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In this paper we study the high energy behavior of electroweak Standard Model for a nonzero Weinberg
angle 0y,. We evaluate the spectrum of the electroweak Pomeron and demonstrate that the leading intercept
is given by a, , 4 In2 and does not depend on the mixing angle 8y,. Due to its very small numerical value,
we conclude that the high energy behavior of electroweak theory cannot be discussed without including the
QCD Pomeron which, at sufficiently large energies, will dominate.
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I. INTRODUCTION

High energy scattering processes described by the
SU(2) ® U(1) gauge theory of electroweak interactions,
in particular the elastic scattering of weak vector bosons,
have played an important role in unravelling the gauge
structure of the electroweak sector. From the very begin-
ning the Higgs mechanism was conceived as a way to
avoid power law violations of unitarity at high energies.
Nevertheless, due to logarithmic loop corrections, resum-
mation is required in order to understand the asymptotic
high energy behavior of the theory. In a pure electroweak
weak theory these corrections stem from the Reggeization
of the electroweak gauge bosons and from the formation of
the electroweak Pomeron [1]. When the QCD sector is
taken into account, due to formation of virtual quarks, also
the QCD Pomeron [2,3] starts contributing [4] and even-
tually overtakes the electroweak Pomeron. This implies that
the unitarization problem in the electroweak sector is still
awaiting its final solution.

Due to the rich particle content of the Standard Model,
the study of the electroweak Pomeron is a challenging task.
As afirst step, the decoupled limit (6,, = 0) of the spectrum
of the SU(2) Pomeron was studied in [5,6], and it has been
found that the inclusion of a vector meson mass does not
affect the spectrum of the Pomerons. However, it does
change significantly the form of the eigenfunctions.

In this paper we extend this study to the realistic case of a
nonzero mixing angle 6,,. A priori it is not clear how
mixing might affect the high energy behavior, given the fact
that the Higgs mechanism, even in the leading logarithmic
approximation, introduces new contributions to the inter-
action kernels. As a first step, we will work in the leading
logarithmic approximation and neglect effects of the run-
ning coupling constant. Our main (numerical) result is that
the 8,, # 0 corrections to the eigenvalue spectrum are small,
indicating that the eigenvalues of the electroweak Pomeron
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coincide with our earlier results [5,6] for an SU(2) gauge
theory.

Our paper is organized as follows. In Sec. II we give a
short overview of the Balitski-Fadin-Kuraev-Lipatov
(BFKL) approach applied to electroweak interactions.
First (Sec. I A) we review the case when the Higgs field
is absent, then (Sec. IIB) we analyze how the Higgs
mechanism leads to a system of coupled equations for the
electroweak Pomeron [1], and finally (Sec. IIC) we
demonstrate that the Higgs mechanism does not affect
the large-transverse momentum limit of the theory. In order
to study the influence of the small-momentum region on the
physically important leading intercept, we then perform, in
Sec. 111, a perturbative expansion in sin” y,, making use of
the smallness of the Weinberg angle. After a short review of
our numerical methods developed earlier [5,6] we compute
corrections to the leading intercept of the order O(sin” 8y,)
and argue that they vanish. After that in Sec. IV we reduce
our system of initially 17 coupled equations for the
electroweak Pomeron to a single equation (which is linear
in the wave function, but has a complicated dependence on
the eigenvaule @) and perform a numerical analysis in the
lattice approximation. Finally, in Sec. V we draw our
conclusions.

II. ELECTROWEAK INTERACTIONS AT HIGH
ENERGIES: GENERALITIES

A. The massless SU(2) Pomeron

The Lagrangian of the electroweak interaction can be
written as a sum of several contributions [7],

LEW = Egauge + Lfermions + ‘CHiggs boson + LYukawa’ (1)

where £ has the form

gauge

© 2016 American Physical Society
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1 1

[’gauge = _ZWZDW;:V - ZBMDB,W’ (2)
and Wy, and B, are the field strength tensors for the gauge
fields of groups SU(2) and U(1) respectively. For a
moment we disregard completely all the other terms in
Eq. (1) since at high energy only exchange of the vector
gauge fields [8] gives the contributions to the leading
In(1/x) order of perturbative QCD (LLA)." In LLA
the massless field Wj; Reggeizes and the behavior of the
scattering amplitude at high energies is governed by the
BFKL evolution [12-14]*

¢MHY—mum—/@2Mwwﬁx<a

2ri
where
dk’?
ody (o, k*) = &e_WV{/m(f’w(W, k)
-0 (/) (0,87 . @

Aoy = j—i% for the SU(2) group, the second term in (4)
stems from vector boson Reggeization, and ¢ — 0 provides
a regularization near the point k> = k’> in the emission
kernel. The solution of (4) is well known [8,9]. The
eigenvalues (spectrum) of the BFKL equation is continuous
and is parametrized by a variable v which is related to the

eigenvalue as

We wBFKL (V) = ey, <2w(1) -y G - iv) -y G + iu) ) ,

(5)

where y(z) is a polygamma function. The spectrum (5) is
limited from above by w(v = 0) = 4In2a, ,,, which yields
for the large-s behavior s't®*=0) For all other v, the
spectrum is twice degenerate, with eigenfunctions given by

PR = (), (6)

The set (6) forms an orthonormalized and a complete set of
functions. The Abelian fields B, do not interact with each

''‘ LLA we sum all Feynman diagrams considering
@ < 1,agln(1/x) ~1 and agIn(Q?) < 1.

2Throughout this paper, we will be interested in the BFKL
eigenvalue problem. Rather than dealing with BFKL-Green’s
functions, G, (g, k, k'), we therefore define amplitudes by con-
voluting the Green’s function at one end with some impact factor
(which we do not need to specify). The resulting amplitudes
¢(w, q, k) are defined to include one of the external momentum
propagators.
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other in LLA and they lead to the amplitude which is
proportional to s [10].

B. Symmetry breaking and the
electroweak Pomeron

As peculiar features of the electroweak theory, due to a
Higgs mechanism gauge bosons get masses (which, naively
speaking, we expect not to affect high energy behavior of a
theory) and physical fields Z and y are defined as mixtures
of gauge fields W3 and B. Taking into account that only W3
Reggeizes, it is not clear how the switch from (W3, B) to
physical (Z, y) will affect a high energy behavior of the
theory. For this reason it is not obvious: on the one hand, we
expect that a low-energy spontaneous symmetry breaking
cannot affect the high energy amplitudes. On the other
hand, the Higgs field couples to both gauge fields and
generates new vertices absent in unbroken theory. The
systematic investigation of high energy scattering in the
electroweak sector in the leading log approximation was
described in [1]. It was found that the charged gauge bosons
Reggeizes, and the corresponding trajectory function is
given by

(1) = a.(t) = 1 = (1 = M3,) (i Bwz(1) + siyBw, (1)),
(7)

where ¢y = cosOy, sy =sinfy, t = —qg%, g is a trans-
verse momentum of a boson, and

a 1 1
(1) == | &k . 8
Pii(1) 47:/ k* + M7 (k= q)* + M3 ®

In a neutral channel, the situation is more complicated since
Reggeization exists for a linear combination of Z-boson
and photon y which corresponds to a component W? of the
SU(2) gauge field. A general consideration in this case is
complicated, and it was demonstrated in [1] that it can be
significantly simplified if we consider this Reggeizeable
part as a separate contribution of two auxiliary fictitious
fields n and 3, assuming that Z and y do not Reggeize at all.
The corresponding propagators of real and fictitious par-
ticles are given by
| st 1
wEit T eg
q- + M7z w q
1 1 1 1
- —_
®—w,(¢%) q* + My, ®q + My,

7 —

n —

©)
and the neutral trajectory is defined as

o, (1) = a,(t) = 1= (t = My)Bww(1).  (10)

where Sy is given by (8). The trajectory function a,,(¢)
passes though unity at # = M3%,, i.e. neither the Z-boson nor
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the photon lie on this trajectory. In the limit 8y, — O the
sum of the four exchanges (9) reduces to

1 1
® = w,(t) ¢* + M3,

(11)

and w,. and w, coincide. For large momenta only the
contribution of the field n survives,

2 2 4
iy Sty 1 <MW>
¢+M; @ M (¢*)’

When formulating coupled integral equations for the
different exchange channels, it was found to be convenient
to treat the four terms in (9) as independent states: Z, y, n, 3.
In the following we will use the bracketed notations
{Zn} = Zn + nZ and {n3} = 3n + n3.

The corresponding eigenfunctions of BFKL evolution
should satisfy a system of coupled equations’

(0~ wi(k) - wj<k)>(1’ij(k)

3,,# »D(k',Mj)
(13)
LK (k)
k, K L 14
+\f/ Kijee( ) D(K', My)? "
(a) - 2w, (k))q)u(k)
a2k
= 2 N N3
\/’/ 27)3
Yalief) 2N E0) 2N D) gy
XZKCCU (k’W s (Z i J (15)
de/ (I)(k/)
kK)o o

where indices i, j, ', j/, unless stated otherwise, run over
above-mentioned neutral states Z,y,n,3; and N,,(i,J)
stands for the number of times “m” appears among its

arguments [so for example N (Z,Z) =2, N,(Z,y) =
1,...]. The factors (—1)N3(i*j>c%v2(i’j)s€évy(l’]) appear from
numerators of propagators, and in denominators which
stem from propagators (9) we use shorthand notations
D(k, M;) = k* + M?. For the sake of brevity we will use an
abbreviation D(k) = D(k, My ), and My = M. The corre-
sponding kernels have a form

*For simplicity in this paper we restrict ourselves to the
forward region g = 0.
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gM

Kijjp = Wé’(i,ﬁ 'y #y).  (17)
w
D(k,M;) + D(k,M;))D(k")
kK By ’ !
leC( ) ( lj+ D(k_k/)
= <—M%’j +2K,,,(k, k')
(M} 4+ M35 —2M3,)D(K) 8
D(k—k) ’ (18)
D(k)D(K')
K, (kK)=¢d¢—"""2=¢@K, (k,k',\M 1
em( ’ ) 92 D(k_k/) g em( s Ry W)’ ( 9)
D(k)D(K')
kKM =@ —""—"_ 20
em( ) g D(k— k/,M) ( )
M2M?
M} =M} + M ———L, (21)
J 2ME,
ch,cc = 92 <_M%V + D(k)D<k/)
A
D(k—K.M;)  D(k—k.0)
= 92(_M%V + (C%VKem(k’ k/’MZ)
+ 55 Kem (k. K', M3))), (22)

where the #-function in (17) reflects the fact that the kernel
K;; i vanishes if any of the indices is y. * In these notations
the trajectories (7) and (10) can be rewritten as

d*K D(k)
l 51 ngz/ )3D k/) k k/) (23)
[ d*K D(k)
20 =7 [ Gy

x (D(k—VkV’,MZ) "D —Wk’,0)>' (24)

C. Large momentum asymptotics

At large transverse momenta k > M, we expect that the
theory should not depend on a value of mixing angle 6y, .
We will show explicitly that in this region the system of
equations reduces to the equation for the SU(2) Pomeron,
supporting the intuitive expectation that the low-energy
symmetry breaking does not affect the high energy asymp-
totic behavior of the scattering amplitude. In the region of

“This happens because in the leading order over agy there are
no terms with a direct coupling of a Higgs boson to a massless
photon.
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large transverse momenta k, k',
neglect all the masses, so the emission kernels take a form

Kijcc(k k') 29 KPR (kK. (25)
KCC,CC ~ gzKBFKL(k’ k/)’ (26)

where the BFKL kernel is given by

KBFRL (kK = gz%. (27)
Equation (13) simplifies to
(@ — ;(k) — w;(k))®;;(k)
<23 [ AR a0 oy

and implies that neutral fields ®;; differ only due to Regge
trajectories in the lhs of (28). In particular, using (23)
and (24), we may get that at large momenta

(1)22 ~ (PJ/V ~ q)33 ~ @Zy ~ (PZ'}' ~ (D}’:i’ (29)
(I)Zn ~ <I)371 ~ q)Z3' (30)

Combining this with (12), we can see that in (12) the
contribution of all components with indices Z, y or 3
mutually cancel (decouple) at large k, i.e. in (15) only a
field “n” contributes. Also, we can notice that there are no
terms which depend explicitly on Oy. If we assume that
V2®,, (k) = ®,. and does not depend on azimuthal angle,
after redefinition

@CC (k)

(31)

we may reproduce (4). It is known that the large-k
asymptotics of solutions of (4) are the same as in massive
case (6),

BFKL (£) o

1y

(k) +, (32)
such that

Dy (k) o (k)3 (33)

The fact that ;;(k) grows at large k justifies omission of
contact terms in (13) and finalizes our proof that for
asymptotically large k the eigenfunctions and eigenvalues
coincide with the SU(2) Pomeron, independently of the
value of Oy .

A crucial assumption which was implicitly used in this
section is that if we consider large momentum k, then in the
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integrals in (13) and (15) the dominant contribution also
comes from large k' and large |k — k’|. Potentially the latter
assumption might be violated near k=~ k', where the
emission kernel (19) is strongly peaked, giving rise to a
strong sensitivity to fy,. For this reason in the following
Sec. III we perform an analysis of O(6,,) corrections and
demonstrate explicitly that it does not affect the spectrum.
Additionally, the proof given above could be invalidated by
localized solutions which fall off rapidly at large k as ¢, ; o
1/k? or faster (see Appendix A 1 for a particular example of
such a solution). If such solutions exist and have intercept
w > oB™ (v = 0), potentially they could significantly
change the evolution of the BFKL spectrum. For this
reason in Sec. IV we perform a general analysis in the
lattice and demonstrate that there are no such solutions.

III. PERTURBATIVE ANALYSIS
IN THE SMALL-6y, LIMIT

In this section we develop a systematic perturbative
expansion of (13) and (15) over the parameter s2, = sin’ @y,
up to the first order of perturbation theory. In addition to
explicit dependence on the Weinberg angle in (9). we
should also take into account the 6,, dependence in Z-boson
mass,

2 M%V 2 2
w

The trajectory ,(q?) in this limit may be expanded as

0.(¢%) ® w,(¢%) + siyAw.(q°). (35)

where

d*k m*
4r k*D(k)*D(q—k)

Am@%-%ﬂf—Mﬂ/ (36)

From now on we use a notation A for the corrections
proportional to s2. The kernel K;; ;» given in (17) may be
expanded as

iji'j

My
Kijiy % =00 .0 ] # 7)1+ Na(i ). 7)),
(37)
In a similar fashion, using the expansion of M?, 1

2 302 2

M3, =M+ siM

M3, = M? + suM?
2 3 laan

MZH:EM +§SWM . (38)
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M;, =0
M2, =22
m =5
M2, = M?
M}, = M?, (39)

we may obtain for the kernels with account of O(s2)
corrections

3
KZZ;cc = 92 <<_q2 - §M2>

D(k)D(q — k') + D(q — k)D(k')
+ D(k=K) )

Jrnggz<_MzJerD(k) +D(‘I—k)) (40)

D(k—K)

D(k)D(q —K)+(q - k)zD(k')>

KZ}';cc:g2 <_q2_M2+ D(k—k/)
D(

+ 5% (—M2 + M D(Z—:g) (41)

K2D(q = K) + D(g - K)D(K)
+ D(k—K) >

D(K')
2 2 _ap2 2
—|—swg( M-+ M D(k—k’)>

KyZ;cc = gz <_q2 - M2

(42)

3 D(K)D(qg—K)+D(qg—k)D(K)
_gz<_q2_§M2+ D(k—K) )

152 (_%2+M2D(q—k’))
v 2

D(k—K) (43)

Kizee=¢ <—q2—§M2+D (k)D(g "")+D(q—k)D(k’))

(44)

EDl k) H 4 DI g

K. .. = 21 _ 2
Yyscc g< q + D(k_k/)

KD(q—k)+ D(q— k)D(k’))

K . = 2 2_M2
ynice 9( q + D(k—k’)

(40)

D(k)D(q—K)+(q - k)zD(k')>

K. . = 2( _ 2_M2
nyscc g< q + D(k—k/)

(47)
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_o(_ 5 3,5 Dk)D(g—K)+D(g-k)D(K)
Krm;cc_g <_q _EM + D(k_k/) )

(48)

ch;ij(qv k’ k/) = I(ij;cc(q7 k/’ k) (49)

Kecoe= 92 <_t]2 -M?*+ D(k)D(q - k/) + D(q - k)D(k/)>

D(k—K)
D(k)D(¢—k')+D(g—k)D(K')

2 2M4
o (k—K)?D(k—K)?

(50)

In what follows it is convenient to introduce a shorthand
notation AK for all O(s%,)-corrections, both due to kernels
and propagators. In the case of a AK,.... component, we
should also add an O(s%,)-contribution from the Regge
trajectory,
AICcc;cc = (Ach;cc + (Aw(_k2) + Aw(_(q - k)z))
1

<O =KD B —wy

(51)

and it is straightforward to verify that there is a cancellation
of the s-channel photon pole. The other components of
operator AKC are given explicitly as

AK =0, AK,cc =0,

A,Cyn.cc =0 (52)

vy,cC

AK:cc;yn = AICCC;}’Z’ A’Ccc;ny = A’CCC;Z}/ (53)

3
AKcezz = 9 (2(612 +M?) + (612 +§M2>
M? M? M?
x + -
[D(k') D(q - k')} D(k—K)

D(q - k) D(k/):|

X [D(k) D(qg—K)+ D
D(k)D(q — k') +D(q — k)D(k’)>

-2

D(K') (q—FK)
D(k—K)

1

* DD~ ) o

cc,Zn 2 D(k/)

M? D(k) ,
B [P0 5y
_DK)D(g = K) + D(q - k>D(k’>>

D(k—K)

1

* D@D~ ) o
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3 M?

A ) — 2 2 M2 2 _M2

’Ccc,nZ g (q + + (q + 2 )D(q — k/)

M? [ D(q - k) ]
5=7 |P= R~ D=y P«
_D(k)D(qg - k') +D(q — k)D(k’)
D(k—K)

+

1
“DK)D(q - K

D(k)D(q—K)+D(g— k)k’2>

(56)

A’Ccc;yZ = 92 <_q2 - M2 +

D(k—K)
1
“¥D(g—K) (57)
—_ 12 _ /
AReezy =4 (—cf _m24 PR kg( l:l;(;; k)D(k ))
1 (58)

D) (=K

Finally the transitions neutral — neutral. Here we have

corrections both from the kernels and from the propagators

of the Z-boson and of the photon. There are no corrections

from the trajectory functions, so they only contribute to the

leading order diagonal kernels nn — nn. In the following
we list the corrections for the different channels:

M2 MZ M2 1
Mzzz2=9 ( - D(K) _D(q—k’)> D(K')D(q—K')
(59)
M2 M2 M2 1
Mzzz =4 (1 " D(K) _D(q—k’)> D(K')D(q—K')
(60)

a)q)zz(k):%z/ 2K ;(Z( Vs, (K) — 3330, (K) ) +2f/ PX 1

(2”)3D2(k/) ij#y
Ny
(0 =, (k))®z,(k) = 3 /(2,,)3 D*(K') <,#y
92 K1
w¢z3 /(271' (;( 1

Z( 1)N3(1),/(k/) 3\/_<I)cc(k/ ) +2\/—/ 2K 1
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M? M? M? 1
Mnzz =6 <‘ D(K)  Dlq- k’)) D(K)D(g — ¥
(61)
M? M? 1
sk =0y (2 o) swp=
, M2 M> 1
Sz =77 (1= 57 =gy

, M? M? 1
Soman =71 (~55) =R

M2
A,CZZ nn 29 2 (65)

AICZn;rm = gZ (66)

M2
2
The remaining kernels are easily obtained using a sym-
metry AK;; y» = AK;; v» = AK;

ij,i'j Jii'j ij.j'i'

A. The case of zero Weinberg angle, 0y, =0

In this section we study the eigenvalues for the case
Ow = 0. In this limit the set of equations (13) and (15)
simplifies considerably, since the photon field decouples
from the other equations, and the other neutral fields have
the same mass. Besides, all the kernels K no longer
distinguish these states, and the only differences among
the neutral states is due to the nonzero Regge trajectory
of n. In this limit the system (13) and (15) reduces to a
system of seven coupled equations:

3 D2 ) em(k’ k/)q)cc(k/)’

(67)

'5 D2 ) Eln(k’ k/)(PCC(k/)ﬂ

(68)

(k) = 3V2®,.(K) | +2v2 dzk/ ! kKD, (K
lj cc( —+ ';Dz ) em( ’ ) cc( )’

(69)
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o) =% [ &8s (S0, 0) = 33800 ) 422 [ 6 s Ken R0 K), (70

(K)

ij#y

2 de/ Jzk/
(=0, =% [ S5t (S, W) - 3vEea ) ) +2v [ K

Bl‘l’l (k’ k/)¢CC (k/)’

ijFy
(71)
_ 972 ﬂ 1 Ns / / K / ’
(0=20,(0)8,,(0) =% [ S5 5 (;( 1)50,00) = 3VER(K) ) + 273 [ 5t KoK 0),
(72)
21/
(0=20,(0)0..0) =~ [ &5 (3f D) + . 1)
d*K 1 , 1y , &K1 , ,
+2f/ 7 D2y Kem k),,;y (k) +2 [ 555 gy Ken koK) 2K
(73)
There are three more decoupled equations containing a photon:
dzk’ 1 K1
(w_a)n(k))q) ( = 2\/—/ z(k/) cc k/ +2\/—/ 3D2(k/) em(k k/)CI)CC(k/),
@By, (k) Zf/ dk Ztk' (k) + f/ Tk Ztk’ m (s K) @ (K),
21/ 21!
o, () = V2 [ (d") g k) + 2V [ 25 " o Kk R0, ()
= 2\/_/ d k/3 D2 em(k’ k/)cI)cc(k/)' (75)

As we can see from (67)—(73), there are several coinciding
components of ®;; which we denote as’

Dz (k) = Pz3(k) = P33(k) = P, (k) (76)
olk) = (k) = o iR). (77)

Using (76) and (77), the sum over neutral fields in
(67)—(73) reduces to

D (=D)Nsdy(K) = By, (K), (78)

ij#y

°In contrast to a result found in [1], we can see that not all
neutral fields in (76) and (77) coincide due to nonzero Regge
trajectory w, (k). In the limit Oy = O this does not affect the
eigenvalues, but for the O(s%,) corrections this difference is
important.

I
and the full system (76) and (77) reduces to a simple system
of just two coupled equations. With the substitutions (after
the angular integration)

da’K' , dx dc Qe
92(27)3—> 872 jﬂ'zﬂ' 4 dx (79)
we find
> 2K
(0=-200)0,,0) =5 [ &5 50
( nn(k,> 3\/_®CC(k,>)
K K (k, K) D, (K)
+2v2 / 27 DXk)
(80)
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K1

() D(F)
3v?2

< (L) + 2u))

wavip [ 4L K Kon(k K)o (K)

(k)
A’k K
2 2
t2g /(271)3

em (k’ kl) C(k/)
D?*(K') ’
As it was discussed in [1], this system of equations (80) and
(81) has two solutions, with isospin zero and two. Since we
are mostly interested in the leading intercept, in what
follows, we will consider only the isospin zero case, for
which a solution has a form

@EZ))) - <\}§>‘I’(k)- (82)

We thus end up with a SU(2) BFKL equation for ®(k):

(a) - zw(k))q)cc(k) = _92

(81)

(@ —20(k)) (k) = —¢? SM%V/ P D(K)

2 | @ D0
LK K, (k, K)B(K)
-

which up to a renormalization of the field ® coincides with
(4) which has been analyzed in detail in [5]. The field @,
defined in (76) is related to ® as

@ —2w(k)

(k)

@ (k) = .

d(k) = (1 - )cp(k), (84)

and for the states with photons we may cast our result into
the form

_ o200 P[P W)
(85)
[0) w K /
Dy, (k) = @3, (k) = %@“‘) T2 A (Cz{ﬂ];* ngc))
(86)
[0} w(K ? ' '
,, (k) i, W) 521 / é:; l(f?((kk?) (57)
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B. Lattice solutions of the equations for Oy =0

1. The method

In this section we analyze the solutions in the lattice
using the approach of [6]. Since the solution ® of (83) at
large momenta is growing as (33), it is more convenient to
change a normalization as in (31) and will work with a field
¢ which is decreasing at large momenta. Since we are
interested only in solutions which do not depend explicitly
on azimuthal angle, it is convenient to perform the angular
integrations and to introduce the dimensionless variables
k =k?/M3, and «' = k?/M?3,. Such transition in the
integrals in (83) reduces to the substitution (79). The
kernel K., (k, k') after angular averaging becomes

) P (k+ 1)K +1)
Kolex) =g V=P +2(k+¥)+1 (88)

and Eq. (83) simplifies to

op(x) = / K (&) p(), (89)
where
Kk, k') =a < !
T V=) 2k + 1)+ 1
5 1 1
C2k+ 1K+ 1
tact term
okl VeFAE VK K_K/>
\/’?\/’TI N \/_5( ) ). (90)

For our numerical studies we use a logarithmic grid in both
variables x and k¥’ with N + 1 nodes,

Ky = Kpin €XP (%ln (KmaX/K‘min)>, n=0,...N, (91)

where the values of Ky, Kpax Were set to Ky, = 10740,
Kmax = 10%°, and N = 1024. In this grid (89) takes a form
of linear matrix eigenvalue problem:

N
m=0
bn = P(x2), (93)

1
Kom =Kk, k)km | =
= Kk (N

(s )- 94

In Ref. [5] we solved (92) both for the massive (83) and for
the massless BFKL equation. For the latter case the
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TABLE 1. The first twenty roots of the massive BFKL
equation (83).

Root Root Root Root

1 2.77 6 261 11 2.27 16 1.825
2 2.755 7 2.555 12 2.185 17 1.73
3 2.735 8 249 13 2.1 18 1.635
4 2.7 9 2425 14 201 19 1.54
5 2.66 10 2.35 15 1.915 20 1.445

eigenvalue spectrum and the eigenfunctions obtained from
the lattice approximation coincide, with a very good
precision, with the well-known analytical results (6), (5),
provided we replace the continuous parameter v by the
discrete lattice parameter,

29n

In (Kmax/Kmin) ‘

(95)

v, =

We view this as a test of our lattice approximation.

For the massive case, the positive eigenvalues are
described very well by the same expression with v, being
replaced by

IJ(M) o 2.9n
o In (Kmax/(Kmin + Mz)) .

(96)

The first twenty eigenvalues are given in Table I. The lattice
value of the leading intercept differs from its analytical
result wppgy /@y = 4In2~2.77 by 3 x 107°, which
illustrates a very high precision of the chosen method.
The eigenfunctions with positive intercepts can be para-
metrized as

(approx) o a(n)
&n (k) = P

sin(uqu)

Ln(x) + @),

:

(97)

)

where ¢, = b(/,vi,M with by~ 1.865. In the continuum

limit we should replace the discrete variable 1/5,M> by the
continuous variable v. As we can see from Fig. 1, indeed
the transition to the continuum spectrum (limit x,;,, — ©0)

1s smooth.

C. Corrections proportional to sin? 0y,

In this section we will estimate the corrections of the
order o 53, to the leading intercept. A small value of the
parameter (s7;) s = Sin* Oy = 0.234 +0.0013  implies
that a perturbative expansion should converge rapidly.
While application of the perturbation theory for the shift
of band in a continuum spectrum is not well defined, in the

PHYSICAL REVIEW D 94, 053012 (2016)
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ln krznax

FIG. 1. Dependence of eigenvalues on the ultraviolet cutoff

Kmax- Only the first five eigenvalues are shown; eigenvalues with
larger n uniformly fill in the band @ < wy.

lattice the spectrum is discrete, so an ordinary perturbation
theory is applicable provided first order corrections are
smaller than the distance between the neighbor states. In
this section we assume this, and show that the correspond-
ing correction to the intercept explicitly vanishes. In the
first order of perturbation theory, the shift of the leading
intercept is given by

_ [ dxde' ¢ (k) AK(k, &)y (k')

Aw ,
: AR

(98)

where the kernels AIC were introduced earlier in (51)—(66),
and the norm ||¢, || is defined as

I 12 = / di|gh1 () 2. (99)

Using the parametrization of ¢, from (97), we can see
that the norm (99) is growing as a function of upper cutoff
as « Inx,,,,, which is a manifestation of the fact that we
work with wave functions of continuum spectrum. For this
reason we should only focus on the large-x,,,,, behavior of
the different contributions to numerator. As we can see
from (40)—(43), (50), all the contributions to AKX from
expansion of masses in kernels AK and Regge trajectories
Aw, have an additional suppression O(M?/k?) and thus
lead to finite contributions to the numerator (vanishing
contributions to Aw,) in the limit® Kmax — ©0. Similarly, all
the contributions due to expansion of mass M in propa-
gators do not affect Aw;.

fSee Appendix A2 for a more detailed explanation and
numerical estimates.
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More complicated is evaluation of the O(s},) terms
which stem from numerators of (9) which do not have any
additional power suppression. Approximating all kernels in
(40)—(43), (50) with K,,,(k, k') and using

[ K 100) = 01 = 20, ) ) + 02,
(100)

we obtain for the leading contributions to the numerator
of (98):

/dK(ﬁ](K)/dK/Kem(K,K/)(ﬁl(K’)
— [ dxpi(e) (@1 20,6410
zz/dx¢%(x)w(,<)dm2/dxlnx¢5(x>. (101)

Separately each of these contributions leads to a logarithmi-
cally divergent correction to eigenvalue

J dkdr’ ) (k) K oy (K. &) p (K')
1 l1?

However, in the sum over all components there are strong
cancellations of all such contributions. Indeed, as we can
see from (40)—(50), such corrections might appear only
from K. ; j,7 which in the large momentum limit has a
structure

« Inkp > 1. (102)

M2
AK,.;i(k, k') = 4s%V11,-jKem(K, K') (1 + (’)<7> ), (103)
where

Nzy = Nny = N3y = —Nzz = —Nzn = —Nz3 = 1. (104)

After summing all terms in the last line and taking into
account the large momentum asymptotic relations (29)
and (30) for the components of ¢;;, we can see that there is

a full cancellation of all leading terms. The O(MTZ)—
corrections lead to finite contributions to the numerator
(vanishing contribution to Aw). As a consequence, the
correction (98) decreases as 1/In(kp,.) in the infinite
lattice limit. This finishes a proof that the O(sin? @y) term
vanishes in the k,,, — oo limit. These cancellations are a
mere consequence of the fact that the large momentum limit
of the theory with Higgs mechanism is the same as for the
pure SU(2) Pomeron.

7chcc also contains K,,,, but the propagator of the charged
field does not contain s2

we

PHYSICAL REVIEW D 94, 053012 (2016)

D. Corrections proportional to sin* 8y,
and the continuum limit

The corrections of the order of O(s},) are relevant not
only for academic interest but also because they allow us to
verify that the discrete spectrum perturbation theory is
applicable to analysis of discretized eigenvalues in the
lattice. There are two sources of such corrections. The
corrections which stem from O(s},)-expansion terms in
the kernels and propagators can be estimated from (98).
From analysis of the coefficients in front of K,,, in kernel
components K.z, K,z .. and K,, .., we may repeat the
line of reasoning of a previous section and demonstrate that
large O(s},)-corrections which stem from the numerators
of propagators in ZZ, yZ and yy states vanish.

More complicated is the structure of the O(s},)-
corrections in the second order of a perturbation theory
which are given by

O (Awy;)?

, (105)

A @1 @i
where we have introduced a shorthand notation for the
transition matrix element

o J dxdK' ¢, (k) AK (k. &) p; (k')
B = 1111 ’

and [|¢;|| is defined in (99).

Following the analysis of the first order perturbation
theory, we derive that Aw;; behaves as 1/ In(kp,y) in the
infinite lattice limit. The splitting of levels in denominator
of (105) for the leading intercept behaves as® W] — ®; X
1/10? (Kpax/ (Kmin + 1)) due to O(2?) behavior of (5) near
v = 0. As a consequence, the ratio (105) is stable in the
limit x,,,, — oo and deserves special attention. As shown in
Appendix A2, numerically the ratio is small, which
justifies application of perturbative expansion to discretized
lattice spectrum. We see two sources of the numerical
smallness in each term of (105): the large value of the
second derivative D = |y”(v),_,| = 28¢(3) =~ 33.6 and the
oscillatory behavior of the integrand in the numerator of
(106) (which is a manifestation of the orthogonality of ¢,
and ¢; when AK = const).

(106)

IV. LATTICE ANALYSIS FOR NONZERO 0y

In this section we construct a general solution of the
Weinberg-Salam model with nonzero 6y,. We demonstrate
that the system (13) and (15) can be reduced to a single
integral equation (113) for the function ¢,... We do not
make any assumptions about smallness of Weinberg angle

¥Note that this estimate is valid only for the leading intercept.
For all other eigenvalues @; — @; & 1/1In (Kyax/ (Kmin + 1)), 50
the ratio (106) vanishes.
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0w nor select any restricted kinematics in momentum
space. We start our analysis from the observation that

PHYSICAL REVIEW D 94, 053012 (2016)

We notice that c%{,vz“ ) in the denominator of (107) cancels
against similar factors in the numerator of (13), which

the kernel K;; s in (13) may be factorized into two allows to cast the latter into the form
parts, as o
(0 =N, (i, j)w, (k) ;;(k)
MIM?% [ @K
K.y :gz M%V :gZ M%’V :gz 2M2J/(2 )3 (pZ(kl)
ij.j'J 22N ]) 22Nz (i) 2N (i)
CW CW CW dzk/ k k/)(I) (k/)
202 +v2 ”“ o (108)
=gt 107 K. M)’
|
M2M? 1 2K A’k K ook, K )P (k)
O, (k N, (i, o, (k)" | &2 lf/ (k) / Kijce CASA 109
S0 = @= N0y, ) [P 55" [ S5 0s0)+ V2 s (109
where
= 3 (— )Mt (k)
rr D(k,M;)D(k,M;)
= > (=)D (@ = N, (i, j)w, (k) D(k, M;)D(k, M ))~!
ij#y
MIM? [ Pk dzk’ (k. k)P (K)
o i lj cc cc 110
X {g W12, /(27;) +f/ DK, M)? (110)

Equation (110) contains, on the rhs, @5 (k") only as part of the integral [ d*k'gps(k’). So we take the integral over k of both

sides and solve for Ny[® ] = [ (321;3 Ps:

2
Nl.] = / %%(k)

Jzk/ ( I)NS( l]CC(k kl) CC(k/)
V/ 7/ (28)" 2 (= N, (i, )Jo, (0))D(k, M,)D <k,M,->D<k',M>2]

(_1)N3(isf) (111)

<1 f é@ @ —N,0.)

ij#y

w,(k))D(k,M;)D(k, M) 2M7,

M%Mf} -1

For a given ®,.. from (110) and (111) we can immediately extract ¢z (k). Returning to (109) we notice that on the rhs again

this factor Nx[¢..] appears, and we can write

.« . — dzk/ l CC k k,>®(,‘(,‘(k/)
8) = (0= Ny Do) [ e i)+ V3 [ 8 Kb K] (112)
Finally, substituting (112) into (15) and combining with (109) and (110) we arrive at
PH Kool K)O(K) ) M3V2
—2w,.(k))®..(k) = Nx [P
(0) wc( )) CC() /(27[)3 ( M ) +92 D) E[ cc]
/dzk' Ko ij(k k) (1))
X
3
(27)° £ (0 = N, (i, j)w, (K'))D(K'. M;)D(K', M ;)
[,] pAN) ZNV
b @K / Z Kok ) (=DM D sy PR o (R KR K)o
2x)* (@ =N, (i, j)w,(K'))D(K', M;)D(K', M ;) D(K", My )?
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sin%(6,,)

FIG. 2. Behavior of the critical eigenvalue w;, which causes a
pole in the second line of Eq. (111). The vertical red line stands
for the physical value of Weinberg angle 6yy.

Equation (113) represents a linear integral equation for ®...
Further simplifications of Eq. (113) are not possible, so we
use numerical methods for its analysis.

In Sec. Il A we have demonstrated that in the case
0w = 0, instead of (113), the isospin zero wave function
might be found as a solution of a much simpler equa-
tion (83). Albeit (113) does not reduce to (83) in the limit
Ow = 0, it is possible to demonstrate that any solution of
(83) is also a solution of (113) in this limit (see
Appendix A 3 for details). The fact that, in general, the
spectrum depends on 6y, can be seen from the second line
in Eq. (111): for nonzero 6,, due to incomplete cancellation
of contributions of Z and 3 in the denominator appears a
term ~O(s%,)/w. This contribution for sufficiently small
positive @ leads to a pole. The position of this pole (@)
depends on the value of 8y, as shown in Fig. 2, and signals
that near the pole there could be a sizable sensitivity to Oy,.
A dependence on 6,, is also contained in the last line of
Eq. (111). It turns out that net dependence on 6y, for the
leading eigenvalue, is negligible. This result can be traced
back to the fact that, in the region of large transverse
momenta, the equation approaches the BFKL equation.

Equation (113) is not a canonical eigenvalue problem.
Instead, w appears in the denominators in the rhs. In order
to solve the equation for w, we use the following method:

(i) On the rhs of (113) we replace @ everywhere by a
fixed parameter9 w'", thus converting Eq. (113) into
an ordinary eigenvalue problem.

(i) We apply the method of Sec. III B 1 to solve this
eigenvalue problem, and find the corresponding
eigenvalues o) = 0 (w")) as functions of the
fixed parameter w(").

(ili) We extract the true eigenvalues of Eq. (113) by
solving the algebraic equation @!)(0(")) = w!").

The superscripts [ and r stand for “left” and “right”-hand side
substitutions of @.

PHYSICAL REVIEW D 94, 053012 (2016)

—— —T

Ow=0 ]

—

————— === sin(0y)=0.23

FIG. 3. Root trajectories o) (w"). Dashed lines correspond to
physical mixing angle 6y,. The red line stands for o) = ().
We use units @, = 1. For the upper cases j = 1, 2, 3, 4 the solid
lines (A = 0) and the dashed lines (physical mixing angle) are
practically indistinguishable, i.e. they are nearly identical.

Due to the complexity of the equation (113) and to the finite
precision of our numerical evaluation, we cannot extend
our lattice up to very large x = r’;—22~ 10%, as we did in
Sec. III B 1. We fix the minimal and maximal values of «
and the number of nodes N as

Kpin = 10710, Kmax = 1013, N = 4096. (114)
Figure 3 illustrates that the root trajectories w(”(w(’)) are
homogeneously decreasing functions of parameter w'"), as
expected from (113). For this reason, each trajectory
o (@) gives rise to only one root w;. In agreement
with our results of the previous section, for the leading root
the effect of a nonzero mixing angle 6y, is negligible.
However, this result is not universal, and for w ~ 0 the
dependence is much stronger. Finally, in Table II we give
numerical values for positive roots.

Due to the relatively small size of the lattice (114), we
obtain only four positive roots, in agreement with what was
found in Sec. Il B 1 in Fig. 1. We expect that with an
increase of the size of the lattice the intercept of the leading
pole will grow up to its true value 4In2, as well as the
distance between the neighboring roots will decrease as
shown in Fig. 1.

Despite the somewhat low precision of the above
estimates, we clearly see from Table II that the first root
does not depend on the value of 6y, for any value of fy,. As
it has been discussed, we know the spectrum at 6y, = 0 and
we know the first order correction in sin’(6y,). Therefore,
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TABLE II.  The positive roots @;/a. , of (113) evaluated with
lattice parameters (114).

j Oy =0 sin? 0y, = 0.23
1 2.335 2331
2 1.561 1.560
3 0.839 0.845
4 0.245 0.262

we can conclude that for Oy # 0 the spectrum of the
electro-weak Pomeron is the same as the spectrum of the
massless BFKL equation, with the replacement ag — @, -

V. CONCLUSIONS

In this paper we have analyzed the spectrum of the
electroweak BFKL Pomeron, both using perturbative (in
6w) methods as well as a numerical nonperturbative study
on the lattice (for Oy # 0). We found that the leading
intercept important for the high energy behavior of the
amplitudes depends on 6y, very weakly, and for physical
value of @y, differs from the special case 0,, = 0 by less
than 1% (see Table II). However, for subleading intercepts
the dependence on 6,, is more pronounced. On the other
hand, since we have a continuous spectrum, this depend-
ence is not important for the description of the processes.

The leading order intercept is given by A, =

8”;-“ In2 ~0.176, where a,,, is the electroweak fine

structure constant. Numerically, this is a small number.
However at, for example, W = /s = 30 TeV the contri-
bution of the electroweak Pomeron « (s/M%,)%, at W =
/s =30 TeV gives already an enhancement of the order of
exp (0.176 In (W?/M3%,)) ~ 8 which is not small.

On the other hand, in all practical applications the
high energy behavior is dominated by the inclusion of
the QCD Pomeron, whose intercept is enhanced by a factor

%a"“ (see Fig. 4). So the real problem is the coexistence and

mixing of the QCD Pomeron with the electroweak one. Let
us give an example. First, because of the external coupling
the contribution of the QCD Pomeron is suppressed
by the factor @, @ in comparison to the electroweak
Pomeron. Next, for W =30 TeV the ratio of the
QCD Pomeron to the electroweak can be estimated
as Qg @3 exp (as41n21n (W?/Q?) — 0.176 In (W?/M3,))
where Q is the virtuality of W, Z, y in the electroweak
process. For QO = 1 GeV and ag = 0.2 we see that the ratio
is about 20, showing that the QCD Pomerons win.
However, this conclusion may be a bit premature since
the intercept of the QCD Pomeron is strongly affected by
the QCD next-to-leading order corrections while such QCD
corrections do not change the intercept of the electroweak
Pomeron. Pure electroweak corrections are not known.
Assuming that the QCD corrections diminish the intercept
of the QCD Pomeron by a factor of 2 (as it follows from the

o ~
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(@) (b)

FIG. 4. (a) The contribution of the electroweak Pomeron to an
electroweak scattering process. (b) Contribution of the QCD
Pomeron to the same electroweak processes. External wavy lines
stand for electroweak bosons (Z, W, y), the grey blob with gluon
ladder inside stands for the QCD Pomeron.

phenomenology of deep inelastic scattering), we see that
the ratio is about 0.1 showing that we might have a window
in the energy in which we are able to measure and to
investigate the electroweak Pomeron. The energy W =
30 TeV perhaps is too large for the real experiment. At a
more realistic energy, W =3 TeV, the effect of the
electroweak Pomeron is smaller than at W = 30 TeV.
leading to exp (0.176 In (W?/M3,)) = 3.6. The contribution
of the QCD Pomeron is negligibly small. Therefore, this
energy might give a reasonable compromise between a
realistic experimental possibility and seeing an enhance-
ment due to electroweak Pomeron contribution.

We consider our results as an important demonstration
that low-energy effects [like symmetry breaking and mix-
ing of SU(2) with U(1) in physical bosons] do not affect
the leading intercept describing the high energy behavior.
A small value of the intercept also ensures that higher order
loop corrections remain small and can be addressed
perturbatively.

An interesting future step of our study is the inclusion of
the running coupling. It is known from the study of the
QCD Pomeron [11] that the running of @, leads to a discrete
spectrum. The two gluon wave function belonging to the
leading BFKL eigenvalue is concentrated at smaller
momenta, and for this reason we expect a stronger
sensitivity to the infrared behavior of the theory. In
electroweak theory, this should translate into a stronger
sensitivity to a Higgs mechanism and to the value of the
mixing angle.

If the electroweak standard model with one Higgs boson
remains the correct theory at LHC energies and beyond it
may be interesting to extrapolate scattering processes and
unitarity constraints up to energies where strong and
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electroweak couplings become comparable. At such ener-
gies, QCD and the electroweak sector will mix, and
unitarization should affect both sectors. Our analysis
presented in this paper may provide a starting point for
addressing such questions.
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APPENDIX:

1. Discrete state of the BFKL equation for
massive gluon

In [5] we found that in a limit 8y, — O the spectrum of
the BFKL with massive boson is continuous and coincides
with spectrum of massless QCD. Now we would like to
demonstrate that the theory possesses additional discrete
levels absent in the massless limit. However, we overlooked
in that paper the existence of a new discrete level with the
intercept @giser = —%ae_W. and with the eigenfunction
given by

1

¢ct(K) = 1+«

(A1)

Plugging the ansatz (Al) into (89), we may see that the
contributions of the first and the third terms in (90) mutually
cancel, and the contribution of the second term yields for the

|

77 in

ZZ 110 055
in 055 0

Aot = 52,1074 x {zn} 082 027
33 0.55 0

{73} -0.82 -0.27

{3} -0.82 -0.27

cc 0.48 0

and
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FIG. 5. The diagrams that lead to the discrete level due to
contact term interaction.

eigenvalue g, = _%&e.w,- In a diagrammatic language
this solution corresponds to a sum of the diagrams in Fig. 5.

However, in a general case #y # 0 we can see that
solutions of a form

C::

¥ = D M) M,) "
q)cc = W (A3)

do not satisfy the eigenvalue equations (13) and (15).

2. Numerical results of Aw,

In Sec. I C we argued that a correction (98) is sup-
pressed in the limit x,,,, — oo. In this section we give for
the sake of reference corresponding contributions of differ-
ent components in order to support this claim. We use
shorthand notations Aw4¥ for the O(s},)-corrections to
kernels (40)-(43) and (50) and AwA? due to O(s%)-
corrections to propagators. Using an upper cutoff as in
Sec. III B 1, we found

(zi} 33 {23} {3} cc
165 055 —1.65 —1.65 048
055 0 —055 -055 0
1.10 0.27 -1.10 -1.10 0.24
(A4)
0.55 0 -0.55 -0.55 0.24
—-1.10 -0.27 1.10 1.10 -0.24
—-1.10 -0.27 1.10 1.10 -0.24
0.48 0 —-048 —-048 24
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zz @ {za} 3B {23} {3} cc
77 -3.16 0 -2.58 0 2.58 0 0
nn 0.82 0.27 1.10 027 -1.10 -1.10 0.24
{Zn} 0.82 0.27 1.10 027 -1.10 -1.10 0.24

Awt? = 53,1074 (A5)
33 0.82 0.27 1.10 027 -1.10 -1.10 0.24
{Z3} 0.82 0.27 1.10 027 -1.10 -1.10 0.24
{n3} 0.82 0.27 1.10 027 -1.10 -1.10 0.24
cc L-890 0 089-L 0 L-0.89 0 0
where L = —0.53 x 10*. We can see that, indeed, all corrections except those ~L are small and vanish in the limit

Kmax — ©0. The components ~L vanish in a full sum, which finishes the proof that the corrections are small.

3. Proof that (113) includes (83) for 6y =0

In this section we demonstrate explicitly that for the case 8y, = 0 any solution of Eq. (83) does satisfy Eq. (113). Indeed,
we may rewrite (83) as

! 2 ! o - 2w
/dzk/Kem(k’ k/) %26((]]:/)) _ _g2 5]‘84W/d2k/ %;((II;)) +( i (k)) q)cc(k) (A6)

Since in the limit #y, = O the kernels K;; .. and K. .., up to a constant, are proportional to K, (k, k'),

ch,cc (k’ k/) = _gzM%V + 2Kem(k’ kl) (A7)

3¢°Myy

ch.im (k’ k/) == + 2Kem (k’ k/)7 (AS)

we can use (A6) to evaluate explicitly the convolutions. Equation (113) in the limit 8y, = 0 is given by

B, () | M ) (K)o (K)/ D)

D2 k/ 2 W d*k
(k) 1= Tf (02w, (k))D?(k)

k k/)K (k/ k//) (k//)
2 de/ d2k!/ CC nn nn,cc cc , A9
* / / (0 — 20, (K))D(K)  D(K") (49)

(@ — 20, (k) D (k. My )b (k) = / PH =My + 2K o (k. K)]

where

o ’ ch.nn (k7 k/>
=V [ e (A10)

A straightforward application of (A6) after some algebra yields

, , cc(k/ \/’ / MZ de
] @) 02 | oem) (A1)

Miy 1K) [ K[ ()2 (K)/D2(K) _ My [ e [ oy [ 5 + 2K (k. K)

2 2 ) 201 — 7 TR
s s DAK) (@ = 20, (K))D*(K)

(A12)
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211 D711 ccnn k kl) nn, cc(k/ k") (DcL( o M2 / / cc k/ (w_zwn(k))
I s e WMoy T2 el

, M3, N W + 2K, (k. k)]
- / K (@ — e C(KND2(K)

o 1/ (I)cc(k”)
_/dzk D) (A13)
and
! w—2w 2 "
/Jzk/ch.cc(k’ k/) (f)c;((llj)) _ |:( 2 n(2k>)q)cc( ) _i_gz[‘i /dzk// (f)czc((://))] . (A14)

After summation of (A11)-(A14) we recover the lhs of (A9).

4. Large transverse momenta

In this Appendix we show how Eq. (113) has the same solution as the BFKL equation at large values of x > M2, which
we have discussed in Sec. III [see Egs. [9] and (28)]. For large x we can rewrite functions ®;; and @ of Sec. IV in the form

(k) k> MZ D(x,M;)py(x) = Kk

—_—

1 ..
.. (k) k> M%V D(k, My)pw (k) = ;K'_TL”’, (A15)

where ¢y (k) is the eigenfunction of the BFKL equation [see Eq. [9]]. In Eq. (A15) we first calculate the last term of
Eq. (113):

(A16)

5 / &K / Z CC,,kk/ — DM A G Ucc(k’,k”)@cc(k”)'
) 5 i, j)o, (k') D(K'.M;)D(K', M;) D* (K", M)

First, in the sum over i, j we consider the terms with i = j = n, which after substituting Eq. (A15) takes the form
2/ dzk, / Jzk” ch,nn(k’ k/)KnVl,CC(klv k//)¢W
(2n)* ) (27)* (0 =20,(K'))D(K'. My)

_, / K / K" K e n(k, K) (5 (0 = 20, (K) )y (K') = 3 pyy (K”) /K"?)
-7 ) @en?) (@) (0 =2, (K))D*(K', My)

2K K, (k k)
(27)° D(K. My)

21,/ K k k/
ks [ o1 el g ) k> My 2 [ bulK).  (A17)

27)3 D(K',My)

In the second line of Eq. (A17) we use the explicit form of the kernel K, ..(k’, k") [see Eq. (19)] while in the last line we
neglect the terms that are of the order of 1/k? at large k in comparison ¢y (k). Note that this term is the same as the first term
in Eq. (113). Replacing K. ;;(k, k') and K;; ..(k', k") by 2K ,,,,(k, k') and 2K, (k', k"), respectively, at large k, k" and k" we
can see that the sum over n, j with j = Z, 3,y can be reduced to

21,1 1" / / " "
o [ & /cﬂk K (ks K) K (K, K e (K')

o] G e L (A1)

Summation over i, j i=2Z2,3,y and j=Z,3,y reduces to the replacement w —w,(k') > ® and {---} —
{ct, + 1+ st +2c3s3 — 2}, — 25s%,} =0, in Eq. (A18). Therefore, the only term which contributes at large momenta
is the term with ij = nn, and Eq. (113) reduces to the BFKL equation [see Eq. [9]] since the second term in Eq. (113)
vanishes in this kinematic region. It is instructive to note that we have proven the equivalence of Egs. (113) and [9] without
assuming that |x — x| > M3,.
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