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The precession of a test gyroscope along stable bound equatorial plane orbits around a Kerr black hole is
analyzed, and the precession angular velocity of the gyro’s parallel transported spin vector and the
increment in the precession angle after one orbital period is evaluated. The parallel transported Marck
frame which enters this discussion is shown to have an elegant geometrical explanation in terms of the
electric and magnetic parts of the Killing-Yano 2-form and a Wigner rotation effect.
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I. INTRODUCTION

The precession of the spin of a test gyroscope in a given
gravitational field has been studied in great depth in order
to open new windows into viable tests of general relativity.
First considered in the pioneering work of Schiff [1], this
effect has been popularized by the well-known NASA
Gravity Probe B (GP-B) experiment inspired by Schiff.
This satellite-based space mission was finally launched in
2004 (with a space-flight phase of about one year) after a
preparation of more than 40 years. Two independent
contributions are responsible for the gyro precession in
geodesic motion, the geodetic effect and the frame-
dragging effect. The final reported analysis of the data
in the GP-B experiment resulted in a geodetic drift rate of
—6601.8 £ 18.3 mas/yr and a frame-dragging drift rate of
—37.2 7.2 mas/yr, in good agreement with the general
relativistic predictions of —6606.10 £ 0.28 mas/yr and
—39.20 £ 0.19 mas/yr, respectively [2,3].

Theoretical investigations of the test gyroscope spin
precession have involved mainly black hole spacetimes
(Schwarzschild and Kerr) and gyroscopes in circular orbits
confined to motion in either geodesic or accelerated orbits,
primarily in the equatorial plane [4-7], the acceleration
contributing a Thomas precession term to the total spin
precession [8,9]. However, there is considerable research
on binary systems consisting of two spinning bodies,
treated using all the various general relativistic approxi-
mation schemes available today, namely post-Newtonian
theory [10,11], perturbation theory [12], effective field
theories [13], effective-one-body formalism [14-17], etc.
Spinning bodies in general relativity can be treated either as
pointlike test particles or as extended bodies. In the former
case, the spin direction of a test gyroscope is well known to
undergo Fermi-Walker transport along its world line, which
for geodesic motion reduces to parallel transport. In the
latter case one has instead the so-called Mathisson-
Papapetrou-Dixon model [18-20] for the evolution of
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the both the “central” world line and spin direction which
reduces to the test gyroscope case in the test particle limit
when the spin of the object is very small in comparison with
its mass.

Here we consider the case of a test gyroscope in geodesic
motion along a periodic bound equatorial orbit in the Kerr
spacetime, essentially a “precessing ellipse.” These orbits
allow the generalization of well known results for circular
orbits in black hole spacetimes to planar orbits of nonzero
eccentricity. Indeed, in a stationary, axisymmetric, asymp-
totically flat spacetime one has a local coordinate grid
which is rigidly connected to radial infinity and provides a
way to measure the local precession of the spin direction
with respect to some fixed Cartesian frame at infinity. By
considering planar motion in the equatorial plane of a black
hole spacetime, the situation is much simpler to discuss,
since the precession is confined to a single angle in two
spatial dimensions.

The natural spherical orthonormal frame associated with
the static Killing observers moving along the Boyer-
Lindquist coordinate time lines in the Kerr spacetime
has axes which are tied to the directions of incoming
photons from the distant stars at fixed angular locations at
spatial infinity in the Boyer-Lindquist coordinate grid. A
test gyroscope moves relative to these observers causing a
kinematical deformation of its static observer measured
spin vector due to stellar aberration. This can be eliminated
by boosting the static observer axes to the local rest space
of the gyro along its orbit, leading to a formula for the spin
precession angular velocity relative to these boosted axes
which has a nice geometrical interpretation in terms of the
gravitoelectromagnetic (threading “1 + 3”’) decomposition
of the gravitational field [8].

The key to the evaluation of this precession is the Carter
observer orthonormal frame [21] which is intimately
associated with the Killing vector and tensor constants
of the geodesic motion which in turn lead to the effective
potential description of geodesic motion. Starting from the
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Carter frame, Marck [22,23] discovered a parallel trans-
ported frame adapted to the local rest space of timelike
geodesics in the Kerr spacetime which allows the preces-
sion to be evaluated simply in terms of the constants of the
motion, modulo a generalized Wigner rotation effect [24]
associated with the motion relative to the static observers
that, like stellar aberration, does not contribute to the
average precession. This “spin aberration” effect due to
the generalized Wigner rotation is the result of three
successive boosts required to pass through the Carter frame
on the way to the local rest space of the gyroscope starting
from the static observer frame, and naturally emerges from
the geometry underlying the Marck frame. Although this
discussion applies to general geodesic motion, we only
investigate it here for equatorial plane orbits, providing
explicit expressions for frames, precession frequencies, and
the accumulated spin rotation angle after an azimuthal
period of the motion.

II. BOUND EQUATORIAL PLANE ORBITS
AROUND A KERR BLACK HOLE

Consider the Kerr metric written in standard Boyer-
Lindquist coordinates (x*) = (¢, 1,0, ¢)

ds®> = ga/,vdx“dx[”
by
= —di’ + A dr* + 2d&* + (r* + a*)sin’0dg?

2M

+ Tr (dt — asin®0d¢)?, (1)
where a = J/M is the specific angular momentum of the
source (with @ = a/M dimensionless) and

T = r? + a*cos®0), A=rr=2Mr+ad>. (2
The outer horizon radius is at r, = M + vV M? — a*. Units
are chosen here such that G = ¢ = 1. The static observers
move along the time coordinate lines with 4-velocity m =
(=g,)~'/?0, aligned with the Killing vector field 9, and
play a fundamental role in the spin precession as seen by
observers far from the black hole.

Timelike geodesic world lines in this metric x* = x%(z)

parametrized by the proper time 7 have a 4-velocity U* =
dx”/dr whose coordinate components satisty

2 2
m:1[3+<r+a>,a],
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where ¢, and ¢, are sign indicators, and

P =E(r* +d®) - La,
B = L — aFEsin?0,

R=P - A(P+K),
2

B

— 2002
© = K — a*cos“6 20" (4)
where K is Carter’s constant associated with the symmetric
Killing 2-tensor of the Kerr spacetime [22,23] and E and L
are the conserved energy and angular momentum per unit
mass associated with the Killing vector fields d, and 9, of a
test particle in geodesic motion. Note that E and L/M are
dimensionless.

We are interested here in equatorial orbits, i.e., orbits at
0 = z/2 with K = (L — aE)?* = x* (with & = x/M dimen-
sionless) so that

Arzg = (Er* — ax)(r* + a*) + Aax, (5)
T
dr\ 2
r4<—r> = (Er? —ax)?> — A(r* + x?), (6)
dr
d
Ard—f =rL —2Mx. (7)

The vertical direction along 0, at the equatorial plane is
covariant constant there, and the precession of a test
gyroscope in such an orbit only undergoes a rotation in
the 2-plane of the radial and azimuthal directions. These
directions are locked to the observers at rest at spatial
infinity, and so provide a natural way to measure the spin
precession as seen by distant observers, modulo the boost
between the local rest space of the gyro and that of the static
observers tied to the coordinate grid.

We limit our considerations to bound orbits (0 < E < 1)
which oscillate between a minimum radius r, (periastron)
and a maximum radius r,,, (apastron), namely periodic
motion at the period of the radial motion. The points on
such an orbit corresponding to these extremal radii precess
since the period of the azimuthal motion is distinct from
that of the radial motion. For nonzero eccentricity, the
radial variable along these precessing ellipses can be
expressed in the form

M
r=—rt (8)
1+ecosy
where y is a new function of the proper time along world
line of the gyro. The extremal values of the radii are then

Mp Mp

rPer:1+ea rapo:ma )
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in terms of which one can express the eccentricity
0 <e < 1 and semi-latus rectum Mp of these precessing
ellipses

Tapo = Tper

e = s
rapo+rper

Mp = M. (10)
r per +r apo
Note that p is dimensionless, as is its reciprocal u, = 1/p.
We assume a > 0 in order to define prograde (corotating)
and retrograde (counterrotating) orbits by the signs + and
—, respectively, of the nonzero azimuthal angular velocity
d¢/dr or, equivalently, of the angular momentum L.
Formulas valid for retrograde orbits can be obtained from
those for prograde orbits by ¢ —» —a and L — —L, under
which x - —x.
Equation (6) can be rewritten in factorized form,

R e ()

where

ry  23%(1 - é€?)
ViR e (12)
M p*(1-E?%)

The motion is confined to rpe, < r < 1y, Which therefore
requires the third root to satisfy r3 < rp.. In fact when
r3 = Iper, the effective potential for radial motion has a
critical point with a negative second derivative at the
periastron corresponding to an unstable circular orbit radius
r., making the eccentric orbit at that energy marginally
stable [25]. This condition on allowed values of (e, p)
determines the “separatrix” of the bound orbits, whose
parametric equations are given by [26]

r2 —6Mr, —3a®> + 8a\/Mr,

sep — _
e - ’
Ac

4r.
PP =L (VMr F a)?, (13)

c

with A. = A(r.). These may be re-expressed in terms of
the parameter u, = 1/p using u,(1 4 e) = M/r, follow-
ing from (10) with ry = r. to get the terminal values
needed below of functions of u,, at the marginally stable
bound orbits.

Using (9) which expresses (7per, 7apo) in terms of (e, p),

the two conditions
dr dr
“r —0=(Z
(@)l == (&)
can be imposed on Eq. (6) to solve them for E = E(p, )
and L = L(p,e) as follows. Then expand the extremal

conditions (14) as functions of p, e and subtract them to
identify E? as

, (14)

Tapo
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1 1= 2\242

Backsubstituting this into either of these conditions leads to
the quadratic equation

1
-, 17
= a7

and then substituting this expression for E into Eq. (15),
one obtains a quartic equation for X,

F3* + N#2 4+ C =0, (18)

with dimensionless coefficients F, N, and C given by [25]

2\ 2 4'\21_22
F:<1_3+e)_a(36)’
p p

= (p—3—62)+£l2<1+

C= <a2 - p)> (19)

1+ 3€2>
p b

The solution is then

., —NTF VNI —4CF
X = ,
2F

(20)

where the upper (lower) sign corresponds to prograde
(retrograde) motion and

1642 R
= {[p*-2p+a*(1+e)?

—4e*(p —a*)’]}. (1)

To understand this last sign correlation, consider the
absolute value |x| = |L — aE|. If L and a are both the same
(opposite) sign, we have a prograde (retrograde) orbit, and
so clearly [Xpwo| < |Xpeyo|- Assuming a > 0, this requires
that x,,, > 0 and Xy, < 0. Stable circular orbits have
N < 0, so the minus sign in Eq. (20) gives the smaller root
in absolute value and must correspond to the prograde orbit,
so the positive square root is relevant and must be chosen.
Similarly, the positive sign gives the larger root in absolute
value so must correspond to the retrograde orbit, so the
negative square root value is relevant and must be chosen,
resulting in equations with F to distinguish the prograde
and retrograde orbits, respectively. This sign is directly

N2 —4CF =
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correlated with the sign FF= —sgn(a), so formally one can
make this replacement and combine it with the overall factor
of |a|, then one can factor out &> from the discriminant (21)
inside the square root of (20) to have a factor of & in front of
|

. ~37/2
—2a*uy, + 3a3up/

(=14 10u,)a? — uy/* (=7 + 26u,)a + (4u, — 1)
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that square root, and changing the sign of a will then
correctly interchange these two physical roots.

The explicit expressions for E, L, X expanded in a series
in e up to first order for prograde orbits are

1 —2u, + au)? {1

E =
\/1 —3u,,+2&uf,/2 2(1 = 2u, + au))

auy ) (1 = 3u, + 221/ ) (1 = 2u, + &2u?)

upez},

1—4up

L 1—2au)* + a*u? 1 au*(1+ u,)
M: ~ 32 - §+1—2u + a*u?
\/up(1—3up—|—2au,, ) r r

A 1/2

1—aup/

.%:

1+ auy*(1 —up)}ez}

1 -2 + a%u

A~ 3/2
2(1 - 3u, + 2au,”) 2

1—4u,,

\/u,,(l —3u, + 2au)?

{1 {1+ 2au)? N
) 2 1-2u,+ 8%

ez}. 22
2(1 - 3u, +2&u§,/2)} 22)

Consider now the radial equation (6) and use the relation (8) to introduce the angular variable y in place of r along a given

orbit (for e > 0). One finds

d,
Md—)i — 132 (1 + ecos y)?[1 + u2§2(e? — 2e cos y — 3)]1/2, (23)
together with

dt = M E+ Ea*u’(1 + ecosy)? — 2au3%(1 + ecosy)? (24)
dy  u3l* (1+ ecosy)*[1 4 ub*(e* = 2ecos y — 3)]"2[1 = 2u, (1 + e cos ) + a*u (1 + ecos y)?]’

dp  1p %+ aE —2u,k(1 + ecosy) (25)

@ _ ., :

dy " [+ uli*(e? —2ecosy —3)]"2[1 = 2u,(1 + ecosy) + a’ub(1 + ecos y)?]

Similar relations for expressing derivatives of related
quantities as functions of y are easily found.

Note that in the limit of zero eccentricity, Eq. (25)
becomes for prograde orbits

9

3/2 _
il = (1 —6u,+ 8au) — 3a2u3)~12,

(26)

which is the Kerr ratio of the azimuthal and radial epicyclic
frequencies determining the precession of the almost
circular orbits during one coordinate time period of the
radial motion, i.e., the rotation of the periastron of the orbit.
Indeed, the integral of Eq. (25) gives the increment of
precession of the periastron in azimuthal angle for any
eccentricity during one radial period (modulo 27),

27 d
Aoy, = /) d_j;d){ — 27sgn <d—f{)) (27)

where the radial period and corresponding radial
frequency are

(28)

The constant rate of precession of the periastron is then the
ratio A,/ T,. Similarly, the azimuthal frequency is

| [ dg
Q, = — —dy.
" T% i

e (29)

Both frequencies can be expressed in terms of elliptic
integrals. Explicitly, the (dimensionless) coordinate time
orbital frequencies of the radial and azimuthal motions are,
respectively, up to order O(e?) given by
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*/2\/1 6u, + 8au) — 32%u { 3 1
1 —
1+ au)? 4(1+ auw)?)(1 - 2u, + a2ud)(1 — 6u, + Sau)* — 3a2u2)?
X [2 = 26613, — 32u,, + 165u% — uy/*(376u, — 841u% + 2u3 — 38)a — u>(12 — 314u,, + 999u3 + 16u3)a?
+ (=108 + 4661, + 93u2)a® — u (=11 = 32u, + 176u3)a* + u,'/* (=101 + 160u,)a’

—u8 (=25 + 72u,)a® + 13uy a7 }+ 0(e%).

. uw)? | gl 2u, (=54 11w, ) = uy/ P (=11 +42u,)a + 3ud(—1 + 8u,)a® — uj*a® — 2ubat
p = - ¢
" 1tau)? 2(1 + auwy*)(1 = 2u, + &2ud)(1 — 6u, + 8auy* — 3a%u3)
+0(ed). (30)

Figure 1 plots these expressions using the exact formulas and not approximate ones expanded in terms of the eccentricity.

Finally, the equations of motion can be fully integrated in terms of special functions, but the corresponding expressions
are not very illuminating. For simplicity following [25], we discuss the eccentricity corrections to circular motion up to
order e Using the coordinate time as a parameter, we find explicitly

t
% = Ry + eR;(cos(Q,1) — 1) + €2Ry(cos(2Q,1) — 1) + O(e?), (31)
P(1) = Qut 4 Py sin(Q,1) + @, 5in(2Q,1) + O(€?), (32)
where
1 2 1
R, +e+te ’ R =—.
Up Up
R, 2 u,(1+3u,) . 20y 2uy* — a(1 + u,)] 1 1=3u, +2au)”
R 3 (14 au}/z)(l tu,—2u3)  (1=2u, +@up)(1+2u,)(1—u,) 61 —6u, + sau;” 3622
32
o, 1 —3up+2aup/ ’

\/1—6u,,—|—8&uf,/2 3a*u3(1 +2luf,/2)(1—2u,,+&2u%)

1 -
0.03
0.8
0.02 o 0.6
<} r
=
o 0.4+
0.01 1
0.2
e=0.9
0 - T T T T 0 - T T T T T T
0 0.02 0.04 0.06 0.08 0.10 0.12 0 0.02 0.04 0.06 0.08 0.10 0.12
MQ MQ
9 4

FIG. 1. The behavior of the dimensionless orbital frequencies MQ, and M€, versus each other (left panel) and their ratio versus MQ,
(right panel) is shown for @ = 0.5M and selected values of the eccentricity e. The plots are made parametrically in u, ranging from
u, = 0 (at the left end points corresponding to radial infinity where both frequencies approach each other and zero) to the eccentricity-

dependent values of u corresponding to the marginally stable orbits for corotating geodesics. Only the circular orbit case (e = 0) reaches
the horizontal axis.
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u, (14 3u,)

_11—3u§(1+2up)—|—4aup (1+u,) 3
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ol 1+ u,

1 1 —3up+2&u?,/2

121 —6u, + S&M;/z - 3a%u}, '

III. MARCK’S PARALLEL PROPAGATED
FRAME AS A FRENET-SERRET FRAME

Marck constructed an orthonormal frame containing the
gyro 4-velocity U = e, which is parallel transported along
an arbitrary geodesic in the Kerr spacetime [23] using
Kerr’s Killing-Yano tensor 2-form f whose nonvanishing
(coordinate) components are given by

[ = —acosé, fiwo = arsing,

frp = —a*cos Bsin?6), fop = (r*+a*)rsing, (34)
and which satisfies V(,f,), =0. The Killing tensor
Ko = fo'fyp leads to Carter’s constant of the motion
K = K zU” UP. In the equatorial plane, the second frame
vector is then obtained by forming the unit spacelike
1-form,

1
€ur = ;fWU = régﬂ, (35)

which is orthogonal to e and is parallel propagated along
the geodesic orbit. Marck then completed these first two
vector fields to an orthonormal frame by adding the two
vector fields whose corresponding 1-forms (indicated by b)
at the equatorial plane are [27]

e’ = * {—ri(dr —adg) + - (r’E — ax)dr] ,

x> 4 A

2 2
N LY _(FE-ax) dt — ad
“ Va2 +r? {A rr r? (di = adg)
i [adt — (r* + a?)dd], (36)
where 7 = dr/dz is given by (6).
1 - 3u, + 22w,/
_ 3 P 14

MT = u, {1 +2 (= 2u, + &2 ecosy

(4 ad?) (1 +u, —2u2) 2(1=2u, + %) (1+2u,)(1—u,) 161 =3, + 200}

(33)

This frame is a degenerate Frenet-Serret frame along the
geodesic

DeO o D€2 —0

dr ’ dr

De, - Des -

_— = T N —_— = —T N 37

dr €3 dr €1 (37)
with  Frenet-Serret  rotation  vector @) = —7 e,.

Appendix A discusses how these last two frame vector
fields come about, corresponding, respectively, to the radial
and azimuthal directions in the local rest space of the
geodesic. Rotating them by a clockwise rotation angle ¥ in
the e; — e plane to get a parallel propagated frame,

()-mol()= (0 ) ) oo

one finds the angular velocity 7 of the gyro-fixed axes with
respect to the preliminary Marck axes (in the clockwise
direction) [22,23]:

_d\I/_a—l—Ex

T = .
dr 2+ x2

(39)

For a circular orbit at constant r, this is then a constant
leading to a uniform rotation of the spin vector.

A direct evaluation of 7 expanded to second order in the
eccentricity e yields

N [(1 —3u, + 2auy/*)(1 — 6u, + 8auy* — 3a%u3)cos’y N u, (1= auy*)2(1 = 4u, + 4au))* - Ezzu%)} 2}
e

(1= 2u, + 1)

+0(e?).

(1= 2u, + 21)

(40)
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This corrects the Kerr circular orbit value for small
eccentricity, recalling u,, = M/r, for circular orbits.

IV. THE BOOSTED SPHERICAL FRAME

The fact that the motion is planar makes it easier to
understand the precession of the two planar gyro-fixed axes
(radial and azimuthal directions) along a geodesic com-
pared to such axes in a fixed Cartesian frame at spatial
infinity, since the tilting in time to map to the local rest
space is irrelevant to the rotation of these two directions,
apart from proper time considerations and some deviational
rotational behavior which averages to zero over a radial
period of the motion. The spherical coordinate grid is seen
by observers at radial infinity as nonrotating so by
measuring the spin relative to this grid, we can evaluate
how an observer at radial infinity sees the spin direction
change. The directions of incoming photons from the
“fixed stars” are locked to the axes associated with the
static observers, and boosting these axes to the local rest
space of the orbiting gyroscope removes the effect of stellar
aberration which does not contribute to the average
precession. If at an initial point on an orbit we fix an
orthonormal triad of vectors aligned with the static observer
axes boosted into the local rest space of the gyroscope
along the azimuthal direction, we can simply rotate them by
the opposite signed increment of the azimuthal coordinate
¢ with respect to the static observer axes along the orbit to
keep their direction “fixed” with respect to radial infinity.
This defines a “nonrotating” static frame whose axes then
realign with the static observer spherical axes each time the
orbit returns to the same value of the coordinate ¢ [8].

The spin vector along the orbit projected onto the
sequence of static observer axes does not rotate simply
with respect to any orthonormal triad adapted to the static
observer local rest spaces along the orbit but undergoes a
periodic distortion away from a simple rotation both in
magnitude and direction due its projection onto the static
observer axes along its orbit [8], similar to the spin vector of
a classical electron in a circular orbit undergoing Thomas
precession [28,29]. On the other hand, by boosting the spin
vector from the local rest frame of the geodesic to the static
observer local rest space along the geodesic, these periodic
distortions due to the relative motion are removed. This
allows the definition of a simple rotation with respect to the
static observer spherical frame with a definite angular
velocity of precession, from which one must subtract the
angular velocity due to orbital rotation of the spherical
frame fixed with respect to spatial infinity. Alternatively,
one can boost this “nonrotating” static frame into the local
rest space of the orbit to compare with the spin vector and
evaluate an angular velocity of precession as seen from
spatial infinity.

The complication comes from the fact that the Marck
frame also undergoes a periodic rotation with respect to
such a boosted nonrotating static frame, but one which

PHYSICAL REVIEW D 94, 064066 (2016)

averages out to the identity, in the same way that the
distortions in the measured spin vector by the sequence of
static observers is not relevant to the spin precession. This
rotation can be calculated (see Appendix C), but over a
radial period of the motion it does not contribute to the net
precession of the spin vector and will be ignored here.
The Marck frame vector e; is locked to the radial
direction e; in the spherical grid of the static observers
following the time lines, differing only but a boost due to
the radial motion of the gyro alone, not to the boost of the
relative motion (see Appendix C). This grid does not rotate
with respect to observers at rest at spatial infinity. Along the
geodesics, e; rotates with respect to fixed Cartesian axes at
radial infinity by a rate determined by the orbital angular
velocity d¢/dr measuring the rate of rotation of these axes
in the counterclockwise direction of the increasing ¢
coordinate. Subtracting the angular velocity 7 of the gyro
axes in the clockwise direction gives the total coordinate
time angular velocity of the gyro spin relative to axes whose
directions are fixed with respect to radial infinity as

_dr(dp _d,.
Qprec - E (E T> - dt (4) \II) (41)

This corresponds to the clockwise rotation by ¢ of some
initial spherical axes in the rest frame of the orbit, choosing
U =0 at ¢ =0 to align them with the spherical frame
vectors initially at 7 = 0, which are then rotated counter-
clockwise by the angle ¥ to keep them “parallel” to the
original axes (in the sense of parallel transport):

()= (it vy a0y

cos(p— 1) ) \ e5(0)
It is the difference between these two opposing angles
which leads to a net precession after one azimuthal
revolution ¢: 0 — +27, by an increment

which represents the advance of the precession angle with
respect to the direction of the azimuthal motion, with the +
sign correlated with increasing and decreasing values of ¢
along the orbit.

Note that the proper time precession angular velocity
has the following simple representation in terms of the
constants of the motion:

dt L—-2Mx/r a+ Ex
Q . — = — . 44
prec dr A }"2 + xz ( )
In the limit a — 0, the above expression reduces to
dt L E
— == (1-——, 45
Pdr|,_y 1 ( 1+ Lz/rz) (45)
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which has the same sign as L and asymptotically The spin precession angular velocity .. will be a
(M/r — 0) behaves as (1 —E)L/r?, corresponding to  periodic function of ¢ having the period of the radial
the advance of the spin with respect to the orbital motion =~ motion, and a periodic function of y with period 2x.
in the large radius limit of a slowly rotating black hole. ~ Taking the average value of this quantity over a coordinate
Indeed, this is always the case for all allowed radii and all ~ time radial period gives

values of the orbital parameters for stable bound orbits.

1 T, 2z dr 27 dgp
<Qprec> = T_r/O Qprecdt _/ —7Td +—r[) ad)(
— _(&+E5c)u},/2/ . dy +_/ @d;{, 6)
T o [1+%u(e* —2ecosy —3)]"2[1 +3%uj(1 +ecosy)?]  T.Jo dy

where the last term is Q. Fig. 2 plots the average precession frequency for @ = 0.5 and selected values of the eccentricity
for stable bound orbits. The net average precession angle per azimuthal revolution for prograde orbits is then

Q rec
AP = (Q )Ty = 2n<§§¢> =2z(1-9). (47)
To second order in eccentricity, we find
3 1= 2837 + 3823 + 2auy)” — du,) (1 — auy*)>
5= \/1-3u, +2au}* |1 -2 p( S o up)(1 = auy) 2| + 0(e?)
2(1=3u, + 2au)*)(1 = 6u, + 8auy/* — 30%u2)(82u — 2u, + 1)
=50 4 ¢25@) + 0(e?). (48)

The first term 6 is the circular orbit limit which gives the number of revolutions in the angle W for one prograde
revolution, so that

APO) =27(1-60) >0 (49)

gives the net advance [4,5].
In terms of the dimensionless (gauge-invariant) variable y = (M Q¢)2/ 3 related to u, by

2 1-— 3)7 2&}/3/2 1= 5y’ + 4&))/3/2 , X
! +0(e), 50
{ " (3 6(1 — 6y + 8ay/> - 3a%y"?) -2y ravm)° () (50)

where y' = y(1 — ay*?)=?/3, we find (expanding in series of y up to O(y’))

1 5103 115, 81, 1755 , 9639
50 =12 <1+§ +2 2+2 34 27 VA 5>+&y3/2<1+—y+— T —y e — 4+—y5>

22U T4 T8 Tes ) T128Y T2 2778 T16Y T128 T 256
+;€z2y3<1 Zy_387y2_21967y3)+0(&3’63’y7)’ (51)
and
13- (-
+g 2 3(1+g +§T6Z 2+481 >+0(&3,€3’y7)_ (52)
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FIG. 2. The behavior of the average dimensionless precession
frequency (MQ..) versus the dimensionless azimuthal orbital
frequency M€, is shown for @ = 0.5M and selected values of the
eccentricity e for corotating orbits, as in Fig. 1.

V. CONCLUDING REMARKS

To the best of our knowledge, past analytical inves-
tigations of gyroscope precession have been limited to
either geodesic or accelerated circular orbits in stationary
axisymmetric spacetimes, or general discussion using the
language of relative observer analysis. Noticeably, numeri-
cal approaches have recently succeeded in computing spin
precession along general geodesic orbits in a Kerr space-
time in the frequency domain [30].

We have extended previous analytical results to the
case of gyroscopes moving along bound equatorial plane
geodesic orbits in the Kerr spacetime. In this case, it is
natural and meaningful to consider an averaged preces-
sion frequency over a full (temporal) period of the
motion. We have shown how to identify natural axes
in the local rest space of the gyro which are useful to
measure the gyroscope precession and have shown how
they differ only by a generalized Wigner rotation from
those found “by inspection” by Marck in his construction
of a parallel propagated frame along a general geodesic
in Kerr. We have explained the Lorentz geometry under-
lying the relationship between these two sets of axes—
one tied to observations with respect to the distant stars,
and the other to the Killing symmetries of the geodesic
motion. Moreover, we have provided exact expressions
for both the precession frequency and its average over a
radial period of the motion, as well as the net rotation
angle after one such period. We expect that these
expressions will be fundamental to any (forthcoming)
generalization of the present results for application to
gravitational self-force corrections, namely, when the
backreaction of the particle on the background can no
longer be neglected.
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APPENDIX A: MARCK FRAME GEOMETRY

The Marck frame found by “inspection” for general
values of € can be explained by some orthogonal projection
geometry together with the Carter frame alignment of the
electric and magnetic parts of the Killing-Yano tensor 2-
form. The Carter family of fiducial observers has 4-velocity
U(cary and orthogonal spatial unit vector E(u(cy)) in the

Killing 2-plane of ¢ and ¢ given by

Pia (@ g
U/ = — —_—_
(car) /AS TR 2 ¢ |

A :
M?car) = \/;[—dt + asin’0dg),

asinf 1
E(u(car))(} = \/E_ (at + —asin29a4’> s

sin @

E(”(car))g = E [—adt + (r* + a®)d¢), (A1)

respectively. Note that u(c,) and E(u(y); are, respec-

tively, future oriented and rotating with positive angular
velocity assuming a > 0. The vectors,

together with E(u(c,y)); form an orthonormal spatial triad
with dual

W; =V grrdr’ Wa =V gé)ﬂdg’

adapted to Carter observers u,) = Ey (with dual
— b
WO - _u(car))'
The unit tangent vector U to the timelike geodesics (3)

has the following covariant and contravariant forms with
respect to the Carter frame:

064066-9



BINI, GERALICO, and JANTZEN

/R
U’ = —Edrt +e¢, A(r) dr + €,1/0(0)d0 + Ldg,
P e/ R(r)
U= \/—T—iu(car) WE(M(CM))?
€9 @(9) B
+ TEO‘(CM )9 sin 9\/— ( (car) )¢ (A4)

The covariant components are separable functions of the
Boyer-Lindquist coordinates. Introducing the Carter rela-
tive velocity and associated gamma factor of U,

U= 7 (car) [u(car) + UEICQI)E(M(CQI)>£J’ (AS)
we then have explicitly
P
Y (car) = \/——
VA (e, /RO
Yieary E((ear))a = 5 TE (#(car) )7
B
AVAS, U car) SlneE(”(car))(} .
(A6)

Now we further decompose this Carter relative velocity
vector parallel and perpendicular to the Carter radial
direction [31],

(A7)

and the useful cross product quantity (90 degree rotation of
vk )
(car)’?

- (car) E(u(Cﬂr) )9 U?car)E(u(car) )4)
= {16 1) (A8)

which is orthogonal to v ¢, (and hence U) in the local rest
space of u(cyy).

Consider the Killing-Yano tensor with its electromagne-
ticlike decomposition in the Carter frame:

AW+ r[W0?]
/\B(u(cm))]’

f= acose[u? )

= u(car AE(U(cary) +* [u?m) (A9)

using the notation W% = W*AWP’. Then f and its dual f*

can be written as follows:

PHYSICAL REVIEW D 94, 064066 (2016)
= acos OWPP + rwor,
(A10)

f=—acos W + rwoe,

Carter’s frame is very special because it aligns both the
parallel electric and magnetic fields &(u(car)) and B(u(car))
with the radial direction,

E(U(car) = acos OE (U (cyr)); = EE(t(car) )3
B(”(car)) = I‘E(l/t( ) EB ( ) s

having introduced the more compact notation:

||S(u(car))|| = a|cos€| = |g|’ ||B(M(car))|| =r=B.

(A12)

The invariants of this field I, = Tr[f?] = B> = €%, I, =
ITr[ff*] = 2EB are both nonzero, showing that the field is
nonsingular.

Marck [22,23] takes the electric part of the Killing-Yano
tensor with respect to the geodesic 4-velocity as a spacelike
vector orthogonal to U and parallelly transported along U,
given by

ey xE(U)=fLU

- S( U car) + E( U car ) ) + BIJ (car) (A13)

car

This only needs to be normalized to a unit vector. Both of
these two parts of e, are orthogonal to each other and to U,
so by taking their corresponding unit vectors,

N

P = 7 (rad) [yzcar)u(car) + E(u(car))?]’ Q = ﬁZ(car)’ (A14)

where (aq) = (1 = (V) )~1/2 is the “partial” gamma
factor associated with the radial motion alone needed to
boost the radial direction into the local rest space of
the gyro.

Let us introduce the following spherical component

representation of the velocity components v(Cdr)

urcar) = V(car) COS Q, y?m) = U(car) SIN X COS f3,
uiﬁcar) = V(car) SiN @ 8in f3. (A15)
We have then
Y (rad) = (1- (V(car))zcosza)_l/z,
Ve |IP = Vaysin’a (A16)

and
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[57 BY(rad)V(car) sin a]

[sin®, cos B = (A17)
\/52 + Bzy(zra@ugcar)sinza
The final form of e, is
e, = sin®P + cos ©0, (A18)
with
$in® = (€/7(0) (/10 + Bl P12 (A19)

from which one easily obtains the third vector in this
procedure up to a choice of sign
¢, = cos®P —sin@®Q, (A20)
which is orthogonal to the previous one and to U since both
P and Q are orthogonal to U. The last vector of the Marck
frame follows from orthogonality to e¢; and e, in the local
rest space of U, namely &; = &, Xy e, = P x; Q. This
discussion holds in general off the equatorial plane,
completing the explanation of Ref. [31].
The relation (A13) of Marck has a simple interpretation

as the transformation law for an electric field given as
Eq. (4.14)a in [8] with (u, U) = (U, u(car))

E(U) - }/(U7 u(car))P(u(car)’ U)_l (E(u(car)>

(U, tear) Xy Blttear)): (A21)

where P(uc,), U)™" is the inverse of the projection from
the local rest space of i, to that of U. Since these electric

and magnetic vectors are parallel and radial in the Carter
frame, this implies

E(U> = }/(U, M(car))P(u(car)’ U)_l [(‘:E(u(car))?

+ BZ/(U, u(car)) Xu(cm_) E(M(car))?] (AZZ)
The first term using Eq. (4.7) of [8] evaluates to
P(”(car)v U)_IE(u(car))if = l/y(rad)E(u(rad))?’ (A23)

while the second term is unchanged by the projection,
giving finally

E(U) = ]/(U, u(car)) |: ¢

Eura 7
Y (rad) ( ( d))

+BV(U’ u(car)) Xu(car) E(u(car))?:| . (A24)
These two terms are orthogonal and so define the two unit

vectors P and 0, respectively, and normalizing their sum
defines e, and the angle ® needed to get e;. Thus, the

PHYSICAL REVIEW D 94, 064066 (2016)

Lorentz geometry of the Killing-Yano form underlies this
previously unexplained Marck procedure.
We now specialize the discussion to equatorial plane

orbits where £ =0 = y?c ar)?
with the 6 direction while ¢, is aligned with a boost of the

radial direction into the local rest space of the geodesic,

so ® =0, and e, is aligned

leaving e; along the boosted azimuthal direction.
Explicitly,
él :p, 62:Q, 53:IA)XU Q (A25)

These two vectors can be understood as the result of three
successive relative observer boosts from the local rest space
of the static observer m [8]. The first is an azimuthal boost
B((car), m) from m t0 u(cyy), the second is B( raq)» U(car))
from Carter along the radial direction, followed by the third
B(U, U(raq) to the local rest space of the gyro, where

7

U(rad) = 7(rad)(u(car) + y(car)
E(m)? = E(u(car))?

E(u(car))?>’
(A26)

is the result of boosting the Carter observer in the radial
direction to comove radially with the gyro, leaving the
azimuthal direction invariant. In this intermediate frame,
the gyro relative velocity only has an angular component,
which in the equatorial plane case reduces to the azimuthal
frame component

U= 7(U’ ”(rad)) [u(rad) + ’/(Uv u(rad))(?)E(u(rad))(}]’
E(u(rad))éb = E(u(cal'))éy (A27)

where  y(U, U(raq)) = ¥(car)/7(raa) and the final boost
B(U, u(rq)) leaves the radial direction invariant. This
sequence of boosts is

<‘~31> — B(U, t0)) B )B( )(E(m)?)
é3 — , u(md> M(rad)’ M(car) u(car)y m E(m)$ .

(A28)

Note that the radial boost B(i(raq), #(car)) leaves invariant
the unit area 2-form,

u(rad)/\él = U(car) /\E(m)% (A29)

in the #(car) — E(U(car)); subspace of the tangent space, as

well as the orthogonal 2-form, thus leaving the electric and

magnetic 2-form parts of the Killing- Yano 2-form invariant.

We need to compare these axes to the direct boost
B(U,m) from the static observers to the geodesic:
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E(U); E(m);
=B(U,m .
(ewny) =20 ()
Note that the overall boost B(U,m) has the effect of
removing the stellar aberration of the incoming light rays
from the “fixed stars” at radial infinity whose unit relative
velocities (direction vectors) are aligned with the static
observer local rest space directions.

The three successive boosts lead to a generalized Wigner
rotation compared to the direct boost, a kinematical effect
which only depends on the relative velocity with respect to
the static observers much like the stellar aberration effect

which instead is due to the projection of a unit relative
velocity between two local rest frames,

(A30)

B(Uv M(rad))B(u(rad)’ M(car))B(u(car)’ m)

= Riwig) (U, U(raq)s U(car), ) B(U, m), (A31)
where R (yig) (U, U(raq)» U(car)»m) is the product of two
ordinary Wigner rotations:

R(wig) (U’ U(rad)» U(car)> m)
= R(Wig) (U’ U(rad)> u(car))R(wig) (Uv U car)» m) (A32)

This same boost discussion applies to the general case of
nonequatorial plane motion as well, taking into account the
full angular relative velocity, thus explaining the geometric
origin of Marck’s choice of frame in that context as well.
We calculate the generalized Wigner rotation in
Appendix C for equatorial plane motion, but it does not
contribute to the average precession per radial period.
Curiously this interesting geometry has never been
explored before. The intermediate relative observer u )
is the key to this calculation, coming from Marck’s
derivation making use of the Killing-Yano 2-form, but
the rest is straightforward though nontrivial Lorentz
geometry.

Note that one could have reversed the order of the radial
and angular boosts from the Carter frame to boost first in
the angular direction from the Carter observer to

U(ang) = 7 (ang) [u(car) =+ V(car)E<u(car))$}’

E(u(ang))(} = Y (ang) [V?i;ar)u(car) + E(”(car))&}’ <A33)

where ¥ (ng) = (1 — ||1/<f’

car)| |?)=1/2. The new angular vector

in this transition has a formula analogous to (C14) with
(C5) backsubstituted. This boost combines additively with
the boost from the static observer to the Carter observer
since they are both in the same plane,

(A34)

B(u(ang)v u(car))B(u(car)’ m) = B(u(ang)v m)’

PHYSICAL REVIEW D 94, 064066 (2016)

which is then followed by the final boost in the radial
direction to U. The resulting rotation relative to the direct
boost would be a true Wigner rotation:

B(U7 u(ang)>B(u(ang)’ m) = R(Wig)<U’ U (ang)» m)B<U’ m)

(A35)

However, the construction starting first with the radial
boost is preferred because of the common radial direction
of the electric and magnetic vector fields associated with
the Killing-Yano 2-form.

APPENDIX B: TRANSFORMATION LAW FOR
THE CROSS PRODUCT BETWEEN DIFFERENT
LOCAL REST SPACES

The final vector in the Marck frame must be calculated
with the local rest space cross product, for which a useful
evaluation formula can be derived using the projection
formalism of Refs. [8,32]. Let LRS;;, and LRS,, the local
rest spaces associated with the two unit timelike vector
fields U and u, related by the boost

U=y(U u)u+v(U,u)l. (BI)
The cross product,
X xy Y]* = n(U)“ﬁVXﬁYy, (B2)

in LRSy; is defined for generic vectors X and Y using
n(U)*" = U n°" with similar defining relations in LRS,.
Nsapy 18 the unit volume 4-form, whose components in an
oriented orthonormal frame are fixed to be 7p;03 = 1. This
leads to the relation

(X xy Y] = y(U, u){[X x, Y] + u(v(U,u) - [X x, Y])
+ (X -u)[w(U,u) x, Y]

= (Y- w) (U, u) x, X]}, (B3)

which in the special case of X,Y € LRS,, reduces to

(X %y Y] =y (U u){[X >, Y] + u(@(U.u) - [X x, Y])}.
(B4)

Recall the definition of the projector P(U) orthogonal to
the timelike unit vector U, )(P(U)" = g+ U’ ® U"), and
we see that the vectors X and Y in the cross product in the
local rest space of U, Xy, can be equivalently replaced by
P(U)X and P(U)Y; similarly, the vectors X and Y in the
cross product in the local rest space of u, X,, can be
equivalently replaced by P(u)X and P(u)Y.

To study an application of Eq. (B3), let us write U =
y(u + v*E(u),) with the abbreviations y(U,u) — vy,
v(U,u) — v and introduce also the three vectors
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W= vE(u),,
vt =12 E(u), + P E(u); = ||Vt
V= PE), 2By, = 5, (B5)

in the local rest space of u. Let us consider the two vectors
in the local rest space of U,

X =v'u+ E(u),, Y =0~ (B6)
satisfying u - X = —v' and u - Y = 0. We have then
X xy Y =yl {(|lHJu + 2+)
+ ([t E(), —'9h)} (BT)

with each of the two vectors ||vt||u + 2+ and ||t || E(u), —
v'o+ orthogonal to U. Then the direction formula is

€

Al

XxyY 71 N P(U)
= (WU +t) = (BB)
IX <y Y[y I1P(U)o|
with y; = (1= (¢')*)7"2 and ||P(U)2]| = v/

This formula will easily allow for the computation of
terms like P x;; Q, as introduced in the previous sections,
where u = u() and U is the geodesic 4-velocity:

o ~ Y (rad / }
Py 0 =" (W e U + E(tean)). (B9

(car)

APPENDIX C: WIGNER ROTATION

The Carter observers play a key role in the geodesic
motion and parallel transport along those orbits, while the
static observers are key to defining spin precession as seen
from radial infinity. We compare the Marck frame vectors
with the boosted static observer frame vectors to see the
relative rotation between them for equatorial plane motion.

The geodesic 4-velocity can be decomposed into relative
motion with respect to the static observers with 4-velocity
m and the Carter observers with 4-velocity u (), whose

distinct frame vectors are

I 2aM | N
m==0,  E(m),=-———0,+-—=0; (Cl

O B =y gt e Y
with N = /1 —2M/r and

r? + a? a
T g a,),
5 020
a 1
E(”(car))(}} = ; <8z +58¢) s

and whose common frame vectors are

PHYSICAL REVIEW D 94, 064066 (2016)

(C3)
leading to relative velocities and gamma factors such that

U=ylm+ve+ U&E(m)&ﬁ]

= ¥(car) [u(car) + l/fcar)Ey + V((/)CZI)E(M(CM))(?;]’ (C4)
with equal radial components
N rr
yyr y(car)l/fcaa = ﬁ s (CS)
and
E a} Lr—2Mx
= — s 1% = ,
N M T TNvA
Er* —ax . X
_ ¢ _
Y(car) 7\/K P y(car)l/(car) r (C6)
In turn, we can decompose the Carter 4-velocity,
Ucar) = Vem [m + V?mE(m>§§]7 (C7)
with
A
ycm:£» V?m :L (C8)
’ rN VA
and
¢ b
2 4 - Ve +U car
Y= 7(car)yc,m(1 + V[(}i;ar)l/?.m)y v = 7 (A )
1+ VeV (car)
(C9)

We recall the notation for the general relative observer
boost map between two different local rest spaces [8], one
orthogonal to U and the other to u, with U = y(U, u)[u +
v(U,u)] and the reciprocal relation u = y(u,U)[U +
v(u,U)] with y(U,u) =y(u,U)=y. For a vector
X € LRS,, the vector boosted into LRSy, in the plane of
u and U is given by the right contraction with the projection
P(U) from LRS, to LRSy acting on X:

B(U,u)X

- (h0r s outnr) sy

4

y+1

w(U,u)-X)(u+U). (C10)
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For example, by using Eq. (C10), it is easy to show that
B(u(car)7 m)E(m)&) = E(u(car))g?)‘ (Cl 1)
In fact,

B(u(car)’ m)E<m)¢}§

Yem ¢
= E(m)(;} + -~ ,+ 1 yz)‘m(u(car) +m)

2 4 V2
_ (}) 7c,m(yc-m) N
= YemVe,mM + <1 + Yem + 1 )E(m)(/)

(C12)

Next we consider the static observer frame vectors
boosted to the local rest space of U,

7>

_ _ v
EWU); = B(U,m)E(m); = e; + o (m+U),
y
E(U); = B(U, m)E(m);, = E(m);, + yy+—1 (m+U),

(C13)

which must be compared to the Marck frame vectors,

e = P= Y (rad) ( 7 U(car) T 6;) )
Y (car)
A A Y (rad &
=Pxy 0= —yi a ; (UzbcaI)}’(car)U + E(u<car))(7)), (C14)

where O = ep.
The boosted axes are rotated with respect to the Marck
axes by a counterclockwise rotation by an angle A:

(o) = () = (ol (3

(C15)
One finds
20,72
5 yc.m 4 (l/ )
cosA=P -E(U); =7(a <1— : )
( ) (rad) V(car) V +1
_ (4 r4,'.2 -1/2 | r2",2
B (Er? — ax)? (Er* + ax)(E—N)
1 —-N 2\2
:—{rZN—i—ax—;(a x)]. (Cl6)
A(r* 4+ x%) E+N

Similarly,

PHYSICAL REVIEW D 94, 064066 (2016)
sinA = (P xy Q) -E(U),

3

= {P(U)(P xy O)]} - E(U);

Y (rad
=" E(u(ear))y - E(U);
Y (car)
-~ ra c,m (?) b
_ e, <7” _yg{m), (C17)
7 (car) r+1

Note that at either the periastron or apastron, the radial
relative velocity vanishes so A = 0, aligning the two sets of
orthonormal vectors there.

Then we have the sequence of rotations and boost:

E(:)ag)'

If we introduce the Cartesian-like axes which are rotated
clockwise by the angle ¢ relative to ¢» = 0 along the orbit,
to remove the counterclockwise rotation associated with the
increasing variable ¢,

(el ) — R(W)R(A)B(U, m)< (C18)

€3

() =% (g, ) e
we get finally
(£) = rerpw.mre-0) ()
:R(@-¢+A)B(U,m)<2>, (C20)

since the rotation of the orthonormal pair of vectors in the
equatorial plane commutes with the boost which fixes the
radial direction. Thus, one only needs to add the term
dA/dt to the precession formula (41) to get the instanta-
neous precession formula but this does not contribute to the
average over one radial period.

Since the angle A of the Marck axes is just a function of the
relative velocity which is odd in the radial component, it starts
at zero at the periastron and is positive during the half orbit
from periastron to aphelion returning to zero at the aphelion,
and then is negative on the return to the periastron where it
again returns to zero (so that at the extreme radii the axes are
aligned with the spherical axes). This is similar to stellar
aberration in some sense, where the direction of a fixed star
around an orbit has a similar periodic oscillation with respect
to the simple rotation. Indeed, one can verify that

2z dA dr
——dy =0. C21
A e (1)
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