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In a previous work [S. Rahbardehghan and H. Pejhan, Phys. Lett. B 750, 627 (2015)], we considered a
simple brane-world model: a single four-dimensional brane embedded in a five-dimensional de Sitter (dS)
space-time. Then, by including a conformally coupled scalar field in the bulk, we studied the induced Casimir
energy-momentum tensor. Technically, the Krein-Gupta-Bleuler quantization scheme as a covariant and
renormalizable quantum field theory in dS space was used to perform the calculations. In the present paper,
we generalize this study to a less idealized, but physically motivated, scenario; namely, we consider
Friedmann-Robertson-Walker (FRW) space-time which behaves asymptotically as a dS space-time. More
precisely, we evaluate a Casimir energy-momentum tensor for a system with two D-dimensional curved
branes on background of Dþ 1-dimensional FRW space-time with negative spatial curvature and a
conformally coupled bulk scalar field that satisfied the Dirichlet boundary condition on the branes.
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I. INTRODUCTION

In the semiclassical approach to quantum gravity, mean
values of the energy-momentum tensor act as the source of
gravity in the Einstein equation. Therefore, in modeling a
self-consistent dynamics involving the gravitational field,
such as a self-consistent formulation of the brane-world
dynamics, it plays an essential role.
As a matter of fact, brane-world models1 and their

generalizations (to include matter on the brane, scalar
fields in the bulk, etc.) have always been an interesting
option within extradimensional theories due to their attrac-
tive features and applications (for a review of brane-world
scenarios refer to [1–5]). This point of view of our Universe
may bring about interesting mechanisms to resolve such
well-known problems as the cosmological constant and
the hierarchy problems [6,7]. These scenarios can also lead
to inflationary or late time acceleration models of the
Universe [8–10]. In addition, the brane-world approach, as
manifestation of the holographic principle, is a nice model
to study (A)dS/CFT correspondence [11–19]. Therefore,
the investigation of quantum effects in brane-world models
is of significant concern, both in particle physics and in

cosmology, which must be considered in a self-consistent
formulation of the brane-world dynamics.
An intrinsic feature of these scenarios is the presence of

boundaries and propagating fields in the bulk, which will
naturally give Casimir-type contributions to the mean
values of physical observables (to review the Casimir
effect refer to [20]). In particular, vacuum forces arise
acting on the branes, which, depending on the type of fields
and imposed boundary conditions, can either stabilize or
destabilize the brane-world (it is directly related to the
hierarchy problem). Moreover, the Casimir energy allocates
a contribution to both the bulk and the brane cosmological
constants, and therefore one expects that it can be helpful in
the resolution of the cosmological constant problem.
In such semiclassical theories of quantum gravity, in

order to evaluate mean values of the energy-momentum
tensor, it seems, however, that a consistent formulation with
the minimal requirements of an acceptable quantization
procedure of the (linear) quantum gravity on the considered
background (bulk) should be in order. Among other
physically motivated space-times (backgrounds), de
Sitter space, as the maximally symmetric solution of
Einstein equation (with a positive cosmological constant),
becomes important at the large-scale Universe. It is likely
that the Universe evolves into the future (asymptotically) de
Sitter phase; the recent astronomical observations of super-
nova and cosmic microwave background [21] indicate that
our Universe is accelerating and can be well approximated
by a world with a positive cosmological constant. The
quantum field theory on dS background is also of
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1In the original brane-world scenarios such as the so-called RS

models, standard model particles and fields are localized on a D-
dimensional hyper-surface called the “brane” embedded in a
higher-dimensional space-time called the “bulk”, where gravity is
the only field which has access to the extra dimensions.
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considerable interest; it is maximally symmetric curved
space-time and provides the opportunity of controlling the
transition to the flat space-time by the so-called contraction
procedure (see [22] and references therein). Nevertheless,
even on this very simple curved background, one encoun-
ters difficulties in defining quantum fields, including the
free fields.
A famous example is the so-called dS massless mini-

mally coupled scalar field. (It plays a central role in the
inflationary scenario [23] and the linear quantum gravity in
dS space [24].) According to Allen’s theorem [25,26], for
this field in dS space, due to the advent of infrared (IR)
divergence, there is no Hilbertian dS-invariant Fock vac-
uum state. Therefore, no covariant canonical quantization,
through a Fock construction based upon a one-particle
sector of the Hilbert space structure, is possible. On the
other hand, as is well known, the graviton propagator
on dS background behaves in a manner similar to that for
the minimally coupled scalar field [24]. This similarity
results in the same difficulty for the graviton field on dS
background (the dS linear gravity). Indeed, respecting
the standard QFT, it is generally accepted that, for these
fields, the phenomenon of dS-breaking is universal
and the corresponding propagators suffer from IR diver-
gences [25–30].
Recently, however, thanks to a rigorous group theoretical

approach combined with a suitable adaptation (Krein
spaces) of the Wightman-Gärding axiomatic for massless
fields (Gupta-Bleuler scheme) [31], the so-called Krein-
Gupta-Bleuler (KGB) (an indefinite metric field) quantiza-
tion method, a causal and fully covariant quantization of the
minimally coupled massless scalar field and consequently
linearized gravitons on dS background has been presented
(it is free of any infrared divergence) [32–36]; in this
regard, see also [37–39]. Indeed, contrary to the usual
approach to the dS linear gravity, it is proved that the
KGB construction of the graviton propagator, at least in
the absence of graviton-graviton interaction, does not suffer
from the pathological large distance behavior (the dS-
covariance is indeed preserved). For detailed discussions
see Ref. [36].
Motivated by the above statements, in a previous work

[40], based on the Krein method, we studied the bulk
Casimir effect for a conformally coupled scalar field when
the bulk represents five-dimensional de Sitter space-time
with one four-dimensional dS brane. As already mentioned,
using the KGB quantization, in general sense, is the
necessity of being consistent with the covariance require-
ments of the minimally coupled field and the linear gravity
on dS background. Moreover, utilizing the KGB formalism
also brings an automatic and covariant renormalization of
the mean values of the energy-momentum tensor (Wald
axioms are well preserved [33]), which can be a remarkable
advantage for the theory, especially when dealing with
quantizing fields on curved backgrounds.

Pursuing this path, in the present work, in order to extend
the theory, we investigate a more realistic model in the
geometry of two D-dimensional curved branes with the
Dirichlet boundary condition in the less-symmetric
Dþ 1-dimensional Friedmann-Robertson-Walker bulk,
by calculating expectation values of the energy-momentum
tensor for a conformally coupled bulk scalar field through
the Krein quantization formalism. For our purposes,
Friedmann-Robertson-Walker space-time is actually a suit-
able choice to investigate. It describes a homogeneous and
isotropic space-time in the context of General Relativity
which our Universe, over a very large scale, is similar to;
hence, it can be considered as a standard model of modern
cosmology. Moreover, it asymptotically tends to de Sitter
space-time and can also lead to inflationary or late-time
acceleration models of the Universe.
The layout of the paper is as follows. In Sec. II, we study

the free-field energy-momentum tensor for a conformally
coupled massless scalar field in Dþ 1-dimensional FRW
space-time with negative spatial curvature. We show that
the KGB construction interestingly provides an automatic
and covariant renormalization of the expectation values of
the energy-momentum tensor. Then in Sec. III, by consid-
ering two D-dimensional curved branes which are actually
the conformal images of two infinite parallel plates moving
with constant proper acceleration in Rindler space-time and
admitting the Dirichlet boundary condition on their surfa-
ces, the induced Casimir energy-momentum tensor for a
quantized conformally coupled bulk scalar field is evalu-
ated. Technically, to fulfill this purpose and to make the
maximum use of the flat space-time calculations, we
present the FRW line element in the form conformally
related to the Rindler metric. Finally, in Sec. IV, a brief
summary and discussion is given.

II. COVARIANT RENORMALIZATION OF THE
ENERGY-MOMENTUM TENSOR THROUGH

THE KGB QUANTIZATION

In this section, we apply the Krein quantization method
to a conformally coupled massless scalar field on a back-
ground of less-symmetric (Dþ 1)-dimensional FRW
space-time with negative spatial curvature in order to
investigate mean values of the energy-momentum tensor.
In this regard, by considering the hyperspherical coor-

dinates ðr; θ1 ¼ θ; θ2;…; θD−1Þ, the corresponding line
element can be written as follows:

ds2 ¼ gikdxidxk ¼ a2ðηÞðdη2 − γ2dr2 − r2dΩ2
D−1Þ; ð1Þ

in which γ ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r2

p
and dΩ2

D−1 ¼ dθ2 þP
D−1
k¼2 ð

Q
k−1
l¼1 sin

2θlÞdθ2k is the line element on the
(D − 1)-dimensional unit sphere in Euclidean space.
With regard to the line element (1), for the conformally
coupled scalar field, the field equation would be
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�
∇l∇l þD − 1

4D
R

�
ϕðxÞ ¼ 0; ð2Þ

where ∇l and R are, respectively, the covariant derivative
and the Ricci scalar for the corresponding metric.
For each regular solution ϕðxÞ of Eq. (2), we have

ϕðxÞ ¼
Z
Σ
~Gðx; x0Þ∂i

↔
ϕðx0ÞdΣiðx0Þ; ð3Þ

in which Σ stands for the Cauchy spacelike surfaces, and
the function ~G refers to the commutator of the field. In
consistency with (3), for the solutions space, the inner
product is defined by

ðϕ1;ϕ2Þ ¼ −i
Z
Σ
ϕ1∂i

↔
ϕ�
2dΣi: ð4Þ

With respect to the product (4), there exists a complete
orthonormal set of mode solutions of Eq. (2), i.e.,

ðϕα;ϕα0 Þ¼δαα0 ; ðϕ�
α;ϕ�

α0 Þ¼−δαα0 ; ðϕα;ϕ�
α0 Þ¼0; ð5Þ

where the set of fϕα;ϕ�
αg are, respectively, positive and

negative norm states.
In the context of the Krein quantization method, the

vacuum state and associated Fock space are constructed by
expanding the field operator φ in terms of fϕα;ϕ�

αg as
follows [34]:

φ ¼ 1ffiffiffi
2

p ðφþ þ φ−Þ

¼ 1ffiffiffi
2

p
�X

α∈K
ðaαϕα þ a†αϕ�

αÞ þ
X
α∈K

ðb†αϕα þ bαϕ�
αÞ
�
;

ð6Þ

where K is a set of indices indexing the positive norm
modes, and α; α0 ∈ K. The subscripts “þ” and “−” refer to,
respectively, physical and nonphysical parts of the field
operator. aαj0i ¼ 0 and bαj0i ¼ 0 determine the Fock
vacuum state j0i, while a†αj0i ¼ j1αi and b†αj0i ¼ j1̄αi
are the physical and nonphysical one-particle states.
Note that ½aα; a†α0 � ¼ δαα0 ; ½bα; b†α0 � ¼ −δαα0 and the other
commutation relations are zero.
The Krein-Fock vacuum is normalizable and unique

(independent of Bogoliubov transformations) [33].
However, this is no concern, since in this quantization
method not only the vacuum but also the field itself is
different. The point is indeed laid in the concept of defining
observables in the Gupta-Bleuler construction in the sense
that the set of states is different from the set of physical
states; the observables are defined on the total space, while
the average values of the observables are calculated on the
subspace of physical states.

Furthermore, it must be expressed that the invariance of
the Fock vacuum does not infer that Bogoliubov trans-
formations, which are merely a simple modification of the
set of physical states, are no longer valid in this formalism.
As a matter of fact, the space of physical states is affected
by both the observer and the considered space-time; an
accelerated observer in Minkowski space has different
physical states from those an inertial observer does (the
Unruh effect), while for both cases, the same field repre-
sentation can be utilized [33]. In summary, in the context of
the KGB construction, “instead of possessing a multiplicity
of vacua, we have several possibilities for the space of
physical states and only one field and one vacuumwhich do
not depend on Bogoliubov transformations. More accu-
rately, the usual ambiguity about vacua is not suppressed
but displaced” [34].
Now, let us focus on the energy-momentum tensor Tij.

As already pointed out, in this context as usual in a Gupta-
Bleuler formalism, the expectation values of the energy-
momentum tensor, as an observable, will be evaluated only
with physical states

j~αi≡ jαn11 …α
nq
q i ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n1!…nq!
p ða†α1Þn1…ða†αqÞnq j0i:

In this regard, the starting point generally is

h~αj∂iφðxÞ∂jφðxÞj~αi ¼
X
α∈K

∂iϕαðxÞ∂jϕ
�
αðxÞ

− ∂iϕ
�
αðxÞ∂jϕαðxÞ

þ 2
Xl

p¼1

npℜð∂iϕ
�
αpðxÞ∂jϕαpðxÞÞ:

ð7Þ

Analogous to the usual QFT, the first term on the right is
responsible for appearing divergences in the theory.
However, the unusual presence of the second term with
the minus sign (corresponding to the terms of the field
containing bα and b†α) automatically removes divergences
and hence there is an automatic renormalization of the Tij’s
(no infinite term appears). So, we obtain

h~αj∂iφðxÞ∂iφðxÞj~αi ¼ 2
Xl

p¼1

np∂iϕ
�
αpðxÞ∂iϕαpðxÞ: ð8Þ

Accordingly, the positivity of the energy for any physical
state j~αi; h~αjT00j~αi ≥ 0 (¼ 0⇔j~αi ¼ j0i), as a reasonable
physical interpretation of the method, is guaranteed.
This automatic renormalizing process remarkably fulfills

the so-called Wald axioms [33]:
(i) The causality and covariance are assured because the

constructed field is causal and covariant.
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(ii) The above computations provide the formal results
for physical states.

(iii) The foundation of the above computations is
(½bα; b†α� ¼ −1)

aαa
†
α þ a†αaα þ bαb

†
α þ b†αbα ¼ 2a†αaα þ 2b†αbα:

So, by applying the method to the physical states (on
which bα vanishes), it can be seen that the procedure
is equivalent to reordering.

A. Remarks on the renormalization

In the context of the usual QFT through a Hilbertian-
Fock construction, any instruction for renormalizing the
energy-momentum tensor, which is consistent with Wald
axioms, must yield precisely the trace, modulo the trace of a
conserved local curvature term [41]. According to the
above statements, however, all components of the hTiji
vanish in the Krein-Fock vacuum, and hence, the so-called
conformal anomaly2 disappears from the trace of the
energy-momentum tensor. Of course, with respect to the
fact that by performing the computations through the Krein
formalism, covariance and conformally covariance of the
quantum field are preserved in a rather strong sense3;
therefore, it is not surprising that the trace anomaly, which
can appear only through the conformal anomaly, vanishes.
Once again, we must emphasize that although in the Krein
context the trace anomaly does not appear, Wald axioms are
well preserved [33].
Here, it is worth mentioning that in Ref. [42], by

studying black hole radiation, it has been shown that
aspects of the black hole thermodynamics have emerged
in the context of the Krein quantization, even possessing
this particular property that the vacuum expectation value
(VEV) of the energy-momentum tensor is zero.

III. EVALUATING THE CASIMIR
ENERGY-MOMENTUM TENSOR

In this section, the field is supposed to satisfy the
Dirichlet boundary condition on the surface of two
boundaries which are chosen to be two infinite parallel
plates moving by uniform proper acceleration in the
Rindler right wedge (this will be discussed below).
These boundaries are characterized in FRW space-time
by the equations

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r2

p
− r cos θ ¼ cs; s ¼ 1; 2 ð9Þ

in which cs¼1;2 are positive constants, so that c1 > c2.
Respecting this scenario, the mean values of the energy-
momentum tensor in what follows are investigated.
Before coming back to this point and in order to make

the maximum use of the flat space computations, we
initially perform calculations in Rindler space-time; let
us present the line element (1) in the form conformally
related to the Rindler metric. In this regard, we use the
following standard coordinate transformation:

xi ¼ ðη; r; θ1;…; θD−1Þ → x0i ¼ ðη; x0Þ; ð10Þ

with x0 ¼ ðx01; x02;…; x0DÞ,

x01 ≡ ξ ¼ Ωξ0;

x02 ¼ Ωξ0r cos θ2 sin θ;

:

:

:

x0D−1 ¼ Ωξ0r cos θD−1

YD−2

l¼1

sin θl;

x0D ¼ Ωξ0r
YD−1

l¼1

sin θl: ð11Þ

Note that in the above identities Ω ¼ γ=ð1 − rγ cos θÞ and
ξ0 is a constant of the length dimension. The line element
(1), now, can be expressed in the x0i coordinates as follows:

ds2 ¼ g0ijdx
0idx0j ¼ a2ðηÞξ−2ḡijdx0idx0j; ð12Þ

which is manifestly conformally related to the Rindler
space metric, ḡij ¼ diagðξ2;−1;…;−1Þ.4 Equations (9)
describing two boundaries are also converted to
ξ ¼ ξs ≡ ξ0=cs, with s ¼ 1, 2 (ξ1 < ξ2Þ.
Obviously, here, we face a conformally trivial situation:

a conformally invariant field, verifying Eq. (2), on the
conformally flat background [see (12)].5 Therefore, in
the absence of the manifestation of the gravitational back-
ground6 in the context of the Krein method, which actually
corresponds to the situation without boundaries, the cor-
responding mean values of the energy-momentum tensor in

2Breaking the conformal invariance when quantum corrections
are included.

3There is only one field and one vacuum which do not depend
on Bogoliubov transformations (for a detailed discussion, see
[32–34]).

4From now on, the “bar” sign indicates that we are working in
Rindler space-time.

5Respecting the fact that the Dirichlet boundary condition is
conformally invariant, a Dirichlet scalar in the curved bulk is
corresponding to a Dirichlet scalar in a flat space-time.

6Note that for our case, a conformally coupled field on a
conformally flat space-time, the free-field vacuum expectation
value of the energy-momentum tensor (the manifestation of the
gravitational background) is completely determined by the trace
anomaly [43].
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this conformally trivial situation can be evaluated by
considering the standard transformation formula for con-
formally related problems from the related calculations in
Rindler space as follows [43]:

hTj
i ½g0lm;φFRW�i ¼ ½ξ=aðηÞ�Dþ1hTj

i ½ḡlm;φRindler�i: ð13Þ

In this paper, Rindler coordinates ðτ; ξ;xÞ, related to
Minkowskian ones ðt; x1;xÞ, are considered

t ¼ ξ sinh τ; x1 ¼ ξ cosh τ; ð14Þ

in which the set of coordinates parallel to the plates is
characterized by x ¼ ðx2;…; xDÞ. In these coordinates, a
wordline introduced by ξ;x ¼ const determines an
observer with constant proper acceleration ξ−1. The
Minkowski line element restricted to the Rindler wedge is

ds2 ¼ ξ2dτ2 − dξ2 − dx2: ð15Þ

To make our notation more obvious, we first calculate
the free-field VEVof the energy-momentum tensor through
the Krein method. The problem symmetry7 allows us to
write the corresponding part of the eigenfunctions in the
standard plane wave structure as follows:

ϕ̄αðxÞ ¼ Cϕ̄ðξÞeðikx−iωτÞ;
α ¼ ðk;ωÞ; k ¼ ðk2;…; kdÞ: ð16Þ

Substituting this into Eq. (2), the equation for ϕ̄ðξÞ on the
background of the metric (15) will be obtained as

ξ
d
dξ

�
ξ
dϕ̄
dξ

�
þ ðω2 − k2ξ2Þϕ̄ðξÞ ¼ 0; k ¼ jkj: ð17Þ

The Bessel modified functions ϕ̄ðξÞ ¼ IiωðkξÞ and KiωðkξÞ
(with the imaginary order) are actually the corresponding
linearly independent solutions.
With regard to the metric (15), the standard Klein-

Gordon orthonormality condition for the eigenfunctions
is defined by

ðϕ̄α; ϕ̄0
αÞ ¼ −i

Z
dx

Z
dξ
ξ
ϕ̄α∂τ

↔
ϕ̄�
α0 : ð18Þ

This orthonormality condition actually determines the
coefficient C in formula (16), so that, for the right
Rindler wedge and in the absence of the boundaries, the
considered eigenfunctions (16) take the following form
(see, for instance, [44–47]):

ϕ̄α ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinh πω

p

ð2πÞðD−1Þ=2π
KiωðkξÞeðikx−iωτÞ: ð19Þ

A complete set of mode solutions fϕ̄α; ϕ̄�
αg of Eq. (17),

which are orthonormal in the product (18), are given by

ðϕ̄α;ϕ̄α0 Þ¼δαα0 ; ðϕ̄�
α;ϕ̄�

α0 Þ¼−δαα0 ; ðϕ̄α;ϕ̄�
α0 Þ¼0. ð20Þ

As already discussed, the field operator in the KGB
quantization is

φRindler ≡ φ̄ ¼ 1ffiffiffi
2

p ðφ̄þ þ φ̄−Þ

¼
Z

dDkðakϕ̄α þ a†kϕ̄
�
αÞ

þ
Z

dDkðb†kϕ̄α þ bkϕ̄�
αÞ; ð21Þ

where ½ak; a†k0 � ¼ δðk − k0Þ; ½bk; b†k0 � ¼ −δðk − k0Þ, the
other commutation relations are zero. The Fock vacuum
state j0i, for the right Rindler wedge, is defined
by akj0i ¼ 0; bkj0i ¼ 0.
With regard to the problem symmetry, the expression for

the energy-momentum tensor of the considered scalar field
can be written as [43]

Tij ¼∇iϕ̄∇jϕ̄þ
��

D− 1

4D
−
1

4

�
ḡij∇l∇l−

D− 1

4D
∇i∇j

�
ϕ̄2:

The VEV of the energy-momentum tensor then will be

h0jTijðxÞj0i ¼ lim
x→x0

∇i∇0
jGðx; x0Þ

þ
��

D − 1

4D
−
1

4

�
ḡij∇l∇l

−
D − 1

4D
∇i∇j

�
h0jφ̄2ðxÞj0i: ð22Þ

The VEVs of the field square and the energy-momentum
tensor can be evaluated in the sense of the Wightman
function Gðx; x0Þ. Respecting the Krein quantum field (21),
the corresponding Wightman function is

Gðx; x0Þ ¼ h0jφ̄ðxÞφ̄ðx0Þj0i
¼ h0jφ̄þðxÞφ̄þðx0Þj0i þ h0jφ̄−ðxÞφ̄−ðx0Þj0i; ð23Þ

in which [48]

h0jφ̄−ðxÞφ̄−ðx0Þj0i ¼ −ðh0jφ̄þðxÞφ̄þðx0Þj0iÞ�; ð24Þ

where

7The metric and the boundary conditions (which will be
imposed on the field later) are static and translational invariant
in the hyperplane parallel to the plates.
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h0jφ̄þðxÞφ̄þðx0Þj0i ¼
1

π2

Z
dk

ð2πÞD−1 e
ikðx−x0Þ

×
Z

∞

0

dω sinhðπωÞKiωðkξÞ

× Kiωðkξ0Þe−iωðτ−τ0Þ: ð25Þ

Here, one can easily see that by substituting (24) and (25)
into formula (22), by calculating the VEV of the energy-
momentum tensor through the Krein method, due to the
cancellations between the positive and negative norm parts
of the field, the VEVof the energy-momentum tensor (the
situation without boundaries) vanishes.
Now, let us study the effect of two boundaries given in (9)

on the mean values of the energy-momentum tensor. In order
to evaluate the Casimir energy-momentum tensor for Rindler
space-time, it is convenient to divide the right Rindler wedge
into three regions (it is assumed that the boundaries are
situated in the right Rindler wedge, x1 > jtj): the regions
outside the boundaries determined by ξ < ξ1 and ξ > ξ2 for
which the mean values are the same as in the geometry with a
single boundary, and the region between the boundaries
ξ1 < ξ < ξ2. In what follows, we will calculate the mean
values of the energy-momentum tensor in these three regions
individually.

A. The region ξ > ξ2
By imposing the Dirichlet boundary condition,

ϕ̄jξ¼ξ2
¼ 0, with regard to the unitarity condition [34],8

the influence of applying a physical boundary condition on
the field operator is only upon the physical states.
Accordingly, when physical boundary conditions are
present, the field operator will be

φ̄ ¼
X
n

ða0kn
ϕ̄0
α þ a0†kn

ϕ̄0�
αÞ þ

Z
dDkðb†kϕ̄α þ bkϕ̄�

αÞ;

ð26Þ

in which ϕ̄0
αðxÞ ¼ C0Kiωn

ðkξÞeðikx−iωnτÞ. Note that the
normalization condition (18), while the ξ-integration goes
over the region ðξ2;∞Þ, specifies the coefficient C0 [49]

C02 ¼ 1

ð2πÞD−1
Iiωn

ðkξ2Þ
∂
∂ωKiωðkξ2Þjω¼ωn

; ð27Þ

where ωn are indeed the possible values for ω verify-
ing Kiωðkξ2Þ ¼ 0.
Considering the above construction, the physical part of

the Wightman function would be

hφ̄0þðxÞφ̄0þðx0Þiξ>ξ2 ¼
Z

dk
ð2πÞD−1 e

ikðx−x0Þ

×
X∞
n¼1

Iiωðkξ2Þ
∂
∂ωKiωðkξ2Þ

KiωðkξÞ

× Kiωðkξ0Þe−iωðτ−τ0Þjω¼ωn
; ð28Þ

whereas, respecting the unitarity condition, the nonphysi-
cal part remains unaffected and still can be identified
by (24).
By making use of the generalized Abel-Plana formula

given in Ref. [49], for a function WðzÞ which is assumed
to be an analytic function in the right half-plane
(ωnl < l < ωnlþ1

Þ

lim
l→∞

�Xnl
n¼1

Iiωn
ðηÞWðωnÞ

∂KiωðηÞ=∂ωjω¼ωn

−
1

π2

Z
l

0

sinhðπzÞWðzÞdz
�

¼ −
1

2π

Z
∞

0

IzðηÞ
KzðηÞ

½Wðxeiπ=2Þ þWðze−iπ=2Þ�dz;

one can interestingly rewrite physical part of the Wightman
function, (28), in the following form:

hφ̄0þðxÞφ̄0þðx0Þiξ>ξ2
¼ h0jφ̄þðxÞφ̄þðx0Þj0i −

1

π

Z
dk

ð2πÞD−1 e
ikðx−x0Þ

×
Z

∞

0

dω
Iωðkξ2Þ
Kωðkξ2Þ

KωðkξÞKωðkξ0Þ cosh½ωðτ − τ0Þ�:

ð29Þ

Note that all divergences in the coincidence limit are
contained in the first term corresponding to the situation
without boundaries [given in (25)].
Now, by substituting theWightman function obtained for

the region outside the plates ξ > ξ2 [including the physical
part, see Eq. (29), and the nonphysical part, see Eq. (24)],
into Eq. (22), the Casimir energy-momentum tensor can be
obtained as follows:

hTj
iiξ>ξ2 ¼

−δji
2D−2πðDþ1Þ=2ΓðD−1

2
Þ
Z

∞

0

dkkD

×
Z

∞

0

dω
Iωðkξ2Þ
Kωðkξ2Þ

FðiÞ½KωðkξÞ�; ð30Þ

in which

Fð0Þ½KωðkξÞ� ¼
1

2D

��
dKωðkξÞ

kdξ

�
2

þ
�
1þ ω2

k2ξ2

�
K2

ωðkξÞ
�

þD − 1

4Dkξ
d
kdξ

K2
ωðkξÞ −

ω2

k2ξ2
K2

ωðkξÞ; ð31Þ

8It has been shown that in the Minkowskian limit, especially
when a theory with interaction is taken into account, through this
quantization scheme and with respect to the unitarity condition,
the results of the usual QFT can be recovered [34].
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Fð1Þ½KωðkξÞ� ¼ −
1

2

�
dKωðkξÞ

kdξ

�
2

−
D − 1

4Dkξ
d
kdξ

K2
ωðkξÞ

þ 1

2

�
1þ ω2

k2ξ2

�
K2

ωðkξÞ; ð32Þ

FðiÞ½KωðkξÞ� ¼
1

2D

��
dKωðkξÞ

kdξ

�
2

þ
�
1þ ω2

k2ξ2

�
K2

ωðkξÞ
�

−
K2

ωðkξÞ
D − 1

; i ¼ 2; 3;…; D; ð33Þ

where indices 0 and 1 correspond to the coordinates τ and ξ,
respectively. It can be easily seen that for our case, a
conformally coupled massless scalar field, the energy-
momentum tensor is traceless.
Here, it must be emphasized that, due to the presence of

nonphysical states in the context of the Krein quantization
scheme, the divergent part of the physical part of the
Casimir energy-momentum tensor [related to the first term
on the right side of Eq. (29)] is automatically eliminated
and the final result is finite. This procedure is similar to that
used by Candelas and Deutsch [50].

B. The region ξ < ξ1
Calculating the Casimir energy-momentum tensor in this

region could be easily performed by considering the related
one in the region ξ > ξ2, i.e. hTj

iiξ>ξ2 [see (30)]. Indeed,
this situation is the same as for the interior and exterior
regions in the case of cylindrical and spherical surfaces on
background of the Minkowski space-time. This similarity is
due to the fact that the uniformly accelerated observers
create worldlines in Minkowski space-time that would
correspond to circles in Euclidean space. This correspon-
dence extends also to the field equation and its solutions,
and modes (16) are the Minkowski space-time analogous
corresponding to cylinder harmonics. On this basis, mean
values of the energy-momentum tensor in the region
ξ < ξ1, can be easily obtained by the following replace-
ments [51,52]:

hTj
iiξ<ξ1 ¼ fhTj

iiξ>ξ2 ; ξ2 → ξ1; Iω ⇄ Kωg: ð34Þ

C. The region ξ1 < ξ < ξ2
In the region between the plates the linearly independent

solutions to Eq. (17) verifying the Dirichlet boundary
condition on the plate ξ ¼ ξ2 are

Diωðkξ; kξ2Þ ¼ Iiωðkξ2ÞKiωðkξÞ − Kiωðkξ2ÞIiωðkξÞ: ð35Þ

Note that Diωðkξ; kξ2Þ ¼ D−iωðkξ; kξ2Þ. Considering the
Dirichlet boundary condition on the plate ξ ¼ ξ1, the
allowed values for ω, ωn¼ωnðkξ1;kξ2Þ>0, n ¼ 1; 2;…,
can be obtained by

Diωðkξ1; kξ2Þ ¼ 0: ð36Þ

For a fixed value of k, this equation has an infinite set of
real solutions [53]. Here, it is assumed that they are
arranged in the ascending order ωn < ωnþ1.
In the region between the plates, and with respect to the

standard Klein-Gordon orthonormality condition (18), the
solutions induced by boundaries are [53]

ϕ̄00
α ¼ C00Diωðkξ; kξ2Þeiðkx−ωnτÞ; ð37Þ

in which

C002 ¼ ð2πÞ1−DIiωðkξ1Þ
Iiωðkξ2Þ ∂

∂ωDiωðkξ1; kξ2Þ

				
ω¼ωn

: ð38Þ

Respecting the Krein quantum field, therefore, the
physical part of the Wightman function for the region
between the plates is as follows:

hφ̄00þðxÞφ̄00þðx0Þiξ1<ξ<ξ2
¼

Z
dkeikðx−x0Þ

ð2πÞD−1

X∞
n¼1

Iiωðkξ1Þe−iωðτ−τ0Þ
Iiωðkξ2Þ ∂

∂ωDiωðkξ1; kξ2Þ
×Diωðkξ; kξ2ÞDiωðkξ0; kξ2Þjω¼ωn

: ð39Þ

Again, respecting the unitarity condition, the nonphysical
part does not interact with the physical states or real
physical world, hence it cannot be affected by the physical
boundary conditions. Therefore, the nonphysical part of the
Wightman function still can be considered as (24).
The physical part of the Wightman function, respecting

the procedure given in Ref. [53], and using the generalized
Abel-Plana formula, can be written as

hφ̄00þðxÞφ̄00þðx0Þiξ1<ξ<ξ2
¼ hφ̄0þðxÞφ̄0þðx0Þiξ<ξ2
−
Z

dkeikðx−x0Þ

πð2πÞD−1

Z
∞

0

dω
Iωðkξ1Þ

Iωðkξ2ÞDωðkξ1; kξ2Þ
×Dωðkξ; kξ2ÞDωðkξ0; kξ2Þ cosh½ωðτ − τ0Þ�; ð40Þ

in which the first term on the right-hand side stands for the
physical part of the Wightman function in the region ξ < ξ2
for a single plate at ξ ¼ ξ2. Respecting the statements
given in Sec. III B, it can be easily obtained by substituting
Iω ⇄ Kω in (29).
The physical part of the Wightman function (39) can be

also presented in the form [53]
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hφ̄00þðxÞφ̄00þðx0Þiξ1<ξ<ξ2
¼ hφ̄0þðxÞφ̄0þðx0Þiξ1<ξ

−
Z

dkeikðx−x0Þ

πð2πÞD−1

Z
∞

0

dω
Kωðkξ2Þ

Kωðkξ1ÞDωðkξ1; kξ2Þ
×Dωðkξ; kξ1ÞDωðkξ0; kξ1Þ cosh½ωðτ − τ0Þ�: ð41Þ

Here, the first term refers to the physical part of the
Wightman function in the region ξ1 < ξ for a single plate
at ξ ¼ ξ1. It can be easily obtained by substituting ξ2 → ξ1
in (29).
Now, by substituting the calculated Wightman function

for the region between the plates [including the physical
part, see Eqs. (40) and (41), and the nonphysical part, see
Eq. (24)], into (22), we obtain two equivalent representa-
tions for the hTj

iiξ1<ξ<ξ2 ,

hTj
iiξ1<ξ<ξ2 ¼ hTj

iiξ<ξ2 −
δji

2D−2π
Dþ1
2 ΓðD−1

2
Þ

Z
dkkD

×
Z

∞

0

dω
Iωðkξ1Þ

Iωðkξ2ÞDωðkξ1; kξ2Þ
× FðiÞ½Dωðkξ; kξ2Þ�; ð42Þ

and

hTj
iiξ1<ξ<ξ2 ¼ hTj

iiξ1<ξ −
δji

2D−2π
Dþ1
2 ΓðD−1

2
Þ

Z
dkkD

×
Z

∞

0

dω
Kωðkξ2Þ

Kωðkξ1ÞDωðkξ1; kξ2Þ
× FðiÞ½Dωðkξ; kξ1Þ�; ð43Þ

in which, with respect to (30), we have

hTj
iiξ1<ξ ¼ fhTj

iiξ2<ξ; ξ2 → ξ1g; ð44Þ

hTj
iiξ<ξ2 ¼ fhTj

iiξ2<ξ; Iω ⇄ Kωg; ð45Þ

and according to (31)–(33),

FðiÞ½Dωðkξ; kξs¼1;2Þ�
¼ fFðiÞ½KωðkξÞ�;KωðkξÞ → Dωðkξ; kξs¼1;2Þg: ð46Þ

Note that, the form (42) [respectively (43)] is convenient
to study the expectation values near the plate ξ ¼ ξ2
(respectively ξ ¼ ξ1). As a matter of fact, the first term
on the right of (42) [respectively (43)] is finite on the plate
ξ ¼ ξ2 (respectively ξ ¼ ξ1) and diverges on the plate at
ξ ¼ ξ1 (respectively ξ ¼ ξ2).

D. Coming back to the FRW spacetime: Evaluating the
Casimir energy-momentum tensor

Thus far, the Casimir energy-momentum tensor in
Rindler space-time induced by the Dirichlet boundary
condition on two boundaries described by ξ ¼ ξ1; ξ2 has
been calculated. The corresponding Casimir energy-
momentum tensor for the FRW space-time, in x0 coordi-
nates, can be easily obtained with regard to the conformal
relation between these spaces, see Eq. (13). Moreover,
by using the inverse coordinate transformation x0i → xi,
one can calculate the Casimir energy-momentum tensor in
FRW hyperspherical coordinates [see Eq. (1)]. Technically,
for a rank-2 tensor Sij, which is diagonal in coordinates
x0i ¼ ðη; x0Þ, the transformation to coordinates xi ¼
ðη; r; θ1;…; θD−1Þ has the following form (no summation
over j):

S00 ¼ S000;

S11 ¼ S011 þ Ω2sin2θðS022 − S011Þ;

S21 ¼ Ω2 sin θ
cos θ − rγ

r
ðS022 − S011Þ;

S22 ¼ S022 þ Ω2sin2θðS011 − S022Þ;
Sjj ¼ S022; j ¼ 3;…; D: ð47Þ

After applying this coordinate transformation, the boun-
dary-induced energy-momentum tensor in coordinates xi

will be obtained as follows (no summation over j):

hTj
jiFRW ¼ ½ξ=aðηÞ�Dþ1hTj

jiRindler; j ¼ 3;…; D;

hTj
jiFRW ¼ ½ξ=aðηÞ�Dþ1½hTj

jiRindler þ ð−1ÞjΩ2sin2θðhT1
1iRindler − hT2

2iRindlerÞ�; j ¼ 1; 2;

hT2
1iFRW ¼ ½ξ=aðηÞ�Dþ1Ω2 sin θ

cos θ − rγ
r

ðhT2
2iRindler − hT1

1iRindlerÞ; ð48Þ

in which hTj
iiRindler is the corresponding energy-momentum

tensor for each region introduced in the above subsections
[see Eqs. (30), (34) and (42)]. Note that, due to the fact that
the spatial part of the boundary-induced energy-momentum

tensor in coordinates x0i is not isotropic, the obtained result
for the corresponding part in coordinates xi is not diagonal.
Now, possessing the VEVs of the energy-momentum

tensor, we can study the Casimir forces acting on the
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boundaries. Before that, let us define the normal to the
boundary. In the region between the boundaries, the
corresponding normal has the components

nis ¼ δs½csraðηÞ�−1ð0; γ2ðγ − csÞ;− sin θ; 0;…; 0Þ; ð49Þ

where δ1 ¼ 1 and δ2 ¼ −1.
The jth component of the Casimir force acting per unit

surface of the boundary at ξ ¼ ξs is specified by the
expression ðhTj

iiFRWÞnisjξ¼ξs
. Utilizing (49) and (48), the

force can then be expressed in the following form:

ðhTj
iiFRWÞnisjξ¼ξs

¼ njs½ξs=aðηÞ�Dþ1ðhT1
1iRindlerÞjξ¼ξs

:

ð50Þ

Note that the quantity

ðPRindlerÞðsÞ ¼ −ðhT1
1iRindlerÞjξ¼ξs

specifies the pressure on the plate at ξ ¼ ξs in the
corresponding Rindler problem. It can be presented as a
sum of two terms: the pressure for a single plate at ξ ¼ ξs
when the second plate is absent (the first term on the right)
and the pressure induced by the presence of the second
plate (the second term on the right),

ðPRindlerÞðsÞ ¼ ðpRindler
1 ÞðsÞ þ ðPRindler

ðintÞ ÞðsÞ; ð51Þ

with s ¼ 1, 2. The first term is divergent due to the well
known surface divergences in the subtracted VEVs (see
[54]). Contrary to the previous one, the interaction parts are
finite for all nonzero distances between the boundaries.
For the plate at ξ ¼ ξ2 the interaction term is due to the

second term on the right of Eq. (42). Employing the
Wronskian relation for the modified Bessel functions,9

when ξ ¼ ξ2, this term is converted to

ðpRindler
ðintÞ Þð2Þ ¼ −

δji
2D−1ξ22π

Dþ1
2 ΓðD−1

2
Þ

Z
dkkD−2

×
Z

∞

0

dω
Iωðkξ1Þ

Iωðkξ2ÞDωðkξ1; kξ2Þ
: ð52Þ

Pursuing the same path for the interaction term on the plate
at ξ ¼ ξ1, the second term on the right of Eq. (43), we have

ðpRindler
ðintÞ Þð1Þ ¼ −

δji
2D−1ξ21π

Dþ1
2 ΓðD−1

2
Þ

Z
dkkD−2

×
Z

∞

0

dω
Kωðkξ2Þ

Kωðkξ1ÞDωðkξ1; kξ2Þ
: ð53Þ

Now, the corresponding pressure in FRW bulk can be easily
obtained by using the above expressions (52) and (53),

ðPFRW
ðintÞ ÞðsÞ ¼ ½ξs=aðηÞ�Dþ1ðpRindler

ðintÞ ÞðsÞ: ð54Þ

Note that the function Dωðkξ1; kξ2Þ is positive for ξ1 < ξ2,
therefore, interaction forces per unit surface (52) and (53)
are always attractive. They are finite for all ξ1 < ξ2, and do
not depend on the curvature coupling parameter, D−1

4D
[see Eq. (2)].

IV. CONCLUSION

In summary, considering a brane-world setup when two
D-dimensional branes are embedded in Dþ 1-dimensional
FRW space-time (with negative spatial curvature), we have
calculated mean values of the energy-momentum tensor for a
quantized bulk scalar field coupled conformally to the
curvature in FRW background. The branes have been chosen
to be the conformal images of two infinite parallel plates
moving with constant proper acceleration in Rindler space-
time, while admitting a Dirichlet boundary condition on their
surfaces. Technically, the Krein-Gupta-Bleuler construction
as a respectful quantization scheme in (asymptotically) dS
space-times has been considered to perform the calculations.
In this context, having mean values of the energy-

momentum tensor, we have also evaluated the Casimir forces
and effective pressure acting on the branes. These Casimir
forces consist of two parts; self-action and interaction parts.
The interaction forces are directed along the normal to the
boundary and are independent of the point of the boundary
and the curvature coupling parameter. In addition, they are
attractive for all separations between the boundaries.
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