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We study a geometric transition in a nonperturbative topological string. We consider two cases. One is
the geometric transition from the closed topological string on the local B3 to the closed topological string
on the resolved conifold. The other is the geometric transition from the closed topological string on the
local B3 to the open topological string on the resolved conifold with a toric A-brane. We find that, in both
cases, the geometric transition can be applied for the nonperturbative topological string. We also find the
corrections of the value of the Kähler parameters at which the geometric transition occurs.
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I. INTRODUCTION

Recently, in unrefined topological string theory on
noncompact toric Calabi-Yau threefolds, the free energy
including nonperturbative effects is proposed [1]. The
nonperturbative parts can be obtained by considering the
Nekrasov-Shatashvili limit [2]. We call this “nonperturba-
tive free energy.” Nonperturbative free energy is finite for
any string coupling owing to the Hatsuda-Moriyama-
Okuyama (HMO) cancellation mechanism [3] This free
energy has been studied in various situations [4–14]. For
example, it is known that this free energy is closely related
to the quantization of a mirror curve for the noncompact
toric Calabi-Yau threefold [15–21]. This provides us with
the nonperturbative definition of the topological string.
However, it is unclear whether the important properties of
the perturbative topological string hold, even if we consider
the nonperturbative topological string.
In this paper, we study a geometric transition [22–24] in

the nonperturbative topological string. As an example, we
study the geometric transition in the closed topological
string on the local B3. We consider two cases. One is the
geometric transition from the local B3 to the resolved
conifold in the closed topological string. The other is the
geometric transition from the closed topological string on
the local B3 to the open topological string on the resolved
conifold with a toric A-brane.
We first consider the geometric transition from the local

B3 to the resolved conifold in the closed topological string.
Then we find that, by calculating the nonperturbative free
energy of the closed topological string on the local B3 and
the resolved conifold, the geometric transition can be
applied even if the nonperturbative effects are included.
We also find that, in contrast to the case involving
perturbative free energy, the values of the Kähler param-
eters in which the geometric transition occurs are corrected
by the nonperturbative effects.

Next we consider the geometric transition from the
closed topological string to the open topological string
with a toric A-brane. Then we find that the HMO
cancellation mechanism can be applied, even if there is
a toric A-brane. We also find that the nonperturbative parts
of this free energy have the same structure as the one in
Refs. [20,25–27]. We check this statement up to OðQ2

bÞ.
The Kähler parameters are corrected by the nonperturbative
effects as in the above case.
This paper is organized as follows. In Sec. II, we calculate

the nonperturbative free energy of the closed topological
string on the local B3 by using the refined topological vertex
formalism [28–35]. In Sec. III, we consider the geometric
transition from the local B3 to the resolved conifold in the
closed topological string. We also consider the geometric
transition in which the toric A-brane occurs. Finally, we
summarize our results and discuss future work in Sec. IV.

II. FREE ENERGY FOR THE TOPOLOGICAL
STRING ON THE LOCAL B3

In this section,we calculate thenonperturbative free energy
of the closed topological string on the localB3.We also check
the HMO cancellation mechanism for this free energy.

A. Calculation of the refined topological string

In order to calculate the nonperturbative free energy, we
use the refined topological vertex formalism. The web
diagram of the local B3 is shown in Fig. 1, where we define
Q1;2;b;f ≔ e−t1;2;b;f , and t1;2;b;f are the Kähler parameters.
We can then write the partition function of the refined

topological string on this geometry ZLocalB3
ðQ; t; qÞ as

follows:

ZLocalB3
ðQ; t; qÞ

¼
X
μb; ~μb

ð−QbÞjμbjð−QbQfÞj ~μbjf2~μbðt; qÞZ
ð1Þ
μb ~μb

Zð2Þ
μb ~μb

; ð2:1Þ

where we define*sugimoto@het.phys.sci.osaka‑u.ac.jp
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Zð1Þ
μb ~μb

≔
X
μf;μ1

ð−QfÞjμf jð−Q1Þjμ1j ~fμfðt; qÞC∅μfμbðt; qÞ

× Cμtfμ1 ~μb
ðt; qÞC∅μt

1
∅ðq; tÞ; ð2:2Þ

Zð2Þ
μb ~μb

≔
X
μf;μ2

ð−QfÞjμf jð−Q2Þjμ2j ~f−1μf ðt; qÞCμf∅μtbðq; tÞ

× Cμ2μ
t
f ~μ

t
b
ðq; tÞCμt

2
∅∅ðt; qÞ: ð2:3Þ

(2.2) and (2.3) correspond to the building blocks on the left
side and right sides in Fig. 1(b), respectively. We also
define the refined topological vertex Cλμνðt; qÞ and the

framing factors fμðt; qÞ, ~fμðt; qÞ as follows:

Cλμνðt; qÞ ¼ t−
∥μt∥2

2 q
∥μ∥2þ∥ν∥2

2 ~Zνðt; qÞ

×
X
η

�
q
t

�jηjþjλj−jμj
2

sλt=ηðt−ρq−νÞsμ=ηðt−νtq−ρÞ;

ð2:4Þ
~Zνðt; qÞ ¼

Y
ði;jÞ∈ν

ð1 − qνi−jtν
t
j−iþ1Þ−1; ð2:5Þ

fμðt; qÞ ¼ ð−1Þjμjq−∥μ∥2
2 t

∥μt∥2
2 ; ð2:6Þ

~fμðt; qÞ ¼ ð−1Þjμj
�
t
q

�jμj
2

q−
∥μ∥2
2 t

∥μt∥2
2 ; ð2:7Þ

where the function sλ=ηðx1; x2;…Þ is the skew Schur
function. By using some formulas from the appendixes,
we obtain

Zð1Þ
μb ~μb

¼ ~Zμbðt;qÞ ~Z ~μbðt;qÞq
∥μb∥

2þ∥~μb∥
2

2

×
Y∞
i;j¼1

ð1−Q1t
− ~μtb;jþi−1

2qj−
1
2Þð1−Q1Qft

−μtb;jþi−1
2qj−

1
2Þ

ð1−Qft
−μtb;jþiq−~μb;iþj−1Þ

;

ð2:8Þ
Zð2Þ

μb ~μb
¼ ~Zμtb

ðq;tÞ ~Z ~μtb
ðq;tÞt

∥μt
b
∥2þ∥~μt

b
∥2

2

×
Y∞
i;j¼1

ð1−Q2t
− ~μtb;jþi−1

2qj−
1
2Þð1−Q2Qft

−μtb;jþi−1
2qj−

1
2Þ

ð1−Qft
−μtb;jþi−1q−~μb;iþjÞ

:

ð2:9Þ

In order to clarify the discussion in the next section, we
normalize (2.8) and (2.9) by dividing the trivial building

blocks Zð1Þ
∅∅ and Zð2Þ

∅∅ . Again, by using some formulas, we
obtain

Ẑð1Þ
μb ~μb

≔ Zð1Þ
μb ~μb

=Zð1Þ
∅∅

¼ ~Zμbðt; qÞ ~Z ~μbðt; qÞq
∥μb∥

2þ∥ ~μb∥
2

2

×
Y

ði;jÞ∈μb

1 −Q1Qft−iþ
1
2qμb;i−jþ1

2

1 −Qft
~μtb;j−iþ1qμb;i−j

×
Y

ði;jÞ∈ ~μb

1 −Q1t−iþ
1
2q~μb;i−jþ1

2

1 −Qft
−μtb;jþiq−~μb;iþj−1

; ð2:10Þ

Ẑð2Þ
μb ~μb

≔ Zð2Þ
μb ~μb

=Zð2Þ
∅∅

¼ ~Zμtb
ðq; tÞ ~Z ~μtb

ðq; tÞt
∥μt

b
∥2þ∥~μt

b
∥2

2

×
Y

ði;jÞ∈μb

1 −Q2Qft−iþ
1
2qμb;i−jþ1

2

1 −Qft
~μtb;j−iqμb;i−jþ1

×
Y

ði;jÞ∈ ~μb

1 −Q2t−iþ
1
2q~μb;i−jþ1

2

1 −Qft
−μtb;jþi−1q−~μb;iþj

: ð2:11Þ

Thus, the partition function ZLocalB3
ðQ; t; qÞ is as follows:

ZLocalB3
ðQ; t; qÞ ¼ Zð1Þ

∅∅Z
ð2Þ
∅∅
X
μb;~μb

ð−QbÞjμbjð− ~QbÞj ~μbj

× f2~μbðt; qÞẐ
ð1Þ
μb ~μb

Ẑð2Þ
μb ~μb

: ð2:12Þ

B. Nonperturbative free energy of the topological string

Now we define the perturbative free energy of the refined
topological string FðQ; t; qÞ and the unrefined topological
string FWSðQ; qÞ as follows:

FðQ; t; qÞ ≔ − log½ZðQ; t; qÞ�; FWSðQ; qÞ ¼ FðQ; qÞ:
ð2:13Þ

Then we define the perturbative parts of the nonperturba-
tive free energy as

FWSðe−2πt1=hþπi; e−2πt2=h−πi; e−2πtb=h−πi; e−2πtf=h; e4π
2i=ℏÞ:
ð2:14Þ

(a) (b)

FIG. 1. (a) Web diagram of the local B3. (b) Its building blocks.
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Note that we redefine the Kähler parameters due to the
HMO cancellation.
The nonperturbative parts of the nonperturbative free

energy are obtained by using the Nekrasov-Shatashvili
limit of the refined topological string [2],

FNSðQ; qÞ ≔ lim
ϵ2→0

ϵ2FðQ; t; qÞ

ðq ¼ eϵ1 ; t ¼ e−ϵ2Þ: ð2:15Þ
Then the nonperturbative parts of the free energy FM2ðt;ℏÞ
are defined as follows:

FM2ðt;ℏÞ ¼
i
2π

�
t ·

∂
∂tFNSðe−ti ; eiℏÞ

þ ℏ2
∂
∂ℏ ðFNSðe−ti ; eiℏÞ=hÞ

�
; ð2:16Þ

where we define

ℏ ≔ 4π2=gs ð2:17Þ
and t ≔ ðt1; t2; tb; tfÞ.
Thus, the nonperturbative free energy of the topological

string on the local B3 JLocalB3
ðt;ℏÞ is as follows:

JLocalB3
ðt;ℏÞ ≔ FWSðe−2πt1=hþπi; e−2πt2=h−πi;

e−2πtb=h−πi; e−2πtf=h; e4π
2i=ℏÞ þ FM2ðt;ℏÞ:

ð2:18Þ
In this case, JLocalB3

ðt;ℏÞ is finite for any gs or ℏ.
For example, when we set ℏ ¼ 2π, we obtain

lim
ℏ→2π

JLocalB3
ðt;ℏÞ

¼ −
2þ π2 þ 2t1 þ t21

8π2
e−t1 −

2þ π2 þ 2t2 þ t22
8π2

e−t2

þ 2þ π2 þ 2tb þ t2b
8π2

e−tb þ 2þ 2tf þ t2f
4π2

e−tf

−
2þ π2 þ 2t1 þ 2tf þ 2t1tf þ t21 þ t2f

8π2
e−t1−tf

−
2þ π2 þ 2t2 þ 2tf þ 2t2tf þ t22 þ t2f

8π2
e−t2−tf

−
2þ 9π2 þ 2tb − 6tf − 6tbtf þ t2b − 3t2f

8π2
e−tb−tf þ…:

ð2:19Þ
A more general discussion for this pole cancellation
appears in Ref. [3].

III. GEOMETRIC TRANSITION IN THE
NONPERTURBATIVE TOPOLOGICAL STRING

In this section, we consider the geometric transition.
We first consider the geometric transition from the local

B3 to the resolved conifold. In order to know how to set the

Kähler parameters for this geometric transition, we con-
sider the geometric transition in the perturbative topological
string at the beginning. After consideration, we consider the
geometric transition in the nonperturbative topological
string. Then we find that the nonperturbative free energy
after the geometric transition agrees with the one on the
resolved conifold which is obtained in Ref. [9]. We also
find that the Kähler parameters are corrected by the
nonperturbative effects.
We next consider the geometric transition from the local

B3 to the resolved conifold with a toric A-brane. As with the
above case, we consider the geometric transition in the
perturbative topological string at the beginning. After
consideration, we consider the geometric transition in the
nonperturbative topological string. Then we find that the
nonperturbative parts of this free energy after the geometric
transition have the same structure as the one in Ref. [27].

A. Geometric transition from the local B3
to the resolved conifold

In this subsection, we consider the geometric transition
from the local B3 to the resolved conifold in the closed string
(see Fig. 2).

1. Perturbative free energy

To begin with, we consider how to set the Kähler
parameters to special values in the refined topological
string. In accordance with Refs. [36–39], we set the
parameters Q1 and Q2 as follows:

Q1 ¼
ffiffiffi
t
q

r
; Q2 ¼

ffiffiffi
q
t

r
: ð3:1Þ

Then the factors in Ẑð1Þ
μb ~μbY

ði;jÞ∈ ~μb

ð1 −Q1t−iþ
1
2q ~μb;i−jþ1

2Þ ¼
Y

ði;jÞ∈~μb

ð1 − t−iþ1q ~μb;i−jÞ

ð3:2Þ
become zero unless the Young diagram ~μb becomes empty.
Then, after several cancellations, we obtain

ZLocalB3
ðQ; t; qÞ ¼

Y∞
i;j¼1

ð1 − tiqj−1Þð1 − ti−1qjÞ

×
X
μb

ð−QbÞjμbj ~Zμbðt; qÞ

× ~Zμtb
ðq; tÞq∥μb∥

2

2 t
∥μt

b
∥2

2 : ð3:3Þ
This expression agrees with the partition function of the
closed topological string on the resolved conifold, except for
the factors

Q∞
i;j¼1ð1 − tiqj−1Þð1 − ti−1qjÞ.1 Thus, in an

1This difference is due to the normalization of the topological
vertex.
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unrefined case, this geometric transition occurs when we set

Q1 ¼ Q2 ¼ 1: ð3:4Þ
The same can be said of the perturbative free energy about
the relation between the partition function and the free
energy.

2. Nonperturbative free energy

We next consider the nonperturbative free energy. Then,
by considering the HMO cancellation mechanism, the
Kähler parameters of the perturbative parts are replaced
as follows:

t1 → −2πt1=ℏþ πi; ð3:5Þ
t2 → −2πt2=ℏ − πi; ð3:6Þ
tf → −2πtf=ℏ − πi: ð3:7Þ

Thus, in order to consider the above geometric transition in
the perturbative part, we set the Kähler parameters as
follows:

−
2πt1
ℏ

þ πi ¼ 0; ð3:8Þ

−
2πt2
ℏ

− πi ¼ 0: ð3:9Þ

By using the relation (2.17), we obtain

t1 ¼
2π2i
gs

; ð3:10Þ

t2 ¼ −
2π2i
gs

: ð3:11Þ

This means that the Kähler parameters are corrected by the
nonperturbative parts. Then the nonperturbative parts
FM2ðt;ℏÞ become

FM2ðt;ℏÞjt1;t2fixed

¼ fðℏÞ þ ðℏ=2Þ cos½ℏ
2
� þ ð1þ tbÞ sin½ℏ2�

4πsin2½ℏ
2
� e−tb

þ ℏ cos½ℏ� þ ð1þ 2tbÞ sin½ℏ�
16πsin2½ℏ� e−2tb

� � � ; ð3:12Þ
where fðℏÞ is the function which is independent of the
Kähler parameters.2 Thus, this function corresponds to the
factors

Q∞
i;j¼1ð1 − tiqj−1Þð1 − ti−1qjÞ. This expression

agrees with the one on the resolved conifold which is
obtained in Ref. [9] except for fðℏÞ. Therefore, we

conclude that the geometric transition can be applied, even
if we consider the nonperturbative topological string.

B. Geometric transition from the local B3 to the
resolved conifold with a toric A-brane

In this subsection, we consider the geometric transition
from the closed topological string on the local B3 to the
open topological string on the resolved conifold with a toric
A-brane.

1. Perturbative free energy

We consider again the refined topological string at the
beginning. In accordance with Refs. [36–39], we set the
parameters Q1 and Q2 as follows:

Q1 ¼
ffiffiffi
t
q

r
; Q2 ¼ t

ffiffiffi
q
t

r
ð3:13Þ

Then, as we said in the previous section, the Young diagram
~μb becomes empty. Thus, by using the expressions (2.10)
and (2.11), we obtain

ZLocalB3
ðQ; t; qÞ ¼

Y
i;j¼1

ð1 − tiqjÞð1 − tiqj−1Þ

×
X
μb

ð−QbÞjμbj ~Zμbðt; qÞ

× ~Zμtb
ðq; tÞq∥μb∥

2

2 t
∥μt

b
∥2

2

Y∞
j¼1

1

1 −Qft
−μtb;jqj

:

ð3:14Þ

In order to check for consistency, we calculate the
partition function of the open topological string on the
resolved conifold with a toric A-brane. Its web diagram is
shown in Fig. 3. Then we write the partition function from
the web diagram as follows:

Zopen ¼
X

all indices

ð−QbÞjμjC∅∅μðt; qÞCμ0∅μtðq; tÞTrμ0tV;

ð3:15Þ
where V is the holonomy matrix. Since there is a single
A-brane, the matrix V is the one by one matrix,

V ¼ diagðzÞ: ð3:16Þ

Then we obtain

Zopen ¼
X
μ

ð−QbÞjμj ~Zμðt; qÞ ~Zμtðq; tÞq
∥μ∥2
2 t

∥μt∥2
2

×
Y∞
j¼1

1

1 − zt−μ
t
jþ1

2qj−1
: ð3:17Þ

2It would be interesting to consider the meaning of fðℏÞ in
terms of the constant map. We would like to thank Sanefumi
Moriyama for discussing it with us.
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Then (3.14) agrees with (3.17) under the relation between z
and Qf,

z ¼ t−
1
2qQf; ð3:18Þ

except for the factors
Q

i;j¼1ð1 − tiqjÞð1 − tiqj−1Þ. Thus, in
the perturbative topological string, the geometric transition
occurs when we set

Q1 ¼ 1; Q2 ¼ q: ð3:19Þ

2. Nonperturbative free energy

We now consider the nonperturbative free energy of the
open topological string. With the above discussion in mind,
we set the Kähler parameters for the geometric transition in
the perturbative parts:

t1 ¼
2π2i
gs

; ð3:20Þ

t2 ¼ −
2π2i
gs

− 2πi: ð3:21Þ

Then we obtain the nonperturbative effects FM2ðt;ℏÞ:
FM2ðt;ℏÞjt1;t2fixed

¼ gðℏÞ þ ðℏ=2Þ cos½ℏ
2
� þ ð1þ tbÞ sin½ℏ2�

4πsin2½ℏ
2
� e−tb

þ ℏ cos½ℏ� þ ð1þ 2tbÞ sin½ℏ�
16πsin2½ℏ� e−2tb þ ieiℏ=2

2 sin½ℏ
2
� e

−tf

þ ieiℏ

2 sin½ℏ
2
� e

−tb−tf þ
�
ie5iℏ=2

2 sin½ℏ� þ
ie3iℏ=2

2 sin½ℏ�
�
e−tb−2tf

−
�

ie2iℏ

4 sin½ℏ� þ
ie3iℏ

2 sin½ℏ�
�
e−2tb−2tf þ � � � ; ð3:22Þ

where gðℏÞ is the function which is independent of the
Kähler parameters. Moreover, according to the relation
(3.18), we set the correspondence between Qf and z as
follows:

−
2π

ℏ
tf þ

2π2i
ℏ

¼ −
2π

ℏ
x⇔tf ¼ xþ πi; ð3:23Þ

where we define z ¼ e−x. Thus, we obtain

FM2ðt;ℏÞjt1;t2fixed

¼ gðℏÞ þ ðℏ=2Þ cos½ℏ
2
� þ ð1þ tbÞ sin½ℏ2�

4πsin2½ℏ
2
� e−tb

þ ℏ cos½ℏ� þ ð1þ 2tbÞ sin½ℏ�
16πsin2½ℏ� e−2tb þ ieiℏ=2

2 sin½ℏ� ð−e
−xÞ

þ ieℏ

2 sin½ℏ
2
� e

−tbð−e−xÞþ
�
ie5iℏ=2

2 sin½ℏ� þ
ie3iℏ=2

2 sin½ℏ�
�
e−tbð−e−xÞ2

−
�

ie2iℏ

4 sin½ℏ� þ
ie3iℏ

2 sin½ℏ�
�
e−2tbð−e−xÞ2 þ � � � : ð3:24Þ

Then we find that the nonperturbative parts of the open
topological string have the same structure as the one in
Ref. [27]. We check this up to second order of the Kähler
parameters.
Thus, we obtain the nonperturbative free energy of the

open topological string on the resolved conifold with a toric
A-brane,

JopenX ðt;ℏÞ ≔ JXðt;ℏÞjt1¼2π2 i
gs

;t2¼−2π2 i
gs

−2πi: ð3:25Þ

This free energy is finite for any gs or ℏ because of the
HMO cancellation mechanism. For example, when we set
ℏ ¼ 2π, the free energy JopenX ðt;ℏÞ becomes

FIG. 3. The geometric transition from the closed topological string to the open topological string.

FIG. 2. The geometric transition in the closed topological string.
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lim
ℏ→2π

JopenX ðt;ℏÞ

¼ −9þ 24π2 þ 10πi
16π2

þ 2π þ ið1þ tfÞ
2π

e−tf

þ 4π þ πið1þ 2tfÞ
8π2

e−2tf þ 2þ π2 þ 2tb − t2b
8π2

e−tb

−
3π þ ið1þ tb þ tfÞ

2π
e−tb−tf

−
1þ 2π2 þ 2tbð1þ tbÞ

32π2
e−2tb þ � � � ; ð3:26Þ

where tf ¼ x − πi.

IV. SUMMARY AND FUTURE WORK

In this paper, we have considered the geometric transition
in the nonperturbative topological string in two cases. One is
the geometric transition from the local B3 to the resolved
conifold. The other is the geometric transition from the local
B3 to the resolved conifold with a toric A-brane. Then we
have found that the geometric transition can be applied, even
if the nonperturbative effects are included. We have also
found that the Kähler parameters are corrected by the
nonperturbative effects. In the open topological string, the
nonperturbative free energy which we have obtained has had
the same structure as the one in Ref. [27].
We have various areas of future work. First of all,

considering the general formula of the nonperturbative
open topological string would be interesting. Its structure
would be similar to the free energy of the closed topological
string which is derived in Ref. [1].
In this paper, we have considered the open topological

string with a toric A-brane. Now we want to consider the
open topological string in the presence of N A-branes. We
would be able to use the geometric transition to obtain this
free energy. In this case, we set the Kähler parameters as
follows:

t1 ¼
2π2i
gs

; ð4:1Þ

t2 ¼ −
2π2i
gs

− 2Nπi; ð4:2Þ

−
2π

ℏ
tf þ

4π2i
ℏ

�
j −

1

2

�
¼ −

2π

ℏ
xj;

ðj ¼ 1; 2;…; NÞ; ð4:3Þ
where the variables xj correspond to the positions of the A-
branes. The justification of this parameter choices would be
important.
In terms of the mirror curve, we consider the mirror

curve of genus 1 in this paper. Then, naively, we can derive
the mirror curve of genus 0 by using the geometric
transition. On the other hand, according to Ref. [17], the
quantization of the mirror curve relates to the free energy of

the topological string on the toric Calabi-Yau manifold
associated with the mirror curve. However, there is a crucial
problem. For the quantization of the mirror curve of genus
0, the expectation value of the trace class operator which is
defined by the quantization of the mirror curve diverges
since the spectrum of this operator is continuous. Then, by
using our result and mirror symmetry [40,41], we might
obtain the finite expectation value for the mirror curve of
genus 0 by setting some parameters in the expectation value
of the mirror curve of genus 1, whose expectation value is
finite.
The above discussion about themirror curve can be applied

to theopen string.Then, the free energyof theopen topological
string might be able to relate to the quantization of the mirror
curve. It would be interesting to also consider this.
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APPENDIX A: DEFINITIONS
AND SOME FORMULAS

In this appendix, we summarize the definitions and the
formulas which we use in this paper.

(i) The refined topological vertex is

Cλμνðt;qÞ¼ t−
∥μt∥2

2 q
∥μ∥2þ∥ν∥2

2 ~Zνðt;qÞ

×
X
η

�
q
t

�jηjþjλj−jμj
2

sλt=ηðt−ρq−νÞsμ=ηðt−νtq−ρÞ;

~Zνðt;qÞ¼
Y

ði;jÞ∈ν
ð1−qνi−jtν

t
j−iþ1Þ−1:

�
jμj≔

XlðμÞ
i¼1

μi;∥μ∥2≔
XlðμÞ
i¼1

μ2i

�
: ðA1Þ

(ii) The gluing factors are

fμðt; qÞ ¼ ð−1Þjμjq−∥μ∥2
2 t

∥μt∥2
2 ;

~fμðt; qÞ ¼ ð−1Þjμj
�
t
q

�jμj
2

q−
∥μ∥2
2 t

∥μt∥2
2 ; ðA2Þ

where sμ=ηðx1; x2;…Þ is the skew Schur function. We also
define the Young diagram μ as in Fig. 4. When we set
t ¼ q, the refined topological vertex becomes the unrefined
topological vertex.
We also include some useful formulas.
(i) Some formulas pertaining to the Schur polynomial

are

sλ=μðαxÞ ¼ αjλj−jμjsλ=μðxÞ; ðA3Þ
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X
η

sη=λðxÞsη=μðyÞ ¼
Y∞
i;j¼1

ð1 − xiyjÞ−1
X
τ

sμ=τðxÞsλ=τðyÞ; ðA4Þ

X
η

sηt=λðxÞsη=μðyÞ ¼
Y∞
i;j¼1

ð1þ xiyjÞ
X
τ

sμt=τðxÞsλt=τtðyÞ; ðA5Þ

(ii) Normalization formulas include

Y∞
i;j¼1

1 −Qqνi−jtμ
t
j−iþ1

1 −Qq−jt−iþ1
¼

Y
ði;jÞ∈ν

ð1 −Qqνi−jtμ
t
j−iþ1Þ

Y
ði;jÞ∈μ

ð1 −Qq−μiþj−1t−ν
t
jþiÞ; ðA6Þ

Y∞
i;j¼1

1 −Qtν
t
j−iþ1

2q−jþ1
2

1 −Qt−iþ1
2q−jþ1

2

¼
Y

ði;jÞ∈ν
ð1 −Qq−jþ1

2ti−
1
2Þ; ðA7Þ

Y∞
i;j¼1

1 −Qqνi−jþ1
2t−iþ1

2

1 −Qq−jþ1
2t−iþ1

2

¼
Y

ði;jÞ∈ν
ð1 −Qqj−

1
2t−iþ1

2Þ: ðA8Þ

APPENDIX B: TOPOLOGICAL STRING ON LOCAL B3

1. Partition function of the refined topological string

We write the partition function of the refined topological string on the local B3 for certain orders explicitly,

ZLocalB3
ðQ; t; qÞ ¼

Y∞
i;j¼1

ð1 −Q1ti−
1
2qj−

1
2Þð1 −Q2ti−

1
2qj−

1
2Þð1 −Q1Qfti−

1
2qj−

1
2Þð1 −Q1Qfti−

1
2qj−

1
2Þ

ð1 −Qfti−1qjÞð1 −Qftiqj−1Þ

×

�
1 −

�ðtqÞ12ð1 −Q1Qft−
1
2q

1
2Þð1 −Q2Qft−

1
2q

1
2Þ

ð1 − tÞð1 − qÞð1 −QfÞð1 −Qft−1qÞ
þ t

3
2q−

1
2ð1 −Q1t−

1
2q

1
2Þð1 −Q2t−

1
2q

1
2Þ

ð1 − tÞð1 − qÞð1 −QfÞð1 −Qftq−1Þ
Qf

�
Qb

þ
��

t2qð1 −Q1Qft−
1
2q

1
2Þð1 −Q1Qft−

3
2q

1
2Þð1 −Q2Qft−

1
2q

1
2Þð1 −Q2Qft−

3
2q

1
2Þ

ð1 − tÞð1 − t2Þð1 − tqÞð1 − qÞð1 −QfÞð1 −Qft−1Þð1 −Qft−1qÞð1 −Qft−2qÞ

þ tq2ð1 −Q1Qft−
1
2q

1
2Þð1 −Q1Qft−

1
2q

3
2Þð1 −Q2Qft−

1
2q

1
2Þð1 −Q2Qft−

1
2q

3
2Þ

ð1 − qÞð1 − q2Þð1 − tqÞð1 − tÞð1 −QfÞð1 −QfqÞð1 −Qfqt−1Þð1 −Qfq2t−1Þ
�

(a) (b) (c)

FIG. 4. The Young diagram. Definitions are for (a) μi, (b) μtj, and (c) the coordinate ði; jÞ.
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þ t2ð1 −Q1t−
1
2q

1
2Þð1 −Q1Qft−

1
2q

1
2Þð1 −Q2t−

1
2q

1
2Þð1 −Q2Qft−

1
2q

1
2Þ

ð1 − tÞ2ð1 − qÞ2ð1 −QftÞð1 −QfqÞð1 −Qft−1Þð1 −Qfq−1Þ
Qf

þ
�

t6q−1ð1 −Q1t−
1
2q

1
2Þð1 −Q1t−

3
2q

1
2Þð1 −Q2t−

1
2q

1
2Þð1 −Q2t−

3
2q

1
2Þ

ð1 − tÞð1 − t2Þð1 − tqÞð1 − qÞð1 −QfÞð1 −QftÞð1 −Qftq−1Þð1 −Qft2q−1Þ

þ t3q−2ð1 −Q1t−
1
2q

1
2Þð1 −Q1t−

1
2q

3
2Þð1 −Q2t−

1
2q

1
2Þð1 −Q2t−

1
2q

3
2Þ

ð1 − qÞð1 − q2Þð1 − tqÞð1 − tÞð1 −QfÞð1 −Qfq−1Þð1 −Qftq−1Þð1 −Qftq−2Þ
�
Q2

f

�
Q2

b þ � � �
�
: ðB1Þ

In this paper, we use this expression.

2. Free energy of the topological string

a. Free energy of the unrefined topological string

The free energy of the unrefined closed topological string on the local B3 is as follows:

FWSðQ; qÞ ¼
�X∞

m¼1

Qm
1 þQm

2 þ ðQ1QmÞm þ ðQ2QmÞm − 2Qm
f

mðqm
2 − q−

m
2Þ2

�
þ
�

1

ðq1
2 − q−

1
2Þ2 þ

3

ðq1
2 − q−

1
2Þ2 Qf þ

5

ðq1
2 − q−

1
2Þ2Q

2
f

−
2

ðq1
2 − q−

1
2Þ2Q2Qf −

4

ðq1
2 − q−

1
2Þ2Q2Q2

f −
2

ðq1
2 − q−

1
2Þ2Q1Qf −

4

ðq1
2 − q−

1
2Þ2Q1Q2

f þ
1

ðq1
2 − q−

1
2Þ2Q1Q2Qf

þ 3

ðq1
2 − q−

1
2Þ2Q1Q2Q2

f

�
Qb þ

�
1

2ðq − q−1Þ2 −
�

6

ðq1
2 − q−

1
2Þ2 −

3

2ðq − q−1Þ2
�
Q2

f þ
5

ðq1
2 − q−

1
2Þ2Q2Q2

f

−
2

2ðq − q−1Þ2Q
2
2Q

2
f þ

5

ðq1
2 − q−

1
2Þ2Q1Q2

f −
2

2ðq − q−1Þ2Q
2
1Q

2
f −

4

ðq1
2 − q−

1
2Þ2Q1Q2Q2

f

�
Q2

b þ � � � : ðB2Þ

b. Free energy of the topological string in the NS limit

The NS limit for the free energy of the closed topological string on the local B3 is as follows:

FNSðQ; qÞ ¼
�X∞

m¼1

Qm
1 þQm

2 þ ðQ1QmÞm þ ðQ2QmÞm
m2ðqm

2 − q−
m
2 Þ −

X∞
m¼1

Qm
f ðqm − q−mÞ

m2ðqm
2 − q−

m
2 Þ2

�

þ
�

1

q
1
2 − q−

1
2

þ q
3
2 − q−

3
2

ðq1
2 − q−

1
2Þ2Qf þ

q
5
2 − q−

5
2

ðq1
2 − q−

1
2Þ2 Q

2
f −

q − q−1

ðq1
2 − q−

1
2Þ2Q1Qf −

q − q−1

ðq1
2 − q−

1
2Þ2Q2Qf

−
q2 − q−2

ðq1
2 − q−

1
2Þ2Q1Q2

f −
q2 − q−2

ðq1
2 − q−

1
2Þ2Q2Q2

f þ
1

q
1
2 − q−

1
2

Q1Q2Qf þ
q

3
2 − q−

3
2

ðq1
2 − q−

1
2Þ2Q1Q2Q2

f

�
Qb

þ
�

1

4ðq − q−1Þ þ
�

q2 − q−2

ðq − q−1Þ2 þ
7ðq3 − q−3Þ
4ðq − q−1Þ2 þ

q4 − q−4

ðq − q−1Þ2
�
Q2

f þ
q

5
2 − q−

5
2

ðq1
2 − q−

1
2Þ2Q1Q2

f

þ q
5
2 − q−

5
2

ðq1
2 − q−

1
2Þ2 Q2Q2

f −
q2 − q−2

4ðq − q−1Þ2 Q
2
1Q

2
f −

q2 − q−2

4ðq − q−1Þ2Q
2
2Q

2
f −

q2 − q−2

ðq1
2 − q−

1
2Þ2Q1Q2Q2

f

þ 1

4ðq − q−1ÞQ
2
1Q

2
2Q

2
f

�
Q2

b þ…: ðB3Þ

APPENDIX C: PROOF OF THE GEOMETRIC TRANSITION FROM THE LOCAL B3
TO THE RESOLVED CONIFOLD

In this section, we show that the nonperturbative parts of the free energy of the local B3 become the free energy of the
resolved conifold after setting the Kähler parameters to (3.8) and (3.9).
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We first consider some derivatives. We define

Wð1Þ
μb ~μb

ðQ; t; qÞ ≔
Y

ði;jÞ∈μb

1 −Q1Qft−iþ
1
2qμb;i−jþ1

2

1 −Qft
~μtb;j−iþ1qμb;i−j

×
Y

ði;jÞ∈~μb

1 −Q1t−iþ
1
2q ~μb;i−jþ1

2

1 −Qft
−μtb;jþiq−~μb;iþj−1

; ðC1Þ

Wð2Þ
μb ~μb

ðQ; t; qÞ ≔
Y

ði;jÞ∈μb

1 −Q2Qft−iþ
1
2qμb;i−jþ1

2

1 −Qft
~μtb;j−iqμb;i−jþ1

×
Y

ði;jÞ∈~μb

1 −Q2t−iþ
1
2q ~μb;i−jþ1

2

1 −Qft
−μtb;jþi−1q−~μb;iþj

: ðC2Þ

These expressions are factors of Ẑð1Þ
μb ~μb

and Ẑð2Þ
μb ~μb

. The

Nekrasov-Shatashvili limit does not affect Wð1Þ
μb ~μb

ðQ; t; qÞ,
Wð2Þ

μb ~μb
ðQ; t; qÞ since they do not have the pole. Then, by

performing the derivatives, we obtain

½∂t1 ½ limϵ2→0
Wð1Þ

μb ~μb
ðQ; t; qÞWð2Þ

μb ~μb
ðQ; t; qÞ��jt1; t2 fixed

¼
X
μb

Qfqμb;i−j

1 −Qfqμb;i−j
þ 1

1 −Qfq−1

×
Y

ði;jÞ∈~μb;~μb;i−j≠0

1 − q ~μb;i−j

1 −Qfq−~μb;iþj−1

Y
ði;jÞ∈~μb

1 − q ~μb;i−jþ1

1 −Qfq−~μb;iþj ;

ðC3Þ
½∂t2 ½ limϵ2→0

Wð1Þ
μb ~μb

ðQ; t; qÞWð2Þ
μb ~μb

ðQ; t; qÞ��jt1; t2 fixed

¼
X
μb

Qfqμb;i−jþ1

1 −Qfqμb;i−jþ1
; ðC4Þ

½∂tf ½ limϵ2→0
Wð1Þ

μb ~μb
ðQ; t; qÞWð2Þ

μb ~μb
ðQ; t; qÞ��jt1; t2 fixed ¼ 0;

ðC5Þ

½ℏ∂ℏ½ lim
ϵ2→0

Wð1Þ
μb ~μb

ðQ; t; qÞWð2Þ
μb ~μb

ðQ; t; qÞ��jt1; t2 fixed

¼ ℏ

�
−
i
2

X
μb

Qfqμb;i−j

1 −Qfqμb;i−j
þ i
2

X
μb

Qfqμb;i−jþ1

1 −Qfqμb;i−jþ1

−
i
2

1

1 −Qfq−1
Y

ði;jÞ∈~μb; ~μb;i−j≠0

1 − q ~μb;i−j

1 −Qfq−~μb;iþj−1

×
Y

ði;jÞ∈~μb

1 − q ~μb;i−jþ1

1 −Qfq−~μb;iþj

�
: ðC6Þ

Then, we can show that the contributions in FM2ðt;ℏÞ
which come from the above terms cancel out each other.
Thus, we obtain

FM2ðt;ℏÞ ¼
i
2π

�
tb

∂
∂tb

~FNSðe−tb ; eiℏÞ

þ ℏ2
∂
∂ℏ ð ~FNSðe−tb ; eiℏÞ=hÞ

�				þ fðℏÞ; ðC7Þ

where we define

~FNSðe−tb ; eiℏÞ ¼ lim
ϵ2→0

ϵ2 log
�X

μb

ð−QbÞjμbj ~Zμbðt; qÞ ~Zμtb

× ðq; tÞq∥μb∥
2

2 t
∥μt

b
∥2

2

�
: ðC8Þ

This expression agrees with the nonperturbative parts of the
free energy of the resolved conifold, except for fðℏÞ.
For Zð1Þ

∅∅ and Zð2Þ
∅∅ , we can easily show that these

contributions become parts of fðℏÞ by using the following
formula:

Y∞
i;j¼1

ð1 −Qti−
1
2qj−

1
2Þ

¼ exp

�
−
X∞
m¼1

1

m
Qm

ðtm=2 − t−m=2Þðqm=2 − q−m=2Þ
�
: ðC9Þ

APPENDIX D: BUBBLING CALABI-YAU

In this section, we show that the partition function of the
refined open topological string on the conifold with N toric
A-branes agrees with the one of the refined closed topological
string on the local B3 under some correspondence. This
phenomenon is known as the bubbling Calabi-Yau [36,38].
Let us consider the following web diagram. We write the

partition function of the refined open topological string by
using the refined topological vertex formalism,

Zopen ¼
X
μ

C∅μ∅ðq; tÞTrμtV: ðD1Þ

By using the formula

TrμV ¼ sμðxÞ; V ¼ diag½z1; z2;…; zN �; ðD2Þ
we obtain

(a) (b)

FIG. 5. The web diagram. The figure (a) is the web diagram
with the toric A-branes. This web diagram becomes the web
diagram (b) via the geometric transition. This phenomenon is
known as the bubbling Calabi-Yau.

GEOMETRIC TRANSITION IN THE NONPERTURBATIVE … PHYSICAL REVIEW D 94, 055010 (2016)

055010-9



Zopen ¼
Y∞
j¼1

YN
i¼1

1

1 − zit
1
2qj−1

: ðD3Þ

We next consider the web diagram in Fig. 5(b). The
partition function of this diagram is

Zclosed ≔
X
μf;μ2

ð−QfÞjμf jð−Q2Þjμ2j ~f−1μf ðt; qÞCμf∅∅ðq; tÞ

× Cμ2μ
t
f∅ðq; tÞCμt

2
∅∅ðt; qÞ: ðD4Þ

After some calculation, we obtain

Zclosed ¼
Y
i;j¼1

ð1 −Q2ti−
1
2qj−

1
2Þð1 −Q2Qfti−

1
2qj−

1
2Þ

ð1 −Qfti−1qjÞ
: ðD5Þ

We then set

Q2 ¼ tN
ffiffiffi
q
t

r
; ðD6Þ

Qfqti−
3
2 ¼ ziði ¼ 1; 2;…; NÞ: ðD7Þ

The partition function (D3) agrees with (D5) except for the
factors

Q
i;j¼1ð1 − tiþN−1qjÞ. This difference is due to the

difference of normalization between the refined Chern-
Simons theory and the refined topological vertex. This is
the refinement of the bubbling Calabi-Yau.
The web diagram we consider in Sec. III corresponds to

the case of N ¼ 1.
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