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Antigravity: Spin-gravity coupling in action
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The typical motions of a spinning test particle in Schwarzschild’s background which show the strong
repulsive action of the highly relativistic spin-gravity coupling are considered using the exact Mathisson-
Papapetrou equations. An approximated approach to choice solutions of these equations which describe
motions of the particle’s proper center of mass is developed.
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I. INTRODUCTION

For over 50 years the effects of general relativity in
strong gravitational fields of massive compact objects
(Schwarzschild’s and Kerr’s black holes, neutron stars,
quasars) are the focus of many studies. Relevant results are
presented in the classical books on general relativity [1,2].
Also note that the recent historical registration of the
gravitational waves is directly related to the interaction
and merger of the two massive black holes [3].

The existence of some strong gravitational fields is not
only caused by the large masses. It is pointed out in [4—12]
that when an ordinary (not so great) Schwarzschild mass is
moving with the velocity close to the speed of light its
gravitational field becomes much grater than the field of
this mass at rest. It means that in terms of the gravitoelectric

(i) (i)
field E(k) )

determined in [13] some components of EEQ) and BEQ) are

and the gravitomagnetic field B, which are

proportional to y or y% (y is the relativistic Lorentz factor).

The values EEQ) determine the tidal forces [11,12] whereas

the components BEQ) act on a spinning test particle

(similarly as the usual magnetic field acts on a rotating
charge) according to the known Mathisson-Papapetrou
(MP) equations [14,15]. It is shown in [16-25] that just
the highly relativistic regime of spinning particle motions in
Schwarzschild’s and Kerr’s background reveals new fea-
tures of the gravitational interaction. (When the velocity of
a spinning particle is not very high the gravitational spin-
orbit and spin-spin interactions were considered in [26].) It
is important that depending on the correlation of signs of
the spin and the particle’s orbital velocity the spin-gravity
coupling acts as a significant repulsive or attractive force.

The purpose of this paper is to present new results
concerning different physical situations in Schwarzschild’s
background when a spinning test particle feels the strong
repulsive action caused by the highly relativistic spin-
gravity coupling. Note that the consideration of these
antigravity effects may be useful in the context of the
repulsive phenomenon in cosmology. For example, some
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corresponding results can be generalized for the
Schwarzschild—de Sitter metric.

The paper is organized as follows. In Sec. II we develop
the results of paper [22] concerning the properties of
the highly relativistic circular orbits of a spinning particle
in Schwarzschild’s background in the case of the strong
repulsive action of the spin-gravity coupling: the energy
and angular momentum on these orbits are considered.
Sections III and IV are devoted to the specific repulsive
features of the noncircular highly relativistic trajectories of
a spinning particle which begins to move with r, <r <
1.5r,. In Sec. IV an approximated method of selection
solutions of the exact MP equations which describe
the motions of the particle’s proper center of mass is
elaborated and used in computer calculations. We conclude
in Sec. V.

II. ENERGY AND ANGULAR MOMENTUM
OF A SPINNING PARTICLE ON HIGHLY
RELATIVISTIC CIRCULAR ORBITS IN
SCHWARZSCHILD’S BACKGROUND

It is known that the geodesic circular orbits of a spinless
test particle in a Schwarzschild background are allowable
only for r > 1.5r, (r is the radial coordinate and r, is the
horizon radius) and the highly relativistic circular orbits
exist only for r = 1.5r,(1 +6), where 0 <6 <1 [1,2].
The situation with possible circular orbits of a spinning test
particle in Schwarzschild’s background is another: the
space region of existence of the relevant highly relativistic
circular orbits is much wider [19,22]. In particular, it is
shown that due to the significant repulsive action of the
spin-gravity coupling the highly relativistic circular orbits
of a spinning test particle are possible for r < 1.5r,. It
means that the corresponding solutions of the MP equations
differ essentially from the solutions of the geodesic
equations and the worldlines and trajectories of the spin-
ning and spinless particles which start with the same initial
values of the coordinates and velocity are not close. In
addition, in this section we compare the values of the
energy and angular momentum of the corresponding
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spinning and spinless particles. Like the geodesic equa-
tions, the MP equations in Schwarzschild’s metric have
the constants of motion: the energy E and the angular
momentum J.

We take into account the MP equations in the form
[14,15]

D DsH 1o
ds <mu’1 MG ds > -2 "R 1y (1)
DSH DSv° DSHe
" _— —0 2
ds + U ds "t gy ’ 2)

where u* = dx*/ds is the particle’s 4-velocity, S* is the
tensor of spin, m and D/ds are, respectively, the mass and
the covariant derivative along u* and R*,,, is the Riemann
curvature tensor (units ¢ = G = 1 are used). Here, and in
the following, Latin indices run 1, 2, 3 and Greek indices 1,
2, 3, 4; the signature of the metric (—, —, —, +) is chosen.

As usual, these equations are considered with some
supplementary condition and most often the Mathisson-
Pirani condition [14,27]

S*u, =0 (3)
or Tulczyjew-Dixon one [28,29]

S*P, =0 (4)
are used, where

D Su/l
ds

PY = mu* + u, (5)
is the particle 4-momentum. Both at (3) and (4), the
constant of motion of the MP equations is

1

S22 =
079

S S, (6)
where |Sy| is the absolute value of spin.

In different contexts the MP equations are taken into
account in many recent papers [30—44].

In [19,22] Egs. (1) and (2) are considered in
Schwarzschild’s metric, using the standard coordinates
x'=r, x> =60, x¥* =¢, x* =1, to describe the highly
relativistic circular orbits of a spinning particle in the plane
6 = /2. In these coordinates the constants of the particle’s
energy and angular momentum are

DS* 1,

E = muy + gsu,, s + ES" 94445 (7)
DS* 1,

J = —muz — g33u, I ES"* 933 4- (8)
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In the following we shall use the dimensionless quantities
y; connected with the particle’s coordinates and velocity

t

:9’ = s = —, 9
Ay Vi=@ ya =47 )

_r
yl_Mv

ys=u's  ye=Mu,  y;=Mu, yg=u', (10)
where M is the Schwarzschild mass. Then the equations
which determine the region of existence of the circular
orbits of a spinning particle in Schwarzschild’s background
and the dependence of the particle’s angular velocity on the

radial coordinate can be written as [22]

y3(y1 —3)*ysyi'eo — y7(y1 — 3)
+y7(2y1 = 3)eoysyr® +y72 =0, (11)

2 -1/2 >
yg = (1 _y_> \ T+ yiy7, (12)

1

where
|So]
=— < 1. 13
£ mM ( )

[Equation (11) follows directly from the MP equations (1)
and (2) at condition (3) for the Schwarzschild metric when
the spinning particle is moving in the plane § = z/2 with
the spin orthogonal to this plane, and Eq. (12) is a simple
consequence of the condition u,u* = 1.] Figures 3-5 in
[22] illustrate the dependence of the Lorentz y-factor on r
for the orbital velocity which is necessary for the particle
motions on the circular orbits with » = const in the region
2M < r <3M(1+ §). It is noted in [22] that all orbits in
Figs. 3-5 are possible due to the significant repulsive action
of the spin-gravity coupling.

Let us compare the values of the energy and angular
momentum for the spinning and spinless particles which
begin to move with r from the region 2M < r <3M(1+6).
We consider the case when a spinning particle is moving on
the circular orbits, as in the pointed out above situations
from [22], and a spinless particle begins to move with the
same initial velocity. There are expressions for E and J
according to (7) and (8) in notations (9) and (10):

2
E= m(l —;>)’8 — megy (y1 — 3)y3. (14)

2 3
J =mMy3y; — mMe()(] ——) <1 ——>y§. (15)
Y1 Y1

Naturally, at ¢y = 0 from (14) and (15) the corresponding
expressions follow for the spinless particle.

Using the corresponding solutions of Egs. (11) and (12)
in (14) and (15) we obtain the graphs which present the
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FIG. 1. Energy vs radial coordinate for the circular orbits of a

spinning particle (solid line) and for the geodesic motions (dotted
line) with the same initial velocity. The three pictures correspond
to the different intervals and scaling by r.

dependence of the particle’s energy and angular momentum
on r in different subregions of the region 2M < r <
3M(1 + 6). Figures 1 and 2 show the subregions where
the energy and angular momentum of a spinning particle
significantly differ from the energy and angular momentum
of a corresponding spinless particle and where these values

41001
§-200-

-300+

-400-

3
r(M r (M)
04
21001
= 2001
=
S
23001
)
400{ _»
.
2.99 3 3.01
r (M)

FIG. 2. Angular momentum vs radial coordinate for the circular
orbits of a spinning particle (solid line) and for the geodesic
motions (dotted line) with the same initial velocity. The three
pictures correspond to the different intervals and scaling by r.
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are close. (As in [22], here we put S, =Sy > 0, then
dp/ds < 0; gy = 1072). Note that according to [22] the
orbits with r larger than =3.01 are not highly relativistic
and here y-factor is close to 1.

Among all highly relativistic circular orbits of a spinning
particle in Schwarzschild’s background the orbit with
r =3M = 1.5r, has a specific feature: the solution which
describes this orbit is the same for the exact MP equations
and for their linear spin approximation, and is common
for conditions (3) and (4). Other highly relativistic
circular orbits do not have this property. It is pointed
outin [22,25,45] that, in general, for the correct description
of the highly relativistic orbits of a spinning particle
in Schwarzschild’s background condition (3) is more
appropriate.

According to [22] the dependence of the y-factor on ¢,
for the highly relativistic circular orbits is determined by
the value 1/,/¢;. The same dependence on ¢, takes place
for £ and J on these orbits.

III. BEYOND THE CIRCULAR ORBITS

In addition to the results on the properties of the highly
relativistic circular orbits, important information concern-
ing the possibilities of the strong repulsive action on a
spinning particle follows from the shape of the highly
relativistic noncircular orbits. We begin from the orbits
which start with » = 3M and correspond to different values
of the particle’s orbital velocity.

To describe most general motions of a spinning particle
(without restrictions on its velocity and spin orientation) in
Schwarzschild’s and Kerr’s backgrounds by the exact MP
equations at condition (3), the representation of these
equations was developed using the integrals of energy
and angular momentum [21,25]. In the more simple
particular case of the equatorial noncircular motions of a
spinning particle in Schwarzschild’s background the cor-
responding equations can be written as [46]

A

2

. y 3 1 E

ys ==+y, (1 —) <2y% +2> — =y
Y1 Y1 A &

S

J 2 1/2
+— y2+<1——> 1—|—y2y2} , 16
y[ )anh (16)
2 2 7
. y +1 3 E
¥, = — 5y7+yIY7 /i (y7—ﬂ——
Y1 Vs Y1 &
(1+v7) |32 )14
+ I+Jy [y +(1——>l+yy} ,
Y1Ys€o i Y1 s

(17)
Vi =DYs, V3 =7, (18)

where
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E A J

—, J=——, (19)
m mM

E=
and a dot denotes the usual derivative with respect
to x =s/m.

By choosing different values of £ and J for the fixed
initial values of y; one can describe the motions of different
centers of mass of a spinning particle [21]. Among the set
of the pairs E and J there is the single pair corresponding to
the proper center of mass. [It is known that in Minkowski’s
spacetime the exact MP equations at condition (3) have, in
addition to usual solutions describing the straight world-
lines, a set of solutions describing oscillatory (helical)
worldlines [47,48]. This situation was interpreted in [49]
where it was pointed out that in relativity the position of the
center of mass of a rotating body depends on the frame of
reference, and condition (3) is common for the so-called
proper and nonproper centers of mass [50]; more detailed
analysis can be found in [42,51].]

Concerning the highly relativistic circular orbits of a
spinning particle with » = 3M [in notations (9) it means
y; = 3] we note that according to (11) and (12) the value of
y7 on this orbit is

3—3/4
— \/8_0

Then by expressions (14) and (15) in the main approxi-
mation we have

y1 = (14 0(0))- (20)

3—1/4 R 35/4
R (21)
Ve Veo

Let us consider the highly relativistic noncircular
motions of a spinning particle which starts from y; =3
with the initial values of ys # 0 and with y; which differs
from (20). For this purpose we integrate Eqgs. (16)—(18).
The values of £ and J which correspond to the motions of
the proper center of mass can be found using a search
computer. As typical, in Fig. 3 we show the results
concerning the shape of the spinning particle trajectories
at £y = 1072 with the fixed initial values y,(0) = 3,
y5(0) = —2.5 x 1072 and different values of y;. The solid
line corresponds to y;(0) &~ —4.39: this value is determined
by (20) with &, = 1072, The dashed line, long dashed line,
and dash-dotted lines describe the cases when y;(0) is
equal approximately to —4.39 multiplied by 2, 4 and 6
correspondingly. In all cases the particle starts clockwise
from the position r = 3M and ¢ = 0, in the polar coor-
dinates. According to the solid line the spinning particle
with the corresponding initial values of y; falls on
Schwarzschild’s horizon surface as well as the spinless
particle which begins to move with the same initial
conditions (for comparison the dotted line in Fig. 3
illustrates the trajectory of this spinless particle). The three

E:
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FIG. 3. Noncircular trajectories of the spinning particle at
different initial values of y;. The circle y; = 2 corresponds to
the horizon line.

other curves (dashed, long dashed, and dash-dotted lines)
show that the spinning particle with the corresponding
initial values of y; goes away from the Schwarzschild
source, whereas it is known that by the properties of
the geodesic lines in Schwarzschild’s metric the spinless
particle in all these cases falls on the horizon surface
similarly as the dotted line in Fig. 3. So, Fig. 3 illustrates
how the spin-gravity action on the trajectory of the spinning
particle increases with its orbital velocity y-.

Note that the highly relativistic circular orbits of a
spinning particle in Schwarzschild’s background exist
beyond the small neighborhood of the value y; =3 as
well, for 2 < y; < 3. Then the necessary value of y; is
determined by

Y1 ==

1 <1 2)1/4
VeVl Y1

3 -1/2
x (y]_ 1) (1+ O(g)). (22)

Similarly to (20) expression (22) is proportional to 1/ /&.
The expressions for £ and J which correspond to (22) are

(- )
\/y_l Y1 Y1

3 3
X 1——+—>, 23
( Y1 )’% )
=van(1-5) ()
J = /¢ 1 —— —=1
o1 Y1 Y1
9 15
X 1——+—>. 24
( iy @)

That is, in contrast to (21), here both £ and J are
proportional to /&.

To describe noncircular highly relativistic orbits of a
spinning particle which starts with 2 < y;(0) < 3 one can
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use a search computer of such values £ and J which pick
out the corresponding motions of the particle’s proper
center of mass, similarly as it was pointed out above for the
motion with y;(0) = 3. Naturally, if some noncircular
orbits are closer, in a certain sense, to the circular orbits
with (22), the corresponding values E and J are close to
(23) and (24). In general, it is useful to have some analytical
estimations for the necessary £ and J in any concrete case
of the spinning particle motion.

IV. ON THE VALUES OF E AND J FOR THE
PROPER CENTER OF MASS

The procedure of finding the £ and J for the proper
center of mass of a spinning particle moving in
Schwarzschild’s background which is based on the con-
sideration of the MP equations in the linear approximation
by the small displacement of the values y,, ys, y; from their
initial values y;(0), y5(0), y;(0) is presented in [46]. It is
important in this approach that £ and J are the constant of
motion, that is their values are the same for the all time of
the particle’s motion. In notations

yi —1(0)
1 (0) ’
(25)

515)’5—%(0)’ 525y7—Y7(0)’

y5(0) ¥7(0) &=

it follows from (16) and (17) in the linear in ¢;
approximation

& = (ajo + anjEEl + 012E€61)51 + (ay + Clzljga1
+ ankey)é, + (az + ay Jeg' + apEeg')é
+ aopo + (101.7861 + aozﬁ'gal, (26)

&= (bio + b1 Jeg" + bpoEeg' + bizeg')é
+ (bao + byrJeg! + by Eeg! + byyeg')é
+ (byg + by Jeg" + by Eeg! + byzeg!)é
+bog + borJeg" + bosEeg" + bosey’ (27)

& = c10€) + coos (28)

where the coefficients a, b, ¢ with the corresponding
indexes are expressed through y;(0), ys(0), y;(0) as
follows:

PHYSICAL REVIEW D 94, 044047 (2016)
aj; = y7'ysN,
ayy = 4y5'y3(y1 = 3),
ay; = (y1 —2)y5'yIN, axn = —y1y5'y7.
azo = y77y5' i 2y —y3 = 1) + 6],
az; = y7'y5'N(=1 =3 +y1y7 +3y7"),
az = =y1y5'v7,
agy = yi'ys + (1 = 3)y5' (372 + 2¥3),
apr = y7'y3'NTL ag = —yystys
bio = =yi'ys = y7%v5 (1 = 3)(1 +y1¥3),
by = =y7'y5'N(1 +yiy3) (1 = 2y7"),
b1y = y1y5'y = 1072 + 7).
biz = =yi'ys'y7 N (1 + yiy3) (1 = 2y7"),
by = =y7'ys +y72y5" (1 = 3)(1 + 3y7y7).
by = y7'y5'Nys + (1= 2y7")(1 + 2y7y3),
by = =2y1y5'y7. by = y5'yN(y; —2),
byo = Y2516 + 1 (v3 + yiyi - 1),
bsi = y7'y5'N(=1 =3 + 337" +y157),
by = y7'v5'y7 (1=y1y3),  bsz = y7'bsy,
boo = =y1'ys +y7°y5 (v = 3)(1 +y1y3),

ayp = 2)’1_1)’5’

app = 0,

bo = yT'y5sIN7L boa = —y7lyslyr (1 + yhy3),

bos = y1'ys'y7'N7h

coo = €10 = ¥7'Vs, (29)
where

N =2+ (1-2y7H(1 +y3y3)]712

[for brevity we omit “(0)” near the initial values of y; in
(29) and in the following].

According to the known result of the differential equa-
tions theory, the general solution of linear equations (26)—
(28) is determined by the combination of e** (i = 1, 2, 3),
where /1; are the solutions of the third-order algebraic
equation

B+ CA*+CiA+Cy=0. (30)

Here the coefficients C; (j =0, 1, 2) can be expressed
through a, b, ¢ and depend both on y;(0), y5s(0), y;(0), &
and on the parameters E and J. For example, the corre-
sponding expressions for C, and C; are

Cy = —ayg — by — Jeg (ay, + byy)
— Eej'(arp + by) — bysey ', (31)
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Ci = (ap+ 0113861 + 012E€61)(b20 + bzlj‘f(?l
+ bzzE&'al + b23€51) - 610(6130 + a31j€al -+ (le&'al)
= (ax + anJeg" + anke;')

x (byg + by Jeg") + by Eeyl). (32)

Let us consider (31) and (32) for the concrete cases
of the particle’s highly relativistic noncircular motions
when its 4-velocity is determined by the relationships

p k
= —, = —, 33
Y5 \/% Y7 \/% ( )

where the parameters p and k satisfy the conditions
p*/eo > 1 and k?/ey > 1. That is, similarly to the case
of the circular orbits with (22), according to (33) the
particles 4-velocity is proportional to 1/,/&. Our task is to

find such values £ and J which at the fixed initial values y,,
ys and y; determine just the motion of the proper center
of mass. Using some analogy with the highly relativistic
circular orbits when the necessary values £ and J are
determined by (23) and (24), here we search for the
corresponding values in the form

E=ke, T=k/e, (34)

where k; and k, are some parameters which we have to
find. For this purpose we take into account the known
expressions for the roots of the third order algebraic
equation (30) through the values C,, C; and C,. It follows
from these expressions that the values of the three roots 4,
A, and A5 significantly depend on &,. In general, the
expressions for these roots contain the large terms which
are proportional to 1/g,. Just these terms determine the
high frequency oscillatory solutions as well as the solutions
which are proportional to the exponent with the large
absolute values of the real index of this exponent. Such all
solutions do not describe the motions of the particle’s
proper center of mass in which we are interested. Therefore,
to choice the necessary solutions we take into account the
partial solutions of Egs. (26)-(28) for which the corre-
sponding expressions of 4;, 4, and 43 do not contain the
large terms of the order 1/¢. It is not difficult to check that
the possible approximated approach consists in putting zero
the coefficients near the terms with 1/¢ in the expressions
for C, and C;. Then we obtain the two linear algebraic
equations for k; and k, which determine the necessary
values of these parameters:

kyn — p? 3k vy —2
=2y P gy DT (35
T Ty, O g 39

A
k=2, (36)
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r (M)

3210 12

FIG. 4. An example of the oscillatory motions in the polar
coordinates and in the dependence r vs .

where

A =275p’n —k*yn(y; =9) + 1.25k*yInp=2(y; — 3)?

- 15K (y, =2)(y1 = 3)p~>
+0.25K2y3 (v — 2)*p 207",
B =Ky (y; - 3),

n= \/p2 +Eyi (v = 2).

Let us apply relationships (34)—(36) in Egs. (16)—(18)
for the concrete motions of a highly relativistic spinning
particle with the initial value y;(0) = 2.5. Figure 4 shows
a case when y5(0) = 3.6, y;(0) = —9.2 and &, = 1072 [the
dotted lines in Fig. 4 correspond to the motion of a spinless
particle with the same initial values y, (0), y5(0) and y;(0)].
Because expressions (35) and (36) can be used only for
some approximated description of motions of the particle’s
proper center of mass, the graphs in Fig. 4 have the
oscillatory features. It means that the proper center of
mass is moving according to the corresponding middle
lines of the graphs in Fig. 4.

Note that both graphs in Figs. 3 and 4 correspond to the
spinning particle motions under the strong repulsive action
of the highly relativistic spin-gravity coupling.

yi # 3.

V. CONCLUSIONS

There are significant differences in the spin-gravity
coupling for a spinning test particle in Schwarzschild’s
background when its velocity (1) is not very high and (2) is
very close to the speed of light, i.e. when the corresponding
relativistic Lorentz factor y is of the order 1 or much greater
than 1. Just in the second case it follows from the MP
equations that general relativity is both the theory of gravity
as a generalization of the Newtonian description of gravity
and, in the certain sense, predicts the effects of strong
antigravity in some extremal situations which is impossible
in the Newtonian theory. In this paper we have considered
the examples of the highly relativistic motions of a spinning
particle which are caused by the strong repulsive action of
the spin-gravity coupling in Schwarzschild’s background.
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This action is shown in the form of the spinning particle
trajectories as compared to the corresponding geodesic
trajectories of a spinless particle (Secs. III and IV). The
effects of the significant influence of the highly relativistic
spin-gravity coupling on the spinning particle energy and
angular momentum are presented in Sec. II. For further
investigations of the concrete types of the highly relativistic
motions of a spinning particle in Schwarzschild’s back-
ground according to the exact MP equations one can use the
approach which is described in Sec. IV.

The question arises concerning possibilities of the
experimental registration of the strong spin-gravity effects.
Naturally, the situation with a macroscopic spinning
particle (body) moving relative to Schwarzschild’s mass
with y > 1 is not realistic. Quite the reverse, the elementary
particles which are the active participants of the high

PHYSICAL REVIEW D 94, 044047 (2016)

energy astrophysical processes have the very large y-factor.
Which values of y are necessary for the manifestations of
the effects of the highly relativistic spin-gravity coupling
that are considered in this paper? Note that the main large
term which determines these values is equal to 1/,/¢;. In
the case when M is equal to 10° of the Sun’s mass, for an
electron and a neutrino (with the mass ~0.3 eV) we have
that 1/,/2, is equal to 9 x 10'* and 7 x 107 respectively.
These values are very high and the parts of electrons and
neutrinos with the corresponding values of the y-factor near
the black holes are low. Nevertheless, one cannot exclude
that, for example, the data concerning very high energy
neutrinos from the Ice Cube experiment will be useful
in the context of the possible registrations of the strong
spin-gravity coupling effects.
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