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As an extension to our previous work, we study the transport properties of the Witten-Sakai-Sugimoto
model in the black D4-brane background with smeared DO branes (D0-D4/D8 system). Because of the
presence of the DO branes, in the bubble configuration, this model is holographically dual to four-
dimensional QCD or Yang-Mills theory with a Chern-Simons term, and the number density of the
DO branes corresponds to the coupling constant (0 angle) of the Chern-Simons term in the dual field theory.
In this paper, we accordingly focus on the small number density of the DO branes to study the sound mode
in the black D0-D4 brane system since the coupling of the Chern-Simons term should be quite weak in
QCD. Then, we derive its five-dimensional effective theory and analytically compute the speed of sound
and the sound wave attenuation in the approach of gauge/gravity duality. Our result shows the speed of
sound and the sound wave attenuation are modified by the presence of the DO branes. Thus, they depend on
the @ angle or chiral potential in this holographic description.
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I. INTRODUCTION

Since the gauge/gravity duality or AdS/CFT correspon-
dence was proposed, it has been a valuable tool in
analyzing near-equilibrium dynamics of the strongly
coupled plasma for a long time [1-5]. Many people believe
that the QCD quark-gluon plasma (QGP) has been pro-
duced in heavy-ion collision experiments at the Relativistic
Heavy-ion Collider in recent years [6-8], and thus the
potential application of gauge/gravity or AdS/CFT corre-
spondence for the hydrodynamic description of QGP has
become the most important motivation of research in this
direction. On the other hand, as one famous top-down
prototype of holographic QCD, the Witten-Sakai-Sugimoto
model [9-11] introduces a supergravity description based
on the geometric background generated by N, D4 branes
compactified on a cycle. Naturally, studying the strongly
coupled hydrodynamics of QCD has become one of the
most interesting aspects of this holographic model [12—-14].

The Witten-Sakai-Sugimoto model is realizing dual
[15,16] to a four-dimensional QCD-like theory in the
large-N . limit. Specifically, the D4 branes are compactified
on a cycle with appropriate boundary conditions; therefore,
the dual field theory is nonconformal and nonsupersym-
metric and couples to the Kaluza-Klein field in the adjoint
representation. Additionally, there are N, species of mass-
less flavored quarks introduced by embedding N, pairs of
probe D8/D8 branes. In the D4 solitonic solution, the
flavor D8/D8 branes are connected in the IR region, which
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holographically corresponds to the broken chiral symmetry
in the dual field theory, and the light mesons come from the
world volume theory on the connected D8/D8 branes in its
low-energy effective theory.

Previously, the setup of the original Witten-Sakai-
Sugimoto model was parallely implanted into the D4 brane
background with smeared DO branes [17] as an extension
(i.e., the DO-D4/D8 brane system). And this system is
holographically dual to the QCD or Yang-Mills theory with
a topological term (i.e., the Chern-Simons term). It would
be more clear if we take into account the action of the
D4 branes in the presence of the smeared DO branes,

Sp, = —/44Tr/ d*xdx*e=?\/—det (G + F)

1
+/l4/C5 —|——/,t4/C1/\.7:/\.7:, (11)

2

where p, = (27)7*1;, I, is the size of the string, G is the
induced metric, and F = 2z F, which is proportional to
the gauge field strength on the D4 brane. C; and Cs are the
Romand-Romand 1- and 5- forms, respectively, and x*
represents the periodic direction which is wrapped on the
cycle. Obviously, the Yang-Mill action comes from the
leading order of the first part in Eq. (1.1) [i.e., the Dirac-
Born-Infield action] if it could be expanded by small F.
In the bubble background of the Witten-Sakai-Sugimoto
model in the DO-D4 background, we have the solution
C, ~ @dx* [17], and thus the last term in Eq. (1.1) could be
integrated as
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Consequently, the theory on the world volume of the D4
branes holographically corresponds to the QCD or Yang-
Mills theory with a topological term as shown in Eq. (1.2).
Phenomenologically, this topological term (1.2) may lead
to some observable effects such as the chiral magnetic
effect (or some other effect in the glueball condensation)
[18,19]. Therefore, while the experimental upper bounds on
0 are quite small, the @ dependence in QCD or Yang-Mills
theory is very interesting. Motivated by these, we have had
many previous works on this DO0-D4/D8 holographic
system such as Refs. [20-22] (also see other people’s
work about the holographic € dependence in Refs. [23,24]).
Although the dual field theory of this system is less clear',
in this manuscript, we would like to extend the study to the
hydrodynamics in the black D0O-D4 system since the 6
angle is related to the chiral potential as [25].

The background geometry of the black DO-D4 brane
system also satisfies the condition of Refs. [30,31], so the
shear viscosity # saturates the universal viscosity bound as
in Ref. [32],

FAF. (1.2)

/ CIAFAF ~0
S 4xR* R*

X

T — (1.3)

where s is the entropy density. It shows #/s should not be
affected by the presence of the DO branes (in other words,
the 0 angle). Hence, we are going to take a next step toward
understanding transport phenomena in four-dimensional
gauge plasma, i.e., to study the sound waves in this
holographic system. And much research of the sound
waves by holographic duality could be reviewed, such as
Refs. [33,34], also in the original Witten-Sakai-Sugimoto
model [12]. Therefore, as a generalization and comparison
to the present results in Ref. [12], it would be quite
interesting to consider the influence of the 8 angle or
chiral potential on the sound mode by this holographic
system.

In this paper, after this Introduction, we will review the
geometry of the black DO-D4 system briefly in Sec. II.
Then, we derive the five-dimensionally effective theory of
this system in Sec. III. Because of the presence of the
DO branes, it shows there should be a vector field in the
effective theory, which is in addition to what has been
studied in Ref. [12]. Interestingly, this vector might relate to

'While the confined geometry of the original Witten-Sakai-
Sugimoto model corresponds to the confinement phase, it is
less clear for the deconfined geometry (black brane back-
ground) in the dual field theory. It has been discussed in
Refs. [26,27] and also in our previous study [28,29]. In this
sense, as an implanted version of the original Witten-Sakai-
Sugimoto model, the dual field theory of the black D0-D4/D8
system is also less clear.
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some other observable effect.’ Moreover, we find our
effective theory is also similar to the resultant theory in
Refs. [35,36]. In Sec. IV, we study the fluctuations of
the relevant fields in its effective theory and discuss how
to simplify the following computations for the sound
mode. Then, in Sec. V, the speed of the sound and
the sound wave attenuation are accordingly calculated in
the hydrodynamic limit. We find they are affected by the
presence of the DO branes, and this may be interpreted as
the modification from the @ angle (1.2) in the viewpoint of
the dual field theory, or in other words, the speed of the
sound and the sound wave attenuation depend on the chiral
potential (u5) in this holographic description. The final
section is the summary and discussion of this paper.

II. REVIEW OF D0-D4 BACKGROUND

We are going to review the black D0-D4 system briefly
in this section, and some results have been presented in
Refs. [17,20-22,37,38]. In the Einstein frame, the black
brane solution of N, D4 brane with N, smeared D0 branes
reads [17,38]

3

ds® = HP[—Hy f1(U)(dx)? + HY6,dx'dx)

1 s [ dU?
+ Hj(dS")?] + HyH}) { + Uzdgg}

fr(U)
1 A1
(DD, __ y1/4  py3/4 _
e~ (2-%) =H,/"/Hy", F, —\/—ZWH—(Z)CIU/\dXO,
1
F :—Bg s 2.1
4 \/47 4 ( )
where
A — (2”15)7.95]\[0 — (27[15)3951\’0 ecI)() = g
7@4‘/4 s w4 5
H4:1+UQ34, Ho:1+UQ3°, fr(U)= _7[3\‘
(2.2)

We have used g, dQ4, €4, and w, = 87%/3 to represent
the string coupling, the line element, the volume form, and
the volume of a unit S*, respectively. U, represents
the position of the horizon, and V, is the volume of the
D4 brane. Notice that x* is the periodic direction and the
DO-branes have been smeared in the x%, i = 1, 2, 3 and x*
directions homogeneously. Moreover, for the readers’
convenience, the relation between the integration para-
meters A, B, Ug,> and Uy, is given as [17]

*This additional vector may be related to the chiral vortical
separation effect [14]; we would like to do a future study of it in
our framework.
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A=3\0, Wy, + V),
B=3,/U} (U}, +U3).

By taking the near-horizon limit, i.e., fixing U/a’' and
Uy/a' where o = I2, we have the relations

(2.3)

BN 12
U3Q4 — na??g,N, = —YZ/IH R,
R3
Hy(Uy) -
Uy’
4 _
p =3 U PRH P (Uy). (24)

where f is the size of the periodic time direction.
Consequently, in the near-horizon limit, the black brane
solution (2.1) becomes

U\§, 1 1 S
ds?— <R>8[—H0g Fr(U)(dx®)2 4 His,dxidd + Hi(dS'))
15
r(U)
U\34 34
eq’:gs(ﬁ> HO/.

Then, the deformed relations in the presence of DO branes
to the variables in QCD are

UZdQ;{]

(2.5)

L 2

R} = ; =
2MKK Is ZﬂMKKNClS

2
Uy = §MKK/U%H0(UA)’ (2.6)

where 1 = g3\;N, is the 't Hooft coupling constant and
Mgk is the mass scale.

III. DIMENSIONAL REDUCTION TO
FIVE-DIMENSIONAL THEORY

As we are going to study the hydrodynamics by
AdSs/CFT, duality and the bulk fields in the DO0-D4
background are described by ten-dimensional type-IIA
supergravity, in this section, let us first employ the standard
Kaluza-Klein reduction on S' x §* as [12,33,36], to derive
the five-dimensionally effective theory of this system. In
the Einstein frame, the ten-dimensional action of type-IIA
supergravity is given as

1

1
Sia = 2k2 40— { (10) _EVM‘I)VM(I) _ e®/2|F4|2

- e3¢/2|F2|2] (3.1)
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where ¢ is the dilaton and F, and F, are the Romand-
Romand 4- and 2-form field strengths, respectively.
We have used G to represent the determinant of ten-
dimensional metric Gy, where the indexes (M, N) run
from O to 9, and the ansatz of the metric

ds? 0 = GyndxM dxN

(1
= e ggpdxd’ + 7 (dS' ) + 2R,
(3.2)

where x“ represents x* = {x*, U } u=20,1...3, would be
helpful for the dimensional reduction. Furthermore, we
have assumed that the S'x S* dependence could be
trivially reduced, which means the fields f and w do not
depend on S! x §*. By using the ansatz (3.2), we could
obtain some useful relations, which are

/=G — ﬁge 1oy 1/2
V=G|F,* = fw) J=ge=+ gi/*,
2
V=G|F,* = /=gF s Feag® g™ g,

V=GV, @V D = /=54l >V, BV, (3.3)
where g, represents the determinant of the metric on $* and
gap 18 the five-dimensional metric. The relation between the
ten-dimensional R and five-dimensional R®) curvature
scalar is given as’

10 ¢ 4
RU0 = 57 |RG) = 204700, wd,w — ?Og“bc’)afabf

+ 12¢72w), (3.4)
After inserting Eq. (3.4) into Eq. (3.1) and integrating over
S! x §*, we obtain the five-dimensional effective action,
which takes the form

1% 1
Ssd:% dx\/=g [R<5) —Egahaaqw,,@—zog;abaawabw
0

40
__gabaafabf_ P— e%er%q)FabF dgacgbd

. (3.5)

where V), represents the volume of the 4-sphere and

P = 82 238w 12¢~ f+2w.

(3.6)
The equations of motion for ®, w, f, and g,, could be
obtained from Eq. (3.5) and are as follows:

*We will not give the full relation in Eq. (3.4) since there would
be some additional total derivatives if imposing the full relation of
Eq. (3.4) to the action (3.1). Those terms have thus been dropped.
So, only the relevant terms are given in Eq. (3.4).
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b V, fe—— —_ o B Fgecqbd = —0.
ga a bf 808f 86 abl cad " 9
1 0P
b\ NV, w———— =0
g V¥l 400w
oP 3
abv vb@—a—?;_ie%f—F%q)FabFC gacgbd O

Daly/=geti ¥ Fer] =,

1 40 1
Eaaq)ﬁb@+208aw8bw+?3af8bf+§gab77
1 0543 d
+ <2FcaFlC) _ggachdFCd> eI3Of+2(I) = Rgzsb )
(3.7)

We have used F,, to represent the components of the
Romand-Romand 2-form F,. Then, let us consider the five-
dimensional ansatz of the metric as

ds?

(5> — —C%dtz + C%aijd.xid.xj + C%dUz,

(3.8)

which is obtained from the following corresponding ten-
dimensional metric (3.2):

dstyy = e [=cldr + 36;dx'dx! + dU?]

+ M3 (dS1)? + 22U aQ2. (3.9)

Comparing Eq. (3.9) to the black brane solution of the
Witten-Sakai-Sugimoto model in the D0-D4 background
(2.1) leads to the relations

13
log U,

f= 80

16logHO +—

:—1
0 ogU,

1/2 -1/3
| :fT/ U5/6H0 / ,
cy = H(l)/éUS/G,

ey = f7 PHY U3, (3.10)

where we have set g = R =1 for convenience (as a

comparison to Ref. [12]) so that B = \/g. One can verify

the reduced functions in Eq. (3.10) satisfy the five-
dimensional effective equations of motion (3.7) consis-
tently. Consequently, we obtain the five-dimensional effec-
tive action (3.5) and its solution (3.9), (3.10) of our DO-D4
brane system. However, a difference from the original
D4-brane system is that there is an additional vector
field C, in the low-energy effective theory of which the
field strength is the Romand-Romand 2-form defined
as Fub = 8aCb - 8;,Cu

PHYSICAL REVIEW D 94, 066012 (2016)
IV. FLUCTUATIONS

In this section, let us study the fluctuations of the
relevant fields in the black D0-D4 background with the
replacements4

Gab = Yab + hap.
f—= f+of,
w = w+ ow,
d > D+ 5P,

c,—C,+6C,, (4.1)
where {h,,,5f,ow,5®,5C,} are the fluctuations, while
{ups fsw,®,C,} are the background configurations
of the DO-D4 system, i.e., the classical solution of the
equations of motion (3.7). For the fluctuations of the
metric, we are going to choose the following gauge as
[12,33,34,36]:
h,y =0. (4.2)
Furthermore, we have assumed that the fluctuations
of the metric depend on {z,z, U}> only; i.., the system
we are considering is O(2) rotationally symmetric in the
x —y plane.
In the linearized case, the following sets of the metric

are decoupled from each other because of the O(2)
symmetry [34]:

{h12}9

{hll - h22}7
{hor, his},
{hoa, hos},

{hoos haa = By + hoa, hos, B3} (4.3)
While the first three sets in Eq. (4.3) are related to the shear
modes, the last set corresponds to the sound waves,
which is the concern in this manuscript. Besides, there
are additional fluctuations as {&f,dw, 6®,5C,} from the
dimension-reductional scalars and vector. As a comparison,
let us employ the similar conventions as [12,33,36] by
introducing®

4By the solution for the D0-D4 background (2.1), we have
assumed that only one component of C, is nonzero which is C,.

The coordinate x* could be identified as {z,x,y, z}.

®It would not be confused with Egs. (1.1) and (1.2) if we
use the same F to represent the fluctuation of the function f
here.
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hOO — e—ia)t+iqx3 C%Ht,, h03 — e—iwt+iqx3 C%th’ haa — e—iwt+iqx3 C%Haaa h33 — e—ia}t+iqx3 C%H

5f — e—iwt+iqx3f’ Sw = e—iwt—&-iqx}W’ 5P = e—ia)t+iqx3¢’ 5Ca — e—iwt—&-iqx;ca’ (44)

poa

where the definitions of the functions ¢; and ¢, have been given in Eq. (3.10) and {H, ,H,,,Hyy, H.., F, W, ,C,}
are the functions which depend on the radial coordinate U only. By inserting Eq. (4.1) and (4.4) into Eq. (3.7)
and expanding all the equations of motion at a linearized level, we obtain five ordinary differential equations as
in the Appendix, and the relevant equations are collected once we evaluate Eqs. (A1)—(AS) by Egs. (3.9), (3.10),
and (4.4),

" C%C% ' ! rry! C% 26% 2
O:Hn+ lnc— H,,—[lncl]Hﬁ—? q ?Ht,—l-w H,~,~—|—2a)thZ
3 1 2

oP 877 oP 6cicy, 2cicy 2c] 2,
il il hdl i et o A Bt SO W H
<(3f W+3@ >+ (clcz ciC3 * c +3C3P .

4F,
*’90”‘”“@oanf+zomev+9Fw¢> 5)
1

5 2 20 ¢! 4/2 20 ¢ 20" 2
0=H] + ln— H’ + qw ;H + M4—L22—ﬂ+%+—c§79 H,
C1€3 65} C1Ca c5 CrC3 c; 3

4F,
X 3CU s/ <3F3U 2+FIUH,Z> (4.6)
i
511 2 o2
0= ttfy + 0Lty 4.5 (2= D) o+ (0 = H i3y
1 2
deyosc? + 2ere56)ch = 2ey01chdy 24 2 ap__ 9P, P
n < cic3cy + 026321"2 c2€lc2€3+&+—c_%73> ( .7-"+—W+— >
c165¢;3 of a0
4F[U 10f+3q>
+<53 902 (20F,yF + 12FtU +6F,yH; + 3F yH 0 + 9F y9), (4.7)
I

c el c2 2
0= H/z/z + |:n 232:| H/zz + (Hém _Hgt)[]ncﬂ/ JFC% |:w2sz + zqutz + q2%(Hn _Hua):|
1 S5

che 2 el 2l 2 oP oP 87)
H. > 2 9% 2 cp —F _W aF
" <C162 e 3 cacs + 3 - of : : 08"
2F ~
+ 9clU 10f+ (IZFZU +20F ,yF + 6F,yH,, +6F1UHZZ +9F1U¢)’ (4.8)
1

2 2 2 2 2
/, acl| ., , N, 50 3 ,(0°P 0P 0P
= - H - —g*-L -
0=F +[ C3]F+ f'(H; ,t)-i-c%(a) q c%)]: 8OC3<8f2]:+8f6wW+8f8¢'¢

F

+T;U2€l3_0f+%¢(12FIU+20F,U.7:+6F1UHU+9FIU¢)’ (4.9)
1
ad]’, 1 S (@D La( PP 5 PPy 0P
0=W" w Hj,—H),)+3 (- 20 a 410
W'+ { o } +2w( ”)+c% (‘” U 2 w 403 owof +8WZW+6W6<I>¢ (4.10)
377 2 2 § ’ ’
, e . 1 e , c3 ) ) €] o0“P o-P o-P
_ 1 —_®'(H. — H — —q9 5
0=¢ +[n c3](p+2 (Hi, ”)+C%<w q(:%)q) <5‘I’3fj: Pow W+8@2¢
F A
4 2_2121 I3 (12F y + 20F 4 F + 6F yH,; + 9F @), 1)
1
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where F,, = Aei®=i4%(9,5C, — 8,56C,)." Besides, there are three additional first-order constraints which come from
association with the (partially) fixed diffeomorphism invariance,®

!/ !
0=w <H;.l. n [m %} H,.,.> tgq (H;Z ) [m %] H,Z> to (83—0 FF 4+ 40wW + <1>'go) , (4.12)
1 1

' 2 . Fu w; 80
0=gq <H;, - [m 2] H,,> + C—ng;Z — qHl\y + 4iF L 55 — g <? f'F 4 40w'W + <1>/<p> . (4.13)
Cy c1 ]

2 2
C C
0= [Inc,c3/'H); — Inc3|'H}, + —3 [aﬁHﬁ +20qH,, + ¢* C—§ (H, - H,m)}
1 2

oP oP JP 80 2
+c <aff+ W+6(D )—<?f/.7:/+40w/W/+‘1>’(p’)+§C%P(H,-,-—H,t)

2 / ! ! ! "
cch 2c%  cheh ol cicy 3cich, ¢
162 2 2€3 2 €163 162 1
(223, 2 gy -T2 g,
C1Co Cz CrC3 CH C1C3 C1Cy C

Fuy
+ 302 W eSH2(12F,; + 20F,y F + 10F,yH,, + 2F yH o + 2F ,yH . + 9F ). (4.14)
Cl

Notice that we do not give the relations of the fluctuations from the equation of motion for the vector field C,, since this
vector part corresponds to the diffusive or transverse channel [34], which are less relevant to the sound modes [34].
Therefore, we will not attempt to discuss more about the vector part, and thus we can simply set 6C, = 0 if studying the
sound mode only. Nevertheless, the surviving equations of motion from Egs. (4.5)—(4.14) are still complicated. On the other
hand, the parameter .4 related to the coupling constant of the topological term in the dual field theory as [as shown in (1.2)]
could be very small, thus it simplifies the calculation greatly if considering the leading order in small A expansion of all the
equations in Egs. (4.5)—(4.14). Then, if we introduce the gauge-invariant variables as [12,33,34,36]

2 2 /
q g~ cjcy q’ i f
Zy=4—H 2H.,. — H 1-=— 2——H,, Zi=F—-—-H_,
H @ 1z + z aa < 0)2 C/202> + 0)2 C% tt f [ln cg], aa
w P’
Z,=W-——H,_, Zo =@ ———H 4.15
w [ln Cg]/ aa [ @ [ll’l Cg]/ aa ( )
with a new coordinate
1
=1 4.16
x= (4.16)

then we find the decoupled equations of motion for Z’s by imposing Egs. (4.5)—(4.14) in the small A expansion as

0= [ 2y )]
OO S B o2
+ Lt—wz ((?526(()2_32122_(;?;3(2) ] + A%, (x)] K+ O(A%Y),
0:%+ E+A292(x)]%+ [%Hp%( )]K+0(«44), (4.17)

7By this definition, there would be an i factor in £ 1. once we calculate the derivative with respect to z or x3. In this sense, Eq. (4.13) is

a real equation although there is an i factor.
In fact, there are more additional equations from the vanished components of the linearized Ricci tensor. We have checked that those
equations determine the vanished components of 6F ;. As a result, the nonzero and relevant components of 6F,;, mixed to the sound
mode are only 6F,,, 6F ,;, and 6F ;. So, the nonzero components of 6C,, could be 6C, only if C; and 6C,; are gauged by Cy;, 5Cy; = 0.
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where
k =482, +9Z, + 52Z;,

PHYSICAL REVIEW D 94, 066012 (2016)

2(q*(54 — 33x% + 84x* +20x%) — 104(9 + 16x")@* + 125x%w*)

hy(x) =
4

45xUS (¢ (3 + 2x%) — 50°)? '

hy(x)

x [5¢°x%(1

- 1215 (—1 + x2)2U} (¢*(3 + 2x%) — 50?)
— X213 (=27 + 36x* + 16x°) 4 125(3 — 4x?)(1 — x*)' B3 ®

+15¢20” (27(=1 + x*)3 (=3 + 2x2) U, + 5(1 = x)13 (=6 — x* + 12x")0?)

=3¢*(27(=1 + x*)3(=9 + 4x2)Up + 5(1 — x*)'/3(=9 — 30x? + 32x* + 32x%)@?)].

We will not give the explicit formula of the functions
9123(x) used in Eq. (4.17) since they are too messy and
lengthy. Moreover, in the next section, it will be clear that
the functions g;,3(x) are actually less useful to the
calculations for the sound mode because the sound mode
is relevant to Zy only.

V. HYDRODYNAMIC LIMIT IN THE
SMALL A EXPANSION

In this section, let us study the physical fluctuation
equations (4.17) in the hydrodynamic limit, i.e.,
w — 0, g — 0, but with % fixed as a constant. As in many
discussions, only the leading and next-to-leading solution
(in the small ¢ expansion) of Eq. (4.17) is needed. On the
hand, since the sound mode is relevant to Zy instead of «,
so, similar to the discussions and calculations in
Refs. [12,33,34,36], we can simply choose x = 0 as the
solution for Eq. (4.17) consistently,9 and for Zy, we find
that at the horizon x — 0, Z;; — x*%7x~A ' By imposing
the incoming boundary condition on all physical modes, we
assume that

ZH :x_%x_AZH’ (5.1)

where z; must be regular at the horizon. Additionally, since
we are interested in the hydrodynamic pole dispersion
relation in the stress-energy correlation, it would be
convenient to parametrize the @ and q as

|

20, (40x°T+20x% 02 =25v% + 3002 —4x* - 12x>-9)

(4.18)
|
® = v,q—iq°’T, (5.2)
where
@ q
=—, =— 5.3
2xT q 2xT (5:3)

and v, and I" are the speed of sound and the sound wave
attenuation, respectively, which would be determined from
the pole dispersion relation. Without the loss of generality,
we can choose the boundary condition for zy as [12]

ZH|)(—>0Jr =1 ZH|)c—>1_ =0. (54)
By expanding zz with small q, we assume
g =2Zyo +192m,- (5.5)

Inserting Egs. (5.1)—(5.4) into Eq. (4.17) in the small q and
A expansion with « = 0, we obtain the following equations
for z and zy; as

62 +50-3 , 8
OH TR 530

0: "
CHO T (22 — 507 1 3)

1 6x> + 502 — 3 2,
— S —-— 5.6
+ A|:<X2 + x*(2x* = 502 + 3)>ZO’H xZO’H] (5-:6)

for leading order in O(q°) and

/

0—zl 4 3-502-6x* N 8 N
— x(3—50§+2x2)ZH'1 3—51}%—}—2x2ZH'1
8v,(—2x>+5v2=3+10T) 2244 8

X(2x7—50213)? CH0

(2x =502 +3)? eo=A

T3-5p2 22 !

20, (40x°T +20x% 02 = 250¢ +3002 —dx* — 12x2 -9)
x*(2x* =502 4-3)? cHo|:
(5.7)

%It has been discussed that k = 0 could be a solution for the A = 0 case [12], so it is also consistent with this solution for k in the small

A case.

"®As A > 0, it means x4 is also singular if x — 0. This behavior at the horizon is a bit different from the original D4-brane system;

however, it should be consistent in the small A limit.
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for next-to-leading order in O(q'). Then, the solution for Eq. (5.6) can be obtained as

(3-3A-50 + 5402 = 2x* = 2Ax%)C,

(3 -3A4-502 + 5402 — 2x% — 2 Ax?)

ZHo = 1 —5A— 507 + 5407

4l 1 4(=3 +502)

X x| ==

2(1 + A2(1 = 5A - 502 + 5A40%)

Gy, (5.8)

A (=1 + A)(=3+502 +2x% + A(3 = 502 + 2x?))

where C|, are two integration constants. We impose the
boundary condition (5.4) for zz,

ZH,le—»l_ =0. (59)

Besides, in order to compare our solution (5.8) with
Ref. [12], we further require

20lxm0r = 1. (5.10)

Thus, the relation between the integration constants C| ; is
obtained as

_ 2A(=1 4+ A
4A+ C, —2AC, + A’C,”

C, = (5.11)

The solution (5.8) should be definitely able to return to [12]
in the small A limit, and in this sense, we have the
following extra relations:

|
Accordingly, it yields

~1_24
V55

So, the speed of the sound wave is shifted shown as
Eq. (5.13). Then, the equation of motion for z; ; could be
obtain from Eq. (5.7) by inserting the solution of (5.8),
(5.13), (5.11), and (5.12). However, the resultant equation
from Eq. (5.7) is too complicated to solve analytically.
Hence, we expand zj; in the small A case as

+O(A2). (5.13)

Uy

z1(x) = X(x) + AY(x) + O(A?). (5.14)

By the expansion (5.14), we obtain the decoupled equation
for X(x) in leading order O(A%) as

8=20I"

(1-3x%) , 4 N
V5(1+x2)

0=a"
+x(1+x2) 14

(5.15)

2
C, = 1 - 5v; , Cy ~ O(AY). (5.12)  and the equation for Y(x) in the next-to-leading order
3 - 503 O(A) is
|
0— "+ 2(=14+x2)2X + (1 =2x> =3xY)Y'  4(=1 + 22X +4(1 +x*)Y
B x(1 4 x%)? (1+ x%)?
4 — 4x5 4+ x*(=22 4 125T) + x*(—46 + 205T") (5.16)
2¢/5x%(1 + x2)? . .
The solution for Egs. (5.15) and (5.16) could be found as
1
X(x) =—= (5T =2) + D;(=1 + x*) + D,(=2 — Inx + x*Inx)
V5
1
V() = (=14 2)E; + Ex(=2 = Inx + 2 Inx) + 5 (2v/5 - 165V/5T
— 160D, — 160D, In x — 32v/5 In x — 8+/5In2x + 8+v/5x2In%x — 40D,In%x + 40x2D,Inx), (5.17)

where D, , and E, ; are the integration constants. Since we have required that z;; ; must be regular at the horizon, it yields

1
E — = >
2 V5A

1

Dy =——=. (5.18)

Then, imposing the boundary condition (5.4) to (5.14) with Eq. (5.17), we obtain
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D 1 — —AE 1,

F:g+gA+O(A2),

. (5.19)

which shows how the sound wave attenuation is also
shifted by A.

VI. SUMMARY AND DISCUSSION

In this paper, first we studied the five-dimensional
effective theory of our black DO-D4 system by the dimen-
sional reduction (Kaluza-Klein reduction). It contains an
additional vector field to the five-dimensional effective
theory of the original D4-brane system as [12]. Then,
employing a technique similar to that in Refs. [12,33], the
physical fluctuations in the five-dimensional effective
theory of our D0-D4 system was also studied. Although
the dual field theory of the black D0-D4 system is not
completely clear (which is also the case for the original
D4-brane system), we calculated the speed of sound and the
sound wave attenuation in the hydrodynamic limit by using
our five-dimensional effective theory. Particularly, we
focused on the small .A expansion in our calculations since
the parameter A is related to the 6 angle (the number
density of DO branes), which should be very small in QCD.

While our solution of the gauge-invariant variable (5.8),
(5.14) is quite different, it could return to [12] if expanded by
small A. Accordingly, it is allowed to compare our result
with Ref. [12]. Equations (5.13) and (5.19) show the speed
of sound and the sound wave attenuation are all shifted by
the presence of the DO branes, and they return to the results
in [12] consistently if setting A = 0 (i.e., no DO branes).
Because of Eq. (1.2), Egs. (5.13) and (5.19) could be
interpreted as the modification from the € angle or the
chiral potential to the speed of sound and the sound
wave attenuation. In hydrodynamics, the speed of sound
depends on the mass of fermions and bosons and also the

¢ 3
gab [aaabéf - (Fcabacéf + F(ig, 8cf>] - habvavbf - % (

1w

10 3
- gegﬂ%@ <2F“"6Fa,, — hP4F ,F g — F oo F oqg™h?? + ?FahF“"(Sf +3 Fa,,F“”6¢>> =0,
. 1
g*°[0,0,6w — (T°¢ ,,0,.6w + F% d.w)] = h*V Vw — 0 <

§[0,0,5® — (T¢,,0.60 + T @) - hV,V,® — (

31()

10 3
-3 e3f3® <2F“b5Fab — h*ghF  F .4 — F ,F 0" h"? + ?FabF“béf + 5Fa,,Fab(sq>> =0,

PHYSICAL REVIEW D 94, 066012 (2016)

temperature [33]. But our holographic result suggests an
additional @ dependence or chiral potential dependence if the
topological term of QCD or Yang-Mills theory is considered,
and as the leading-order modification from the topological
term (the @ angle), it shows that the speed of sound decreases
while the sound wave attenuation increases.''

Besides, we need to keep in mind the simplification and
the approximation used in our calculations. First, we do not
consider the fluctuations from the vector since this part is less
relevant to the sound mode [13,34], so we simply turn off
this part. However, this may lead to some observable effects
such as the chiral vortical separation effect in hydrodynam-
ics. Thus, a future study about it would be interesting and
natural. Second, the solution for x (the combination of the
gauge invariant variable with Z,,, Z;, and Zg) has been
chosen as x = 0. This solution for « is a rough choice, while
it is consistent with its equation of motion (4.17) (and also
consistent with its boundary condition in Ref. [12]).
Therefore, a further improvement to take into account the
solution of « is also needed, although it might not change the
results about the sound modes qualitatively.
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APPENDIX: THE EQUATIONS OF MOTION
FOR THE RELEVANT FIELDS

In this Appendix, we collect the equations of motion for
the fluctuations in the five-dimensional effective theory.
From Eq. (3.7), at the linearized level, the equations for
the fluctuations are

o*P

OPP_. PP
L Sw
af 0P

57+ g

(A1)
PP PP 0P
iy 5w+awaf6f) —0, (A2
PP P 9P
9P 50
502 %% T 5507 T 550w ‘SW>
(A3)

""We noted a recent work [39], which studies the same holographic system, after submitting the first version of this manuscript to the

arXiv, and our result is qualitatively similar to Ref. [39].
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30 (10
2}‘+<I> e
0, {\/ ge <3

40

5 (0uf0,8f + 0,60, f) +20(0,w, 0 + Du6wypw) + 5

1 873 oP 1
0P

3 : : :
Fabéf + EFabéq) + gucgbd(chd _ chhmghd _ chgcuhhd>:| =0,
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(A4)

(a 0,6 + 0,600,P)

03 i
* gh”bP T (? of + 55‘1)) <2FcaFCb - gguchdFCd> 5/ 13®

2 2 1
+ (26FwFCb 2 SF o, = 2F e Faph = 5 0up FU6F cq + S P F ach™ = hachdF”’) M =Ry, (AS)

where I'“,;, and F(}}f are defined as

hab — gacghdp
o = %gdc(abgda + 0uGap = aan)-
) = % [9°(Quhap + Ophag = Dahap) = W (Ougar + OpGad = Dagan)] (A6)
and Rfllh) is defined as
R = 0,0 — g, r0) 4 rlepa |y pe p0d _plepd e, P, (A7)

Equations (4.5)—(4.14) could be obtained from Egs. (A1)—(AS).
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