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We study the production of light particles due to the oscillation of the Hubble parameter or the scale
factor. Any coherently oscillating scalar field, irrespective of its energy fraction in the Universe, imprints
such an oscillating feature on them. Not only Einstein gravity but the extended gravity models, such as
models with nonminimal (derivative) coupling to gravity and f(R) gravity, lead to oscillation of the scale
factor. We present a convenient way to estimate the gravitational particle production rate in these
circumstances. Cosmological implications of gravitational particle production, such as dark matter/
radiation and moduli problem, are discussed. For example, if the theory is described solely by the standard
model plus the Peccei-Quinn sector, the Starobinsky R? inflation may lead to an observable amount of

axion dark radiation.
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I. INTRODUCTION

A scalar field often plays an important role in cosmology.
Inflaton, which drives the accelerated expansion in the early
Universe, is an obvious example of such a scalar field [1,2].
The curvaton [3,4], which may offer seeds of the present
large-scale structure of the Universe, is another example.
A scalar field can also generate the baryon-to-photon ratio in
the present Universe [5,6]. These scalar fields typically have
to transfer their energy to other components of the Universe,
e.g., radiation, during their oscillating regimes. Hence,
particle production by a coherently oscillating background
is rather common. One of the most prominent examples is
(p)reheating after inflation caused by violent oscillation of
the inflaton. See Refs. [7-11], for instance.

In most cases studied so far, an explicit coupling between
the oscillating scalar field ¢p and another light field y is
introduced in the action. However, the simplest situation is
that ¢ and y interact only through gravity: there are no
interactions between them if the cosmic expansion is shut
off or they interact only through the evolution of the
Universe.' It is known that even in such a case, particle
production occurs through the change of the cosmic
evolution caused by the ¢ field, which is often called
“gravitational particle production” [12,13]. Recently, we
have pointed out that a (small) oscillation of the Hubble
parameter or the scale factor caused by inflaton oscillation
generates particles which couple to gravity nonconformally
[14]. Such gravitational production takes place even in
Einstein gravity, and its effect becomes stronger for some

'In our terminology, if Planck-suppressed operators involving
¢ and y are introduced explicitly in the action, they are regarded
as explicit couplings, which are not of our interest.
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extended gravity theories. Although the production rate is
suppressed by the Planck scale, still it can have impacts on
cosmology.

In this paper, we extend our previous analysis to cope
with more general cases where the oscillation of the scale
factor is caused by coherent oscillation of an either
dominant or subdominant scalar field. First we consider
the system with Einstein gravity and a scalar field coupled
minimally with gravity. Then the gravity sectors are
extended. As examples, we consider the f(¢)R, f(R),
and also G** 0,0, ¢ models where ¢ is the scalar field, R is
the Ricci scalar, and G* is the Einstein tensor, respectively.
In these models, the oscillation of the scale factor is more
prominent than that in the Einstein gravity, and, hence,
gravitational particle production becomes more efficient.
We also discuss the cosmological implications of the
gravitational particle production such as the dark matter/
radiation and the moduli problem in each case.

Before starting the analysis, let us clarify the differences
of our study from the existing literature. For example, in
Ref. [15], the particle production of the f(¢)R theory is
considered with ¢ being the inflaton. The authors in
Refs. [16-18] discussed the particle production of the
f(R) theory for the case of f(R) =R + cR* where the
second term is dominant. Therefore, our study has some
overlaps with these papers. However, the goal of our paper
is to offer a systematic way to estimate the particle
production rate. For that purpose, we pay particular
attention to an oscillating feature of the scale factor. In
fact, we will see that we can treat a wider class of gravity
models in a unified way from this viewpoint. It also makes
manifest how the background oscillation produces particles
coupled with gravity nonconformally. In addition to the
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above point, we also discuss the case where the oscillating
scalar field is subdominant. A subdominant scalar field can
have some cosmological implications, especially in the
extended gravity theories, as we will see below.

In this paper, we calculate the particle production rate in
the original defining frame [i.e., the Jordan frame for the
f(@)R and f(R) theories]. This is partly because we cannot
go to the Einstein frame in some classes of extended gravity,
such as the G*0,¢0,¢ theory. In order to estimate the
production rate including such a case, we would like to
understand what is happening in the original frame in our
unified framework. Roughly speaking, we are looking for the
effects of Planck-suppressed interactions of the oscillating
scalar field on particle production. As expected, it is not so
violent compared with the preheating in the usual context
[8—11], but still it can play an important role in cosmology,
e.g., dark matter/dark radiation production. The effect is
prominent in some extended gravity models, and the gravi-
tational coupling itself can be the main source of reheating.

The organization of this paper is as follows. In Sec. II, we
consider the Einstein gravity and show that a (small)
oscillating part of the scale factor is induced by the
coherently oscillating scalar field even in such a minimal
case. We show that this process can be understood as
annihilation of the scalar field. In Sec. III, we consider the
f(¢)R theory. In this case, we show that the oscillating part
of the scale factor linearly depends on the scalar field in
general, and, hence, the scalar field can decay into light
particles gravitationally, in contrast to the annihilation
process in the previous section. In Sec. IV, we consider
the f(R) theory. We find that the situation is rather similar
to that of the f(¢)R theory in this case. In Sec. V, we
consider the G*0,¢0,¢ theory. In this case, we limit
ourselves to the case where the scalar field is subdominant
to avoid a gradient instability. Section VI is devoted to the
conclusions and discussion.

II. EINSTEIN GRAVITY

In this section, we consider gravitational particle pro-
duction in Einstein gravity. We will show that the scale
factor has an oscillating feature caused by the coherent
oscillation of a scalar field ¢ even if it is subdominant. If it
dominates the Universe, the amount of produced particles,
whose dominant contribution comes from the onset of its
oscillation, becomes comparable to that produced by the
change of the background geometry [12,14], as expected.

A. Background dynamics

Let us consider the action

S = /d“x\/—_g GM%R - % (0)* = V() + £M>,
(2.1)
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where g = det(g,,) is the determinant of the metric, Mp is
the reduced Planck scale, and R is the Ricci scalar. Here and
hereafter, we adopt the (— + ++) convention for the metric
9w~ The scalar field ¢, which is of our main interest,
oscillates coherently and imprints an oscillatory feature in
the scale factor.L,, denotes the Lagrangian for matter other
than the scalar ¢p. We assume that £, does not depend on ¢.
The background equation of motion of ¢ is given by
G+3Hp+V =0, (2.2)
where H is the Hubble parameter, and the prime denotes the
derivation with respect to ¢. This is also rewritten as
Py +3H(py + py) =0, (2.3)
where p; = #*/2+V and Py = #*/2 = V. The Einstein
equation reads

3H? — Wisz’ (2.4)

Mp

r [ +
3H? + 20 = —p/Mif’”, (2.5)
P
where
oL

u Py =Ly (2.6)

PmM = gOO['M_ZW,

Note that 6£,,/5g" = 0 for the background part. By using
these equations, we obtain

pu +3H(py + pu) = 0. (2.7)
Hereafter, we assume that the matter part satisfies the
equation of state p,; = wp,,. This shows that p,, exactly
scales as py, o« a3,

The cosmological setup we are considering is as follows.
After inflation, inflaton decays and the Universe is domi-
nated by the “matter,”*; which is characterized by the
energy density p;, and the equation of state w. We leave it
as a free parameter for a while, although hot thermal plasma
with w = 1/3 is typically produced by the inflaton decay.
The scalar field ¢ begins to oscillate around the time H =
my in a background dominated by py, with my =
|(0V/0®)/®| being the effective mass squared of ¢ and
® being the amplitude of ¢ oscillation. In the following, we
consider the deeply oscillating regime m, > H. We do not
necessarily assume that ¢p dominates the Universe in the
following discussion. Even if ¢ is subdominant, it induces a

"Here and in what follows, matter does not always mean
nonrelativistic fluids.

063517-2



GRAVITATIONAL PARTICLE PRODUCTION IN ...

small oscillating feature in the Hubble parameter or the
scale factor and leads to particle production, as we will
see below.

Henceforth, we will extract an oscillating part of the
scale factor, which is important for the gravitational particle
production. In particular, we will express it in terms of ¢
explicitly. To do so, we divide quantities into the oscil-
lation-averaged part, which only evolves due to the Hubble
expansion and the rapidly oscillating part with frequency of
order ~my:

H = (H) + 6H, (2.8)
a=(a) +da, (2.9)
Py = (py) + 0y, (2.10)
Pu = (Pu) + pu. (2.11)

Here the bracket (...) denotes the oscillation average, and
quantities with § denote the oscillating part. We treat the
oscillating parts as perturbations and keep only terms up to
first order in them. This treatment is justified in the deeply
oscillating regime.

We first note that p,, exactly scales as py «x a”
and, also, p, ~O(Hp,). Thus, we can use the Virial
theorem for ¢ in the limit m; > H and take the oscillation
average to obtain

3(1+w)

6n
n—+2

(pg) + (H){py) =0, (2.12)

where we have assumed V ~ ¢" dominates in the poten-
tial.’ This implies that p, scales as (p;) o a=0"/("+2),
In order to extract the oscillating part, the following

equation is useful:

_ Pit+ Di

i = .
WM

(2.13)
i=p.M

From this expression, we obtain the oscillating part of the
Hubble parameter as

5H = — L4 -

0 (@) + (14 w)py). (2.14)

Let us make an order-of-magnitude estimation to under-
stand its approximated behavior. We have py/py ~
aja ~ O(6H [my) since the relation py o« a1+ holds
exactly. Therefore, we obtain 6py, /M3 < O(H*SH/m,) <

3 ¢ oscillates around the finite vacuum expectation value ¢,
¢ should be interpreted as its deviation from the potential
minimum.
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my6H. Thus, the last term on the rhs of Eq. (2.14) can be
neglected, and, hence, we find

1

0H = ———(¢* = (§7)). 2.15
S @ ) 2.15)
It can be expressed as
. 6n 1 1 /d .
H H)SH = — — (= +3H
OH + 1 (H9 n+2M%(dt+3 >(¢¢)’
(2.16)

where we have used the oscillating part of Eq. (2.4). A
similar equation was derived in Ref. [14] in the case where
¢ dominates the Universe. In contrast, here, we have not
necessarily assumed ¢ domination. In Eq. (2.16), only the
relevant terms are the first terms of the lhs and rhs. This is
because 0H and ¢d) are oscillating functions with fre-
quency ~my, and, hence, the second terms of the lhs and
ths are suppressed by O(H/m,). Thus, we arrive at

14
== (2.17)

By integrating this, we obtain

a 1 2 _ 2
(1) :1—2(n+2)¢ M;"ﬁ L s

This equation explicitly relates the oscillating part of the
scale factor to the (subdominant) oscillating scalar field.
Note that ¢ appears regardless of the exponent n of the
potential.

B. Particle production rate

In the previous subsection, we obtained

ML
2(n+2) M3 )

a(r) = (a(r)) (1 (2.19)

Now let us estimate the particle production rate due to the
oscillating part of the scale factor a. Intuitively, in the
present case, such a particle production may be understood
as the pair annihilation of ¢, since the oscillating part of the
scale factor depends quadratically on ¢. Thus, we call it
“gravitational annihilation” [14].4 On the other hand, we

“In Ref. [15], the gravitational annihilation due to f(¢)R
coupling was discussed. There it was claimed that this effect does
not exist in the Einstein gravity limit. This is not true, however, as
shown here and also in Ref. [14]: the gravitational annihilation
takes place even in Einstein gravity. Recently, Refs. [19,20]
considered dark matter production by the gravitational annihila-
tion of particles in a thermal bath.
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will see that the oscillating part of the scale factor depends
linearly on the scalar field for extended gravity theories
such as the f(¢)R and f(R) models. In contrast to the
present case, we can view it as the decay of the scalar field,
and, hence, we will use the word ““gravitational decay” in
such cases.

Below we consider particle production of a minimally
coupled scalar and graviton. The production of fermions
and vector bosons is suppressed by their masses and
couplings because they are classically Weyl invariant
and do not feel the oscillation of the scale factor in the
massless limit.

1. Scalar

First we consider a scalar field y which minimally
couples with gravity

s= [ axyma(-g@r-3mr). )
with m, << m. In the standard model (SM), only the Higgs
boson would be a minimally coupled scalar. Here we do not
limit ourselves to the case where y is the Higgs boson but
consider general scalar fields. By using the master
formula (A26) derived in Appendix A, the number density
of y particles produced during one Hubble time after ¢
begins to oscillate is given by.5

c 1 \2 /mg @\ 2
1) = . (221
1) =350 <n+2> ( M ) (221)

where ® denotes the oscillation amplitude of ¢. This result
may be translated into the effective annihilation process of
¢ particles with a rate of

C [ 1 29 my
roo =S (ENEM
b=z = 19(OV) oy 167 <n+2> M3 M3 ( )

Taking into account the Hubble expansion, one can easily
see that the largest contribution comes from the very
beginning of the ¢ oscillation at H = m, unless w is
unlikely large and/or n is so small. Note that even if y
obtains a Hubble-induced mass term, this production
mechanism becomes effective soon after the ¢ oscillation.

2. Graviton

Next we apply our formalism to the graviton production.
The graviton action is given by

s— / d1d3xa2(t)M?‘%[(a;;j>2—(0kh,-j)2}, (2.23)

’If ¢» dominates the Universe, we have n,(f) ~ (const) x H,
as found in [12,14].
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where 7 is the conformal time, and h;; is the metric
perturbation satisfying the transverse and traceless con-
ditions h; = 0;h;; = 0. The indices , j, and k run the space
coordinates. Hence, the production rate is similar to the
minimal scalar, except for the factor 2 corresponding to the
two polarization states of the graviton:

C 1 \2 /mz®H\?2
~ . (224
) = Torm (n ¥ 2) ( M ) (2.24)

C. Cosmological implications

The gravitational annihilation of a subdominant scalar
field ¢ yields the abundance given in (2.21), but the
gravitational annihilation of the inflaton also gives a
significant contribution [12,14]. The ratio of y abundance
produced by a subdominant scalar field ¢ to that produced
by the inflaton is estimated as

¢
i s ~e 0 <ﬁ>4, (2.25)
n)((m ) Hipe \Mp
where
¢ = min [1, . /m¢/rinf}, (2.26)

with H;; and I;,; being the Hubble scale at the end of
inflation and the inflaton decay rate, respectively. Here we
have assumed that the inflaton oscillation behaves as
nonrelativistic matter, and the inflaton decays into radia-
tion. Also, ¢ is assumed to be subdominant at the onset of
its oscillation. The dominant contribution comes from the
gravitational annihilation of the inflaton since mj < Hj in
order for ¢ to begin coherent oscillation after inflation. In
this case, cosmological implications were studied in [14],
and we briefly discuss them here. The energy-density-to-
entropy ratio of y with a sizable mass term is estimated to
be

(inf)

1 TrHi
e 1 9C mlw f=1x10‘9GeV£( i )

s A512z M3 A \10° GeV

TR Hinf
X b
10" GeV ) \10'* GeV

where s is the entropy density, Ty is the reheating temper-
ature, and A denotes the dilution factor due to the late decay
of ¢, which is given by6

(2.27)

®Here we have introduced some interactions that induce a
complete decay of ¢, in order for the ¢ oscillation not to dominate
the Universe. For simplicity, we assume that this interaction does
not involve y.
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FIG. 1. Contour plot of ¥, produced by the inflaton for my = Hi,;/10 (left) and my = Hi,e /1000 (right) on the plane of (i, Hinr)-
We fix the decay rate of ¢ as T, = m;;/128zM} and the reheating temperature as Ty = 10'* GeV. The shaded region is excluded due to
too large curvature perturbation if ¢ remains light during inflation.

A = max [1, \ /Hdom/l“(/,}. (2.28)
Here, H,,, is the Hubble parameter when ¢ would
dominate the Universe: Hgop = Dine(¢p7/6M3%)* for my >
Tipe and Hyon = my(¢p?/6M3)? for my < Ty when the
exponent of the potential of ¢ is n = 2.

Suppose that y is a massive noninteracting stable
particle. Then, its abundance should be smaller than p, /s <

4x 1071 GeV to avoid the dark matter (DM) overpro-
duction.” Next, suppose that y is a moduli that has only
Planck-suppressed interactions with SM fields. It is
severely constrained from cosmology due to its longevity.
If its mass is about O(1) TeV, big bang nucleosynthesis
(BBN) gives a stringent bound on the y abundance, p, /s <
10~'* GeV [21]. Thus, we roughly have

Pr < 10714 Z 4% 10710 GeV (2.29)
S

depending on the mass, lifetime, decay modes, etc. Various
cosmological constraints on massive particles in broad
parameter space are found in Ref. [22]. There is no such
constraint if y decays well before BBN begins. Finally, if y
is (nearly) massless, like an axionlike particle, it contributes
to dark radiation. In this case, however, the y abundance as
well as the gravitational wave abundance is so small that it
does not affect observations.

Note also that y can have either (dominantly) an
adiabatic or isocurvature fluctuation depending on whether
¢ is massive or not during inflation. If ¢ remains light

7Depe:nding on m, and m,, the free-streaming length of y can
be so long that it fails to be a cold DM. In such case, its
abundance must be well below the observed DM abundance. In
order for y to be cold, it should become nonrelativistic before the
cosmic temperature drops to ~1 keV.

during inflation (m, < Hiye), it obtains long-wavelength

quantum fluctuations and contributes to the curvature
perturbation as

2&I_Iinf
3 ﬂ¢i ’

¢y (2.30)

where R, is the fraction of ¢ energy density at its decay,
and it can act as the curvaton [3,4]. If ¢ is the dominant
source of the curvature perturbation, y produced by the
inflaton oscillation has totally anticorrelated isocurvature
perturbation, and it cannot be the dominant component of
DM [23]. If the curvature perturbation is dominantly
sourced by the inflaton, there is no significant constraint
from the isocurvature perturbation. Also, if ¢ is heavy
enough during inflation, there is no isocurvature
perturbation.

Figure 1 shows contours of ¥, = n,/s produced by the
inflaton for my = Hi,¢/10 (left) and my = Hjy,/1000
(right) on the plane of (¢;,Hyys) for n=2 and
w=1/ 3.5 In this plot, we have assumed that ¢ decays
via Planck-suppressed interaction: Ty = m;/(1282M3).
We have also fixed the reheating temperature after inflation
as Tr = 10'° GeV. We can deduce the cosmological
constraint mentioned above by multiplying m, as p,/s =
m, Y, for an arbitrary value of m, below the inflaton mass.
The shaded region is excluded due to too large curvature
perturbation if ¢ remains light during inflation. The above-
mentioned cosmological constraints crucially depend on
the mass and lifetime of y, which is not fixed in the figure,

0One can convert the quantity p, /s = m,Y, to the present
density parameter Q, = p,/p., with a critical density p., through
Q, h? =2.8 x 10%(m,Y,/GeV) if  is a stable and nonrelativistic
particle. Here, h(~0.7) is the present Hubble parameter in units of
100 km/s/Mpc.
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but we can easily infer p,, /s (or thz) from these plots once
the mass is fixed and compare with various constraints. One
can see that the cosmological constraints from the gravi-
tational particle production are rather weak so that almost
all parameter space is allowed.

IIL f(¢))R MODEL

In this section, we consider gravitational particle
production in f(¢)R models. One famous example of
this class of models is the Higgs inflation [24-27], with
f(@) = EP*/M3. Interestingly, this coupling E¢*R/2 is
inevitably generated by radiative corrections [28]. Here we
analyze gravitational particle production for general f(¢)R
models in the Jordan frame.

A. Background dynamics

Let us consider the action

5= [ aixy=a(3MEr OR300 - Vig) + L ).
(3.1)

where £, denotes the Lagrangian for matter other than the
scalar ¢. The equation of motion of ¢ is given by

b+3Hp+V —=3ME2H>+ H)f' =0. (3.2)
It can be expressed as
py +3H(py + py) = 3MpQH> + H)f =0, (3.3)

where p, and p, are the same as before. The Einstein
equation reads

3H2f+3Hf:p¢1;;2pM, (3.4)
P
f+2Hf—|—(3H2+2H)f:—p‘/’A;—%M. (3.5)
By using these equations, we also obtain
pu +3H(py + py) = 0. (3.6)

Hereafter, we again assume that the matter part satisfies the
equation of state p,; = wp,y,. This shows that p,, exactly
scales as py; & a—>(*") The cosmological setup we are
considering is the same as the one in the previous section.
We will estimate the oscillating part of the Hubble
parameter or the scale factor induced by the coherent
oscillation of ¢ which may or may not dominate the
Universe. The equation of state of the matter part is taken
as a free parameter.

PHYSICAL REVIEW D 94, 063517 (2016)

In the following, we solve these equations of motion by
the following perturbative expansion. We expand f(¢) as
follows:

2
@ =1+ @) =1+e,- 2y e, ?

——+... (37
Mp 2M3 (3.7)

and regard f as a small perturbation.9 To be more precise,
we require |f| < H?. Other quantities are also expanded as

H=H,+H,, (3.8)
a=ay+a, (3.9)
Py = Pgo Tt Pyl (3.10)
Pm = Puo + Pumis (3.11)

where the subscript 0 denotes solutions in the | — 0 limit,
i.e., solutions in Einstein gravity. Since f directly depends
on ¢ and, hence, is a rapidly oscillating function, quantities
such as H,, pgi, ... are also expected to be rapidly
oscillating.

Our goal is to express the oscillating part H;, a, ... in
terms of ¢». We retain only first order in the oscillating parts
induced by the nonminimal coupling in the following. In
the equations of motion, the oscillating parts satisfy

Po1 T P

2H,H, = —H,f, — H3f, + , (3.12)
0 3M3
Pyt +3H(pgo + Pyo) +3Ho(py1 + Py1)
= 3M%(2H3 + Hy)f). (3.13)

Noting that p, ~ O(myp,;), we can neglect terms of
~O(Hpy,) in Eq. (3.13). Then we have

. . 3 .

Py = |3M3(2HG + Hy) + 5(/’450 + pgo) [ 1. (3.14)
This implies py; ~ O(porf1). Also, pyy is suppressed by
my since py o a=3(+) s exact. Thus, by noting that
fi~ O(myf,), we find that the second term and the third

term on the rhs of Eq. (3.12) are safely neglected. As a
result, we obtain a simple relation

Hl 2_£:_1<c1£+”.>_

1
2 2\"'m, (3.15)

9Again, ¢ should be regarded as a deviation from the potential
minimum ¢ = @i If din # 0, the first term of (3.7) should be
modified as 1 — ¢{¢pin/Mp.
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This is the oscillating part of the Hubble parameter induced
by the nonminimal coupling. Therefore, we arrive at

a 1
—=1—-=f,
a >/

(3.16)
and, hence, we finally find a relation between the oscillat-
ing part of the scale factor and ¢.

Equation (3.15) is the same as the result obtained from
the adiabatic invariant proposed in Ref. [29], though the
proof given in Ref. [29] is applicable only to the cases
where matter is subdominant. The point is that there is a so-
called “adiabatic invariant” J':

1 oL 1 1 9(a%f)

s = SQHF+f) =5

——— = 3.17
6M%0H 2 2d> O (3.17)

Here, we call a quantity Q an adiabatic invariant if it
satisfies Q = O(HQ). In the deeply oscillating regime,
such a quantity is almost constant within one oscillation,
and, hence, we can approximately view it as a conserved
quantity. In Einstein gravity, the Hubble parameter, or,
equivalently, the energy density of the scalar field, is
obviously an adiabatic invariant, but in extended gravity
models, the conserved quantity is nontrivial. Since J is
almost constant within one oscillation, we can easily extract
the oscillation part H, as

fi
H =-—. 3.18
=1 (3.18)
B. Particle production rate
In the previous subsection, we obtained
¢y ¢
H={lat)|(1-——). .1
a0 = ) (1-4) (3.19)

This expression is valid up to first order in ¢. In contrast to
Einstein gravity, here is a linear term in ¢ in the oscillating
part of the scale factor, and it induces gravitational decay of
¢. There also exist quadratic terms of the order of ¢? and ¢,
in addition to the Einstein gravity contribution, which
induce the gravitational annihilation of ¢ [14,15], although
they are omitted in this expression. Note that the gravita-
tional decay is possible only when the nonminimal cou-
pling exists, while the gravitational annihilation takes place
even in pure Einstein gravity. Below we consider the
production of scalar particles and the graviton. The pro-
duction of fermions and gauge bosons is suppressed by
their masses and couplings as we explained before.

"Here, integration by parts should be done to remove H in the
Lagrangian.
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1. Scalar

First let us consider the particle production rate of a
scalar minimally coupled with gravity, whose action is
given by Eq. (2.20). The number density of y particles
produced during one Hubble time after ¢) begins to oscillate

is given by
n (1) = C [cmy®\?
“ 32zH \ 2Mp )~

It can be interpreted as the decay of ¢ into the y pair with
the decay rate

(3.20)

¢t m
1287 M3~

Ty = (3.21)

This decay rate coincides with that calculated in the
Einstein frame [30]. Contrary to the annihilation case, this
effect becomes significant at late time for reasonable
choices of w and n. Noting that each y particle has the
energy of m,/2 at the production, we find

p)(<t) —~ Cc%m; _ F¢_’Z)( (3 22)
pp(t) 128zM2H  H '

Thus, ¢ completely decays into y at H ~T';_,,, if there is
no other decay mode of ¢.

2. Graviton

Next we apply our formalism to the graviton production.
The graviton action is given by

S= / d1d3xa2(t)f(¢)%%{(a;:>2—(8kh,j)2]. (3.23)

It should be noticed that the ¢; dependence vanishes in the
overall coefficient a®f(¢). Hence, there is no gravitational
decay of ¢ into the graviton pair, as opposed to the case of
scalar particles [14]. Still there exists a gravitational
annihilation of ¢ into the graviton pair, which exists even
in Einstein gravity. The abundance of the graviton is similar
to Eq. (2.24) except for the modification of O(c,, ¢?).

C. Cosmological implications

In the present case, the contribution from ¢ often
becomes the dominant one. The abundance of a massive
x produced by the gravitational decay of ¢ is given by

Pr_p
K 2m¢

3mxT¢

Bry_,, (3.24)
where Ty ~ | /I'yMp is the decay temperature of ¢ with I';,
being the total decay width of ¢, Br,_,,, =T, /T is the
branching ratio of ¢ into yy, and
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FIG. 2. Contour plot of Y, (left) and AN, (right) on the plane of (¢;, m,,). The shaded region is excluded due to too large curvature
perturbation for Hy,; = 103 GeV if ¢ remains light during inflation.

(3.25)

A’ = min [1, JHaom/Ty ).

which roughly corresponds to the ratio p,/(p; + pu) at
H =Ty. If the gravitational decay is the only decay mode,
the branching ratio is O(1). In that case, using Eq. (3.21),
we obtain

p)( -3 A/CI m¢ 1/2 m)(
P2 = 3% 10 GeV ,
s UNTT\0Gev) \1Gev

(3.26)

where we have assumed that there are N light scalar fields
other than y that thermalize with SM degrees of freedom
and, hence, Br,_,, = 1/ (N + 1). Within the framework of
the SM, we have N = 4 corresponding to the 4 real degrees
of freedom of the Higgs boson. Strong constraints are
imposed as discussed in Sec. I1 C: p, /s <4 x 10710 GeV if
 is a noninteracting stable particle and p,, /s < 107'% GeV
if y is a late-decaying particlelike moduli."

Then, suppose that y is a (nearly) massless particle such
as axionlike particles including the QCD axion. In this case,
there is a danger of overproduction of dark radiation. It is
convenient to express the abundance of dark radiation in
terms of the effective number of neutrino species

"In the present model, it is likely that ¢ obtains a mass of
Hubble scale during inflation from f(¢)R coupling. Then there is
no DM/dark radiation isocurvature mode even if we consider the
DM contribution from inflaton decay. Also, ¢ is displaced from
the minimum of its potential V(¢) during inflation owing to the
f(¢)R coupling. Thus, typically, the initial amplitude is close to
the Planck scale, unless the potential becomes steeper than the
quadratic for a large field value, like V ~ ¢*" (n > 2).

43 /10.75 \ /3 3A/
ANy = = (— 22 ) "ABr,  ~0
ol 7 (g*s(Tqﬁ)) r(/) “ N+1

Therefore, if ¢ is a dominant component of the Universe at
the decay (i.e., A’ = 1), we may need N = 5 to satisfy the
current constraint on the dark radiation [31], which is
marginal for the SM.'* The bound can be relaxed if ¢ has
decay modes other than the gravitational decay mode.

Figure 2 shows contours of Y, (left) and AN (right)
produced by ¢ for ¢; = 1 on the plane of (¢;, my) for n =
2 and w = 1/3. In this plot, we have assumed that ¢ decays
only via the gravitational decay mode and N = 4. We have
also fixed the reheating temperature as Ty = 10'° GeV.
The shaded region is excluded due to too large curvature
perturbation for Hjs = 103 GeV if ¢ remains light
during inflation. Again, we emphasize that the cosmologi-
cal constraints crucially depend on the mass and lifetime
of y. Comparing with the typical constraint (2.29), one
finds that the large parameter space of the present scenario
is excluded if y has a long lifetime. Of course, the
constraints become weaker for small initial amplitude ¢;.

The results presented here are also applied to the
inflaton decay by simply regarding ¢ as the inflaton and
taking A’ = 1.

(3.27)

IV. f(R) MODEL

In this section, we consider gravitational particle produc-
tion in the f(R) models [33]. In the f(R) models, there is 1
additional degree of freedom in the metric sector, and it
induces rapid oscillation of the scale factor. A famous example
is the Starobinsky inflation [2], in which a scalar degree of
freedom causes inflation and reheating [16-18,34-37].

“Note also that there may be a preference for AN 4 = 0.5
according to a recent observation of the Hubble constant [32].
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Here we analyze gravitational particle production for general
f(R) models in the Jordan frame.

A. Background dynamics

The action is given by

/ d*x\/=g < M%f(R)JrﬁM) (4.1)

where £, denotes the Lagrangian for matter. This model
includes 1 scalar degree of freedom (“scalaron”) if
F = 0f/0OR # const. The background equations of motion
are given by

1 -, PM
3FH>=—(FR - f)—-3HF + £, 42
F(FR=1)=3HF+35. (42)
F—Hi 4 2Ff = M Pu (4.3)
= T )
P

Note that the second equation is derived from the first
equation just by taking a time derivative if there is no matter
sector.”” This is natural because there is only one dynamical
degree of freedom, i.e., the Hubble parameter, in the gravity
sector. These two equations are combined to yield

Pm =3Py

F+3HF + - (2f FR) = ,
3M3

(4.4)

Py +3H(py + pu) = 0. (4.5)

Hereafter, we assume that the matter satisfies the equation
of state p,, = wp,,, which implies p,; « a=30+%),
In the following, we consider the case where f(R) is

given as

F(R) = R<1 +% <M%>n_l> = R<1 +C7F‘> (4.6)

where ¢ is a positive constant, and n (>2) is an even
integer. The equation of motion of F;| reads

F, +3HF +8V
! ' OF,

=0, (4.7)

where'*

Recall that the Ricci scalar is given by R = 6(H + 2H?).

"“The potential Vp, is unbounded from below for n > 2. We
only consider the region c|F| < 1 below so that the whole
dynamics is described in the metastable region. Although there
can be a quantum tunneling from the metastable vacuum to the
deeper minimum, we do not discuss it here because higher order
terms in f(R) can easily change the structure of the potential for
c|Fy|> 1.

PHYSICAL REVIEW D 94, 063517 (2016)

IMP 0/ (e n—2
Vi, == LIF | 1<1—2n_1cF1)
1-3w
———pyF V. 4.8
3CM%le+ 0 (4.8)

Here we have included an F'|-independent term V; to make
Vp, = 0 at the minimum of the potential F, = (F):

1—3w
3ncM%pM

(Fy). (4.9)

V():

From Eq. (4.8), we easily find that the minimum of the
potential is given by

(4.10)

for ¢|F| < 1, as expected. Equation (4.7) shows that F
exhibits a similar motion to the scalar field under the
potential V. .

Now let us consider the case m3. = [(OV g, /OF,)/F| >
H?; ie., F, is oscillating rapidly in the effective potential
V. We also assume that the inequality

|| <1 (4.11)

is satisfied. In this case, we can expand the quantities as

R=Ry+R,. (4.12)
H=H,+H,, (4.13)
Pm = Pmo + Pmi (4.14)

to the first order in c. Here, the quantities with a subscript 0
correspond to those in the limit ¢ — 0:

Pmo Pmo
H: =—""2 Ry=(1-3w)—. 4.15
0 3 M%, 0 ( W) M%, ( )
If there is no matter (py, = 0), F; oscillates around F; = 0.
Otherwise, it oscillates around a finite expectation value.
Thus, we further divide F'; and H; into the oscillating part
and nonoscillating part as

F1:<F1>+5F1, (416)

Note that for w = 1/3, Ry = 0, and, hence, (F;) = 0.
Our goal is to express the oscillating part of the Hubble

parameter or the scale factor in terms of F';. When matter is

subdominant, the adiabatic invariant J is useful for this

purpose. In Appendix B, we show that J is given by
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F
J=HF +,

5 (4.18)

for the f(R) models. Thus, by expanding with respect to c,
we obtain the oscillating part of the Hubble parameter as

SH, = —gaF]. (4.19)

PHYSICAL REVIEW D 94, 063517 (2016)

Below, we show that this is correct even when matter is
non-negligible by solving the equations of motion directly.
For completeness, we consider both of the cases where the
scalaron is dominant and subdominant.

For later convenience, here we express H; in terms of F';
by using Eq. (4.2):

| PF Pu 1 1 Pmo
H =—~cF Ly PV R (1 =3w)e( Fy——(F) ) ) -
1 ¢ 1+\/3M%+3M% ¢ 1+2< wie| Fy n( 1) M2

where we have kept only leading terms in ¢|F | and defined
the “energy density” of the scalaron F| as

3 1.
pFl EECZM%)<§F12 + VF1>.

(4.21)
This is also a nonoscillating quantity.15 We call this energy
density because the Hubble parameter is given by H? ~
pr,/(3M3%) for pr > py as we will show below. Actually,

\/3/2cM pF | coincides with the canonical scalaron field in
the Einstein frame for c¢|F;| < 1. As one may see from
Egs. (4.19) and (4.20), and as we will see in the following,
the dominant contribution to the oscillation mode of the
Hubble parameter comes from the first term in Eq. (4.20).

1. Matter-dominated case
First let us consider the matter-'® dominated case in
which py > pp, ie., c|F;| <1 and c|6F,| < H,. For
pr1 L c|Fi|pyo or 6F; < (F|) with 6F; being an oscil-
lation amplitude of 6F;, we obtain

(Hy) ~c(F1)H,, (4.22)

and for pp, > c|F|pyq or 8F, > (F,), we obtain

<H1>NHopi-

4.23
PMmo ( )

Note that the latter always holds if w = 1/3. In both cases,
we have

SH, = —%51’?1, (4.24)

">The contribution to pr, from the constant term V is always
smaller than p,, for ¢(F;) < 1.

'GAgain, this should not be confused with fluids with the
nonrelativistic equation of state w = 0. We do not specify w in the
following discussion.

(4.20)

I

since the oscillating part of p,; is suppressed by m, as we
discussed before. This implies |§H;| < Hy in the matter-
dominated case. Thus, the scale factor a has also an
oscillating part in this model as

a(t) = (a(7)) (1 —%5F1>. (4.25)
We can estimate the gravitational particle production rate
from this expression.

Let us see the evolution of py, and p,,. From the equation

of motion (4.7), we find that pj scales as pp o a=0"/31=2),

This means that the amplitude scales as SF|
a~0=1/Gn=2) while (F,) o« a=3(*")("=1) " Therefore, as
time goes on, the relative amplitude of 5F, to the mean
value (F;) becomes larger for n > 2(2+w)/3(1 +w),
which is satisfied for n > 2 and w > —1/2. It also tends to
dominate the Universe at a later epoch. For n =2, for
example, we have pp, o a3, and it scales in the same way
as the nonrelativistic matter. Thus, the oscillation energy
density will dominate the Universe if the equation of state
of background matter is w > 0. For n > 2, py decreases
more slowly than the nonrelativistic matter, and, hence,
the oscillation energy density eventually dominates the
Universe even if w =0, unless 6F; decays before the
domination due to the production of nonconformally
coupled particles, as discussed later.

2. Oscillation-dominated case
Next, let us consider the opposite limit p); < pp . As we
have seen above, py, may eventually dominate the Universe
at a later epoch even if we start with the matter-dominated
Universe. In this case, the second term in the potential (4.8)
can be neglected, and, hence, F; oscillates around zero:

8F, > (F,). From Eq. (4.20), we obtain

| PF
H,) = :
< 1> 3M%,’

hence, (H,) > H, and

(4.26)
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SH, = —%51’«“]. (4.27)

This is the same expression as that of the previous case. The
scale factor a can be expressed as

al) = (a(r)) <1 —gaFl). (4.28)

In this case, we have |6H,| ~ (H,) ~ H, and, hence, the
Hubble parameter H violently oscillates.'” Similar to the
previous case, from the equation of motion Eq. (4.7), we
find pp, o a®/®"2) and 6F; o« a~0=1/G7=2) " while
(F)) & a=3+W)(=1): hence, SF, > (F,) is always satis-
fied for n >2 and w > —1/2 until 6F; decays due to
particle production, as discussed later. The Ricci curvature
R oscillates rapidly around R ~0, and its amplitude
decreases as R, « a~®("=2)_ Thus, the Hubble parameter
scales as (H) = (H,) = (3n —2)/(3nt) « a=>"/3"=2),

In any case, the oscillation of F'; or the oscillation of the
scale factor leads to production of nonconformally coupled
particles, and, hence, it decays. In the next subsection, we
estimate the particle production rate.

B. Particle production rate

In the previous subsection, we obtained

alt) = (a(1)) <1 —gaF,). (4.29)

As in the case of the f(¢)R models, here is also a linear
term in the oscillating part of the scale factor. Thus, the
gravitational decay of the scalaron occurs, and the scalaron
can transfer its energy to other particles efficiently through
this process. We also have terms which induce the
gravitational annihilation, although omitted in this expres-
sion. Below we consider the production of minimally
coupled scalar particles and the graviton. The production
of fermions and gauge bosons is again suppressed by their
masses and couplings.

1. Scalar

First let us consider the particle production rate of the
minimally coupled scalar, whose action is given by
Eq. (2.20). By noting that i/a = —(c/2)m%F, and using
Eq. (A24), we obtain the number density of y created in one
Hubble time as

"7 Although the oscillation amplitude of the Hubble parameter
6H, and its averaged value (H,) are the same order, H > 0 is
always ensured, as is easily checked by solving the Friedmann
equation (4.2).
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CR?

) =——, 4.30

1) = 5200 (4.30)

where R is the amplitude of the Ricci scalar R. This

expression does not depend on n except for the small

dependence in the O(1) constant C. From this we can read
off the effective “decay rate” of F; as

_C n omp
Fiom = 384z n — 1 M3

(4.31)

which coincides with the decay rate of a canonical scalaron
field calculated in the Einstein frame [34]. The ratio of the
energy density of the created particles in each Hubble time
to the scalaron energy density is given by

P, (1) _ C n my Tpy,
pr, () 384xn—-1M3H H

(4.32)

This ratio becomes O(1) at some epoch, even if it is
initially much smaller since m is an increasing function of
time. At that time, 6F; completely “decays” into y
particles. If py ~dominates the Universe, it corresponds
to the completion of the reheating. Actually, if y is the SM
Higgs boson, they are thermalized soon.

2. Graviton

The graviton action is given by

= / drd3xa2(t)F(R)M?% [(%)2 - (akh,.j)2] . (4.33)

It is the combination a*(z)F(R) that determines the
graviton production rate. It is estimated as

a*(1)F(R) = a3(1 + O(c*F?Y)). (4.34)
Note that similar to the case of the f(¢)R models, the linear
term in coF| vanishes; hence, there is no decay of F; into
the graviton pair. Compared with the scalar, the graviton
abundance is suppressed by ¢?F7:

C(CFlk)z

1152zH (435)

ny(t) =
The graviton production becomes less efficient as time goes
on due to the time-dependent suppression factor F' %.18 It
corresponds to the gravitational annihilation of the oscil-
lating scalaron field in the Einstein frame interpretation as
written in Sec. II B 2.

"®This is inconsistent with Ref. [38]. Probably, they did not
take into account F(R) appearing in front of the graviton kinetic
term.
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C. Cosmological implications

Let us discuss the cosmological implications of gravi-
tational particle production in f(R) models. To be concrete,
we take n =2 in the following. If there is no matter
initially, it can cause successful Starobinsky inflation, but
here we concentrate on the cases where the inflation occurs
in some other sector, and F,; oscillation begins after
inflation, which later becomes a dominant or subdominant
component of the total energy density.

The effects of gravitational particle production in the
f(R) model are similar to the case of the f(¢)R model with
¢y # 0 studied in Sec. III C. The massive y abundance
produced by the gravitational F; decay is given by

p_)( - A/ 3mXTF

s 2my
where Tp ~ /'y Mp is the decay temperature of F, and

Brg, -, =T -, /TF, is the branching ratio of /', into yy
with Iz being the total decay width of F; and

A’ = min [1, +/Haom/Tr|.

Here, Hg,, is the Hubble parameter at which F; would
dominate the Universe, and A’ roughly corresponds to the
ratio pgy /(pp, + py) at H =T'p . Writing the initial con-
dition of F; as Fy;, we obtain Hgoy, = i (F7,/6M3%)? for
mp > Uipe and  Hgom = mp(F7,/6Mp)? for mp < Ty,
respectively. The energy density of y is then given by

p)( _8 A, mF ]/2 m)(

L~ 9% 10-% GeV .

s Y UN 1 \106 Gev 1 GeV
(4.38)

This is severely constrained if y is a stable noninteracting
particle, or if it is a late-decaying moduli as shown in
Sec. IIC. In our setup, F| remains light during inflation,
and it obtains long-wavelength quantum fluctuation.
Whether y has (large) isocurvature perturbation or not
depends on the dominant source of the curvature perturba-
tion: if it is the inflaton, the fluctuation of y is mostly an
uncorrelated isocurvature and cannot be a dominant DM,
while if it is Fj, there is essentially no isocurvature mode
except for a (small) contribution from the inflaton oscillation.
Also, there is no isocurvature mode if F'; itself is the inflaton.

If y is a practically massless noninteracting particle, we
have

43 /1075 \ /3 3A

ANyt = — | ———— A'Brg _,,, ~———.
T (g*s(TF)> Ten TN

Again we have a stringent constraint."” The constraints are

similar to the case of the f(¢)R model with ¢; = 1 after ¢;
is replaced with F;, and readers are referred to Fig. 2.

(4.36)

Bre, s

(4.37)

(4.39)

“Dilaton dark radiation from the decay of scalaron field in the
R? model was discussed in Ref. [39].

PHYSICAL REVIEW D 94, 063517 (2016)

These results can be applied to the reheating of the
Starobinsky inflation model once we take A’ =1 and
mp=3x 10 GeV. It is noticeable that in the
Starobinsky model with a minimal extension of the
QCD axion, we have N =4 (corresponding to the SM
Higgs boson), and the axion dark radiation may be
detectable in a future CMB experiment.20 Such axion dark
radiation can also have an isocurvature mode depending on
the origin of the dominant curvature perturbation.

V. G*8,4¢9,¢ MODEL

Finally, we study a scalar field with a nonminimal
derivative coupling to gravity, namely, L ~ G"0,$0,¢
with G being the Einstein tensor. An example with such a
coupling is the new Higgs inflation model [40]. This class
of model has an advantage in that it does not introduce an
additional degree of freedom, although the action itself
contains higher derivatives. In fact, it is the simplest version
of the Gs-type (or the G4 type involving the kinetic term)
models in the context of the Horndeski or generalized
Galileon theories [41-43].

A. Background dynamics

We consider the following action

5= [asmllnn ()
x 0,0,¢ — V() + EM] . (5.1)

The background equation of motion of ¢ is given by

3H?) ., 3H? +2H) -
<1+W)¢+3H<1+T)¢+V/:0. (52)
The Friedmann equation reads
32 =P P _ (119 (5.3)
M: ’ M2)2 " '
3H? i = P8 T Pv
My
=(1 3H2) &7 y_Ld (Hp*), (5.4)
Py = M) 2 M dr Cow

where p,, and p,, are the same as before. From these
equations, we obtain

I the radial component of the Peccei-Quinn scalar is lighter
than the inflaton, we have N = 5. But it dominantly decays into
the axion pair, and the axion dark radiation becomes even more
abundant.
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Py +3H(py + py) =0, (5.5)

pu +3H(py + py) = 0. (5.6)

The oscillating regime of this system without the matter
(py = 0) was extensively studied in Refs. [44,45]. Tt is
found that this system has a so-called gradient instability in
the oscillating epoch if ¢ dominates the Universe and the
nonminimal kinetic term dominates over the standard one
(H = M) [45].*' The gradient instability indicates that the
sound speed squared of the scalar perturbation becomes
negative for a finite period during one oscillation, which
means that the scalar fluctuations are exponentially
enhanced. In particular, the enhancement rate is larger
for higher momentum modes. The system soon becomes
nonlinear, and it is quite difficult to follow the dynamics at
least analytically. In order to avoid this instability when ¢
dominates the Universe, the nonminimal kinetic term must
be so small that the model effectively reduces to just a
canonical scalar field with Einstein gravity. Therefore, we
limit ourselves to the case where p,; dominates the
Universe and the ¢ oscillation is a subdominant component
and also require that there is no gradient instability.

For later convenience, we define the effective mass of the

scalar as
b M o \%4
=min |1l,— —
Mgt H o

where ® denotes the oscillation amplitude of ¢. This
roughly corresponds to the scalar oscillation frequency.
Note that the energy conservation (5.5) immediately means
that

, (5.7)
$=0

Mg g for H Z M,
Z_imeffp(ﬁ for M?/mey SH S M,

for H 5 Mz/meff.

Py~ (5.8)

This implies that p, is a rapidly oscillating quantity for
H > M. The relative amplitude of the oscillating part of p,,
is estimated as

*'References [46,47] argued a subtlety on the gauge choice
0¢p = 0 around the end point of the field oscillation ¢ = 0 in
analyzing the perturbation of the scalar field oscillation. It does
not matter, however, for the discussion here. This is because
the gradient instability occurs in the time scale much shorter than
the one scalar oscillation period: the relevant wave number for the
instability is |c |k > mgy with ¢, being the sound speed.

PHYSICAL REVIEW D 94, 063517 (2016)

O(1) forHzZ M,
%y O(L)  for M*/mys SHSM, (5.9)
P
7 O(LL)  for H < M?/my.

Mg

The last case is the same as that of the canonical scalar with
Einstein gravity. On the other hand, as usual, p,, just scales
as a=3) and, therefore, its relative oscillation amplitude
is small: 8py, /py ~ 6H /meg. Therefore, the oscillating part
of the Hubble parameter is expressed as

— = 5.10
Hy 2py ( )
The scale factor can also be expanded as
oH
a(t)zao(l—l—(?( )) (5.11)
Megf

We can calculate the particle production using these
expressions.

Let us make an order estimation on the condition to
avoid the gradient instability. The sound speed squared of
the scalar field is given by (451

1+ O for H> M,
2~ (H.) (5.12)
1+0(L) for H< M.

If H is violently oscillating, the sound speed squared may
be negatively large, which leads to a gradient instability.
Thus, we require min [|H/H?|,|H/M?] <1 to avoid the
instability. From Eq. (5.3), one can see that this condition is
written as

arm
min {IW] %5—4’51
M

for Mz/meffSH. (513)
No condition is required for H < M?/mg. Hereafter, we
assume that this inequality is always satisfied. From this
expression it is clear that if ¢ is the dominant component of
the Universe, we must have H < M to avoid the instability,
as stated above.

Since we have imposed the condition (5.13), the evolution
of ¢ is greatly simplified. By noting H = —3(1 + w)H?/2,
the equation of motion is approximated as

M2

4}—3HW¢+WV' =0 for H> M. (5.14)

For H <« M, the equation of motion is the same as that of the
canonical scalar field. Using the Virial theorem, we find

It can be estimated as ¢2 ~ (1 — a*’Gli/M?) /(1 + G*/M?)
with G% = 3H2 and G = —a2(3H2 + 2F1)5'.
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a-30-w)/(n+2)
? o {a—é/(11+2)

for H> M,

(5.15)
for H< M,

where we have assumed V « ¢".

B. Particle production rate

In the previous subsection, we have seen that

a(t) = <a(t)>(1 +O<:1h;)>

with the oscillation part of the Hubble parameter 6H given by
Egs. (5.9) and (5.10). Thus, we can view the particle
production as the gravitational annihilation in the present
case. In addition, there is a direct coupling between the
graviton and the scalar field induced by the nonminimal
derivative coupling to gravity, and it can also cause the
graviton production. Below we analyze the gravitational
particle production of a minimally coupled scalar field and
graviton. We do not discuss fermions and vector bosons since
they are classically Weyl invariant in the massless limit.

(5.16)

1. Scalar

Now we evaluate the production rate of a minimally
coupled scalar (2.20). The number density of the produced
particles per one Hubble time is estimated by Eq. (A24) as

3 2\ 2
C Hm> P 2
ST2aH ( W ) for M*/mes; < H,

n (1) ~ (5.17)

2 B2\ 2
C Mg P 2
s (M) for H S M2 /.

From this, we can deduce the effective “annihilation rate”
of ¢ into the y pair, as

c Pmiy
5127 M2M?,

for H> M,

c H2®m’
5127 MM

t for M?/myy SH <M, (5.18)

Uoppoy ~

c_ ®m 2
3192 M;}:ff for H 5 M /mcff.

To obtain these results, we have defined the number density
of ¢ as ny = py/meg. It is soon realized that Iy, /H is
the nondecreasing function of time during H 2 M for
5/2+9/2(1 +6w)>n (ie,2<n<4 for w<1/3). It
is easily shown that I'y,_,,, never exceeds H under the
condition (5.13).

2. Graviton

For the graviton production, in addition to the “usual”
gravitational production similar to Eq. (5.17), there is a
contribution coming from the direct coupling between ¢
and the graviton through the nonminimal kinetic term. The
former is the same as that of the scalar field, and, hence, we
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concentrate on the latter here. As shown in Ref. [45], the
graviton kinetic term is written as

1 dp/dr)?\2 [ (Oh;;\2
S~ / dt’d3x§\/ 1—<7(21‘@/%MZ> KET/) —(6,h,~,~)2},

(5.19)
where
92 1/2
1+ %
dr = i{/j” dt, (5.20)
- 2M2M3

and we have omitted the scale factor here. The effective
annihilation rate of ¢ into the graviton pair is

() (58)? for H> M,
Uy
71:’5"5 LONPE - (") (L) for M?/mey SH S M,
bb—xx

M27meff)4(,%)2 for H < M?/me;.

(5.21)

Therefore, this annihilation mode cannot exceed the ordi-
nary gravitational production if we prohibit the gradient
instability.”

C. Cosmological implications

Now we discuss the cosmological implications of the
gravitational particle production. To be concrete, we take
n=2 and w=1/3. The dominant contribution to the
abundance of the minimally coupled scalar comes from
H ~ M, since I'y4_,,,/H is an increasing function of time
for H 2 M, while it is decreasing at H < M. We obtain

v _amT (py)?
X'H>M M%H ’

o (5.22)

for H 2 M, where T ~ p,,/s is the “temperature” of the
Universe, and a ~ 1073 is a numerical coefficient. As an
extreme case, let us assume that the inequality (5.13) is
almost saturated at H ~ M. Then we have

Py - c{m)(M*g/2

~3x 10710 Gev | 2.
s w7 ¢ (10-3

X .
10% GeV ) \10'° GeV

BIf we allow the gradient instability to occur, the graviton (or
gravitational wave) signal would be much more stronger,
although the precise analysis is difficult to perform.

(5.23)
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The observational upper bound is p,/s < 4 x 10719 GeV
for a stable noninteracting y field and p, /s < 107'% GeV
for y as massive moduli. Note again that if ¢ remains light
during inflation, the y particle produced in this way has
isocurvature fluctuation and, hence, cannot be a dominant
component of DM. In the present model, ¢ cannot
dominantly contribute to the curvature perturbation because
the energy density of ¢ must be sufficiently small to avoid
the gradient instability, and such a subdominant curvaton
would lead to too large non-Gaussianity.

The graviton abundance is also the same as that of the
light scalar field. The corresponding peak frequency is
estimated as

My

10'° GeV\ /2
1013 Gev)< M ) - (529

Around this frequency range, the gravitational wave abun-
dance is too small to detect.

Figure 3 shows contours of Y, (left) and AN (right) for
my = 100M on the plane of (¢;,M) for n =2 and
w = 1/3. We have implicitly assumed that the inflation
scale H;, satisfies Hyye > (M/Hipr)my (Hipe > 10M for
my = 100M), and ¢ decays into radiation after H ~ M but
before the domination. In the red shaded region, there is a
gradient instability. From this figure, it is seen that once we
avoid the gradient instability, which would otherwise
invalidate the reheating analysis, cosmological constraints
are not so stringent [compared with a typical constraint for
a massive long-lived particle (2.29)].

fGWNz X 109 HZ<

VI. CONCLUSIONS AND DISCUSSION

In this paper, we have studied the gravitational particle
production caused by a coherently oscillating scalar field in
the Universe. We have treated the Einstein gravity, f(¢)R
gravity, f(R) gravity, and G"*0,¢0,¢ gravity theories

M [GeV]
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Contour plot of Y, (left) and AN (right) for m, = 100M on the plane of (¢;, M). In the shaded region there is a gradient

where ¢ is the scalar field, R is the Ricci scalar, and
G" is the Einstein tensor, respectively.

We have estimated the particle production rate for such a
broad class of models in a unified framework. In particular,
we have paid attention to an oscillating part of the scale
factor, which makes manifest how the background oscil-
lation produces nonconformally coupled particles. A coher-
ently oscillating scalar field, no matter if it is dominant or
subdominant, induces an oscillating feature of the scale
factor. It exists even in the Einstein gravity theory and is
more violent for the extended gravity theories. All particles
couple to the scale factor unless they are Weyl invariant and
feel the oscillation of the scale factor. Thus, gravitational
particle production by the scalar field occurs through its
oscillation. In the previous paper [14], we considered only
the case where the scalar field dominates the Universe. In
this paper, we have extended our study so that it can be
applied to a subdominant scalar field as well. We have also
treated a broader class of gravity theories systematically.
For the Einstein gravity theory, the production caused by
the inflaton is larger than any other subdominant scalar
fields. However, in the extended gravity theories, the
contribution from the subdominant scalar field, other than
inflaton, can be the dominant one.

An interesting feature of our viewpoint is that, once we
express the oscillating part of the scale factor by the
coherently oscillating scalar field, we can easily deduce
effective couplings between the scalar field and other
particles mediated by the gravity from the Lagrangian.
In the Einstein and G**0,¢0,¢ theories, the oscillating part
of the scale factor depends quadratically on the scalar field,
and, hence, we can view it as gravitational annihilation. In
the f(¢)R and f(R) theories, it depends linearly on the
scalar field in general, and, hence, we can view it as
gravitational decay. We can easily estimate the production
rate, which coincides with that obtained from more
rigorous calculations. For example, in our viewpoint, it
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is clear that the scalar field (or the scalaron) does not decay
into the gravitons in the f(¢)R and f(R) theories. Indeed,
we have explicitly seen that the direct coupling cancels with
the oscillating part of the scale factor, resulting in no
effective coupling between the scalar field and the graviton.
It is consistent with the results in the Einstein frame.

We have also discussed the cosmological implications of
the gravitational particle production. All particles whose
masses are smaller than that of the oscillating scalar field
are produced by the gravitational particle production if they
are not Weyl invariant. Thus, it is possible that the daughter
particle itself is quite massive. If it is stable and heavy
enough, it can serve a sizable contribution to the dark
matter abundance. Alternatively, if it is a long-lived particle
such as moduli, a severe constraint on the abundance is
obtained from the observation of big bang nucleosynthesis.
If it is massless, on the other hand, it can contribute to the
dark radiation that is constrained by the cosmic microwave
background observation. One of the well-motivated exam-
ples of such a light particle is the axion. For example, if the
theory is described solely by the standard model, the
Peccei-Quinn sector and the Starobinsky R? inflation, it
may produce an observable amount of axion dark radiation.
A detailed study on this respect may be interesting, which
we leave as a future work.
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APPENDIX A: PARTICLE PRODUCTION RATE
IN OSCILLATING BACKGROUND

We consider a real scalar field y with time-dependent
mass:

S= /d4x <—%(8){)2 —%mﬁ(z‘))ﬁ). (A1)
Let us estimate the production rate of the y particle.
Typically, m,(t) is proportional to powers of another
coherently oscillating scalar field ¢(z) whose mass scale
is m,,. Hereafter, we do not assume a specific form of mz,(t)
but only assume that it is an oscillating function with
frequency of Q.
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1. Quantization
Let us expand y as

&k ikx
*= | et

From the reality condition y* = y, we have )(z =x_;- The

(A2)

equation of motion of the Fourier mode is given by

¥+ oty =0, (A3)
where wf = k? + m2(r). Now we write g, in terms of the
ladder operator as

xp = apvp(t) + ai%vz(t), (A4)

where v;(¢) and v; (t) are independent solutions of (A3).

Note that we should have v; = v_; to satisfy the reality

condition. By using the freedom to choose the overall
normalization of v;() and v%(7), we can take a; and al so
k k k

that they satisfy the following commutation relation,

lag.al) = a5k =K. [ag.ap] = [al.a] = 0.
(AS)

On the other hand, we must have the following canonical
commutation relation:

(%), 2(X)] = i8(x - X'). (A6)
From this, we obtain
v;bi - Uib% =i (A7)
Now let us assume the solution of the form
(1) = =l e ) (e e,
(A8)

There is a functional degree of freedom to impose an arbitrary
condition between a;(t) and f;(¢). We choose it as

. O 2 [*dd oy (¢ p O i ["dtwy(t
g = e ot S Sy dton a,
(l)k Zwk

(A9)

with a;(0) = 1 and f3;(0) = 0 to satisfy the initial condition
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1 oy
o~ —lu)kt’ t 0 —lu)kt
RV 2Cl)k ¢ ( - ) 2

(A10)

UE(Z - 0)

Under these conditions, vy is expressed as
. s
r (1) = —iy /7[0%(1‘)6

—ijgdt’mk(t’)
Note that (A7) requires the following normalization
condition,

. t)eij;’dt/a)k(t/)]

(Al1)

g > = 13317 = 1. (A12)

which is automatically satisfied at all times once we impose
the condition (A9).

2. Production rate

The occupation number or the phase space distribution
of y is given by

K) = 2 (i + a2l o) — 2 = |62 Al3

I )*z—wk(\m + | v )—§*|ﬁ,;| . (A13)

Thus, f,(k) = 0 at t — 0, but it grows after that. The total
number density is given by

3
ny (1) = / (d ’;m ).

Thus, the remaining task is to derive time evolution of f;.
It is easily calculated from (A9) as long as a; =1 and
|#;] < 1 hold. In this case, we have

B, (1) = dr sz dt" o (1)
puy = [ar o
/tdl )( —sz dt" wy (17"
0 Za)k

Recall that m,,(¢') is an oscillating function with frequency
of Q. It is not hard to imagine that the time integral in (A15)
cancels out if Q and w; are much different from each other.
However, if w, = Q, the time integral gives a linearly
growing result with .

To see only the time growing part, we perform integra-
tion by parts and assume k* 3> m? to rewrite (A15) as

(A14)

(A15)

Bult) =~ —— / "drmd(f)e . (A16)

201 Jo

Now we consider a frequency range

PHYSICAL REVIEW D 94, 063517 (2016)
Q-AQSw, SQ+ AQ. (A17)

At < 1/AQ, the phase of m7(t) and e+ roughly cancel
with each other, and, hence, 3, in this frequency range
linearly grows with . After that, however, the oscillation
feature forbids further growth. Conversely, for fixed z, the
frequency range with AQ =1/r experienced a linear
growth. Therefore, we have

~ 4

f7(1) = p

1 1
5 for Q—— <, SQ+—.
4oy t t

(A18)

Here, 711, stands for the amplitude of m, (¢). This expression
is valid as long as fy<1, ie, tS1/(¢gQ) with
q = m2/Q*(< 1). The total number density linearly grows
with 7 as®*

(A19)

This expression does not refer to the parent field ¢». We only
assumed that m, () is an oscillating function with fre-
quency €.

This result is easily understood in terms of p, and Ty, if
the coherent oscillation of ¢ is responsible for the oscillat-
ing m, (t). Assuming that ¢ is canonically normalized, the
perturbative decay rate of ¢ into the y pair is given by
(notice that Q ~ M¢).25

c m c ¢*m;,
F¢ 2 2 ’
327:<I> mg 327z )

(A20)

with ® being the amplitude of ¢. Since the energy density
of ¢ is given by p, = mj®*/2, we obtain

o
n,(t) = 202070y Loy,

my 32z (A21)

3. Gravitational production rate

Now let us consider the production of the y field which
couples to ¢ gravitationally:

s= [ axvma(3rer -5 @02 - 3n). (a2

*In the case of the three-point interaction as mj = u¢ (hence,
Q = my/2), we can explicitly calculate (A16) and find (A19)
with a numerical coefficient C = 1. For the other types of
interactions, C slightly deviates from 1.

Again, in the case of the three-point interaction as mf = ug,
we find that the perturbative decay rate ¢p — yy is given by (A20)
with a numerical coefficient C = 1. For the other types of
interactions, C slightly deviates from 1.
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Here, m is constant and assumed to be smaller than the
Hubble scale so that we can neglect it, and f(y) is a
function of y. In the minimal case, we have f(y) = M3,
and, hence, y feels the background oscillation only through
the Hubble parameter or the scale factor. By using the
conformal time dr = dt/a and defining y = ay, it is
rewritten as

S = /d’rd%% {;}'2 —(8:7)* + %” (7> + 642 (x))|.
(A23)

where we have dropped the mass term because we consider
the case my > m from now. It is seen that y generally
obtains a mass of ~a”/a(= a*R/6), and it is an oscillating
function if there is a coherently oscillating scalar field as
repeatedly shown in the main text, which leads to y particle
production. Note that the scale factor dependence vanishes
in the conformal coupling f(y) = —y*/6 + M3. Therefore,
there is no particle production in this case.

Below we consider the minimal case: f(y) = M%. Then
we can apply the formula (A19) as a number density created
within one Hubble time by interpreting m2(z) = a”/a. Thus,

dla*n,] (@"/a)> dn, C [a [(a\?%]?
~ Do = 100 (4], (A4
i S mr T a3 [a+ (a) } (A24)

Here we estimate a”/a with its amplitude. In the second
similarity, we have omitted terms from the cosmic expansion.
If one can express a in terms of ¢ as

" - <¢”>]’

A25
e (A25)

alt) = (a(0) 1 -

we have the y number density produced in a time interval
t=H"as
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C cnm2(I)n 2
n, (1) = )
32zH\ M}

(A26)

APPENDIX B: ADIABATIC INVARIANT
IN f(R) THEORIES

In Ref. [29], we introduced an adiabatic invariant
J for the generalized Galileon theories. This quantity

satisfies J ~ O(HJ) even when H oscillates rapidly as

H ~ O(meyH). In this appendix we generalize this quantity
to f(R) theories.

We consider the action (4.1) in the absence of matter.
Using an auxiliary field ¢, this system is rewritten as

s= [ @/ LY@ + FOR=9). B1)

Using integration by parts, we have

5= [ atsa M2 11() - F)p - 6F (9112 - 6 () H
82)

which now has the form of the generalized Galileon action.
The adiabatic invariant can be derived by taking derivative
with respect to H:

1 oL 1.
J=—-————=FH+-F. B3
6M2% OH * 2 (B3)
Since we have ¢p = R from the action (B2), F in Eq. (B3) is
understood as F(R) with R being the background

value R = 12H? + 6H.

[1] A. H. Guth, The inflationary universe: A possible solution to
the horizon and flatness problems, Phys. Rev. D 23, 347
(1981).

[2] A. A. Starobinsky, A new type of isotropic cosmological
models without singularity, Phys. Lett. 91B, 99 (1980).

[3] D. H. Lyth and D. Wands, Generating the curvature pertur-
bation without an inflaton, Phys. Lett. B 524, 5 (2002).

[4] T. Moroi and T. Takahashi, Effects of cosmological moduli
fields on cosmic microwave background, Phys. Lett. B 522,
215 (2001); 539, 303(E) (2002).

[5] L. Affleck and M. Dine, A new mechanism for baryogenesis,
Nucl. Phys. B249, 361 (1985).

[6] M. Dine, L. Randall, and S. D. Thomas, Baryogenesis from
flat directions of the supersymmetric standard model, Nucl.
Phys. B458, 291 (1996).

[7]1 A.D. Dolgov and D. P. Kirilova, On particle creation by a
time dependent scalar field, Yad. Fiz. 51,273 (1990) [Sov. J.
Nucl. Phys. 51, 172 (1990)].

[8] J. H. Traschen and R. H. Brandenberger, Particle production
during out-of-equilibrium phase transitions, Phys. Rev. D
42, 2491 (1990).

[9] Y. Shtanov, J.H. Traschen, and R.H. Brandenberger,
Universe reheating after inflation, Phys. Rev. D 51, 5438
(1995).

063517-18


http://dx.doi.org/10.1103/PhysRevD.23.347
http://dx.doi.org/10.1103/PhysRevD.23.347
http://dx.doi.org/10.1016/0370-2693(80)90670-X
http://dx.doi.org/10.1016/S0370-2693(01)01366-1
http://dx.doi.org/10.1016/S0370-2693(01)01295-3
http://dx.doi.org/10.1016/S0370-2693(01)01295-3
http://dx.doi.org/10.1016/S0370-2693(02)02070-1
http://dx.doi.org/10.1016/0550-3213(85)90021-5
http://dx.doi.org/10.1016/0550-3213(95)00538-2
http://dx.doi.org/10.1016/0550-3213(95)00538-2
http://dx.doi.org/10.1103/PhysRevD.42.2491
http://dx.doi.org/10.1103/PhysRevD.42.2491
http://dx.doi.org/10.1103/PhysRevD.51.5438
http://dx.doi.org/10.1103/PhysRevD.51.5438

GRAVITATIONAL PARTICLE PRODUCTION IN ...

[10] L. Kofman, A.D. Linde, and A. A. Starobinsky, Reheating
after Inflation, Phys. Rev. Lett. 73, 3195 (1994).

[11] L. Kofman, A.D. Linde, and A. A. Starobinsky, Towards
the theory of reheating after inflation, Phys. Rev. D 56, 3258
(1997).

[12] L. H. Ford, Gravitational particle creation and inflation,
Phys. Rev. D 35, 2955 (1987).

[13] P.J. E. Peebles and A. Vilenkin, Quintessential inflation,
Phys. Rev. D 59, 063505 (1999).

[14] Y. Ema, R. Jinno, K. Mukaida, and K. Nakayama, Gravi-
tational effects on inflaton decay, J. Cosmol. Astropart.
Phys. 05 (2015) 038.

[15] Y. Watanabe and E. Komatsu, Gravitational inflaton decay
and the hierarchy problem, Phys. Rev. D 77, 043514 (2008).

[16] A. Vilenkin, Classical and quantum cosmology of the
Starobinsky inflationary model, Phys. Rev. D 32, 2511
(1985).

[17] M.B. Mijic, M. S. Morris, and W.-M. Suen, The R?
cosmology: Inflation without a phase transition, Phys.
Rev. D 34, 2934 (1986).

[18] E. V. Arbuzova, A.D. Dolgov, and L. Reverberi, Cosmo-
logical evolution in R? gravity, J. Cosmol. Astropart. Phys.
02 (2012) 049.

[19] M. Garny, M. Sandora, and M. S. Sloth, Planckian Interact-
ing Massive Particles as Dark Matter, Phys. Rev. Lett. 116,
101302 (2016).

[20] Y. Tang and Y.-L. Wu, Pure gravitational dark matter, its
mass and signatures, Phys. Lett. B 758, 402 (2016).

[21] M. Kawasaki, K. Kohri, and T. Moroi, Big-bang nucleo-
synthesis and hadronic decay of long-lived massive par-
ticles, Phys. Rev. D 71, 083502 (2005).

[22] M. Kawasaki, K. Nakayama, and M. Senami, Cosmological
implications of supersymmetric axion models, J. Cosmol.
Astropart. Phys. 03 (2008) 009.

[23] D.H. Lyth, C. Ungarelli, and D. Wands, The primordial
density perturbation in the curvaton scenario, Phys. Rev. D
67, 023503 (2003).

[24] B. L. Spokoiny, Inflation and generation of perturbations in
broken symmetry theory of gravity, Phys. Lett. 147B, 39
(1984).

[25] T. Futamase and K.-i. Maeda, Chaotic inflationary scenario
in models having nonminimal coupling with curvature,
Phys. Rev. D 39, 399 (1989).

[26] J.L. Cervantes-Cota and H. Dehnen, Induced gravity
inflation in the standard model of particle physics, Nucl.
Phys. 422, 391 (1995).

[27] F. L. Bezrukov and M. Shaposhnikov, The standard model
Higgs boson as the inflaton, Phys. Lett. B 659, 703 (2008).

[28] M. Herranen, T. Markkanen, S. Nurmi, and A. Rajantie,
Spacetime Curvature and the Higgs Stability during In-
flation, Phys. Rev. Lett. 113, 211102 (2014).

[29] Y. Ema, R. Jinno, K. Mukaida, and K. Nakayama, On
adiabatic invariant in generalized Galileon theories,
J. Cosmol. Astropart. Phys. 10 (2015) 049.

PHYSICAL REVIEW D 94, 063517 (2016)

[30] Y. Watanabe and E. Komatsu, Reheating of the universe
after inflation with f(¢)R gravity, Phys. Rev. D 75, 061301
(2007).

[31] P.A.R. Ade et al. (Planck Collaboration), Planck 2015
results. XIII. Cosmological parameters, arXiv:1502.01589.

[32] A.G.Riess etal., A 2.4% determination of the local value of
the Hubble constant, Astrophys. J. 826, 56 (2016).

[33] A. De Felice and S. Tsujikawa, f(R) theories, Living Rev.
Relativ. 13, 3 (2010).

[34] D.S. Gorbunov and A.G. Panin, Scalaron the mighty:
Producing dark matter and baryon asymmetry at reheating,
Phys. Lett. B 700, 157 (2011).

[35] D.S. Gorbunov and A.G. Panin, Free scalar dark matter
candidates in RZ-inflation: The light, the heavy and the
superheavy, Phys. Lett. B 718, 15 (2012).

[36] L. Rudenok, Y. Shtanov, and S. Vilchinskii, Post-inflationary
preheating with weak coupling, Phys. Lett. B 733, 193
(2014).

[37] T. Terada, Y. Watanabe, Y. Yamada, and J. Yokoyama,
Reheating processes after Starobinsky inflation in old-
minimal supergravity, J. High Energy Phys. 02 (2015) 105.

[38] E.D. Schiappacasse and L. H. Ford, Graviton creation by
small scale factor oscillations in an expanding universe,
arXiv:1602.08416.

[39] D. Gorbunov and A. Tokareva, Scale-invariance as the
origin of dark radiation?, Phys. Lett. B 739, 50 (2014).

[40] C. Germani and A. Kehagias, New Model of Inflation with
Non-Minimal Derivative Coupling of Standard Model
Higgs Boson to Gravity, Phys. Rev. Lett. 105, 011302
(2010).

[41] G. W. Horndeski, Second-order scalar-tensor field equations
in a four-dimensional space, Int. J. Theor. Phys. 10, 363
(1974).

[42] C. Deffayet, X. Gao, D. A. Steer, and G. Zahariade, From k-
essence to generalized Galileons, Phys. Rev. D 84, 064039
(2011).

[43] T. Kobayashi, M. Yamaguchi, and J. Yokoyama, General-
ized G-inflation: Inflation with the most general second-
order field equations, Prog. Theor. Phys. 126, 511 (2011).

[44] R. Jinno, K. Mukaida, and K. Nakayama, The universe
dominated by oscillating scalar with non-minimal derivative
coupling to gravity, J. Cosmol. Astropart. Phys. 01 (2014)
031.

[45] Y. Ema, R. Jinno, K. Mukaida, and K. Nakayama, Particle
production after inflation with non-minimal derivative
coupling to gravity, J. Cosmol. Astropart. Phys. 10
(2015) 020.

[46] C. Germani, N. Kudryashova, and Y. Watanabe, On
post-inflation validity of perturbation theory in Horndeski
scalar-tensor models, J. Cosmol. Astropart. Phys. 08 (2016)
015.

[47] Y. S. Myung and T. Moon, Inflaton decay and reheating in
nonminimal derivative coupling, J. Cosmol. Astropart.
Phys. 07 (2016) 014.

063517-19


http://dx.doi.org/10.1103/PhysRevLett.73.3195
http://dx.doi.org/10.1103/PhysRevD.56.3258
http://dx.doi.org/10.1103/PhysRevD.56.3258
http://dx.doi.org/10.1103/PhysRevD.35.2955
http://dx.doi.org/10.1103/PhysRevD.59.063505
http://dx.doi.org/10.1088/1475-7516/2015/05/038
http://dx.doi.org/10.1088/1475-7516/2015/05/038
http://dx.doi.org/10.1103/PhysRevD.77.043514
http://dx.doi.org/10.1103/PhysRevD.32.2511
http://dx.doi.org/10.1103/PhysRevD.32.2511
http://dx.doi.org/10.1103/PhysRevD.34.2934
http://dx.doi.org/10.1103/PhysRevD.34.2934
http://dx.doi.org/10.1088/1475-7516/2012/02/049
http://dx.doi.org/10.1088/1475-7516/2012/02/049
http://dx.doi.org/10.1103/PhysRevLett.116.101302
http://dx.doi.org/10.1103/PhysRevLett.116.101302
http://dx.doi.org/10.1016/j.physletb.2016.05.045
http://dx.doi.org/10.1103/PhysRevD.71.083502
http://dx.doi.org/10.1088/1475-7516/2008/03/009
http://dx.doi.org/10.1088/1475-7516/2008/03/009
http://dx.doi.org/10.1103/PhysRevD.67.023503
http://dx.doi.org/10.1103/PhysRevD.67.023503
http://dx.doi.org/10.1016/0370-2693(84)90587-2
http://dx.doi.org/10.1016/0370-2693(84)90587-2
http://dx.doi.org/10.1103/PhysRevD.39.399
http://dx.doi.org/10.1016/0550-3213(95)00128-F
http://dx.doi.org/10.1016/0550-3213(95)00128-F
http://dx.doi.org/10.1016/j.physletb.2007.11.072
http://dx.doi.org/10.1103/PhysRevLett.113.211102
http://dx.doi.org/10.1088/1475-7516/2015/10/049
http://dx.doi.org/10.1103/PhysRevD.75.061301
http://dx.doi.org/10.1103/PhysRevD.75.061301
http://arXiv.org/abs/1502.01589
http://dx.doi.org/10.3847/0004-637X/826/1/56
http://dx.doi.org/10.12942/lrr-2010-3
http://dx.doi.org/10.12942/lrr-2010-3
http://dx.doi.org/10.1016/j.physletb.2011.04.067
http://dx.doi.org/10.1016/j.physletb.2012.10.015
http://dx.doi.org/10.1016/j.physletb.2014.04.046
http://dx.doi.org/10.1016/j.physletb.2014.04.046
http://dx.doi.org/10.1007/JHEP02(2015)105
http://arXiv.org/abs/1602.08416
http://dx.doi.org/10.1016/j.physletb.2014.10.036
http://dx.doi.org/10.1103/PhysRevLett.105.011302
http://dx.doi.org/10.1103/PhysRevLett.105.011302
http://dx.doi.org/10.1007/BF01807638
http://dx.doi.org/10.1007/BF01807638
http://dx.doi.org/10.1103/PhysRevD.84.064039
http://dx.doi.org/10.1103/PhysRevD.84.064039
http://dx.doi.org/10.1143/PTP.126.511
http://dx.doi.org/10.1088/1475-7516/2014/01/031
http://dx.doi.org/10.1088/1475-7516/2014/01/031
http://dx.doi.org/10.1088/1475-7516/2015/10/020
http://dx.doi.org/10.1088/1475-7516/2015/10/020
http://dx.doi.org/10.1088/1475-7516/2016/08/015
http://dx.doi.org/10.1088/1475-7516/2016/08/015
http://dx.doi.org/10.1088/1475-7516/2016/07/014
http://dx.doi.org/10.1088/1475-7516/2016/07/014

