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In the minimal seesaw model, we derive required constraints on Dirac neutrino masses inducing maximal
CP violation in neutrino oscillations. If the maximal atmospheric neutrino mixing is further assumed,
Dirac neutrino masses are uniquely determined to respect μ-τ flavored CP symmetry for neutrinos.
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I. INTRODUCTION

Neutrino oscillations have been theoretically predicted
[1] and experimentally observed as atmospheric, solar,
accelerator, and reactor neutrino oscillations for more than
a decade [2–7]. Extensive analyses of the current exper-
imental data on neutrino oscillations seem to suggest the
presence of the Dirac CP violation in neutrino physics [8].
The Dirac CP violation is described by the CP-violating
Dirac phase δCP, which turns out to lie in the 1σ-region of
δCP=π ¼ 1.13–1.64 for the normal mass hierarchy (NH) or
of δCP=π ¼ 1.07–1.67 for the inverted mass hierarchy (IH)

[9]. There is another type of CP violation called Majorana
CP violation. The relevant CP-violating phases are the
Dirac phase and the Majorana phase [10], which enter
into the Pentecorvo-Maki-Nakagawa-Sakata mixing matrix
UPNMS [1] that converts the mass eigenstates of neutrinos
ν1;2;3 into the flavor neutrinos νe;μ;τ. Denoting the atmos-
pheric neutrino mixing angle by θ23, the solar neutrino
mixing angle by θ12, and the reactor neutrino mixing
angle by θ13, the standard parametrization of UPNMS is
given by the Particle Data Group (PDG) [11] to be
UPDG ¼ UPDG

ν KPDG,

UPDG
ν ¼

0
B@

c12c13 s12c13 s13e−iδCP

−s12c23 − c12s23s13eiδCP c12c23 − s12s23s13eiδCP s23c13
s12s23 − c12c23s13eiδCP −c12s23 − s12c23s13eiδCP c23c13

1
CA;

KPDG ¼

0
B@

eiϕ1=2 0 0

0 eiϕ2=2 0

0 0 eiϕ3=2

1
CA; ð1Þ

for cij ¼ cos θij, sij ¼ sin θij and similarly tij ¼ tan θij
(i, j ¼ 1, 2, 3), where ϕ1;2;3 stand for the Majorana phases,
from which two independent combinations become the
CP-violating Majorana phases.
It is interesting to note that the experimentally allowed

region of δCP includes δCP ¼ 3π=2 indicating maximal CP
violation. From the theoretical point of view, δCP arises
from phases of flavor neutrino masses to be denoted byMij

(i; j ¼ e, μ, τ). We have been advocating the following
useful relation among δCP and Mij [12,13]:

Mττ −Mμμ

2
sin 2θ23 −Mμτ cos 2θ23

¼ tan θ13ðMeμ cos θ23 −Meτ sin θ23Þe−iδCP ; ð2Þ
which is used to express θ23 in terms of Mij. The maximal
CP violation can be induced if

Mττ −Mμμ ¼ imaginary; ð3Þ

as well as

Mμτ ¼ imaginary; Meμ cosθ23−Meτ sinθ23 ¼ real; ð4Þ

for cos 2θ23 ≠ 0, or

Meμ − σMeτ ¼ real; ð5Þ

for cos 2θ23 ¼ 0 indicating the maximal atmospheric
neutrino mixing, where σ ¼ �1 takes care of the sign
of sin θ23.
From the recent result of the Planck [14], the upper

limit of the neutrino masses is given by
P

mν ≤ 0.17 eV.
On the other hand, the neutrino oscillation experiments
measure Δm2

31 ¼ m2
3 −m2

1 and Δm2
32 ¼ m2

3 −m2
2.

Choosing Δm2
31 ¼ 2.46 × 10−3 eV2ð∼m2

3Þ for NH with
m2

3 ≫ m2
2 ≫ m2

1 and Δm2
32 ¼ −2.45 × 10−3 eV2ð∼ −m2

2Þ
for IH with m2

2 > m2
1 ≫ m2

3 [8], we obtain that the heaviest
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neutrino mass, either m3 or m2, is approximately estimated
to be 0.05 eV. Why neutrinos are so light is a puzzling
question to be solved. One of the promising theoretical
ideas is the one based on the seesaw mechanism [15],
which utilizes right-handed neutrinos. The right-handed
neutrinos can provide Dirac masses for flavor neutrinos and
light flavor neutrinos can be generated if the right-handed
neutrinos are very heavy. Furthermore, CP violation in the
early Universe is able to be induced by the heavy right-
handed neutrinos via the Dirac mass terms supplemented
by the Higgs scalar. If the heavy right-handed neutrinos
come in two families, all of CP-violating phases associated
with the Dirac neutrino masses can be converted into the
CP-violating Dirac and Majorana phases associated with
the light flavor neutrino masses. The model with two extra
heavy right-handed neutrinos is called the minimal seesaw
model [16]. If the seesaw mechanism is the right answer
to give tiny neutrino masses, our relation Eq. (2) is also
described by more fundamental quantities, namely the
Dirac neutrino masses.
In this article, within the framework of the minimal

seesaw model, we argue how Dirac neutrino masses are
constrained so as to induce maximal CP violation and
simultaneously to induce maximal atmospheric neutrino
mixing as well [17,18]. In Sec. II, we introduce six Dirac
neutrino masses associated with two extra heavy right-
handed neutrinos. Three relations determining three neu-
trino mixing angles such as Eq. (2) are expressed in terms
of these six Dirac neutrino masses and the CP-violating
Dirac phase, which are used to find constraints to induce
maximal CP violation. To obtain simple and useful
relations in the minimal seesaw model, we choose one
combination of Dirac neutrino masses to vanish, which
includes texture one zero. The detailed discussions to reach
various constraints on Dirac neutrino masses are presented
in the Appendix. In Sec. III, we derive necessary con-
straints on the Dirac neutrino masses to induce maximalCP
violation. Finally, further assuming maximal atmospheric
neutrino mixing, we determine six Dirac neutrino masses to
be real or imaginary. The final section, Sec. IV, is devoted
to summary and discussions, which include a preliminary
argument on the creation of the baryon number of the
Universe via the leptogenesis based on our constraints on
the Dirac neutrino masses.

II. DIRAC MASSES AND DIRAC CP VIOLATION

The minimal seesaw model contains two extra right-
handed neutrinos. We understand that a 2 × 2 heavy
neutrino mass matrixMR and a charged lepton mass matrix
are transformed into diagonal and real ones. After the heavy
right-handed neutrinos are decoupled, the minimal seesaw
mechanism generates a symmetric 3 × 3 light neutrino
mass matrix Mν containing Mij as elements to yield
Mν ¼ −mDM−1

R mT
D, where mD is a 3 × 2 Dirac neutrino

mass matrix. We parametrize MR by

MR ¼
�
M1 0

0 M2

�
ðM1 < M2Þ; ð6Þ

and mD by

mD ¼

0
B@

ffiffiffiffiffiffiffi
M1

p
a1

ffiffiffiffiffiffiffi
M2

p
b1ffiffiffiffiffiffiffi

M1

p
a2

ffiffiffiffiffiffiffi
M2

p
b2ffiffiffiffiffiffiffi

M1

p
a3

ffiffiffiffiffiffiffi
M2

p
b3

1
CA; ð7Þ

which result in

Mν ¼

0
B@

Mee Meμ Meτ

Meμ Mμμ Mμτ

Meτ Mμτ Mττ

1
CA

¼ −

0
B@

a21 þ b21 a1a2 þ b1b2 a1a3 þ b1b3
a1a2 þ b1b2 a22 þ b22 a2a3 þ b2b3
a1a3 þ b1b3 a2a3 þ b2b3 a23 þ b23

1
CA;

ð8Þ
where the minus sign in front of the mass matrix is
discarded for the later discussions. One of the masses of
ν1;2;3 is required to vanish owing to detðMνÞ ¼ 0.
The useful relation Eq. (2) expressed in terms of Mij is

converted into

aþa− þ bþb− ¼ −t13ða1a− þ b1b−Þe−iδCP ; ð9Þ
where aþ ¼ s23a2 þ c23a3, bþ ¼ s23b2 þ c23b3, a− ¼
c23a2 − s23a3 and b− ¼ c23b2 − s23b3. There are two
more similar relations to Eq. (2) that determine θ12;13 for
given Mij [13] and these two relations give rise to

sin 2θ12

�
c213ða21 þ b21Þ − s213ða2þ þ b2þÞe2iδCP

cos 2θ13
− ða2− þ b2−Þ

�

¼ −2 cos 2θ12
a1a− þ b1b−

c13
; ð10Þ

sin 2θ13½ða2þ þ b2þÞeiδCP − ða21 þ b21Þe−iδCP �
¼ 2 cos 2θ13ða1aþ þ b1bþÞ: ð11Þ

Similarly, neutrino masses accompanied by Majorana
phases are calculated to be

m1e−iϕ1 ¼ a2− þ b2− −
a1a− þ b1b−

t12c13
;

m2e−iϕ2 ¼ a2− þ b2− þ t12
c13

ða1a− þ b1b−Þ;

m3e−iϕ3 ¼ c213ða2þ þ b2þÞ − s213ða21 þ b21Þe−2iδCP
cos 2θ13

: ð12Þ

These three relations, Eqs. (9)–(11), can be cast into
more compact forms since one of the three neutrino masses
turns out be 0 owing to detðMνÞ ¼ 0. For NH, we have
m1 ¼ 0 leading to
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a2− þ b2− ¼ 1

t12c13
ða1a− þ b1b−Þ; ð13Þ

and obtain that

aþa− þ bþb− ¼ −t13ða1a− þ b1b−Þe−iδCP ; ð14Þ
a21 þ b21 − t212ða2− þ b2−Þ ¼ t13ða1aþ þ b1bþÞeiδCP ; ð15Þ
c213ða21þb21Þ−s213ða2þþb2þÞe2iδCP ¼ðc213−s213Þt212ða2−þb2−Þ;

ð16Þ
and

m2e−iϕ2 ¼ 1

c212
ða2− þ b2−Þ;

m3e−iϕ3 ¼ 1

c213
½a2þ þ b2þ − s213t

2
12ða2− þ b2−Þe−2iδCP �: ð17Þ

For IH, we have m3 ¼ 0 leading to

a2þ þ b2þ ¼ t213ða21 þ b21Þe−2iδCP ; ð18Þ
and obtain that

aþa− þ bþb− ¼ −t13ða1a− þ b1b−Þe−iδCP ; ð19Þ

sin2θ12

�
a21þb21
c213

− ða2−þb2−Þ
�
¼−2cos2θ12

a1a−þb1b−
c13

;

ð20Þ
a1aþ þ b1bþ ¼ −t13ða21 þ b21Þe−iδCP ; ð21Þ

and

m1e−iϕ1 ¼ a2− þ b2− −
a1a− þ b1b−

t12c13
;

m2e−iϕ2 ¼ a2− þ b2− þ t12
c13

ða1a− þ b1b−Þ: ð22Þ

We obtain simple solutions to these equations for a1;þ;−
and b1;þ;− and choose several plausible sets of the sol-
utions, which are consistent with the hierarchical condition
of m2

3 ≫ m2
2 requiring that ja2þ þ b2þj2 ≫ ja2− þ b2−j2 for

NH or m2
1 ≈m2

2 requiring that ja2−þb2−j2 ≫ ja1a−þb1b−j2
for IH. As stated in the introduction, we choose one
combination of Dirac neutrino masses to vanish, which
includes texture one zero. The discussions on our choices
of the solutions are presented in the Appendix, from which
we can summarize our results as follows: For NH,
(1) in the case of a1 ¼ 0, aþ;− and b1;þ;− should satisfy

a− ¼ −s13aþeiδCP=t12 and b1 ¼ t12b−=c13 þ t13bþ
eiδCP as well as aþa−¼−ðbþþt13b1e−iδCPÞb−
and a2− þ b2− ¼ b1b−=t12c13;

(2) in the case of b1 ¼ 0, a1;þ;− and bþ;− should satisfy
relations in the case of a1 ¼ 0 with the interchange
of a ↔ b;

(3) in the case of a− ¼ 0, a1;þ and b1;þ;−
should satisfy a1 ¼ t13aþeiδCP, b− ¼ b1=t12c13 and
bþ ¼ −t13b1e−iδCP ;

(4) in the case of b− ¼ 0, a1;þ;− and b1;þ should satisfy
relations in the case of a− ¼ 0 with the interchange
of a ↔ b;

(5) in the cases of aþ ¼ 0 and bþ ¼ 0, no simple linear
expressions arise.

And, for IH, we find that
(1) in the case of aþ ¼ −t13a1e−iδCP , a− and b1;þ;−

should satisfy bþ ¼ −t13b1e−iδCP ;
(2) in the case of a1 ¼ 0, a−;þ and b1;þ;− should satisfy

aþ ¼ 0 and bþ ¼ −t13b1e−iδCP ;
(3) in the case of b1 ¼ 0, a1;þ;− and bþ;− should satisfy

relations in the case of a1 ¼ 0 with the interchange
of a ↔ b;

(4) the case of aþ ¼ 0 (bþ ¼ 0) is identical to case 2
(case 3);

(5) the case of a− ¼ 0 (b− ¼ 0) is included in case 1 or
2 (case 1 or 3) as an additional requirement.

The case of 5 for NH is not further discussed because it
does not supply any useful linear relations with respect
to a1;þ;− and b1;þ;− and the cases of 4 and 5 for IH are
irrelevant.

III. MAXIMAL CP VIOLATION

In this section, we find appropriate conditions on a1;2;3
and b1;2;3, which are similar to Eqs. (3) and (4), to induce
maximal CP violation. From the discussions in Sec. II,
we find several such candidates in both NH and IH. We
choose the phase to be e−iδCP appearing in the equations
in much the same way as in Eq. (2). The results are
summarized in Table I for NH and Table II for IH that
show which Dirac neutrino masses are real or imaginary.

TABLE I. Constraints for NH to induce maximal CP violation.

Case Relevant constraint for δCP ¼ �π=2 Real Imaginary

1 a−e−iδCP ¼ −s13aþ=t12 a− aþ
2 b−e−iδCP ¼ −s13bþ=t12 b− bþ
3 a1e−iδCP ¼ t13aþ, bþ ¼ −t13b1e−iδCP a1, b1 aþ, bþ
4 b1e−iδCP ¼ t13bþ, aþ ¼ −t13a1e−iδCP

TABLE II. Constraints for IH to induce maximal CP violation.

Case Relevant constraint for δCP ¼ �π=2 Real Imaginary

1 aþ ¼ −t13a1e−iδCP , bþ ¼ −t13b1e−iδCP a1, b1 aþ, bþ
2 bþ ¼ −t13b1e−iδCP b1 bþ
3 aþ ¼ −t13a1e−iδCP a1 aþ
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In these tables, the real or imaginary Dirac neutrino
masses give maximal CP violation through the relevant
constraint(s).
If the atmospheric neutrino mixing is maximal as well,

aþ and a− turn out to be aþ ¼ ðσa2 þ a3Þ=
ffiffiffi
2

p
and

a− ¼ σðσa2 − a3Þ=
ffiffiffi
2

p
. Therefore, it can be observed that

the relation of a3 ¼ −σa2� as long as aþ ≠ 0 and a− ≠ 0
ensures the appearance of the imaginary aþ in all focused
cases requiring a− to be real and similarly for bþ;−.
This constraint on a2;3 (or b2;3) is equivalent to
Eqs. (3) and (5). In terms of a1;þ;− and b1;þ;−, Eqs. (3)
and (5) can be expressed as Reðaþa− þ bþb−Þ ¼ 0 and
Imða1a− þ b1b−Þ ¼ 0.
So far, we have assumed that one of a1;þ;− and b1;þ;−

vanishes but a more general conclusion can be obtained
without making any assumptions. It is known that the
relations of Meτ ¼ −σM�

eμ and Mττ ¼ M�
μμ supplemented

by Mee;μτ ¼ real lead to maximal CP violation as well
as maximal atmospheric neutrino mixing [17,19]. In our
point of view, it is understood that these relations serve
as specific solutions to Eqs. (3) and (5) [12]. In terms of
a1;þ;− and b1;þ;−, the solution consists of a3 ¼ −σa2�
and b3 ¼ −σb2� supplemented by a1 ¼ real and
b1 ¼ real. The Dirac neutrino masses are uniquely
determined to be

mD ¼

0
B@

ffiffiffiffiffiffiffi
M1

p
a1

ffiffiffiffiffiffiffi
M2

p
b1ffiffiffiffiffiffiffi

M1

p
a2

ffiffiffiffiffiffiffi
M2

p
b2ffiffiffiffiffiffiffi

M1

p ð−σa�2Þ
ffiffiffiffiffiffiffi
M2

p ð−σb�2Þ

1
CA; ð23Þ

where a1 and b1 are real. As in Ref. [19,20], if a unitary
matrix S is defined to be

S ¼

0
B@

1 0 0

0 0 −σ
0 −σ 0

1
CA; ð24Þ

on the ðνe; νμ; ντÞ basis, which provides μ − τ flavored
CP symmetry for the flavor neutrinos [20] subjected to
the interchange of νμ and ντ, it is found that mD of
Eq. (23) satisfies that STmD ¼ m�

D as expected.

IV. SUMMARY AND DISCUSSIONS

We are able to derive the useful and simple relations
to induce maximal CP violation, which dictate that
aþ ¼ imaginary and a1 ¼ real and/or bþv ¼ imaginary
and b1 ¼ real for both NH and IH. For NH, either aþ ¼
imaginary and a− ¼ real or bþ ¼ imaginary and b− ¼ real
also arises. These relations are limited to hold in specific
textures where at least one of a1;þ;− and b1;þ;− vanishes. If
the atmospheric neutrino mixing is also maximal, we have
obtained a3 ¼ −σa2�, b3 ¼−σb2�, a1 ¼ real and b1 ¼ real
applicable to more general textures. These relations turn out

to be equivalent to the familiar relations of Meτ ¼ −σM�
eμ,

Mττ ¼ M�
μμ, Mee ¼ real and Mμτ ¼ real for flavor

neutrinos.
Our findings about various relations among the Dirac

masses giving the maximal CP violation for flavor
neutrinos become useful when neutrino physics is
affected by phases of the Dirac masses. The immediate
such example is to apply our method to the process of
the creation of the baryon number of the Universe via
the leptogenesis. In fact, the result indicates that the
CP-violating Majorana phases for the leptogenesis come
from a2;3 and b2;3 [see Eq. (29)] although there is no
Majorana CP violation for flavor neutrinos if the above
relations are satisfied.
To see how the baryon-photon ratio in the Universe via

the leptogenesis scenario can be predicted by the use of
our requirement on the Dirac neutrino masses for the
maximal CP violation, we provide a preliminary result as
a viable example. First of all, we summarize the recipes,
which are known as follows [21,22].

(i) The CP asymmetry parameters from the decay
of the lightest right-handed neutrino N1 (we assume
M1 ≪ M2) is obtained from

ϵi ¼ −
3M1

16πv2
Im½a�i biða�1b1 þ a�2b2 þ a�3b3Þ�

ja1j2 þ ja2j2 þ ja3j2
;

ð25Þ
where i ¼ e; μ; τ ¼ 1, 2, 3 and v≃ 174 GeV.

(ii) The baryon number in the comoving volume is
calculated to be

YB ≃ −
12

37g�

�
ðϵe þ ϵμÞη

�
417

589
ðja1j2 þ ja2j2Þ

�

þ ϵτη

�
390

589
ja3j2

��
; ð26Þ

for 109 ≤ M1½GeV� ≤ 1012 where washout effect on
ϵi in the expanding Universe is controlled by

ηðxÞ ¼
�
8.25× 10−3 eV

x
þ
�

x
2× 10−4 eV

�
1.16

�−1
;

ð27Þ

and g� denotes the effective number of relativistic
degree of freedom. We take g� ¼ 106.75.

(iii) The baryon-photon ratio ηB is estimated to be
ηB ¼ 7.04YB.

Next, we estimate the baryon-photon ratio by assuming
the maximal CP violation and the maximal atmospheric
neutrino mixing in the neutrino sector: e.g., a1 ¼ real,
b1 ¼ real, a3 ¼ −σa�2 and b3 ¼ −σb�2. In this case, there
are only two independent phases argða2Þ and argðb2Þ.
The CP asymmetry parameter ϵi is obtained as
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ϵe ¼ 0;

ϵμ ¼ −
3M1

16πv2
ðja1jjb1j þ 2Re½a�2b2�ÞIm½a�2b2�

ja1j2 þ 2ja2j2

¼ −
3M1

16πv2
ðja1jjb1j þ 2ja2jjb2j cosΔÞja2jjb2j sinΔ

ja1j2 þ 2ja2j2
;

ϵτ ¼ −ϵμ; ð28Þ
where

Δ ¼ argðb2Þ − argða2Þ: ð29Þ
From Eq. (28), as we expected, the phase difference Δ
has a crucial role in the baryon asymmetry generation in
the Universe and Δ ≠ nπðn ¼ 0;�1;�2 � � �Þ is required
for nonvanishing baryon-photon ratio.
To confirm results of our discussions more concretely,

we estimate the CP asymmetry parameters shown in
Eq. (28) with the horizontal equality in the Dirac mass
matrix [23]. There are the following three cases of the
horizontal equality for elements denoted by X:

I∶

0
B@

X X

� �
� �

1
CA; II∶

0
B@

� �
X X

� �

1
CA; III∶

0
B@

� �
� �
X X

1
CA;

ð30Þ
where the mark “�” denotes a nonvanishing element. The
vertical equality is also discussed [24]. In case II and case
III, we obtain Δ ¼ 0. Case I only survives for the maximal
CP violation as well as the maximal atmospheric neutrino
mixing for nonvanishing baryon-photon ratio. The phe-
nomenological consequences with the horizontal equality
have been obtained by numerical calculations. In this paper,
we show the clear constraint on the models with horizontal
equality by exact analytical expressions. This is an advan-
tage of our research.
We show a numerical example of the baryon-photon

ratio in case I of the horizontal equality requiring
ffiffiffiffiffiffiffi
M1

p
a1 ¼ffiffiffiffiffiffiffi

M2

p
b1 for the maximal CP violation and the maximal

atmospheric neutrino mixing. The effective mass of
the neutrinoless double beta decay is estimated as
Mee ¼ ð1þM1=M2Þa21. For the sake of simplicity, we
assume ja2j ¼ jb2j and Δ ¼ π=2. The CP asymmetry
parameter ϵμ is

ϵμ ¼ −
3M1

16πv2

ffiffiffiffiffiffiffi
M1

M2

s
jMeejja2j2

jMeej þ 2ð1þM1=M2Þja2j2
; ð31Þ

and we obtain

ηB ¼ 6.1 × 10−10; ð32Þ
forM1¼ 9.7×1011 GeV,M2 ¼ 100M1, jMeej ¼ 0.069 eV
and ja2j ¼ 0.063 eV, which is consistent with the observed
value of ηB ¼ ð6.02–6.18Þ × 10−10 [25]. More general
analysis is found elsewhere [26].

APPENDIX: USEFUL CONSTRAINTS

In this appendix, we describe how to obtain various
constraints on a1;þ;− and b1;þ;− as solutions to the equa-
tions, Eqs. (13)–(16) for NH and Eqs. (18)–(21) for IH. We
use constraints on a1;þ;− as initial conditions to find our
solutions, which can be transformed into other solutions
based on those on b1;þ;− by the interchange of a ↔ b. The
initial setup for a1;þ;−, where one combination of Dirac
neutrino masses vanishes, turns out to be given by a1 ¼ 0,
aþ ¼ 0, a− ¼ 0, or aþ þ t13a1e−iδCP ¼ 0. For NH,
(1) a1 ¼ 0: From Eq. (13), a2− ¼ −ðb− − 1

t12c13
b1Þb− is

required to have m1 ¼ 0. From Eq. (14) for θ23 and
Eq. (15) for θ12, we, respectively, obtain aþa−¼
−ðbþþ t13e−iδCPb1Þb− and b1 ¼ t12

c13
b− þ t13bþeiδCP ,

which turn out to satisfy (16) for θ13. Inserting
the expression of b1 into those of a2− and aþa−,
finally, gives a simpler relation a− ¼ − s13

t12
aþeiδCP .

We obtain that b1 ¼ t12
c13

b− þ t13bþeiδCP and a−¼
− s13

t12
aþeiδCP as useful relations together with a− ¼ 0.

(2) aþ ¼ 0: It is readily recognized that no simple
linear relations are deduced from the equations
and a1;− and b1;þ;− should satisfy a2− þ b2− ¼
1

t12c13
ða1a− þ b1b−Þ from Eq. (13), bþb− ¼

−t13e−iδCPða1a− þ b1b−Þ from Eq. (14), a21 þ b21 −
t212ða2− þ b2−Þ ¼ t13b1bþeiδCP from Eq. (15) and
c213ða21þb21Þ− s213e

2iδCPb2þ ¼ ðc213− s213Þt212ða2−þb2−Þ
from Eq. (16).

(3) a− ¼ 0: From Eq. (13), b− ¼ 1
t12c13

b1 is required to
have m1 ¼ 0. From Eqs. (14) and (15), we, respec-
tively, obtain bþ ¼−t13b1e−iδCP and a1¼ t13aþeiδCP ,
which turn out to satisfy (16) for θ13. We obtain
that bþ þ t13b1e−iδCP ¼ 0, b− ¼ 1

t12c13
b1 and a1 ¼

t13aþeiδCP together with a1 ¼ 0.
For IH, the combined use of Eqs. (18) and (21) yields
a1aþ þ b1bþ ¼ −t13ða21 þ b21Þe−iδCP for Eq. (21) giving

ðaþ þ t13a1e−iδCPÞa1 þ ðbþ þ t13b1e−iδCPÞb1 ¼ 0; ðA1Þ

by which Eq. (18) is further reduced to

ðaþ þ t13a1e−iδCPÞaþ þ ðbþ þ t13b1e−iδCPÞbþ ¼ 0: ðA2Þ

Similarly, Eq. (19) leads to

ðaþ þ t13a1e−iδCPÞa− þ ðbþ þ t13b1e−iδCPÞb− ¼ 0: ðA3Þ

Considering Eqs. (A1)–(A3), we find the following cases:

(1) bþþt13b1e−iδCP
aþþt13a1e−iδCP

¼ − a1
b1
¼ − aþ

bþ
¼ − a−

b−
for aþþ

t13a1e−iδCP ≠ 0, bþ þ t13b1e−iδCP ≠ 0 as well as
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a1;þ;− ≠ 0 and b1;þ;− ≠ 0: Eq. (A3) with aþ ¼
bþa1=b1 yields either bþ þ t13b1e−iδCP ¼ 0, which
is not allowed by the initial conditions, or a1a− þ
b1b− ¼ 0 giving jm1j ¼ jm2j from Eq. (22), which
contradicts the fact that jm1j < jm2j. This case
cannot provide a solution.

(2) aþ þ t13a1e−iδCP ¼ 0: It is readily found that
bþ þ t13b1e−iδCP ¼ 0 is the solution. We obtain that
aþ þ t13a1e−iδCP ¼ 0 and bþ þ t13b1e−iδCP ¼ 0.

(3) a1 ¼ 0: ðbþ þ t13b1e−iδCPÞb1 ¼ 0 is required and
bþ þ t13b1e−iδCP ¼ 0 is the solution because b1 ¼ 0
gives jm1j ¼ jm2j. The remaining conditions from
Eqs. (A1)–(A3) are fulfilled by aþ ¼ 0. For Eq. (20),
sin 2θ12ðb21 − c213ða2− þ b2−ÞÞ ¼ −2 cos 2θ12c13b1b−
should be satisfied. We obtain that bþþ
t13b1e−iδCP ¼ 0 and a1 ¼ aþ ¼ 0.

(4) aþ ¼ 0: Either bþ þ t13b1e−iδCP ¼ 0 or bþ ¼ 0 is
the solution. If bþ ¼ 0, Eq. (A3) yields
a1a− þ b1b− ¼ 0, which results in jm1j ¼ jm2j
from Eq. (22). For bþ þ t13b1e−iδCP ¼ 0, a1 ¼ 0

is derived. We obtain that bþ þ t13b1e−iδCP ¼ 0

and a1 ¼ aþ ¼ 0.
(5) a− ¼ 0: ðbþ þ t13b1e−iδCPÞb− ¼ 0 is required and

bþ þ t13b1e−iδCP ¼ 0 is the solution because b− ¼ 0

gives jm1j ¼ jm2j from Eq. (22). The remaining
conditions are fulfilled by either aþþt13a1e−iδCP¼0

or a1¼ aþ ¼ 0. We obtain that aþ þ t13a1e−iδCP ¼ 0,
bþ þ t13b1e−iδCP ¼ 0 and a− ¼ 0 or that
bþ þ t13b1e−iδCP ¼ 0 and a1 ¼ aþ ¼ a− ¼ 0.

All of the cases for IH are not independent. For instance,
case 5 is included in case 2 or in case 3 both with the
additional condition of a− ¼ 0.
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