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We determine the renormalization constants for flavor nonsinglet fermion bilinear operators of Mobius
domain-wall fermions. The renormalization condition is imposed on the correlation functions in the
coordinate space, such that the nonperturbative lattice calculation reproduces the perturbatively calculated
counterpart at short distances. The perturbative expansion is precise as the coefficients are available up to
O(a?). We employ 2 + 1-flavor lattice ensembles at three lattice spacings in the range 0.044-0.080 fm.
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I. INTRODUCTION

Renormalization of lattice operators is a necessary step
for the lattice QCD calculations of scheme-dependent
quantities such as the matrix elements of the weak effective
Hamiltonian, which contains composite operators of quark
fields such as bilinear and four-fermion operators. In
phenomenological studies, comparison of lattice results
with experimental values or theoretical results from other
approaches has to be performed with a matched renorm-
alization scheme and scale. The conventional choice for
this is the MS scheme. Among bilinear operators, vector
(and axial-vector) currents are simplest because they are
not renormalized because of current conservation. On the
lattice, however, the commonly used local vector current is
not conserved at finite lattice spacing and a finite renorm-
alization to match the continuum counterpart is necessary.
The axial current is renormalized differently unless the
lattice fermion formulation respects chiral symmetry. Scale
dependent operators such as scalar and pseudoscalar
currents require renormalization in any case.

Matching to the continuum renormalization scheme
necessarily involves perturbation theory, since the MS
scheme adopted in the continuum theory is inherently
perturbative. It means that the renormalization condition
must be applied at momentum scale of 2 GeV or higher,
where QCD becomes perturbative. In this regime, the
discretization effect of lattice theory becomes significant
as the typical value of lattice cutoff for currently available
ensembles is 2—-3 GeV. This causes the so-called window
problem, which implies that one has to identify a window
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of momentum scale where the systematic uncertainties of
perturbative and lattice calculations are controlled. One of
the widely used methods is the nonperturbative renormal-
ization through the regularization independent momentum
subtraction (RI/MOM) scheme as an intermediate renorm-
alization condition [1]. In this method, one calculates the
vertex function involving the composite operator of interest
with a certain momentum configuration of external quarks
in a fixed gauge. The external momenta are carefully
chosen to satisfy the window condition as mentioned
above. In many cases, one can find the region where the
discretization effect is under control by inspecting the
momentum dependence of the obtained vertex function.
The convergence of the perturbative expansion, on the
other hand, is not well tested, as the perturbative expansion
is available only at the one- or two-loop level in many
cases. In fact, this is a dominant source of systematic
uncertainty in this method.

In this work, we adopt another renormalization con-
dition, which is called the coordinate space method or the
X-space method. The method was first proposed in [2] and
has so far been applied in [3,4]. In this method, the
renormalization condition is imposed on the correlation
function at a certain distance in the coordinate space. The
correlation functions are those of composite operators of
interest. A typical example is a correlation function of
vector currents uy,d(x) and dy,u(y) placed at certain
points x and y in the coordinate space. Here, u and d
denote the up and down quark fields, respectively. The
correlation function thus constructed (ziy,d(x)dy,u(y)) is
gauge invariant, and more importantly it is a common
object in the continuum QCD for which the state-of-the-art
techniques of perturbative QCD have been applied. For the
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(axial-)vector and (pseudo)scalar correlators, the perturba-
tive series has been calculated to the order of a? [5], with
which the uncertainty due to a truncation of the perturbative
series is highly suppressed and the remaining uncertainty is
reliably estimated using the convergence behavior of the
series. Another important advantage of the X-space method
is that the X-space correlator does not involve extra
divergences other than those of the operators involved,
because of the finite distance between x and y. The
corresponding correlator in the momentum space has an
extra divergence from a loop contracting the two points,
and one has to consider a derivative in the momentum space
to extract a well-defined quantity.

The window problem does exist for the X-space method.
The distance between x and y must be sufficiently small for
perturbation theory to be convergent, and at the same time
it has to be large compared to the lattice spacing a. The
main point of this work is therefore to identify such a
region. On the perturbative side, we investigate the con-
vergence property of the perturbative series known to a?.
The convergence can be improved by optimizing the scale
u of coupling constant a,(u), depending on the distance
|x — y|. We first attempt the use of the Brodsky-Lepage-
Mackenzie (BLM) scale setting procedure [6], which in fact
leads to a much improved convergence compared to a naive
choice of u = 1/|x — y|. In order to estimate the remaining
uncertainty due to the truncation of higher order terms, we
vary the scale in some range and inspect the stability of the
result. A detailed account of this study is given in Sec. III
for both vector and scalar correlators.

As we include the longer-distance correlators in the
analysis, nonperturbative power corrections could also
appear as well as the problem of increasingly less con-
vergent perturbative series. Such effect is described by the
operator product expansion (OPE) [7]. The leading con-
tribution comes from the dimension-four operators: the
quark condensate and gluon condensate. The quark con-
densate appears with a quark mass, and induces a linear
dependence on the quark mass. We confirm that the lattice
data are consistent with the prediction of OPE. We can then
eliminate this type of power correction by combining
vector and axial-vector correlators with appropriate factors.
A similar method is also applied for scalar and pseudo-
scalar correlators. The effect of gluon condensate is more
difficult to identify. We fit the lattice data to the corre-
sponding functional form in |x — y|.

At short distances on the lattice, the discretization error
is a major concern, which we investigate in detail in
Sec. IV. The discretization effect is indeed very substantial
at the distance of |x —y|/a < 10. Fortunately, most of
such effects can be eliminated by subtracting the corre-
lators calculated at the tree level (or mean-field improved).
Further reduction can be achieved by selecting the
direction of the points on the lattice. These improvements
have already been applied in the previous studies [3,4],
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and we refine them to minimize the remaining errors.
Even after such reductions of errors, the discretization
effects are still significant at the level of 3%—-5% for the
correlators. We attempt to eliminate them by using the
lattice data available for us at three different lattice
spacings in the range 0.044-0.080 fm. We fit the lattice
data at short distances assuming that the leading discre-
tization effect is O(a?), and subtract it. The remaining
error is then at the level of one percent.

In this work, we determine the renormalization con-
stants for the vector (and axial-vector) current and scalar
(and pseudoscalar) density operator composed of the
Mobius domain-wall fermions [8,9]. The MJdbius
domain-wall fermion is an improved implementation of
the domain-wall fermion [10,11]. The four-dimensional
effective Dirac operator of the domain-wall fermion
precisely satisfies the Ginsparg-Wilson relation and thus
respects the modified chiral symmetry on the lattice. It
implies that the vector and axial-vector renormalization
factors are equal to each other to a good precision. With
the Mobius implementation, the residual mass, which
quantifies the size of the Ginsparg-Wilson violation, is at
the order of 1 MeV or less on our lattice ensembles. For
the determination of the renormalization constants, this
amount of violation can be safely neglected. In fact, we
confirm that the corresponding current correlators agree
very precisely at short distances where the effect of the
quark condensate is negligible.

This paper is organized as follows. In Sec. II, we describe
the basic strategy to determine the renormalization con-
stants. In Sec. III, we discuss the detail of massless
correlators in perturbation theory and the improvement
of their convergence. After that, we give the contribution of
OPE to the correlators. In Sec. IV, we show the analyses of
lattice calculation including our lattice setup and some
managements of lattice artifacts. In Sec. V, we explain the
detail of determination of the renormalization factors and
show the final results.

II. RENORMALIZATION CONDITION
IN THE X-SPACE METHOD

In the X-space method, the renormalization constants are
determined by analyzing two-point correlation functions
at finite separation x —y. In this work, we consider the
following four channels of flavor nonsinglet correlators in
the coordinate space,

I5(x) = (S(x)S(0)7),  Mp(x) = (P(x)P(0)"),
My (x) = Y (V,()V,(0)), Ta(x) =D (A,(x)A,(0)%),
(1)

where each operator is composed of (mass degenerate) up
and down quark fields u(x) and d(x),
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S(x) =u(x)d(x),  P(x) =u(x)iysd(x).
Vﬂ(x) = ﬁ(x)yﬂd(x), Aﬂ(x) = ﬁ(x)yﬂhd(x). (2)

Here, the coordinate y of the source point is fixed at origin
and correlators are parametrized by a four-dimensional
coordinate x with an assumption of translational invariance.

We renormalize the quark bilinear operators on the
lattice to those in the MS scheme at a renormalization
scale, which is often set to 2 or 3 GeV. Neglecting the
contributions of irrelevant operators, the renormalization is
multiplicative, i.e.

O¥5(2 GeV;x) = 22" (2 GeV,a) 0% (a;x),  (3)

where T e€{S,P,V,A}, Ore{S,P,V,A,}, and

A S/ (2 GeV,a) is the renormalization constant. The
renormalization condition in the X-space method is
imposed by requiring

(Z°(2 GeV, ;)T (a3 x) = TFS(2 GeViv), - (4)

or

Y5 (2 GeV; x)

= MS /lat .
V4 2 GeV,a;x) =
ro ) 12 (a; x)

(5)

at a finite distance x. Note that Z?/[S/ ]at(2 GeV, a; x) still
contains some dependence on x. It originates from errors

arising in the continuum IMS(2 GeV;x) and lattice
1% (a; x) correlators. The continuum one suffers from
truncation of the perturbative expansion as we discuss in
the following sections. On the other hand, the lattice
correlator contains discretization effects. In addition, the

x-dependence of le\-/ls/ (2 GeV, a;x) is also caused by
nonperturbative effects at large |x| in full QCD, which are
not encoded in the continuum perturbative correlator. In
order to extract the renormalization constant, which must
be independent of x, the distance |x| of correlators should
be chosen in a window a < |x| < 1/Aqcp to suppress
these possible errors. In Sec. V, the systematic effects

arising in Z?’IS (2 GeV, a;x) are discussed in more detail

and the renormalization factor ZMS(2 GeV,a) is
determined.

III. CONTINUUM THEORY

A. Massless perturbation theory

In this subsection, we discuss the convergence of the
perturbative expansion of the massless correlators. Since
the scalar and pseudoscalar correlators, as well as the vector
and axial-vector correlators, degenerate in the massless
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perturbation theory, i.e. Il = I1p and II;, = I1,, we con-
sider only the two channels Iy and IT, .

The perturbative expansion of the vector correlator is
written as

S (x) = % <1 + E: Czyas(:ux)l) : (6)

with perturbative coefficients CY. Here, a,(u,) = a,(u,)/x
is the strong coupling constant and its scale yu, is set as

1

Hy = 77-
|x]

(7)
One can reorganize the perturbative series using the
renormalization group to another scale y3}, i.e.

S (o) @+:dmmw@,<a

nx®

which is exact when the perturbative series includes all
orders, provided that the coefficients CY (u}) are converted
appropriately. The conversion formula of the coupling
constants is available to the four-loop level [12].
Chetyrkin and Maier [5] wrote the perturbative coef-
ficients up to O(a?) at the renormalization scale y, in the

MS scheme, which is the same as the MS scheme at a scale
b, =2e7ru, = 1.123/|x|. Here, yz = 0.5772... is Euler’s
constant. In our notation, these coefficients correspond to
CY (ii,). The perturbative coefficients CY (u}) at ut = p, iy
obtained by using the results of [5] and [12] are summa-
rized in Appendix A.

Since the perturbative expansion truncated at a finite
order may depend on yj, there is an optimal choice for
the scale that leads to a good convergence. One possible
recipe to choose the optimal scale u; is the Brodsky-
Lepage-Mackenzie (BLM) approach [6], which is
motivated by an idea of absorbing the higher order
contributions of gluon vacuum polarization into the cou-
pling constant. The scale is chosen such that the perturba-
tive coefficient at a> becomes independent of the number of
flavors ny. This BLM scale 3™ of the vector correlator

thus determined is

2.7733
—

1

peM = 2exp [5 (463 -3 - 2}’E)]ﬂx = x|
where {3 =1.2021. The perturbative coefficients C} (u5M)
at the BLM scale are summarized in Appendix A.

Figure 1 shows the vector correlator calculated with
Hy = p, and ny = 3. It is normalized by the tree-level
correlator TT{¢(x) = 6/7*x5. A reasonable convergence is
observed only below |x| ~0.15 fm, which is not so large
compared to our lattice spacings a = 0.044-0.080 fm. It

054504-3



M. TOMII et al.

2.0 T T T T
free
1-loop -+
2-loop -
1.5 [ 3-loop -—--
4-loop —
L
Ex |
wE 1.0} A
|§ >
= \
05f
0.0 : - : - : —
0 005 01 015 02 025 03 035 04
Il [fm]
FIG. 1. Perturbative expansion of the vector correlator renor-

malized in the MS scheme with n = 3. The results at p; = pu,
truncated at a? (fine dotted), a, (dotted), a? (dash double dotted),
a} (dash dotted), and a? (solid) are plotted as functions of |x|.

implies that there is no renormalization window satisfying
the condition that the perturbative calculation is con-
vergent and the discretization effects are sufficiently
small. The convergence of the perturbative series at
Wi = i, is similar to that at yi = u,. On the other hand,
the result at y = pu¥™ with n; = 3 shows much better
convergence as plotted in Fig. 2, implying that the
convergence of the perturbative series is actually
improved by tuning the renormalization scale pj.

In order to choose the optimal scale and estimate the
uncertainty of the higher order corrections, we investigate
the p;-dependence of the perturbative calculation. The -
dependence of the vector correlator with ny = 3 is shown in
Fig. 3 for several distances in the range 0.2—-0.5 fm. Since
the all-order calculation has to be independent of u}, we

2.0 T T T T T - -
free

1-loop -
2-loop -
1.5 [ 3-loop ----
4-loop —

free
\%4

n®m

0.5

0-0 1 1 1 1
0 005 01 015 02 025 03 035 04
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FIG. 2. Perturbative expansion of the vector correlator renor-
malized in the MS scheme with n,; = 3. The results at y; = p2'M
truncated at a? (fine dotted), a, (dotted), a2 (dash double dotted),

a} (dash dotted), and a? (solid) are plotted as functions of |x|.
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determine the optimal scale u;°® as the value which

minimizes the y}-derivative of the four-loop correlator,

* 5.5
p T = e = (10)
[
The uncertainty of the higher order corrections to the

vector correlator is estimated by varying uf in the
region [, 24¢*"], which is shown in Fig. 3 by
the gray band.

The expansion at the scale y;* reads

- 6 . .
H]\‘fls<x)|nf:3 = e (1 + a, (1™ + 3.1431a, (uy™)?

+ 4.8432a, (™) — 33.819a, (uy )4

+ 0(ad)). (1)
As shown in Fig. 4, the choice of ;" shows better
convergence. The gray region in the figure represents the
higher order uncertainty, which is estimated by the maxi-

mum difference between the correlator at u* = ;™ and

those at 4 in [y, 2uy M.

Next, we consider the scalar correlator. The scalar
channel is more complicated due to the scale dependence
of the scalar operator S(x). Using the beta function [12] and
the anomalous dimension [13,14], we can treat a general
expression of the perturbative expansion of the scalar
correlator, which is written as

M) = s (143 Caiati) ). (12

*x0
i=1

where the first argument y} of the perturbative coefficients
is the renormalization scale of the strong coupling constant
in the perturbative series and the second 4/, is the renorm-
alization scale of the scalar operator. Chetyrkin and Maier
[5] gave the perturbative coefficients of correlators at the
renormalization scale u} = y. = ji,, which is C* (i, i) in
our notation. The coefficients C$ (uy, u, ) and C* (ji, ji,) are
summarized in Appendix A.

Figure 5 shows the convergence of the perturbative
expansion at uy = u\, = p, with ny = 3. The correlator
in the figure is normalized by the tree-level one,
ITiee(x) = 3/x*x%. The scalar channel also shows poor
convergence. The BLM scale is not directly applicable
for scale dependent quantities. In fact, the BLM scale
of the scalar correlator renormalized at p, is unstable, i.e.
pB™M =88y, for TIN®(i,;x) while pB™ =4 x10%,,
for TIVS (u,; x).

Since the purpose of this work is to determine the
renormalization constant at 2 GeV in the MS scheme, we

perform the scale evolution of the scalar correlator (12)
from 4 to 2 GeV by a numerical integral of the mass
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FIG. 4. Perturbative expansion of the vector correlator renor-
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wi = i’ = p, and the scale evolution. The results truncated at a°
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anomalous dimension [13,14]. Figure 6 shows the scalar
correlator calculated from the perturbative series at yf =
'y = p, and the scale evolution with n, = 3. This calcu-
lation is convergent only below |x| ~ 0.06 fm.
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Although the scalar correlator IT{"S(2 GeV;x) after
the scale evolution has to be independent of both the
scales u* and u/, finite order calculations may depend
on them. Figure 7 shows the dependences on u% and u
of the four-loop results with n, =3 at four represen-

tative distances renormalized at 2 GeV in the MS
scheme. To choose optimal values of uf and y, we
focus on the region with mild dependence of the
correlator. We choose the optimal values of p (=
W,°PY) as indicated by the dashed lines in Fig. 7. On
these lines, the correlator depends on y; mildly and the
dependence on g/ is also relatively small. Numerically,
the choice is

(13)

The detailed dependence of the scalar correlator on uj
at u,, = p,°"" is shown in Fig. 8 for several distances in
0.2-0.46 fm, in which we determine the renormalization
factor of the scalar operator. These figures show results at
each loop order up to the four-loop level. We then choose
the optimal value u;® of the scale u* as the value which

minimizes the dependence on 3,

|x| = 0.3 fm

1.95

1.90

1.85

[GeV]

1.80

W,

1.75

1.70

1.65

wE [GeV]
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5.0

4.8
4.6
4.4
4.2
4.0
3.8
3.6
3.4

05 - g 3.2

[GeV]

i

1
i [GeV]

FIG. 7. Hgﬁ(Z GeV;x) /15 (x) at the four-loop level at n; = 3. The results at the specific distances 0.2 fm (top/left), 0.3 fm (top/
right), 0.4 fm (bottom/left), and 0.5 fm (bottom/right) are shown as functions of y% and ;. The dashed lines stand for our choice of 4/,

where the correlator shows small sensitivity to x, and p.
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Scalar correlator renormalized at 2 GeV in the MS scheme at the specific distances 0.2 fm (top/left), 0.3 fm (top/right), 0.4 fm

(bottom/left), and 0.46 fm (bottom/right) as functions of ;. They are calculated at n, = 3 and g, is set by (13). The results truncated at
a, (dotted), a2 (dash double dotted), a? (dash dotted), and a? (solid) are plotted. The gray band represents the region in which we

estimate the uncertainty of the perturbative calculation.

29

Hy =
X

*,0pt

Uy — e1.05
X =

(14)

We estimate the uncertainty by varying uj in a region
including 4y in the middle as we did for the vector
channel. Since the coupling constant blows up as uj
approaches AQCD, we need to avoid too small u}.
Therefore, our choice is [%,ui’(’pt, 1.64;°™] in order not
to use the coupling constant at the scale smaller than
0.75 GeV. The region is shown by the gray band in Fig. 8.

Setting y) and ut by (13) and (14), we obtain the
following numerical expansion at ny = 3,

_ 3 \
TS (4,09t x|, _y = (1t 3.4029a, (4;°™)

|nf =3
+9.7142a, (uy*™)?
+ 1.7011a, (u°™)?

+ 26.366a, (ur*™)* + 0(ad)). (15)
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FIG. 9. Scalar correlator renormalized at 2 GeV in the MS
scheme at n, = 3. The scale parameters y/ and y; are set by (13)
and (14). The results truncated at a¥ (fine dotted), a, (dotted), a2
(dash double dotted), a? (dash dotted), and a? (solid) are plotted.
The gray region stands for the uncertainty of higher order
corrections, which is estimated by the sensitivity to u}.
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The four-loop correction in this series is much smaller
than that ~579a,(u,)* in the perturbative series at
wi =, (see Appendix A), implying that the conver-
gence of the perturbative series (15) is better than that at
Wiy = u,.. In fact, evolving the renormalization scale of
the correlator to 2 GeV, we obtain a well convergent
correlator as shown in Fig. 9. The figure also shows the
uncertainty of the perturbative calculation by the gray
band, which is estimated by the maximum difference
between the correlator at p* = uy™ and those at u

[16,ux0pt 1.6 *Opt]

B. Operator product expansion

In the previous subsection, we discuss the correlators
in perturbation theory. In the real QCD vacuum with the
spontaneous breaking of chiral symmetry, however, addi-
tional terms with vacuum expectation values of operators
may appear, inducing the violation of the degeneracy
between the scalar and pseudoscalar, and between the
vector and axial-vector channels.

In the momentum space, the operator product expansion
(OPE) of correlators is sketched as

)+ ZCO

where the first term on the rhs corresponds to the
perturbative contribution including the quark mass correc-
tions. Here O denotes operators with the mass dimension
four and higher,

AP (q2) = TiE"(g ) imO(0),  (16)

O € {m,qq.a,G*, m,9,GGq.a,(qq)*. ...}, (17)

and the Wilson coefficients ¢f)(¢*) do not have mass
dimensions. In general, ¢l,’s depend on ¢* logarithmically
as In(q?/p?) and on the quark mass as m2/q*. These
coefficients are known up to dim O = 8 [7,15,16].

The short-distance behavior of the correlators in the
coordinate space is obtained by Fourier transform,

HOPE

) = [ St ) - npnie)
+ ZC@ x?
(@]

A convenient set of relations between the momentum space
and the coordinate space is summarized in [17]. Using
these relations, we obtain the Wilson coefficients in the
coordinate space:

xd1m(9—6<0>‘ (18)

1+2
S/P _
mqq " Ag2 + O(as,méxz),
1F4
V/A
m/qq =37 + O(ay, mix?), (19)

PHYSICAL REVIEW D 94, 054504 (2016)

1
S/P - _
Cast T 3042 + O(as’ m(21x2),
1
CZ;/C?Z = T + O(ay, m2x2) (20)
s/p 5 )
Cm.%qu =+ 167 1n(x/x0) + O(as,m X
V/iA
Cmg,3Gg ~ 0. (21)
4411
Cis/(];q)z ~ 7 In(x/x0)* + O(as,mé)ﬂ),
22F9)
ap = =7 In(x/x0)* + Olas, myx?). (22)

Here, the coefficients of the four-quark condensate cg 30

are calculated using the vacuum saturation approximation
[17]. The logarithmic contributions in (21) and (22) involve
dimensionful variable x,, which appears from divergences
of the integral defining the Fourier transform and are
regularization and scheme dependent.

The perturbative contribution on the rhs of (18) also
includes the mass term which also violates the degeneracy
of the scalar and pseudoscalar, or the vector and axial-
vector channels. The massless part is already discussed in
the previous subsection. The mass term contributes as

32+ )ym?

4t xt
+ O(a,/m,mg/x*),  (23)

l—[pCIT ( )

iyt Hpert ,massless (xz) - _

P/S

6(1 F 1)m2

z*x*

+ O(ay/m, mg/x*).  (24)

I, () = () = -

In the renormalization condition (5), we add these mass
correction terms to IT¥5(2 GeV; x).

IV. LATTICE CALCULATION
A. Lattice setup

In this work, we perform lattice simulations with 2 + 1-
flavor dynamical Mobius domain-wall fermions [8,9]
with three-step stout link smearing [18] and the tree-level
Symanzik improved gauge action [19]. The properties of
the gauge ensembles used in this analysis are summarized
in Table I. The input strange quark mass m, is only for the
sea quark, while the mass m, of two degenerate quarks, up
and down, is used for both the valence and sea quarks. The
computed pion masses M, are in the region 230-500 MeV.

For each ensemble, N, =200 configurations are
sampled from 10,000 molecular dynamics time. For each
configuration, we calculate correlators from one or more

054504-8



RENORMALIZATION OF DOMAIN-WALL BILINEAR ...

TABLE 1. Lattice ensembles used in this work.

PHYSICAL REVIEW D 94, 054504 (2016)

p a [fm] N? X N, x L amg amg aM, Neont N
4.17 0.0804 323 x 64 x 12 0.0300 0.0070 0.1263(4) 200 4
0.0120 0.1618(3) 200 2
0.0190 0.2030(3) 200 2
483 x 96 x 12 0.0400 0.0035 0.0921(1) 200 2
323 x 64 x 12 0.0070 0.1260(4) 200 4
0.0120 0.1627(3) 200 2
0.0190 0.2033(3) 200 2
4.35 0.0547 483 x 96 x 8 0.0180 0.0042 0.0820(3) 200 2
0.0080 0.1127(3) 200 1
0.0120 0.1381(3) 200 1
0.0250 0.0042 0.0831(4) 200 2
0.0080 0.1130(3) 200 1
0.0120 0.1387(3) 200 1
4.47 0.0439 643 x 128 x 8 0.0150 0.0030 0.0632(2) 200 1

(Ng.) source points. We use the IROIRO++ simulation code
[20] for these calculations.

Considering the violation of rotational symmetry, we
distinguish different lattice points that are not related by 90°
rotations in the four-dimensional cubic group and average
the correlators on the lattice over the lattice points that are
related by 90° rotations. We then have 322 sets of different
separations in the region 1 < (x/a)? < 100.

B. Reduction of discretization effect

The pseudoscalar correlator T (x) calculated nonper-
turbatively on the ensemble at f = 4.35, (am,, am,) =
(0.0042,0.0180) is plotted in Fig. 10. This figure also

shows the mean field approximation ITa"™(x) of the

101 — . —
) lattice, non-perturbative —e—
2[4 lattice, mean ©
10°F: - 3
4 asymptotic, mean -
8
‘e
10°} &
e
a, 8" )
E g0l %
© 10 8: e
s ?;?,s ¢
5 ’aege 8
10 *“Sagles,
© 09.0-9.998 gee8
PPN o 58889gg.%0
10-6 N &&o%“;ﬁz"oz‘sgggg.SOSSQOEGG 4
e
3
i %’mgg&og
o7 . . . . it
0 10 20 30 40 50 60
(a)’

FIG. 10. Pseudoscalar correlator obtained by the lattice calcu-
lation (circles) and its mean field approximation (diamonds) at
the same valence mass. The dashed curve represents the asymp-
totic behavior of the mean field approximation. The lattice data
on the 48% x 96 at f = 4.35 and (am,, am) = (0.0042,0.0180)
are plotted as a representative.

pseudoscalar correlator on the lattice and its asymptotic
form IT5"™"™"(x) in the long-distance limit. The mean
field approximation on the lattice is calculated by a
contraction of the propagators of the domain-wall fermions
in the mean field theory and its long-distance limit is
calculated by applying Taylor expansion (see Appendix B
for more detail).

The nonperturbative lattice data are not on a smooth
curve due to discretization effects. However, the similar
discretization effect as seen in the free theory as well as
in the mean field approximation describes the bulk of the
discretization effects. We therefore improve the lattice data
by applying a subtraction,

T (x) = I (x) = (IE0 () = I (x)). (25)

As shown in Fig. 11, we obtain much smoother

correlators.
10” — ;
) lattice, corrected —e—
4 asymptotic, mean ------
10-2 -,. ymp ]
4
108} %
%
-9 8
4 %
F 0 S,
N ‘@3
\e.?es
10° e,
. _“:.S.e 0ec,
.......... Oee.,"""
e T *etecsenencences,
107 . . . . T
0 10 20 30 40 50 60
Wa)”
FIG. 11. Pseudoscalar correlator after applying the subtraction

(25). The result on the same ensemble as in Fig. 10 is shown.
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4.0 . . , . .
0°<0<15° i
351 15°<0<30° —— i;iﬁ g
30°< 6 <45° —=— ;if
3.0} i1 |
O 450 <9 <60° —— il
3 continuum, free ---- gk
= 251 5! B
é UEWEEC
& 20} L |
S : ot
= 1.5 Egs@’lﬁ 1
‘eag
1.0 feeste
05} _
OO 1 L L L .
0 10 20 30 40 50 60
(a)®

FIG. 12. Pseudoscalar correlator divided by the tree-level
continuum correlator after applying the subtraction (25). The
data in 0° < @ < 15° (circles), 15° < 0 < 30° (diamonds), 30° <
0 < 45° (squares), and 45° < 6 < 60° (pentagons) are separately
plotted. The result on the same ensemble as in Fig. 10 is shown.

Figures 12 and 13 show the pseudoscalar and vector
correlators, respectively, after applying the subtraction (25).

They are normalized by the continuum free correlator

Hi,"/““;ﬁee (x) and plotted in a linear scale. Here, we introduce

a parameter ¢, which is defined as an angle between the
four-dimensional point x and the direction (1, 1, 1, 1). In
four-dimension, @ is not larger than 60°. This parameter is
strongly correlated with the discretization effects as dis-
cussed in [4,21], i.e. the discretization effects increase
as 0 increases. It is observed even after applying the
subtraction (25).

As seen in Fig. 14, which is a magnification of Fig. 13
in the range 0° < 0 < 30°, there are discretization effects
visible already at & = 30°. Although the points (0, 3, 3, 3)
and (1, 1, 3, 4) are both at (x/a)? = 27 and 6 = 30°, the
values disagree beyond the statistical error. The same is
observed for the data at (0, 4, 4, 4) and (2, 2, 2, 6) sharing
(x/a)?> =48 and @ = 30°. The similar situation occurs
more frequently for & > 30°. Namely, the data in the region

1.4 T T T T T T
el voxgoen Sugtenzegtazaceantsgztacatts
RIS LA ol ®® %o ¢ o °
1.0 vouensgatliote w e w
.08
=
S 06F
= 0°<0 < 15°—o—
0.4r 15° <9 < 30° —— |
30°<0<45° —=—
02y 45° <0< 60° —— |
continuum, free ----
o'o 1 1 1 1 1 A
0 10 20 30 40 50 60
(va)’
FIG. 13. Same as Fig. 12 but for the vector channel.
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L —
118} i 1
116} WQH :

- ¢ I

E 114} 13 ]

i it

2912t 3 ]

Z .

=110} s ¢ ]
1.08} ]

. d 0° <0 < 20° —o
1.06}s 20°< 0 < 30° ——
B=30°
tloafl— o . . T
15 20 25 30 35 40 45 50 55 60
(wa)*

FIG. 14. Detailed view of Fig. 13. The data in 0° < 6 < 20°
(circles), 20° < 0 < 30° (diamonds), and at @ = 30° (crosses) are
separately plotted. Data at 8 > 30° are omitted.

6 > 30° cannot be simply parametrized by any functions of
0, and we therefore omit them in the analysis. Figure 14
also indicates that the lattice data at 8 < 30° may slightly
depend on 6. For the determination of the renormalization
factor in the next section, we separately treat the discre-
tization effects at § < 20° and at 6 > 20°.

C. Subtraction of finite volume effect

Point-to-point correlators may contain finite volume
effect, which relates correlators IT= %7 (x) in a finite volume
with periodic boundaries to those IT¥(x) in the infinite
volume as

O (x) =P (x) + ) MF(r—x).  (26)

-2 . . ' ' '
4 e finite volume —e— |
] FVE-subtracted ——
or. asymptotic form ------- R
-8} o ]
~ 10 . |
SERPIRNE _
O e
S 14t 2 ., |
= 16} e, |
*,"“
-18 ®9gg 2 95, 4
g
221 |
-24 - . , ‘ ‘
0.5 1 15 2 2.5
I [fm]
FIG. 15. Pseudoscalar correlator in the time direction (|x| = ¢)

before (circles) and after (diamonds) applying the subtraction
(28). The dashed curve corresponds to the asymptotic form
obtained by analyzing the zero momentum correlator. Data on the
same ensemble as in Fig. 10 are plotted.
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8

finite volume —e—
7+ FVE-subtracted —o—

6

free
P

M, /Tl

0 0.1 0.2 0.3 0.4 0.5
x| [fm]
FIG. 16. Pseudoscalar correlator before (circles) and after

(diamonds) applying the subtraction (28). Data on the same
ensemble as in Fig. 10 are plotted.

where the sum over x; runs over

xo € {(£L.0,0,0), (0,£L,0,0), (0,0, =L, 0),
(0,0,0,=£T), (+L,+L.0,0),...}. (27)

Since the pseudoscalar correlator is expected to contain
large finite volume effects due to the pion pole, we focus on
this channel. The second term on the rhs of (26) is then
dominated by the contribution of pion, which is well
approximated using the modified Bessel function Kj.
We apply the subtraction

_ZoM;zz K (M]x — xo])
21 & |x — xo]
0

11 (x) = 5> (x) . (28)

where M, and z are extracted from the asymptotic form of

the zero-momentum correlator, [ d*xITp(X, 1) — zge ™.
Figure 15 shows the pseudoscalar correlator before and

after applying the subtraction (28) of the finite volume

effects. The correlators only on the time axis (6 t(=1x]))
are plotted. We observe that the correlator after applying the
subtraction (28) becomes consistent with the asymptotic
form (dashed curve) at long distances.

From Fig. 15, we find that the finite volume effects
are significant at x 2 1 fm. In Fig. 16, we compare
Ip(x)/ITi(x) before and after the subtraction (28) in
the short distances x < 0.5 fm and find that the magnitude
of the finite volume effect in the pseudoscalar correlator
at the short distances is less than 20% of the statistical
errors. Since the finite volume effects are already small in
the pseudoscalar correlator, those in other channels are
expected to be negligible. In this work, we apply the
subtraction (28) only for the pseudoscalar channel.

PHYSICAL REVIEW D 94, 054504 (2016)

1.20 : :
=V, am,=0.0042 =
T'=A, am,=0.0042 =
115 oy, am,, = 0.0080
T = A, am, = 0.0080
110 I'= V,amq:0.0120 —o—t
- T=A, am,=0.0120 ——
2,105
IN A ]
L]
1.00f Yy
0.95
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0 0.1 0.2

|x| [fm]

FIG. 17. ZY*"™(a;x) (open points) and Z}>/"(a;x) (filled
points) calculated by (5) at the three input masses am, = 0.0042
(squares), 0.080 (circles), 0.0120 (diamonds) and p = 4.35,
amg = 0.0180.

V. DETERMINATION OF RENORMALIZATION
CONSTANTS

A. Determination of Zy,
With domain-wall fermions that precisely satisfy the

Ginsparg-Wilson relation, the identity Zﬁ/ lal(a) =

Z¥S(g) is valid. In the analysis of Z2"/"(a), the
renormalization scale 2 GeV can be omitted because the
current conservation ensures its scale independence.

Figure 17 shows x-dependence of Zy/™(a;x) and

Zﬁ/lm( a;x), which are defined by (5), at three input

masses and f = 4.35, am; = 0.0180. For |x| < 0.2 fm,
the results increase toward the short-distance regime due to
the remnant discretization effects as discussed later. For
|x| > 0.25 fm, there is a significant splitting between the
vector and axial-vector channels due to the nonperturbative
effects.

The leading nonperturbative effect is described by OPE.
According to the discussion in Sec. III B, the coefficients
¢yg, and ¢ in the OPE of the vector and axial-vector
correlators,

V/A — V/A
ey my(Gq) + ey (GG) .
| L

X

c
My /4(x) = x—g + (29)
satisfy ¢}, /ciz, = =3/5 at tree level. The combination

%(SHV + 311,) is therefore expected to cancel the leading
contribution of the chiral condensate. Therefore we
analyze

HW(a;x)

Zm/lat (d' .X) _
Vs =\ TR ) + 3 @)

(30)
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am, = 0.0042 —=—
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S/lat
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o
(8]
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1.00 T,
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FIG. 18. Z?;[_?/QZ;A) /S(a;x) defined by (30). The results on the

same ensembles as in Fig. 17 are shown.

to extract the renormalization constant suppressing
the nonperturbative effect. We find that both the |x|-
dependence and the mass dependence are dramatically
reduced as shown in Fig. 18. Although there is no mass
dependence remaining for Zl(\gi/f;‘) sg(@;x) in the OPE for
the operators of dimension four, the data still have sizable
mass dependence for |x| > 0.4 fm. This mass dependence
may originate from higher dimensional operators includ-
ing mi(GG) and m}(gq). Another mass-independent
operator (Ggqq) with the same mass dimension should
also be considered.

Figure 19 shows Zl(\g‘s,ﬁzlA
values with approximately matched quark masses. The

) /S(a;x) obtained at three /3

position where Z?ﬁ%é@ /S(a;x) starts deviating from a
1.04
1.03r o
1.02f

-

o

=
T

4y
B=4.17,0 <200 —=— *v
20°<6<30° o Ty
B =4.35,0<20° o E
20° <9 < 30°
B=4.47,0<20° ——
0.98F  20°<0<30° ——

Z‘M_S/lat
(5V+3A)/8
o —
© o
© o

fit = 4.17 -
0.97r fit p =435 ---- lower bound ]
fit f =4.47 - - upper bound
0.96 P2 ' PP
0 0.1 0.2 0.3 0.4 0.5

| (fm]
FIG. 19. Z{/!y, <(a;x) at the three of § with M, ~ 300 MeV.
For each f, the results at smaller am, is plotted. The data at
6 < 20° (filled points) and 20° < 6 < 30° (open points) are
separately plotted. The fit results for both € < 20° and 20° <
6 < 30° are also plotted by the curves.
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constant toward short distances moves as the lattice
spacing is reduced, indicating that this deviation is due
to the discretization effects. The most significant dis-
cretization effect is of O(a?) which appears as (a/x)>.
Since we already subtract discretization effects at the
tree level, a,(f)(a/x)? is the leading remaining discre-
tization effects. As discussed in Sec. IV B, we discard
the data in 0 > 30° and parametrize the discretization
effects in 0° < 0 < 20° and in 20° < @ < 30° separately
as described below.

We determine Zl‘\,/ls/ " by a simultaneous fit of the data on

all ensembles using the fit function

Z 0 sl x) = 2V (B) + Cy(O)aa () (a/ )
+ C4'GX4 + (CG,q + C(,Ymgmé
+ C6,n1qm?]>x61 (31)

with nine free parameters Zl‘\,TS/ (4.17), Zﬁ/ (4 .35),

2V (4.47), C_,(60 < 20°), C_,(20° <0 < 30°), Cyq.
Cé.9» Comg» and Cg,,,. Here, the last four parameters
correspond to the contribution of (a,GG), (gqqq),
m2(GG), and m}(qq), respectively. In this analysis, we
neglect the O(ay) correction to the Wilson coefficients of
these operators. The terms of O(x®) involve the logarithmic
dependence In(x/x;)? as discussed in Sec. III B. Here we
do not consider this effect because In(x/x;)? is roughly
constant in the fit range and their effects cannot be
identified. The fit results are shown in Fig. 19 by the
curves. Here, both results for @ < 20° and 20° < @ < 30°
are plotted.

In Table II, the results for Zl‘\,ds/ 4 are summarized
with the errors from various sources. The first error
labeled ““Stat.” is the statistical error. The second one
labeled “Disc.” represents the discretization error. The
central value is the fit result with a lower bound
(Xow/@)? = 23, which is shown in Fig. 19, and the
second error is estimated by moving the lower bound in
the region 19 < (xj,y/a)*> <27 and taking the largest
difference from the central value. The third is an
estimate of the uncertainty of the higher order correc-
tions of the perturbative expansion as discussed in

TABLE II. Result for the renormalization factor ZI‘\,/IS/ " (a) of
the vector channel.

Errors
ﬂ ZF/IBI (61) Stat. Disc. ,u}t AQCD
4.17 0.9553 (53) (74) (8) (®)]
4.35 0.9636 (34) (46) (7) 4)
4.47 0.9699 (26) (38) (6) )
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Sec. III A. The central value is calculated with x;°® in
(10) and the uncertainty is estimated by the maximum

difference of results with u} in the region
Lu®, 24" The last error is from the uncertainty

of Agcp or of the strong coupling constant. We use the

value Agg]’;f == 340(8) MeV reported by Particle Data
Group [22]. The uncertainty of the lattice spacing does
not significantly affect the results. The upper bound of
the fit range is fixed to 0.485 fm.

The fit result for other parameters reads

C_»(0 < 20°) = 14.0(1.2)(2.0)(1)(1),
C_»(20° < 0 < 30°) = 15.1(1.1)(2.2)(1)(-).
Cyg = 0.564(190)(187)(99)(14) fm=*,
Co.q = —0.109(61)(56)(4)(3) fm~,
Comi = —19.8(31.5)(5)(3)(1) fm™,
Comg = 192(125)(2)(2)(1) fm 3.

The consistency of this analysis can be checked by
evaluating the gluon condensate from the fit result.
Using (20) and the fit result C,s;, we obtain
{(a;/m)GG) = 0.017(6)(6)(3)(—) GeV* at the lowest
|

PHYSICAL REVIEW D 94, 054504 (2016)

order of a,/z. The errors are estimated in the similar
manner. This result is in good agreement with known
values, e.g. {(a,/n)GG) = 0.012 GeV* from the sum
rule  for charmonium [7] and ((a,/7)GG) =
0.006(12) GeV* from the spectral functions of hadronic
7 decays [23].

B. Determination of Zg
ment of the renormalization constants of the scalar
and pseudoscalar Z,
determination of Zy*/"(a) and Z}*/"(a) may be more
doscalar correlators significantly and are not described
opposite sign, the naive average I (IT5(x) + ITp(x)) may
condensate in OPE, which we try to cancel by using

The domain-wall fermion also guarantees the agree-
ZF/ 2 (q) M/ "(4) densities. The
MS/lat

complicated due to the instanton-induced °’t Hooft
interactions [24,25], which affect the scalar and pseu-
by OPE. Since the instanton effects to the scalar and
pseudoscalar correlators are the same magnitude with an
cancel such effects and could be well explained by OPE.
The average contains the contribution of the chiral
the difference between the vector and axial-vector
correlators. Namely, we analyze

ZM_S/lat

H@ (2 GeV;x)

whose OPE does not depend on the chiral condensate
m,(qq)x* at the tree level. Since we neglect the
O(a,) correction to the Wilson coefficients in this
analysis, we omit the renormalization factor for
1% (a; x) — I (a; x).

We implement the simultaneous fit to the data of (32)
with the same function as (31). The results are sum-
marized in Table III. The error estimation is done in the
similar manner as that for the vector channel. We choose
the lower bound of the fit range as (xon/a)? = 16 for
the central value and estimate the second error by
changing x,,,, in the region 12 < (xjow/a)* < 20. The

TABLE 1III. Result for the renormalization factor
ZI;/IS/ lat(2 GeV, a) of the scalar channel.
Errors
p Z?/lat (2GeV, a) Stat. Disc. ui Agep
4.17 1.0372 93) (77) (57) (58)
4.35 0.9342 57) (43) (37) (34)
4.47 0.8926 1) (35) (30) (25)

3 (2 GeV,a;x) = \/ - " " " ,
Stz V-A)10 FIT5 () + T3 (a.0) + 3y (0 () — T (a.0)

(32)

[
central u* = uy°™ is given by (14) and the third error is
estimated by varying u} in the region [ uy™, 164 °7].
The upper bound of the fit range is fixed to 0.460 fm.

The fit result is shown in Fig. 20 for the same
ensembles as in Fig. 19.

1.05

B=d.17,8 < 20° e el
20°<0<30° —— b

$=4.35,0<20° EE
20°< 6 < 30°

B =4.47,0<20° ——
20° <6 < 30° —o—

fit p=4.17 -

0.95 fitp=435---- T
fit B=4.47 —-- -2 )

-
o
o

v-ay1e(2 GeV)

Shat
(S+P)/2+(

ZM_

0.90

lower bound
upper bound

0 0.1 0.2 0.3 0.4 0.5

0.85

FIG. 20. Same as Fig. 19 but for Z?gip>/2+(v_A)/16x

(2 GeV, a; x).

054504-13



M. TOMII et al.

The fit result for other parameters reads

C_,(0 < 20°) = 2.25(1.37)(1.81)(58)(77).
C_,(20° < 0 < 30°) = 0.522(1.39)(1.72)(60)(80).
Cug = 2.27(52)(25)(23)(33) fm™,
Coq = —7.71(52)(1.08)(2.19)(45) fm®
Comc = 212(156)(4)(3)(2) fm™,

Comg = —432(622)(18)(7)(3) fm™3

VI. CONCLUSION

We have determined the

7V (q), Z¥5"™(2 GeV.,a) of the flavor nonsinglet
quark bilinear operators composed of Mobius domain-
wall fermions by analyzing correlation functions in the
coordinate space. This method enables us to renormalize in
a fully gauge invariant manner and to implement the
perturbative matching up to the four-loop level. We impose
the direct renormalization condition onto the MS scheme
without introducing any intermediate renormalization
schemes.

Although the complicated analysis is required to elimi-
nate discretization effects that are significant at short
distances, the results obtained in this work and their
accuracy demonstrate the use of the X-space method. It
is already at a competing level with the RI/MOM methods,
and we expect it becomes more so in the future as the lattice
spacing is reduced, because the perturbative error would
become the dominant source in such a situation.

Direct applications of our results are the calculation of
meson decay constants and quark masses. Some prelimi-
nary results are found in [26]. The (pseudo)scalar renorm-
alization factor is also necessary for the determination of
the chiral condensate, which characterizes the spontaneous
broken chiral symmetry in QCD. We can extract this
important quantity from the same set of correlators as
we analyzed in this work, through the axial Ward-
Takahashi identity. Such analysis will be presented in a
forthcoming paper. The same quantity can be obtained with
a completely different method, i.e. from the eigenvalue
density of the Dirac operator through the Banks-Casher
relation. A preliminary analysis on our ensembles was
presented in [27].

Current correlators at short distances contain more
information of QCD. They are a complicated mixture of
excited states of hadrons, but at the same time they can be
analyzed using perturbation theory. For the analysis of the
intermediate region between perturbative and nonperturba-
tive regimes, the lattice data may provide useful informa-
tion, which can be used to study the range of application of
perturbative expansion in perturbative QCD for instance.
The work in such directions is in progress.

renormalization factors
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APPENDIX A: SUMMARY OF PERTURBATIVE
COEFFICIENTS

This Appendix summarizes numerical coefficients of
perturbative expansions of the vector and scalar correlators
obtained by using the four-loop results of correlators [5],
the beta function [12], and the anomalous dimen-
sion [13,14].

For the vector channel, the perturbative coefficients C}”s
at yy = pu, and the corresponding perturbative expansion
with ny =3 are

CY (uy) =
CY (uy) = —5.5269 + 0. 34002ny,
CY (1) = 10.415 = 3.2912n; + 0.1260213,
C) (u,) = 28.928 4 30.966n, — 2. 6652nf + 0. 064007n
(A1)
ms _ 0y 4.5069 2
Vv (x)|nf:3 _W( +as<ﬂx> - as(ﬂx)
+1.6758a,(u,)* +99.567a,(u,)* +0(a3)).
(A2)
At yi = i, C!’s and the expansion are given by
CY (@) =1,
CY (ji,) = —4.8893 4 0.30137n;,
CY (f,) = 5.2517 = 2. 6633n, + 0. 10124n
CY (ity) = 33.562 + 26. 233n; — 2. 2001n + 0. 050863n
(A3)
MS 6 ~ ~ )2
ILy ( )|nf—3 4x6 (1 +ag (/"x) —3.9852a (ﬂx)

—1.8270a,(ji,) +93.835a,(ji,)* + O(a3)).
(A4)

Finally, at u} = ji,, C’s and the expansion are
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CV( BLM) — 1’
CY (uB™) = 0.083333,
CY (uB™) = —7.1191 — 1.1478n, 4 0.010414n3,
CY (uB™) = —56.886 + 12.283n, — 0.58326n}
+0.014075n3, (AS)
IS ()], - = s (1 -+ @ (48M) + 0.083333a, (421)?

— 10.469a, (BM)?

—24.907a,(uB"™M)* + O(a?)). (A6)

For the scalar channel, the perturbative coefficients C5’s

at ui =y, = pu, and the corresponding expansion with
ng =3 are
CF (1) = 0.20294,
CS (ps ) = —20.197+0.56314n;,
CS (uyo ) =7.8854 —17. 5318n;+0. 37635nf,
C3 (i, pty) = 500.95 +40. 402n,-5. 3403nf +0. 18479nf,
(A7)
TS 3
S ()], 3 =5 (1-+0.20294a, (1,) = 18.507a, (1,)?
—11.323a,(u,)* +579.08a (u, )*
+0(a3)). (A8)
Aty =y = jiy, C5’s and the expansion are given by
2
CS i 7~x =3
l(ﬂx H ) 3
C5 (fiy, i) = —17.766 + 0.48193n;,
C5 (fiys i) = —14.656 — 6.3172ny + O.32333n12c,
C3 (fiy, fi,) = 450.45 + 25. 502n; - 3. 8057nf +0. 14697nf,

(A9)

TS 3
Hg/ls (lux;x) ‘nf:f') = ﬂA—xG
—30.6984, (ji,)* +496.67a, (ii,)*

+0(a)). (A10)

APPENDIX B: MEAN FIELD APPROXIMATION
OF CORRELATORS ON THE LATTICE

Correlators in the coordinate space are given by

I (x) = (Tr[Sp ()T (—x)T). (B1)

(1+0.66667a,(ji,) — 16.321a,(ji,)?

PHYSICAL REVIEW D 94, 054504 (2016)

where Sp(x) stands for the propagator of the Dirac field.
We give the mean field approximation of the domain-wall
propagator and its asymptotic form in the long-distance
limit. Since the residual mass in this work is almost
negligible, we consider the domain-wall propagator with
the infinite size of the fifth direction L; — oo. The four-
dimensional representation S‘?W(q, my,) of the mean field

domain-wall propagator in the momentum space is
[11,28,29]

—iy,upsin(ag,) +(1-We™*)am, (B2)

SDW b = '
F(g.my)/a —1+We+(1-We™)(am,)*

where W and «a are defined by

W(g) =1-My+ Y (1 -ugcos(ag,)). (B3)

1+ W2+ u5y", sin*(ag,)
2w ’

cosha(q) = (B4)

with M, and u being the domain-wall mass parameter and
the fourth root of the plaquette expectation value, respec-
tively. The free propagator is reproduced by putting uy = 1.
The propagator in the coordinate space is calculated by a
numerical Fourier transform in a finite box L*,

SPVE (x, my) = ZS Jelax, (B5)

where the sum over ¢ for the periodic boundary condition
runs over

2 L L L
— =——+1, 2, i, — .
q€ {L (ki ko, ks, ky)|k, 2a+ 2a+ , ’Za}

(B6)

The mean field approximation of the propagator of a
light quark in a finite box (m,L < 1) involves large finite
volume effects because quarks are in the deconfining
phase. Since the numerical Fourier transform in sufficient
large volumes is expensive, we apply a correction for the
domain-wall propagator as we applied for the propagators
of bosonic fields in Sec. IV C,

= S?w‘ﬁ (x, mq) - ZS];;)W’OO(X — Xo, mq)

X0

- ZSEW’aSym(x — Xo. M),
X0

(B7)

SEW*” (x, mq)

4
~ SDVE(x

where the sum over x; runs over
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xo € {(£L.0.0,0), (0, £L.0,0), (0,0, £L.0), (0,0,0,
:I:L),(:l:L,:I:L,0,0),...}, (BS)

and SP"*¥™ (x) is the asymptotic form of the domain-wall
propagator in the long-distance limit in the infinite volume,
which is calculated as follows.

The domain-wall propagator in the low-momentum
region is calculated by expanding (B2) at ag =0,

~ ag—0 —iuoq+ m!
SOV m ) (1= L7 o5, (B9
F (q mq)_’( )M%q2+m;2+ ( ) ( )
with
5=1-My+4(1—uy), (B10)
my, = (1—8%)m,. (B11)

The Fourier transform of this propagator in the infinite
volume gives an asymptotic form in the long-distance limit
of the domain-wall propagator,

" 1-6°
SEW.asy (x, mq) _ — S%ont(x/u(),m;) + 0(54), (B12)
0
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where the Feynman propagator S@™ (x, m,) of a Dirac field
in the continuum coordinate space is given [30] by

d*q . —ig+m
S5 (x, my) = / el !
)7 ) @y P rm

m X m24
- )+ Kt

2
m
+ Ko (my|x|)] + W&Kl(mqu‘)’ (B13)

with K; being the modified Bessel functions.

The subtraction by the second line of (B7) cannot
eliminate discretization effects of wrapping effects, i.e.
the subtraction leaves the discretization effects,

Z(S?W’w(x — Xo> mq) - SEW,aSym(x — Xo> mq))a
Xo

(B14)

which are suppressed in large volumes. We observe that
these discretization effects are sufficiently small when the
calculation is done with m L 2 1.
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