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Using the non-Abelian Dirac-Born-Infeld action we find an effective matrix model that describes the
dynamics of weakly interacting giant gravitons wrapped on three-spheres in the anti—de Sitter (AdS) part of
AdSs x §° at high energies with two angular momenta on the S°. In parallel we consider the limit of N = 4
super Yang-Mills theory near a certain unitarity bound where it reduces to the quantum mechanical theory
called SU(2) spin matrix theory. We show that the exact same matrix model that describes the giant
gravitons on the string theory side also provides the effective description in the strong coupling and large
energy limit of the spin matrix theory. Thus, we are able to match nonsupersymmetric dynamics of D-

branes on AdSs x S5 to a finite-N regime in N = 4 super Yang-Mills theory near a unitarity bound.
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I. INTRODUCTION AND SUMMARY

The AdS/CFT correspondence asserts that SU(N) N =
4 super Yang-Mills theory (SYM) is dual to type IIB string
theory on AdSs x S° with N units of Ramond-Ramond
five-form flux [1]. As consequence of this holographic
duality one should be able to see how space, time and
gravity emerge from a quantum theory. However, this
requires that one is able to connect the two sides of the
correspondence quantitatively.

In the planar regime N = oo, where planar N' = 4 SYM
is dual to tree-level type IIB string theory on AdSs x S°,
such a quantitative connection has been found in the form
of an integrable spin chain [2]. This provides a unifying
framework for the two sides of the correspondence,
enabling one to interpolate the full spectrum of the two
theories from weak ’t Hooft coupling A = ¢3\N < 1,
where N =4 SYM is a good description, to strong
coupling 4> 1, where type IIB string theory is a good
description, and vice versa.

Can one find a unifying framework beyond the planar
regime that generalizes the spin chain theory? On the face
of it, this seems highly difficult since presumably one does
not have the integrability symmetry for finite N. The
proposal of [3] is to take a different limit that accesses a
regime that includes finite-N effects. The starting point is
to consider one of the unitarity bounds E > J of N' =4
SYM where E is the energy and J is a linear combitation
of charges of N' =4 SYM. The limit then takes E — J —
0 keeping (E — J)/A finite. In such a limit, N' =4 SYM
simplifies greatly and is effectively described by a
quantum mechanical theory called spin matrix theory
(SMT) [3]. One can equivalently take the limit in the
grand canonical ensemble by approaching a zero-
temperature critical point.
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In [3] SU(2) SMT is studied as the simplest nontrivial
example. This is associated to the bound with J = J; + J,
where J, and J, are two R-charges of N' =4 SYM. We
found two tractable regimes in which one can interpolate
from weak to strong coupling. One is analogous to the
planar regime, and is described by the ferromagnetic
XXX, Heisenberg spin chain. In the other regime N is
finite, but one considers J so high that SU(2) SMT is
described by a classical matrix model.

In this paper we find the first direct evidence that one is
able to use spin matrix theory to interpolate nonsupersym-
metric finite-N effects from A" = 4 SYM to type IIB string
theory on AdSs x S3. Namely, by studying the non-Abelian
DBI action for k giant gravitons wrapped on three-spheres
in AdSs, we find the exact same classical matrix model on
the string theory side, focussing on the leading contribution
to the giant gravitons. The matrix model we find is

1
E= 5Tr(P% + P} + X3+ X3)

~ o Te(X1 X + [P PoP o+ X PP
+ (X0, Po? + (X1, Py + [Xp, Py ) (1)

subject to the Gauss constraint [X;, P,] + [X,, P,] = 0.
This is valid for high energies J > kN and to first order in
the string coupling g,. X;, X,, P, P, are k by k Hermitian
matrices. Using the AdS/CFT dictionary g3, = 47y this is
seen to be same matrix model as found from SU(2) SMT
[3]. J corresponds to the first line in Eq. (1).

The above described result means that we are able to
match nonsupersymmetric dynamics of D-branes on
AdSs x $3 to a finite-N regime in N'=4 SYM near a
unitarity bound. Previous results on giant gravitons have
considered supersymmetric configurations [4-6] or have
focused on matching the dispersion relation for open
strings stretched between giant gravitons [7].
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The matrix model (1) is derived for 1 /N < g, < 1 while
the corresponding result from SU(2) SMT assumes
gs < 1/N. One could wonder why one should expect an
exact match for the matrix models found in these two
different regimes, i.e. whether there is a order-of-limits
issue. An analogous question can be posed in the planar
regime of SU(2) SMT where one finds the same Landau-
Lifshitz model action from the N' =4 SYM and type IIB
string theory sides to first order in g, [8,9]. We believe this
match for strings, as well as the match found for D-branes
in this paper, are not coincidences. Indeed, in [9] it is
argued that one can take the g,N — O limit on the string
theory side in a reliable way without entering the quantum
string theory regime. We believe that one can make a
similar argument also in the D-brane case presented here.

Independently on the discussion of the order-of-limits
issue, one can build on the match between N =4 SYM
and string theory found here for D-branes at first order in g,
and examine the two theories at second and higher orders
in g;.

We discuss these and other perspectives further in
Secs. VI and VIL

II. SU(2) SPIN MATRIX THEORY

We consider N' =4 SYM with gauge group U(N) on
R x S3. Let E be the energy, S, S, the angular momenta on
§%and J,, J,, J5 the three R-charges of the SO(6) = SU(4)
R-symmetry, all measured in units of the inverse radius
of $°.

We consider the unitarity bound £ > J withJ = J; + J,
[10]. The SU(2) SMT limit is [3]

. g
H—J—I—}ll_r’%ﬂ(E J) (2)
where ¢ is the coupling constant and H the Hamiltonian of
SU(2) SMT. Any state with E — J of order one or higher
will decouple in this limit, hence the Hilbert space of SMT
is greatly reduced. At the same time the interaction is
simplified since all terms beyond one-loop go to zero. We
note that SMT at strong coupling g > 1 is dominated by
states with small (E —J)/A.
Taking the limit (2) one finds [3]

H =Tr(aja, + aya,) - Tr([a}. a3]lar. ) (3)

g
87°N
where (a})’ j are the raising operators and (a,)’; the
lowering operators with s =1, 2 being the index of
the spin 1/2 representation of SU(2) and i,j=
1,2,...,N the index for the adjoint representation of
U(N) (hence the name spin matrix theory). We have
[(ay),, (a})¥)] = 8,,658]. The vacuum |0) of the Hilbert
space is defined by (a,)’;|0) = 0. The states in the Hilbert
space are required to obey the singlet constraint
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N

S5 ladyi(ay); — (ab)(a,)i]I0) = 0. (4)

s=1 k=1

Thus, the Hilbert space is spanned by multitrace states.

In the limit N — oo with ¢ fixed the multitrace states
become linearly independent and one can interpret the
single trace parts as spin chains. The Hamiltonian (3) then
reduces to the ferromagnetic XXX/, Heisenberg spin
chain. This is the analogue of the planar regime of N' =
4 SYM.

In this paper we are interested in a different limit.
Namely, we keep N fixed and consider J sufficiently large
such that the Hamiltonian (3) becomes approximately
classical. Using coherent states one finds the classical
matrix model [3]

1
H= 5Tr(P% + P35+ X3 +X3)

g
- 32ﬂ2NTr<[X17X2}2 + [Plv P2]2 + [Xl,Pl]z
+ [Xo, PoP + X1, PoP + X, PP (5)

where X, and P, are N by N Hermitian matrices. The
singlet condition (4) becomes the Gauss constraint

(X1, P1] + [Xa, P] = 0. (6)

For g finite or small one needs J > N? where J is the first
line of (5). In the limit of infinite coupling g = oo the
matrix model (5) reduces to the diagonal components of the
four matrices and one gets H =J. The Hamiltonian
reduces to

[((Pe)')? + (X)) (7)

N
=1

H:Z‘

s=1 i

which is 2N decoupled classical one-dimensional harmonic
oscillators. This reproduces the counting of [4] for
J > N3/2. The states counted by (7) correspond to E =
J states in N =4 SYM which are 1/4 BPS
(8 supersymmetries).

III. GIANT GRAVITONS

We introduce now the relevant parameters on the string
theory side and give a short summary of giant gravitons.
Let R be the radius of AdSs and S°, and g, and /, the string
coupling and string length of type IIB string theory,
respectively. We have R* = 4zg,N[¢. Furthermore, E is
the energy, S; and S, the angular momenta on AdSs and J,
J,, J5 the angular momenta on S, all measured in units
of 1/R.

According to the dictionary of the AdS/CFT correspon-
dence we have the relations g%, = 47zg, and R* = Al
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while E, Sy, S,, Jy, Jo, J3 are identified between the
two sides.

States with £ —J < 1 in A/ =4 SYM are mapped to
strings of type IIB string theory moving on the $°> when J
does not grow with N. Instead when J is proportional to N
the states are mapped to D-branes in the form of giant
gravitons and when J is proportional to N? they are mapped
to modifications of the geometry.

A single giant graviton has E = J = J; + J, of order N
and is 1/2 BPS. It can either be an anti—de Sitter (AdS)
giant graviton corresponding to a D3-brane wrapped on an
S inside AdSs, or a sphere giant graviton corresponding to
a D3-brane wrapped on an S° inside S°, in both cases with
angular momenta J, and J, on the S° [11]. Several AdS or
sphere giant gravitons with E = J are generically 1/4 BPS.
The counting of such multiple giant graviton states is
considered in [5,6] matching that of [4]. The spectrum
corresponds to N bosons in a two-dimensional harmonic
oscillator potential which at high enough energies reduces
to the spectrum of 2N decoupled harmonic oscillators,
matching the spectrum of (7).

Giant gravitons with E = J are dual to restricted Schur
polynomials built using Young tableaux with the maximal
number of rows being N since they correspond to repre-
sentations of U(N) [12—-14]. When mapping to sphere (AdS)
giant gravitons one can interpret the columns (rows) as
individual giant gravitons [12]. A Young tableau with many
more rows than columns is dual to sphere giant gravitons,
while a Young tableau with many more columns than rows is
dual to AdS giant gravitons [15]. The maximal number of
AdS giant gravitons is N since each AdS giant graviton
depletes the Ramond-Ramond five-form flux by one unit
inside the three-sphere. This matches the fact that the
maximal number of rows for a U(N) representation is N.

IV. PROPOSAL FOR MATCH

The goal of this paper is to match the classical matrix
model (5) to a corresponding matrix model found from
D-branes of type IIB string theory on AdSs x S°. The
diagonal case Eq. (7) can be treated using the DBI action
for each D-brane. However, this does not capture the
interaction term in Eq. (5). For that we need to employ
the non-Abelian DBI action [16].

Below we consider k£ AdS giant gravitons with k < N
corresponding to k D3-branes wrapped on three-spheres
inside AdS5. We cannot consider the maximal number N of
AdS giant gravitons since that would backreact on the
background AdSs x S° geometry and hence render the non-
Abelian DBI action invalid. However, for AdS giant
gravitons, taking k out of the N D3-branes corresponds
to breaking U(N) into U (k) x U(N — k), where the U(k) is
the symmetry of the k D3-branes and the U(N — k) part
corresponds to the D3-branes generating the AdSs x S°
background with N — k units of flux.
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Moreover, breaking U(N) into U(k) x U(N — k) has a
clear interpretation in SU(2) SMT. Here it corresponds to
exciting only the U(k) part of the adjoint representation of
U(N). In the classical matrix model (5) it means one turns
on only a k by k matrix inside the full N by N matrix. The
orthogonal N —k by N —k matrix not turned on then
corresponds to the AdSs x S° background with N — k units
of flux.

In conclusion we propose that the classical matrix model
(5) with Gauss constraint (6) where X and P, are k by k
Hermitian matrices is dual to k AdS giant gravitons at
sufficiently high energy.

For k noninteracting AdS giant gravitons it is already
clear that this proposal is correct since at high energies
these have the spectrum of 2k harmonic oscillators, as
found using the DBI action in [6].

V. INTERACTING ADS GIANT GRAVITONS
FROM NON-ABELIAN DBI ACTION

For D3-branes the non-Abelian DBI Lagrangian is [16]

£ = TisSTe(—\/=det(gup + Fo FypyMY + 228 F )

X \/det((% + F'%gx;) + C0123) (8)

where we assumed the static gauge choice for the world-
volume coordinates x* = ¢* and x/ are the transverse
coordinates that become k by k Hermitian matrices in
the above Lagrangian. The field strength components are
Fopy=0,A—0pA, + [Aa’Ab]’ Fo = gll(aaxl + i[Aaﬁxl])’

FV =[x/ x'] and we have defined MY = g"+

F'® gy F&. The tension is Tpsy = 1/((27)3g,l}). The

above assumes a background where only the metric and

the Ramond-Ramond four-form gauge potential C(,) are

turned on. STr(---) means that one symmetrizes the

expression in terms of the field strengths before taking

the trace. The Lagrangian (8) is valid up to F® terms.
The metric for AdSs x S° is

dr?

ds* = —(r* + R?)dr* + + r2dQ3 + dx'dx"  (9)

r2
R?
where the five-sphere is defined by x> = x'x’ = R?> with
i=1,2,...,6 and the three-sphere metric is dQ% =
dy? + cos® wdy® + sin® wd¢?. The embedding of the k
D3-branesis t = 6°, y = o', y = 6%, p = &>, r = r(t) and
x! = x'(t) where the transverse coordinates are x = (x, r).
The transverse coordinates x’ and r are k by k Hermitian
matrices. The five-sphere constraint is the k by k matrix
equation x> = R?I. We set the world-volume gauge field to
zero A, =0 which gives us the Gauss -constraint
[x, pi] + [r. p,] = 0. Below we study the Lagrangian
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where we integrated (8) over the unit three-sphere and
added a Lagrange multiplier term to impose the x> = R?
constraint.

Below we explore the Lagrangian (10) in the following

regime:

(i) We take the limit of large radius r > R. This will
serve both as a limit in which AdS giant gravitons
dominate over sphere giant gravitons and as a high-
energy limit.

(ii) We consider only states with £ — J < 1 since these
are the states dual to the SU(2) spin matrix
theory limit.

(iii) We consider only the leading part of the interaction
term between the D3-branes in the weakly interact-
ing limit. Thus, we keep only the leading part
involving the transverse field strength F/.

A. Decoupling of radial modes

Consider the limit of zero interactions between the k AdS
giant gravitons. Then r and x' are diagonal matrices. For
large /R we find

N3 r i x Nrt
L=Tr|-—y 14— 2 00
TR \/ "RTAIRTRTER
Ni?  Nr’i* Nr?
] A L S L 11
r{2R2+ 2R 2R2] (1)

where dot means the time derivative. The corresponding
Hamiltonian is

(12)

E:Tr[RzP% R*p? NFT

N Toane TR

We can ignore the Lagrange multiplier term in (10) since
we focus below on the dynamics of r. The Hamiltonian (12)
has a minimum at Nr* = RSp?. Writing Nr*. = R6p?
and 7 =+/N(r—rpn)/R we find near the minimum
H = Tr(p? +2z> + Nr2, /R?). This corresponds to k
harmonic oscillators of mass 2. Hence if any of these were
excited £ — J would be of order one or higher (below we
shall see that Tr[Nr?/(2R?)] is canceled by subtracting J).
Therefore, the radial modes for the D3-branes are
decoupled, also in the weakly interacting case. Thus, we
set ¥ =0 from now on. This means we should impose
OL/0r =0 as a constraint. Considering (11) we see this
gives x> = R? hence in the weakly interacting case x> ~ R.

Define ry = Tr(r)/k. As stated above, we are consid-
ering the regime r( > R. In the weakly interacting case we
take the eigenvalues of r to be of order ry, i.e. that the
deviation of each eigenvalue from r( is much smaller than
ro- This means that

PHYSICAL REVIEW D 94, 066001 (2016)

1 - 1 A
—— |Tr(F"F")| < — |Te(FYFY)|. 13
e T )| < g TP (13

B. Expansion of Lagrangian

From the metric (9) we see that the proper time
approximately is 7 = ryt. Hence the velocities of the k
AdS giant gravitons are approximately

dx\?2 i* R?

Hence we are in a regime with small velocities. Thus, we
should expand the Lagrangian (10) in powers of F¢/.
Moreover, we should also expand in powers of F'/ as
well since we are in the weakly interacting limit. The
leading order Lagrangian is thus obtained by considering
the terms quadratic in the field strengths. We find

2 4
N A Nl as)
4R
In deriving this result one finds that the zeroth order term in
the field strength expansion cancels out with the Cy;,3 term.
Notice that we omitted the symmetrized trace prescription.
This is due to the fact that we can effectively regard r and x’
as commuting variables to the order we are working. First
we notice that F? = F/F' to leading order in the inter-
actions due to (13) since FVF,, = FUF 1+rsz”F”'.
Secondly, the difference between Tr((rx)?) and Tr(r*x?)
goes like Tr([r, x]?) which is much smaller than Tr(r*F?).
From OL/0r = 0 we get the constraint

P =R+ PF (16)

Computing the equations of motion (EOMs) for the five-
sphere directions we find

. 2R . PPOF?
i=—-—A-—— 17
r? 4 Ox (17)
with (272)2 252 = —4[x/, [x', x/]]. Using now x> = R? we
find ¥* = —x'¥' = —¥'x’ ([x/,¥] =0 due to the Gauss
constraint) and xi%—’; = %—’jxi = 4F?. Thus, contracting

(17) with —x’ we get (16) provided we set

to be the on-shell value of A. Hence with this the EOMs
(17) imply the constraint (16).
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We can now write the Lagrangian (15) as

L Nr* ., Nr? Nr
L(x’,x’) —Tr[wxz—mx2—m}72:| (19)
with x> = R? to be imposed on the EOMs. Making the

coordinate transformation y’ = +/Nrx'/R* this can be
written as

o 1 1 R
L(y',y") :Tr[—yz——yz——Fz} (20)

where  F7% = i[y/,y¥]/(2zl2). The constraint is
y> = Nr?/R?. Since r does not appear in the Lagrangian
this is just expressing that y* is constant. Hence we can
write this constraint as y'y’ = 0. The corresponding
Hamiltonian description is

. 1 1 R* .
EN, p)=Tr|=p> +=y> + —F? 21
'\ p)=Tr YR LAY (21)

along with the constraints y'p; = 0 and [y’, p;] = O where
we defined the momenta p; = y'.

C. Spin matrix theory regime
We have J; =Tr(y' p —y*py) and J, =Tr(y* py— y* p3).
Make now the canonical transformation of the Hamiltonian
E (y i 5 i) i)

1 1
)’1:7§(P1+X3)’ Y2ZE(X1+P3)
1 1
Y3:7§(P2+X4), )’4—*2(X2+P4)
i)lzi(—X1+P3), ﬁzzi(Pl_XS)
V2 2
b= st P) b= (P X) ()

We find E—J=Tr(P}+P}+X3+X3+ (pI+ p2+
()% + (°)?) + R*F?/(4N)). We see that any excitation
of X3, X4, y° or y°® would give E — J of order one or higher.
Hence these modes decouple when considering the spin
matrix regime £ —J < 1. Thus, X3 =X, =y’ =y =0
and P; = P, = ps = pe = 0. Inserting this in (21) we find
for the surviving modes that the Hamiltonian E(X|, Py),
s =1, 2, is given by

1
E= ETr(P% + P35+ X3 +X3)

g‘,
—gTr([Xsz]z + [P1. Po* + [X,. P,

+ (X2, Py)* + (X1, PoJ* + [X,. Py]?) (23)

PHYSICAL REVIEW D 94, 066001 (2016)

subject to the Gauss constraint [X;, P;] + [X,, P,] =0,
the same as anticipated in Eq. (1). We note that the
constraint y'p; = 0 is identically satisfied. We have J =
1Tr(P? + P2 + X7 + X3).

The Hamiltonian (23) is valid for r> R which is
equivalent to J > kN. Clearly this is a high-energy regime
in which the AdS giant gravitons dominate over the sphere
giant gravitons, since the dual states of SU(2) SMT
correspond to Young tableaux that typically have k rows
and more than N columns. Moreover, the result (23) is valid
for g, < 1 up to O(g?).

Comparing (23) to the SU(2) SMT result (5) with X and
P, being Hermitian k by k matrices, we see that it is the
exact same matrix model. In detail, one translates (5) to
N = 4 SYM by replacing g with 1 = g3,,N and H with E,
as seen from (2). The match between N' = 4 SYM and type
IIB string theory is then found using g%, = 47g;.

The above result is stable under the following exten-
sions/modifications:

(i) We put k D3-branes in the background with N units

of flux. Inside the k spheres the flux is therefore
N — k units. Is the result still valid if one puts
another K’ << N D3-branes in the background with
N — k units of flux? This is indeed the case, since the
matrix model (23) does not depend on N. Indeed,
one could even combine the k + k' D3-branes in the
same non-abelian DBI action by making the AdS
radius R into a k + k' by k + k' matrix and replacing
N with R*/(4ngl?}).

(i) For simplicity we compared the matrix model (23) to
the high-energy limit of SU(2) SMT in the adjoint
representation of U(N). The above match still
holds if one instead considers the adjoint represen-
tation of SU(N) where X, and P; are traceless N by
N matrices. In this case SU(N) breaks into
U(k) x SU(N — k). Thus, one gets the same matrix
model from SU(2) SMT in the adjoint representa-
tion of U(k) to match (23).

In conclusion, we have found a match between
the classical limit of strongly coupled SU(2) SMT, corre-
sponding to N'=4 SYM close to the unitarity bound
E > J, and the dynamics of interacting AdS giant gravitons
on AdSs x $°.

VI. CONNECTING STRING THEORY TO SMT

As summarized in the Introduction, the matrix model
Eq. (23) is found from SU(2) SMT with g, < 1/N while
on the string side 1/N < g, < 1. We believe it is not a
coincidence that one gets the same matrix model, and that
one should be able to connect the two regimes.

We first remark that the one-loop correction in weakly
coupled NV =4 SYM is believed to be special for super-
symmetric states. Indeed, it is conjectured [4] that if one
uses the tree-level plus one-loop dilatation operator to find
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supersymmetric states of N” = 4 SYM, no further reduction
of these states will occur at higher loops. By the AdS/CFT
correspondence, this is equivalent to asserting that SMT for
g = oo is dual to the supersymmetric states of type IIB
string theory with £ = J [3].

Can one extend this to a duality between SMT for g > 1
and type IIB string theory in the SMT limit beyond the
supersymmetric states? With the results of this paper, we
have now two very different regimes of SU(2) SMT where
this is the case. In addition to the regime where the matrix
model (23) is valid, we have the planar regime as well. This
corresponds to taking the N — oo limit of SU(2) SMT.
SU(2) SMT then becomes the ferromagnetic XXX/,
Heisenberg spin chain acting on single traces in the
Hilbert space. For g> 1 the low energy dynamics of
the spin chain dominates. For J > 1 one finds a spectrum
of magnons for which H —J ~ g/J?. The classical limit
with high quantum numbers of the magnons, corresponding
to H—J~g/J, is described by the Landau-Lifshitz
sigma model. In AV = 4 SYM this translates to the regime
E—-J~A/J with A< 1 and J> 1.

On the string side, the same Landau-Lifshitz model is
found in the regime E — J < 1 to first order when expand-
ing A/J> < 1 with 1> 1 [8], explaining the matchings of
particular semiclassical operators to string states [17].

In [9] it is argued that this match is not a coincidence.
Indeed, starting from the string sigma model on AdSs x S°,
it is argued that one can take the limit

H=J+ lim
+ g5—0 47TgsN

(E-J) (24)

and obtain the above-mentioned classical Landau-Lifshitz
model, assuming that J > 1. The reasons this works are
(1) The AdSs x S background is exact [18]. (2) For large
J the sigma-model action remains large and one is thus not
in a quantum string regime. (3) The modes that decouple
in the limit become infinitely heavy. (4) Zero-mode
fluctuations are suppressed since E = J is 1/4 BPS.

For the match found by this paper, we believe that one
can argue along the same lines that the limit (24) of the
non-Abelian DBI action is possible. It is clear that by
considering J > kN the action is always large, and one
can easily check that the higher-order field strength
corrections in the action are suppressed when taking
the limit g, — 0. Moreover, we have seen in this paper
that the modes that decouple become infinitely heavy in
the limit (24). It would be interesting to examine these
arguments more closely.

In conclusion, we have found two classical regimes with
J large where one can match strongly coupled SU(2) SMT
to type IIB string theory on AdSs x S°, one with J ~ N°
and one with J ~ N. It would be highly interesting to see if
it is also possible to find regimes of SMT for which a match
with J ~ N? is possible.
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VII. DISCUSSION AND CONCLUSION

We have shown in this paper that we can match the
strongly coupled limit of SU(2) SMT at high energies to
the dynamics of k interacting AdS giant gravitons in the
regime J > kN. This means we are able to match non-
supersymmetric dynamics of D-branes on AdSs x S° to a
finite-N regime in N' =4 SYM near a unitarity bound.
Thus, we are matching A” =4 SYM in a regime where J
goes like N to the dynamics of nonperturbative objects in
string theory described by the non-Abelian DBI action.
This is in contrast to previous results of [7] where one
matches the dispersion relation of open strings ending on
D-branes in the large N limit to N' = 4 SYM. In that case
one focuses on matching the dynamics of open strings
with nontrivial boundary conditions provided by the giant
gravitons. Hence, the giant gravitons are not themselves
dynamical.

It could be interesting to extend our computation to
second order in g\, = 47g,. On the SU(2) SMT side, this
would correspond to a perturbation from the two-loop
dilatation operator of N' =4 SYM. On the string theory
side, one should consider higher-order corrections from
the non-Abelian DBI action, including F* terms for the
transverse field strength. This could possibly provide a
starting point to study the structure of higher-order
corrections away from the SMT regime considered in
this paper.

Regarding our use of the non-Abelian DBI action [16]
in this paper, we note that to our knowledge it has only
been employed in very few cases to the AdS/CFT
correspondence [19]. The results of this paper could
possibly give a new way to explore and test non-
Abelian DBI also at order F® and beyond. Notice
furthermore that the regime r > R corresponds effectively
to the matrix theory limit of the non-Abelian DBI action
[20] since we found that velocities are small in this
regime. Moreover, for r > R the curvature of the embed-
ding geometry of the D3-branes is small.

It is interesting to check the much simpler SMT limit
coming from considering the unitarity bound E > J| using
the results of this paper. Taking the limit (2) in this case one
finds H = Tr(a'a) with a singlet constraint on the spec-
trum [21]. Notice that there is no interaction term in this
case which is connected to the fact that it describes the 1,/2
BPS sector of N =4 SYM. In the classical limit one gets
the matrix model H = 1 Tr(P? + X?*) with Gauss constraint
[X, P] = 0. Considering the string theory side, using the
methods of this paper, it is not hard to see that one finds
the Hamiltonian (1) with X, = P, = 0. Imposing then the
Gauss constraint the interaction term vanishes, and hence
one finds perfect agreement.

The SU(2) SMT is the simplest nontrivial SMT one can
consider. Considering instead the unitarity bounds
EZJ] +12+J3, EZSl +J1, EZSI +52+J1 and
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E>S,+ 8,4+ J+J,+ J3, respectively, one finds the
SU(2|3) SMT, SU(1,1]2) SMT, SU(1,2]|2) SMT and
SU(1,2|3) SMT [3,22]. It could be highly interesting to
extend our match for interacting giant gravitons to these
SMTs as well. SU(1,2|3) SMT is particularly interesting
since it contains a semiclassical configuration dual to a
supersymmetric black hole with £ =S, + S, +J, + J, +
J3 [23] that so far has eluded understanding [4,24].
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