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The perturbative effective potential suffers infrared (IR) divergences in gauges with massless Goldstones
in their minima (like the Landau or Fermi gauges), but the problem can be fixed by a suitable resummation
of the Goldstone propagators. When the potential minimum is generated radiatively, gauge independence
of the potential at the minimum also requires resummation, and we demonstrate that the resummation that
solves the IR problem also cures the gauge-dependence issue, showing this explicitly in the Abelian Higgs
model in the Fermi gauge. In the process, we find an IR divergence (in the first derivative of the potential)
specific to the Fermi gauge and not appreciated in the recent literature. We show that physical observables
can still be computed in this gauge, and we further show how to get rid of this divergence by a field
redefinition. All these results generalize to the Standard Model case.
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I. INTRODUCTION

With the discovery of the Standard Model Higgs during
the first LHC run [1], it quickly became clear that the
precisely measured Higgs [2] and top [3] masses point to
the possibility of a (very long-lived) metastable electro-
weak (EW) vacuum [4-9]. This fact has triggered a
renewed interest in studies (and implications) of the
possible metastability of the Standard Model EW vacuum
(see, e.g., [10-12]).

The main tool for the study of this metastability is the
perturbative effective potential [13], widely used for studies
of spontaneous symmetry breaking. While the effective
potential is an enormously useful tool in such studies, it
(or the effective action from which it is derived) is not a
physical observable and is subject to gauge dependence
[13]. This is a well-known issue that has been studied
extensively in the literature (see [14] for an incomplete list)
and is of no serious concern: as long as one is calculating a
physical observable (for example, the lifetime of the EW
vacuum or other tunneling transitions; see e.g. [12,15-20]),
the final answer should be gauge independent.] However,
this is not always straightforward to achieve in a concrete
calculation: usually one must resort to truncations of the

n fact, this requirement can be useful to check one is not
missing some relevant effect.
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perturbative expansion and this can jeopardize the gauge
independence of the final result.

A well-known example of this kind of problem occurs
in the Coleman-Weinberg model of radiative symmetry
breaking [21] (as we review in subsection Il C) or in the
Standard Model (SM), as the instability that appears in the
potential at high field values is generated radiatively. In
order to have the gauge dependence of the potential under
control in such cases, one must resort to resummations of
series of corrections to the potential of arbitrarily high
order, as nicely demonstrated in [19]. This type of
resummation is reminiscent of the resummation of the
Goldstone propagator needed to solve the infrared (IR)
problem of the effective potential due to Goldstone
contributions [22,23] in those gauges that feature massless
Goldstone bosons at the potential minima. One of the
main results of this paper is that the resummation required
to fix the IR problem automatically takes care of the
resummation needed to control the gauge-dependence
issues (subsection II C).

To check explicitly the gauge independence of the
observables derived from the effective action one must
resort to families of gauges. The most common gauge
choices are the R and Fermi gauges, both of which contain
a gauge-fixing parameter (or parameters, that we will
generically call &) that can be used to keep track of the
gauge dependence. In this paper we follow a large fraction
of recent literature and use the Fermi gauge for this
purpose. In order to keep the analysis transparent, we
work in the Abelian Higgs model (Sec. II A). The results
we obtain can be extended to the SM in a straightforward
way (Sec. V).
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In our analysis, we find that the Fermi gauge is afflicted
by an IR divergence2 which is absent in the R: or
Landau gauges (and can be traced back to the mixing of
the Goldstone bosons with the gauge bosons). More
specifically, the first derivative of the effective potential
is logarithmically divergent for vanishing Goldstone mass
(as happens in the broken minimum). Naively, this is a
severe problem, since the minimum of the potential
determines the vacuum of the system and is found by
solving 9V /0h = 0. Furthermore, we show that this
divergence persists even if the Goldstone propagator is
resummed (Sec. II B). However, we also show that observ-
ables like the Higgs mass are IR finite (Sec. IIIA),
and likewise the Nielsen identity still holds (Sec. III B).
We take this good behavior as an indication that the Fermi
gauge is not sick and we then present a way to obtain an
explicitly IR-finite effective potential by a suitable rescal-
ing of the Higgs field (Sec. IV). We draw some general
conclusions in Sec. VI and leave some more technical
details to a few Appendixes.

II. IR PROBLEMS AND GAUGE DEPENDENCE

Before discussing the gauge dependence of the effective
potential we address the infrared problems associated with
the presence of massless Goldstone modes at the potential
minima. This problem was recognized in [27,28], which
identified IR divergent contributions to the effective poten-
tial from loops involving Goldstone bosons. The solution
to this problem, in the Landau gauge, is simply to resum
the Goldstone contributions by the appropriate shift of
the Goldstone two-point function as was first proposed in
[22,23] (see [29-31] for later developments and applica-
tions). This simple resummation makes the Landau-gauge
potential and its first derivative IR finite. As an added
bonus, it turns out (see subsection II C) that this resumma-
tion not only fixes the IR problems of the effective potential
but it also resolves the issues with residual gauge depend-
ence in those potentials that feature extremal points
generated radiatively.

In what follows we want to apply this resummation
prescription to the effective potential in the Fermi gauge,
starting with the Abelian Higgs model and generalizing
later on to the SM case. As we show explicitly below, the
resummed potential is IR finite as desired. However, the
first derivative, unlike what happened in the Landau gauge,
is still IR divergent. We also provide a solution to this
problem in Sec. IV.

*Apparently this has escaped the attention of recent literature
but was already known; see e.g. [24]. In the context of the Nielsen
identity, the IR troubles with the Fermi gauge were remarked
even earlier [25,26].
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A. Abelian Higgs model in the Fermi gauge

For simplicity, let us start the discussion of infrared
problems in the Abelian Higgs model. The Lagrangian, in
the Fermi gauge, reads

£ PP =5 (OB, + D, =24

4"
(1)
where the covariant derivative for the charged “Higgs” field

¢ =(h+ir)/V2, (2)

is D, = 0, — igB,. Without loss of generality we take the
charge of ¢ under the U(1) gauge symmetry to be unity and
F,, is the corresponding field strength. The Lagrangian in
Eq. (1) includes the gauge-fixing term, which corresponds
to the so-called Fermi (or Lorentz) gauge, and depends
on a free parameter, £. The limit £ — O corresponds to the
Landau gauge.

The one-loop effective potential for this Abelian Higgs
model was first derived long ago by Dolan and Jackiw,
in their classic paper [32]. Its explicit expression requires
knowing the masses in a generic field background 4, in
which one has’

G=m; =—-m?>+h*
H= m% = —m? 4 31h%,
B=m} = g*h’. (3)

Using dimensional regularization, with d = 4 — 2¢, the
one-loop potential is then

[ dk . 1 .
V= l/W<z log detiG™! -3 Z log det iG 1),

fermions bosons
ghosts

(4)

where iG~! denote the inverse of the propagators. For the
Abelian Higgs model in the Fermi gauge in d dimensions,
one has contributions from transverse gauge bosons, Higgs
and mixed Goldstone-longitudinal gauge bosons, giving
logdetiG;! = (d—1)log(—k*+B),
logdetiG; ! =log(—k*+ H),
logdetiG;! = log[—k?(k* —k*G + éBG)]
=log(—k*>+G.) +log(—k>+ G_) +log(—k?),
(5)
To simplify later expressions, here and in the following

sections we use capital letters, as defined above, to denote
field-dependent squared masses.
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with

G, = %Gi\/Gz 4¢BG), (6)

while the ghost-contribution is independent of the field
value, h. Performing the momentum integrals, the final
form of the renormalized effective potential, in MS scheme,

is
[332 (LB - —) + H? <LH - %)
+GL <LG_ - ;) +G2 (LG_ - ;)] . ()

where x = 1/(162%), Ly =log(X/u*) and u is the MS
renormalization scale. This agrees with the expression
given in [33], translated to the Abelian case. The
Landau-gauge limit corresponds to ¢ — 0, which gives
G, > Gand G_ = 0.

In analytical expansions below we will consider only the
case ¢ > 0, which is usually better behaved than & < 0 [33].
Eq. (6) shows that, for £ > 0, G, become imaginary in
some field range even when G > 0. However, the corre-
sponding imaginary parts cancel each other out and the
potential itself stays real.!

When one approaches the potential vacuum, 7 — v (with
v?> = m? /) at tree-level), the Goldstone mass goes to zero,
G — 0, and generically this induces IR divergences in the
effective potential. In the Landau gauge, the potential V
first develops IR divergences at three-loop order [27]. The
trouble comes from potential terms that are schematically
of the form 8V ~ X2 log G, where X is some mass-squared
that is nonzero at the minimum of the potential. On the
other hand, the first derivative V' of the potential is IR
divergent already at two-loop order, from terms in the
potential of the form 6V ~ XGlog G. Finally, the second
derivative V” is IR divergent already at one loop, from a
term 5V ~ G*log G.

This infrared behavior is worse in the Fermi gauge
than in the Landau gauge. The troublesome terms have
the same origin but replacing G by G, and the terms
8V ~ G%log G, cause V' to diverge already at one loop,
due to the fact that G/, diverges and G’ G goes to a
nonzero constant for G — 0. To see this most clearly,
notice that for 7 — v one has G, — +i\/éGB, so that
G2 log G ~ XGlog G. More precisely, the source of the
trouble is the term

-lklﬁ

“This is most clearly seen in the unintegrated expression
involving G;! in Eq. (5). After the Wick rotation to Euclidean
momentum k> — —k%, one has log[—k*(k* — k*G + ¢BG)] —
log[k%(k} + k%G + EBG))] and the argument of the logarithm is
positive for £ > 0 (and G > 0).
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5V, = —~£GBlog <5G—f> (8)
4 H

In the following subsection, we apply to this Fermi gauge

case the resummation proposed in [22,23] to cure such IR

problems.

Let us close this subsection with a brief discussion of the
gauge dependence of the potential in Eq. (7). In spite of the
explicit £-dependence of the potential through its depend-
ence on G, it is well known that the value of the potential
at its extremal points is guaranteed to be gauge invariant by
the Nielsen identity [25,26,34]. At one-loop order, this is
obviously the case of the potential in Eq. (7): the only
dependence on ¢ of the potential appears in the G terms
and at the minimum G — 0 one has G, — 0, so that the &
dependence disappears.

B. IR-Resummation

The IR divergences in the effective potential are due to
massless Goldstones, G — 0, and come from diagrams
with Goldstone bosons that carry small momentum,
k* ~G. The worst divergences originate from those
diagrams that have the largest possible number of
Goldstone propagators with the same small momentum,
and this number grows with higher-loop order. As shown in
detail in Refs. [22,23] for the SM in the Landau gauge,
these Goldstone divergences are spurious and can be
resummed in a simple way by reorganizing the perturbative
expansion.5 This is done by including the effect of
self-energy diagrams on the Goldstone propagators, with
G — G =G +11,, where I, is a well-defined radiative
contribution to the Goldstone squared-mass that can be
calculated perturbatively to the order needed. As explained
in [23], I1; includes only contributions from heavy fields
(that is, fields whose mass does not vanish when G — 0)
and hard Goldstones (with momentum k2 > G).

The effect of resummation in the Goldstone contribution
to the one-loop potential in the Landau gauge is therefore
the replacement®

66V = 3G (L =3/2) » 66V = 3G (Ls=3/2).  (9)

Expanding the latter expression perturbatively (in powers
of k) indeed reproduces the IR-divergent terms of the
unresummed potential. In the unresummed perturbative
expansion, the IR divergences occur at the field value for
which G — 0: the location of the tree-level minimum. In
the resummed potential, instead, possible IR divergences

A similar problem (and solution) appears in 3d (finite
temperature) field theory studies of the EW phase transition [35].

For our purposes in this paper, the one-loop resummed result
(9) will be enough, but the resummation procedure can be
extended to higher orders, see [23] for details.
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would occur at G — 0, which corresponds to the minimum
of the radiatively corrected potential. However, for the
resummed potential, V and V' are IR finite and only the
second derivative V" diverges for G — 0. However, this
divergence is harmless and in fact required to get right the
physical Higgs mass, as we discuss below.

The generic resummation of IR divergences just
reviewed can also be applied to the Fermi gauge. The
small complications associated with gauge boson-
Goldstone mixed propagators can be circumvented in a
simple way: add and subtract to the Lagrangian a term’
—Hg)(z/Z, where I1, is the (zero-momentum) two-point
function for the Goldstone field y obtained as discussed
above. The explicit expression for I, in the Abelian model
at one loop is

M, = 3« [ng (LB - %) 4+ AH(Ly - 1)], (10)

which can be directly obtained from the contribution of B
and H to the one-loop potential in Eq. (7), remembering
that the Goldstone mass is given by (9V /0h)/h. The added
term is treated as shifting the Goldstone mass that appears
in propagators, with G - G = G +1I1,, while the sub-
tracted term is treated as a counterterm. After this shift, the
two field-dependent masses corresponding to the mixed
Goldstone-gauge boson sector are given by

G.=-(G+ VG- 4GB), (11)

N[ =

to be compared with Eq. (6). The expression for the one-
loop effective potential of Eq. (7) with this resummation
implemented is obtained from the unresummed one simply
by the replacement G, — G.

Does this resummation achieve the desired cure of the IR
divergence problems of the effective potential also in the
Fermi gauge? While it is clear that the resummed potential
is finite in the G — O limit, its first derivative (which is the
crucial quantity to determine the location of the potential
minimum) is not finite even after resummation. The
unresummed term that causes the IR divergence in V' is
of the form 6V ~ XGlog G as discussed at the end of the
previous section and resummation simply changes this to
6V ~ XGlog G, which still gives a divergent V’. Note that
the divergence in V' is ¢ dependent and goes away for
& = 0. This divergence, which can be formally translated
into a divergence in the one-loop vacuum expectation value
(VEV), had been pointed out before (see, e.g., [24]) but
seems to have gone unnoticed in more recent literature.
Before discussing the solution to the previous problem
(deferred to subsection IV below), it is instructive to

A more sophisticated procedure is described in subsec-
tion IIIBI; see, in particular, footnote 13.
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compare the resummation performed above with the
resummation discussed in Ref. [19] to solve a different
issue.

C. IR resummation eliminates residual gauge
dependence

Suppose we are interested in the gauge dependence of
the effective potential close to the electroweak vacuum. The
perturbative counting is the conventional loop counting,
with ¢> ~ 1. The naive expectation is that, using this
counting, a consistent expansion of the effective action
will fulfill the Nielsen identity [25] and hence provide
gauge-independent observables. As we have described
above, potentially this requires resummation of certain
classes of diagrams [18,22,23], most notably two-particle-
reducible diagrams of light particles in those gauges (like
the Landau or Fermi gauge) in which the Goldstone boson
is massless at the minimum.

Things are different if the electroweak vacuum is
generated radiatively. The best known example is the
Coleman-Weinberg model [21], which is nothing but the
Abelian Higgs model with a massless scalar / [that is,
m? = 0in the Lagrangian of Eq. (1)]. Famously, the interest
of the model lies in the possibility of radiatively breaking
the U(1) gauge symmetry (a paradigmatic example of
dimensional transmutation). For studies of the gauge
dependence of the effective potential, the difficulty with
this model was recognized already in Refs. [25,34]: the
minimum appears through the balance between the tree-
level quartic coupling 4 and the one-loop radiative correc-
tions, of order 2g*, so that for power counting one should
use A~ hg*. This jeopardizes the usual fixed-order loop
expansion of the effective potential: one-loop terms of
order 7lg* are of the same order as two-loop terms of order
h2g® or three-loop terms of order #3¢'%/4, and this should
be taken into account when showing the gauge independ-
ence of the value of the potential at its minimum, that would
have a residual gauge dependence if calculated at a fixed
order in perturbation theory. It was also clear [36] that a
resummation that reorganizes the perturbative expansion
would get rid of this problem and this has been shown
explicitly to two-loop order in Ref. [19].

A similar situation arises in the SM effective potential at
very high values of the Higgs field, when an instability is
generated by radiative corrections. Previous work in the
Fermi gauge has studied the gauge dependence of the
potential at such high field values [19,33], at which one
can neglect the explicit mass term in the Lagrangian
(that is of electroweak scale size) and use the counting
A = hg* = hy?. This simplifies the analysis of the effective
action, since the one-loop corrections to the effective
potential from the Goldstone bosons scale as 4> and hence
are of the same order as three-loop contributions from the
gauge sector ~g%. Thus, in a two-loop analysis up to order
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g° ~ 23/% some of the IR issues do not enter yet. But even in
this simplified case, the same subtleties discussed for the
Coleman-Weinberg model concerning gauge dependence
remain, as emphasized in [19].

We now show that the resummation required to cure the
IR problems of the potential discussed in the previous
subsection automatically takes care of this gauge issue.
To ease the comparison, note that the notation of [19]
for the Coleman-Weinberg model in the Fermi gauge,
differs from ours: & is called ¢, g is e, and our 1 is
replaced by A/6. The resummation shift in the Goldstone
mass, G =1h* - G =G+ I1,, corresponds to the shift

A — A(h) = A — A(h), where
A(h) = 36Kkg*(1 = 3Lp), (12)

with k = #/(162%) and L = log(g>h*/u?). We have used
here the results of the previous section setting m?> = 0 and
neglecting 4> corrections in Eq. (10), which are of higher
order as A ~ hg*.

The expression for the resummed two-loop potential is
quite simple:

_ 1 3k 5
Vz(l’l) = Zﬂhzl + Zg4h4 (LB — 6)

- gégzﬁ(h)h“ <1ogw - 3>

5 31 71

Some comments are in order: (1) This expression packages
in a compact way the result for the two-loop potential given
in [19], Egs. (6.16—17). (2) The resummation performed to
deal with IR divergences generates directly all the two-loop
terms necessary to check gauge independence, without
residual gauge dependence left. (3) The gauge independ-
ence of the potential value at the minimum is straightfor-
ward to see as the result of the minimum corresponding
(at one-loop order) to A(v) = 0.

The resummed expression given in Eq. (13) also sheds
some light on the IR problem in V' discussed in the
previous subsection as specific to the Fermi gauge.
Indeed there is a (£-dependent) logarithmic divergence in
dV /dh ~ kég?(dA/dh)log A for A — 0. Moreover, notice
that di/dh = —dA/dh ~ kg*, so that the IR divergence is a
two-loop effect of order kg®, and no other terms of that
order in the potential (13) could cancel out such divergence.

Nevertheless, this obstruction looks strange, given
the fact that the first derivative of the potential V, to
whatever precision it is calculated, and the Goldstone
mass calculated to the same precision, are related® as

As the effective potential in a generic background is a
function of |¢[> = (h? + x?)/2.
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G = (dV/dh)/h. In a consistent calculation there seems
to be no room for a zero in G causing a divergence in
dV /dh. In view of this, we could consider Eq. (13) as the
correct expression for the two-loop resummed potential
but with 1 to be specified in a self-consistent way. Then
we could use the relation G = A(h)h?> = (0V,/0h)/h to
define 1. At two loops, with the approximations used,
one gets

A(h)=2A+xg*(3Lg—1)+2xéAg*(1—Lpg)

+;<2g6{§[40— (47—=15Lg)Lg|+&[1+(5 —6LB)LB]}
—xie? i e 1L | ox(@/P). (14)

However, this definition of A(h) is problematic for 2 — 0
as the prefactor of the last logarithm does not go to zero
in that limit. Another way of stating the problem is this:
fix the values of 4, g and £ at some given u. Using
Eq. (14) as the definition of the function A(%), we see
that, when 1 gets close to zero, logA blows up and
destroys perturbativity.

The ultimate root of this IR divergence is the pole of
order p* in the mixed propagator of Goldstone bosons and
longitudinal gauge bosons, which shows up clearly in their
contribution to the effective potential; see Eq. 5).°
Moreover, this problem persists even if no perturbative
expansion is used (as we show in Appendix A using the
Ward identity). This mixed propagator is a specific feature
of the Fermi gauge which explains why such IR divergence
is absent in the Landau gauge (¢ — 0) or in the background
R gauges.

Naively, one might be tempted to conclude that there is
no acceptable description of symmetry breaking within
perturbation theory in the Fermi gauge (unless & =0,
which is the Landau gauge). Nevertheless, as physical
quantities cannot depend on the gauge parameter &, one
could expect that the £-dependent IR divergence will cancel
out when calculating observables. In the following section,
we show that this expectation is fulfilled for the physical
Higgs mass.

II1. PHYSICAL RESULTS IN THE FERMI GAUGE

In this section, we show how physical information can be
extracted in the Fermi gauge even though the effective
potential has no well-defined minimum at one-loop order.
First we discuss the mass of the Higgs boson and then how
to make sense of the Nielsen identity in spite of the IR
divergences that afflict the Fermi gauge.

°A similar p* pole appears in supersymmetric QED (in the
propagator of the lowest component of the vector superfield),
leading to IR divergences. For a recent discussion, see [37].
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A. The physical Higgs mass

We show now how the physical Higgs mass is free of IR
divergences even when one calculates it in the Fermi gauge.
We go back here to the general Abelian Higgs model, with
nonzero m>. The physical Higgs mass is defined as the pole
of the Higgs propagator. Calculated at one-loop order, it is

Mj; = Vi(v) + (M)l
= —m? + 340} + 6Avgdv + Z(M3)],.  (15)

Here, field derivatives are represented by primes; the
one-loop VEV is v =uwy+6v with vy=+/m?/1 the
tree-level vacuum expectation value [calculated with
the tree-level potential V()] and Sv the one-loop correc-
tion to it, given by

T T on |y (16)
Finally, £(p?) is the one-loop 1PI two-point function of the
Higgs, with external momentum p. With |, we indicate that
the limit 2 — v, is taken, which is appropriate at one-loop
order. All the parameters entering Eq. (15) are already the
renormalized ones.

The explicit result in the Fermi gauge, using dimensional
regularization, Ly =log(X/u?), and taking the limit
h — vy everywhere except in the logarithmically divergent
terms, yields (see Appendix B for details)

64v080|) = 31<v%{6/12(1 —Ly)+4¢*(1-3Lp)

1 ¢GB
ose(R)]f, o

and
(Mp)lo = K”%{394(1 + Lg) + 297

X {2 +36—-2Lp —3\§log<5G4B>]

2 JZ
+642(xV/3 =T+ 4Ly)
-2(2* =229 + 394)B§(B,B,H)} . (18)
0

where we have left unevaluated the (renormalized) one-
loop integral,

Bf (mi, m3, p?)

_ _/1 dxlog{m%(l —X) —|—m%x2—x(l —x)p* - ie}
0

u

(19)

and we leave explicit the terms that cause a divergence in
the G — 0 limit. In the sum that gives M2, the terms
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involving £ in (17) and (18) cancel, as expected for a
physical quantity [38]. Furthermore, one can check that the
result above for M3 agrees with the SM result calculated
in the Landau gaugelo[4,39] and Feynman gauge [40],
appropriately reduced to the Abelian Higgs model.

Note that the terms that diverge logarithmically for

h — vy (i.e., for G — 0), that is, the IR divergence from
the shift in the Higgs VEV (17) and from the self-energy
(18), cancel in the sum, and one has
Vl/ 2 ..
-3 . + X(M;,) = IR finite. (20)
Therefore, even though the Higgs VEV (not an observable)
diverges, observable physical quantities as the Higgs mass
are finite."' We also note that the imaginary part of the pole
of the Higgs propagator (15), that is related to the Higgs
width, is gauge independent. Specifically, after the can-
cellation of the terms involving £ in (17) and (18), the only
contribution to the imaginary part arises from the last term
in (18) that involves the one-loop integral (19). This term is
independent of £, and has a nonzero imaginary part for
H > 4B (that is, mg > 2mp), corresponding to the decay
of the Higgs into a pair of gauge bosons.

We close this subsection with am illustrative comparison
of the IR divergences in the 1PI two-point function X(p?)
between the Landau and Fermi gauges. In the Landau
gauge, the IR divergent terms at one-loop are

K 'ZR(p?) =0, (for p>#0)
K_IZIR(O) = 2),2U2LG. (21)

This divergent structure is correlated with the fact that, in this
gauge, V' is IR finite and V" IR divergent, as V" = X(0).
In the Fermi gauge, instead, we have

BL; | 1 B
K"ZIR(pZ)zé—ZG {—Z(H—pz)z(l—i—é—Z) —5H+2p2],
2v° |p P
(for p*#0)
_ B 3x /EB 5
K 121}{(0):—/127}255—?22’02 E+ (AZWZ—EA§B>LG

(22)

Starting from Egs. (2.12)-(2.13) of [4], one gets
M?} = 2003 + 44vy601=0 + 5, M2, where 5v=0 is the shift
of the minimum in the Landau gauge. Taking into account the
different conventions used, and translating to the Abelian
case (y, > 0,9 = 0,¢? — ¢*/4, M2 — B, and ignoring terms
involving My) there is agreement.

""This cancellation is reminiscent of a similar cancellation
that takes place in the computation of the Higgs mass as
M2 =V" +%(M2) —2(0) where V is now the full potential
and the X terms take into account that the mass is defined on-shell
and not at p?> = 0. At one loop, V,” has a logarithmic IR
divergence that is precisely canceled by X;(M37) — ;(0), as is
obvious from the fact that V,” is nothing but %, (0).
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We see that X is IR divergent even on-shell, and this is
correlated (in order to get an IR finite Higgs mass as
discussed above) with the IR divergence in V' present in
this gauge, see Eq. (20). We also see that the £ — 0 limit of
¥ r(0) differs from the Landau gauge result showing
explicitly that the limits & - 0 and p> -0 do not
commute.

B. Nielsen identity

The Nielsen identity [25,26,34] plays a central role for
the gauge (in)dependence of the potential. In this sub-
section, we examine how the IR divergence in V' affects
this identity, which reads

v oV
Eagt Con =0 (23)

where the function C is the constant background limit of a
function C(x) (which enters the Nielsen identity for the
effective action) that in the Fermi gauge reads

€ =2 [ aylenema B, @4

with ¢, ¢ the ghost fields. The (renormalized) one-loop
result reads

xéB

Cl=——
" 2(GL-G)

[Gi(Lg, = 1) =G_(Lg_—1)]. (25)

Taking the limit # — v (or G — 0), we find

C) -~ —%ngzv{l —%log<§5—4B>}, (26)

which is logarithmically IR divergent for G — 0.
However, evaluating the Nielsen identity perturbatively,
at one loop one gets (with primes denoting field
derivatives):

oV
58—5‘ +C,Vj =0, (27)

and the one-loop product C;Vy « C;G goes to zero for
G — 0. This means that the value of V at the minimum, or
more precisely V], is gauge independent, as it should be.
The fact that the (one-loop) Nielsen identity (valid for
arbitrary field values) is IR finite implies that all the
identities derived from it by taking field derivatives are
also IR finite even if individual terms diverge. For example,
taking one field derivative of the Nielsen identity gives

>This was noticed already in [25] and was later taken as
reason to avoid the use of the Fermi gauge, e.g., in [26].
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oV’
¢

ES_ 4+ CV"'+CV =0, (28)

When evaluated close to the potential minimum, z = v, the
first term essentially determines the gauge dependence of
the location of that minimum. One can then check that the
IR divergences in the first two terms cancel each other.
Naively, one may think that the last term vanishes at v.
However, this is not the case because C’' o 1/G such that
the product C'V|, does not vanish in the minimum.

A similar discussion applies to the Nielsen identity for
the kinetic term Z(h)(9,h)?/2 in the effective action
(derived in Appendix C for the Fermi gauge at one loop).
As in the Landau gauge, Z(h) is IR divergent close to the
broken phase minimum. The enhanced IR sensitivity of Z
can be attributed to the gradient expansion around homo-
geneous field configurations as well as the vanishing
Goldstone boson mass in the broken minimum, that occurs
both in the Landau and Fermi gauges. Nevertheless, the IR
sensitivity of the coefficients appearing in the Nielsen
identity for Z matches precisely those that are present in
£O0Z /D€, and the Nielsen identity holds at one loop for all
field values. In addition, as discussed above, all IR
divergences cancel for physical observables.

We conclude that the Nielsen identity is fulfilled order
by order in the perturbative expansion and that, for the
effective potential, IR effects explicitly cancel. Finally, it
can be shown that the identity will also hold after including
resummation effects in a consistent way. For instance, the
one-loop resummed potential fulfills the identity as the
replacement G - G =G +11, (or G — G), with a
¢-independent I1,, does not interfere with the structure
of the identity if one uses, to be consistent, that V' = hG. In
fact, there is a systematic way to consistently maintain the
Nielsen identity order by order even when including IR
resummation in the following way: Add to the Lagrangian
~I,¢"¢p +1,¢'¢p = 0, and absorb the first term into a
shift of the quadratic term —m? — —m?> + I1, that enters in
the Goldstone and Higgs mass. On the other hand, the
second term is treated perturbatively as a one-loop counter-
term, i.e., O(h). This procedure implements the replace-
ment G — G in the one-loop expressions and, in addition,
also the Higgs mass gets shifted. This ensures that the
potential at order #° fulfills V' = hG, and therefore the
Nielsen identity is precisely fulfilled."® On the other hand,
since ¢p'¢p = (h* + y?)/2 this also introduces a shift in the
Higgs mass parameter H — H + I, that appears in the
Higgs propagator in loop diagrams. However, this shift is

PNote that for this to be true it is not sufficient to add and
subtract only a mass term for the Goldstone boson
—(IT, —T1,)x*/2. The reason is that this operator is not gauge
invariant, and therefore jeopardizes the Nielsen identity once the
first term is resummed while the second is treated as a one-loop
counterterm. Using instead the operator ¢ ¢ solves this problem.
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perturbatively small (since the Higgs mass does not vanish
close to the broken phase minimum) and therefore it is
canceled by the corresponding counterterm contributions
up to terms of higher order in perturbation theory.

IV. SOLUTIONS TO THE IR PROBLEM
IN THE FERMI GAUGE

Although, as we have seen, IR divergences should not
affect observables, it can be convenient to get rid of the IR
divergences also in intermediate results. In particular, it is
more satisfactory to have an effective potential whose first
derivative is IR finite and does not suffer from a formally
infinite shift in the location of its minimum."* With such
goal in mind, an obvious solution to try is to absorb the
infinite shift in a field redefinition.

Notice that it would be ill advised to keep the Higgs
VEV finite by suitable renormalization conditions on the
masses and/or couplings. The observables are invariant
under gauge changes for fixed bare couplings while the
Higgs VEV is not. From this point of view, if the bare
couplings are fixed in the Landau gauge, the IR issue in the
Higgs VEV seems a necessity in the Fermi gauges with
& # 0. In contrast, the wave function renormalization and
field redefinitions in general are unobservable.

A. Field redefinition

Let us see then what field redefinition would be needed
to make V' IR finite. Consider a field redefinition of the
form

h = h+ hF(h), (29)

where we have included an explicit factor 7 to indicate that
the shift is of one-loop order. Such field redefinitions
modify the form of the Lagrangian without affecting the
physics (more precisely, without modifying S-matrix ele-
ments [41]). The change induced by the shift in Eq. ([41])
on the potential is

V: V()"i‘flvl +O(fl2) i V: V0+V0/hF+hV1 +O(fl2),
(30)

with primes denoting field derivatives, as usual. There is
some freedom in choosing the function F(h) so that it
cancels out the IR divergence in V', because the cancel-
lation should occur at a single point in field space. The
IR divergence comes from the potential term 6V =
—(k/4)EGBlog(EGB/u*) and we have the choice of
removing this, or just the part that goes like log(G/u?)
or the full Goldstone contribution, etc. We do not commit at

"“The shift of the VEV is not actually infinite. What happens is
that the potential develops a cusp at A = 0, which is therefore a
bad starting point for the perturbative expansion.
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this point with such choices and write generically the term
to be removed as 6V = —(k/4)EGBlog(G/X) with X, a
quantity of dimension mass squared, to be chosen later on.
Simple inspection of the first derivative of the shifted
potential in Eq. (30) shows that F(h) evaluated at h = »
should satisfy

F(v) zgfgzvlogg . (31)

Once we get an IR finite V{/, it can no longer cancel the
IR divergence of X(M7) as needed to get M; finite, see
Eq. (20) and the discussion at the end of subsection IIT A.
However, this causes no problem as we should also
consider the impact of the field shift ([41]) on the kinetic
term for A,

(B,h)2 > % (@02 +RF(D,0)2 (32)

N[ =

that modifies the Higgs pole mass equation (15) as
(142F M3 = [Vo + FVyl"(v) + Z(M3)]o-  (33)

In this equation we have treated the F-shift terms in (30)
and (32) as modifying the tree-level Lagrangian (even
though they are shifts of order 7). The one-loop radiative
corrections calculated with this shifted Lagrangian are the
same as before so that £(M3 )|, above is the same as in (15),
and the one-loop VEV v is the minimum of the full one-
loop potential (30). Explicitly,

v = vy + 6pv + Sv, (34)
with

m? 1’4

Spv = —F, 51):—‘/—3, (35)

so that dv is the same as in (15) but now 6rv + dv is IR
finite by construction. More explicitly, expanding v in
Eq. (33) and keeping terms up to O(h) we get
(14+2F M5 = V{(vo) + (5pv + Sv) VY +2F'V§

+ FV{ 4+ Z(M3)]o. (36)

The F’ terms cancel out and we end up with

M2 = 2203 + 30y (8pv + 6v) + [3AvgF + Z(M2)|,].
(37)

We see explicitly that M3 is exactly the same as the one in
(15) as 34vy(6pv + F) = 0. Moreover, the IR divergence
of £(M2)|, is precisely canceled by the 3AvyF term.
Therefore, we see explicitly that the physical Higgs mass,
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an observable, is not affected by our field redefinition, as
expected.

A simple and convenient choice of F(h) that satisfies the
condition (31) corresponds to the field redefinition,

bt Sedhiog Sl (38)
4 H

corresponding to the choice X = pu*/(£B). This field

redefinition, being u-dependent, modifies the wave-

function renormalization of the field, encoded in the

anomalous dimension y = dlogh/dlogu. One gets that

the one-loop y is shifted as

11 =kg* (3= &) = 1 = k(3 — &) + kE* = 3kg*,  (39)

and the £ dependence drops (which can be useful to reduce
the gauge dependence of the potential). However, as we
have already mentioned, one is not forced to this choice of
X, and if one takes instead a y-independent X (say X = B),
the one-loop anomalous dimension of /# will not change.

The potential expressed in terms of the shifted field [after
h = h+ (k/4)ég*hlog(G/X)] reads, at one loop:

1 A
— __ 2h2 _h4
\% 2m +4

K B 5 H 3
X382 (10g= =2 ) + H?(log =5 -2
+4[3 <Ogﬂ2 6>+ <0gﬂ2 2”
GB XB
+§G[G<log§—4—3) —2§B(log§—4—3>
! !

+ (G, —-G_)log %] . (40)
One can explicitly check that V’ is now finite for G — 0
and the one-loop shift of the VEV is IR finite. The field
redefinition we have performed is reminiscent of the field
redefinition proposed in [42] to obtain a &-independent
potential (which in practice is equivalent to going to the
Landau gauge) or in [12] to make the field canonical and
reduce the £ dependence of the potential. Our aim here is
different: we just want to remove the IR problem but leave
the £ dependence as we want to study the gauge (in)
dependence of different quantities. Still, one could argue
that our field redefinitions either fix the gauge (if all &
dependence is gone) or amount to using a different gauge
fixing (in some sense intermediate between the Fermi and
Landau gauges).

Let us consider next the IR structure of the Nielsen
identity after the field redefinition in (38). At one loop,
the identity takes the form in Eq. (27). As the field
shift sends V| — V| 4+ FV|, we immediately deduce that
C) — C —E0F /08,

K G
C, —>C1—Z§g2h<log§+l>, (41)
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so that the Nielsen identity is respected. From the IR limit
in Eq. (26) we see that the new C; above is instead IR finite.
Thus, the same field redefinition that removes the IR
divergence from the first derivative of the effective potential
also removes the IR divergence in the Nielsen coefficient.
In addition, when taking a derivative of the shifted Nielsen
identity with respect to the shifted field, the contribution
C'Vy' actually vanishes for & — vy, in accordance with
naive expectations.

B. IR regulator

Above we have shown how to use a field redefinition
to get a potential with a well-behaved (i.e., IR finite)
first derivative. Instead, we could simply regulate the IR
divergences, checking at the end of the calculations that
physical quantities are independent of the IR regulator.
A simple way of doing this is to use the Fukuda-Kugo
gauge [34],

L

ng: 25

(0"By, + piri)* (42)

that leads to the masses

1
Gy = 5 (G + 2urmp + \/G2 —4(EB — urmp)Gl,  (43)
which tend to yrmp when G — 0. Therefore, in this gauge
ur acts as an IR regulator of the divergences that afflict
the Fermi gauge (recovered at yjr — 0). Note also that in
this case the ghosts contribute to the effective potential.

V. THE STANDARD MODEL
IN THE FERMI GAUGE

It is a straightforward exercise to extend the results for
the Abelian Higgs model, discussed in the previous sections,
to the non-Abelian case and in particular to the SM. The
(electroweak) gauge-fixing terms in the Lagrangian, in the
Fermi gauge, are

1 1
Loy =———(0"B,)? ——
OB 2y

¥
where B, is now the U(1), gauge boson and Wy, are the
SU(2), ones. The Higgs doublet, with hypercharge
Y = 1/2, is written as

HZ(%J1m> )

The potential is a function of the neutral field 4 and the y, y*
fields are the three Goldstones.

The renormalized MS effective potential, calculated up
to one-loop order, has the form

(0" W4)?, (44)
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o, 1y K 4 Mz (h)
V== mh® o 2h +Z(ZIN(,M,,(h) log - -c,),

PHYSICAL REVIEW D 94, 055026 (2016)

(46)

where a runs over all particle species, with N,, counting the corresponding degrees of freedom (taken negative for fermions)
and tree-level mass-squared M2 () in the h background. The C,, are constants (equal to 3/2 for scalars and fermions, and to
5/6 for the gauge bosons). The particle species and masses relevant for the potential are

1
T= M =33,

Topquark: N, = —12, >
1
W:t:NW:6, WEM%V:Zgzhz,
1
Z°: N, =3, ZEM%:Z(gz—i—g’z)hz,
Higgs: N, =1, H=M; =—-m?>+31h%,
1
Charged Goldstones: N, = 2, Gp. =M, = 3 (G £ 1/G?* — 4&,GW),
1
Neutral Goldstones: Ny, = 1, Gp, =Mj, = 3 G+ \/G2 —4(EwW + EB)G, (47)
[
where we have used the auxiliary squared masses SV — — K G [2 0 W log <§WG4W>
4 JZ
1 EwGW + E3GB
B= " =Z-W. G=-m’+i’. (48) + (EwW + &5B) log <%)] - ©60)

As in the Abelian case, the minimum of the tree-
level potential corresponds to G =0. The above
expression for the effective potential is well known; see,
e.g., [19,33].

The IR properties of the potential in the limit G — 0 are
similar to those discussed in the Abelian model. There are
IR divergences at higher orders in the perturbative expan-
sion of the potential that can be resummed as in the Landau
gauge [22,23], by the shift G — G +11,, where now, at
one-loop order,

3
M, = k[34H(Ly ~ 1) = 63T (Ly = 1) + 58 W (Ly ~ 1/3)

L2 (P4 gD)Z(Ly—1/3)).

) (49)

where Ly = log(X/u?). This resummation also solves
the issue of residual gauge dependence at high field
values in the region of instability [19], as discussed in
subsection II C.

As in the Abelian case, however, this resummation still
leaves a potential that suffers from an IR divergence in its
first derivative. More concretely, the one-loop effective
potential, expanded at small G contains the terms

which are responsible for producing an IR divergence
in V'. There are no qualitative differences between this
case and the Abelian one, so that again observable
quantities like pole masses (for the Higgs boson and also
for gauge bosons and fermions) are IR finite; IR diver-
gences cancel out in the Nielsen identity; and the same
kind of solutions discussed in Sec. I'V can be applied to get
rid of this complication and obtain an IR finite potential.
In particular, the field redefinition that would achieve this
is now

G
e b + o) og(S). (61

where X is left unspecified and can be chosen at will. For
instance, the choice

log X = 2(3&wW + £5B) log yi? (52)
modifies the one-loop anomalous dimension of the field
and removes from it the &, ; dependence, in the same way
that this could be done in the Abelian model. If, instead, X
does not depend explicitly on y, the anomalous dimension
is not modified.

The explicit expression of the one-loop potential after
shifting the field as in Eq. (51) is
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1 1
V=-—-m’+ leh“ +§[—12T2(LT —3/2) +6W?*(Ly, —5/6) +32*(L, —5/6) + H*(Ly —3/2)]

2
GW
+§G{2G<log§w 7 —3> —|—G<log
U

XwW
- 4§WW(log Ew .
U

G
+2(Gs, — G4 ) log GA

A

Concerning the gauge dependence of the potential, it is
similarly described by Nielsen identities of the form (23),
one for each & parameter (with a different C function each)
and the results discussed for the Abelian model carry over
in a straightforward manner to the SM.

VI. CONCLUSIONS

In some common gauges, like the Landau or Fermi
gauge, Goldstone bosons are massless in the potential
minimum in the broken phase and this causes IR diver-
gences in the calculation of the perturbative effective
potential. As demonstrated recently, these divergences
are spurious and can be eliminated by a simple resumma-
tion of Goldstone self-energy diagrams that otherwise lead
to the breakdown of perturbation theory [18,22,23].

On the other hand, when one is dealing with a potential
whose minimum is generated radiatively (and this includes
not only the well-known Coleman-Weinberg model but
also the SM potential at high field values) the value of the
potential at that minimum (a gauge-independent quantity in
principle) has a residual gauge dependence that also needs
resummation of a tower of diagrams involving Goldstone
bosons. In this paper, we have shown that the resummation of
IR divergences mentioned previously automatically takes
care of the residual gauge dependence in radiative minima.

We have shown this explicitly in the case of the Abelian
Higgs model in the Fermi gauge, and in doing this we
encountered a different IR problem: the first derivative of
the potential (and therefore formally also the location of the
minimum in a perturbative expansion) is IR divergent. This
divergence can be traced back to a pole of order p* in the
mixed propagator of the Goldstone bosons and longitudinal
gauge bosons. As we showed, this pole is not an artifact of
perturbation theory but a property of the full propagator.
This mixed propagator is a specific feature of the Fermi
gauge and so this IR divergence is not present in the Landau
gauge (£ — 0) nor in the background R; gauges.

Although naively this seems to be a serious pathology of
the Fermi gauge, interestingly the IR divergence does not
propagate to physical observables. We showed explicitly
that all IR divergences cancel in the physical Higgs boson
mass relation as well as in the Nielsen identity, which
indicates that one can extract physical information from the

-+ (Gp, — Gp_)log

G(EwW +&B) 3>
i

—3) —2(EwW + £B) <logX i

Gp,
Gs |’

(EwW +&B) 3)

(53)

|

effective potential in the Fermi gauge. Still, working with
an effective potential with a spurious cusp seems odd. Our
proposal to solve this issue (besides using an IR regulator to
be removed at the end of the calculations) is to remove the
IR divergence of the potential by an appropriate rescaling
of the Higgs field, as described in Sec. I'V. Several options
for this rescaling are possible (with different advantages
depending on the objective one has) and using any of them
it is possible to have a well-behaved (IR finite) effective
potential in the Fermi gauge. It could be argued that our
field redefinitions either fix the gauge (if all £ dependence
of the potential is removed by the redefinition) or amount to
changing to a different gauge-fixing (some kind of inter-
polation between the Fermi and Landau gauges). In the
latter case, we get the best of both worlds: we inherit the
good IR properties of the Landau gauge, and we still have a
free £ parameter to check gauge independence explicitly.
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APPENDIX A: NONPERTURBATIVE
PERSISTENCE OF THE IR PROBLEM

In this appendix, we show that the IR problem
of the Fermi gauge identified in the text persists
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nonperturbatively. In particular, we show that the full
Goldstone propagator goes as 1/k* in the broken phase.
The proof is based on the Ward-Takahashi identities, which
we review first.

1. BRS and Ward-Takahashi identities

We shortly review the Ward-Takahashi identities in the
Abelian Higgs model in the Fermi gauge. As usual, it is
convenient to introduce an auxiliary field B such that the
gauge-fixing term reads

Loy = FB +§B2,

(A1)
with F = 0,B* corresponding to the Fermi gauge. Solving
for the equation of motion for B gives B = —F/¢, and
replacing this in the gauge-fixing terms gives the usual
expression.

The Lagrangian term involving Faddeev-Popov ghosts
reads

OF OoF oF
5B, " 5p 5

Lpp = — (—iggp*)|c = —clec.
(A2)

Under the BRS transformation the fields transform as
$i > ¢i + OSprs i (A3)

with a Grassmann parameter 6 and where ¢, labels all fields
(gauge, Higgs/Goldstone, auxiliary, ghost) with

Oprs® = —igoc,
5BRSB — O

5BRSA/4 = aﬂC,

(sBRsC = O, 5BRSE ES B, <A4)

It is convenient to split the Higgs field in components as
¢ = (v+ h+ iy)/\/2. Their BRS transformation is then

Sprsh = gxc. Sprsy = —g(v+h)c.  (AS)
The generating functional in the presence of sources J and

K reads

WK = <0|Teifddx(Ji(x)¢i(x)+Ki<x)5BRS¢i(x)|O> (A6)
where K sources the BRS transformation. The expectation
value of the fields can then be written as

oW

¢i(x) = 7=

S, (A7)

and the effective action is obtained via a Legendre
transformation [we use the short-hand notation J;¢p; =

JdxT(x)pi(x)]
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Ul K] = Wl [¢, K], K] = Jilp, Klgpi,  (AS8)

Under the BRS transformations the energy functional W
behaves as

ow
WIJ,K] = W[J,K + AJ]| = SgrsW = _]167’

(A9)
where we used that the BRS transformation is nilpotent,
namely Sprs(dgrspi) = 0. At the same time, since the
BRS transformation can be absorbed into the integration
measure, one finds dgrgW = 0. Using

W e oT

— =— , Ji=—-—, (A10)
oK J=const 0K ¢p=const 5¢i
one obtains
ool or o' o' oI o' 6T o' oI

0

T 540K, 0B, oK' | hoK' | 5y oKX | 5coK®
(A11)

In the last expression we used already that the BRS
transformation of ¢ and B vanishes, so that the effective
action is independent of the corresponding sources K%
and K°.

2. Ward identities for the gauge boson propagator

Let us next derive the Ward identities for the gauge
boson propagator. In the following we assume that v is the
full vacuum expectation value, i.e., that (h) =v is a
solution of the equations of motion for vanishing external
source. Furthermore, the symmetry y - —y, B, — —B,
guarantees that (y) = (B,) = 0 is a solution of the equa-
tions of motion. This is equivalent to the condition that
the Fermi gauge is a “good gauge” in the sense of
Fukuda-Kugo [34]. Finally, the symmetry ¢ - —c,¢ — —¢
guarantees that the vanishing ghost expectation value is
always a solution to the equations of motion; i.e., it
corresponds to a configuration with vanishing external
sources.

The full inverse propagator for the gauge field, the
Goldstone boson, and their mixing is given by

5T 8T
- . 8B,5B, ©6B,oy
G(x.y) = ( L (A1)

5T
oyoB, SySy

where I' is the effective action. One can obtain a WT
identity for this propagator by taking derivatives of (Al1)
with respect to B, and y. In addition, we take a derivative
with respect to the ghost field ¢, and then set all expectation
values to zero except for the Higgs, which is assumed to be
in the broken minimum. As discussed above, since the
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Fermi gauge is a “good gauge,” this corresponds to a
solution of the equations of motion; i.e., all sources vanish.
The symmetry y — —y, B, — —B, implies that second
derivatives involving one Higgs and one Goldstone or
gauge field, vanish. Furthermore, all first derivatives of I"
with respect to any field vanish due to the on-shell
stationarity of the effective action. Finally, using that
OU/6K; = 6W/5K; = (Sgrs¢;), and using the BRS trans-
formations as well as ghost number conservation, it follows
that most contributions are zero for vanishing (ghost)
background field, except terms involving 8°I"/(6K;5¢)
for i = h,y, B, and terms involving 6°I'/(8c5¢). Writing
the result in matrix form, one obtains

5T 5B
H 52F 6B,
_ SKHé¢ . v
G ‘( o ) + (=) 5 <@> =0. (A13)
14

6K*5¢

Here we have used already that SI'/6K® = (SgrsC) =
(B) = B, where we have denoted the field operator by a
hat here and assumed in the last equality that the auxiliary
field is linear in the fundamental fields, i.e., that the gauge-
fixing function F is a linear function of the field variables.

Specifying to the Fermi gauge where B = —F/& =
—0,B* /& and the ghost is a free field [such that its inverse
propagator is simply 6°T'/(5cé¢) = 6*S/(5csc) = k], one
obtains in Fourier space:

Q‘%k)(“i”r‘s") —k2<k”/'§> =0. (Al4)

5T 0
5K%5¢

One has &°T'/[6K"(y)dc(z)] = [(dprsB*(v))]/0c(z) =
S[oFc(y)]/6c(z) = O#8(y — z). Since the ghost is a
free field one also gets 8°°/[5K* (y)dc(z)] = 8[((—g(v+

A~

h(y)e()]/8e(z) = 8[{(=g(v + h(y)(e())]/6c(z) =
—gvé(y — z). In the last step we used (h) =0, i.e., the
assumption that one expands around the position of the
broken minimum. In Fourier space, this gives

() (%5 <o

It is easy to check that the WT identity is fulfilled at tree
level, where

(A15)

_.g/wk2+kuk1/_kﬂku/§+gzvzguv _ikygv>
kz—m)% '

(A16)

G5 (k) :—i(

ik,gv

and m? = 0 in the broken phase.
To see how the k* pole arises in general, we can
decompose the propagator into transverse and longitudinal

parts (using the short-hand notation i(” =k,/ Vid = k,/k)
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as

(A17)

—ik, © ik, 0
k )
+( 0 1>gL()<0 1)

where G (k) is a function but G; (k) still has a 2 x 2 matrix
structure and both are Lorentz scalars. The above WT
identity then takes the form

i (1)-5()-

Using the fact that the Goldstone mass vanishes in the
broken phase, the longitudinal propagator must have the
form

j 1 0 20?2 —k
gil(k)—ék2<0 0>_iA(k)<i]k1;p kfv)

(A18)

(A19)

with some function A(k) that has no poles at k> = 0. This
form means that G, has a pole that goes (at least) like 1/k*,
as detG; = &/[k*A(k)].

Another way of understanding Eq. (A19) is in terms of
operators. The WT equation states that the operator |Dl,qb|2
that induces the second contribution in (A19) is radiatively
corrected while the gauge-breaking term is not. The
running of the parameter & hence, stems from wave-
function renormalization of the gauge fields. We explicitly
confirmed this at the one-loop level.

APPENDIX B: HIGGS SELF-ENERGY AND
CORRECTION TO THE KINETIC TERM

In this appendix, we present the full self-energy X of the
physical Higgs at one loop in the Abelian Higgs model. We
separate X in different pieces as

=2, +25r +Zpr + 2y + 2, + 2 + 2y (BI)

where the indices denote the type of fields propagating in
the loop (one index for loops with a quartic vertex and
two indices for loops with cubic vertices). Here, L labels
the mixed longitudinal and Goldstone fields, T the
transverse part of the gauge field, and H the physical
Higgs. We find [with the squared masses H, G and B as
defined in (3)]
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{d_2+(k2++k3—p2)2}

4k K%

p*(p* — 4k2)(k} + BGE)

dk
Sun(p?) =i 4—d18,12h2/ :
na () = W () (2~ H)(Z — H)
2B% [ d'k
5 2y _ ; 4—d_/
() =W | i e B = B)
B dlk
) 2\ _ i d4-d 2
Lr(p?) = ip 2h2/(

dk

27)? K2k2 (k2 — B) (k% — GK2 + BGE)’

1

2.(p?) = iﬂ4_d/(

where the E;; entering £;;(p?) is given by the matrix

BQG2p4§2 —232G2p2§2
—232G2p252 B2(2G2 + A4)§2
E= | BG&(p*+ BGE) —BE(A* + BGE)
—2BGp?¢ 2BA%E
BG¢ —B¢

with A2 = p2 —24h2, k% = (k + p/2)%, and

k1
Sy = 3idut
S /(27z)dk2—H’
s _.d-1B 4d/ dk 1
g h? (2z)4k* - B’

Y, =i 4_4/ (ddk K*(Ah* + EB) — EB(AR* + G)

2w R -G +BGe - B

All loop integrals can be reduced to the elementary one-
loop functions,

o dk 1
A(X) = —lﬂ4 d1677.'2/ (2ﬂ)dm
=m*[A, + 1 —log(X/u?)]. (BS)
B(X1,X2’P2)
dk 1 1
=—iu*16 2/
W ] an) (2 =X, — ie) (K2 — X, — ie)

2 ’

_Ae_/ldxlog{Xl(l—x)+X2x—x(1—x)pz—ie
0 H

(B6)

with A, =2/(4 —d) — yg +log4x. After factorizing,

N(k) = k* = GK> + BGE = (k> = G2)(k* = G%),  (B7)

5
E.
27)4 (k* — Gk* + BGE) (k% — Gk% + BGE¢) ; Y

K2R (B2)

BGE(p* + BGE)  —-2BGp*é  BGE
—BE(A* + BGE)  2BA’( —B¢
422 h* 0 0 |, (B3)
0 0 0
0 0 0

with G as defined in (6), the reduction can be done in
several ways. For example, in X;; one can write the
numerator of the last term as

(k2 + K2 — p?)? = 2k2 k% + p* 4+ k2. (K% — B)

+ K2 (k2 — B) + (B =2p?) (K2 + k),

(B8)

and then split the integral into contributions from each
summand. Similarly, in X;7, one can add and subtract
Gk~ in the right-most bracket of the numerator, and in
¥, one can write k> = [(k* = G_) + (k* = G,)]/2 + G/2.
One then finds
Tun(p?) = —18xA*h>B(H, H, p?),

2kB?
2TT(PZ) == 2

(B—2p?)
2

B(T,T, p*)(d-3/2)
+ B*1(0.B,B, p?)

1 4
+5B(0.8.0) + -B>2(0.5.0.8.p*) .

2
p°B
Zi7(p?) = —x 5.7 [p?B*1(0.B,0, p*) = 4B(0. B, p?)
+ Gp*B**(0,B,G,,G_, p?)
—-4GB*'(G.,G_,B, p*)], (B9)
and
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Sy = —3kAHA(H),
B2
ZT == _Kﬁ(d_ I)A(B),

GAh?* — EBG — 2EBAR? K
¥, = 2B B(G..G.0) - S AG,) + AGL). (B10)

2h 2h

where k = 1/(16z°) and
'k 1 1 1
B2L(X,, Xy, X3, p?) = —ip*~16 2/
(X1 X0, X5, p%) = =i 167" | o X i =X, — i) (& — X, — e
+
1

:Xl _X, [B(X\, X3, p?) = B(X2, X3, ). (B11)

Similarly, B%? contains two propagators involving k% and k2, respectively, and is

B(X,.X5.p?) — B(X,X,. p?) — B(X». X5, p*) + B(X,. X4, p?)

B>2(X|,Xy,X3, Xy, p?) = B12
( 1, X2, A3, 84, D ) (Xl _Xz)(XS —X4) ( )
The piece X;; can be reduced by first rewriting the powers of k3 for i =4, 5 or j =4, 5 as
k% = N(ky) + Gk% — BG¢,
kS = (kL 4+ G)N(ky) + G(G — BE)k%. — BG?¢. (B13)
Then one obtains integrals that can be reduced as above, for example,
—iy4_d16ﬂ2/ 'k K ! B>1(G,,G_,G,,p*)+B*(G,,G_,G_, p?)
@n NkNG) 20 e e s
+GB*?(G,,G_,G,,G_, p?)], (B14)
where we rewrote k2 in the numerator as done for ¥;. Another useful relation is
dk  k? dk K? 2
/ d—:/ e (B15)
(27)¢ N (k) (27)¢ N(k)

The full result for £;; is straightforward but too lengthy to report. A useful check is that (p*> = 0) = V7. To get the
self-energy at finite p? in the limit G — 0, we used the expansion

1 1 a—>b a S c—a—-b+S
_ (1 — —_h = a 1
Adxlog[a(l x) 4+ bx —x(1 = x)c| 2+210g(ab)+ 2¢ 10g(b>+2c Og<c—a—b—5>

= -2+ log(—c) + é [a(loga—1) + b(logh — 1) — (a + b)log(—c)]

L a* + b* + 2ab[log(ab) — 2log(—c)]} + O llogc , B16
2¢? el

for small a, b, where S = \/(c —a — b)? — 4ab.
From the self-energies, one can get the corrections to the kinetic term in the effective action

dZ(p?)
d 2

Z(h) =1- .
p p*=0

(B17)
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We find

Z=1+4+2Zy +2Z1 7+ Zrr + Zyn. (B18)

with the explicit results (for the Abelian Higgs model),

éB K Gy (Lg, +1)-G_(Lg_+1) m? ) 5
Zip =k—5A,+—— —3¢B = 2A — 6B —&B
LL Kh2 5+3ﬂ.2h2 {G é |: AGi +AG1 ( G;t+mG)(G é )(G é )
L; —L
+6§282G(AG1+2m258)M , (B19)
AG,
3xB 3xB 5 5 L —Lg
2= At — |2B+EG) Ly =2 ) =G| Ly +Lg —=) —G¥(1 =28 (-S|, B20
== o o [28450) (1a=3) = 6(La, + L -3) ~ -2 (M )| )
and
S5xB 3kA’h?
ZTT = 2h2 s ZHH - H ) (le)

where Lg, =1log(Gy/u?), Ly =log(B/u*), B:=B+ G(é—1) and AG. = G, — G_. For large field values one can
approximate G = —m? + 1h?> — 1h?* and neglect the second and third line in (B19) which are proportional to the quadratic
mass parameter m>. In that limit, Z,, — Ax.

For completeness, we also present the off-shell Higgs self-energy for 4 — v

KU2 1
Z(p?)lho = - {2[—26/12 + 54+ (3 = P>~ 9%+ 2P

+ [log(p?/u?) + in](42% — P*) + £¢°(P* — 51) log (£GB/u*)
e {—20 4120, 136 /01 dxlog [(H - x(1 - x)p2)/ﬂ2]}
+6g*(1 + Lg) +2¢°P*(1 — €= Lg) + 10Ag%¢

1 (PY—4P2P 4+ 126 Al dxlog [(B - x(1 - x)p?) /4]

(P? —24) [( 7¢

—80 1- p) [log (¢GB/p*) — 2in] — 2} } (B22)

where P2 = p?/v%.

APPENDIX C: NIELSEN IDENTITY FOR THE KINETIC TERM
The Nielsen identity for the kinetic term 8L = Z(h)(9,h)?/2 reads [15,18]

0z 0Z oC oV - 0%V
58—5——C%—2Z%+D%+DW, (C1)

with coefficients given by a gradient expansion of (24),
C—-C+ D(aﬂh)z - 8/4(58’%) +O(). (C2)

Note that Ref. [15] did not include the total derivative term above, which is relevant as it is required to describe the full &
dependence of the function Z.

At one loop, the contribution at zeroth order in gradients is given by the one-loop expressions of C, D, and D. The C,
function is given in Eq. (25), and D, D, are
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2 —
D, = —KTGé [ZG% w (1— 4°8) — 3BE[PG? + 21B(26B - G)| &9/ G-
+

AGS,

El

kEG G& 2B;
= 9¢* log — = [—A2B?B.(3G* — 4GBE + 28 B%£2

+ ¢*G?*[3G3 (=4 + &) + 212B°E* + G?B(21 + 80¢& — 8£%) — 4GB?E(38 + 17¢ + 19£2)]
— 8¢%2EB?B:(G — BE)(G — 24B¢))

log(G,/G_) {94 [3G

-3 -
AG),

5 (26 = 1)AG[BAGE — G (-1 +2¢)%]

B2
+ ﬁ [~AGS + G*AG* (13 + 48&) + 17G*AG?. — SGG}}
— 4£1B*B22AB(G® — 3GBE + 6B°E) + *G(G? — 16GBE + 83252)]] } (C3)

where B: = B+ G({ - 1) and AG. = G, — G_. The small-G expansion of these functions reads

3 kadghe'? k(2 + 3428 KAz
b= — _ - 0(GY),
| Tl 6G 64(BGE) 2 (@)
3a2gh2 V2 kah(A + 3¢ A(92 + 1647
| gER | 04 3g) | kmhOA+166%8) |y (c4)
16G5/ 3G 128¢&'/2G3/

With these expressions, one can check explicitly that the Nielsen identity for Z is fulfilled perturbatively at one loop.

APPENDIX D: KINETIC TERM FOR THE SM IN THE FERMI GAUGE

In the Standard Model, the kinetic term is readily obtained from the corresponding expressions in the Abelian Higgs
model, given in Appendix B. We find

Z=1+4Z1 +2Z1 1 +2Z17 +4Z1 7 + Zpr + 22y 1 + Zyy + Zo, (D1)
with
Zug = ZZL”, Zrr = Z¥;1)|B—>Z’
Zror- =233 | Zir = Zg;1>|3—>2,cf—>§eff’
Zir =20 powemsy 2L =204 Iezema
Zi+p- = Zgél) |B—>W,§—>§W’ Z; = 6;;—2TAe - 6}’:—2T [1/4 + log(T//ﬂ)],

where W = ¢?h2/4, Z = (P + ¢2)h2 /4, B=Z W, T = y2h2/2 and &y = (E5B + EW) /(B + W) = Egshy + Ewcly.
The divergent part is given by (note that the TT and hh parts are UV finite)

Zdiv —

ol =

(EieZ + 26wW — 3Z — 6W + 6T)A,

[

I (Epg* + 3Ewg* — 39 —9g* + 12y7)A,. (D2)

This is consistent with Eq. (2.47) of [33]. In particular, the field renormalization Z; cancels the divergences in Z.
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