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We study the conjectured “insensitivity to chiral symmetry breaking” in the highly excited light baryon
spectrum. While the experimental spectrum is being measured at JLab and CBELSA/TAPS, this
insensitivity remains to be computed theoretically in detail. As the only existing option to have both
confinement, highly excited states, and chiral symmetry, we adopt the truncated Coulomb-gauge
formulation of QCD, considering a linearly confining Coulomb term. Adopting a systematic and
numerically intensive variational treatment up to 12 harmonic oscillator shells we are able to access
several angular and radial excitations. We compute both the excited spectra of I ¼ 1=2 and I ¼ 3=2
baryons, up to large spin J ¼ 13=2, and study in detail the proposed chiral multiplets. While the static-light
and light-light spectra clearly show chiral symmetry restoration high in the spectrum, the realization of
chiral symmetry is more complicated in the baryon spectrum than earlier expected.
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I. INTRODUCTION

In a short article [1] and several communications [2–6] we
proposed a variational approach to the truncated Coulomb-
gauge formulation of QCD, considering a linearly confining
term, to gain novel insights into the baryon spectrum,
particularly into the standing conjecture of insensitivity to
chiral symmetry breaking in the high spectrum.
After our first result computed with Monte Carlo inte-

gration [1], we continued to refine our numerical technique,
and opted for Gauss integration, in order to analyze with
sufficient detail the splittings in the proposed chiral
multiplets. We now provide full details of this research
line and comprehensively report our methods and findings.
The fundamental motivation to embark on this investiga-

tion of possible chiral multiplets in the baryon spectrum is
driven by works initiated by de Tar, Kunihiro, Cohen, and
Glozman [7–17] in which a chiral degeneracy, or chiral
symmetry restoration, was suggested to occur in the excited
baryon spectrum. Detailed examination of the arguments
therein requires addressing the excited spectrumup to several
excitations while breaking chiral symmetry in a controlled
manner.
We have found particularly interesting [1] the study of

Yrast baryons (which, with the same usage of the Swedish
word for “dizziest” as in nuclear physics, are the lowest
mass baryons for each angular momentum J) as they can
unambiguously be identified for each parity. This is an
advantage over the case of radial-like excitations: there it is
less clear which state of positive parity should be compared
to which state of negative parity.
So far, large angular excitations have not been inves-

tigated in lattice gauge field-theory studies, and thus model

studies are in order. The model computations for simpler
hadron spectra, such as light-light mesons and static-light
mesons, already theoretically support the concept [18–22].
The agreement [23] is that, in addition to parity doubling
brought about by the symmetry, the pion couplings to
various N�, Δ�, etc. resonances become decreasingly small
with the excitation quantum number (due to smaller wave
function overlaps between the boosted decay-pion and
incoming and outgoing N�’s).
In this work we employ the only model for baryons that

can presently test the concept. In essence, one needs a
confining model where high excitations, e.g., angular, can
be studied. At the same time, we need a model where chiral
symmetry is spontaneously, not explicitly, broken. As the
only existing option to have confinement, highly excited
states, and chiral symmetry, we adopt the truncated
Coulomb-gauge formulation of QCD. Moreover, we con-
sider the case of a linearly confining Coulomb term,
necessary for linear Regge trajectories. The model
Hamiltonian is given in Eq. (4.1) below, but suffice it to
say here that the interaction vertex is chiral symmetric,
entailing the spinor combination U†U that corresponds to
the nonrelativistic reduction of the chiral symmetry pre-
serving, QED-like vertex ψγμψ . We compute the mass
spectra of positive parity and negative parity excited
baryons, Mþ

J and M−
J , for both isospin I ¼ 1=2 and

I ¼ 3=2, and compare them, looking for signs of chiral
symmetry restoration. The parameters of interest are the
differences between these four energies.
The truncated Coulomb-gauge approach is equivalent

to a field-theory version of chiral invariant quark models
[24–34]. Because the model includes linear confinement
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one can examine an excited spectrum with infinitely many
excitations. We do not necessarily claim they should be
found in experiment, as we do not treat open decay
channels [35] in this work, given the already very large
task at hand. Second, because of the field-theory formu-
lation, one can employ the renowned BCS approximation
to spontaneously break chiral symmetry by a 3P0 Cooper-
pair condensate [29–31] and thus control the sensitivity of
the high spectrum to this breaking thanks to the dynamical
quark mass.
As additionalmotivation, recent efforts at CBELSA/TAPS

[36–38], CLAS, and CLAS12 at Jefferson Lab [39–41] and
by the Bonn-Gatchina partial wave analysis group [42–45]
show good prospects for progress in the excited baryon
spectrum. Some of the resonances that we address, particu-
larly for high angular momentum, are of experimental
interest.
Surprisingly, the spectrum of excited baryons, well

addressed within massive-quark models [46–51], remains
to be studied in depth with a chirally invariant and linearly
confining quark model, although many studies have fol-
lowed the approach for the vacuum and mesons
[19,20,52,53]. Here we provide the first detailed study
of the baryon spectrum with such a chirally invariant
approach and a linearly rising potential.
Before we report our computations, it is worth recalling

the current experimental situation [54] in what concerns
Yrast-baryon parity splittings as function of angular
momentum. Figure 1 shows the difference of Nþ and
N− masses (or parity splitting) as well as that of Δþ and Δ−

as a function of J. It is apparent from this figure that the
nucleon splittings do seem smaller on average for larger J
consistently with the theory prediction, while the Δ split-
tings do not show clear evidence of decrease; they are at
best constant, and the experimental uncertainty is large.
We also render, in Fig. 2, an estimate of the splittings that

we have assembled from the lattice gauge theory calcu-
lation of the baryon spectrum reported in [55]. One can
argue about whether the standing lattice data can be used to

make a statement about spontaneous chiral symmetry
breaking and its effect in the high spectrum, as the pion
masses used in that reference are 524 and 391 MeV,
respectively; chiral symmetry is explicitly broken. With
much precaution, we may observe that there is some
decrease in the parity splittings of the J ¼ 5=2 and J ¼
7=2 angular momentum channels in Fig. 2, but further
calculations seem necessary.
From this brief inspection of the experimental and lattice

data, there is clearly room for model insight if we can
extend the calculation to large angular momenta (or other
types of excitation). But meaningful models of this rela-
tivistic three-body system are not exactly solvable and
require, as lattice gauge theory does, a massive computa-
tional effort, which we here report.
Unlike recent nuclear computations that also use the

variational principle extensively to address the few-body
problem [56,57], the major difficulty that we face here is
not the diagonalization of huge matrices, but rather the
computation of the matrix elements of the Hamiltonian. As
is shown below in Sec. V, there is a lot of bookkeeping in
the construction of the basis, but not massive computer
time. Each matrix element, however, is a complicated
integral that, without the simplifications brought about
by the nonrelativistic limit (which, while being adequate in
nuclear physics, are not suited for quarks inside hadrons),
poses a significant computational challenge. Thus, we are
only able to reach a finite shell number in the three-body
problem.
In exchange, our Hamiltonian matrix is relatively small

and its diagonalization straightforward.
In the next sections the reader will find an exposé of why

chiral symmetry has been expected to be manifest in the
high hadron spectrum (Sec. II); a short discussion of why
tracking the possibly decreasing Yrast parity splittings in
the high spectrum is interesting to access the running quark
mass function (Sec. III); a brief discussion of the model
field-theory Hamiltonian and its variational treatment
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FIG. 1. Experimental parity splittings in the confirmed N and Δ
Yrast baryons as a function of angular momentum [54].
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FIG. 2. Known parity splittings for N and Δ ground states and
angular excitations in QCD (our estimate from the lattice gauge
theory computations reported in [55]). Solid symbols:
mπ ¼ 524 MeV. Hollow symbols: mπ ¼ 391 MeV.
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(Sec. IV); the detailed construction of the three-quark
variational wave function basis (Sec. V); the report of our
numerical results (Sec. VI); and a discussion thereof of the
mechanisms that may be slowing the convergence to the
expected parity doubling in the high baryon spectrum by
breaking chiral symmetry, which deserves future investiga-
tion (Sec. VII). A small Appendix is dedicated to a somewhat
technical computation of exchange matrix elements needed
for the wave function overlaps that appear in antisymmetriz-
ing and orthonormalizing the variational basis.

II. INSENSITIVITY TO CHIRAL SYMMETRY
BREAKING IN THE HIGH HADRON SPECTRUM

Here, in Sec. II A we quickly revise the argument
suggesting parity doubling in the high spectrum, and in
the next section, Sec. II B, we show that one could
conceivably use this possible doubling, if experimentally
found, to make a statement about the running quark mass.

A. Three-quark chiral (nondegenerate) quartet
and its two (possibly degenerate) doublets

Baryon valence wave functions1 with three quarksP
ijkFijkB

†
i B

†
jB

†
kjΩi naturally group into reducible, non-

degenerate quartets high in the spectrum, with two states
having positive parity and two states having negative parity,
and this quartet is split into two doublets. We frame the
discussion within standard Hamiltonian techniques without
invoking yet any particular model; in Sec. IV below we are
more specific and introduce the actual Hamiltonian that is
treated numerically.
Following the concise overview of Jaffe et al. [58], let us

recall the possible representations of chiral symmetry in the
hadron spectrum. In Wigner-Weyl mode, the commutator
of the chiral chargeQa

5 with a positive parity baryon field is
a sum over negative parity baryons and vice versa,

½Qa
5; σ

þ
i � ¼ Θa

ijσ
−
j

½Qa
5; σ

−
i � ¼ Θa

ijσ
þ
j : ð2:1Þ

Wigner’s theorem then guarantees that if ½Qa
5; H� ¼ 0 (as is

the case for the γ0γ0 Coulomb-type kernel in Sec. IV below
and more generally in chromodynamics), and the vacuum
state is unique, Qa

5jΩi ¼ 0, then σþ and σ− are degenerate.
However, if the symmetry is spontaneously broken

(or hidden), a Goldstone boson appears, the pion, and
chiral symmetry is realized nonlinearly. Because the pion
has negative parity,

½Qa
5; σ

�
i � ¼ v0ðπ2ÞϵabcπcΘb

ijσ
�
j ; ð2:2Þ

where v0 is a scalar function (e.g., v0 ¼ 1) of the pion field.
We now descend to the quark level, in the spirit of

Nefediev et al. [23]. The chiral charge is the spatial integral
of the zeroth component of the axial current,

Qa
5 ¼

Z
d3xΨ†ðxÞγ5

τa

2
ΨðxÞ: ð2:3Þ

We transform the fields to momentum space in a
Bogoliubov-rotated basis

ΨðxÞ ¼
Z

d3k
ð2πÞ3 e

ik·x
X
λi

½UkλBkλi þ V−kλD
þ
−kλi� ð2:4Þ

in terms of the spinors,

Ukλ ¼
1ffiffiffi
2

p
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ sinϕk
p

χλffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − sinϕk

p
σ · k̂χλ

�
; ð2:5Þ

V−kλ ¼
1ffiffiffi
2

p
�
−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − sinϕk

p
σ · k̂iσ2χλffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ sinϕk
p

iσ2χλ

�
; ð2:6Þ

written as functions of the chiral angle with sinϕðkÞ ¼
mðkÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mðkÞ2 þ k2

p
(the k dependence is absent in this

parametrization for free spinors: ours are more general and
useful in the interacting theory).
There are four possible terms after normal ordering the

charge in Eq. (2.3), B†B, B†D†, D†D, DB. The last two
vanish when the chiral charge acts on an initial baryon state
made of three quarks jσi ¼PFB†B†B†jΩi since the
antiquark destruction operator D acts directly on the
vacuum and gives 0. After spinor contractions,

Q5
ajσi ¼

Z
d3k
ð2πÞ3

X
λλ0ff0c

�
τa

2

�
ff0

× ðcosϕðkÞðσ · k̂Þλλ0B†
kλfcBkλ0f0c

þ sinϕðkÞðiσ2Þλλ0B†
kλfcD

†
−kλ0f0cÞjσi: ð2:7Þ

The first term conserves the quark number and therefore
remains within the same variational subspace. The second,
however, creates a quark-antiquark pair on the baryon wave
function. It is well known that the wave function associated
with this pair, sinϕðkÞiσ2, precisely corresponds to a pion
creator operator in Random Phase Approximation (and
more generally it is an adequate pion interpolating field due
to its quantum numbers). Therefore, this second term is
responsible for the nonlinear realization of the symmetry: if
chiral symmetry is spontaneously broken, mðkÞ ≠ 0; thus
sinϕðkÞ ≠ 0 and under a chiral rotation a baryon is mapped
to a baryon plus a pion σ → πσ.

1We follow standard notation and use the greek indices
λ; μ; ν… for spin, latin k, p and q for momenta, f for flavor,
a for isospin, c for color, and generically i, j, k for excitations
with the same quantum numbers (in baryons) or if we wish to be
unspecific (in quarks).
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Now, if the wave function Fðki; kj; klÞ has its support for
very large values of the momenta, then mðkÞ≃ 0 there,
since the running quark mass is large precisely for small
values of the momentum (see Fig. 3 below). This means
that there is a chance that chiral symmetry is realized in the
Wigner-Weyl mode in the high spectrum. This would
happen because the second term in Eq. (2.7) is now small,
so chiral symmetry is realized linearly in the number of
quarks by the first term of Eq. (2.7) that returns Eq. (2.1).
Once chiral symmetry becomes realized linearly in the

Wigner-Weyl mode, degenerate baryon multiplets appear.
The three-quark wave functions group in quartets that can
be immediately found by successively applying the charge
Qa

5 to a given three-quark wave function.
Employing only one quark index i, for the case of one

flavor, and showing the parity of the states, we can very
transparently list the four linearly independent vectors
for the quartet,2

jσP1 i ¼
X

FP
ijkB

†
i B

†
jB

†
kjΩi;

jσ−P2 i ¼
X

FP
ijk

�
σ · k̂i

τa

2
B†
�

i
B†
jB

†
kjΩi;

jσP3 i ¼
X

FP
ijk

�
σ · k̂i

τa

2
B†
�

i

�
σ · k̂j

τb

2
B†
�

j
B†
kjΩi;

jσ−P3 i ¼
X

FP
ijk

�
σ · k̂i

τa

2
B†
�

i

�
σ · k̂j

τb

2
B†
�

j

×

�
σ · k̂k

τc

2
B†
�

k
jΩi; ð2:8Þ

the sequence arises by acting over the three quarks of jσP1 i
in the first line. The baryon charge is the sum of three

components, one for each quark Qa
5 ¼ qa51 þ qa52 þ qa53,

each of them reversing the spin projection over the quark
momentum axis with the matrix σ · k̂i. Repeated applica-
tion of a charge over the same quark does not change the
parity since ðσ · k̂iÞ2 ¼ I. Therefore, successive application
generates new terms by rotating different quarks.
The total angular momentum J of the four states

coincides because the chiral charge is a pseudoscalar
operator, so that ½J;Qa

5� ¼ 0. Each member of this chiral
quartet is itself a multiplet under isospin transformations
(e.g., a proton-neutron doublet).
Moreover, the isospin Pauli matrices τa produce tensor

isospin operators that may mix the nucleon I ¼ 1=2
spectrum with the delta I ¼ 3=2 spectrum [8–10,12].
Thus we are interested in studying possible multiplets with
the Yrast and Yrare (ground state and first excitation) with
parity þ and − and isospin 1=2 and 3=2.

B. Series expansion in mðkÞ=k
We now try to track the size of the chiral symmetry

breaking effect of the dynamical quark mass in the high
spectrum. The quark mass appears both in the quark spinors
and in the QCD Hamiltonian. As we wish to track what
happens for small quark mass at high momenta, we pursue
a series expansion of the spinors and Hamiltonian in the
parameter mðkÞ=k.
The spinors are expanded as

Ukλ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffi
2EðkÞp � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

EðkÞ þmðkÞp
χλffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

EðkÞ −mðkÞp
σ · k̂χλ

�

k → ∞
����! 1ffiffiffi

2
p
�

χλ

σ · k̂χλ

�
þ 1

2
ffiffiffi
2

p mðkÞ
k

�
χλ

−σ · k̂χλ

�
; ð2:9Þ

with EðkÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þmðkÞ2

p
. Therein we have worked up to

the leading chiral symmetry breaking term, which must
be OðmðkÞ=kÞ.
When expanding the matrix elements of the QCD

Hamiltonian [59] restricted to the Hilbert space of highly
excited resonances where hki is large, the zeroth order term
in the mðkÞ=k expansion is chirally invariant, and the first-
order term involves nonchiral, spin-dependent potentials in
the quark-quark interaction,

hn1jHQCDjn2i

≃ hn1jHQCD
χ jn2i þ hn1j

mðkÞ
k

HQCD0
χ jn2i… ð2:10Þ

Importantly, the lower spinor component of the first-order
term has the opposite sign of the lower component of the
chiral invariant term preceding it in the second line
of Eq. (2.9).
With massless quarks, we have a vanishing commutator

[23] hij½Qa
5; HQCD�jji ¼ 0 in the perturbative basis; but

FIG. 3. Solution of the gap equation, sinϕðkÞ, for the linear
potential with Coulomb-gauge-type γ0γ0 vector coupling. The
current quark mass is fixed at mu ¼ 5 MeV at a high scale.

2F is antisymmetric in its three indices because the fermion B
operators anticommute.
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chiral noninvariant mass terms appear in the strong inter-
actions due to dynamical mass generation, with chiral
symmetry spontaneously broken by the ground state,
Qa

5j0i ≠ 0, a large quark mass in the propagator,
pseudo-Goldstone bosons, and the loss of parity degen-
eracy in ground-state baryons. It appears that in the hadron
basis hn1j½Qa

5; HQCD�jn2i ≠ 0.
To discuss this situation, we write the chiral charge once

more, now in terms of mðkÞ instead of sinϕðkÞ,

Qa
5 ¼

Z
d3k
ð2πÞ3

X
λλ0ff0c

�
τa

2

�
ff0

kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2ðkÞ

p
× ½ðσ · k̂Þλλ0 ðB†

kλfcBkλ0f0c þD†
−kλ0f0cD−kλfcÞ

þmðkÞ
k

ðiσ2Þλλ0 ðB†
kλfcD

†
−kλ0f0c þ Bkλ0f0cD−kλfcÞ�:

ð2:11Þ

The first term between the square brackets once more
consists of quark and antiquark number operators flipping
spin and parity. The observation is that for mðkÞ ≪ k, it
dominates over the second term, which creates or annihi-
lates a pion (realizing chiral symmetry nonlinearly). Thus,
in the high-lying spectrum,

hn1j½Qa
5; HQCD�jn2i≃ 0 for large n1; n2 ð2:12Þ

and each parity doublet appears to become degenerate
when mðkÞ vanishes. Moreover, the mass splitting between
partners is a direct measure of mðkÞ.

III. THE RUNNING QUARK MASS
AND THE Δ, N SPECTRA

Equation (2.12) permits one to link the mass splitting
jMP¼þ −MP¼−j in a parity doublet to the running quark
mass. We concentrate on the lowest-lying N and Δ parity
doublets for increasing spin j (the Yrast baryons) and
reason as follows.
(1) Baryon masses fall on Regge trajectories,

j ¼ α0 þ αM�2 !j→∞
αM�2; ð3:1Þ

so that we can track the gross behavior of baryon
masses with angular momentum.

(2) The relativistic virial theorem [60] in a few-body
system at fixed particle number,

hki → c2M� →
c2ffiffiffi
α

p ffiffi
j

p
; ð3:2Þ

shows how the average momentum grows in the
high spectrum. (Here c2 is an unspecified constant.)

(3) The chirally invariant term (hnjHQCD
χ jni) of

Eq. (2.10) cancels out in the splitting ΔM so that
for small mðkÞ=k,

jMþ −M−j ≪ M�

and

jMþ −M−j →
�
mðkÞ
k

HQCD
χ

0
	

→ c3
mðkÞ
k

D
HQCD

χ
0
E
: ð3:3Þ

(4) In the first nonvanishing term in the splitting,HQCD
χ

0,
the spin-orbit Li · Si term transforms the angular
momentum in the centrifugal barrier term fromL2

i to
the chirally invariant L2

i þ 2Li · Si ¼ J2i − 3
4
. (Be-

cause of the sign difference in the helicity-dependent
term ∼ − σ · k̂ in the spinor, the spin-orbit term in
HQCD

χ
0 adds to the mass difference ΔM, instead of

canceling out as for HQCD
χ .) Thus, the centrifugal

barrier scales like the mass of the state itself M� for
high j, as per Eq. (3.1). The spin-orbit term on the
other hand, Li · Si ∼ Ji, scales with one less power
of j, and so the term producing the parity splitting
actually decreases,

hHQCD
χ

0i → c5
M�

j
→

c5ffiffiffi
α

p
ffiffiffi
1

j

s
: ð3:4Þ

Combining these four arguments, we obtain

jMþ −M−j → c3c5
c2

ffiffiffi
α

p mðhkiÞj−1: ð3:5Þ

An experimental extraction can fit the exponent −i of j in
the splitting

jMþ −M−j ∝ j−i: ð3:6Þ

Then an experimental extraction of the power-law behavior
of the running quark mass in the region of chiral symmetry
breaking is given by

mðkÞ ∝ k−2iþ2: ð3:7Þ

Returning to Fig. 1, we see that the experimentally known
splittings of lowest-lying N and Δ resonances are insuffi-
cient to derive the exponent i.
Knowledge of the masses of the parity doublets for spins

j > 9=2 would greatly enhance this (typically, only the
natural parity mass is known above this, and all partners are
missing from the tables).
The beauty of this application of the would-be doublets

is that it directly maps experimental data to an underlying
QCD property, here the exponent of the running quark
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mass. The numerical value of the mass itself, being gauge
dependent, is not accessible. But the exponent of its power-
law running at midmomentum, related to chiral symmetry
breaking, could well be, as other symmetry-related quan-
tities are (for example, the quark spin is accessible in deeply
inelastic scattering). If the exponent is indeed gauge
independent, then we should be able to access it in lattice
gauge theory, and indeed one of us has already found some
indications in heavy-light mesons [22].
It is interesting to note that a whole different way to

access the running mass function from experiment is
through the study of electromagnetic form factors
[61,62] where, due to Ward identities, the hadron wave
functions are related to the running quark mass, so that
certain integrated moments thereof can be probed.

IV. MODEL HAMILTONIAN

Our so far generic arguments make it compelling to look
for the parity doublets in the high baryon spectrum. Yet we
wish to have a complete model computation at hand to
thoroughly explore the physics. After an intense effort, we
have now carried the program out and report it in this
article.
We employ awell-knownHamiltonian density [18,24–31]

that respects all global symmetries of QCD, and particularly
chiral symmetry that is only broken spontaneously.
We adopt the truncated Coulomb-gauge formulation of

QCD, also equivalent to the field-theory upgrade of the
Cornell model,

HðxÞ ¼ Ψ†ðxÞð−iα ·∇þmβÞΨ

−
1

2

Z
d3yΨ†ðxÞTaΨðxÞVðx − yÞΨ†ðyÞTaΨðyÞ;

ð4:1Þ

here Ta is Gell-Mann’s color matrix, and the field operator
is expanded as in Eq. (2.4) above to obtain the momentum-
space representation. Moreover, we consider the case of a
linearly confining Coulomb term, necessary for linear
Regge trajectories.
This model has been extensively discussed in previous

literature [63], so we recapitulate only the minimal set of
features that we need.

A. Gap equation and numerical solution

Minimizing the vacuum expectation value of the
Hamiltonian in the BCS approximation yields a gap
equation for sinϕðkÞ (the sine and the cosine are shortened
to sk and ck as needed). This has been solved for the linear
potential in the past [32,52,53] and is known to have a
tower of symmetry breaking solutions. The ground-state
solution is a monotonous function of k and has been
obtained along standard methods [64,65] by solving the
nonlinear integral equation on a computer. It is shown in

Fig. 3. The chiral angle enters the later computation through
the three-quark matrix elements of the Hamiltonian
in Eq. (4.5).
The BCS gap function for the linear potential, resulting

solely from the Hamiltonian density in Eq. (4.1), yields a
small constituent quark mass of order 100 MeV, already
parametrized in excellent approximation by the ansatz [65],

A3ðpÞ ¼ m0 þ
1

c0 þ c2p2 þ c4p4
; ð4:2Þ

with the vacuum minimization parameters, c0 ¼ 6.01623,
c2 ¼ 23.2517, c4 ¼ 12.0965 in dimensionless units of the
meson string tension 4

3
σ ¼ 1, for a bare mass of

m0 ¼ 0.01
ffiffiffiffiffiffi
4
3
σ

q
≃ 4 MeV. A more complete model for

the truncated Coulomb-gauge potential, with more param-
eters, is necessary to get a larger constituent quark mass. As
a sanity check we have also employed a constant quark
mass mðkÞ → mð0Þ. In Ref. [1] the mass gap function
generated in Coulomb-gauge SU(2) lattices [66], as well as
in Landau gauge SU(3) lattices [67], was also used. There
are of course differences of detail from using different
masses, but not of principle.
High in the spectrum, various relativistic splittings are

suppressed and the onset of chiral restoration could be
masked by other effects. Therefore, we need a benchmark
calculation to know the quantitative amount of insensitivity
to chiral symmetry breaking.
The litmus test for whether the parity partners are

becoming degenerate due to chiral symmetry is passed if
the energy difference between doublers is significantly
smaller for the chiral theory.
Moreover, we use our same computer code but fix

mðkÞ ¼ M to a constant (like in the constituent model).
This means sinϕðkÞ ¼ 1 in that benchmark calculation,
which is reported below in Fig. 11 next to other systematic
analysis. This allows one to estimate whether the running
mass can be extracted from the spectrum, as discussed in
Sec. II B.

B. Exposing parity doubling within the model

The complete three-quark baryon wave function given
below in Eqs. (5.1) and (5.3) can be shortened to

jσi ¼ ϵijkffiffiffi
6

p Fλ1λ2λ3
σ ðk1;k2;k3ÞB†

k1λ1i
B†
k2λ2j

B†
k3λ3k

jΩi: ð4:3Þ

The momentum part of the wave function is

Fλ1λ2λ3
σ ðk1;k2;k3Þ
¼ eiK·RFλ1λ2λ3

σ ðρðk1;k2;k3Þ; λðk1;k2;k3ÞÞ; ð4:4Þ
with K and R being the total momentum and center of
mass coordinate, and ρ, λ the Jacobi coordinates (see
Sec. VA below).
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The resulting matrix elements of the Hamiltonian in Eq. (4.1) are then [68]

hσjHjσ0i ¼ δ3ðR −R0Þ3
Z

d3k1
ð2πÞ3

d3k2
ð2πÞ3 ½F

λ1λ2λ3
σ ðk1;k2Þ��



Fλ1λ2λ3
σ0 ðk1;k2Þðmsk1 þ jk1jck1Þ −

2

3

Z
d3q
ð2πÞ3 VðjqjÞ

× ½Fλ1λ2λ3
σ0 ðk1;k2Þðsk1sk1þq þ ck1ck1þqk̂1 ·ck1 þ qÞ − Fμ1μ2λ3

σ0 ðk1 þ q;k2 − qÞðUþ
k1λ1

Uk1þqμ1ÞðUþ
k2λ2

Uk2−qμ2Þ�
�
:

ð4:5Þ

Here, the arguments of the wave functions F are the
momenta of the first and second quark, and should be
transformed into Jacobi momenta in the rest frame
(K ¼ 0). Furthermore, sums over all spin quantum numbers
are assumed. The integrals to compute are nine dimensional,
but those over q can be performed very efficiently.
Additionally, the use of this variable diminishes numerical
instabilities associated with the interaction, VðjqjÞ ¼ −8πσ

q4 ,

the linear string potential in momentum space, that has a
strong infrareddivergence. That denominator is indeedpartly
offset by the q2 Jacobian factor if this q variable is chosen for
integration. Moreover, both one-body and two-body poten-
tial terms in the second line of Eq. (4.5) can be expanded in
powers of q, and the zeroth order terms cancel (a chiralWard
identity). The next order term is proportional to q and is
eliminated by the angular integration, leaving the q2 term as
the lowest order term on the expansion of the difference. This
and the Jacobian factor cancel the infrared 1=q4 divergence.
Therefore, the integrand is regular and no regulator is needed.
Furthermore, we have verified that there is no instability in
the numerical results.
Let us now see how the mechanism for insensitivity to

chiral symmetry breaking discussed in generic terms here-
tofore is at work for the simplified Hamiltonian in Eq. (4.1)
above. That the kinetic energy is invariant under the spin
rotation causedby theσ · k̂ inEq. (2.11) is obvious. Indeed, if
the first state of the quartet in Eq. (2.8) has as awave function

j1i ¼ Fs1s2s3ðk1;k2Þ; ð4:6Þ

its kinetic and self-energies in Eq. (4.5) are proportional to
the simple overlap

Fs1s2s3†ðk1;k2ÞFs1s2s3ðk1;k2Þ; ð4:7Þ

and if we take as the second element of the quartet that with
only one spin rotation, we have

j2i ¼ ðσ · k̂1Þs1s01Fs0
1
s2s3ðk1;k2Þ; ð4:8Þ

and its kinetic energy and self-energy are then proportional to
(σ being Hermitian)

Fs0
1
s2s3†ðk1;k2Þðσ ·k̂1Þs0

1
s1ðσ ·k̂1Þs1s;;1Fs;;

1
s2s3ðk1;k2Þ; ð4:9Þ

and since σ · k̂1σ · k̂1 ¼ I the terms in (4.7) and (4.9) are
identical.
Moving on to the potential energy in Eq. (4.5), degen-

eracy requires the following equality to hold (irrelevant
parts of hVi are omitted):

Fλ1λ2λ3†ðk1;k2ÞðUþ
k1λ1

Uk1þqμ1ÞFμ1μ2λ3ðk1 þ q;k2 − qÞ
¼ Fλ0

1
λ2λ3†ðk1;k2Þðσ · k̂1Þλ0

1
λ1
ðUþ

k1λ1
Uk1þqμ1Þ

× ðσ · ðck1 þ qÞÞμ1μ01Fμ0
1
μ2λ3ðk1 þ q;k2 − qÞ: ð4:10Þ

Substituting the spinors in Eq. (4.5) this reduces to whether
the following equality is or is not satisfied:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ sk1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ sk1þq

q
δλ1μ1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − sk1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − sk1þq

q
× ðσ · k̂1σ · ðck1 þ qÞÞλ1μ1

¼ ðσ · k̂1Þs0
1
s1
ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ sk1
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ sk1þq

q
δs1λ1

þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − sk1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − sk1þq

q
ðσ · k̂1σ · ðck1 þ qÞÞÞ

s1λ1

× ðσ · ðck1 þ qÞÞλ1λ01 : ð4:11Þ

The equality does not generally hold and the two states
j1i, j2i are not degenerate if chiral symmetry is broken. But
high in the spectrum where the F wave functions have
support, sinϕðkÞ is effectively 0. Substituting sk ¼ 0 in
Eq. (4.11) and using σ · k̂σ · k̂ ¼ I, it is satisfied. We
tentatively conclude from this analysis that the Hamiltonian
in Eq. (4.1) makes the two states degenerate when
sinϕðkÞ → 0 (but see later in Sec. VII).
The degeneracy would clearly be absent if we employed

a chiral symmetry violating interaction with vertex UU ¼
U†γ0U instead of the vector-coupled quarks in Eq. (4.1). In
the Pauli-Dirac representation that we employ,

γ0 ¼
�
I 0

0 −I
�

ð4:12Þ

and hence
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ðσ · k̂1Þs1s01ðU†γ0UÞs0
1
λ1
ðσ · ðck1 þ qÞÞλ1λ01 → −ðU†γ0UÞs0

1
λ1

ð4:13Þ

when sinϕðkÞ → 0, and there is no degeneracy. This
demonstrates explicitly the cancellation in the chiral
symmetric case, and the lack of cancellation in the chiral
nonsymmetric case.
Beyond our simple model Hamiltonian, examination of

the exact QCD one formulated in Coulomb gauge [59,69]
immediately reveals that the differences lay in the gauge
part but not in the quark-spin structure, and though the mass
function sinϕðkÞ may be chosen to involve more compli-
cated correlations than the BCS ansatz, chiral symmetry
appears so far to be manifested in the Wigner mode high in
the spectrum.
To conclude this subsection, let us comment on the

additional known consequence of possible insensitivity to
chiral symmetry breaking in the high spectrum (a dynami-
cal effect due to hadrons decoupling from the condensed
fermions). This is that all resonances decouple from their
Nπ…π decay channels; they have to decay through
intermediate excited states (or if this is not possible, be
very narrow). That is, gN��N�π → 0 for all possible cou-
plings involving pions. This is easy to see in the BCS
approximation [23]: the coupling is proportional to a wave
function overlap, formally

gN��N�π ∝
Z

FN��
BN�FN�

Bπ sinϕðkÞ; ð4:14Þ

where the pion has been taken as an exact Goldstone boson
with wave function Fπ ∝ sinϕðkÞ and B are boost oper-
ators (as the outgoing wave functions correspond to
moving particles). Both the boost operators and the very
excited resonance wave function FN��

in Eq. (4.14) select
large values of the quark momentum k. This entails that
sinϕðkÞ → 0, and thus gN��N�π → 0 too.

V. VARIATIONAL WAVE FUNCTION BASIS

The three-fermion problem is a classic of quantum
mechanics (e.g., the triton nucleus), and extensive work
has been carried out in the quark model for baryons
[46–51,70]. We build on well-established results and put
together a practical package of wave functions that can also
be used in future applications. The construction of this basis
and its numeric implementation is by far the most time
consuming part of this project and we report it with some
detail for reproducibility.
We can divide the construction of the wave function

basis in several steps that are conceptually well separated
and given in the following subsections. In essence, we start
with the three-dimensional harmonic oscillator (HO) for the
intrinsic coordinates in momentum space, whose wave
functions we denote by ϕ. The spins need to be combined to

yield states labeled by the conserved J, mJ. Then we
antisymmetrize with respect to the three sets of quark
quantum numbers, to yield a new set of three-body wave
functionsΦ that are orthonormal and antisymmetric. This is
done with the help of the Moshinsky-Brody-Ribeiro-van
Beveren (MBRB) coefficients [71–75].

A. Momentum-space wave function
and Jacobi coordinates

As the first step, we employ a standard variational
approximation to the vacuum, the BCS state jΩi. A baryon,
in lowest order in the Fock-space expansion, is a three-
quark excitation thereof,

jBi ¼
X
c;s;f

YZ
d3pi

ð2πÞ3
ϵc1c2c3ffiffiffi

6
p Fs;f

B ðp1;p2;p3Þ

× B†
c1;s1;f1;p1

B†
c2;s2;f2;p2

B†
c3;s3;f3;p3

jΩi: ð5:1Þ

We could use one-particle Cartesian momenta p1 and p2,
while enforcing p3 ¼ −p1 − p2. However, the possibility
to use the algebraic MBRB coefficients that reduce the
basis wave function overlap without need for any numerical
integration prompted us to use the Jacobi coordinates.
These, however, are not the standard nonrelativistic Jacobi
coordinates that depend on the particle mass, since the
relativistic kinetic energy is not quadratic and does not
separate anyway. Because of symmetry considerations we
choose instead

0B@ pρ

pλ

pR

1CA ¼

0BBB@
1ffiffi
2

p − 1ffiffi
2

p 0

1ffiffi
6

p 1ffiffi
6

p − 2ffiffi
6

p

1ffiffi
3

p 1ffiffi
3

p 1ffiffi
3

p

1CCCA
0B@p1

p2

p3

1CA: ð5:2Þ

The color wave function ϵc1c2c3ffiffi
6

p is normalized to 1 taking
into account all possible contractions of the fields in the
hBjBi overlap. Since we construct F to be totally sym-
metric under exchange of any two quarks, we do not sum
over permutations of the B’s in the orthonormalization of
the basis (to avoid double-counting).
In terms of the Jacobi coordinates, and in the center of

mass PR ¼ 0 the wave function becomes

Fs;f
B ðp1;p2;p3Þ ¼ Fs;f

B ðpρ;pλÞ: ð5:3Þ

B. Single-particle harmonic oscillator wave functions

For atomic physics systems, or weakly bound systems
such as the deuteron, an adequate basis of functions is the
Laguerre polynomial basis, decaying at large distances
e−c r. For particles in a box the Bessel functions are maybe
optimal. In the present case of a linear confining potential, a
practical basis is the eigenbasis of the HO. This is because
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many analytical results exist to simplify intermediate
computations, and since the wave functions are confining,
variational convergence for the linear potential should be
straightforward. The more natural Airy basis (that diago-
nalizes the nonrelativistic Schrödinger equation with a
linear potential) loses its advantage for relativistic kinetic
energies, as necessary with a running mass function, and is
more cumbersome to use.
Working in momentum space, we Fourier transform the

HO functions, which depend on a parameter α with
dimensions of length that scale with the size of the
ground state. If we used only one or two basis elements, it
would have to be interpreted as a variational parameter to
be varied until a minimum was found. However, since we
use an extended basis and diagonalize the Hamiltonian in
it, α can be left fixed at any value (of course, an
unreasonable value thereof leads to very poor conver-
gence in the number of wave functions, so it is logical to
take it of the order of α≃ 1=ΛQCD). For each of the two
pρ, pλ, we have

φα
nlmðrÞ ¼ i2nþlφα

nlðrÞYlmðr̂Þ
¼ i2nþlα−3=2φnlðα−1rÞYlmðr̂Þ

F:T:
! φα

nlmðpÞ ¼ ð2παÞ3=2φnlðαpÞYlmðp̂Þ: ð5:4Þ

There being two independent three-dimensional
variables pρ, pλ, we take the product of two such HO
functions, so that the unsymmetrized basis diagonalizes
two independent harmonic oscillators. We take their two
constants αρ ¼ αλ ¼ α since this is useful to simplify the
symmetrization of the wave functions on the variational
basis. As just argued, the choice of α is only relevant for
convergence speed. Doing so, the wave function
space splits in shells of the sum of harmonic oscillators,
each shell being characterized by a shell-quantum
number

N ¼ ð2nρ þ lρ þ 2nλ þ lλÞ: ð5:5Þ

It is useful to note that all states in the same shell have the
same parity P ¼ ð−1ÞN ¼ ð−1Þlρþlλ. Therefore, to study a
baryon sector of given parity, only half the shells need to be
kept (the three-quark intrinsic parities being positive).
For even parity, a shell with quantum number N has

ðNþ2ÞðNþ3ÞðNþ4Þ
24

independent degenerate (for the HO) spin
multiplets of fixed nρ, nλ, lρ, lλ. Within each multiplet there
are eight states corresponding to the two possible values of
the spins s1, s2, s3.
For odd parity, the corresponding number of multiplets is

rather ðNþ1ÞðNþ3ÞðNþ5Þ
24

. Thus, if we variationally limit the
basis up to Nmax shells, the number of multiplets (hence
storage space in the computer, for example) grows asymp-
totically as N4

max.

Within a certain HO shell N, one can assign an in-shell
quantum number or index (e.g., l or k) to the different
combinations of ðnρ; nλ; lρ; lλÞ that make up N according to
Eq. (5.5). The one-to-one correspondence between the in-
shell index l and the set of orbital quantum numbers is
illustrated in Table I. Instead of writing the whole set of
orbital quantum numbers, it is easier to refer to an
ðN; lÞ-pair.

C. Spin coupling and spin index convention

The wave functions of the variational basis include
three 1=2-spins, and the two orbital angular momenta, to
yield the total angular momentum, recoupling with
the help of Clebsch-Gordan (CG) coefficients, for
which we use bra-ket notation hl1m1l2m2jlmli. (The
isospin coupling is barely discussed but to construct
I ¼ 1=2, 3=2 the procedure is the same, though simpler
because of the orbital angular momentum complica-
tion here.)

TABLE I. The in-shell index lwithin a certain oscillator shell N
corresponds to a set of orbital quantum numbers ðnρ; nλ; lρ; lλÞ as
illustrated. There are degeneracies, e.g., ð2lρ þ 1Þð2lλ þ 1Þ, that
lift in subsequent steps.

N l nρ nλ lρ lλ

0 0 0 0 0 0
1 0 0 0 0 1

1 0 0 1 0
2 0 0 0 0 2

1 0 0 1 1
2 0 0 2 0
3 0 1 0 0
4 1 0 0 0

3 0 0 0 0 3
1 0 0 1 2
2 0 0 2 1
3 0 0 3 0
4 0 1 0 1
5 0 1 1 0
6 1 0 0 1
7 1 0 1 0

4 0 0 0 0 4
1 0 0 1 3
2 0 0 2 2
3 0 0 3 1
4 0 0 4 0
5 0 1 0 2
6 0 1 1 1
7 0 1 2 0
8 0 2 0 0
9 1 0 0 2

10 1 0 1 1
11 1 0 2 0
12 1 1 0 0
13 2 0 0 0

� � � � � � � � � � � � � � � � � �
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The basis functions are made for a certain total spin J
and spin projection MJ. The basis is cut at a certain
maximum value for the harmonic oscillator shell-quantum
number Nmax. Ideally one would take the limit Nmax → ∞
to make the variational treatment arbitrarily accurate, but
this is not possible with finite computer power. In practice
we have been able to reach Nmax ¼ 12 or less.
The starting set of basis functions with spin is simply

chosen to be factorized,

Bα
N;l;mρ;mλ;Ri

ðpρ;pλ; SiÞ
¼ φα

nN;l
ρ ;lN;l

ρ ;mρ
ðpρÞφα

nN;l
λ ;lN;l

λ ;mλ
ðpλÞχRi

ðSiÞ: ð5:6Þ

Here, the φ-functions are the harmonic oscillator wave
functions from Eq. (5.4). The spin-dependent part of the
basis function, χRi

ðSiÞ, is basically a Kronecker-delta δRiSi .
The spin indices Ri and Si are a shorthand notation for the
three uncoupled quark spins according to Table II.
The set of basis functions (5.6) is to be recoupled to

total J and projection MJ. This is accomplished by
constructing an array ϕ of coefficients that consist of a
sum of products of Clebsch-Gordan coefficients that
couple the quark spins and orbital quantum numbers to
a fixed ðJ;MJÞ. This changes the set of uncoupled
quantum numbers,

nN;l
ρ ; lN;l

ρ ; mρ; n
N;l
λ ; lN;l

λ ; mλ; S1; s1; S2; s2; S3; s3; ð5:7Þ

by the set of coupled quantum numbers,

nN;l
ρ ; lN;l

ρ ; nN;l
λ ; lN;l

λ ; LN; S1; S2; S3; S; S12; J;MJ: ð5:8Þ

The barred ordering scheme for the coupled orbital
quantum numbers is illustrated in Table III, and we use
a bar to distinguish the indices specific to the coupled
basis. The barred ordering scheme for the coupled spin
quantum numbers is given in Table IV.

TABLE II. Labeling of the three uncoupled quark spins
ðs1; s2; s3Þ with a spin index Si for indexation in the computer.

Si s1 s2 s3

0 ↑ ↑ ↑
1 ↑ ↑ ↓
2 ↑ ↓ ↑
3 ↑ ↓ ↓
4 ↓ ↑ ↑
5 ↓ ↑ ↓
6 ↓ ↓ ↑
7 ↓ ↓ ↓

TABLE III. The barred shell number N with its barred in-shell
index l̄ corresponds to a set of orbital quantum numbers
ðL; nρ; nλ; lρ; lλÞ as illustrated. The unbarred shell number and
in-shell index corresponding to the same set of orbital quantum
numbers are also given. We remark that whenever an unbarred set
ðN; lÞ appears more than once in the last two columns, this means
that the Clebsch-Gordan coefficients corresponding to
hLlρlλMLjlρlλmρmλi are different from 1.

N L l̄ nρ nλ lρ lλ N l

0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 1 1 0

1 0 0 1 0 1
2 0 0 0 0 1 1 2 1

1 0 1 0 0 3
2 1 0 0 0 4

3 1 0 0 0 1 1 2 1
4 2 0 0 0 0 2 2 0

2 1 0 0 1 1 1
2 2 0 0 2 0 2

5 1 0 0 0 1 2 3 1
1 0 0 2 1 2
2 0 1 0 1 4
3 0 1 1 0 5
4 1 0 0 1 6
5 1 0 1 0 7

6 2 0 0 0 1 2 3 1
1 0 0 2 1 2

7 3 0 0 0 0 3 3 0
1 0 0 1 2 1
2 0 0 2 1 2
3 0 0 3 0 3

8 0 0 0 0 2 2 4 2
1 0 1 1 1 6
2 1 0 1 1 10
3 0 2 0 0 8
4 1 1 0 0 12
5 2 0 0 0 13

9 1 0 0 0 2 2 4 2
� � � � � � � � � � � � � � � � � � � � � � � � � � �

TABLE IV. This defines the one-to-one correspondence be-
tween the barred spin index S̄i for the computer code and the three
coupled quark spin quantum numbers ðS;MS; S12Þ.
S̄i S S12 MS

0 1=2 0 −1=2
1 1=2 0 þ1=2
2 1=2 1 −1=2
3 1=2 1 þ1=2
4 3=2 1 −3=2
5 3=2 1 −1=2
6 3=2 1 þ1=2
7 3=2 1 þ3=2
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The basis functions of fixed ðJ;MJÞ are given by

ϕðJ;MJÞ;N;l;Riðpρ;pλ; SiÞ ¼
XlN;l
ρ

mρ¼−lN;l
ρ

XlN;l
λ

mλ¼−lN;l
λ

X7
Ri¼0

ϕðJ;MJÞ½N�½l�½Ri�
½mρ�½mλ�½Ri� Bα

NN;lN;l;mρ;mλ;Ri

ðpρ;pλ; SiÞ; ð5:9Þ

where the array ϕ of coefficients is in turn

ϕðJ;MJÞ½N�½l�½Ri�
½mρ�½mλ�½Ri� ¼

XSRi
MS¼−SRi

XLN

ML¼−LN

XSRi12
MS12

¼−SRi
12

hlN;l
ρ mρl

N;l
λ mλjLNMLihLNMLSRiMSjJMJi

×
�
1

2
sRi
1

1

2
sRi
2 jSRi

12MS12

	�
SRi
12MS12

1

2
sRi
3 jSRiMS

	
: ð5:10Þ

The distinction between upper and lower indices in ϕ in
Eq. (5.10) is generically useful when handling arrays of
such indices related to basis functions. The upper indices
ðN; l; RiÞ are not summed over in order to evaluate a (basis)
function; they are tags. Then the lower ones, such as
ðmρ; mλ; RiÞ, are summed over.
In the end, these coefficients ϕ describe a unitary

transformation between the uncoupled and the
coupled basis.

D. Wave function symmetry

We need to have a symmetrized momentum-spin-isospin
wave function since fermion antisymmetrization is taken
care of by the color degree of freedom. Away to formulate
symmetry is by enforcing that the functions of the basis be
eigenfunctions of the exchange operators, P12, P13, P23,
P123, and P132.
All of these exchange operators can be written as

functions of P12 and P23,

P123 ¼ P23P12;

P132 ¼ P12P23;

P13 ¼ P12P23P12; ð5:11Þ

so that if a state is an even eigenstate of both P12 and P23, it
is automatically symmetric for any permutation of three
quarks (antisymmetric when accounting for color). So, we
only need to consider the effect of these two operators on
the basis. Our strategy is then to obtain the eigenfunctions
of these symmetry operators.
The fixed-ðJ;MJÞ basis defined in Eqs. (5.6) and (5.10)

is still unsymmetrized, so the individual functions are not
necessarily eigenfunctions of the operators Pij and they are
recombined.
But notice that since that is an eigenbasis of the harmonic

oscillator, and the Pij commute with that Hamiltonian, as
also with the total spin and orbital angular momentum, the
symmetrizer does mix certain quantum numbers, and, in

particular, only states within the same shell N are
combined.
Thus, symmetrization only needs to mix wave functions

within a HO shell of fixed N ¼ ð2nρ þ lρ þ 2nλ þ lλÞ, L
(and thus N that only depends on these two is not mixed
either in the symmetrization/orthonormalization process)
and S, J, mJ. The next step in our computer treatment is
then to construct orthonormal sets of basis functions for
each HO shell N, spin J, and a certain spin projection MJ.
In summary, we seek within each shell the eigenfunc-

tions Φ of P12 and P23 for which

P12Φ ¼ P23Φ ¼ Φ: ð5:12Þ

Since Pij are Hermitian, the basis so generated is auto-
matically orthogonal.
The action of the symmetrizers on the spin and flavor

indices amounts to a simple exchange. As for the momenta,
we need the representation of the permutation group on the
Jacobi coordinates. Let�

p0
ρ

p0
λ

�
¼ Pσ

�
pρ

pλ

�
ð5:13Þ

then

I ¼
�
1 0

0 1

�
P12 ¼

�−1 0

0 1

�
P23 ¼

�
1=2

ffiffiffi
3

p
=2ffiffiffi

3
p

=2 −1=2
�

ð5:14Þ

that have simple interpretations in the ðρ; λÞ-plane as a
reflection and a 60° rotation. Other Pσ can be constructed
from these matrices to complete the permutation group, but
this is not necessary.
Now, since our functions ϕ are by construction eigen-

functions of S12 and I12 and lρ is fixed, they are already
eigenstates of P12 without further work,
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P12ϕ ¼ ð−1ÞlρþS12þI12ϕ ¼ �ϕ; ð5:15Þ

and the only task is to discard those that are antisymmetric,
P12ϕ ¼ −ϕ, from further consideration, which requires
minimum bookkeeping. This yields a new basis of func-
tions ϕi

0 similar to the initial one but with P12 antisym-
metric elements filtered out.
In this new basis, we construct the matrix with elements

Πij ¼ hϕi
0jP23jϕj

0i ð5:16Þ

and diagonalize it,

Πijckj ¼ λkckj : ð5:17Þ

Only the eigenstates with λk ¼ 1 are physically relevant;
the others should be ignored. The new basis is given by

Φi ¼
X
j

cijϕ
0
j: ð5:18Þ

The matrix elements of Π can be analytically calculated
with the help of the Moshinsky-Beveren-Ribeiro coeffi-
cients, but this last tedious evaluation is detailed in the
appendix.
The resulting final basis satisfies all necessary properties

(good J, MJ, symmetry, and orthonormalization) and is
represented on the computer in terms of the factorized HO-
spin wave functions. The coefficients of expansion must be
analogous to the fractional parentage coefficients used in
nuclear structure calculations, but we have not followed the
analogy.

E. Control of the numerical precision

Because we are aiming at small mass splittings within
chiral multiplets, we need to decrease as much as possible
the numerical errors in diagonalizing our Hamiltonian.
There are two difficult numerical errors to control. The

first is the convergence of the nine-dimensional integrals to
compute each matrix element of the potential in Eq. (4.5).
The second is the truncation of the wave function basis
composed of a three-dimensional harmonic oscillator basis
per Jacobi coordinate. Once this is achieved, the
Hamiltonian is a matrix of the order of 103 × 103, and
its diagonalization is standard.
The complexity of our numerical task, starting from the

construction of a wave function basis with the correct
symmetry, led us to develop a full C++ project, developing
parallel codes for CPU clusters.
In what concerns the numerical integration, though we

need up to nine-dimensional integrations, our past expe-
rience [1] suggests that Monte Carlo integration is less
accurate than we need, since in Ref. [1] we were able to
achieve only a precision of Oð100Þ MeV.

Therefore, we have settled for numerical Gaussian inte-
gration. We have nine-dimensional momenta integrals, with
three radial-like integrals and six angular integrals. For the
radial integrals we perform the change of variable for the q
coordinate and use Gauss-Chebyshev quadrature; for pρ and
pλ, we use Gauss-Laguerre integration, all with up to 12
points. For the angular integrals, we group them in three two-
dimensional solid angle integrals, and use Lebedev integra-
tion with up to 74 points. This part was made by translating
the code from [76] to modern C++. In total, per matrix
element in our variational basis, we have up to 700 million
integration points. Thus, we reduce the numerical integration
error down to a negligible Oð2Þ MeV.
Once the numerical integration error is under control, the

most important source of uncertainty in this computation is
the need to truncate at a finite shell numberN. As discussed
below Eq. (5.5), the total number of basis states grows with
N4

max, and the number of matrix elements of H to be
computed with the square of that. Thus, we have limited
Nmax ¼ 10 or 11, depending on JP, for most computations
with the exception of J ¼ 13=2 where we find it necessary
to go up to 12.
No further effort in this direction is possible for us, as the

final runs for the present computations, in PC clusters with
48 cores, lasted for six months.
Since we are limited in the maximum number of

harmonic oscillator shells Nmax, we adopt the extrapolation
of our results to Nmax, corresponding in a sense to the
extrapolation to the infinite volume limit of lattice QCD.
Notice that the space extent of the harmonic oscillator
functions scales like hr2i ∝ Nmax; thus, the volume scales
like Nmax

3=2. Since there is no theoretical reason to believe
that there is no term with 1=Nmax dependence, and since
this dependence is apparently followed by the four highest
shells we compute, we have used this last extrapolation for
our results to follow.
To quantify the uncertainty of the neglected upper shells

we have looked at three errors. The first is the simple
difference of the last computed shells, for example,
EðNmax ¼ 10Þ − EðNmax ¼ 8Þ. Second, we extrapolate to
Nmax → ∞ by means of EðNmaxÞ ¼ E∞ þ δ

N2
max
, and finally

by means of EðNmaxÞ ¼ E∞ þ δ
Nmax

. We have tabulated and
inspected all three for comparison.
Figure 4 shows an example with the direct computations

for different Nmax, and both extrapolations, in this case for
the J ¼ 3=2 family of Δ baryons. The agreement is
satisfactory, and the remaining difference with the
experimental point must be ascribed to the model
Hamiltonian.
In comparing with other works, we have noted that our

preferred extrapolation to large shell number, E∞ þ δ
Nmax

,
converges more slowly than the exponential one proposed
for conventional three-body nuclear calculations in [77].
We take the regression error in the fit as the extrapolation
uncertainty.
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Proceeding beyond the absolute mass values, we next
look at the parity splittings. One can adopt two extrapo-
lation strategies: to take the difference of the extrapolations
in the earlier step, or to extrapolate the difference of the
computed mass values. While we choose the latter option
for subsequent plots, both methods are compared in Fig. 5
and we have tabulated them for all computations as an
additional check.
Once we are convinced that we understand the uncer-

tainty in our mass computations, adding the numerical
integration error to the extrapolation error, we proceed to
report the outcome of the mass splittings in the proposed
chiral multiplets.

VI. NUMERICAL RESULTS

We now proceed to systematically examine our numeri-
cal results for the parity splittings Mþ −M− for increasing
energy in the baryon spectrum.
We first compare our spectra with the experimental ones.

In Fig. 6 we compare our results with the experimental Δ�

spectrum, and in Fig. 7 we compare our results with the
experimental N� spectrum, as a function of the total angular
momentum J. For clarity, we only show the ground states
for each J and parity P.
Notice that our model has only one parameter in the

interaction, the string tension σ. In this sense it is compa-
rable to lattice QCD; although it has no dimensional
parameter in the Lagrangian, upon quantization a scale
appears and lattice QCD gets a dimensional scale, for
instance the string tension. Quantitatively, our one-
parameter model is not able to get the exact hyperfine
splittings of the spectrum, but qualitatively our spectrum,
adjusted to have a similar Regge slope, has a good mass
splitting between the Δþ and the Δ− and follows the same
general trend of the experimental data.
We also illustrate the mass of the first ten radial

excitations of a given state, the Δ with I ¼ 3=2 and J ¼
3=2 in Fig. 8. In the case of radial excitations, fewer
experimental excitations are known, and we only plot the
results of our model.
Figures 6–8 illustrate the results we are able to compute

in our model. For the first time, we are able to compute the
theoretical baryon spectrum in a framework with chiral
symmetry, with more states than the experimental data.

0 2 4 6 8 10

1200

1240

1280

1320

Computed MΔ
Extrapolated with 1/N

max

Extrapolated with 1/N
2

max
Physical MΔ

∞
N

max

M
 (

M
eV

)

FIG. 4. Black empty circles: computed MΔ for each Nmax
maximum shell number as shown, with the error bar representing
the numerical integration error. Filled symbols with error bars:
extrapolations to Nmax ¼ ∞. The error bars now include the
extrapolation error. Star: physical mass at 1232 MeV.

-1
00

0
10

0
20

0
30

0

Computed Nmax=11 or 12
Diff. of extrapolations with 1/Nmax
Extrapolated diff. with 1/N

max

Diff. of extrapolations with 1/Nmax
2

Extrapolated diff. with 1/Nmax
2

1/2 3/2 5/2 7/2 9/2 11/2 13/2
J

M
--M

+
 (

M
eV

)

FIG. 5. Comparison of the five methods of estimating the
splitting from the variationally truncated Hamiltonian matrix
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A. Parity splittings for the Δ, I = 3=2 case

We first study in detail the Δ, I ¼ 3=2 spectrum. This
case has the simpler symmetry; because color is antisym-
metric and isospin is symmetric, the space × spin is
symmetric.

1. Splitting of the radial Δ excitations

Let us concentrate first on a fixed channel, conveniently
chosen to be the I ¼ J ¼ 3=2Δ one.
To assess this, we plot the actual mass of the first ten

states with positive parity and also that for the negative
parity ones in Fig. 8.
Then one can compare any given state not only with the

opposite parity one of the same n but also with the
neighboring ones n� 1, for example. Our results for
the parity splittings are shown in Fig. 9. The top plot

shows the sequence jMðnÞ
þ −MðnÞ

− j against the excitation
number n, while the top plot uses the mass of the positive
parity partner as the OX axis. There is a visible anticorre-
lation between the mass of the excited baryon and the parity
splitting, but not a discernible power-law fall. But we
should not take for granted that, say, the seventh positive
parity baryon needs to match the seventh negative parity
one (which is what is plotted). It might well be that there is
an unequal number of different parity states in the lower
spectrum and that they start partnering up only at quite high
masses.
There is one way that, within the model calculation, we

could enforce the partnering of the states, by employing the
quartet states in Eq. (2.8). For example, we could compute
the positive parity states up to a given shell and then apply
to it the chiral charge Q5 as needed to construct its chiral
partner. This is man and computing power intensive
(because part of the wave function corresponding to the
upper shells is out of the truncated variational space) so we
have not pursued it further.
Also, it becomes a purely theoretical exercise, as experi-

ment does not have such a handle and is limited to

analyzing its results as in Fig. 8, by giving the sequence
of increasing masses for a given channel. Moreover,
because the experimental states are broad and overlapping,
it is unclear whether any excitations beyond the third or
fourth are achievable. In all, we find that the most
promising alley of experimental investigation is studying
increasing angular momentum, and now we turn our
attention to it.

2. Parity splittings in angular Δ excitations

We show our results for the splittings for the highly
angular excited Δ baryons in Fig. 10. We remark that the Δ
parity splittings show a decreasing trend for high J, but not
in a monotonous manner. The decrease is clear for the
subspectrum even in J − 3=2, but for the odd J − 3=2
subspectrum we cannot exclude the splitting converging to
a finite limit.
Moreover, we compare, in Fig. 11, the model calculation

for these Δ splittings with those obtained with the same
code but fixing the quark mass by hand to
M ¼ Mð0Þ ¼ constant. This allows one to estimate the
effect of the running mass in the spectrum, as discussed in
Sec. II B. Moreover, this spoils the Ward identity linking
the quark propagator and the pion wave function, and the
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FIG. 8. Mass of the first ten radial excited states for the I ¼
J ¼ 3=2Δ with positive and negative parity, extrapolated from
numerical data with up to Nmax ¼ 10.
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chiral charge is no longer even approximately conserved. In
consequence one expects the splittings in this second
calculation to lie above those in the chiral computation.
Indeed, for J ¼ 3=2, 5=2, 7=2, and 11=2 our appreciation is
correct and the parity splitting falls faster within the Cornell
model with running quark mass than in the constituentlike
quark model with fixed mass.
And again, interestingly, for J ¼ 9=2 the a priori

expected respective sizes are exchanged.

B. Parity splittings in the possible Δ Yrast-Yrare
quadruplet

We also study the splittings in the possible chiral
quadruplet including the ground state Yrast n ¼ 0 and
the first radial excitation Yrare n ¼ 1 of the ΔI ¼ 3=2 as a
function of J. We compute the splittings up to J ¼ 13=2, as
shown in Fig. 12. All states have been computed for
different numbers of shells and the splittings extrapolated
with 1=Nmax. In Ref. [6] we discussed the possible
subdivision of the quadruplet in two doublets, after
diagonalizing Eq. (2.8). Again, this doubling seems to
be setting in for J − 3=2 even, not but for J − 3=2 odd.

C. Parity splittings in the possible Δ − N quaduplet

Figure 13 shows the resulting parity splittings for the
quadruplet including both I ¼ 3=2Δ and I ¼ 1=2 N
baryons with P ¼ �1, as a function of angular momentum
J. This is the central outcome of our work.
Again, we observe in our results some level of even-odd

staggering. The even J − 3=2 Yrast nucleon (correspond-
ing to 3=2, 7=2, and 11=2) parity splittings decrease very
satisfactorily within the quadruplet, and show both the
parity and isospin degeneracy expected from insensitivity
to chiral symmetry breaking in the high spectrum.
However, in the odd J − 3=2 Yrast nucleon (corresponding
to J ¼ 1=2, 5=2, 9=2, and 13=2) the splittings apparently
do not converge to 0 for infinitely large J.

D. Quark momentum distributions

Since the key to dropping parity splittings is in the quark
running mass and in the quark momentum distribution, we
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FIG. 10. Parity splittings for Δ I ¼ 3=2 baryons, as a function
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now analyze them in detail. In Fig. 14 we examine the
average momentum hki for a quark in each of the states.
The average momentum clearly does increase with J. This
confirms our use of the virial theorem.
Then this has to be compared to the decrease in the quark

mass for that average momentum. Figure 15 shows
mðhkiÞ=hki for the same states. Since the quark mass in
this γ0γ0 model is rather small, we have preferred to divide
by the same quantity for the lightest state of each isospin-
parity combination, so that we only plot the drop relative to
that reference point. Clearly, the average of the quark mass
decreases with momentum, as we anticipated in our
theorem.
Then, for more detail, a different important vista is

shown in Fig. 16. The squared wave function in arbitrary
units is shown for most of the Δ states discussed in this
work. The top plot displays jΨj2 in linear scale, the bottom
one in logarithmic scale, for best visibility.
It is clearly seen that increasing the angular momentum

quantum number J pushes the linear momentum distribu-
tion to higher values (towards the right of the plots).

There are three states that deserve special mention by
their behavior at low momentum. The top line there
(corresponding to the ground state 3=2þ baryons) is much
more peaked at low momentum than the others. But there
are three other states, with JP ¼ 5=2−, JP ¼ 9=2−, and
JP ¼ 13=2−, that distinguish themselves by having vanish-
ing wave function for zero average quark momentum.
The reason for this behavior is found examining the wave

function basis, and is due to specific quantum number
combinatorics. One finds that only in these three cases do
we not have a lλ ¼ 0 function on the lowest shell. This
means that their splittings to the (differently behaved)
positive parity states are larger than otherwise expected,
as can be seen in Fig. 11 below. Notice that we would
expect, with high J, that this component with lλ ¼ 0 and
with ρðkÞ ¼ 0 should eventually vanish for all states. Thus,
the states JP ¼ 5=2−, JP ¼ 9=2−, and JP ¼ 13=2− are the
ones with the expected behavior.
We can gain even more insight from the further pρ–pλ

plane density plots in Fig. 17. For both spins and both
parities we see that there are two areas of larger density, one
with jpρj > jpλj and another with jpλj > jpρj. There is a
difference, though, distinguishing states with J − 3=2 odd
from states with J − 3=2 even. As representative of the
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FIG. 17. Momenta density distributions of the Yrast light baryons: from left to right, Nþ, N−, Δþ, and Δ− and from top to bottom,
J ¼ 3=2 to J ¼ 13=2. Starting from J ¼ 7=2, there is a clear general trend as a function of J, with the increase of pλ, except for theΔ− at
J ¼ 9=2 and J ¼ 13=2, which follow a different behavior, with the increase of pρ.
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second class of states we have spin J ¼ 11=2 (Fig. 17), and
similarly spin 7=2: the two regions in the pρ–pλ plane are
asymmetrically populated, but this asymmetry seems to be
equal for both parities. In both it is more likely to have jpλj
larger than jpρj. On the contrary, for spin J ¼ 9=2 (Fig. 17)
and also for 13=2 we find that the asymmetry in the
population of the two regions is not equal for positive and
negative parity: in the first case, jpλj is larger, whereas in
the second one, jpρj is larger.

VII. DISCUSSION

We develop numerical techniques to compute with high
precision, for the first time in the framework of chiral
invariant quark models, the excited light baryon spectra.
We analyze in detail the possible parity doublets both in
radial and angular states, both for the Δ I ¼ 3=2 and
nucleon I ¼ 1=2 isospins. While we were not expecting
parity doublets in the radial excited spectrum, the setting of
parity quadruplets was previously conjectured for high J.
Notice that for static-light and light-light mesons parity
doublets have already been clearly demonstrated in the
framework used here.
However, we find an interesting and puzzling result: the

spectrum of high J Yrast baryons is not as simple as
anticipated, because we have two independent Jacobi
coordinates, in momentum space pρ and pλ. This is
scrutinized in Sec. VI D, clearly seen in Fig. 17, where
we show the density plots for the momenta density
distributions of the Yrast light baryons: from left
to right Nþ, N−, Δþ, and Δ−, and from top to bottom
J ¼ 3=2 to J ¼ 13=2. To summarize our analysis of the
puzzle

(i) It appears that the wave functions are in general
concentrated in the same region of the ðpρ; pλÞ plane
(with a corresponding approximate degeneracy in
the spectrum) except for the Δ− at J ¼ 9=2 and
J ¼ 13=2, which follow a different behavior. The
general trend, as a function of J, is the increase of

pλ, except for the Δ− at J ¼ 9=2 and J ¼ 13=2
where it is pρ who increases.

(ii) Moreover, most wave functions, except for the Δ− at
J ¼ 9=2 and J ¼ 13=2, maintain a small but non-
vanishing component at p ∼ 0.

A further hint in this direction is presented in Table V.
There we have extracted the percentage of various Russell-
Saunders coupling ðL; SÞ wave function for each of the
variationally computed states, to a precision of 4%. The
effect is clearest for the Δ baryons that are flavor
symmetric, so there is less entanglement. Looking at
Δð7=2Þ and Δð11=2Þ with both parities, we see that
the chiral partner wave functions are stepping in L and
S: the two percentage distributions are consistent with
ðL; SÞ → ðL − 1; Sþ 1Þ as befits the spin-orbit coupling
chiral charge. However, if one focuses instead on Δð9=2Þ
and Δð13=2Þ, one sees that there is no simple relation
among the wave functions of the would-be parity
partners.
Nevertheless, having an exchange in the role of the

variables ðpρ; pλÞ or having a nonvanishing density at p ∼
0 is, in principle, possible in baryons, even though the wave
function in isospin × spin × space=momentum is symmet-
ric. Clearly, this is possible only in baryons; it certainly
does not occur when there is only one Jacobi coordinate as
in mesons. Thus, our unexpected result makes the nucleon
and Δ spectra particularly special within the different
hadron spectra.
We now discuss some challenges that should affect any

future investigations. First, it is clear that three-quark
configurations are only part of the wave function compo-
nent of excited hadrons, and cannot be trusted through the
entire baryon spectrum. Pentaquark correlations are pos-
sibly too massive (as no light-quark pentaquark candidate
has been shown to be solid), but because Goldstone
bosons avoid the mass gap, dynamically generated
meson-baryon resonances do seem to play a role in the

TABLE V. Angular momentum ðL; SÞ composition extracted from the variational computation, in percentage [e.g., 47ð2; 3=2Þ means
that 47% of that state’s wave function has L ¼ 2, S ¼ 3=2]. Fractions smaller than 4% are omitted.

J ð1
2
Þþ ð1

2
Þ− ð3

2
Þþ ð3

2
Þ−

1=2 100ð0; 1=2Þ 78ð1; 3=2Þ 22ð1; 1=2Þ 97ð2; 3=2Þ 97ð1; 1=2Þ
3=2 42ð2; 3=2Þ 38ð2; 1=2Þ 16ð1; 1=2Þ 69ð1; 3=2Þ 31ð1; 1=2Þ 99ð0; 3=2Þ 97ð1; 1=2Þ
5=2 52ð2; 1=2Þ 47ð2; 3=2Þ 98ð1; 3=2Þ 71ð2; 3=2Þ 29ð2; 1=2Þ 83ð3; 3=2Þ 13ð2; 1=2Þ
7=2 71ð2; 3=2Þ 16ð4; 1=2Þ 10ð4; 3=2Þ 60ð3; 3=2Þ 38ð3; 1=2Þ 98ð2; 3=2Þ 93ð3; 1=2Þ 6ð3; 3=2Þ
9=2 62ð4; 1=2Þ 36ð4; 3=2Þ 97ð3; 3=2Þ 70ð4; 3=2Þ 29ð4; 1=2Þ 72ð5; 3=2Þ 12ð3; 3=2Þ 10ð4; 1=2Þ
11=2 49ð4; 3=2Þ 30ð6; 1=2Þ 18ð6; 3=2Þ 59ð5; 3=2Þ 39ð5; 1=2Þ 98ð4; 3=2Þ 96ð5; 1=2Þ
13=2 64ð6; 1=2Þ 34ð6; 3=2Þ 80ð5; 3=2Þ 9ð7; 3=2Þ 8ð7; 1=2Þ 71ð6; 3=2Þ 29ð6; 1=2Þ 93ð5; 3=2Þ 4ð7; 3=2Þ
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spectrum, with the Roper being a genuine example. If
momentum is distributed among more than three quarks,
the typical quark momentum is lower than shown in
Fig. (16). Thus, chiral symmetry is closer to the Goldstone
mode for those states.
It is then questionable whether an even more intensive

computational effort than that presented here will be
useful to further understand the symmetries of light-quark
baryons in generic excitations, unless meson-baryon
channels are coupled. That is why we have put the focus
on splittings for the lightest states in each angular
momentum channel. One expects these Yrast states to
have a sizeable qqq component as the short-range chiral
interactions (akin to Yukawa potentials) cannot compen-
sate large centrifugal barriers.
Then, it appears interesting to study even higher J to

clarify the trends in the spectrum. It will also be interesting
to develop other chiral invariant quark models, possibly
using Coulomb gauge with a lesser degree of truncation or
using a Cornell-like potential [32–34,78], to put model
uncertainties in check.
With our results at hand, the baryon spectrum is less

promising than the meson spectrum for studying chiral
symmetry in the Wigner mode and for extracting the quark
mass running in the transition between Goldstone and
Wigner modes; theory is needed to guide experiment in the
selection of quantum numbers. We propose to look at the
sequence of even J − 3=2 of baryon spins 3=2, 7=2, 11=2
and give up on 5=2, 9=2, 13=2; nevertheless, model
dependence remains to be addressed and additional work
appears necessary.
A further prediction of the possible Wigner-Weyl reali-

zation of chiral symmetry in the high spectrum is that,
because the second term in Eq. (2.7) is small, the pion
decouples from the baryon, so that processes such as N� →
Nπ become rarer. However, in view of our mass spectra, in-
depth study of this phenomenon is also better deferred to
future work.
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APPENDIX: ANALYTICAL COMPUTATION
OF EXCHANGE-OPERATOR

MATRIX ELEMENTS

We have relegated to this appendix the analytical
evaluation of the P23 operator in Eq. (5.15) within states
of the unsymmetrized basis. These are given by

jϕki ¼ jII12JMLSS12nρlρnλnλi
¼ jII12ihJMjLMlSMsijSMsS12i
× hLMljlρmρlλmλijnρlρmρijnλlλmλi ðA1Þ

and so the matrix elements are

hϕkjP23jϕk0 i ¼ hII12jP23jII120ihSS12jP23jSS120i
× hlρmρlλmλjLMlihLMljl0ρm0

ρl0λm
0
λi

× hnρlρmρnλlλmλjP23jn0ρl0ρm0
ρn0λl

0
λm

0
λi:

ðA2Þ
1. Momentum-modulus dependent part

The effect of exchange operators on the momentum,
spin, and flavor parts of the unsymmetrized basis wave
functions can be separately calculated because of the
factorization in Eq. (A2). The momentum-modulus depen-
dent bra-ket, the last term in Eq. (A2), is a known exchange
matrix because of the Gaussian times polynomial structure
of the HO basis,

hnρlρmρnλlλmλjP23jn0ρl0ρm0
ρn0λl

0
λm

0
λi ¼ D

½N�½l�½mρ�½mλ�
½l0�½m0

ρ�½m0
λ�½σ�: ðA3Þ

Indeed, the D numbers are the MBRB coefficients for the
specific case of transforming a product of two harmonic
oscillator wave functions. The coefficients are needed when
expressing the product of harmonic oscillator wave func-
tions within a shell N, with quantum numbers

nN;l
ρ lN;l

ρ mρ

nN;l
λ lN;l

λ mλ

�
, and with permuted variables, as a linear

combination of products of harmonic oscillator wave

functions with quantum numbers



nN;l0
ρ lN;l0

ρ m0
ρ

nN;l0
λ lN;l0

λ m0
λ

�
and with

the original variables. An explicit expression for the D
coefficients is given by (we drop the index N for the orbital
quantum numbers)
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D
½N�½l�½mρ�½mλ�
½l0�½m0

ρ�½m0
λ�½σ� ¼ δð2nlρ þ llρ þ 2nlλ þ llλ; 2n

l0
ρ þ ll

0
ρ þ 2nl

0
λ þ ll

0
λ Þ

π

4
ð−1Þnl0ρþnl

0
λ þnlρþnlλ

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nl

0
ρ !nl

0
λ !n

l
ρ!nlλ!Γðnl

0
ρ þ ll

0
ρ þ 3=2ÞΓðnl0λ þ ll

0
λ þ 3=2ÞΓðnlρ þ llρ þ 3=2ÞΓðnlλ þ llλ þ 3=2Þ

ð2ll0ρ þ 1Þð2ll0λ þ 1Þð2llρ þ 1Þð2llλ þ 1Þ

s

×
X
nρρ

X
nρλ

X
nλρ

X
nλλ

X
lρρ

Xlρρ
mρρ¼−lρρ

Xlρλ
mρλ¼−lρλ

Xlλρ
mλρ¼−lλρ

Xlλλ
mλλ¼−lλλ

hlρρmρρlρλmρλjll0ρm0
ρihlρρ0lρλ0jll0ρ0i

× hlλρmλρlλλmλλjll0λm0
λihlλρ0lλλ0jll

0
λ0ihlρρmρρlλρmλρjllρmρihlρρ0lλρ0jllρ0ihlρλmρλlλλmλλjllλmλihlρλ0lλλ0jllλ0i

×
ðPρρ

σ Þ2nρρþlρρðPρλ
σ Þ2nρλþlρλðPλρ

σ Þ2nλρþlλρðPλλ
σ Þ2nλλþlλλð2lρρ þ 1Þð2lρλ þ 1Þð2lλρ þ 1Þð2lλλ þ 1Þ

nρρ!nρλ!nλρ!nλλ!Γðnρρ þ lρρ þ 3=2ÞΓðnρλ þ lρλ þ 3=2ÞΓðnλρ þ lλρ þ 3=2ÞΓðnλλ þ lλλ þ 3=2Þ : ðA4Þ

Such an expression deserves quite some explanation.
First, the Kronecker δ ensures that the harmonic oscillator
shell number N remains the same and that there is no
mixing between HO-wave functions of different HO
shells. The n’s, l’s, and m’s with a single ρ=λ subscript
are orbital quantum numbers that are not summed over
(¼ external quantum numbers), but are indices to the D
coefficient. The n’s, l’s, andm’s with a double ρ=λ subscript
are summed over for every D coefficient. The values that
these indices may take depend on the external quantum
numbers. More specifically, the following conditions need
to be fulfilled:

2nρρ þ lρρ þ 2nρλ þ lρλ ¼ 2nl
0
ρ þ ll

0
ρ ; ðA5aÞ

2nλρ þ lλρ þ 2nλλ þ lλλ ¼ 2nl
0
λ þ ll

0
λ ; ðA5bÞ

2nρρ þ lρρ þ 2nλρ þ lλρ ¼ 2nlρ þ llρ; ðA5cÞ

2nρλ þ lρλ þ 2nλλ þ lλλ ¼ 2nlλ þ llλ: ðA5dÞ

These conditions give rise to the δ-function in Eq. (A4) and
fix the values of lρλ, lλρ, and lλλ. Moreover, they also
determine the maximum value of the internal n-quantum
numbers and of lρρ,

nρρ∶ 0 → Min

�
2nl

0
ρ þ ll

0
ρ

2
;
2nlρ þ llρ

2

�
; ðA6aÞ

nρλ∶ 0 → Min

�
2nl

0
ρ þ ll

0
ρ

2
;
2nlλ þ llλ

2

�
; ðA6bÞ

nλρ∶ 0 → Min

�
2nl

0
λ þ ll

0
λ

2
;
2nlρ þ llρ

2

�
; ðA6cÞ

nλλ∶0 → Min

�
2nl

0
λ þ ll

0
λ

2
;
2nlλ þ llλ

2

�
; ðA6dÞ

lρρ∶ 0 → Minð2nl0ρ þ ll
0
ρ ; 2nlρ þ llρÞ; ðA6eÞ

lρλ ¼ 2nl
0
ρ þ ll

0
ρ − 2nρρ − 2nρλ − lρρ; ðA6fÞ

lλρ ¼ 2nlρ þ llρ − 2nρρ − 2nλρ − lρρ; ðA6gÞ

lλλ ¼ 2nlλ þ llλ − 2nl
0
ρ − ll

0
ρ þ 2nρρ − 2nλλ þ lρρ: ðA6hÞ

The numbers Pij
σ in Eq. (A4) with i, j ¼ ρ, λ denote the

matrix elements of the permutation matrix with index σ in
Eq. (5.15), with ρ → 1 and λ → 2 (e.g., Pλρ

σ¼132 ¼
ffiffiffi
3

p
=2).

One more remark is in order. Inside the large expression
for the MBRB coefficients in Eq. (A4), there are four CG
coefficients for which the magnetic quantum numbers
are 0. These four coefficients conspire so that the
MBRB coefficients are only nonzero when ðllρ; llλÞ and
ðll0ρ ; ll0λ Þ couple to the same L [79].
In the end, the availability of the analytical result in

Eq. (A4) is what motivates our use of the HO basis to
variationally expand all wave functions.

2. Spin-dependent part

We now turn to the spin terms in the first line of Eq. (A2).
The spin state is described by three quantum numbers S,
mS, and S12, given in the order jSmSS12i.
If the spin S takes the value S ¼ 3=2, the S12 quantum

number becomes redundant as it must necessarily be
S12 ¼ 1. The action of the exchange operators is also
trivial, because the states are completely symmetric in spin
and the matrix element needed for Eq. (A2) is given by�

3

2
mS1

����P23

���� 32m0
S1

	
¼ δmSm0

S
: ðA7Þ

For S ¼ 1=2, we can instead have both S12 ¼ 0 and
S12 ¼ 1, so for each mS we have two states to consider. We
give them for mS ¼ þ1=2,���� 12 12 0

	
¼ j↑↓↑i − j↓↑↑iffiffiffi

2
p ðA8Þ

PEDRO BICUDO et al. PHYSICAL REVIEW D 94, 054006 (2016)

054006-20



���� 12 12 1
	

¼ 2j↑↑↓i − j↑↓↑i − j↓↑↑iffiffiffi
6

p : ðA9Þ

Applying P23 to these states results in

P23

0B@
��� 12 12 0E��� 12 12 1E

1CA ¼
 

1
2

ffiffi
3

p
2ffiffi

3
p
2

− 1
2

!0B@
��� 12 12 0E��� 12 12 1E

1CA: ðA10Þ

Curiously, this is the same matrix P23 that represents P23 in
ρ–λ momentum space.

As the result is also valid formS ¼ −1=2, we can directly
write the matrix element for S ¼ 1=2,

�
1

2
imS

����P23

���� 12 jm0
S

	
¼ Pij

23δmSm0
S
; ðA11Þ

where the indices i, j ¼ 1, 2 correspond to S12, S012 ¼ 0, 1.
Finally, the computation of the P23 exchange matrix

elements in isospin space is similar to the one in spin space
and we do not repeat the discussion for the sake of brevity.
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