞ ¼ ð2B þ ð9A2t2 − 8B3 þ 3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2t2ð9A2t2 − 16B3Þ

p
Þ1=3Þ2

3ð9A2t2 − 8B3 þ 3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2t2ð9A2t2 − 16B3Þ

p
Þ1=3 ; ð72Þ

for ð9A2t2 − 16B3Þ > 0. From this we can see that for large
time aðtÞ≃ expðt2Þ, which is a solution of the form (61) for
the generalized Chaplygin gas I. This asymptotic behavior
leads to a strong curvature singularity as t → ∞.

H. Generalized Chaplygin gas V

Let the expression for the equation of state parameter
now be

p ¼ Aρλϕ þ Bρϕ; ð73Þ

where, for B ¼ −1 and A ¼ γ, relation (55) is recovered.
For (73) and for B ≠ −1, we find

FðωÞ ¼ 1

λ − 1
ln

�
−
A

B
þ exp ððλ−1Þ

2
BωÞ

B

�
; ð74Þ

where B ¼ B − 1. Therefore, the scalar field is

ðϕðωÞÞ2 ¼ 4

3Bðλ − 1Þ2 arcsinh
2

�
exp ðλ−1

4
BωÞffiffiffiffiffiffiffi

−A
p

�
; ð75Þ

and the potential is

VðωÞ ¼ 2Aþ ðB − 2Þeðλ−1Þ
2

Bω

24ðA − e
ðλ−1Þ
2

BωÞ
e−FðωÞ: ð76Þ

From (75), we have that

exp

�
λ − 1

2
Bω

�
¼ sinh2

� ffiffiffiffiffiffi
3B

p
ðλ − 1Þ
2

ϕ

�
; ð77Þ

so the potential is

VðϕÞ ¼ −B 1
1−λ

�
2Aþ ðB − 2Þsinh2

� ffiffiffiffiffiffi
3B

p
ðλ − 1Þ
2

ϕ

��

×

�
sinh2

� ffiffiffiffiffiffi
3B

p
ðλ − 1Þ
2

ϕ

�
− A

�λ−2
λ−1

: ð78Þ

For the equation of state parameter we have

wϕ ¼ −1þ 2

B

exp ðλ−1
2
BωÞ

exp ðλ−1
2
BωÞ − A

: ð79Þ

The transformation linking ω → t is given in terms of the
inverse hyperbolic function, except when λ ¼ 1

2
, which

yields ω ¼ 4

B
lnð1þe−

A
4
t

A Þ, and so
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aðtÞ ¼
�
1þ e−

A
4
t

A

� 2

3B

; λ ¼ 1

2
: ð80Þ

1. Bulk viscosity

The standard kinetic model for bulk viscosity in an
isotropic and homogeneous cosmology (see for example
Ref. [57]) replaces the pressure p by p0, where

p0 ¼ p − 3Hη; ð81Þ
and if we have a bulk viscous coefficient η with η ¼ αρn,
with α > 0 constant, then

p0 ¼ p −
ffiffiffiffiffiffi
3α

p
ρnþ1=2: ð82Þ

In a spatially flat FLRW universe the solutions are found
by solving equation 3H2 ¼ ρ together with the conserva-
tion equation

0 ¼ _ρþ 3Hðρþ p0Þ ¼ _ρþ
ffiffiffi
3

p
ρ1=2ðρþ p −

ffiffiffi
3

p
αρnþ1=2Þ:

ð83Þ

Picking p ¼ ðγ − 1Þρ we can see that there are special de
Sitter solutions with H ¼ H0, except for the special case
n ¼ 1=2 where the solutions for aðtÞ are power law in t.
The exact solutions for the field equations are given in [53].
When n > 1=2 the solution starts as de Sitter at past infinity
and approaches FRW a ¼ t2=3γ as t → ∞. The behavior
displaying approach to de Sitter as t → −∞ does not persist
when curvature, anisotropy or another nonviscous fluid is
added to the Friedmann equation. Finally, to set up the
correspondence with Eq. (73) we have to identify Bρ with
ðγ − 1Þρ and A with −

ffiffiffiffiffiffi
3α

p
and λ with nþ 1=2.

I. Lambert function I

Suppose that FðωÞ is given by a function of the Lambert
function, WðωÞ, specifically,

FðωÞ ¼ 2 ln

�
1

6p
Wðe ω

6pÞ
Wðe ω

6pÞ þ 1

�
; ð84Þ

which gives the scale factor in the line element (6) as the
simple function

aðtÞ ¼ ðt expðtÞÞp: ð85Þ

From (20)–(22) we find that

ϕðωÞ ¼
ffiffiffiffiffiffi
2p

p
ln
�
Wðe ω

6pÞ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þWðe ω
6pÞ

q
; ð86Þ

VðωÞ ¼ 3p2 þ p
1 − 3pþ 6pWðe ω

6pÞ
ðWðe ω

6pÞÞ2 ð87Þ

and

wϕðωÞ ¼ −1þ 2

3pðWðe ω
6pÞ þ 1Þ2 : ð88Þ

Expressions (86) and (87) give

VðϕÞ ¼ pð3pðe−
ffiffi
2

p
p ϕ þ 1Þ2 − e−

ffiffi
2

p
p ϕÞ ð89Þ

while for ϕðtÞ we have

ϕðtÞ ¼
ffiffiffiffiffiffi
2p

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ tpÞ

p
ln t: ð90Þ

J. Lambert function II

We select a universe (6) in which the scale factor is given
from the following formula,

aðtÞ ¼ tq exp ðptÞ; ð91Þ

where in general q ≠ p, while for p ¼ q we reduce to the
previous case.
We perform the transformation t → ω in order to write

the line element in the form of (19) and find that

FðωÞ ¼ 2 ln

� Wðpq e
ω
6qÞ

6pðWðpq e
ω
6qÞ þ 1Þ

�
; ð92Þ

that is,

ϕðωÞ ¼
ffiffiffiffiffiffi
2q

p
ln

�
W

�
p
q
e

ω
6q

�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þW

�
p
q
e

ω
6q

�s
; ð93Þ

VðωÞ ¼ 3p2 þ p2

q

3q − 1þ 6qWðpq e
ω
6qÞ

½Wðpq e
ω
6qÞ�2 ð94Þ

and

wϕðωÞ ¼ −1þ 2

3q

�
1þW

�
p
q
e

ω
6q

��
−2
: ð95Þ

Hence, we have

VðϕÞ ¼ 3p2 þ p2

q
6qe

ϕffiffiffi
2q

p þ ð3q − 1Þ
e

2ϕffiffiffi
2q

p ; ð96Þ

where easily we observe that for q ¼ p expression (89) is
recovered.
We should mention that scale factors (85) and (91) can be

constructed under a rescaling transformation of scalar-field
solutions of the field equations (H → H þ constant) from
the power-law solutionaðtÞ ¼ tβ found inRef. [58]. This can
also be a special solution of a two-scalar-field model [59].
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K. Error function solution

Assume now that the pressure and the energy density for
the scalar field satisfy the equation of state parameter

pϕ ¼ −
A
6
e−12Bρϕ − ρϕ; ð97Þ

where for B > 0, when ρϕ → ∞, pϕ ¼ −ρϕ. This gives

FðωÞ ¼ − ln

�
1

B
ln ðABωÞ

�
; ð98Þ

which is a real function when Aω < 0. Therefore, for the
scalar field, we find

ϕðωÞ ¼ −
4

3
Dð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2−1 ln ðABωÞ

q
Þ; ð99Þ

where DðxÞ is the Dawson integral.3

For the scalar-field potential, it follows that

VðωÞ ¼ 1

12B

�
1

ω
þ ln ðABωÞ

�
; ð100Þ

which has a minimum at ω ¼ 1 and B > 0. Finally the
equation of state parameter is

wϕðωÞ ¼ −1 −
2

ω ln ðABωÞ : ð101Þ

The expansion scale factor aðtÞ is given in terms of the
inverse error function.

IV. SPATIALLY FLAT FLRW SPACETIME
WITH MATTER SOURCE

We continue our analysis by assuming that a perfect fluid
with constant equation of state parameter, pm ¼ ðγ − 1Þρm,
is added to the scalar field. Now, in order to find closed-
form solutions for the scalar field, equations (23)–(26) have
to be solved.

A. Solution I

First, we consider the special case in which the scalar
field has a constant equation of state parameter equal with
that of the perfect fluid, i.e., wϕ ¼ ðγ − 1Þ. From (25)–(26)
it follows that 2F0 − γ ¼ 0, which gives

FðωÞ ¼ γ

2
ωþ F0; ð102Þ

and using (23) we have that ϕðωÞ is a linear function.

For the scalar-field potentials, we derive

VðϕÞ ¼ V0 exp

�
−

ffiffiffi
3

p
γffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

γð1 − 12ρ0eF0Þ
p ϕ

�
; ð103Þ

which is just the exponential potential, as expected [60]. In
addition we have V0 ¼ V0ðγ; ρm0; F0Þ or, specifically,

V0 ¼ ð2 − γÞ expðe−F0Þ þ 1

2
γρm0: ð104Þ

B. Solution II

Let the scalar field have a constant equation of state
parameter wϕ ¼ γϕ − 1, but in contrast to the above,
γϕ ≠ γ. This scaling solution has been studied before in
[24]. Therefore, for this ansatz we find that the unknown
function, FðωÞ, of the line element (19) has the form

FðωÞ¼ γϕ
2
ωþ γ− γϕ

2
F0

− ln

�
12ρm0 exp

�
γ− γϕ
2

ðF0−ωÞ
�
−1

�
; ð105Þ

where we see that the linear function (102) is recovered
for γ ¼ γϕ.
For the scalar field, we find that

ϕðωÞ¼−
2

ffiffiffiffiffiffiffi
3γϕ

p
3

arctanh

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12ρm0exp

�
γ−γϕ
2

ðF0−ωÞ
�
−1

s �
;

ð106Þ

that is,

ω ¼ −F0 þ
2

γ − γϕ
ln

�
1þ tanh2ð1

2

ffiffiffiffiffiffiffi
3γγ

p ðγ − γϕÞϕÞ
12ρm0

�
:

ð107Þ

Furthermore, for the potential of the scalar field we find
that in terms of ω it is expressed as

VðωÞ ¼ V0ðγ; γϕ; ρm0; F0Þ exp
�
−
γϕ
2
ω

�
ð108Þ

or in terms of ϕ with the use (107)

VðϕÞ¼V0ðγ;γϕ;ρm0;F0Þð12ρm0Þ
γϕ

γ−γϕ

×eF0

γϕ
2

�
1þ tanh2

�
1

2

ffiffiffiffiffiffiffi
3γγ

p ðγ− γϕÞϕ
�� γϕ

γ−γϕ ð109Þ

in which

3The Dawson integral function isDðxÞ ¼
ffiffi
π

p
2
exp½−x2�erfiðxÞ ¼

exp½−x2� R x
0 exp½y2�dy.

OBSERVATIONAL CONSTRAINTS ON NEW EXACT … PHYSICAL REVIEW D 94, 083518 (2016)

083518-9



V0ðγ;γϕ;ρm0;F0Þ¼
�
ρm0þ

1

24
ðγϕ−2Þexp

�
γϕ− γ

2
F0

��
:

ð110Þ

C. Solution III

We consider that the scalar provides two fluid terms: a
fluid with constant equation of state parameter γ, and a
component which mimics the perfect fluid ρm. That means
that we assume the Hubble function to be

HðaÞ ¼ H0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω1a−3γ þΩ2a−3γ

q
; ð111Þ

and so

FðωÞ ¼ − ln ð36Ω1H2
0e

−γ
2
ω þ 36Ω2H2

0e
−γ
2
ωÞ: ð112Þ

Hence, for the scalar field it follows that

ϕðωÞ ¼
ffiffiffi
6

p Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΩ1 − 36γΩm0Þe−

γ
2
ω þΩ2H2

0a
−γ
2
ω

Ω1H2
0e

−γ
2
ω þ Ω2H2

0a
−γ
2
ω

vuut dω

ð113Þ

and

VðωÞ¼3

2
ðγ−2ÞΩ2H2

0e
−γ
2
ωþ12γρm0þ36ð2−γÞΩ1H2

0

24
e−

γ
2
ω;

ð114Þ

where Ωm0 ¼ ρm0

3H2
0

. In order to specify the exact form of
VðϕÞ, the inverse function ωðϕÞ has to be determined from
the integral (113). However, for the specific case in which
γ ¼ 0, where the extra fluid term is that of the cosmological
constant, we find that the scalar-field potential has the form

VðϕÞ ¼ V1 þ V0ð1þ V3tanh2ðV2ϕÞÞ−
4
γ ; ð115Þ

where V0−2 ¼ V0−3ðΩ1;Ω2; H0; γ; ρm0Þ. This is different
from the exponential term and differs from (110).
For example, if we assume that γ ¼ 1, i.e., we are in the

Λ-cosmology, with Ω1 þ Ω2 ¼ 1, we have that

VðϕÞ ¼ 3ð1 − Ω1ÞH2
0 þ

3

2
ðΩ1 þ ρm0Þe−ω

2 ð116Þ

and

VðϕÞ ¼ 3ð1 −Ω1ÞH2
0 þ

3

8

�
1þ ρm0

Ω1

�
× ðe−λΔϕ − ð1 −Ω1Þe−2λΔϕÞ2; ð117Þ

where λ ¼
ffiffiffiffiffiffiffiffiffiffi
3Ω1H0

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω1H2

0
−12ρm0

p . This is nothing other than a special

case of the UDM model [50]; that is, the UDM provides a
dust component in the field equations. This property for the
UDM potential has been found earlier [27] and also for a
class of scalar-field potentials of the form (115) in [29]. On
the other hand, the exponential behavior of the potential is
expected according to the results of [51] because a scaling
solution is an attractor in scalar-field models when the
potentials have asymptotically exponential terms.

D. De Sitter universe

As a final case consider that the line element (6) is that of
the de Sitter universe, aðtÞ ¼ a0eH0t, which means that
FðωÞ in (19) is a constant function, FðωÞ ¼ F0. That can
be seen as a special case of the previous model that we
studied in which the scalar field eliminates the perfect fluid,
i.e., Ω1 ¼ 0.
Therefore, we find the potential to be

VðϕÞ ¼ 1

12
e−F0

�
1 −

γ2

3
ϕ2

�
: ð118Þ

We end our analysis here and we recall that, if we set
γ ¼ 2

3
and ρm0 ¼ −3K, then the solutions that have been

presented in this section hold also for the scalar-field model
in a nonflat FLRW universe without a matter source.

V. INFLATIONARY SLOW-ROLL PARAMETERS

In scalar-field cosmology, the parameters

εV ¼
�
V;ϕ

2V

�
2

; ηV ¼ V;ϕϕ

2V
; ð119Þ

are called the potential slow-roll (PSR) parameters [61] and
provide us with an inflationary universe when εV ≪ 1. The
condition ηV ≪ 1 is also important for the duration of the
inflation phase.
Alternatively, more accurate parameters which describe

the inflationary phase of the Universe are provided by the
so-called Hubble slow-roll (HSR) parameters [62]

εH ¼ −
d lnH
d ln a

¼
�
H;ϕ

H

�
2

; ð120Þ

and

ηH ¼ −
d lnH;ϕ

d ln a
¼ H;ϕϕ

H
: ð121Þ

The PSR parameters and HSR parameters are related
exactly through the relations

εV ¼ εH

�
3 − ηH
3 − εH

�
2

ð122Þ
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and

ηH ¼
ffiffiffiffiffiffi
εH

p
3 − εH

ηH;ϕ þ
�
3 − ηH
3 − εH

�
ðεH þ ηHÞ ð123Þ

or approximately through εV ≃ εH and ηV ≃ εH þ ηH when
εH, ηH are both very small. Therefore, when the closed-
form solution of the field equations is known, it is more
accurate to work with the HSR parameters in order to study
the inflationary phase of the model rather than with the PSR
parameters.
The analytical solution which was presented in Sec. II A

can be used to write the slow-roll parameters in terms of the
function, ω, or the number of e-folds, Ne. Recall that the
number of e-folds is given by the formula

Ne ¼
Z

tf

ti

HðtÞdt ¼ ln
af
ai

¼ 1

6
ðωf − ωiÞ; ð124Þ

where af ¼ aðtfÞ is the moment at which inflation ends,
εHðtfÞ ¼ 1, while ai ¼ aðtiÞ is the moment at which
inflation starts. It is assumed that Ne lies in the inter-
val Ne ∈ ½50; 60�.
Therefore, the HSR parameters are

εH ¼ 3F0; ηH ¼ 3
ðF0Þ2 − F00

F0 ; ð125Þ

where either from (122) and (123) or directly from
with the use of (20) and (21) the PSR parameters can be
derived in terms of ω. Here we comment that the PSR
parameters depend always upon a higher derivative of F, in
contrast to the HSR parameters, εV ¼ εVðF0; F00Þ and
ηV ¼ ηVðF0; F00; F000Þ.
In a similar way, the HSR expansion parameters [61] can

be expressed in terms of the function FðωÞ and its
derivative. For example, the third-order HSR parameter is

ξH≡HϕHϕϕϕ

H2
¼−

9
ffiffiffi
6

p

4ðF0Þ52 ½ðF
0Þ4−ð3F02þ2F00ÞF00þ2F0F000�:

ð126Þ

Note that the spectral indices for the density perturba-
tions, and for the gravitational waves in the first approxi-
mation, are given in terms of the HSR parameters by

ns ¼ 1 − 4εH þ 2ηH; ng ¼ −2εH; ð127Þ

while the tensor to scalar ratio is r ¼ 10εH. Finally, the
range of the scalar spectral index is given by

n0s ¼ 2εHηH − 2ξH: ð128Þ
From the Planck 2015 Collaboration [7], we have that

the above parameters are ns ¼ 0.968� 0.006 and
η0s ¼ −0.003� 0.007, while the tensor to scalar ratio has

a value smaller than 0.11, i.e., r < 0.11. From these values
some intervals for the HSR parameters can be determined.
For instance from r it follows that εH ≲ 0.01.
In what follows, we determine the HSR parameters for

some of the solutions of Sec. III and compare them with the
Planck data constraints. Specifically, we study the follow-
ing models: generalized Chaplygin gases I–V; the Lambert
function II model, and the error function solution.

A. Generalized Chaplygin gas I

For the generalized Chaplygin gas model, (49), the HSR
parameters are given by

εH ¼ 3

2

1

1−A0

A1
e−

μ
2
ω
; ηH ¼ 1

2
ð2εHð1þμÞ−3μÞ; ð129Þ

and

ξH¼−
3

ffiffiffi
2

p

8

ffiffiffiffiffiffi
εH

p ½ð1þμÞð1þ2μÞ ffiffiffiffiffiffi
εH

p
−3μð3þ2μÞ�; ð130Þ

where, for μ ¼ −2, the parameters reduce to those of the
basic Chaplygin gas, (43). Moreover, inflation ends when
ωf ¼ − 2

μ ln ð− 1
2
A1

A0
Þ, from which we find that

εHðωiÞ ¼
3

2þ e3Nμ : ð131Þ

As above, the spectral indices can be expressed in terms of
εH by

ns ¼ 1þ 2εHðμ − 1Þ − 3μ ð132Þ
and

n0s ¼ 2ð1þ μÞε2H −
3

ffiffiffi
2

p

4
ð2

ffiffiffi
2

p
μ − 1 − 3μ − 2μ2ÞεH

−
9

ffiffiffi
2

p

4
ð3þ 2μÞ ffiffiffiffiffiffi

εH
p

: ð133Þ

From (131), we observe that in order for εH < 1, μ
should be positive. In Fig. 1 the ns − r and ns − n0s
diagrams are presented. They reveal that for Ne ¼ 60 we
have maxns ≃ 0.887 < 0.968 while at the same time r≃
0.08 and n0s ¼ −0.02, which corresponds to μ≃ 0.033; that
is, a small deviation from a perfect fluid. Also, we mention
that for smaller values of Ne the maximum of ns is smaller,
n0s is smaller, although the scalar ratio has a similar value.
For Ne ¼ 55, we have maxns ¼ 0.877, r≃ 0.09 and n0s ¼
−0.022 for μ≃ 0.032.

B. Generalized Chaplygin gas II

Consider now the generalized Chaplygin gas II model,
(55). For this model the HSR parameters are calculated
to be
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εH ¼ 3γ

λ − 1
ðγωþ γ1Þ−1; ð134Þ

and

ηH ¼ λεH; ξH ¼ −
ffiffiffi
2

p

4
λð2λ − 1ÞðεHÞ32; ð135Þ

where for λ ¼ 1
2

the parameter ξH becomes zero.
Furthermore, we find that

ns ¼ 1 − 4εH þ 2λεH;

n0s ¼ 2λðεHÞ2 þ
ffiffiffi
2

p

2
λð2λ − 1ÞðεHÞ32 ð136Þ

and inflation ends at the point ωf ¼ 3
λ−1 −

γ1
γ . Therefore, we

have that

εHðωiÞ ¼ ð1þ 2Nð1 − λÞÞ−1; ð137Þ

where εH < 1 and εH ≥ 0 for λ < 1, while for
limλ→−∞εHðωiÞ ¼ 0. In Fig. 2 we give the ns − r and
ns − n0s diagrams for various values of the parameter λ in
the range λ ∈ ½−0.5; 0.5�. From these diagrams, we observe
that for Ne ¼ 55 (dashed lines), for ns ¼ 0.968, we have
r≃ 0.073 and n0s ¼ 2 × 10−4. These are values inside the
range of values consistent with the Planck 2015
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Collaboration, in contrast to the situation for the general-
ized Chaplygin gas I.

C. Generalized Chaplygin gas III

For the equation of state parameter (63), that is for the
solution (64), we find that

εH ¼ 3ðF1Þ2
4

�
1 − tanh

�ð1þ λÞ
4

F1ω

��
−1

× cosh−2
�ð1þ λÞ

4
F1ω

�
ð138Þ

and

ηH ¼ 1

2
ð2εH þ ð1þ λÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðεHÞ2 − 3εH þ 9ðF1Þ2

q
Þ; ð139Þ

ξH ¼ −3 ffiffiffiffiffiffi
εH

p
4

ffiffiffi
2

p ðεHð3þ 4λþ 2λ2Þ − 3ð1þ λÞ2

þ 3ð1þ λÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðεHÞ2 − 12εH þ 9ðF1Þ2

q
Þ: ð140Þ

Therefore, we have

ns ¼ 1 − 2εH þ ð1þ λÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðεHÞ2 − 3εH þ 9ðF1Þ2

q
: ð141Þ

From (139), we see that ηH → 0, when εH → 0, if and
only if 3ð1þ λÞjF1j → 0, while at the same time ξH → 0;
that is ns → 1 and n0s → 0. Furthermore, from (138), we
find that inflation ends at

eωf ¼ 2
− 2
ð1þλÞF1

�
3ðF1Þ2−8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9ðF1Þ2−8

p
−2

F1−1

� 2
ð1þλÞF1

; ð142Þ

which requires ðF1Þ2 ≥ 8
9
; that is, from the above, λ should

be very close to −1.
In Fig 3, we give the evolution of the ns − r and ns − n0s

diagrams. We observe that ns reaches the observed value
0.986 when the number of e-folds Ne exceeds 60.

D. Generalized Chaplygin gas IV

The HSR parameters for the generalized Chaplygin gas
IV model (67) are found to be

εH ¼ 3A

B2 − 2Aωþ B
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 − 2Aω

p ;

ηH ¼ 3A
2Aω − B2

; ð143Þ

ξH ¼ −
ffiffiffi
3

2

r
9A

3
2ð4Bþ 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 − 2Aω

p
Þ

2ðB2 − 2AωÞ32ðBðBþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 − 2Aω

p
Þ − 2AωÞ12

;

ð144Þ

from which we find ω�
f ¼ B2−6A�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2þ12AB2

p
4A . In Fig. 4, the

ns − r and ns − n0s diagrams are given for ω−
f , and for

various values of the parameter B; we have assumed that
A ¼ 1. From the diagrams it is easy to see that this model
can fit the Planck 2015 data quite well. Specifically, we find
that for ns ≃ 0.968 and for Ne ¼ 55, r≃ 0.054
and n0s ≃ −1.510−3.

E. Generalized Chaplygin gas V

For function (74), the HSR parameters are now calcu-
lated to be
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εH ¼ 3B
2
ð1 − Ae−

λ−1
2
BωÞ;

ηH ¼ −
3

2
Bðλ − 1Þ þ λεH; ð145Þ

and

ξH ¼ −
9

ffiffiffiffiffiffiffiffi
2εH

p
8

ððλ − 1Þ2ð6B − 4εHÞ
þ ðλ − 1Þð9B − 6εHÞ − 2εHÞ; ð146Þ

from which we find that inflation ends when

ωf ¼ 2ðln 2A − ln ð2 − 3BÞÞ
Bðλ − 1Þ : ð147Þ

From (145) we observe that when εH → 0, ηH ≃ Bðλ − 1Þ;
hence ηH → 0 when B → 0, or λ → 1. Recall that B ¼ 0
means that we are in the case of the generalized Chaplygin
gas II model. On the other hand, by replacing ωi ¼ ωf −
6Ne in (145) and (146) using (147), it follows that the HSR
parameters are independent on the constant A, and are
functions of B; λ and the number of e-folds Ne. We choose
B ¼ −0.002 and for the ranges Ne ∈ ½50; 60� and
λ ∈ ½−1; 0Þ, we present the ns − r and ns − n0s diagrams
in Fig 5. We can see that this differs from that of the
Chaplygin gas II model.
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F. Lambert function II

For the scale factor (91) we find that the HSR parameters
are

εH ¼ 1

q

�
1þW

�
p
q
e

ω
6q

��
−2

ð148Þ

and

ηH ¼
ffiffiffiffiffiffi
εH
q

r
; ξH ¼ −

3
ffiffiffi
2

p

4q2
ffiffiffiffiffiffi
εH

p
; ð149Þ

while the spectral indices become

ns ¼ 1 − 4εH þ 2

ffiffiffiffiffiffi
εH
q

r
;

n0s ¼
2ffiffiffi
q

p ðεHÞ32 þ
3

ffiffiffi
2

p

2q2
ffiffiffiffiffiffi
εH

p
: ð150Þ

From (148), we find that inflation ends at

ωf ¼ 6 lnð
ffiffi
q

p ð1− ffiffi
q

p Þ
p Þ þ 1− ffiffi

q
pffiffi
q

p . It is important to mention here

that in order for (148) to be positive we need q > 0, while

ωf is real when 1− ffiffi
q

p
p > 0. Furthermore, we find
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εH ¼ 1

q

�
1þW

�ð1 − ffiffiffi
q

p Þffiffiffi
q

p e
1− ffiffi

q
pffiffi
q

p
exp

�
−
N
q

���−2
: ð151Þ

In Fig. 6 the ns − r and ns − n0s diagrams are given for
q ∈ ½65; 100�, where we observe that n0s → 0 as ns → 1,
while the relation rðnsÞ is linear. However, for Ne ∈
½50; 60� we see that in the range of ns given by the
Planck data we need to have r > 0.11.

G. Error function solution

For the “error function” solution for the equation of state
(97), the HSR parameters are given by

εH ¼ −
3

ω ln ðABωÞ ;

ηH ¼ 3

ω
;

ξH ¼ 3

2
ffiffiffi
2

p ffiffiffiffiffiffi
εH

p
ηHð2 ln ðABωÞ − 1Þ; ð152Þ

and so inflation ends when ω reaches the value

ωf ¼ −
3

Wð−3ABÞ ð153Þ

where W is the Lambert function. We can easily see that in
order for ωf to be real, AB < 0. The ns − r and ns − n0s
diagrams for this model are given in Fig. 7 for the range of
e-folds Ne ∈ ½50; 60� and for AB ∈ ½−100;−0.02�. From
the plots we observe that for r < 0.06, we have ns ∈
½0.957; 0.981� and n0s ∈ ½3; 10� × 10−3. These values are
compared with the best-fit values from the Planck
Collaboration.

VI. CONCLUSIONS

In this work we studied exact solutions in scalar-field
cosmology using a new mathematical approach, and with
an emphasis on inflationary models. We have found new

closed-form solutions for spatially flat FLRW universes
with or without an extra matter source. For the latter
cosmological scenario, we determined exact solutions for
the case in which the scalar field mimics the perfect fluid,
the scalar field has a constant equation of state parameter
different from that of the perfect fluid, and when the scalar
field provides two perfect-fluid terms in the field equations.
The first solution is the well-known special solution of the
exponential potential, while in the other two solutions the
scalar-field potentials are expressed in hypertrigonometric
functions and the unified cold dark matter potential is
recovered. Furthermore, these expressions can be applied in
order to construct other solutions in a FLRW spacetime
with spatial curvature.
In the cosmological scenario in which the Universe is

dominated by the scalar field we determined the scalar-field
model in which the equivalent equation of state parameter
is that of the Chaplygin gas, or some generalizations of the
Chaplygin gas which have been proposed in the literature.
We also considered solutions in which the Hubble function
is expressed in terms of the Lambert function or by
logarithmic function. These models provide exact infla-
tionary universe solutions.
We compared these solutions with the constraints on

inflation from the Planck 2015 Collaboration. In order to
perform this analysis we expressed the Hubble slow-roll
parameters in terms of the expansion scale factor in the
variables defined by our solution-generating functions. For
every specific model and solution we calculated the HSR
parameters and we derived the spectral indices in the first
approximation. The diagrams for the density perturbations
ðnsÞ with the scalar ratio (r) and the variation n0s have been
derived and the subset of models which are compatible with
the Planck 2015 data set have been delineated.
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