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We analyze patterns of dynamical symmetry breaking in strongly coupled chiral gauge theories with
direct-product gauge groups G. If the gauge coupling for a factor group G; C G becomes sufficiently
strong, it can produce bilinear fermion condensates that break the G; symmetry itself and/or break other
gauge symmetries G; C G. Our comparative study of a number of strongly coupled direct-product chiral
gauge theories elucidates how the patterns of symmetry breaking depend on the structure of G and on the
relative sizes of the gauge couplings corresponding to factor groups in the direct product.
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I. INTRODUCTION

A problem of longstanding interest has been the behavior
of strongly coupled chiral gauge theories (in four spacetime
dimensions, at zero temperature). Here a chiral gauge
theory is defined as one in which the fermions, written
in left-handed chiral form, transform as complex represen-
tations of the gauge group. A chiral gauge theory is defined
as being irreducibly chiral if it does not contain any
vectorlike subsector. In this case, the chiral gauge sym-
metry forbids any fermion mass terms in the underlying
Lagrangian. In order for the theory to be renormalizable,
one requires that it must be free of any triangle anomalies in
gauged currents.

In this paper we shall analyze a variety of chiral gauge
theories with direct-product gauge groups of the form

Ng
G - ® Gi
i=1

(1.1)

with fermion contents chosen so that all non-Abelian gauge
interactions are asymptotically free. The reason for this
choice is that this enables one to carry out perturbative
calculations at a sufficiently large Euclidean energy/
momentum scale, g, in the deep ultraviolet (UV). As the
theory evolves from the UV to the infrared (IR), these non-
Abelian gauge interactions thus grow in strength. We
restrict our discussion here to theories without fundamental
scalar fields. The gauge group G is taken to contain Nyp
non-Abelian factor groups, and, by convention, we order
the factor groups in the tensor product (1.1) so that these
non-Abelian factor groups come before any possible
Abelian factor group(s).

The main question that we investigate is how patterns of
dynamical gauge symmetry breaking depend on the struc-
ture of the direct product gauge group (1.1) and on the
relative strengths of the gauge couplings for various factor
groups G; C G that become strong in the IR. We assume
that if G contains any Abelian gauge interaction, it is
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weakly coupled at high scales u in the UV; given that
such a gauge interaction has a positive beta function, this
implies that the Abelian coupling will also remain weak
at lower scales in the infrared. Our study of a variety of
direct-product chiral gauge theories shows how the patterns
of symmetry breaking depend on the structure of G and on
the relative sizes of the gauge couplings corresponding
to factor groups in the direct product. If the gauge coupling
for one of these factor groups G; C G gets sufficiently
strong and dominates over the other(s), then it can produce
bilinear fermion condensates that can self-break the G;
symmetry itself and/or break other gauge symmetries
G;CG.

An example of this dependence of the type of gauge
symmetry breaking upon the relative strengths of gauge
couplings in a direct-product chiral gauge theory is
provided by a modification of the Standard Model (SM)
with the same Ng =3 gauge group Ggy = SU(3), ®
SU(2), ® U(1), and with the usual fermion content,
but with the Higgs field removed. If, at a given scale
Agcp, the color SU(3), gauge coupling becomes
sufficiently large while the SU(2), [and U(1),] gauge
couplings are weak, then the SU(3), gauge interaction
produces a bilinear quark condensate (gg), which
dynamically breaks the electroweak gauge symmetry
Gew = SU(2), ® U(1), to electromagnetic U(1),,,, giv-
ing masses to the W and Z bosons. Indeed, this was a
motivation for models of dynamical electroweak symmetry
breaking by a hypothesized vectorial, asymptotically free
gauge interaction that would become strongly coupled at
the TeV scale and would produce bilinear fermion con-
densates involving a set of fermions that are nonsinglets
under Ggy [1]. In this scenario, as well as in quantum
chromodynamics (QCD) itself, the interaction that becomes
strong is vectorial and breaks a weakly coupled chiral
gauge interaction to a vectorial subgroup gauge symmetry,
namely U(1),,. In contrast, as discussed in [2] in the
context of the gedanken SM theory with no Higgs field, if
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the SU(2), gauge coupling were sufficiently large at a
given reference scale, while the SU(3),. gauge coupling
were weak, then a very different pattern of symmetry
breaking would occur: this SU(2), gauge interaction would
produce bilinear fermion condensates that preserve the
SU(2), gauge invariance but break SU(3), to SU(2),., and
break U(1),, giving masses to the gluons in the coset
SU(3),./SU(2),. and to the hypercharge gauge boson.

Chiral gauge theories (without scalars) that are asymp-
totically free and can therefore become strongly coupled at
low energies have been of interest in the past for several
reasons. One motivation involved an effort to understand
the pattern of quark and lepton generations. Since the
respective lower bounds on the compositeness scales of
these Standard-Model fermions are much larger than their
masses, a plausible approach was to begin by using a
theoretical framework in which they were massless.
Strongly coupled irreducibly chiral gauge theories are a
natural candidate for such a framework, since the chiral
gauge invariance forbids any fermion mass terms. If such a
theory satisfies the 't Hooft global anomaly-matching
conditions, then, as the gauge coupling becomes suffi-
ciently strong in the infrared, the gauge interaction could
confine and produce massless gauge-singlet composite
spin-1/2 fermions [3—18].

A different motivation for studying strongly coupled
chiral gauge theories arose in the context of models that
sought to explain both dynamical electroweak symmetry
breaking and fermion mass generation. In terms of
low-energy effective Lagrangians, this involved the
above-mentioned new vectorial gauge interaction that
would become strong at the TeV scale and produce bilinear
fermion condensates, in conjunction with a set of four-
fermion operators that could give rise to quark and lepton
masses [1,8]. A next step was the construction of
ultraviolet-completions of these theories that would have
the potential to explain not only the Standard-Model
fermion masses in a given generation, but also the existence
of a generational hierarchy of fermion masses. A basic
property of a chiral gauge theory is that if it becomes
strongly coupled, it can produce bilinear fermion conden-
sates that self-break the gauge symmetry [9,10].
Reasonably UV-complete models for dynamical electro-
weak symmetry breaking and Standard-Model fermion
mass generation made use of this feature (e.g., [12-20]).
These involved strongly coupled chiral gauge interactions
that led to the formation of various fermion condensates
which broke the initial chiral gauge symmetry in a
sequence of stages that might plausibly explain the SM
fermion masses and their generational hierarchy. This
sequential breaking was such as to yield, as a residual
symmetry, the vectorial gauge symmetry that is strongly
coupled at the TeV scale. Reference [13] used a direct-
product chiral gauge group with two strongly coupled
gauge interactions and pointed out that different patterns of
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sequential gauge symmetry breaking (denoted G, and G,
in [13]) could occur, depending on the relative sizes of
gauge couplings corresponding to these two factor groups.
A similar phenomenon was noted in other models studied
in [14]. It is this interesting property of the nonperturbative
behavior of direct-product chiral gauge theories that we
wish to explore further here.

Another motivation for the present study is the fact that
patterns of gauge symmetry breaking by Higgs fields
depend on parameters in the Higgs potential V, which
one can choose at will, subject to the constraint that V
should be bounded from below. In contrast, once one has
specified the gauge and fermion content of a chiral gauge
theory, together with the values of the gauge couplings at a
reference point (which is naturally chosen to be in the deep
UV for theories with asymptotically free non-Abelian
gauge interactions), then the dynamics determines the
pattern of gauge symmetry breaking uniquely [21].

This paper is organized as follows. In Sec. II we discuss
our general theoretical framework, methods of analysis,
and a classification of direct-product chiral gauge theories.
Section III contains some useful procedures for the con-
struction of (anomaly-free, asymptotically free) chiral
gauge theories. In Secs. IV-XVI we study a variety of
different chiral gauge theories with direct-product gauge
groups and fermion contents. These involve both unitary
and orthogonal gauge groups and elucidate how the
patterns of dynamical symmetry breaking depend on the
structures of the respective theories. Our conclusions are
contained in Sec. XVIL

II. CLASSIFICATION OF GROUPS
AND METHODS OF ANALYSIS

In order to explore the nonperturbative behavior of
direct-product chiral gauge theories, it is useful to have
a general classification of these theories and general
methods for analyzing them. We discuss these in this
section. As stated above, we consider direct-product chiral
gauge theories with gauge groups of the form (1.1) with
fermion content {f} chosen such that the theory is free of
any anomalies in gauged currents and free of any global
SU(2) Witten anomalies, and also such that all non-Abelian
gauge interactions are asymptotically free. Unless other-
wise indicated, we will, with no loss of generality, write all
fermions as left-handed chiral components.

To describe our classification system, we first introduce
some notation. We generically denote a group that has only
real or pseudoreal representations as G, and a group that
has complex representations as G,.. A group G, cannot, by
itself, be the gauge group of a chiral gauge theory, although
it can appear as a factor group in a chiral gauge theory.
A group G, has zero anomaly, while, in general, a group G,
has nonzero anomalies A for its representations [see
Eq. (A14)], which we will indicate by the symbol G_,.
If a group G, has no anomaly, i.e., Ar = 0 for all R, then it
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is commonly termed “safe” (s) [22], and we denote it as
G,,. Of course, a group G, is automatically safe. Thus, the
generic class Gy includes G, and G,.

We may then classify a chiral gauge theory with the
direct-product gauge group (1.1) by an N;-dimensional
vector indicating the nature of the factor groups involved in
the direct product. If N; = 1, there are two possibilities:
(i) (ca), e.g., SU(N) with N >3, and (i) (cs), e.g.,
SO(4k + 2) for k > 2 or the exceptional group Eg [22-24].
For Ns; = 2, the possibilities are

Ng=2: (ca,r),(cs,r),(ca,ca),(ca,cs),(cs,cs),

(2.1)

where we do not distinguish the order of factor groups, so,
for example, (cs, ca) and (ca, cs) are the same type.

Let us consider a factor group G; in (1.1) which is of the
form G.,, and set the gauge couplings of the other factor
groups to zero. If the resultant G, theory is vectorial (v),
then we denote this as G.,,. This is the case, for example,
with the color SU(3), factor group in the Standard Model.
Thus, a further classification of direct-product chiral gauge
theories can be carried out in which, for each factor group
of the form G, one distinguishes whether or not it is of the
form G,,,. The Standard Model gauge group is of the type
(cav, r,ca) in this classification. We illustrate the classi-
fication of some chiral gauge theories considered in this
paper in Table I.

Our requirement that each non-Abelian factor group in
the direct product (1.1) is asymptotically free enables us to
describe the theory perturbatively in the deep ultraviolet.
We discuss the evolution from the UV to the IR next. To
each factor group G;, i =1, ..., Ng, there corresponds a
running gauge coupling g¢;(u), and we define o;(u) =
9i(#)?/(4n) and a;(u) = g;(u)*/(162%). The argument p
will often be suppressed in the notation. The UV to IR
evolution of the gauge coupling is determined by the beta
function, B, = dg;/dt, or equivalently, g = da;/dt =
lg/(2m)]p,. where dt=dInu. This has the series
expansion

TABLE 1. Classification of some direct-product chiral gauge
theories. See text for further discussion.

Type Ng G

(ca,r), (cav,r) 2 SU(N) ® SU(2) with N >3
(cav, cav) 2 SU(N) ® SU(M) with N, M >3
(r,ca) 2 SU(2) @ U(1)

(ca,ca), (cav,ca) 2 SU(N) ® U(1) with N >3
(cav,r,ca) 3 SU(N,) ® SU(2), ® U(1),
(cav,r,r) 3 SU(N) ® SU(2);, ® SU(2),
(cav,r,r,cav) 4 SU(N.)®SU(2), ®SU(2),QU(1),_,
(cs,r) 2 SO(4k +2) ® SU(2) with k >2
(cs, cav) 2 SO(4k+2) ® SU(N) with N >3
(cs,cs) 2 SO(4k+2)®SO(4k'+2) with k, k' > 2
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Ng
_ 2
P, = —8na; [bG,.,lf + E b op.ija;
j=1

Ng
=+ E bg, seijrajar + - - }
Jk=1

(2.2)

where an overall minus sign is extracted and the dots ...
indicate higher-loop terms. Here, bg, i, is the one-loop
[denoted (17)] coefficient, multiplying a?, bg »s.; is the
two-loop coefficient, multiplying a?a ;» and so forth for
higher-loop terms. The property of asymptotic freedom for
the non-Abelian gauge interactions means that fig <0
for small a;, i =1, ..., Nya. The set (2.2) constitutes a set
of N coupled nonlinear first-order ordinary differential
equations for the quantities «;, i = 1, ..., Ns. To leading
order, i.e., to one-loop order, the set of differential
equations decouple from each, and one has the simple
solution for each i € {1, ...,Ng}:

2z Hi

() = (st = 291 g (”) (2.3)

where we take p; < u,.

In the following discussion, we assume that the funda-
mental Lagrangian has no fermion mass terms, so that all
fermion masses are generated dynamically by chiral sym-
metry breaking. For a pair of gauge interactions corre-
sponding to the factor groups G; and G; in Eq. (1.1), the
respective beta functions f;, and ,BG], in the deep UV are

fixed once we choose the fermion content of a given theory.
The values of the corresponding a;(u;) and a;(u; ) at lower
Euclidean scales are determined by (i) the initial values of
a;(p>) and a;(u,) in the UV; (ii) the values of S, and Ba,:
and (iii) the occurrence of bilinear fermion condensate
formation at some scale(s) as the theory evolves from the
deep UV toward the IR, which produce dynamical masses
for the fermions involved in these condensates. Since we do
not assume that the direct-product group (1.1) is contained
in a simple group in the deep UV, we are free to consider
various different orderings of the sizes of the couplings
a;(u,) in the UV. Furthermore, because of the condensation
process(es) (iii), the fermions involved in these conden-
sates, together with gauge bosons corresponding to broken
generators of gauge symmetries, acquire dynamical masses
and are integrated out of the low-energy effective field
theories that are applicable as the Euclidean reference scale
decreases below each condensation scale. The reduction in
massless particle content in (iii) produces changes in the
beta functions of the gauge interactions involved. Because
of this, even if S, > S, with all fermions initially present
in the deep UV, it can happen that at a lower scale this
inequality is reversed. The variation of gauge couplings in
the deep UV embodied in the input (i) above was carried out
in the earlier work [13] where both of the cases of relative
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sizes of agyc and ayc were considered, and in [2], where
both of the cases of relative sizes of couplings for SU(3).
and SU(2), were considered. Henceforth, for notational
simplicity, we set bg. 1, = bg, ;. There have been a number
of interesting studies of renormalization-group (RG) flows
in quantum field theories with multiple interaction cou-
plings using perturbatively calculated beta functions, e.g.,
[25]. Here, as in the earlier works involving gauge theories
with multiple gauge couplings [2,13,15], we will focus on
the nonperturbative phenomenon of fermion condensate
formation and the associated pattern of gauge symmetry
breaking. The one-loop result (2.3) will be sufficient for
our purposes here since we focus on this nonperturbative
fermion condensate formation. These condensates also
generically break global chiral symmetries.

In general, a fermion condensate may involve different
fermion fields or the same fermion field. If the fields are the
same, we may write the bilinear fermion operator product
abstractly as follows. Assume that the gauge group G in
Eq. (1.1) contains t < N non-Abelian factors G; and that
the relevant fermion field f transforms as the representation
R =(Ry,...,R,) under the direct product of these non-
Abelian factor groups. Then the bilinear fermion product of
a given fermion field is

f”/Tz,,',L CfR,j,L» (2'4)
where C is the Dirac conjugation matrix, gauge group
indices are suppressed in the notation, and i, j are copy
(flavor) indices. From the property CT = —C together with
the anticommutativity of fermion fields, it follows that the
bilinear fermion operator product (2.4) is symmetric under
interchange of the order of fermion fields and therefore is
symmetric in the overall product

Tim ],

k=1

(2.5)

where §;; abstractly denotes the symmetry property under
interchange of flavors, with S;; = (ij) and S,; = [ij] for
symmetric and antisymmetric flavor structure, respectively.
For example, for the case t = N, = 2 and flavor indices i,
J» the symmetry property (2.5) means that /7, Cf; is of
the form (s, s, s), (s, a, a), (a,s,a), or (a, a, s), where here
s and a indicate symmetric and antisymmetric and the three
entries refer to the representations R of G, R, of G,, and
S;j. Thus, as an illustration, in the last case, (a,a,s), the
product (2.4) would transform as antisymmetric represen-
tations in the Clebsch-Gordan products of R; x R; for
j =1, 2 and would be symmetric in flavor indices, with
S;; = (ij), and so forth for other cases.

The main perturbative information that we will use is
the one-loop coefficients of the beta functions for the
non-Abelian gauge interactions. We require that these

PHYSICAL REVIEW D 94, 065001 (2016)

interactions must be asymptotically free so that we have
perturbative control over them in the deep UV. If o;(u)
becomes strong, i.e., O(1) in the IR, one can no longer
use perturbative methods reliably, but one can make use
of several approximate methods to explore possible
nonperturbative properties of the theory. First, one may
investigate whether the fermions in the theory satisfy the
’t Hooft anomaly-matching conditions. For this purpose,
one determines the global flavor symmetry group of
the theory and then checks whether candidate operators
for gauge-singlet composite spin-1/2 fermions match
the anomalies in the global flavor symmetries. If
this necessary condition is satisfied, then it is possible
that in the infrared the strong chiral gauge interaction
could confine and produce massless composite spin-1/2
fermions.

A different possibility in a strongly coupled chiral gauge
theory is that the gauge interaction can produce bilinear
fermion condensates. This will be the main focus of our
analysis here. In an irreducibly chiral theory these conden-
sates break one or more gauge symmetries, as well as global
flavor symmetries. A commonly used method for suggesting
which type of condensate is most likely to form in this case is
the most-attractive-channel (MAC) method [10]. For pos-
sible condensation of chiral fermions in the representations
R, and R, » of the factor group G; in (1.1) in various
channels of the form Rg, ; X Rg,» = R, cona» the MAC
approach predicts that the condensation will occur in the
channel with the largest (positive) value of the quantity

AC, = Cy(Rg,1) + C2(Rg,2) = C2(Re,cona)s  (2.6)
where C,(R) is the quadratic Casimir invariant for the
representation R (see the Appendix). This is only a rough
measure, based on one-gluon exchange [26]. The form of the
condensate determines the resultant symmetry and form of
vacuum alignment [11].

III. METHODS FOR CONSTRUCTING CHIRAL
GAUGE THEORIES

In this section we mention some useful methods for
constructing anomaly-free direct-product chiral gauge
theories.

A. Reduction method

Let us say that we have a chiral gauge theory with the
Ng-fold direct product gauge group (1.1) and a given
fermion content that satisfies the constraints that the theory
must be free of any anomaly in gauged currents, any
possible global SU(2) anomaly, and, if G includes Abelian
factor groups, also any mixed gravitational-gauge anomaly.
One can then construct a set of chiral gauge theories by a
process of reduction, setting one or more of the gauge
couplings {g;. ..., gy, } equal to zero. As an example, if
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one starts with a modified and extended Standard Model
with gauge group (7.1) and fermion content (7.2)—(7.4)
below, of type (caw,r,ca), then (i) by turning off the
SU(N,) gauge coupling, one gets an SU(2), ® U(1),
gauge theory of type (r, ca); (ii) by turning off the SU(2),
gauge coupling, one gets an SU(N,.) ® U(1), gauge
theory of type (caw,ca); and (iii) by turning off the
U(1)y coupling, one gets an SU(N,.) ® SU(2), gauge
theory of type (cawv, r). Given that the original theory has
the requisite property that all non-Abelian gauge inter-
actions are asymptotically free, the theory derived by
turning off some gauge coupling(s) also has this property.

B. Extension method to construct G=G ® G, theories

Here we present a method for constructing a
direct-product chiral gauge theory with an (N + 1)-fold
direct-product gauge group, starting from a given chiral
gauge theory with an Ns-fold direct-product gauge group

G by adjoining a safe group G, to G to produce

G=G®G, (3.1)

and extending the fermion representations of G to those of
G=G® G,. Here G, may be G, or G,. The procedure is
as follows:
1. Start with an anomaly-free chiral gauge theory with
the Ng-fold gauge group G :®f\fl G; and a set of
fermion representations { R }, where each of these is

R(”; - (RGI""’RGNG)‘ (32)

2. Choose the safe group G, of type G, or G, i.e.,
either a group with real representations, such as
SU(2), or a safe group with complex representations,
such as SO(4k + 2) with k > 2 or the exceptional
group Eg. ~

3. Extend each fermion representation Rz of G to a
representation R of G using a single representation
Rg, of Gy toform R = (Rg. R, ). As far as the G
group is concerned, this simply amounts to a
replication of its original (anomaly-free) fermion
content by dim(R¢ ) copies, so the resulting ex-
tended fermion content is also anomaly-free.

4. Apply the constraint that if the safe group is
G, = SU(2), then the resultant theory must be free
of a global SU(2) Witten anomaly associated with
the homotopy group 74(SU(2)) = Z, [27,28]. With
Rg, = U, the necessary and sufficient condition
to satisfy this constraint is that the total number of
SU(2) doublets is even [27].

5. Apply the constraints that each of the gauge inter-
actions corresponding to non-Abelian factor groups

in G must remain asymptotically free in the larger
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group G, and the G, gauge interaction must also be
asymptotically free.

This method can be used to construct many types of
direct-product chiral gauge groups. Among the Ng; = 2
cases, for example, these types include all of the ones listed
in Eq. (2.1).

IV. G,,, ® SU(2) THEORIES

In this section we construct and study a class of Ng = 2
direct-product chiral gauge theories with a gauge group
G, ® G, =G, @ SU(2). (4.1)
This class is the special case (cawv,r) of the class
G., ® G, discussed in Sec. Il in which G., = G4,
ie., G, is a group with complex representations and
Az # 0 and the fermion content is such that if the SU(2)
gauge interaction is turned off, then the G, gauge
interaction is vectorial. This property guarantees that there
is no cubic triangle anomaly in gauged currents in the
G.,, sector. Furthermore, as already indicated above, since
SU(2) has (pseudo)real representations, it has no anomaly.
The only anomaly constraint is then the requirement that
the SU(2) group must be free of a global anomaly. We
consider theories of this type with chiral fermion content
(written here as left-handed)

{fns.ns} = ZPR(R’ D)’ (42)
R
sk =25 pa(Ro1), (43)
R
and optionally,
{fs.ns} =D (1’ D)’ (44)

where the subscripts ns and s are abbreviations for
“nonsinglet” and “singlet”; R denotes a (nonsinglet)
representation of the group Gy; and the first and second
entries in subscripts and in the parentheses refer to the
representations of G,,, and SU(2),, respectively, with []
being the fundamental representation in standard Young
tableaux notation.

If the fermion sector includes only a single R, then we
set pr = p for brevity. We shall use interchangeably a
notation with Young tableaux and dimensionalities to
identify the representation: (R,) <> (dim(R),2). In
general, we will allow for several types of (nonsinglet)
representations R, but will focus on minimal theories with
only one R. The subscript indices i, j are copy (“flavor™)
indices, and the total number of copies of the f,;
fermions transforming as the R representation of Gy is
denoted pr. We shall mainly focus on irreducibly chiral
theories, i.e., those for which the chiral gauge symmetry
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forbids any bare mass terms, but we shall also discuss some
chiral gauge theories with vectorlike subsectors. The global
symmetries depend on p and pq; we will discuss them for
specific models below.

The number of SU(2) chiral fermion doublets in this
theory, which we shall denote N, is

Ng=pi+ Y prdim(R). (4.5)
R

The condition that the SU(2) gauge sector must be free of a
global anomaly is that

N, is even. (4.6)

Because N, is necessarily even, one could take half of the
left-handed SU(2)-doublet fermions, rewrite them as right-
handed charge-conjugates, and thereby put the SU(2)
gauge interaction into vectorial form.

As noted, we shall also impose two further requirements
on the theory, namely that the G; and the SU(2) gauge
interactions must both be asymptotically free. From the
general results in [29], we find that the one-loop coefficient
of the beta function of the G| gauge interaction is

- {11@(01) - 82pRT<R>} @)
3 R

so the requirement that the G| gauge interaction should be
asymptotically free implies that

11C,(Gy)

D PRT(R) < —5—=. (4.8)

8

Here and below, if p; = 0 and the theory contains fermions
in one (nonsinglet) representation R of G;, then only
nonzero values of pp = p are relevant, since if p = 0, then
the theory is a pure (direct-product) gauge theory and hence
is not a chiral gauge theory.

The one-loop coefficient of the beta function of the
SU(2) gauge interaction is

1
bisup), = 3 (22-Ny)

- % [22 - <p1 + ;PR dim(R))] . (49)

so the requirement that the SU(2) gauge interaction should
be asymptotically free implies that

pi+ Y prdim(R) < 22. (4.10)
R

V. SU(N) ® SU(2) THEORIES

In this section we construct and study several models
with a direct-product gauge group of the form (4.1) with the
first gauge group being SU(N), i.e., with
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G =G, ®G,=SUN) ®SU(2) (5.1)

and various chiral fermion contents, which we denote as
Models A, B, and C. All three of these models are of type
(cav, r), as indicated in Table 1.

A. Model A

The first model that we consider, denoted Model A, is a
minimal one in three respects: (i) it contains no G4-singlet
fermions, i.e., p; = 0; (ii) the fermions transform accord-
ing to only one representation R of G, and its conjugate;
and (iii) this representation R is the simplest nontrivial one,
namely the fundamental, R = L. The chiral fermions are

a,a

wir.i=1,...p: p(0,0) = p(N,2), (5.2)

and

Xajrj=1,...2p: 2p(0,1)=2p(N,1). (53)
Here, a and a are SU(N) and SU(2) gauge indices and i, j
are copy (“flavor”) indices. For N > 3, the chiral gauge
symmetry forbids any bare mass terms for the fermions. In
contrast, if N = 2, then gauge-invariant bare mass terms
such as

i %], 1<i,j<2p

e xnirClvjLs (5.4)

and

oVl C¥il.  1<ij<p  (55)
can occur. Closely related to this, if N = 2, then the SU(N)
and SU(2) gauge interactions can both be written in
vectorial form, so the theory is not a chiral gauge theory.
Therefore, henceforth we shall assume that N > 3 for this
class of theories. In the notation introduced above, the
fermion content of this Model A can be categorized as

being of the form

{fnsﬁnmfns.s}'

The fermion terms in the Lagrangian for this model are

(5.6)

)4 2p
L= "0ibw;+> 2iPri.  (5.7)
J=1 j=1

(where we have indicated the sums over flavor indices
explicitly). In connection with the discussions in Secs. I1I A
and VII, we note that one realization of a Model A theory is
the gauge and quark sector of the generalized Standard
Model with the Higgs field removed, the weak hypercharge
gauge coupling turned off, and with the identifications
N=N, and p = Ng, where N, denotes the number of
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fermion generations. In this case, the correspondence of
fermion fields here and in Egs. (7.2) and (7.3) is as given
below in Egs. (7.11) and (7.12). This correspondence
motivates the property that the Lagrangian (5.7) is diagonal
in copy indices; if one were to include terms of the form
XLty with j # k, some of these would correspond, in
the generalized SM, to terms of the form iy ;ilpdy ; that
would violate U(1), and electromagnetic U(1),,, gauge
symmetries. Although Model A has no U(1), factor, we
will restrict the Lagrangian to the form (5.7) which could be
derived from the generalized SM by the reduction process
of Sec. IIT A.

For this Model A, the condition that the SU(2) gauge
sector should be free of a global anomaly is

N, = pN is even, (5.8)

and we require that this condition must be satisfied.

From the general result (4.7), we have, for the one-loop
coefficient of the SU(N) beta function,

(1IN — 4p). (5.9)

Q| =

bisuw) =

Therefore, the requirement that the SU(N) gauge inter-
action should be asymptotically free, expressed by the
inequality (4.8), reads

1IN

i (5.10)

From the general result (4.9), we find, for the one-loop
coefficient of the SU(2) beta function,

(22— pN). (5.11)

W =

bisup), =

Hence, the requirement that the SU(2) gauge interaction
should be asymptotically free, given by the inequality
(4.10), is

pN < 22. (5.12)
In Fig. 1 we show the boundaries of the region in the (N, p)
plane satisfying the inequalities (5.10) and (5.12). The
allowed values of N and p are thus the integers N > 3 and
p > 1 in this allowed region that satisfy the conditions
(5.10), (5.12), and (5.8). We list these in Table II. Several
comments are in order concerning these allowed values of
N and p. First, as N increases through the value N = 22,
the maximum value of p allowed by the inequality (5.12)
decreases below 1, so that for N > 22, this inequality (5.12)
has only the trivial (integral) solution p = 0 for which the
theory is a pure gauge theory with no fermions and hence
not of interest here. Second, for odd N, one sees that the
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FIG. 1. Plot of the region in N and p allowed by the require-
ment of of asymptotic freedom for the SU(N) and SU(2) gauge
interactions in the SU(N) ® SU(2), Model A chiral gauge
theory. The boundaries of this region are given by the line from
the inequality (5.10) and the hyperbola from the inequality (5.12).
The allowed values of N and p are thus the integers N > 3 and
p > 1in this allowed region that also satisty the condition that the
theory must not have any global SU(2) anomaly, Eq. (5.8). See
text for further discussion.

condition (5.8) for the theory to be free from a global SU(2)
anomaly restricts p to even values.

We next analyze the UV to IR evolution and gauge
symmetry breaking in this model. If the SU(N) gauge
interaction is sufficiently strong and if it dominates over the
SU(2) gauge interaction, then this SU(N) interaction forms
bilinear fermion condensates that break the SU(2) gauge

TABLE II. Values of N and p in the Model A SU(N) ®
SU(2), chiral gauge theory allowed by the inequalities (5.10) and
(5.12) arising from the constraint of asymptotic freedom for the
SU(N) and SU(2) gauge interactions, respectively, and the
requirement that the theory must not have any global SU(2)
anomaly, Eq. (5.8). The notation 12 < N, < 20 denotes the
even values of N in this range. The notation 13 < Ny4q < 21
denotes the odd values of N in this range. For N > 22, the
inequality (5.12) has only the trivial solution p = 0 for which the
theory is a pure gauge theory with no fermions and hence is not a
chiral gauge theory.

Allowed values of p

3 p=2,4,6

4 1<p<s

5 p=24

6 1<p<3

7 p=

8 p=12

9 p=2

10 p=12

11 no sol. with p #0
12 < Neyen <20 p=1

13 < Ny <21
N>22

no sol. with p #0
no sol. with p #0
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symmetry. We denote the scale at which this occurs as A.
As regards the SU(N) gauge interaction, the most attractive
channel for fermion condensation is

SU(N): OxO-1, (5.13)

in terms of Young tableaux, or equivalently, N x N > 1,in
terms of the dimensionalities of the SU(N) representations,
with associated condensates

N
< WZZZTCZu.j.L>v
a=1

where i € {1,...p} and j € {1,...,2p}. (Here and below,
when a condensate is given, it is understood that the
Hermitian conjugate condensate is also present.) This
channel has

(5.14)

N> —1
N

Each of the condensates in Eq. (5.14) breaks the SU(2)
gauge symmetry completely [and is invariant under the
SU(N) gauge symmetry, as is clear from (5.13)]. The
fermions involved in these condensates, and the SU(2)
gauge bosons, gain dynamical masses of order A.

If, on the other hand, the SU(2) interaction is sufficiently
strong and if it dominates over the SU(N) interaction, then
this SU(2) interaction produces bilinear fermion conden-
sates in the most attractive SU(2) channel 2 x 2 — 1, with
associated condensates of the form

ACZ - 2C2(D) -

(5.15)

eyl Curit). (5.16)
We denote the scale where this occurs as A’. The attractive-
ness measure for condensate formation in this channel is
AC, = 2C,(0) = 3/2. From the general symmetry prop-
erty (2.5), it follows that if, as in Eq. (5.16), one contracts
the SU(2) gauge indices a and f antisymmetrically via the
SU(2) €, tensor, then the combination of SU(N) and
generational indices is antisymmetric. That is, in the
operator product (5.16), either the SU(N) gauge indices
are antisymmetric and the generational indices are sym-
metric, so the condensate is proportional to

s b, R , R b, s 3
(eap(wisT Cylt) =iyt T Cyrlf =l Cytl))

(5.17)

or the SU(N) gauge indices are symmetric and the genera-
tional indices are antisymmetric, so the condensate is
proportional to

aTl b, b.aT N3 aTl b.p b,aT .
(eap Wi Cyl +ulf Tyt i Cytl — i Cytl)).

(5.18)

The SU(N) gauge interaction, although assumed to be
weaker than the SU(2) gauge interaction, is not assumed to

PHYSICAL REVIEW D 94, 065001 (2016)

be negligible, and it prefers the condensation channel that is
the MAC as regards SU(N). Now

N +1

ACy=—+— for OxO—-H (519

whereas

N -1
ACy = ———  for

- (5.20)

OxO— [

so the O x [ — H channel is the MAC, and indeed, the
Ox O — O channel is repulsive. Therefore, we conclude
that in this case where SU(2) is more strongly coupled than
SU(N), the expected condensation channel is, in an
obvious notation,

@.2) x ([@,2) — H1) (5.21)
with associated condensate (5.17). This condensate, which

is of the form (71!}, where T1#! is a rank-2 antisymmetric
tensor of SU(N), breaks SU(N) as follows [30]:

) . B SU(2) if N=3
(Tl"): SU(N) — H = { SU(N=-2)®SU(2) if N >4
(5.22)

The fermions involved in the condensate and the gauge
bosons in the coset SU(N)/H gain dynamical masses of
order A’ and are integrated out of the low-energy effective
field theory that is operative as the reference scale u
decreases below A’. The fermion condensates that form
in both the strong-SU(N) and strong-SU(2) situations also
break global flavor symmetries. Since we have already
analyzed this sort of global flavor symmetry breaking in
our previous works [17,18], we will not pursue this here,
instead focusing on the gauge symmetry breaking.

B. Model B
This model, denoted Model B, has the same gauge group
as Model A, but has an enlarged chiral fermion sector
which also contains p; = p’ copies of the SU(N)-singlet,
SU(2)-doublet fermion

p(1.2).  (5.23)

n5ps j=1,..p"
Thus, the fermion content of Model B can be categorized as
being of the form
{fns,nsvfns.svfs,ns} (524)
in the notation of Eq. (5.6). Depending on the value of p’,
these additional fermions may have gauge-invariant bare
mass terms of the form
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e(l/}”g{c’?ﬁ,l‘ ’ (525)
where i # jand 1 < i, j < p’. Using the general symmetry
property (2.5) and taking account of the antisymmetric
contraction of the SU(2) gauge indices a and § with the €,
tensor, it follows that the fermion operator in (5.25) is
automatically antisymmetrized in the flavor indices i and j,
so if p’ = 1, then it vanishes identically. If p’ > 2, then the
{fs.ns} fermions constitute a vectorlike subsector in the full
chiral gauge theory.

The sector of SU(N)-nonsinglet fields in Model B is the
same as in Model A, so the SU(N) gauge interaction is
again vectorial and hence is free from any gauge anomaly,
as is the SU(2) gauge interaction. The condition that the
SU(2) part of the theory should be free of any global
anomaly is that the number of SU(2) doublets, denoted N,
is even, l.e.,

N, = pN + p' is even, (5.26)
and we require that this condition be satisfied.

The one-loop coefficient of the SU(N) beta function,
by su(n)s 1s given by (5.9), as in Model A, so p is subject to
the same upper bound from the requirement that the SU(N)
interaction must be asymptotically free, namely (5.10).

The one-loop coefficient of the SU(2) beta function is

1
bisup) = 3 22— (pN + p')], (5.27)

so the requirement that the SU(2) gauge interaction should
be asymptotically free implies that
pN + p' < 22. (5.28)
The allowed values of N, p, and p’ for Model B are thus the
integers N > 3, p > 1, and p’ > 1 satisfying the conditions
(5.10), (5.28)), and (5.26). There are too many values to
list in a table analogous to Table II, but we mention that
for N = 3, the allowed values of (p, p’) are (1,2k+ 1)
with 0 <k <8; (2,2k) with 1 <k<7;, 3, 2k+1)
with 0 < k <5; (4,2k) with 1 <k <4; (5, 2k + 1) with
0 <k < 2; and the single pair (6,2). As in Model A, as N
increases, the allowed set of values of p and p’ is
progressively reduced, and for sufficiently large N, there
are no nontrivial solutions to the three conditions. For
example, for N = 16, there are only two allowed sets of
(p, p'), namely (1,2) and (1,4); for N = 17, there are again
two sets, namely (1,1) and (1,3), while for N = 18, there is
only one, (1,2), and for N = 19, there is only one, (1,1). For
N > 20, there are no allowed (nonzero) values of p and p’
in this model.
Since Model B is the same as Model A as regards the
SU(N)-nonsinglet fermion content, it follows that if the
SU(N) gauge interaction is sufficiently strong and

PHYSICAL REVIEW D 94, 065001 (2016)

dominates over the SU(2) interaction, then the resultant
bilinear fermion condensate formation is the same as in
Model A.

However, if the opposite is the case, i.e., if the SU(2)
gauge interaction is strong enough and dominates over the
SU(N) interaction, then, depending on the value of p’, two
additional type of fermion condensates may be produced.
These all have the same SU(2) attractiveness measure, as
given before, namely, AC, = 3/2 and hence, if SU(N)
interactions are negligible, they are expected to form at
essentially the same Euclidean scale, which we again
denote as A. Thus, in addition to the condensate(s)
(5.17), the SU(2) gauge interaction can lead to condensa-
tion in the channel

(1,2) x (1,2) = (1,1) (5.29)
with the associated condensate(s)
(e Cili1). (5.30)

where 1 < i, j < p’. From (2.5), it follows that the bilinear
fermion operator product in (5.30) is antisymmetric in the
copy indices i and j and hence vanishes identically if
p' = 1. As is evident from (5.29), this condensate (5.30)
preserves the full SU(N) ® SU(2) gauge symmetry. The
fermions involved in these condensates gain dynamical
masses of order the condensation scale, denoted A, and are
integrated out in the low-energy effective field theory that is
operative as the reference scale u decreases below A.
The second possible additional condensation channel is

(N.2) x (1,2) > (N. 1) (5.31)
with the associated condensate(s)
(capris " Crllp). (5.32)

where 1 <i < pand1 < j < p'. Consider the condensates
(5.32) with a given i, say i = 1. This set of condensates
(5.32) breaks SU(N) to SUN-p') if 1<p <N-=2
and breaks SU(N) completely if p’ >N —1. To show
this, note that without loss of generality we may pick
a=N and j=1 for one of these condensates. This
condensate, (€} Z’TC%}$L>, breaks SU(N) to the sub-
group SU(N — 1). The fermions /) and 7} 1 involved in
this condensate gain dynamical masses of order the scale at
which this condensate forms. Next, consider the condensate
of the form (5.32), where now only the SU(N — 1) gauge
indices a@ € {1,...,N — 1} are dynamical. Again, by con-
vention, we may pick the SU(N — 1) gauge index in this
condensate to be N — 1 and the copy index on the nf I

fermion to be j = 2. This breaks SU(N — 1) to SU(N —2)

N—-1l,a

and the fermions w/; “ and ng.L involved in this
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condensate gain dynamical masses of order the condensa-
tion scale. This process continues until SU(N) is broken to
SU(N = p') if N—p’ > 2 or until SU(N) is completely
broken if N —p’ <1. A vacuum alignment argument
suggests that it is plausible that this pattern of breaking
would also hold for other values i =2,..., p. As noted
above, since the SU(2) attractiveness measure of all of these
condensates, AC, = 3/2 is the same, one expects that they
form at essentially the same scale.

VI. EXAMINATION OF SOME OTHER
SU(N) ® SU(2) THEORIES

Here we examine some Ng = 2 chiral gauge theories
with gauge groups of the form G; ® G, = SU(N) ®
SU(2) in which the G, sector is of G, type rather than
the G, type studied in the previous section. Two of the
simplest cases for the fermion content of the SU(N) sector
involve chiral fermions transforming according to sym-
metric and antisymmetric rank-2 tensor representations of
SU(N), denoted S, and A,, together with the requisite
number of fermions in the conjugate fundamental repre-
sentation. Two minimal anomaly-free SU(N) sectors are
the following, which we shall label as S,F and A,F:

SoF

M+ (N+4)0 for N >3 (6.1)

and

AF: H+(W—-4)3 for N > 5. (6.2)

We restrict the S, F theory to have N > 3, since for N = 2 it
is a vectorial, rather than chiral, gauge theory. Similarly, we
restrict the A2F theory to have N > 5 because for N =4,
the H representation is self-conjugate, so the SU4) AF
theory is a vectorial, rather than chiral, gauge theory.
Given the contributions to the SU(N) triangle anomaly
from the fermions in the S, and A, representations (see the
Appendix), these respective SU(N) theories are anomaly-
free. However, we shall show that neither of these can be
used to construct an Ng = 2 direct-product chiral gauge
theory in which the SU(2) gauge interaction is asymptoti-
cally free.

We form the embeddings of the S,F and A,F sectors in
an SU(N) ® SU(2) chiral gauge theory with the respective
fermion contents

(0,2) + (N +4)3,2) for N >3 (6.3)

and

H2)+N-4@2) foN>5. (6.4)

We will denote these as the S,F and A,F SU(N) ® SU(2)
theories respectively, and as the T,F SU(N) ® SU(2)
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theories (where 7', stands for rank-2 tensor) when we refer
to them together, with 7, = S, or A,. These two respective
direct-product chiral gauge theories are clearly free of any
anomalies in gauged currents. With the respective restric-
tions on N, these theories are of type (ca, r).

The numbers of SU(2)-doublet fermions in these two
respective T,F SU(N) ® SU(2) theories are

3N(N +3)
Ny=""" 22

: (6.5)

where the upper and lower signs refer to the S, F and A, F
SU(N) ® SU(2) theories respectively. In each case, N,
must be even in order for the theory to avoid a global SU(2)
anomaly.

The one-loop coefficients in the SU(N) beta function in
these respective theories are

by suwn) = (7N F 12), (6.6)

Q| =

where again the upper and lower signs refer to the S, F and
A,F SU(N) ® SU(2) theories respectively. In both cases
this is positive, so the SU(N) sector is asymptotically free.

However, the one-loop coefficients in the SU(2) beta
function in the respective theories are

1

bisup) = 3 {22 -

3N(N + 3)} P (67)

for T, F.
) or 1,

We find that for the S,F SU(N)® SU(2) theory,
bisu) is negative for all relevant N >3. (with N
extended to the positive real numbers, b; sy <0 for
N > [-9 +1/609]/6 = 2.613), so none of these theories
has the required asymptotically free SU(2) gauge inter-
action. Also, many cases are independently excluded by the
fact that N, is odd. Regarding the A,F SU(N) ® SU(2)
theory, the N = 5 case has a positive b gy (equal to 7),
but is excluded because it has an odd value of N,, namely
N, = 15. All other values of N for the A,F SU(N) ®
SU(2) theories are excluded because b; gy(») is negative.
(With N extended to the positive real numbers, by sy2) < 0
for N > [9 + 1/609]/6 = 5.613.) Many of these cases are
also excluded independently because they have odd N,.
Therefore, our examination of these T,F SU(N) ® SU(2)
theories shows that none of them yields an acceptable chiral
gauge theory for our analysis.

VIL SU(N,) ® SU(2); ® U(1)y THEORIES

Here we shall study the nonperturbative behavior of a
chiral gauge theory with a gauge group of the form (1.1)
with Ng = 3, namely

Ggsm = SU(N,) @ SU(2); ® U(1)y, (7.1)
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where the subscript GSM stands for “generalized Standard
Model.” In this section we will follow a traditional
convention in writing some of the fermion fields as
right-handed and, related to this, in denoting the SU(2)
gauge group as SU(2),. The fermion content is (with

i=1,...,N, where N, = number of generations)
aa u;l .
oo = &), Ng(NC,Z)YQL (7.2)
ie. Q) = uf, and QFF = dip).
dig: Ny(Ne by, . g=ud  (13)
a e\ .
LY, = ’ : Ng(1,2)YL, (7.4)
i/ L g
(i'e" Lll.L - V)f’[’L a.nd LIZ,L = fi.L)’
Ve R Ny(1, ])YDR’ (7.5)
and
CiRr: Ng(l, I)Yf,e' (7.6)

Here, a and a are color and SU(2), gauge indices,
respectively, and i is a generational index. As listed in
Table I, this theory is of type (caw, r, ¢). For our discussion,
we will allow the number of colors, N, and N 9 and to be
arbitrary, subject to the constraints of asymptotic freedom
of the SU(N,) and SU(2), gauge interactions and the
absence of an SU(2), global anomaly. The capital L in
Eq. (7.4) stands for “lepton” and the subscript L for the
left-handed chiral component. As in the SM, the (chiral)
SU(2), ® U(1), gauge group contains a vectorial electro-
magnetic U(1),,, subgroup, and the electric charge satisfies
Oem = T3 + (Y/z) Since Qem.fL = Qem,fR = Qem.f for
all fermions f, it follows that the hypercharges of the
left-handed and right-handed fermions are related accord-
ing to

Y, =2Ts.5, + Vi, (7.7)
where here F stands for the left-handed quark or lepton
SU(2), doublets, Q, L.

This theory is a modification of the Standard Model with
the following changes: (i) the color gauge group is changed
from SU(3),. to SU(N,.) and (ii) N, is arbitrary, both being
subject to the three above-mentioned constraints; (iii) the
hypercharge assignments are generalized from their real-
world values, subject to the constraint that there must not be
any gauge anomaly; (iv) two types of SU(N.) ® SU(2), -
singlet fermions are present, namely #; and v, g, are
present; and (v) the Higgs scalar boson is removed. The
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SU(N,) subsector of this theory is vectorial and hence is
free of any anomalies in gauged currents. As before, the
SU(2), sector has no pure cubic SU(2), triangle anomaly
in gauged currents. Given the structure of this GSM theory,
the conditions that there be no triangle anomalies in gauged
currents of the form SU(N,)?U(1), and U(1); are the
same. If one imposes the condition that these constraints
should be satisfied for each fermion generation individu-
ally, as we will (and as is the case in the SM), then the
resultant condition is

NCYQL + YLL — O (78)
for each fermion generation. The properties of this theory
were studied for the usual case ¥, = —1 in [31] and for
general fermion hypercharge assignments in [32]. Provided
that the hypercharge assignments satisfy Eq. (7.8), they
also yield a vanishing mixed gravitational-gauge anomaly
(for each generation) [32]. The generic classes of hyper-
charge assignments and resultant properties of the theory
were given in [32], together with certain special classes. We
comment on these further below.

The condition that the SU(2), gauge sector should be
free of a global anomaly associated with the homotopy
group 74(SU(2)) = Z, is that the number of SU(2),
doublets,

Ny=N,(N,+1) (7.9)

1s even, l1.€.,

Ny(N.+1) is even, (7.10)
and we require that this condition be satisfied. As was noted
in [32], if N, is even, then this constraint allows arbitrary
N, while if N, is odd, then it allows only odd N..
Similarly, if N, is odd, then this constrain allows any
value of N, while if N is even, it requires N, to be even.
We note that if one were to turn off the U(1), gauge
interaction and set N, = N, then this model would reduce
to the special case of Model B in Sec. V with p = p' = N,
(together with some gauge-singlet fermions). The corre-
spondences between fermion fields in these models is

Oif < wii, 1<i<p, (7.11)

{uf  di Yy oy, 1<i<p; 1<j<2p (7.12)
and

Lip <ni, 1<i<p (7.13)

One reason that we used abstract notation for the fermions
in the Models A, B, and C of Sec. V is that they have a
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different structure than the GSM theory considered here in
several respects: (i) the condition for the absence of
anomalies in gauge currents is different, since they have
no U(1) factor; and (ii) p and p’ need not be equal, whereas
in the GSM p = p’ = N,. Since the v; g and ¢, fields are
singlets under SU(N,) ® SU(2),, they have no (nonsing-
let) corresponding fields in Model B of Sec. V.

We shall require that both the SU(N,.) and SU(2); gauge
interactions in the GSM must be asymptotically free. The
one-loop coefficient of the SU(N,.) beta function is

1
bisuw,).csm = 3 (1IN, = 4N,), (7.14)

so the requirement that the SU(N,.) gauge interaction must
be asymptotically free implies that N, satisfies

11N,
Ng < 1

(7.15)

The one-loop coefficient of the SU(2), beta function is
bisu(), .Gsm = (1/3)(22 = Ny), ie.,

1
b1 su(2), Gsm 25[22—Ng(Nc + 1)), (7.16)
so the requirement that the SU(2); gauge interaction must
be asymptotically free implies that the number of SU(2),
doublets (7.9) is bounded above according to

Ny(No+1) <22. (7.17)

The weak hypercharge U(1), gauge interaction is non-
asymptotically free, and the associated gauge coupling ¢
decreases as the Euclidean reference scale p decreases. If,
as we assume, ¢ is weak at a high scale in the UV, then it
remains weak at lower scales. Thus, the possible non-
perturbative behavior in the theory is due to the growth of
the gauge couplings of the non-Abelian gauge interactions.
In our generalized theory, if the SU(N,) gauge inter-
action is sufficiently strong and dominates over the SU(2),
interaction, then the former breaks Gy to U(1),,, as in
dynamical theories of electroweak symmetry breaking. The
most attractive channel is
(N..2) x (N, 1) = (1,2) (7.18)
with attractiveness measure given by (5.15) with N = N.
The associated condensates are

<Qa,a.i,Lu;‘iR> (719)

and
<Qa,ﬁ.i.Ld?,R>

(and Hermitian conjugates). With no loss of generality, one
may choose @ =1 in Eq. (7.19), so that this condensate
takes the form (i, ; , u% ). Since the fermions are massless,

(7.20)
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one can order the flavor basis of the uf  fields so that the
condensate is diagonal in flavor and hence has the form

(lg;pufp), i=1,...,N,. (7.21)
This condensate thus breaks the electroweak gauge sym-
metry according to SU(2);, ® U(1), — U(1),,,. As noted
in [14], a vacuum alignment argument implies that the
condensate (7.20) aligns in a manner so as to preserve this
residual U(1),,, gauge symmetry, so that § = 2 in (7.20).
With an appropriate ordering of the flavor basis of the df z,

this condensate thus takes the form

<da,i,Ld?,R>’ i = 1, ...,Ng. (722)
If, on the other hand, the SU(2), gauge interaction is
sufficiently strong and dominates over the SU(N,.) gauge
interaction, then the gauge symmetry breaking is different.
The most attractive channel for the SU(2), interaction is, as
before, 2 x 2 — 1. There are three types of condensates
that can form in this channel, which we denote for short as
(QQ), (QL), and (LL). These were noted in [2] for the
Standard Model without a Higgs field, corresponding to the
special case of the GSM with N, =3 and Y, = 0. Here
we extend this analysis to the full GSM. The simplest
condensate is (LL), which has the form
(eqpLETCLY ). (7.23)
Using the general property (2.5) and taking into account the
contraction with €5, it follows that the bilinear fermion
operator in (7.23) is antisymmetric in the generation indices
i and j. Hence, ing = 1, it is absent. Assuming Ng > 2,580
that the condensate (7.23) forms, it preserves the
SU(N.) ® SU(2), part of Ggsy and, for all but a set of
measure zero of hypercharge assignments, it breaks the
U(1), weak hypercharge gauge symmetry, transforming as
a AY =2Y;, operator. The only exception is the case
denoted class C2; gy, = C2, oy in [32] (see Tables I and 11
in [32]), for which Y; =0 =Y, . The condensate (7.23)
also breaks the (global) lepton family number U(1), and
total lepton number U(1), symmetries. However, these
global symmetries are already broken by SU(2); instantons
[33], and since we assume that SU(2), is strongly coupled,
these SU(2), instantons are not suppressed as they are
(at zero temperature) in the Standard Model. Note that if
one assumes conventional weak hypercharge assignments,
so that v;p fermions are GSM-singlets, then I/ZRCl/j_R
Majorana mass terms are, in general, present, and explicitly
break both lepton family number and total lepton number.
The second type of condensate, denoted (QL), has the
form

(eqpQiaTCLE ), (7.24)
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where 1 <, j < N,. This is analogous to the condensate
(5.32) in the SU(N)® SU(2) Model B of Sec. V,
with the correspondence N =N, and p = p' =N, so
our analysis in that section applies here, with these
identifications. In particular, if N g<N.— 2, then this set
of condensates breaks SU(N.) down to SU(N.—N,),
while if N, > N, — 1, then this set of condensates breaks
SU(N. = N,) completely. These condensates also break
baryon number and (total and family) lepton number.

The third type of condensate, denoted (QQ), has the
form

(epQTCOY ). (7.25)

The same analysis that we gave above for the condensate
(5.17) in the SU(N) ® SU(2) gauge theory applies here,
with N = N, and p = N, From this analysis we infer that
the condensation channel is Eq. (5.21) with N = N, and
the type of (QQ) condensate that is produced here is

(eap(Q1TCOY - 01T COY
+ 071 COlL - 077 COlY)).

This is invariant under SU(2), and breaks SU(N.) accord-
ing to Eq. (5.22) with N = N_.. For all but a set of measure
zero of weak hypercharge assignments, the condensate
(7.26) also breaks U(1)y, transforming as a AY = 2Y,
operator. The sole exception is the case where
Yo, =0=Y,,, denoted as class C2,pn = C2/ 4y in
[32] (see Tables I and II in [32]). The condensate (7.26)
also breaks baryon number, U(1),, but, as noted, this is
already broken by the SU(2), instantons.

(7.26)

VIIL SU(N,) ® U(1); THEORIES WITH N, > 3

In this and the next two sections we shall apply the
reduction procedure discussed in Sec. III A to obtain two
(anomaly-free) N; = 2 chiral gauge theories starting with
the generalized Standard Model theory discussed in
Sec. VII. These are obtained by turning off the SU(2),
coupling and the SU(N.) coupling, respectively. The third
possibility, namely to turn off the U(1), coupling, yields a
theory with the group SU(N,) ® SU(2),, which was
already analyzed in Sec. V.

We begin by turning off the SU(2), coupling in the
generalized Standard Model, thereby obtaining the gauge
group

G =SU(N,.) @ U(1)y (8.1)
with the (nonsinglet) fermion content given by Eqs. (7.2)
and (7.3). This theory is of the type (cawv,ca) in the
classification of Sec. II. As in the GSM itself, because the
SU(N.) gauge interaction is vectorial, the SU(N,)?
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anomaly is zero. In the GSM, Y, denotes the generalized
weak hypercharge of the left-handed quark doublet in
Eq. (7.2); here, since the theory does not have any
SU(2),, we take it simply to be the common value of ¥
for uf, and df;, (and the same for all i=1,...,N).
Because the original GSM contains a vectorial
uU(l),,, € SU(2), ® U(1)y, which yields the relation
(7.7), it follows in the present truncated model that if we
specify Y, , then the hypercharges Y, and Y, are
determined. Thus, just as was true in the GSM, as discussed
in [32], in this truncated version, there is actually an infinite
one-parameter family of models that depend, here, on Y.
For any member of this family, as a special case of the
situation in the GSM, it follows that the theory is free of
(i) any SU(N.)*U(1), triangle anomaly, (i) any U(1);
anomaly, and (iii) any mixed gravitational-gauge anomaly
involving the U(1), gauge group.

The one-loop coefficient for the SU(N,.) beta function is
given by Eq. (7.14), so the upper bound on N, to ensure the
asymptotic freedom of the SU(N ) gauge interaction is the
same as in (7.15). As the theory evolves from the UV to
the IR and the SU(N,.) gauge couplings gets sufficiently
large, the theory forms bilinear quark condensates in the
SU(N.) MAC, which is O x O — 1. A priori, these
condensates would be

(dairdig)s  (lairdig), (dairtfg)

(8.2)

(#ai LU R)s

(and their Hermitian conjugates). However, a vacuum
alignment argument can be used to infer that the condensate
formation is such as to preserve the U(1),,, subgroup of
the U(1)y gauge symmetry, i.e., only the (i,; uf,) and
<Zia,i,Ld§f z) condensates (and their Hermitian conjugates)
form. Since the theory has no bare mass terms, for a fixed
ordering of the generational indices of the left-handed
quarks u{, and df,, we can always choose the order
of the generational indices of the uf and djp so that the
condensates are diagonal in generation indices. The

(1, uls) and (d,;d?s) condensates each break U(1)y
to U(1),,,-

IX. SU(2) ® U(1); THEORIES

Here we obtain a chiral gauge theory of the type (r, ca)
by starting with with the generalized Standard Model of
Sec. VII and turning off the SU(N,) gauge coupling,
thereby obtaining the gauge group

SU2) @ U(1)y. (9.1)
The fermions are given by (7.2) and (7.4) of the GSM, with

the modification that now the color index is a global, rather
than gauge, index. The condition that the SU(2) theory
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must not have any global anomaly is the same as Eq. (7.10),
and, as in the GSM, if one imposes it individually on each
generation, then it is the statement that N, must be odd.
The one-loop coefficient in the SU(2), beta function is
the same as in Eq. (7.16), and the resultant upper bound on
N,(N, + 1) resulting from the condition that the SU(2);,
gauge interaction must be asymptotically free is thus the
same as in (7.17). As the theory evolves from the UV to the
IR and the SU(2) grows, if it becomes sufficiently large, it
can produce condensates in the SU(2) MAC, 2 x 2 — 1, of
the three forms discussed in Sec. VII, denoted for short
s (LL), (QL), and (QQ), with associated condensates
(7.23), (7.24), and (7.26). As discussed in Sec. VII,
except for a set of measure zero, namely the case where
Yo, =Y, =0, denoted C2 = C2/ 4ym in [32], these
condensates break U(1)y.

q.sym

X. SU(N) ® SU(2), ® SU(2)z
THEORIES WITH N >3

In this section we consider another chiral gauge theory
with a gauge group of the form (1.1) with N; = 3, namely

Gum = SU(N) ® SU(2), ® SU(2),  (10.1)
with N > 3 and the fermions
wirti=1,...p: p(0,01)=pN,2,1), (10.2)
wigtii=1,....,p: p(01,0)=p(N,1,2), (10.3)
=1 pt PO 1) =p(1,2,1), (10.4)
and
=1L p's pl(1L1,0)=p'(1,1,2).  (10.5)

Here the three representations in the parentheses refer,
respectively, to the three factor groups in Eq. (10.1). As
indicated in Table I, this theory is of type (caw, r, r). Since
the SU(N) gauge interaction is vectorial, it has no gauge
anomaly, and both the SU(2), and SU(2), gauge sectors
are safe (anomaly-free). The conditions that the SU(2),
and SU(2), gauge sectors should be free of a global
anomaly are, respectively,

pN + p' is even (10.6)

and

pN + p” is even. (10.7)

As with our other models, we shall require that all three
non-Abelian gauge interactions are asymptotically free.
The one-loop coefficient of the SU(N) beta function is the
same as in the SU(N) ® SU(2); model of Sec. V, Eq. (5.9)
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(applicable to both Models A and B of that section) so the
condition that the SU(N) gauge interaction should be
asymptotically free is the inequality (5.10). The one-loop
coefficient of the SU(2), beta function is the same as in the
SU(N) ® SU(2) Model B, Eq. (5.27), so the requirement
that the SU(2), gauge interaction be asymptotically free is
the inequality (5.28). Finally, the one-loop coefficient of the
SU(2), beta function is the same as Eq. (5.27) with p’
replaced by p”, so the requirement that the SU(2), gauge
interaction be asymptotically free is given by the inequality
(5.28) with p’ replaced by p”, namely Np + p” < 22.

We denote the gauge couplings as gy, g, and gg, with
ay = gx/(4x), ap = g2 /(4n), and ai = g%/(4x). If the
initial values of these couplings are such that, as the
Euclidean reference scale y decreases from large values
in the deep UV, the SU(N) interaction becomes sufficiently
strong and dominates over the SU(2), and SU(2), gauge
interactions, then it is expected to produce condensation in
the most attractive channel, which is

(N,2,1) x (N,1,2) = (1,2,2), (10.8)

with attractiveness measure (5.15). The associated bilinear
fermion condensate is

<l/_/a,{1L,i,Ll//7:gR>' (109)

This breaks SU(2); ® SU(2)r gauge symmetry to the
diagonal (= vector) subgroup, SU(2),,. That is, if elements
of SU(2), and SU(2), are denoted as U; and Uk, then
SU(2),, is the subgroup of SU(2), ® SU(2), defined by
the condition U; = Uy.

If the SU(2), interaction is sufficiently strong and
dominates over both the SU(N) and SU(2), interaction,
then it can produce the three types of condensates and
corresponding symmetry breaking discussed in our analy-
sis of the SU(N) ® SU(2) Model B above.

Finally, if the SU(2), interaction is sufficiently strong
and dominates over both the SU(N) and SU(2), inter-
action, our discussion of the condensate formation in the
SU(N) ® SU(2) Model B above applies, with all sub-
scripts L changed to R.

XI. SU(N,) ® SU(2); ® SU2), ® U(1)p_,.
THEORIES

Here we analyze the chiral gauge theory with a gauge
group of the form (1.1) with N5 = 4, namely
Gz = SU(N.) ® SU(2), @ SU(2) ® U(1)p_;.-
(11.1)
We denote the gauge couplings as gy, 9., gr, and gy, with

ay, = g,z\,c /(4r), and so forth for the other couplings. The
quarks and leptons in this theory are
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QU i =1, . NyiNJ(O,0,1) )y = Ny(Ne 2, 1)y
(11.2)

Qﬁ’g’*, i=1,...N,:N,(O1, D)l/NC = Ny(N,, 1’2)1/1\%’

(11.3)
L?LLl =1, ...,Ng:Ng(l,D, 1), = Ng(1,2, 1), (11.4)
and
LZ?Q,L': 1, ...,Ng:Ng(l, 1,0)_, :Ng(l, 1,2)_,. (11.5)

Here the three numbers in the parentheses are the
dimensionalities of the SU(N.), SU(2),, and SU(2),
representations, and the subscripts are the value of
B — L, where B and L denote baryon and lepton number.
The capital L in Egs. (11.4) and (11.5) stands for “lepton”
and the subscripts L and R for left- and right-handed
chiral components, as before. This theory is of type
(cav,r,r,cav) (see Table I) and is a modification of the
model of Ref. [34] in that (i) the number of colors, N, > 3
and (ii) the number of generations, N, is arbitrary,
subject to constraints to be discussed below; and (iii) the
Higgs field is removed. One of the interesting features of
the original model of Ref. [34] is that the B — L operator
applied to the full set of quarks and leptons in each
generation has zero trace. Our generalized model retains
this property, since B = 1/N, for each quark. A second
interesting feature of the original model is that electric
charge Q,,, = T3, + Tag + (B — L)/2 is quantized, since
T5;, Tsg, B, and L are rational (indeed, L is integral).
Again, our generalized model retains this feature.

The SU(N,.) gauge interaction is vectorial, and hence has
no gauge anomaly, and both the SU(2), and SU(2), gauge
sectors are also free of any pure cubic gauge anomalies. The
theory is also free of SU(2)2U(1)z_;, SU(2)3U(1)_;, and
U(1)3_, triangle gauge anomalies. The theory is also free of
any mixed gravitational-gauge anomaly. The conditions that
the SU(2), and SU(2), gauge sectors are each free of any
global anomaly are the same, namely the condition (7.10).

We shall require that the three non-Abelian gauge
interactions be asymptotically free. The one-loop coeffi-
cient of the SU(N,) beta function is the same as in the
generalized Standard Model, Eq. (7.14), so the condition
that the SU(N,.) gauge interaction must be asymptotically
free is the same as the inequality (7.15). The respective one-
loop coefficients of the SU(2), and SU(2) beta functions
are equal to each other and given by Eq. (7.16), so the
condition that the SU(2); and SU(2), gauge interactions
must be asymptotically free is the same as the inequality
(7.17). The U(1)p_, gauge interaction is non-asymptoti-
cally free, and the associated gauge coupling g;; decreases
with decreasing scale p. If, as we assume, gy is weak at a
high scale in the UV, then it remains weak at lower scales.
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Thus, the possible nonperturbative behavior in the theory is
due to the growth of the gauge couplings of the three non-
Abelian gauge interactions.

If the initial values of these couplings are such that, as the
Euclidean reference scale p decreases from large values in
the deep UV, the SU(N,.) interaction becomes sufficiently
strong and dominates over the SU(2), and SU(2), gauge
interactions, then it is expected to produce condensation in
the most attractive channel, which is

(N,,2, D_yn, X (Ney 1,2)y v = (1,2,2)p. (11.6)

The associated bilinear fermion condensate is the same as
the one given in Eq. (10.9). As is evident from (11.6), this
preserves the SU(N..) and U(1),_,; gauge symmetries and
breaks SU(2), ® SU(2); to SU(2)y,.

If the SU(2), interaction is sufficiently strong and
dominates over both the SU(N,.) and SU(2) interaction,
then it can produce the three types of condensates discussed
in our analysis of the generalized Standard Model above,
with appropriate changes of weak hypercharge to B — L.
The first of these is the condensate denoted (7.23) with the
replacements a, f — a;, f; and our discussion in con-
nection with this condensate applies here. In particular,
assuming N, >2, so that this condensate forms, it
preserves the SU(N,) ® SU(2), ® SU(2) part of Gy
and breaks the U(1),_;, gauge symmetry, transforming
as |AL| = 2.

The second type of condensate has the form of (7.24)
with i, j = 1, ..., N,. This condensate is invariant under the
SU(2), ® SU(2), part of Gy and, for a given i, j, it
breaks SU(N,) to SU(N, — 1). Without loss of generality,
we may choose a = N, so that the residual subgroup
SU(N,. — 1) operates on the indices a € {1,...,N. — 1}. It
also breaks U(1)z_,, since it transforms as an operator
with |[B— L| = |[N;! = 1] #0.

The third type of condensate is (QQ), which has the
form of (7.25) with a, f — a;, ;. The same analysis that
we gave above for this condensate in our discussion of the
generalized Standard Model applies here, with the obvious
change of @, f just noted. Thus, again, using MAC and
vacuum alignment arguments, we may infer that the
condensate has the explicit structure of Eq. (7.26). This
is invariant under the SU(2); ® SU(2)p part of Gy
and breaks SU(N,) according to Eq. (5.22) with N = N,.
It also breaks U(1)z_;, transforming as a |AB| =2/N,
operator.

Finally, if the SU(2) interaction is sufficiently strong
and dominates over both the SU(N..) and SU(2), inter-
action, then it can produce the three types of condensates
discussed directly above, with the obvious changes of
chiralities of fermion fields from L to R and the resultant
changes of symmetry-breaking patterns.
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XIL SU(N, + 1) ® SU(2), ® SU(2), THEORIES

As noted above, in the original model with an
SU(3),®SU(2), ®SU(2),®U(1),_, electroweak gauge
group [34], the B — L operator applied to the full set of
quarks and leptons in each generation has zero trace.
Owing to this property, one can embed the U(1),_, gauge
symmetry together with SU(3), in an SU(4) group [35]
such that the B — L operator diag(1/3,1/3,1/3,—1) is
proportional to the last diagonal generator of the Cartan

|

F; = (Q?JIL’L?L)L’Z': 1, "'ng:

Fr= (Q{Z»aR’L?R)RJ =1, ...,Ng:

1

where, a, a;, and ap are, respectively, SU(N,+ 1),
SU(2),, and SU(2), gauge indices and i is a generation
index. The three numbers in the parentheses are the
dimensionalities of the SU(N,.+ 1), SU(2),, and SU(2),
representations. The Cartan subalgebra of su(N.+ 1)
has dimension N,.+ 1 and its last Cartan matrix is
proportional to a diagonal matrix whose first N, entries
are 1/N. and whose N.+ I'th entry is -1, ie,
diag(1/N.,...,1/N.,—1).

We observe that this model is a special case of the chiral
gauge theory that we analyzed in Sec. X obtained by setting
N=N.+1, p=N,, p'=p"=0, y{/*=F,, and
Wikt = Fg. Thus, this special case of our analysis in
Sec. X applies for the theory of this section.

XIIL SO(4k + 2) ® SU(2) THEORIES

It is also of interest to study chiral gauge theories with
direct-product groups group that involve a safe SO(N)
group. We recall that if N is odd or if N is even and N = 4k,
k > 1, then SO(N) has only real representations, while if
N =4k +2 with k>2, then the theory has complex
representations but is safe (i.e., has no anomaly for any
representation) [22]. With this motivation, we consider
chiral gauge theories with the gauge group

G =S0(4k+2) ® SU(2) with &k >2. (13.1)
These are of the form (cs, ¢s) in the general classification
given in Sec. II. Since N is even, it is also convenient to
introduce an integer r = N/2:
N =4k +2 = 2r, k>2, (13.2)
so r =2k + 1. As before, we write all fermions as left-

handed. We start by considering the general fermion
content
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subalgebra of su(4). The resultant gauge group is
SU(4) ® SU(2); ® SU(2)g. We may carry out the same
process for our generalized group and thus consider the
chiral gauge theory with gauge group

G=SU(N.+1)®@SU(2);, ® SU(2). (12.1)
The fermion content is
Ng(D,D,l) :Ny(NC+1,2,1), (12.2)
Ng(D,l,D) :Ng(Nc—i— 1,1,2), (12.3)
|
> [nr(R.1) + pr(RL D). (13.3)

RR

where R and R’ are representations of SO(4k + 2). We
include only complex R and R’ since the use of a real R or
‘R’ would lead to a vectorlike subsector, so the model would
not be irreducibly chiral.

Using the relevant group invariants, we calculate the
one-loop term in the beta function for the SO(N) gauge
coupling with N given by (13.2) to be

2
bsori2)1 = 3 [11(” -1)- Z(”RT’R + sz’TR’)]'
f

(13.4)

We calculate the one-loop term in the SU(2) beta function
to be

1 .
bsu)1 = 3 [22 -2 E PR dlm(R’)} . (13.5)
R/

Because the first terms in square brackets in Eq. (13.4) and
(13.5) are, respectively, linear in r and a constant, while the
relevant T, T/, and dim(R’) grow exponentially rapidly
with r, the asymptotic freedom of the SO(2r) and SU(2)
gauge interactions places strong restrictions on the fermion
content and the value of N. For our purposes, it will be
sufficient to consider the simplest models of this type, with
(complex) R = R’. We will consider three specific models,
which we label Models A, B, and C.

A. Model A

We first briefly consider the case where the fermion
sector has the form {f,,}, i.e, all of the fermions are
singlets under SU(2). In this case, the gauge group
effectively reduces to SO(N), with N given by (13.2).
We choose the minimal complex representation for the
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fermions, namely the spinor representation, denoted S, of
dimension dim(S) = 2"~! = 22 (see the Appendix) and
include n copies of these, so the fermion content is

w;p, i=1,,,n: n(S1), (13.6)
where the first and second entries in the parentheses here
and below are the representations of SO(N) and SU(2),
respectively. The general formula for the one-loop term in
the beta function for the SO(N) gauge coupling, Eq. (13.4)
for this Model A reduces to

2
bsopn1 = 7 [11(r—=1) - 2n].

: (13.7)

The requirement that the SO(N) gauge interaction should
be asymptotically free implies that

1(r=1)

n< =

(13.8)

This has only a finite number of solutions for n that are
nontrivial, i.e., have n > 1, and, indeed, also a finite
number of solutions for r.

G, =S0(10) (i.e.k=2r=5 =n<2l, (13.9)
G, =SO(14) (e .k=3,r=7)=n<8, (13.10)
G, =SO(18) (e .k=4r=9) =n<2. (13.11)

For k > 5, i.e., r > 11, the upper bound on 7 is less than
unity, precluding any fermions.

We assume some initial value of the SO(2r) gauge
coupling in the deep UV and then evolve the theory
downward in Euclidean scale p. Recall that the direct
product of two spinor representations of SO(N) with N
given by (13.2) is [23]

k—1
S X S = 22k X 22k = ZAZK_H -+ R2k+1;2’ (1312)
=0

where A, denotes the rank-¢ antisymmetric tensor repre-
sentation and R, ., is a certain self-dual representation.
The symmetry of the A, with respect to the interchange of
the two spinor representations in the direct product is given
by (=1)“"9, where u(r,t) = (r—1t)(r—t—1)/2 [23].
Thus, for example, one has, for the lowest relevant value
of k, namely k = 2, i.e., G; = SO(10),

SO(10):8 x 8 = 24 x 24 = A| + A3 + Rsy

= 10, + 120, + 126, (13.13)

where the subscripts s and a denote the symmetric and
antisymmetric property of these representations under
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interchange of the spinors in the direct product. In general,
for SO(2k + 2), from the form of u(r, 1), it follows that A,
is symmetric (resp. antisymmetric) under interchange of the
spinors in the direct product for even k (resp. odd k), while
Aj is antisymmetric (resp. symmetric) under interchange of
these spinors for even k (resp. odd k).

Assuming that the SO(N) coupling becomes strong
enough to produce a bilinear fermion condensate, the
MAC is

SO(N) MAC: Sx & — [, (13.14)

with attractiveness measure (written, for convenient refer-
ence, in terms of each of the three related parameters N, r,
and k)

(N=1)(N -4)
8
(4k +1)(2k - 1)

AC, =2G5(S) - G(0) =
Q2r—=1)(r-2)

4

(13.15)

Since r>35, ie., k>2, this is always positive. The
associated condensate is (@], Cw; ), where 1 <i,j < n.
From the general result (2.5), it follows that the bilinear
fermion operator w!; Cw; ; in this condensate is (i) sym-
metric under interchange of spinors in the S x S direct
product in (13.14) and hence symmetric in the flavor
indices i, j if k is even; (ii) antisymmetric under interchange
of spinors and hence antisymmetric in the flavor indices i, j
if k is odd. Therefore, explicitly,

keven= (o], Cw;; + @], Cw;y), 1<i,j<n (13.16)
and
kodd:><a)ZLCa)j’L—a);LCw,-’L>, 1<i,j<n. (13.17)

In both cases, if this condensate forms, then, since it
transforms as the fundamental (vector) representation of the
gauge group SO(4k+2), it breaks this symmetry to
SO(4k + 1), which is vectorial and does not break further.

However, if n =1 and £ is odd, e.g., for SO(14) (i.e.,
k = 3), then this condensate in the MAC channel vanishes
identically. In this case, we consider the next channel in
Eq. (13.12), namely

SxS§ - Ay (13.18)
with attractiveness measure
—4 _
AC, =2C5(S) - Cy(A3) = W
_(r—2)(2r—9):(2k—1)4(4k—7)‘ (13.19)
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For the relevant value of k, namely k =3, this is
AC, =25/4.

B. Model B

Here we consider a model with the gauge group (13.1)
with (13.2) and fermion content of the form {f, .},
namely

wii=1...p: p(S8.0). (13.20)

We denote this as Model B. Since there are an even number
of SU(2) doublets, this theory has no global SU(2),
anomaly.

The general formulas for the one-loop coefficients in the
SO(N) beta function [with N given by (13.2)] and in the
SU(2) beta function displayed in Egs. (13.4) and (13.5)
reduce, for this Model B, to

2
bso@r.1 = 3 [11(r=1) =27 p] (13.21)

and
2 r=2
bisue) =3 (11=2"7p). (13.22)

Hence, the respective conditions that the SO(2r) and SU(2)
gauge interactions should be asymptotically free are

1(r—1)
e (13.23)
and
11

Since we take k > 2, i.e., r > 5, for our theories, the only
possible nontrivial value for p allowed by the constraint
(13.24) is p =1 and, furthermore, this is only possible
for the lowest value of k, namely k=2, and thus
G; = SO(10). No SO(4k +2) theories of this Model B
type with nonzero fermion content are allowed by the
asymptotic freedom constraint if k > 3.

We note that there is consequently no (continuous)
nonanomalous global flavor symmetry of the Lagrangian
for this theory. Since there is only one copy of the (S, )
fermion y¢; , we shall henceforth drop the flavor index and
write this field simply as y¢.

If the SO(10) gauge interaction is sufficiently strong and
dominates over the SU(2) gauge interaction, then it
produces a condensate in the SO(10) MAC, (13.14),
thereby breaking the SO(10) gauge symmetry to SO(9),
which is vectorial and does not break further. The con-
densate is (%’ Cy/). As noted above in Sec. XIII A, for
SO(4k + 2), the L1 = A, that occurs in the Clebsch-Gordan
decomposition of the direct product S x S in (13.14) is
symmetric (resp. antisymmetric) under interchange of these

PHYSICAL REVIEW D 94, 065001 (2016)

spinors if & is even (resp. odd). Since k = 2 is even here, it
follows that this [J representation is symmetric under
interchange of the spinors in the direct product. From
the property (2.5), it then follows that the SU(2) gauge
indices must also be symmetric, i.e., the SU(2) channel
is 2x2 — 3, so the operator product transforms as
the adjoint (equivalently, the rank-2 symmetric tensor)
representation of SU(2) and hence can be written as
proportional to

(wiTCyl +yh Cyf). (13.25)
Hence, including both factor groups, in this case of a strong
and dominant SO(10) gauge interaction with even k (viz.,
k = 2), the condensation is in the channel

keven = (8,0) x (S,00) — (O, adj,) = ((4k+2),,3,).
(13.26)

In addition to breaking SO(10) to SO(9), this condensate
breaks SU(2) to a subgroup U(1) C SU(2).

The 2 x 2 — 3, channel is actually a repulsive channel
for the SU(2) interaction, with AC, = —1/2. If the SU(2)
gauge interaction is weak enough, this does not matter, but
if it is moderately strong, although weaker than the SO(10)
gauge interaction, it might prevent the condensate from
forming. However, we assume that the SO(10) coupling is
sufficiently strong at a given scale y so that this condensate
does form.

Having analyzed the situation in which the SO(10) gauge
coupling is strong and dominates over the SU(2) gauge
coupling, we next analyze the opposite situation in which
the SU(2) gauge coupling becomes sufficiently strong and
dominates over the SO(10) coupling. The condensate then
forms in the MAC for SU(2), which is 2x2 — 1,
involving an antisymmetric contraction of SU(2) indices
with the €,; tensor.

(e TCylh). (13.27)
The general result (2.5) then implies that the relevant
representation in the Clebsch-Gordan decomposition of
the direct product S x S is antisymmetric, and we therefore
denote it as R,. As discussed above, given that k is even
here, the representation that would normally be favored as
the MAC in the direct product of two spinors, (13.12),
namely the [J representation, is symmetric rather than
antisymmetric, and hence R, cannot be []. Instead, the
lowest-dimension representation in the expansion (13.12)
that is odd under interchange of the spinors is A; with
dimension (*%), so the condensation channel is

(S,0) x (8,0) = ((A3),, La)- (13.28)
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The measure of attractiveness of this channel is given by the
AC, in Eq. (13.19) and is always positive for k > 2.
Explicitly, for our SO(10) Model B theory, the A5 repre-
sentation has dimension 120. When expressed as a sum of
product representations of various SO(10) subgroups, the
120-dimensional representation has no singlets under either
of the maximal (i.e., rank-5) subgroups SU(5) ® U(1) and
SU(4) ® SU(2) ® SU(2), or the rank-4 subgroup SO(9),
but does contain a singlet under the rank-4 subgroup
SO(7) ® SU(2) [23]. It therefore breaks SO(10) to
SO(7) ® SU(2).

C. Model C

Here we analyze a model, denoted Model C, that has a
fermion sector which is a combination of the fermion
sectors of Model A in Sec. XIII A and Model B in Sec. XIII
B, and thus is of the form {f,. fys.s}- These fermions
consist of n copies of the (S, 1) fermion w;;, i =1,...,n,
as in Eq. (13.6) and a single copy of the (S, ) fermion,
v, as in Eq. (13.20).

The one-loop coefficient in the beta function of the
SU(2) gauge interaction in this Model C is the same as
(13.22) for Model B, and hence the requirement that the
SU(2) gauge interaction must be asymptotically free
restricts p < 1. The case p = 0 reduces to Model A, which
we have already discussed. Therefore, as indicated, we take
p =1 here. This, in turn, restricts k to be equal to 2,
i.e., G; = SO(10).

The one-loop coefficient in the SO(10) beta function for
this Model C is

2
b1 so(10) = 3 (20 —n), (13.29)

so the asymptotic freedom of the SO(10) gauge interaction
implies that n < 20.

If the SO(10) gauge interaction is sufficiently strong and
dominates over the SU(2) interaction, then the resultant
condensates include those analyzed for Models A and B
above, together with a new type of condensate. This new
condensate occurs in the channel

(S, 1) x(8,0) - (0,0) (13.30)
with corresponding condensate
(@l Cyy), ie{l...n}.  (1331)

This condensate breaks SO(10) to SO(9), which is vectorial
and does not break further.

If, on the other hand, the SU(2) gauge interaction is
sufficiently strong and dominates over the SO(10) inter-
action, then the condensate formation and symmetry-
breaking is the same as for Model B, discussed in
Sec. XIII B.
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XIV. SO(4k + 2) ® SU(M) THEORY

Here we consider a chiral gauge theory with the gauge
group

SO(N)® SU(M), with N=4k+2=2r and M >3.

(14.1)

We will show that the constraint of asymptotic freedom of
both gauge interactions limits & to the single value k = 2,
but in order to show this, we must first keep k > 2 general.
The fermion content is the sum over representations R of

dim(Rsyu)) (Rsoir2) 1) + (Rsowrs2)- Rsu))

+ dim(Rsort2)) (1, Rsuu))- (14.2)
In the classification of Sec. I, this theory is of the (cs, cav)
type. We take M > 3 since the theory with M = 2 has a
vectorlike subsector comprised of the (1,2) fermions and is
therefore not irreducibly chiral. Note that even if M = 2,
this theory does not coincide with any of Models A, B, or C
in Sec. XIII because those models also avoided (1,00) =
(1,2) fermions that would have constituted a vectorlike
subsector. However, if one were to take M = 2, then the
SO(4k + 2)-nonsinglet fermion sector would coincide
with that of Model B in Sec. XIII. We will show below
that M is limited to a finite set of values by the constraint
of asymptotic freedom. For our present purposes, it will
suffice to consider the simplest realization of this theory,
with a single representation R of SO(4k + 2), namely the
smallest complex one, the spinor, and the smallest non-
singlet representation of SU(2), namely the fundamental.
The resultant fermion content is thus
p(S,0), 2-1p(1,0). (14.3)
The one-loop coefficient of the SO(4k + 2) beta function
(with 4k +2 = 2r) is

2
bsowr+2) =3 [11(r—=1)=2""pM].  (14.4)
The requirement that the SO(4k + 2) gauge interaction
must be asymptotically free then yields the upper bound

11(r—1)

<——". 14.5
P <y (14.5)
Although we restrict M > 3, we note that if one were to
take M =2, then this would be the same as the upper
bound (13.23) on p for Model B in Sec. XIII. The fact that
we take M > 3 here makes this a more stringent upper

bound than (13.23).
We denote the fermion fields for this theory as
p(S.0)  (146)

‘l/?,u i=1,...p:
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and

Najr. J=1....27"p: 2"p(1,00), (14.7)

where a is an SU(M) gauge index and i, j are flavor
indices.
The one-loop coefficient of the SU(M) beta function is

1

The requirement that the SU(M) gauge interaction must be
asymptotically free then yields the upper bound

11M
2r

p < (14.9)
For the relevant range M > 3, these two asymptotic free-
dom constraints can only be satisfied for r equal to its
minimal value, r =35, ie., k=2 and G, =SO(10);
furthermore, given that k = 2, there are only a finite set
of pairs (M, p) that satisfy the constraints. For the two
integer intervals 3 <M <5 and 11 <M <21, only the
value p = 1 is allowed, while for 6 < M < 10, p may take
on the values 1 or 2. If M > 22, there are no allowed
solutions for p. Our general construction is thus reduced to
the finite family of chiral gauge theories with the gauge
groups SO(10) ® SU(M) with 3 < M < 21 and the afore-
mentioned possible values of p as a function of M.

If the SO(10) gauge coupling becomes sufficiently large
and dominates over the SU(M) gauge coupling, then the
former can produce condensation in the SO(10) MAC,
namely (13.14). Since the [J is symmetric under inter-
change of the spinors in (13.14) for even k and hence, in
particular, for k=2, i.e., SO(10), it follows from our
general result (2.5) that the combination of the SU(M) and
flavor product S;; must be symmetric. For the values of M,
namely 3 <M <5 and 11 <M <21 that allow only
p = 1, it follows that the flavor product must be symmetric,
as §;; = §;; and hence that the channel is, in terms of the
full representations,

(8,0) x (8,0) — (O, 1) (14.10)

with the condensate

(WiLCwl ). (14.11)
The SO(10) AC, measure of attractiveness for this channel
is given by the N = 10 special case of Eq. (13.15), namely
27/4. However, the SU(M) AC, value is negative, as is
evident from Eq. (5.20), setting M = N, so this is a
repulsive channel as regards the SU(M) interaction. This
breaks SO(10) to SO(9), which is vectorial, and does not
break further. Using a vacuum alignment argument, one
may infer that @ = f so that the condensate (14.11) breaks
SU(M) to SUM —1).

PHYSICAL REVIEW D 94, 065001 (2016)

For the interval 6 < M < 10 where the theory allows
p = 2, the dynamics could instead produce a condensate in
the channel

(S,0) x (8.0 — @.H) (14.12)

where the flavor product S;; is antisymmetric, so that the
condensate is

wilcys, —wiloyl,).

In addition to being attractive as regards the SO(10)
interaction, the channel (14.12) is also attractive with
respect to the SU(M) interaction, with AC, given by
Eq. (5.19) with N = M. Hence, for M in the interval
6 <M <10 where p =2 is allowed, we infer that the
preferred condensation channel in the case where SO(10) is
strong is (14.12). This breaks SO(10) to SO(9) and SU(M)
to SUM —2) ® SU(2).

(14.13)

XV. SO(4k + 2) ® SO(4k’' +2) THEORY

Here we explore a chiral gauge group of the (cs, cs)
type, in our classification from Sec. (II). For this purpose,
we choose the gauge group

SO(4k 4 2) ® SO(4K' +2), where k. k' >2 (15.1)

and fermion content consisting of p copies of the bi-spinor
representation, (S,S). We set N=4k+2=2r and
N' =4k +2 =2/. Although this family of theories
ostensibly depends on the three parameters k, k', and p,
we will show that there is only one allowed choice for these
three parameters.

The one-loop coefficients in the SO(4k+2) and
SO(4k’ 4 2) beta functions are

2 )
bso(ki2).1 = 3 (11(r=1)=2*""p]  (15.2)

and

2
bsowr+2).1 = 5[11(7’ —1)=2""5p].  (15.3)

The requirements that the SO(4k +2) and SO(4k’ + 2)
gauge interactions must be asymptotically free yield the
upper bounds

11(r—1)

Cor+r=s (15.4)
and

11(r' =1)

These can only be satisfied by the single set of values r =
=5 and p =1, ie., for the group SO(10) ® SO(10)

065001-20



DYNAMICAL SYMMETRY BREAKING IN CHIRAL GAUGE ...

with p = 1 copy of the (S, S) fermion. The structure of this
theory is thus symmetric under interchange of the two
factor groups. If we break this symmetry by setting one «;
to be large and the other small in Eq. (2.3), then we can
obtain situations in which one SO(10) coupling dominates
over the other. However, because of the structural sym-
metry, in contrast to the generic behavior that we have
found for the other direct-product chiral gauge theories that
we have investigated, here the pattern of symmetry break-
ing is the same regardless of which SO(10) gauge coupling
is large and dominant.

If the first SO(10) gauge coupling gets large enough and
dominates over the second SO(10) gauge coupling, or vice
versa, this can produce fermion condensation in the channel

(5,8) % (8.S) — (O0,.00,), ie.,

(16, 16) x (16, 16) — (10;, 10,) (15.6)
where we have used the fact that k and k' are even to infer
the symmetry properties of ([J, () in the Clebsch-Gordan
decomposition of the direct product of the spinors. This
condensation breaks the gauge symmetry SO(10) ®
SO(10) to SO(9) ® SO(9), which is vectorial and does
not break further.

XVL SU(N) ® SU(M) THEORY

A. General formulation

In this section we analyze a chiral gauge theory with a
gauge group

G = SU(N) ® SU(M) (16.1)

and fermion content consisting of a sum over Rgy(y) and
RSU(M) of

dim(Rsy)) (Rsuy» 1) + (RSU(N)v Te’SU(M))

+ dim(Rsyw)) (1, Rsu(u) ) (16.2)
where Rgy(y) and Ry denote representations of SU(N)
and SU(M), respectively. This theory is of type (cav, cav)
in the classification of Sec. II. A special case of this theory
with Rgy(y) and Rgyy both equal to the fundamental
representation was studied before in [5,6], but in both of
these previous works, it was studied as an example of a
preon theory that might confine without spontaneous
symmetry breaking and hence produce massless composite
fermions. Here we consider it in a different way, as a theory
that can self-break with bilinear fermion condensate for-
mation, and we study the generalized theory with fermion
representations higher than the fundamental.

The numbers M > 2 and N > 2, subject to the asymp-
totic freedom constraint (16.9) below. This is an irreducibly
chiral gauge theory, so the chiral gauge invariance
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precludes any mass terms in the fundamental Lagrangian
of the theory. One easily checks that this theory is free of
any anomalies in gauged currents. It is also free of any
global anomalies in the case where N or M is equal to 2. To
see this, consider, for example, the case where N = 2 and
the fermions that are nonsinglets under this group transform
as doublets. From Eq. (16.2) one sees that the number of
SU(2) doublets is 2 dim(Rgy(s) and hence is even.

We calculate the one-loop coefficients in the SU(N) and
SU(M) beta functions to be

1 .
bl,SU(N) = 3 (1IN - 4dlm(RSU(M)>T(RSU(N))] (16.3)
and
1
bl,SU(M) = 3 [1 IM - 4dim(RSU(N))T(RSU(M))]- (16-4)

Hence, the requirements that the SU(N) and SU(M) gauge
interactions should be asymptotically free imply, respec-
tively, that

11N

dim(RSU(M))T(RSU(N)) < 4 (16.5)
and
. 11M
dim(Rsyw))T(Rsuon)) < —,— (16.6)

B. Model with fermions (F,F)
Here we consider the version of the general theory of
type (16.1) containing fermions with Rgyy) =Ll and
Rsummy = U (an equivalent notation is F = [). Then

(11N = 2M) (16.7)

Q| =

bisuw) =

and

1
bisumy) = g(UM —2N), (16.8)

so the inequalities (16.5) and (16.6) read M < 11N /2 and
N < 11M/2, and the range of N and M allowed by these
two constraints is given by

2 M 11

—_—<—<—. 16.
T < N < 5 (16.9)
We denote the fermion fields as
ofp, i=1,..,M: M(N, 1), (16.10)
éla,a.L: (N’M)’ (1611)

and
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nip, j=1....N: N(1,M), (16.12)
where a and a denote, respectively, SU(N) and SU(M)
gauge indices and i € {1,...,M} and j € {l,...,N} are
copy (flavor) indices.

As noted, one possibility is confinement without any
spontaneous chiral symmetry breaking, leading to massless
composite spin 1/2 fermions that are singlets under
SU(N) ® SU(M). We investigate here the alternative
possibility of condensate formation and associated chiral
symmetry breaking. If the SU(N) gauge interaction is
sufficiently strong and dominates over the SU(M) inter-
action, then this SU(N) interaction can produce condensa-
tion in the most attractive channel N x N — 1. For the full
theory, this is the channel

(N.1) x (N, #) - (1,), (16.13)

with attractiveness measure given by AC, = 2C,(N) =
(N? —1)/N. The associated condensates are of the form

<w;{£C§a,(l,L> ’

(where the sum over a here and below is from a = 1 to
a = N). Consider the condensate (16.14) with i = 1. Since
this transforms as a M representation of SU(M), it breaks
this symmetry to SU(M — 1). By convention, we may
use the initial SU(M) invariance to pick @ = M in this
condensate, so that it is

(a)‘f{ Clumr )-

We denote the scale where this condensate forms as A. The
fermions w{; and ¢,y ; with 1 <a < N involved in this
condensate thus gain dynamical masses of order A, as do
the 2M — 1 gauge bosons in the coset SU(M)/SU(M — 1).
In the resultant SU(N) ® SU(M — 1) chiral gauge theory,
we consider the condensate (16.14) with i =2 and
a € {l,...,M — 1}. Again, by convention, we may use the
residual SU(M — 1) gauge invariance to pick @ = M — 1 in
this condensate, so that it is

<a"21,€ ¢ a,M—l,L>-

This preserves SU(N) and transforms like the conjugate
fundamental representation of SU(M — 1), thereby break-
ing SUM — 1) to SU(M — 2). This fermion condensation
process continues with the formation of the condensates

<a’ﬁLTCCa.M—i+1,L>7

breaking SU(M) completely. The last-enumerated conden-
sate is (w{]; CL, ). Since all of the condensates of the
form (16.14) have the same attractiveness measure, AC,,
they are expected to form at approximately the same
scale, A. All of the chiral fermions @{; and {,, with
1<i<M, 1<a<N, and 1 <a <M are involved in

i=1,...M  (16.14)

(16.15)

(16.16)

i<M, (16.17)
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these condensates and gain dynamical masses of order A, as
do the full set of M? — 1 SU(M) gauge bosons. This leaves
a theory with an SU(N) gauge invariance containing the
N? —1 SU(N) gauge bosons and a set of MN massless
SU(N)-singlet fermions, namely the #¢, with 1 <a <M
and 1 < j < N. The SU(N) pure gluonic theory then forms
a spectrum of SU(N)-singlet glueballs.

Clearly, if the SU(M) gauge interaction is sufficiently
strong and dominates over the SU(N) gauge interaction,
then the above discussion applies with the replacements
M < N and of; — n§;. In this case, the SU(M) inter-
action breaks the SU(N) gauge symmetry completely,
leaving the MN massless SU(M)-singlet fermions w{,
with 1 <a < N and 1 <i <M. The SU(M) pure gluonic
theory then forms a spectrum of SU(M)-singlet glueballs.

The version of the general theory with gauge group (16.1)
and fermion representations Rsy(y) = U and Rgy) = O
exhibits the same properties as those that we have analyzed,
with obvious changes, so we do not discuss it separately.

C. Model with (F, A,)

We next analyze a model with the gauge group (16.1)
and fermion representations Rgyy) = LJ and El Since

H =0 for SU(M) = SU(3), we restrict M > 4. For this
model the general equations (16.3) and (16.4) read

1
and

[1IM —2N(M -2)].  (16.19)

Q| =

b1 sum) =

The general inequalities (16.5) and (16.6) guaranteeing the
asymptotic freedom of the SU(N) and SU(M) gauge
interactions read, respectively,

M(M —1
N>¥ (16.20)
11
and
11M
_ 16.21
N<2(M—2) (16.21)

In Fig. 2 we show a plot of the corresponding curves, as a
function of M. The lower bound on N from (16.20) is
N > 2 for M = 4 and increases as M increases. The upper
bound on N from (16.21) is N <11 for M =4 and
decreases as M increases. The curves for the upper and
lower bounds on N as a function of M cross each other at

M =0.294

_ ﬂ (16.22)

where
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16 4
14 ]

12

FIG. 2. Plot of the region in M and N allowed by the
requirement of of asymptotic freedom for the SU(N) and
SU(M) gauge interactions in the SU(N) ® SU(M) Model with
the (F, A,) fermion content. The allowed values of M and N lie
between the two curves. See text for further discussion.

N = M = 7.008,

> (16.23)

where the floating point values are given to the indicated
accuracy. The allowed values of M and N thus lie within the
enclosed region between the upper and lower curves in
Fig. 2. This region has finite area and hence there are only
finitely many allowed values of M and N. This is in contrast
to the joint asymptotic freedom constraint for the model
with (F, F) fermions, (16.9), which is an infinite wedge-
shaped region in the M, N plane. As is evident, for a given
M > 4, the range of allowed values of N decreases with
increasing M. For M =4, N may take on values in the
range 2 < N < 10, while for M = 8, the allowed values of
N are N = 6, 7, and for M = 9, there is only one allowed
value of N, namely N = 7. If M > 10, there are no values of
N that satisfy the inequalities (16.20) and (16.21).

XVII. CONCLUSIONS

In summary, in this paper we have analyzed patterns of
dynamical gauge symmetry breaking using a variety of
chiral gauge theories with direct-product gauge groups
containing asymptotically free non-Abelian gauge inter-
actions of both unitary and orthogonal types. Our results on
the strong-coupling behavior of these theories show that
these patterns of symmetry breaking are typically quite
different depending on the structure of the factor groups in
the direct product and on which gauge interaction domi-
nates in the formation of fermion condensates. These
theories provide useful theoretical laboratories demonstrat-
ing explicitly the generic behavior that if the gauge
coupling for one of the factor groups G; C G gets suffi-
ciently strong and dominates over the other(s), then it can
produce bilinear fermion condensates that can self-break
the G; symmetry itself and/or break other gauge
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symmetries G; C G. If the G; gauge interaction that is
dominant is vectorial, then it does not self-break, although
it typically still breaks other gauge symmetries in the direct-
product group. The theories that we have studied also yield
useful examples of sequential gauge symmetry breaking.
These results further elucidate the behavior of strongly
coupled chiral gauge theories and are of value in extending
the understanding of nonperturbative behavior of quantum
field theories.
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APPENDIX: SOME RELEVANT GROUP
INVARIANTS

For reference, we list some group invariants here. We
first define some notation. Let us denote the generators of
the associated Lie algebra G as T,,, where a = 1, ..., 0(G),
where o(G) is the order of the group. These generators
satisfy the commutation relation [T, T),] = ic,pqT 4> Where
Cape are the structure constants. For a representation R, the
Casimir invariants C;(R) and T(R) are defined as

dim(R
Z Dr(T4);jDr(Tp);i = T(R)up (A1)
and
0(G) dim(R
Z Z =(T )jk = C(R)dy, (A2)

where T, are the generators of G, and Dy is the matrix
representation (Darstellung) of R. These satisfy

T(R)o(G) = C5(R) dim(R), (A3)

where dim(R) is the dimension of the representation R.

For an SU(N) group, the rank is N —1 and group
invariants [with the normalization convention Tr(7,T,) =
(1/2)6,3] include the following (e.g., [23,24])

2 _
am ="t (A4
Co (D)) (N + 2])\(7N 1) , (AS)
and
O B ) = (N_?Vw . (A6)

The rank of SO(N) is the integral part of N /2. We denote
A, the rank-r antisymmetric tensor representation, with
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dimension (%), where (¢) = a!/[b!(a — b)!]. Note that for
SO(N), the adjoint representation is the same as A, and the
vector, fundamental, and A; representations are the same.
With an appropriate normalization convention for the
generators of SO(N) (which does not affect the physics),
one has [23,24]

T(adj) = Cy(adj) = N -2, (A7)
T(O) =1, (A8)

and
GOy ="+ (A9)

For SO(N) with N = 2r and S the spinor representation,

dim(S) = 2! (A10)
T(S) =25~ (Al1)
Cy(S) = % (A12)

Denoting the antisymmetric rank- tensor representation of

SO(2r) as A,, one has

t2r—1)
7

From the structure of the triangle diagram, it follows that
triangle anomaly in gauged currents is proportional to

Tr(Dr(Ta){Dr(Ts). Dr(Tc)}) = dapcAr-

Groups for which Az =0 include those with real or
pseudoreal representations, SO(4k +2) for k> 2, and
Eq [22,23]. For the symmetric and antisymmetric rank-¢

Cy(4A)) = (A13)

(Al4)
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tensor representations of SU(N), the anomaly is, respec-
tively [22]

(N + t)!(N + 21)

AS) =W ana=nr (AL5)
and, for 1 <r <N -1,
) = NI ()

(N=rt=1D!(r=1)1"

In particular, A(S,) = N +4 and A(A,) = N —4.

A gauge theory in d = 4 dimensions with gauge group G
contains instantons if z,_;(G) = z3(G) is nontrivial. One
has [28]

n3(SU(N)) =Z (A17)
and
73(SO(N)) = Z

if N> 5. (A18)

The global anomaly in an SU(2), gauge theory is due to

7(SU(2)) = Z, (A19)
Further,
m(SUN) =0 if N>3 (A20)
and
74(SO(N)) =@ if N >6. (A21)

[1] S. Weinberg, Phys. Rev. D 19, 1277 (1979); L. Susskind,
Phys. Rev. D 20, 2619 (1979).

[2] C. Quigg and R. Shrock, Phys. Rev. D 79, 096002 (2009).

[3] G. ’t Hooft, in Recent Developments in Gauge Theories,
1979 Cargese Summer Institute (Plenum, New York, 1980),
p- 135.

[4] S. Dimopoulos, S. Raby, and L. Susskind, Nucl. Phys.
B173, 208 (1980); S. Weinberg and E. Witten, Phys. Lett.
96B, 59 (1980); I. Bars and S. Yankielowicz, Phys. Lett.
101B, 159 (1981); 1. Bars, Nucl. Phys. B208, 77 (1982); E.
Eichten, R. D. Peccei, J. Preskill, and D. Zeppenfeld, Nucl.
Phys. B268, 161 (1986).

[51 H. Georgi, Nucl. Phys. B266, 274 (1986).

[6] T. Appelquist, A. Cohen, M. Schmaltz, and R. Shrock, Phys.
Lett. B 459, 235 (1999).

[7]1 T. Appelquist, Z. Duan, and F. Sannino, Phys. Rev. D 61,
125009 (2000).

[8] S. Dimopoulos and L. Susskind, Nucl. Phys. B155, 237
(1979); E. Eichten and K. Lane, Phys. Lett. B 90, 125
(1980); E. Farhi and L. Susskind, Phys. Rep. 74, 277 (1981).

[9] H. Georgi, Nucl. Phys. B156, 126 (1979).

[10] S. Raby, S. Dimopoulos, and L. Susskind, Nucl. Phys.
B169, 373 (1980).

[11] S. Weinberg, Phys. Rev. D 13, 974 (1976).

[12] T. Appelquist and J. Terning, Phys. Rev. D 50, 2116 (1994).

[13] T. Appelquist and R. Shrock, Phys. Lett. B 548, 204 (2002).

[14] T. Appelquist and R. Shrock, Phys. Rev. Lett. 90, 201801
(2003).

[15] T. Appelquist, M. Piai, and R. Shrock, Phys. Rev. D 69,
015002 (2004).

065001-24


http://dx.doi.org/10.1103/PhysRevD.19.1277
http://dx.doi.org/10.1103/PhysRevD.20.2619
http://dx.doi.org/10.1103/PhysRevD.79.096002
http://dx.doi.org/10.1016/0550-3213(80)90215-1
http://dx.doi.org/10.1016/0550-3213(80)90215-1
http://dx.doi.org/10.1016/0370-2693(80)90212-9
http://dx.doi.org/10.1016/0370-2693(80)90212-9
http://dx.doi.org/10.1016/0370-2693(81)90664-X
http://dx.doi.org/10.1016/0370-2693(81)90664-X
http://dx.doi.org/10.1016/0550-3213(82)90188-2
http://dx.doi.org/10.1016/0550-3213(86)90206-3
http://dx.doi.org/10.1016/0550-3213(86)90206-3
http://dx.doi.org/10.1016/0550-3213(86)90092-1
http://dx.doi.org/10.1016/S0370-2693(99)00616-4
http://dx.doi.org/10.1016/S0370-2693(99)00616-4
http://dx.doi.org/10.1103/PhysRevD.61.125009
http://dx.doi.org/10.1103/PhysRevD.61.125009
http://dx.doi.org/10.1016/0550-3213(79)90364-X
http://dx.doi.org/10.1016/0550-3213(79)90364-X
http://dx.doi.org/10.1016/0370-2693(80)90065-9
http://dx.doi.org/10.1016/0370-2693(80)90065-9
http://dx.doi.org/10.1016/0370-1573(81)90173-3
http://dx.doi.org/10.1016/0550-3213(79)90497-8
http://dx.doi.org/10.1016/0550-3213(80)90093-0
http://dx.doi.org/10.1016/0550-3213(80)90093-0
http://dx.doi.org/10.1103/PhysRevD.13.974
http://dx.doi.org/10.1103/PhysRevD.50.2116
http://dx.doi.org/10.1016/S0370-2693(02)02854-X
http://dx.doi.org/10.1103/PhysRevLett.90.201801
http://dx.doi.org/10.1103/PhysRevLett.90.201801
http://dx.doi.org/10.1103/PhysRevD.69.015002
http://dx.doi.org/10.1103/PhysRevD.69.015002

DYNAMICAL SYMMETRY BREAKING IN CHIRAL GAUGE ...

[16] N.C. Christensen and R. Shrock, Phys. Rev. Lett. 94,
241801 (2005).

[17] T. Appelquist and R. Shrock, Phys. Rev. D 88, 105012
(2013).

[18] Y. Shi and R. Shrock, Phys. Rev. D 91, 045004 (2015); 92,
125009 (2015); 92, 105032 (2015).

[19] M. Kurachi, R. Shrock, and K. Yamawaki, Phys. Rev. D 91,
055032 (2015).

[20] These theories are subject to stringent constraints from
precision electroweak data, flavor-changing neutral current
processes and limits, and data from the Large Hadron
Collider; see, e.g., R.S. Chivukula, M. Narain, and J.
Womersley, in http:/pdg.lbl.gov. If the residual TeV-
scale vectorial gauge interaction features quasi-scale-
invariant behavior, this could lead to a light scalar; see
K. Yamawaki, M. Bando, and K. Matumoto, Phys. Rev.
Lett. 56, 1335 (1986); T. Appelquist, D. Karabali, and
L. C.R. Wijewardhana, Phys. Rev. Lett. 57, 957 (1986); and
[19] for references to the extensive literature on this issue.
For reviews of recent lattice studies of properties of such
quasi-scale-invariant vectorial gauge theories, see, e.g., the
CP3 Workshop at http://cp3-origins.dk/events/meetings/
mass2013; SCGTILS5 at http://www.kmi.nagoya-u.ac.jp/
workshop/SCGT15; and Lattice-2015 at http://www.aics
.riken.jp/sympo/lattice2015. It is challenging to try to study
chiral gauge theories on the lattice because of fermion
doubling.

[21] See, e.g., N. C. Christensen and R. Shrock, Phys. Rev. D 72,
035013 (2005); N. Chen, T. A. Ryttov, and R. Shrock, Phys.
Rev. D 82, 116006 (2010).

[22] H. Georgi and S. L. Glashow, Phys. Rev. D 6, 429 (1972);
J. Banks and H. Georgi, Phys. Rev. D 14, 1159 (1976);
S. Okubo, Phys. Rev. D 16, 3528 (1977).

[23] Some references for the group theory include R. Slansky,
Phys. Rep. 79, 1 (1981); H. Georgi, Lie Algebras in Particle
Physics, 2nd ed. (Westview, Boulder, CO, 1999); F
lachello, Lie Algebras and Applications (Springer, Berlin,
2006); Z. Ma, Group Theory for Physicists (World
Scientific, Singapore, 2007).

[24] T. van Ritbergen, A.N. Schellekens, and J. A.M.
Vermaseren, Int. J. Mod. Phys. A 14, 41 (1999).

PHYSICAL REVIEW D 94, 065001 (2016)

[25] For some recent continuum RG papers with multicoupling
theories involving moderately strong couplings and studies
of RG fixed points, see, e.g., B. Grinstein and P. Uttayarat,
J. High Energy Phys. 07 (2011) 038; O. Antipin, M. Gillioz,
J. Krog, E. Mglgaard, and F. Sannino, J. High Energy Phys.
08 (2013) 034; D.F. Litim, M. Mojaza, and F. Sannino,
J. High Energy Phys. 01 (2016) 081; E. Mglgaard and
R. Shrock, Phys. Rev. D 89, 105007 (2014); B. Holdom,
J. Ren, and C. Zhang, J. High Energy Phys. 03 (2015) 028;
J. K. Esbensen, T. A. Ryttov, and F. Sannino, Phys. Rev. D
93, 045009 (2016); C. Pica, T. A. Ryttov, and F. Sannino,
arXiv:1605.04712; and references to earlier work therein. In
single-coupling gauge theories, continuum RG calculations
with studies of fixed points have been performed up to four
loops for general representations in non-Abelian theories in
C. Pica and F. Sannino, Phys. Rev. D 83, 035013 (2011);
T.A. Ryttov and R. Shrock, Phys. Rev. D 83, 056011
(2011); and up to five loops for a U(1) theory in R. Shrock,
Phys. Rev. D 89, 045019 (2014).

[26] Some recent analyses of chiral symmetry breaking in QCD
include R. Alkofer and L. von Smekal, Phys. Rep. 353, 281
(2001); M. Kurachi and R. Shrock, Phys. Rev. D 74, 056003
(2006); A. Duer, S.J. Brodsky, and G.F. de Téramond,
arXiv:1604.08082.

[27] E. Witten, Phys. Lett. B 117, 324 (1982).

[28] See, e.g., S.-T. Hu, Homotopy Theory (Academic Press,
New York, 1959); M. Nakahara, Geometry, Topology, and
Physics (IOP, London, 2005).

[29] D.J. Gross and F. Wilczek, Phys. Rev. Lett. 30, 1343
(1973); H. D. Politzer, Phys. Rev. Lett. 30, 1346 (1973);
G. 't Hooft (unpublished).

[30] V. Elias, S. Eliezer, and A. R. Swift, Phys. Rev. D 12, 3356
(1975).

[31] C.-K. Chow and T.-M. Yan, Phys. Rev. D 53, 5105 (1996).

[32] R. Shrock, Phys. Rev. D 53, 6465 (1996).

[33] G.’t Hooft, Phys. Rev. Lett. 37, 8 (1976); Phys. Rev. D 14,
3432 (1976).

[34] R. N. Mohapatra and J. C. Pati, Phys. Rev. D 11, 566, 2558
(1975); R. N. Mohapatra and G. Senjanovi¢, Phys. Rev. D
12, 1502 (1975).

[35] J.C. Pati and A. Salam, Phys. Rev. D 10, 275 (1974).

065001-25


http://dx.doi.org/10.1103/PhysRevLett.94.241801
http://dx.doi.org/10.1103/PhysRevLett.94.241801
http://dx.doi.org/10.1103/PhysRevD.88.105012
http://dx.doi.org/10.1103/PhysRevD.88.105012
http://dx.doi.org/10.1103/PhysRevD.91.045004
http://dx.doi.org/10.1103/PhysRevD.92.125009
http://dx.doi.org/10.1103/PhysRevD.92.125009
http://dx.doi.org/10.1103/PhysRevD.92.105032
http://dx.doi.org/10.1103/PhysRevD.91.055032
http://dx.doi.org/10.1103/PhysRevD.91.055032
http://pdg.lbl.gov
http://pdg.lbl.gov
http://pdg.lbl.gov
http://dx.doi.org/10.1103/PhysRevLett.56.1335
http://dx.doi.org/10.1103/PhysRevLett.56.1335
http://dx.doi.org/10.1103/PhysRevLett.57.957
http://dx.doi.org/10.1103/PhysRevLett.57.957
http://cp3-origins.dk/events/meetings/mass2013
http://cp3-origins.dk/events/meetings/mass2013
http://www.kmi.nagoya-u.ac.jp/workshop/SCGT15
http://www.kmi.nagoya-u.ac.jp/workshop/SCGT15
http://www.aics.riken.jp/sympo/lattice2015
http://www.aics.riken.jp/sympo/lattice2015
http://dx.doi.org/10.1103/PhysRevD.72.035013
http://dx.doi.org/10.1103/PhysRevD.72.035013
http://dx.doi.org/10.1103/PhysRevD.82.116006
http://dx.doi.org/10.1103/PhysRevD.82.116006
http://dx.doi.org/10.1103/PhysRevD.6.429
http://dx.doi.org/10.1103/PhysRevD.14.1159
http://dx.doi.org/10.1103/PhysRevD.16.3528
http://dx.doi.org/10.1016/0370-1573(81)90092-2
http://dx.doi.org/10.1142/S0217751X99000038
http://dx.doi.org/10.1007/JHEP07(2011)038
http://dx.doi.org/10.1007/JHEP08(2013)034
http://dx.doi.org/10.1007/JHEP08(2013)034
http://dx.doi.org/10.1007/JHEP01(2016)081
http://dx.doi.org/10.1103/PhysRevD.89.105007
http://dx.doi.org/10.1007/JHEP03(2015)028
http://dx.doi.org/10.1103/PhysRevD.93.045009
http://dx.doi.org/10.1103/PhysRevD.93.045009
http://arXiv.org/abs/1605.04712
http://dx.doi.org/10.1103/PhysRevD.83.035013
http://dx.doi.org/10.1103/PhysRevD.83.056011
http://dx.doi.org/10.1103/PhysRevD.83.056011
http://dx.doi.org/10.1103/PhysRevD.89.045019
http://dx.doi.org/10.1016/S0370-1573(01)00010-2
http://dx.doi.org/10.1016/S0370-1573(01)00010-2
http://dx.doi.org/10.1103/PhysRevD.74.056003
http://dx.doi.org/10.1103/PhysRevD.74.056003
http://arXiv.org/abs/1604.08082
http://dx.doi.org/10.1016/0370-2693(82)90728-6
http://dx.doi.org/10.1103/PhysRevLett.30.1343
http://dx.doi.org/10.1103/PhysRevLett.30.1343
http://dx.doi.org/10.1103/PhysRevLett.30.1346
http://dx.doi.org/10.1103/PhysRevD.12.3356
http://dx.doi.org/10.1103/PhysRevD.12.3356
http://dx.doi.org/10.1103/PhysRevD.53.5105
http://dx.doi.org/10.1103/PhysRevD.53.6465
http://dx.doi.org/10.1103/PhysRevLett.37.8
http://dx.doi.org/10.1103/PhysRevD.14.3432
http://dx.doi.org/10.1103/PhysRevD.14.3432
http://dx.doi.org/10.1103/PhysRevD.11.566
http://dx.doi.org/10.1103/PhysRevD.11.566
http://dx.doi.org/10.1103/PhysRevD.12.1502
http://dx.doi.org/10.1103/PhysRevD.12.1502
http://dx.doi.org/10.1103/PhysRevD.10.275

