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Pulsar radiation in post-Maxwellian vacuum nonlinear electrodynamics
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The effects of nonlinear vacuum electrodynamics are most clearly pronounced in a strong electro-
magnetic field close to Schwinger limit. Electromagnetic fields of such intensity can be obtained in
laboratory conditions only on very few extreme laser facilities and during a short time interval. At the same
time, the astrophysical compact objects with a strong electromagnetic field such as pulsars and magnetars
are the best suited to study the effects of nonlinear vacuum electrodynamics. We present analytical
calculations for pulsar proper radiation in parametrized post-Maxwellian nonlinear vacuum electrody-
namics. Based on the obtained solutions, the effect of nonlinear vacuum corrections to pulsar spin down is
being investigated. The analysis of torque functions show that the nonlinear vacuum electrodynamics
corrections to the electromagnetic radiation for some pulsars may be comparable to the energy loss by

gravitational radiation.
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I. INTRODUCTION

Investigation of the pulsar’s spin down is extremely
significant for modern astrophysics. It gives estimations on
the pulsar’s luminosity variation and on the pulsar’s age. An
analysis of pulsar spin down for a close binary system PSR
1913 ¢ at the first time indirectly confirmed gravitational
wave radiation [1].

Pulsar spin down is generally caused by many factors
such as its interaction with the surrounding magnetosphere
[2], energy dissipation by telluric currents in the near-
surface region of the pulsar’s crust [3], time dependence of
the pulsar’s magnetic dipole moment caused by processes
under its surface, the presence of a magnetic quadruple
moment and other higher multipole components in a
magnetic field [4], and gravitational wave radiation.

Nevertheless, the main reason of the pulsar spin down is
its electromagnetic radiation [5,6]. This radiation is typi-
cally described in magnetic dipole approximation [7,8] of
Maxwell electrodynamics. However, pulsars [9] have a
considerable magnetic field, B ~ 10° = 10'* G, for which
Maxwell electrodynamics should be replaced by nonlinear
vacuum electrodynamics [10-13]. As it is shown in
[14-18], according to nonlinear vacuum electrodynamics
the electromagnetic processes do not proceed in the way
predicted by Maxwell electrodynamics (see also [19-23]).
Hence, it becomes important to calculate pulsar electro-
magnetic radiation corrections according to the laws of
nonlinear vacuum electrodynamics. The necessity for such
corrections in the pulsar dynamics was also mentioned in
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[23,24] and the first estimates in order of magnitude were
obtained in [18,25,26]. The primary goal of the present
paper is to obtain exact expressions for vacuum nonlinear
electrodynamics corrections to dipole radiation of the
pulsar in the post-Maxwellian limit. The parer organized
as follows. The main nonlinear vacuum electrodynamics
theories and their properties are presented in Sec. IL
Section III gives the calculation of electromagnetic fields
for the rotating pulsar and in Sec. IV pulsar spin-down
corrections are evaluated.

II. NONLINEAR VACUUM ELECTRODYNAMIC
THEORIES

Nonlinear vacuum electrodynamics corrections become
substantial in a strong magnetic field of a pulsar. The nature of
these corrections depends on the choice of the theoretical
model. The modern field theory considers two most promising
generalizations of vacuum nonlinear -electrodynamics,
namely, the Heisenberg-Euler [10] and Born-Infeld [11]
theories, although other models have also been analyzed [27].

The Heisenberg-Euler electrodynamics takes into account
one-loop vacuum polarization corrections to classical
electrodynamics arising from QED. The nonlinear Born-
Infeld electrodynamics was constructed from the phenom-
enological assumptions leading to a finite energy of a
pointlike charged particle. As it became clear later, the
Lagrangian of this theory can also be obtained as an
asymptotic case in superstring theory [28]. The influence
of nonlinear corrections in both vacuum electrodynamic
models becomes substantial only in sufficiently strong fields
comparable with the so-called critical or Schwinger field

© 2016 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.94.045021
http://dx.doi.org/10.1103/PhysRevD.94.045021
http://dx.doi.org/10.1103/PhysRevD.94.045021
http://dx.doi.org/10.1103/PhysRevD.94.045021

DENISOV, SHVILKIN, SOKOLOV, and VASILI’EV

B, = m*c*/eh = 4.41 x 10" G. When electromagnetic
fields £ and B are much lower than the critical field B,
one can speak about post-Maxwellian approximation of
nonlinear vacuum electrodynamics. In this approximation,
the nonlinear corrections to the Lagrange function originat-
ing from Born-Infeld and Heisenberg-Euler theories can be
represented in a similar form [29] by using the general
parametrized expression

1 1 .
L =——{20, 4 &[(n — 2m)J3 + 4nady]} — = Ak, (1)
32 c

where £=1/B2=05x10"% G2, J,=FuF" =
2(E*-B?), and J, = FyFMF,,F" =2(E> - B?)? +
4(E B)?—which are invariants of the electromagnetic field
tensor, and the post-Maxwellian parameters 7; and #,
depend on the choice of theoretical model.

The post-Maxwellian parameters 7, and 7, in the case of
Heisenberg-Euler electrodynamics are related to the fine
structure constant « [10,30]:

a Ta
= — = _1 1 -5 = — =Y. 1 _5.
M= g5y = X0 =g =90 10

For Born-Infeld electrodynamics, these parameters are
equal to each other and can be expressed through the field
induction 1/a typical for this theory:

2p2
B:
M= =222 49%10,  a=10"16 G,
The electromagnetic field equations for the post-
Maxwellian  vacuum  electrodynamics  with  the

Lagrangian (1) are equivalent [31] to the equations of
Maxwell electrodynamics in continuous media

4 . 10D )
rot H = ?J + ;E, divD = 477.'/), (2)
rotE:—la—B, divB =0,
c Ot

with specific nonlinear constitutive equations [32]:

D= 47:2—1]; =E +2&{n,(E*> - B?)E + 2,(BE)B}, (3)

H= —47:2—]1; =B +2&{n,(E* - B?)B - 21,(BE)E}.
As it follows from the constitutive relations, the influence
of nonlinear terms becomes substantial in magnetic fields
close to B,. At the same time, to retain the Lagrange
function (1) validity we will only focus on the case
B/B. < 1 which takes place for many pulsars.

To calculate the pulsar radiation intensity we should take
into account not only changes in the electromagnetic field
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equations, but also consider the alterations in the electro-
magnetic field energy-momentum tensor and the energy
flux density. In accordance with [33], in parametrized post-
Maxwellian electrodynamics (1) the energy-momentum
tensor has the form

. 1 .
Tt = in {(1 + 5’1112)171(]5)

ik
g
Y (20 + E(m + 2m) T3 - 4’12@4}},

where F ’(’§> = ¢"'F,,,F"™ is the second power of the electro-
magnetic field tensor and ¢’* is the metric. Using the energy-
momentum tensor one can readily derive the expression for the

energy flux density vector S (Poynting vector):

— 0, _i Ou
St =cTH = 4ﬂ(1 —'—57’]1]2)F(2)

= {1+ 26m (B> - B2)}[E B]

where the index ¢ = 1, 2, 3 denotes the spatial components
of the vector and [E B] refers to the cross product.

It should be noted that the Pointing vector in the
post-Maxwellian approximation has the correction
&n (E?2 — B?)[E B, which is nonzero in the general case.
However, for the radiation intensity calculations this
correction turns out to be inessential as it leads to
subleading terms in Pointing vector decreasing faster than
1/r* with increasing the distance r from the pulsar to the
observer. This property allows us to use the expression
for the Pointing vector of Maxwell electrodynamics
S = ¢[E B]/4x in our further calculations.

Now we can determine nonlinear vacuum electrodynam-
ics corrections to the pulsar electromagnetic radiation.

III. NONLINEAR VACUUM ELECTRODYNAMICS
CORRECTIONS TO THE PULSAR RADIATION

Let us consider a pulsar with the magnetic dipole moment
m and the radius R, placed at the coordinate origin. The
magnetic dipole moment is declined at the angle 6, to the z
axis and rotates uniformly with the angular velocity @ around
this axis. So the time variation of this vector has a
form m(¢) = |m|{sin 6, cos wt, sin O sin wt, cos 6 }.

Since for the most pulsars the linear velocity of the surface
points is much lower than the speed of light ¢, the restriction
on the angular velocity takes place @ < ¢/R;. At the same
time we will suppose that the pulsar magnetic field B is
sufficiently weak and that B?/B2 < 1. This assumption
allows us to use the post-Maxwellian approximation for
the Lagrange function (1) and the constitutive equations (2).
Moreover, the corrections of nonlinear electrodynamics in
the constitutive equations turn out to be much smaller than
the terms related to the Maxwell electrodynamics, which
makes it possible to calculate the pulsar electromagnetic field
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by the successive approximation method. Let us represent
the pulsar electromagnetic field as a sum of the Maxwell
electrodynamics field E,;, B;), and small corrections of
nonlinear vacuum electrodynamics Ey, By.
E=E, +E,, B =B, + By,.

In all the following relations we will assume that
Ey,By < Ey, By, and the calculations will be performed
up to quantities linear in Ey, By.

In a number of papers it was shown that electromagnetic
wave beams, propagating through the pulsar magnetic field,
will bend [34,35] and the propagation velocity for these
beams will depend on the wave polarization [36,37].
However, in the solution of the considering problem these
effects give a second-order infinitesimal correction, and we
neglect them.

Introducing electromagnetic  field potentials in
accordance with the usual expressions By = rotAy,
Ey = —gradpy — 0Ay/cOt, we reduce system (2), con-
sidering (3) and the Lorentz gauge, to equations for
electromagnetic field potentials:

Dl =2&div{n, (E3; — B3, Ey + 272 (ByEy ) Bis ),
DAy =2&rot{n (E3, — Bj;) By — 212 (ByEy ) Ey }
260
— (E3 = Bi)Ey +2m(ByEy)By}. (4)
The right-hand sides of Eq. (4) depend on components of
the pulsar’s electromagnetic field in Maxwell electrody-
namics. For our calculations it suffices to take a classical
simple model of the magnetic dipole field [7,38] for E,,
and B, although a more general description that takes into
account higher multipole components [4,39] is possible. In
Maxwell’s electrodynamics the field of a uniformly rotating
magnetic dipole may be represented in the form [40]

B, (r.c) — 3(m(r)r):5— Pm(t) nclf;) N 3(11(;)1-”
n (r'ﬁ(f)r)cr2 ; r’m(z) ’ )
by (r = 000 000

where the point above the vector means a derivative with
respect to time delay 7 =t —r/c.

Substituting expressions (5) for B;, and E,, to the right-
hand sides of Eq. (4), we obtain equations for the electro-
magnetic field potentials ¢y, Ay caused by the nonlinearity
of vacuum electrodynamics. These equations are linear
inhomogeneous hyperbolic types of differential equations,
which can be integrated by integration methods described in
detail in the literature [41,42]. The procedure of solutions
deriving appears to be rather cumbersome because of the
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complexity of the right-hand side, and therefore we only
present the final results in the form of solutions for the fields
E, and By. It should be noted that radiation calculations
need to preserve in general solutions of Eq. (4) only
summands decreasing not faster than ~1/r in the wave
zone. It is convenient to represent the expressions for the
vectors E and By as a sum in which the index of each term
indicates the frequency with which it varies:
EN:E1+E2+E3, BN:B1+B2+B3.
In such notation, the component E; corresponds to the
radiation field at the pulsar rotation frequency w, the
component E, relates to the radiation at the double fre-
quency 2w, and E; describes radiation at the frequency 3w.
Explicit expressions for the pulsar radiation electric field
calculated at the observation point with the radius-vector
r={x=rsinfcos@,y = rsinfsing,z = rcos 0}
located at the distance r > ¢/ from the pulsar have a form

U cos8sin, )
(Ey) = ‘TO{[Z(WH =31, = (3, —1,)sin*6,)
+ (25in2¢90 - 1)(3’71 —172)Sin29] Sin(\I/ +¢)
— (2sin%0y — 1) (35, — 1 )sin?sin(V — @) },
Ucos@sinf, .
(El)y :70 [2(7771 — 3772 — (3111 —;12>51n290)

30r {
+ (2sin?0y — 1) (31, —n,)sin?0] cos(¥ + @)
—(2sin%6y — 1)(3n, —n,)sin’Gcos (¥ — @) },

Usin@sing, .
(El)z :Tsm

x {7 =3n,— (3, —’72)Sin290
+ (2sin*6g — 1) (31, — 1 )sin’6},

2U cosf,sin®f,sind
(E,). — cosfysin“6 sin
105r

x {[51#,5in%0 — T5,sin?0 — 661, + 141, sin(2¥ + ¢)
+ (151, = Tn,)sin?@sin(2¥ — @)},

v

2U cos#,sin’f,sind
E,). ——
(E2), 1057
x {[51n,sin?0 — Tn,sin?0 — 661, + 141,] cos(2V + @)
.
- 1 - - 9
(1517 =Tny)sin*Ocos(2¥ —¢) }
4U(33n, =7
(E,), = (lg—;’h)cos @sin’@cos Osin’d, sin(2V),
r
81U
(E3), =— 140771 cos@sin?@sin’@, sin(3V + @),
r
81U
(E3), = 140’71 cosfsin?@sin*0, cos(3V +2¢),
r
81U
(Eq). =550 sin*dsin’6 sin(30), (6)
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where for brevity we use the notations k= w/c,
U =awt—kr—¢, and U = ém’k*/R}. Because of the
cumbersomeness of the expressions, we will not present
here the explicit form of the magnetic field vector B,
(where @ = 1, 2, 3); however, it can be easily found in the
wave zone from relations B, = [nE,], where n =r/r is
the unit vector in the direction to the observer.

As it follows from (6), vacuum electrodynamics non-
linearity leads to radiation at frequencies multiple to the
pulsar rotation frequency. In the post-Maxwellian approxi-
mation this radiation occurs at the doubled and tripled rotation
frequency. Allowance for higher-order infinitesimal correc-
tions of nonlinear vacuum electrodynamics such as post-post-
Maxwellian corrections [43], also leads to a high order
harmonics appearance in the pulsar radiation spectrum, but
their amplitude is much lower than the harmonics amplitude
in the post-Maxwellian approximation. Now we can use
obtained solutions (6) to calculate the angular distribution of
pulsar radiation and the total radiation intensity.

The angular distribution of pulsar radiation (the intensity
of radiation at the solid angle dQ in the direction of

|

<d1> = Qsin“fy [1 —lsinza(l +cos(2\I/))],
M 2
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observation given by the unit vector n) can be found by
using the Pointing vector S: dI(t)/dQ = r*(Sn). As it was
shown earlier, in order to calculate the Pointing vector in
the wave zone one can take the Maxwell electrodynamics
expression S = ¢[E B|/4z. Using the derived expressions
(6) for the pulsar electromagnetic field, we can write the
angular radiation distribution within the first order of
smallness:

dI(1) dl dl,
—==\=5) T+
dQ dQ ), = dQ

where the notation ¥ = wt — kr — ¢ is applied.

The summand (dI/dQ),, corresponds to radiation in
Maxwell electrodynamics and the other terms refer to the
corrections of vacuum nonlinear electrodynamics. Their
indices denote the frequency at which the corresponding
radiation intensity component varies. And the expressions
themselves for each of the angular distribution of the pulsar
radiation component have a form:

4

dl,

— v 7
— dQCOS( )’ ( )

dQ 47
dl AQsin’6 -3 Sny—2 3n, — 3, =17
dsg _ QSﬂl:n 0 |:7’]2 0 m sinzesin26’0+ % Uy sin20+ 77130 M2 Si11290+ ’7230 771:|’
dl, 2AQ cos 0 cos b, sinfsin’f, - 0w
— = 3 0—11 —1,
e 351 s mt3
dl,  AQsin’0sin’6, [81y, . , . 67n, . 2021 —no)
h 0sin20y — L sin26, — 12 sin2g, + 21 2|
a0 4n 140 SIOSINP0 = =07 SInl = 58I
dl 61n,A
d_é = ’;ITQCOS 0 cos B,sin>Gsin>6,),
n
dl 81nA
d7£; — 5;76]071'Q sin*@sin*6,), (8)

where the notations A= (kR,B,,/B.)* and Q = »*B3RS/c?
are introduced. Here, for convenience, the modulus of
the pulsar magnetic dipole moment m was expressed in
terms of the characteristic magnetic field on its surface
B,: m = B,R).

The expressions (7) and (8) allow us to calculate the total
energy radiated by the pulsar in all directions:

_[dl 20 ., 11y, =51, (B, 2
Iel—/deQ— 3 sin 90{1 15 BCkRS .
©)

Thus, the nonlinear vacuum electrodynamics action indu-
ces higher harmonics in the pulsar radiation spectrum, with
frequencies multiple of the rotation frequency. Although
the intensity of these harmonics (9) is small in comparison

|

with the pulsar radiation in Maxwell electrodynamics,
nevertheless their corrections should be taken into account
in an analysis of the pulsar spin down.

IV. PULSAR SPIN-DOWN CORRECTIONS

For an estimation of the vacuum nonlinear electrody-
namics influence on the pulsar spin down let us suppose a
pulsar rotating in vacuum. Similarly, as in [38,44] we will
consider that the pulsar’s angular velocity change occurs
only due to the electromagnetic and gravitational wave
radiation. So the pulsar kinetic energy &£, variation rate will
be caused by the electromagnetic /., and gravitational /,,
radiation intensities:

W: _Iel_Igr' (10)
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Assuming a rigid-body rotation of the pulsar and the
relativistic corrections associated with the rotation to be
small, one can express the kinetic energy through the inertia
moment J and the angular velocity @ so that £ = Jw?/2.
We obtained the pulsar electromagnetic radiation intensity
Iy in (9) and the gravitational radiation intensity may be
estimated by the well-known quadrupole formula [33]:

:__12

L 5¢

where G is the gravitational constant and € is equatorial
ellipticity. The law of pulsar rotation energy variation
(10) leads to the spin-down equation:

dw

dt (Km + K3ned)w

(Kﬁned —|-ng)(1)5, (11)

where K, is the Maxwell electrodynamics torque function,
K3peq and Ks,.q are the torque functions originating from
vacuum nonlinear electrodynamics, and K,,, is the gravi-
tational radiation torque. Each of the these functions has the
following form:

2 B2 8
K, = _F_R651n290’ K3pea = ’71 (B_P) ms
Ko 117111+25112 (37]1 57]2 )
Sned — m»
75
32GJ¢e?
Ko == (12)

As it follows from Eq. (11), the influence of vacuum
nonlinear electrodynamics in the post-Maxwellian approxi-
mation is manifested as additional corrections to the
Maxwell electrodynamics torque function and to the pulsar
gravitational radiation torque. These corrections K3,.q and
Ks,.q depend on the value of post-Maxwellian parameters
1y and 1.

For Born-Infeld and Heisenberg-Euler models K3,.q > 0
and Ks,.,q > 0, and therefore these corrections induce the
pulsar spin-down increase. At the same time, expression
(12) does not exclude the existence of a hypothetical
theoretical model of a vacuum nonlinear electrodynamics
for which K54 < 0. In such a theory nonlinear corrections
can decrease the rate of the energy loss by the pulsar.

To provide explicit estimates for the values of the torque
functions we adopt typical pulsar parameters [9]: the radius
R, = 30 km, the inertia moment J = 10%¥ g-cm?, and we
also suppose that 6, = z/2. When choosing the pulsar’s
rotation period and magnetic field induction, one should
take into consideration the earlier adopted restrictions
wR;/c <1 and B, < B,. These constraints are satisfied
for a wide range of pulsars, for example, JOO7 4 7303
whose rotation period is Py ~ 0.3 s, and B, ~ 10"3 G or for
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J1012-5830 with the rotation period Py~ 2.1 s and the
magnetic field induction on the surface B, ~ 0.9 x 102 G.
The values of post-Maxwellian parameters in the
Heisenberg-Euler and Born-Infeld theories have the same
order of smallness, and therefore for the initial estimation
we will use the parameters of only one of them, for
instance, the Heisenberg-Euler theory. For the above-
mentioned pulsar characteristics the ratio between the
nonlinear electrodynamics and Maxwell electrodynamics
torque is sufficiently small: K3,.q/K,, ~ 1075, As it was
expected, the main influence on the pulsar spin down is
exerted by the Maxwell electrodynamics. At the same time
the ratio between the gravitational radiation and vacuum
nonlinear electrodynamics torque functions strongly
depends on the pulsar equatorial ellipticity e. For the
maximum ellipticity estimation & ~ 10~ [38] and for the
angular velocity @ ~ 100 s~!, we will obtain Ks.q/ Ky
3.7 x 107, and @*K g,/ K3peq ~ 0.7 In the case of pulsars

with a smaller ellipticity & ~ 107 pulsar spin down caused
by gravitational radiation decreases: Ksyeq/Kgy ~ 3.5 and

@?K g/ K3pea ~ 7 x 107> and becomes much smaller than
the vacuum nonlinear electrodynamics effect.

V. CONCLUSION

In this paper, we have studied the proper electromagnetic
radiation of a pulsar in the post-Maxwellian approximation
of vacuum nonlinear electrodynamics.

Obtained analytical expressions for the electromagnetic
field of a slowly rotating pulsar (kR; < 1) show the
presence of harmonics with frequencies multiple to the
rotation frequency in the radiation spectrum. The field of
each harmonic (6) depends on the parameters of the post-
Maxwellian electrodynamic model 7, #, and is largely
determined by the magnetic field induction B, on the
pulsar surface and its rotation frequency .

The expressions of the intensity angular distribution (7)
and total radiation intensity (9) were obtained for each
of the harmonics. In spite of the fact that the influence of
nonlinear vacuum electrodynamics has the character of
small corrections to the intensity of the main pulsar
radiation in Maxwell electrodynamics, the magnitude of
these corrections may turn out to be comparable with the
other mechanisms of pulsar energy loss, for instance, with
the gravitational radiation. To analyze this possibility we
studied the pulsar spin down caused by both electromag-
netic and gravitational radiation. The influence of nonlinear
vacuum electrodynamics in the post-Maxwellian approxi-
mation shows up simultaneously in the form of corrections
K;eq and K54 to torque functions of each of the pulsar
spin-down mechanisms. The correction Kj,q to the
Maxwell electrodynamic torque function K,, exceeds in
magnitude the correction Ks,.4. In the case of pulsars with
the characteristic rotation frequency @ < 100 s~! we infer
@0*Kspeq < Kipeq. The relation between Ky, and Ksyeq
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depends substantially on the pulsar magnetic field induc-
tion and its ellipticity. For a characteristic field B, ~ 10"* G
on the pulsar surface and the ellipticity &~ 107 the
gravitational radiation makes a more considerable contri-
bution to the pulsar spin down than the vacuum nonlinear
electrodynamics: Ksyeq/ Kgw ~ 10~*. At the same time, for
the pulsars with lower equatorial ellipticity & ~ 107 the

PHYSICAL REVIEW D 94, 045021 (2016)

nonlinear vacuum electrodynamics torque  Ks,oq
exceeds the gravitational torque Kspeq/Kgy ~ 3.5 and
exerts great influence on the pulsar spin down.
Therefore, for weakly elliptic pulsars the spin down due
to the vacuum nonlinear electrodynamics corrections can
play a more important role than the spin down due to
gravitational radiation.
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