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We consider a general class of four-dimensional geometries admitting a null vector field that has no twist
and no shear but has an arbitrary expansion. We explicitly present the Petrov classification of such
Robinson-Trautman (and Kundt) gravitational fields, based on the algebraic properties of the Weyl tensor.
In particular, we determine all algebraically special subcases when the optically privileged null vector field
is a multiple principal null direction (PND), as well as all the cases when it remains a single PND. No field
equations are a priori applied, so that our classification scheme can be used in any metric theory of gravity
in four dimensions. In the classic Einstein theory, this reproduces previous results for vacuum spacetimes,
possibly with a cosmological constant, pure radiation, and electromagnetic field, but can be applied to an
arbitrary matter content. As nontrivial explicit examples, we investigate specific algebraic properties of the
Robinson-Trautman spacetimes with a free scalar field, and also black hole spacetimes in the pure Einstein-

Weyl gravity.
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I. INTRODUCTION

Robinson-Trautman family of spacetimes was discov-
ered more than half a century ago [1,2], soon after the
advent of new powerful techniques and concepts in general
relativity such as geometrical optics of null congruences,
null tetrad formalism, and related algebraic classification of
the Weyl tensor. It became one of the most fundamental
classes of exact solutions of Einstein’s equations, enabling
us to construct explicit models in black hole physics,
gravitational waves, and cosmology.

Geometrically, the Robinson-Trautman class is defined
by admitting a nontwisting, shear-free, and expanding
congruence of null geodesics generated by a vector field
k (the nonexpanding class defines the closely related Kundt
geometries [3,4]). This group of spacetimes contains many
important vacuum, electrovacuum, or pure radiation sol-
utions, including any value of the cosmological constant A.
In particular, it involves the well-known spherically sym-
metric black holes (Schwarzchild, Reissner—Nordstrom,
Schwarzchild—de Sitter, Vaidya), uniformly accelerating
black holes (C metric), arbitrarily moving Kinnersley’s or
Bonnor’s “photon rockets”, expanding spherical gravita-
tional waves (including sandwich or impulsive waves)
propagating on conformally flat backgrounds with maximal
symmetry (Minkowski, de Sitter, anti-de Sitter), and even
their combinations, e.g., radiative spacetimes with A
settling down to spherical black holes. These are of various
algebraically special Petrov-Penrose types (D, N, O, I11, II).
Details and a substantial list of references can be found in
Chap. 28 of the monograph [5] or Chap. 19 of [6].
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There has also been a growing interest in Robinson-
Trautman spacetimes beyond the standard settings of four-
dimensional general relativity and classic matter fields. In
[7], this family was extended to the Einstein theory in
higher dimensions D > 4 for the case of an empty space
(with any A) or aligned pure radiation, which revealed
substantial differences with respect to the usual D = 4 case.
Aligned electromagnetic fields were also incorporated into
the Robinson-Trautman higher-dimensional spacetimes
within the Einstein-Maxwell theory [8] (including the
Chern-Simons term for odd D) and even for more general
p-form Maxwell fields [9].

Absence of gyratons (null fluid or particles with an
internal spin) in the Robinson-Trautman class of any D was
proved in [10]. In fact, it was demonstrated that in four
dimensions the off diagonal metric components determine
two independent amplitudes of exact gravitational waves.

Moreover, new explicit solutions of this type in the
Einstein gravity in D = 4 were found and studied, namely
Robinson-Trautman solutions with minimally coupled free
scalar field [11] and with electromagnetic field satisfying
equations of nonlinear electrodynamics [12].

Very recently, a remarkable class of static, spherically
symmetric solutions representing black holes in the
Einstein-Weyl gravity (with higher derivatives) was pre-
sented in [13,14]. It was shown numerically that such a
class contains further black hole solutions over and above
the Schwarzschild solution. As we will demonstrate, this
also belongs to the Robinson-Trautman class of spacetimes.

Motivated by all these works, we now wish to present a
complete algebraic classification of the four-dimensional
Robinson-Trautman (and Kundt) geometries. As far as we
know, this has not been done before because the classic
works summarized in [5,6] remained constrained to
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(electro)vacuum or pure radiation solutions of Einstein’s
equations which are algebraically special due to the
celebrated Goldberg-Sachs theorem [15] and its general-
izations, see section 7.6 of [5].

To this end, we will employ explicit components of the
curvature tensors for the general class of nontwisting,
shear-free geometries in any dimension D > 4 which we
calculated in our previous work. This enabled us to
determine possible algebraic types and subtypes of such
spacetimes in higher dimensions, based on the multiplicity
of the Weyl aligned null directions—following the classi-
fication method [16,17] summarized in [18]. The particular
case of nonexpanding Kundt geometries was investigated
in [19,20] while the inclusion of expanding Robinson-
Trautman geometries was achieved in [21], with the
discussion of vacuum solutions of Einstein’s equations.

In this work, we will solely concentrate on the most
important D =4 case which exhibits highly specific
properties. Above all, the corresponding transverse
Riemannian space is two-dimensional, i.e., conformally
flat which considerably simplifies the possible structure of
algebraic subtypes. Also, here we will use a different and
more convenient choice of the null frame in real coordi-
nates and the corresponding ten independent real Weyl
scalars of five distinct boost weights. This we will combine
with standard Newman-Penrose formalism employing a
complex null tetrad.

Let us also emphasize that in our analysis we will not
initially assume any gravitational field equations, so that
the “purely geometrical” results can be applied in any
metric theory of gravity (not just in Einstein’s general
relativity), and in the presence of any matter field.

First, in Sec. II, we present the general metric form of a
nontwisting, shear-free spacetime, and we introduce the
Robinson-Trautman geometries. In Sec. III, we define the
null tetrad and the corresponding Weyl scalars, both in real
and complex formalisms. Explicit form of these scalars,
crucial for the algebraic classification, is given in Sec. I'V.
General method of determining algebraic types of four-
dimensional spacetimes and the corresponding principal
null directions (PNDs) are recalled in Sec. V. A detailed
discussion of all possible algebraically special types is
contained in Secs. VI and VII for the cases when the
geometrically privileged null vector field k is a multiple
PND or it remains a single PND, respectively. A remark on
the special case of Kundt geometries is given in Sec. VIIIL.
Section IX is devoted to applications of our general results
to several explicit examples, namely the algebraically
special Robinson-Trautman spacetimes in Einstein’s theory
of gravity—both of the Ricci type I (vacuum, aligned
Maxwell field) and of a general Ricci type (scalar field)—
and the static, spherically symmetric black holes in the pure
Einstein-Weyl gravity. Explicit coordinate components of
the Weyl tensor for a generic geometry are presented in
Appendix A.
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II. THE ROBINSON-TRAUTMAN GEOMETRIES

In this paper, we will investigate the general family of
four-dimensional spacetimes admitting a null vector field k
that is nontwisting (w = 0), shear-free (c = 0) but expand-
ing (® # 0). It was shown already in the original seminal
work by Robinson and Trautman [1,2] that the metric of
such spacetimes can be written in the form

ds? = gij<r7 u, xk)dxidxj + 29L¢i<r’ u, xk)dudxi — 2dudr
+ G (X )dur?, (1)

where the coordinates are adapted to the optically privi-
leged null vector field. Namely, r is the affine parameter
along a congruence of null geodesics generated by k (so
that k = 0,), the whole manifold is foliated in such a way
that k is everywhere tangent (and normal) to hypersurfaces
u = const, and at any fixed u and r, the two spatial
coordinates x¥ = (x%,x*) span the transverse two-dimen-
sional Riemannian manifold with the metric g; j.l Note that
the nontrivial components of an inverse metric are g¢”
(inverse of g;)), " = g7g,j, ¢ = =1 and g = —g,, +
9" 9uiguj (so that g,; = g;;" and g, = =g + guig").

By construction, the metric (1) is nontwisting with a
nonzero shear ¢ and expansion ®. The requirement that the
congruence generated by Kk is shear-free implies the
condition

G 0, where Gl} = gij.r - 2@911, (2)

ij =
which can be readily integrated to

gij = o*(r, u,xk)h,»j(u,xk), where ¢, = ©¢, (3)
that is ¢ = exp( [ O(r, u,x*)dr). Moreover, since any two-
dimensional spatial metric is conformally flat, without loss
of generality, we can assume h;; = §;;, if such a choice of
gauge is convenient.

J°

III. NULL TETRAD AND CORRESPONDING
WEYL SCALARS

To evaluate the Weyl scalars determining the algebraic
structure of the spacetime, it is necessary to set up a
normalized reference frame. In our notation, this consists of
two future oriented null vectors, k and I, and two
perpendicular real spacelike vectors m; [standing for
m ;) and m3)], which satisfy the normalization conditions

k-l=-1,
k-k=0=1-1,

lThroughout this paper, the indices i, j, k, [ label the spatial
directions and range from 2 to 3.

064043-2



ALGEBRAIC CLASSIFICATION OF ROBINSON-TRAUTMAN ...

It is most convenient to identify the vector k with the
geometrically privileged null vector field k = 0,, which
generates the nontwisting, shear-free, and affinely para-
metrized geodesic congruence of the spacetime (1). The
conditions (4) are then satisfied by the natural choice of the
null frame”

k=9, I= —%g”d, +0,—g"0, mg = mgi)a,»,

(5)
where the coefficients mfi) are normalized as
gijmék)m{[) =6y, ie., m’('k)m(k)j = g'.

Our aim is to calculate the components of the Weyl
tensor in the frame (5) and discuss its algebraic properties.
We define real Weyl scalars with respect to the frame
{k, l,m(z),m(3>} by3

Wi = Cabcdk“mé’i)k"m‘(lj),

Wy = CopegkPkem,

\1125 - Cabcdkalblckd,
\Ijzij = Cabcdkalbmfi)m?j)’
\Ij3i = Cabcdl“kblcmﬁ.),
\1141_/ = Cabcdlam?i)lcm(dj), (6)

where the indices i, j =2, 3 again correspond to two
transverse spatial directions. The symmetries of the Weyl
tensor Cubcd imply that \I/()ij = \Iloji, ‘I’zij = —\Ilzji,
W, = Wy, and that these 2 x 2 matrices are trace free.
We thus have two independent components of each boost
weight, namely W2 = —Wqn and Wps, W2 and s, Wy
and \11223, \1132 and \1/33, \11422 = —\11433 and \1’423.

In fact, these scalars defined by (6) are simply related to
ten real components of the classic five complex Newman-
Penrose scalars

Uy = Cupeak®mPkem?,
U, = Cupeak®lPkm?,
Uy = Cpegk®mPmcle,
Uy = Copeql®kl1cm,

\114 - Cabcdlaﬁ’lblcﬁ’ld, (7

2An  alternative choic¢ used, eg., in [21] is k=29,
I =190, + 0, m(;) = m(;0; + M;) Gui0r, fr0m~which tPe null
frame (5) is obtained by a null rotation k=k, =1+
\/Ele(i> =+ ‘lek, ’;l(l) = m(1> =+ \/ELik, with Li :_%mzi)gm'
(and dropping the tildes).

*Due to the symmetries of C,.4, all other projections onto the
frame vectors can be expressed in terms of (6).
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in the complex null tetrad {k,l,m,m}. Indeed, with the
natural identification

1 ( i ) Z ( im), (8)
m= mepy —ims)), m= my) +im3)),
V2 @) ®3) NG ) ®3)

we immediately obtain the relations

\Ijo — \1[022 - i‘IIOZS,

1
\Ill - \/_E(\IIIZ - i\I’IS),
1 .
\Ilz = —E(\IIZS + I\IIZZS),
1
\113 — 75(\]?32 + i\Ij33),
Uy = Uy +1P 0. (9)

IV. WEYL SCALARS FOR GENERIC
ROBINSON-TRAUTMAN GEOMETRIES

Now the main point is to explicitly express the key Weyl
scalars in the null frame (5) using their definition (6). The
Weyl tensor coordinate components for a completely
general four-dimensional Robinson-Trautman metric (1)
are summarized in Egs. (A1)-(A10) of Appendix A.
Straightforward but lengthy calculation of the respective
projections leads to the following Weyl scalars:

\Ijoij == 0, (10)
1 i
\Illi = EmmN,-, (11)
1
Wys =15, (12)
3
\I/zij == m’mm(])FU, (13)
1 i
\Ij3i = zm(i)V,-, (14)
- 1
\IJ4ij - m(l)m<j) WU - EQUW ) (15)
where
1
N; = _EGui,r+®,i’ (16)
15 1 1 ij ri
SZE R+5Guur+§g GmHj—’_zg Ni_2®,u7 (17)
Fij = Gu[i,j]v (18)
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Vi = LS Rgw L Men G = L 7GsGy + 2 G — G
i — E Gui T Eg €Uy — Eg uil|j +yg ujl|i + E uiu E uu,i
1 . 1
+§g]k(gij,u = 9uill}) Gk = 9 (Gfiali) + Guieiy) + EgrrNiv (19)

1 1
Wi
1

"7

1 1

1
= 5 uullij = 5 Gijaw T Gutiallj) EeijGuu + 5 90 (G jyu + 5 9uu G uil))

2 2

rk G-G-—l g 1SR =" G —i—lGG
9 9uk O uiGyj 2gulgu] g ukl||l uk™ul

2

+g!! [Gui (Gxjull) + Gule i) T Guj Gifiall) + Gulreif1)]

1
_gkleleu(igj)u + gleukel(igj)u - EgrkGukGu(igj)u

1
+gk1EkiElj - grkEk(iGj)u - Egrk(gu(z’Gj)qu + GukH(igj)u)’ (20)

and the contraction W is defined as W = ¢g"/W;;. Here, we
have introduced convenient functions

Gui = gui,r - 2®gui’ (21)
Guu = Guu,r — 2®guw (22)

and auxiliary tensor quantities on the transverse Rieman-
nian 2-space (see [21])

1
Eij = Guij + 5 Jijaws
gui,ullj = gui,uj - guk,usri‘(j’
(23)

1
€ij = Gu(ilj) — zgij,uv

_ STk
Guillj = Guij — Gui 15

etc. Covariant derivative with respect to g;; is denoted by
the symbol . Of course, g,j; j = Gu[ij;)- The symbol SR is
the Ricci scalar for the metric g;; of the transverse
Riemannian 2-space.

The key functions (16)—(20) simplify enormously when
the off diagonal coefficients g,; of the metric (1) vanish,
that is

ds? = g;;(r, u, x*)dx’dx’/ — 2dudr + g, (r, u, x*)du?.

Indeed, in such a case

Gui = 0= Gui =0, gri =0,

so that
Nl = ®,iv (26)
S—15R+lG 20 (27)
- 2 2 uu,r Ju2

1 M 1
V= _EGou' — 97 Gjliullk] — EguuNiv (29)
1 1 1 1,
Wij = _Eguullij - Egij,uu + Zgij,uGuu + Zg YGikuYjlu-
(30)

Notice that W,; = 0 due to (28), which indicates that the
case (25) is a specific algebraically distinct subcase of the
Robinson-Trautman geometry.

Let us also recall that it is always possible to
assume

9ij = Qz(ra”’xk)fsij, (31)

see (3), in which case the normalized spacelike vectors m;

have simple components m’(i) =07 !6f and expressions

(11)—(15) reduce to

1
\Ijli = —Q_lNl',

3 \Ilzij = Q_zFi

(32)

1
Wzszgsy j

1 1
5Q‘IV,-, U, =072 <Wij - EgijW)- (33)

‘1’31‘ ==

Finally, it can be seen from the definitions (21) and (22)
that—once the functions G,; and G,, are determined—
the metric coefficients g,; and g,, can be immediately
obtained by integration using the relation ¢ , = ®g, see (3),
namely

9ui = @ / ¢7?G,dr, and g, = ¢’ / 072G dr.

(34)
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V. DETERMINING THE ALGEBRAIC TYPES
AND PRINCIPAL NULL DIRECTIONS (PNDS)

Let us emphasize that the results (10)—(15) with (16)—
(20) are valid for all Robinson-Trautman geometries (and
Kundt geometries as well, by setting ® = 0), without any
restriction imposed by specific field equations and/or
matter content of the spacetime. This enables us to
explicitly determine the algebraic type of an arbitrary
spacetime of the form (1), (3), and to find the corresponding
principal null directions (together with their multiplicity).

First, we immediately observe from (10) that W,; = 0.
This means that the optically privileged null vector field
k = 0, is always a principal null direction of the Weyl
tensor, and the algebraic structure is obviously of type I
with respect to the null frame (5).

The next question then arises: What is the explicit
condition for the Robinson-Trautman geometry to be of
type 11, i.e., algebraically special, and what is the corre-
sponding double PND? It is well-known (see, e.g.,
Secs. 4.2, 4.3, 9.3 in [5] or the explicit algorithm in
[22]) that such a condition reads I° = 27J2, in terms of
scalar polynomial invariants constructed from the complex
Newman-Penrose scalars ¥, as

U, U, U,
[=U,0, — 40,0, + 302, J=|T, T, Ul
U, U; U,

(35)

For any Robinson-Trautman geometry, Wy =0 = ¥, =0.
The invariants (35) thus reduce to

123\115—4\1/]‘1’3, J:\I[l(ijz\yg—\ljl\lj4)—\ljg,

(36)
so that the condition I? = 27J? explicitly reads
V227(W202 — 40, U, U, U, + 203 0,)

+ 640, W3 — 360202] = 0. (37)

The Robinson-Trautman spacetime is algebraically special
(admits a double PND) if, and only if, the condition (37)
is satisfied. There are two distinct possibilities, namely,
Uy =0and ¥; #0

(1) In the case ¥ = 0, the optically privileged vector
field k = 0, is (at least) a double PND of the Weyl
tensor, and its algebraic structure is of type II with
respect to the null frame (5).

(i1) In the peculiar case W, # 0, the optically privileged
null vector field k = 9, is not a double principal null
direction (it remains a nondegenerate PND), and
there exists another double PND in the spacetime
provided the expression in the square bracket of (37)
vanishes.
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In the following sections, we will systematically analyze
both these cases separately. We will also discuss the
conditions for the geometry to be of algebraic type III,
N, O, and D.

Moreover, we will explicitly determine the correspond-
ing four (possibly multiple) principal null directions. Recall
(cf. [5,6]) that any PND k’ can be obtained by performing a
null rotation of the frame (5), (8) with a fixed null vector [,
that is
k' =k + Km + Km + KKI,

Il!'=1, m'=m-+KlI,

(38)

where the parameter K is a root of the equation
U, K* + 4U5K3 + 6U,K? + 4V, K + ¥, = 0. This always
has four complex solutions, each corresponding to one
of the four PNDs. Of course, for a degenerate root K,
we obtain a multiple PND k' given by (38). Since we
employ the frame (5) in which ¥y,=0 for any
Robinson-Trautman geometry, this quartic equation
reduces to

K(\I’4K3 + 4\II3K2 + 6\1’21( + 4\:[/1) = 0, (39)

with an obvious root K =0 corresponding to the
optically privileged PND k' =k =k = 9,.

VI. MULTIPLE PND k =0, AND ALGEBRAICALLY
SPECIAL SUBTYPES

We will first analyze the most important case ¥ = 0, for
which the key equation (39) reads

Since K = 0 is its double root, the optically privileged null
vector field k = 9, is (at least) a double PND of the Weyl
tensor, and the corresponding Robinson-Trautman space-
time is of type II (or more special). In view of (9), (11), such
a situation occurs if, and only if,

¥,=0 <& N;=0, (41)
for both i =2 and i = 3 [because the spatial vectors m;

are independent]. Using (16), this condition is equivalent to
Gy, = 20 . It can be integrated to

G, =fi, where fi(r,u,x) = 2/®,idr+qo,~(u,x),
(42)

in which ¢; is any function independent of 7. Consequently,

Gui = 0 / o2 fdr. (43)
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Moreover, applying the condition N; =0 and (42),
the functions (17)—(20) determining the remaining Weyl
scalars (12)—(15) simplify to

1 1 1 ..
S =5 R+3 G + 58 f i1 = 20, (44)
Fij = Tij» #3)

1 1 1 .
Vi= ESRgui +§gkleklfi —59 Tfin
+97f +1f g
g Jjlli ) iu ) uu,i
1 .
+§gjk(gij,u = Guin )k = 9 Gy + Guee)» (46)

1 1 1
Wij = _Eguullij - Egij,uu + Gu(iullj) — EeijGuu

1 1
+ Eguu,(ifj) + Eguuf(illj)

4
+ 09 (Gigjan) + Gupene) + Guj(Giiany) + Guipie)]

1 1 1
+= 9" gufif; — > Juiluj [SR - g <fk||l + Efkfl>:|

1
_gkleklf(igj)u + gklfkel(igj)u - Egrkfkf(igj)u

1
+EGE; — 9 Ewif ) — Egrk(gu(ifj)nk + fui9iu)-
(47)

A. Type II subtypes with a double PND k

The Robinson-Trautman spacetimes (1), (3) satisfying
the condition (42) are of type II with (at least) a double
PND k = 0,. In addition to ¥; = 0, they may admit the
following particular algebraic subtypes of the Weyl tensor

(i) subtype 1(a) & Uy =0 < S =0 < the metric

function g, satisfies the relation

Guu.r = _SR - gl]le/ + 4®,u' (48)

This determines the specific dependence of

G,.(r, u, x) on the coordinate r, which is the affine

parameter along the optically privileged null con-

gruence generated by k, and subsequently, also the r

dependence of g,, via the second equation of (34).
(ii) subtype 1I(d) < Wy =0 & F;; = O:

Siij)=0. (49)

Introducing ¢ = f;dx’ in the transverse two-
dimensional Riemannian space, this condition says
that ¢ is closed (d¢p = 0). By the Poincaré lemma,
on any contractible domain there exists a function F

PHYSICAL REVIEW D 94, 064043 (2016)

such that ¢ = dF, thatis f; = F ;. In a general case,
such F exists only locally.

In general, there are two additional (distinct) principal
null directions k' given by (38). The corresponding two
parameters K are solutions of the quadratic equation
U, K? + 4U5K + 6W, = 0, which follows from (40), that
is explicitly

V3

K=+ 4<%>2—6—2. (50)

The special case ¥, = 0 will be discussed in Secs. VIE
and VIFE.

B. Type III with a triple PND k
The Robinson-Trautman spacetime is of algebraic type
1T with respect to the triple PND k = 9, if both indepen-
dent conditions (48) and (49) are satisfied simultaneously.
Indeed, in such a case, the boost-weight zero Weyl tensor
component W, vanishes, see (9), and Eq. (40) reduces to

Thus, K = 0 is a triple root, so that the optically privileged
null vector field k = 9, is a triply degenerate principal null
direction of the Weyl tensor.

There is just one additional PND k" determined by (38)
with the parameter K given by

Vs

K=-4-2 52
\114’ ( )

which is the fourth root of the complex Eq. (51). Again, the
special case W, = 0 is left to Sec. VIE. The Weyl scalars
W5, U, entering the above expressions are explicitly
determined by Egs. (9), (14), (15), in which the structural
functions V; and W,;; take the form (46) and (47),

respectively, with the two constraints (48), (49).

C. Type N with a quadruple PND k

It immediately follows from (51) that the geometrically
privileged PND k = 9, becomes quadruply degenerate if,
and only if, W3 = 0 (so that K = 0 becomes a quadruple
root). In view of (9), (14), this is equivalent to

\I/3i =0 < V= 0, (53)

for both i = 2 and i = 3. Using (46) simplified by (49), this
condition takes the explicit form
Guu,i = SRgui + gr]fl”/ + gkleklfi + fi,u
+0™(9iju = Guinj)F e = 29" (ki) + Gupein)-
(54)
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This is a specific constraint on the spatial derivatives of the
function G,,, and thus g,,,.

In such a case, the only remaining Weyl tensor compo-
nents form a symmetric and traceless 2 x 2 matrix
Wy = méi)mfﬁ(W,-j - %g,»jW), see (15), equivalent to the
complex Newman-Penrose scalar ¥, = W 2 + iU, 2. The
structural functions W;; for such type N geometries are
explicitly given by (47). They directly encode the ampli-
tudes W,i; of the corresponding gravitational waves.

D. Type O geometries

The Weyl tensor vanishes completely if, and only if, all
the above conditions are satisfied and, in addition, ¥, = 0,
equivalent to W,; = 0. This clearly occurs when

1
Wij = Egiij (55)

with W = ¢g"W,;, which is a specific restriction on the

functions W;; of (47).

E. Type III; with a triple PND k and a PND [/

Let us now investigate the special case ¥, = 0 forbidden
in expression (50), and for which (40) reduces just to a
cubic equation. It can immediately be seen from the
definitions (6) that Wy; <> W,y and Wy <> W4 under the
swap k <> [ of the null vectors. Consequently, the condition
W, = 0 means that the null vector I defined in (5) is a PND.
Instead of (38) with (52), that formally diverges in this case,
the single separate PND is now given by

1 ,
K =1=—2g"0,+0,~¢" (56)
in addition to the triply degenerate PND k = 0,.

F. Type D with a double PND k and a double PND /

In the highly degenerate case when ¥, = 0 = U5 and
Wy = 0 = WUy, both the null vectors of the frame (5), that is
k=k=0, and Il=-3¢"0,+09,— g0, are doubly
degenerate principal null directions. Such a situation
occurs if, and only if,

Vi =0 and W” = W, (57)

1
Egij
where the functions V; and W;; are given by (46) and (47).
The only remaining components of the Weyl tensor are
thus W,¢ and W,; (of boost-weight zero). If one of them
vanishes, we obtain the algebraic subtypes D(a) and D(d),
respectively, see the conditions (48) and (49).

The explicit conditions (57) look rather complicated to
enable a complete integration of the metric functions in the
most general case. However, there is a considerable
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simplification for the Robinson-Trautman geometries with
gui = 0, given by the metric (24). As can be seen from
expressions (25) and (27)—(30), all such type D spacetimes
are determined by the conditions

G = _29jkgj[i.u||k]a (58)

1 1
Guul|ij + Yijuu — EgijVuGuu - Egm”gim.ugjn,u

1 1 1
= Egijgkl (guu"kl + Gkt — Egkl,uGuu - Egmngkm,ugln,u> .

(59)

F;j =0 due to f; =0 in this case, see (28) and (45);
therefore, such geometries are always of subtype D(d) since
(49) is automatically satisfied, with the only remaining
Weyl component

1 1
\112:—*

Uyg=—-——0CR+G,,, —
D) 28 12( + uu,r

40,). (60)

For g;; = ¢*(r,u,x*)5;;, the conditions (58), (59) for
algebraic type D further simplify to

(Guu - (IOg Qz).u),i = O’ (61)

Guu||23 = 0= Guu||32» Guu||22 = Guu||33- (62)

G. Type D with a double PND k
and a double PND k' #1

Finally, the special case ¥; = 0, ¥, # 0 of Eq. (40) can
take the form

K>V, (K —a)> =0, (63)

when the quadratic expression W, K> + 4U;K + 6W, is
U, (K — a)? with a double root K = a. This happens if, and
only if, the discriminant vanishes, i.e.,

30, W, = 202, (64)

It represents type D geometries with a doubly degenerate
PND k =4, [corresponding to the root K*> = 0] and
another doubly degenerate PND k' [corresponding to the
root (K — a)? = 0] given by (38) with

K=-223. (65)

VII. EXCEPTIONAL TYPE II CASES WHEN k =0,
IS A SINGLE PND

In this section, we will analyze the peculiar case of
algebraically special Robinson-Trautman geometries for
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which the optically privileged null vector field k = 0,
remains a single (nondegenerate) PND while there is
another null direction which is doubly or possibly triply
degenerate PND of the Weyl tensor. As shown in Sec. V,
such a situation occurs if, and only if, ¥; # 0 and

27(V2W2 — 4T, U, Uy 0, + 2030,
+ 640,03 — 360202 = 0. (66)

According to the value of W,, we distinguish two cases:

A. Case ¥, =0: The vector / is a PND

In the case when W, =0, the null vector field
= —%g”()r + 0, — g"0; is a principal null direction (in
addition to the single PND k = 0,), see Sec. VIE. The
condition (66) for the algebraically special spacetime (i.e.,
type II admitting a degenerate PND) simplifies substan-
tially to

9WIV: = 160, 3. (67)
There are now three possible subcases of such geometries:

1. Subcase ¥3 # 0 with a single PND 1

In such a case, the principal null directions k = 0, and [
given by (56) are both single, so that the remaining distinct
PND must be a doubly degenerate. Indeed, the key
equation (39) reduces to

2U,K? + 30,K + 20, = 0. (68)

The discriminant 9W3 — 16W, 5 of this quadratic equation
vanishes due to (67), so that there is a double root

K=-22 (69)

uniquely determining the additional double PND K’
via (38).

2. Subcase ¥3=0, ¥, # 0 with a double PND 1

Clearly, the vector field I given by (56) is now a doubly
degenerate PND, and the key equation (68) reduces to
3W,K +2W, = 0. The additional single PND k’ is thus
determined by (38) with

20,

K=-=1
30,

(70)

3. Subcase ¥3=0, ¥, =0 with a triple PND [ (type III)

The only nonvanishing Weyl scalar is W;. This means
that the optically privileged null vector field k =0, is a
single (nondegenerate) PND while the null vector field

PHYSICAL REVIEW D 94, 064043 (2016)

l=- % g0, + 9, — g"'0; is triply degenerate principal null
direction of the Weyl tensor.

B. Case ¥, # 0: The vector / is not a PND

This seems to be the most peculiar situation. Although
the condition (66) is now very complicated when we
explicitly substitute the structural functions (16)—(20) using
(9) and (11)—(15), it is still possible to determine the
corresponding multiple PND, distinct from k = d,.

Indeed, the fundamental quartic equation (39) whose
three roots K # 0 determine the remaining three PNDs
must have the following factorized form:

KU, (K — a)*(K — b) = 0. (71)

By comparing the coefficients of different powers of K in
(39) and (71), we obtain three conditions

20+ b =A, a* +2ab = B, a’b=C, (72)
where
s v, v,
A=-4-3 B=6-2, C=-4-1. (73
U, v, 7, 7

The first two conditions imply b = A —2a and thus
3a? —2Aa + B = 0, so that

1
a=3(A£ VA -3B).

1
b=3(AF2VA-3B).

(74)

Straightforward calculation now shows that the third
condition of (72) is automatically satisfied provided the
relation (66) is applied, selecting just one of the possible
signs (upper or lower) in (74). For example, when A > 0,
B = 0 the first relation (74) reduces to a = 1 (A & A). This
excludes the lower sign because with a = 0 the condition
a?b = C # 0 of (72) can not be satisfied.

We also assume b # 0 since the case b =0 of (71),
implying C = 0 < ¥, = 0, represents type D Robinson-
Trautman geometries discussed in Sec. VIG. Notice that
for U, = 0 the condition (66) reduces to 3¥, ¥, = 2V3 <
A? = 4B, which is exactly the condition (64).

1. Subcase a # b with a double PND k' # 1 (type II)

In such a case, we have a specific unique solution for the
principal null directions: there is a doubly degenerate PND
k' #1 given by K =a #0, and a different single PND
given by K = b # 0. These are both distinct from the
optically privileged single PND k = 9, (and also distinct
from I = —1¢70, + 0, — g"0)).
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2. Subcase a=b with a triple PND k' # 1 (type III)

In the special case a =b & A2 =3B +# 0, the funda-
mental quartic equation (71) takes the form

KU,(K —a)’ =0. (75)

Clearly, there is the optically privileged single PND k = 0,
and a triply degenerate PND k' # 1 given by K = a = %A,
that is

44

K=—-—3.
37,

(76)

Such type III geometries occur if, and only if, A> = 3B
which is equivalent to

8\115 - 9\:[}2\114, (77)

with W,, U5, U,, U, all nonvanishing.

VIII. THE KUNDT GEOMETRIES

We would like to emphasize at this point that all the
conditions and expressions for specific algebraic types of
the Weyl tensor presented in previous Secs. [V-VII are also
valid for the Kundt geometries with vanishing expansion of
the nontwisting, shear-free null vector field k = d,: it just
suffices to set ® = 0. In view of (2), (21), (22) this
immediately implies

Gij = Gijor = 0, (78)
Gui = Guirs (79)
Guu = guu.w (80)

and, without loss of generality, (3)
gij(”’xk> = Qz(u,xk)@j-

simplifies to

IX. APPLICATION OF OUR RESULTS ON
EXPLICIT EXAMPLES

We will now illustrate the usefulness of these general
results concerning algebraic classification of Robinson-
Trautman geometries on several interesting classes of such
spacetimes.

A. Algebraically special spacetimes in Einstein’s
general relativity

Algebraically special spacetimes of the Robinson-
Trautman class in Einstein’s theory of gravity have
been extensively studied for decades since their introduc-
tion in the original papers [1,2]. These classic results are
summarized—and specific references are given—in the

PHYSICAL REVIEW D 94, 064043 (2016)

monographs [5,6], namely in Chaps. 28 and 19, respec-
tively (see also [8—10,21] for more recent results).

They include vacuum spacetimes, possibly with any
value of the cosmological constant A, aligned electromag-
netic field, or pure radiation field (null fluid). Indeed, the
Goldberg—Sachs theorem and its generalizations guarantee
that all such Robinson-Trautman geometries must be
algebraically special, with the optically privileged null
vector field k = 0, (at least) doubly degenerate PND, that
is the case ¥; = 0 described in Sec. VI. The corresponding
metrics can always be written in the form

ds? = g;;(r, u, x*)dx'dx’/ — 2dudr + g,,,(r, u, x*)du?,
(81)

which is the line element (1) with g,; = 0, i.e., (24). In such
a case, the key functions determining the algebraic structure
of the spacetimes take simple explicit forms

N;=0,;=0, (52
s=isr+lc,, -2 )
= 2 D) uu,r »u?
Fi; =0, (&
1 jk
Vi = =3 Guwi = 9" 9jtim (%)
1 1 1 !
Wij = _EguuHi.f - Egij,uu + Zgij,uGuu + nglgik,ugﬂ’”’
(86)

see (26)—(30). Let us also recall relation (31), namely that it
is always possible to assume

gij = Qz(}’, ”vxk)éijv (87)

in which case, using (23) with the Christoffel symbols ST",
for the spatial metric (87),

gjkgj[i,unk] = —(log Q),ui’ (88)
and g,,;; in (86) can also easily be evaluated, yielding
Guu||22 = Guu22 — guu,Z(log Q).Z + Yuu 3 (IOg Q).fi’ (89)
Guu||33 = Guu33 + Guu2 (log Q),Z ~ Guuj3 (10g Q).S’ (90)

guu||23 = Guu23 — guu,Z(log Q),3 ~ Juu3 (IOg Q),Z = guu||32-
(91)

Moreover, the vectors m(; have simple components
mﬁ.) = 07!6%, so that the null frame (5) is
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1
k=o9, I = Eguuar + 0. mg = Q_lai' (92)
In this frame, the only nonvanishing Weyl scalars [see
expressions (11)—(15)] are

1
\IJZS - §S’ (93)
1 -1
Uiy = EQ Vi, (94)
-2 1 kl
\I/4ij = Q W” —_ 55,15 Wkl . (95)

Since Wij = _%guuuij + théij[(g_l (02),14)2 - Z(QZ),MM +
(0?) 4G, we clearly have

1

1
Uy = EQ_Z(sz - Ws3) = Zg_z(guu||33 ~ Guu2).  (96)

1
Uy = 0 2Wyy = _Eg_zguu||23‘ (97)

Recall that \11433 = —\11422 and \11423 = \11432.

1. Spacetimes of the Ricci type 1

Almost all algebraically special Robinson-Trautman
spacetimes studied in general relativity so far have had a
special form of the energy-momentum tensor 7', such that
in the null frame its highest boost weight vanishes—
namely, that it satisfies the condition

T kkb =T, = 0. (98)

Due to Einstein’s equations and the fact that g, = 0, this
immediately implies R,, = R,,k?k” = 0, i.e., the space-
times are of aligned Ricci type I. Since R, =
—2(0, + ©?), this puts a constraint ® , = —©? on the
expansion function which can readily be integrated as
O = (r+w(u,x'))~". Since ®; = 0, see (82), the integra-
tion function y must be independent of the spatial coor-
dinates x’. However, any such function y () can be removed
by the gauge transformation r — r — y/(u) of the metric (81).
Without loss of generality, we thus obtain, using (3),

0= o o=—" (99)
or ¢= P(u,x')’
and the key Weyl scalars (93)—(97) reduce to
1
\IJZS = 8 (Guu,r + SR)’ (100)
P
\I/3i = _E (Guu,i + 2(10g Q).ui)’ (101)

PHYSICAL REVIEW D 94, 064043 (2016)

P2
Uy = 42 (guu||33 - guu||22)’ (102)
P2
Uy = _ﬁguullﬂ (103)

For an important large class of Robinson-Trautman
(electro)vacuum spacetimes with A, the metric coefficient
guu takes the explicit form

2 2 A
G = —IC—|—2r(1ogP)u—|——m—1<|2Q—|2—|——r2
"y r

3 (104)

[see expressions (28.8), (28.37), (28.78) in [5], or [8,9] ].
Here

SR
KEAlogP:7r2 (105)
is the Gaussian curvature of the transverse 2-space with the
metric g;; = (r*/P?)5;;, and A is the corresponding
Laplace operator (in fact, SR = Rr~2, where R is the
Ricci scalar calculated with respect to the r-independent
part of the spatial metric g;;, that is P25, ;). The parameter
m represents the mass while Q typically represents the

charge. In view of (22), the function G,, = g,,, —
(2/r)g,, is thus

2K 6m |0)?

Gy = —2(logP), +———+ 2Kk —- (106)
‘ roor r

Putting this into expressions (100), (101), and relations
(89)-(91) where now (logg); = —(logP); into (102),
(103), we finally obtain

2m 0
‘Ifzsz—3—:<¥, (107)
T r
P (K 3m |0|?
\1131—;(7—7—’—1('7 ’i, (108)
2
\1’422 = m ((guu,33 - guu.22) - zguu.2(log P),2
+ 2guu,3 (10g P),3)’ (109)
2
\11423 = W (guu,23 + guu,2<10g P),3 + Guu3 (10g P),Z)’

(110)

where g, is given by (104).
In literature it has been a common approach to use a
complex notation for the two transverse spatial coordinates

x¥, namely
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1, .5 1 .

= —(x+1x’), sothatd, =——=(0, —103). 111
The metric (81) thus becomes

r? -
ds? = ZFdCdC — 2dudr

om QP A
- 2r(log P k=L 2| du?
K +2r(logP) , + . 1<2r2+3r du?,

(112)

with P?(u, ¢, ). The only nonvanishing Weyl scalars in the
complex null frame (8), (92), that is

1 P
l:_guuar+au7 m:7a§’

- 5 (113)

are immediately obtained using (9) and (107)—(110) as

Vo =—5+Kro 5. (114)
P 3P kP

W, ——plc’f-i-ﬁmqg—ﬂ(‘QP)j, (115)
1 2

v, =- 2,2 (P guu,c) g

1
= W(PZICE) ¢ ( (logp)ﬁué‘)
1 K
S Pmp S0P )z (1)

These Newman-Penrose scalars are in full agreement with
expressions (28.10) and (28.38) in [5].

2. Spacetimes of a general Ricci type: Scalar field

Recently, an interesting Robinson-Trautman solution
with minimally coupled free scalar field ¢p was found
and studied in [11]. It satisfies the Einstein equations
Rab - %Rgab = Tab where Tab = ¢,a¢,b - %gab96d¢,c¢,d
(or, equivalently, R, = ¢ ,¢ ), and [lgp = 0. The explicit

metric is
2U2 C?
ds? ="~ e (dx? + dy?) — 2dudr
(x.y)
“1du? 117
[ w0 Gl g (117)
with
U(u) = yexp(@*u® + nu), (118)
Alog p =k, Ak = 4C*w?, (119)
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1 rU—-C
0 = stog (2 C)

where C, y, w, n are positive constants. For C = 0, the
scalar field vanishes, ¢ =0, and vacuum spacetime is
recovered by solving the standard Robinson-Trautman field
equation AAlog p = 0 (with m = 0, see [5,6]). Notice also
that ¢ — 0 as u — oo.

In fact, we now rewrite this solution using the gauge
transformation

(120)

u=F(a), r:L, where
F;
F;=VU = a(u) ! ex o’ u? du
- = — —— ——u N
i N7 B S

(121)
after which the metric (117) takes an alternative form

72— Cry-!

ds? = ———
p(x.y)

(dx? + dy?) — 2dad7F — k(x, y)dii?

(122)

This looks simpler, however at the expense of a more
complicated form of the function U(&) which is obtained
by substituting the transcendent function u (i) from (121)
into (118).

Now, it is obvious from (120) that

2C*U?

R, kk" = R =———557#0,

ab (r2U2 _ C2)2 #

(123)

so that the highest boost weight of the scalar field energy-
momentum tensor 7, is nonvanishing, and consequently,
the corresponding Robinson-Trautman spacetime is of a
general Ricci type.

Comparing (117) with (81), (87) we infer

22U — 2
Up*(x.y)’
k(x,y) U,
—_——r—.
U U

Q*(r.u.x.y) =

Guu (1 1%, y) = = (124)

The corresponding scalar

1(0%)./¢* is thus

expansion ®=¢,/0=

rU? 2C*rUU
= = 0,=0, 0,=-—""7
}"2U2 _ C2 ) ) (rzUz _ C2)2

(125)
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and since ¥, =107'N, =107'@, =0, the spacetime is
(at least) of Weyl type II.

Notice also that for C =0, we obtain ® = 1/r and
recover the vacuum case (99), and the same behavior is
obtained for a general C as r — o0. Due to (22),

2krU
r2U2 _ C2 .

U+ C2U
Guu:r2 2+ 2_,u+
r-u--Cc- U

(126)

Evaluating G,,, ,, G, ;, using expressions (83)—(97) where

(loge) ,; =0, (loge); = —(log p) ;» gij.u = (€*) ,6;;» and
the identity

2kU
R=—rra (127)
we obtain
2 rU,—k
\IIZS:§C2U<I'2U2’7—CQ)27 (128)
rU3/2p
Ty == 2(rPU* — C2)32 ki (129)
p?
Wy = PO (ka2 —k33)
+ 2k (log p) 5 — 2k 5(log p) 3). (130)
p?
Ups = 2P =) (ko3 + ka(logp) 5+ k3(logp) 5).

(131)

The corresponding Newman-Penrose scalars (9) are

1 k—rU
U, == CU 52, 132
23T (Pt -y (132)
rU3/2p
Yy = =5 oagr — cnke (133)
1 2
\114 = 2(}’2(]2 _ C2) (p kg)g (134)

They agree with [11] with identification { = \/%(x +iy)
and ¥, < —U,, U3 « -0, ¥, < -, due to different
choice of the null vectors and the sign convention of the
Weyl tensor.”

These Weyl scalars can be used for explicit discussion of
the possible algebraic types of the Robinson-Trautman
spacetimes with free scalar field (117)—(120). Clearly, the

“There are typos in Eq. (5.2) of [11], namely missing factors P
and 2 in ¥, and a missing factor 1/4 in V.
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optically privileged vector field k = 9, is a double PND of
the Weyl tensor. Such type II spacetimes are fully classified
in Sec. VI. For C # 0, however, ¥, =0 & k=0=1U,.
From (119), (118) it then follows that @*> = 0 = U(u) =
yexp(nu), and U, = 0 requires yn = 0 which does not
allow any nontrivial form U(u). Therefore, there are no
type III, N, or O solutions of the form (117)—(120), i.e., such
spacetimes are of genuine type II or D.

The spacetimes are of type D if, and only if,
30,0, = 2\1%, see (64). Using (132)-(134), this reads
C*(k—rU ,)(p*kz) z = r*U*p*(kz)*. The coefficients of
all powers of r must vanish, so that necessarily k ; = 0.
Consequently, the spacetimes are of type D < k = const,
i.e., the transverse 2-space has a constant Gaussian
curvature. The only nonvanishing Weyl scalar is

b, k—-rU,
v, = 3 C U(}’ZU2 —o (135)
and the two double degenerate PNDs are k =o,,
l=-3(k+rU,)/Ud, +d,. Using the gauge (121), such
type D metrics can be rewritten in the form (122) with
constant k. It is a warped-product spacetime, somewhat
resembling direct-product (Kundt) type D electrovacuum
spacetimes of Plebafiski and Hacyan [23], see [6].

Notice finally that by setting C = 0, we recover (special)
vacuum Robinson-Trautman spacetime, with the only
nonvanishing Weyl scalars (133), (134)

p 1

V= pprte MiToap

(pzk’z),g. (136)
With the gauge transformation (121), implying r = 7/v/U,
the line element (122) now reads

=2
ds? = % (dx? + dy?) — 2didF — kdi®.  (137)

This is the metric (112) for the case P(x,y), m =0 = Q,
A =0 if we identify 7/p = r/P, so that p = P\/U and
k = IC. Substituting these relations into (136), we obtain

P

Uy =—
TP

1
N — 21 1) .
Ke, v, = F(P Ke)e (138)
which are exactly the relations (115), (116) after dropping
the bar over r. Such vacuum spacetimes are clearly of type

III, N, or O.

B. Algebraically general spacetimes in Einstein’s
general relativity

To our knowledge, an exact Robinson-Trautman-type
solution of Einstein’s field equations of genuine type I is not
known. The authors would be grateful if anybody brings
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our attention to an explicit example of such an interesting
four-dimensional spacetime.

C. Black holes in the Einstein-Weyl gravity

As the last example of nontrivial Robinson-Trautman
geometries, we will now investigate a remarkable class of
static, spherically symmetric solutions representing black
holes in the pure Einstein-Weyl gravity, presented last year
in [13,14]. It was demonstrated by numerical methods that
such a class contains further black hole solutions over and
above the Schwarzschild solution.

The action of the Einstein-Weyl gravity contains an
additional quadratic curvature term, namely [ = [(R -
aCapegC?)/=gd*x, where a is a constant. The corre-
sponding field equations are then Rab—%Rgab:4aBab,
where B, = (V°V? +1R)C,.pq is the trace-free Bach
tensor. The static, spherically symmetric ansatz of [13]
reads
d—?z + 72(d6? + sin’0d¢?)
f(7) ’
where the spatial part can be written, using the standard
stereographic representation

ds? = —h(F)de> + (139)

0
2 4ixd =20 = Ztaniexp(iqﬁ),
5,~jdxidxj

as dO? + sinZ@dgp? = —L— — |
/ (1+ 41‘;5k1xkxl)2

(140)

This is equivalent to a special case of the Robinson-
Trautman metric (81), (87) by performing the coordinate
transformation

F=p(r), (141)
t:u—/ ar (142)
Guu ()
see [24]. Indeed, the metric (139), (140) becomes
ds? = ¢*(r, x)6,;dx'dx/ — 2dudr + g,,(r)du?, (143)
where
by o P 144
o(r. ) 1+ 5 8pxxt” (144)
with the identification
h(f) = _guu(r)’ (145)

F(F) =h(7)(p.)*.

For the simplest choice p(r) =r = p, =1 we obtain
¥ =r and

(146)
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f =h= _guu(r)' (147)

The corresponding expansion scalar is ® = ¢ ,/¢ = 1/r,
and the Ricci tensor component is trivial, R, k°k” = R,, =
—-2(@, + ©%) =0, which means that the spacetime is
(at least) of aligned Ricci type I, cf. expression (99). It
is an analogue of the classic Schwarzschild black hole
solution from the Einstein gravity (@ = 0), as described in
Sec. IX A 1. It is well-known that such spherically sym-
metric vacuum spacetime is of Weyl type D [see expres-
sions (114)—(116) which, for a constant Gaussian curvature
K, simplify to ¥, = —m/r3].

Interestingly, as has been demonstrated numerically in
[13,14], in the pure Einstein-Weyl gravity with quadratic
curvature terms (a # 0), there exists an additional branch
of static, spherically symmetric solutions distinct from the
Schwarzschild black holes. These non-Schwarzschild black
holes have
(148)

f#h < p,#1,

i.e.,, ¢ given by (144) can not be simply linear in the
geometrically privileged coordinate r. To apply the general
results of this paper, we can now determine the algebraic
type of such solutions.

The expansion scalar is now ® =¢,/0 =p,/p # 1/r.
The component R, = —2(0, +©?) is thus nontrivial,
R,, = R ,k%k> # 0, which means that the spacetime is
of a general Ricci type.

The Weyl type follows from explicit expressions (83)—
(97) which simplify considerably to

1

onscni-3 (34 ()] ). oo

where we have used the fact that the Ricci scalar of the
transverse 2-space of a positive constant curvature is
SR=2K/p*> with K =1, cf. (105), and G,, = g, —
2(p./P)9uu = P*(Guu/P*) - The spacetime is clearly of
Weyl type D.

The corresponding Newman-Penrose scalar ¥, = —%\IJZS
can be rewritten using the relations (141), (145), (146),

f/hoz, as

_ Loz e JE (RN
%_12< 2t h{r h<72>D
il 2 f =1,/ 1— 1

H66-1)

where the prime denotes the derivative with respect to 7.
For the simpler Schwarzschild-like case (147), thatis f = h
and 7 = r, this reduces to

Vg =

implying 0, =

(150)
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1 _ 1_
Wz—ﬁ<—l+h—rh/+§r2h”>. (151)

For f =h=1-2m/7, we obtain ¥, = —m/r>, in full
agreement with expression (114).

Moreover, we observe from (150) that the general black
hole spacetime in the Einstein-Weyl gravity is asymptoti-
cally flat (I, — 0) when f — 1 and &2 — const as 77 — oo.

X. SUMMARY

We found and described the possible algebraic structures
of a general class of nontwisting and shear-free spacetimes
in four dimensions (1), that is, the complete Robinson-
Trautman (and Kundt) family. Our discussion was based on
the explicit Weyl scalars (10)—(15) with (16)—(20) which
we obtained by projecting the Weyl tensor components
onto the most suitable null tetrad.

Generically, such geometries are of Weyl type I, and the
optically privileged null vector field k = 0, is always a
principal null direction of the Weyl tensor.

We derived the necessary and sufficient conditions for all
possible algebraically special types such that the null
direction k is a multiple PND. These identify the spacetimes
of type 11, subtypes II(a) and I1(d), type III, N, O, III; and D,
see the explicit conditions given in the corresponding

PHYSICAL REVIEW D 94, 064043 (2016)

all our results can be used in any metric theory of gravity
that admits nontwisting and shear-free geometries.

The field equations impose specific constraints on
admissible algebraic types. Therefore, we investigated
several examples in Sec. IX. We analyzed (Weyl) alge-
braically special spacetimes of the Robinson-Trautman
class in Finstein’s general relativity, namely the Ricci
type 1 solutions (vacuum spacetimes, possibly with A,
aligned electromagnetic field, or pure radiation in
Sec. IX A 1), and spacetimes of a general Ricci type (free
scalar field in Sec. IX A 2). Recently identified static,
spherically symmetric black holes in the pure Einstein-
Weyl gravity were studied in Sec. IX C.
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APPENDIX: THE WEYL TENSOR

The Weyl tensor components for the general Robinson-
Trautman metric (1), (2) are

subsections of Sec. VI. In the subsequent Sec. VII. we also Crirj =0, (A1)
analyzed the exceptional case when the optically privileged '
null direction k remains a single PND. Such geometries can 1
be of type I, 11, or III. For all these algebraic types, we found Criru = 4 (=Guir +26,). (A2)
the corresponding four principal null directions. 1

These conditions can also immediately be applied to Critj = — 5 9ikG jjur + 90 - (A3)
nonexpanding Kundt geometries, see Sec. VIII. Moreover, 2

|

Criru = ! 1SR+1G +1 e +1 (G 20,;) —20 (A4)

ruru 3102 2 uu,r 29 uil|j zg ui,r | Ju |
CA._ll SR+ G A._|_1 i (Guur + "Gy + JMG )_1 G .+ A@A_g e _1 q"® (A5)

riuj — D) 691/ ulil| /] 691} uur T Y9 ulr T9 ukl|l 2guz ujr T9ui9,j 3 9ijOu 3 9ij9 g

1

Cruij = Gu[illj] - 7gu[iGj]u,r + gu[ie.j]’ (A6)

2

1 3
Ckilj = 6 (gklgij - gkjgil) |:SR + Guuf - ngnGumlln - Q’an(Gun,r - 2®,n) - EgmnGumGun - 4®u:|

4 4

C
4

1 1 1

1
ruui — E 4
+

2 6 2 2

1
_grlgul®,i__gui SR - Guu,r A (grlGul,r + gleukHl) + 2’@,1,4 + grl®,l s

1 1 1 1
+ = 9u(2Gyi1j) + GuiGuj) + = 9 2Guwiy + GukGu) =~ 9k 2G iy + GuiGui) =~ 912Gy j) + GukGuj)s

4 4

(A7)

1 1 1 1 1
Gujui) + 59" G ot (Guint = Git) — = 9" €1Gui — ZgrlgulGui,r + = 9 (Ggia) + Gupent) + Zgrl(3Gu[l||i] = Guiin)

2
(A8)
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1
Cuikj = ifeat) + Guiiii + €iwGiju = 5 (Guanedju + 9uliGruni + GuiGu9jju)

2

1
+§ (=9 9ikG jjur — G903 + 2970 [;91i + 91 G jjuat 9" (Gunnijon: — 29iG jjunt — GuagikGjju)

+gln(Gulgun||[jgk]i + GikGutj.ulln) = Gij9iik.ain) ik Gult.lin = 9ijGultkin = €m9ikGjju)]

2

1 1 3
+ ggi[kgj]u <_ SR + 4®,u - 4grl®,l_Guu,r + 2grlGul,r + EglnGulGun + 2gln(;ulHn) ’

1 1

(A9)

1 1
Cuivj = =5 Guullij = 5 Yiju + Guiiulj) — EGuueij + 5 9uu(iGjyu + 9" EniEyj

2

1 1 1 1 1
- Egijgkl <_ _guullkl - Egkl,uu + gukulll_ By Guuekl + _guu,kGul + gm”EmkEnl>

2 2

3

2

1
+g (Guu9ij = Guiuj) (SR + Gy —29"Gy, - EgleukGul - ZQkIGukHl)

4 4
1
2 2

1 1 1
- _guugij(SR + Guu,r - gleukGul)_l__grlgulGuiGuj + _guuGu(illj) - grlEl(iGj)u

2

1 1
+ 99" [5 9ulGuwr + Guut = Guti= 5 Gum (9" GunGur — 9" Gy — 4gm”gu[z,n})]

1
+§ (_grrgu(jGi)u.r - Guu.(igj)u + gu(jGi)u,u+grlGul||(igj)u - 2grlgu(jGi)u||Z - grlGulgu(jGi)u)

1 1
+Egkl |:Gukgul||(igj)u - eklgu(jGi)u + Gu(j9irkull — gkl,u||(igj)u+ 5 (gujgukﬂil + guigukHjl) - gu(jgi)ullkl:|

3

1
+ =0, (9uudij + 29ui9u; — 39" 9u9i))+97 9.0 j) +

2
_grl®,l(guugij - guiguj)' (A]O)
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