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We extend the scalar-tensor reconstruction techniques for classical cosmology frameworks, in the
context of loop quantum cosmology. After presenting in some detail how the equations are generalized in
the loop quantum cosmology case, we discuss which new features and limitations the quantum framework
introduces, and we use various illustrative examples in order to demonstrate how the method works. As we
show, the energy density has two different classes of solutions, and one of these yields the correct classical
limit, while the second captures the quantum phenomena. We study in detail the scalar tensor
reconstruction method for both of these solutions. We also discuss some scenarios for which the Hubble
rate becomes unbounded at finite time, which corresponds for example to the case in which the big rip
occurs. As we show, this issue is nontrivial and we discuss how this case should be treated in a consistent
way. Finally, we investigate how the classical stability conditions for the scalar-tensor solutions are
generalized in the loop quantum framework.
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I. INTRODUCTION

The strikingly unexpected observation of the late-time
acceleration of the Universe in the late 1990s [1] has set the
stage for the construction of alternative theories of gravity
to model the Universe. To date, it is believed that the
Universe experienced two acceleration eras, the early-time
acceleration and the late-time acceleration era. One char-
acteristic feature of the early-time acceleration era is the
production of a slightly red tilted scale-invariant power
spectrum of primordial curvature perturbations, which has
recently been verified by the Planck data [2]. One of the
successful theories that produced a nearly scale-invariant
spectrum is the inflationary scenario [3–11]. However, an
alternative scenario to the standard inflationary paradigm is
the big bounce evolution [12–26], in which the initial
singularity is avoided and also it is possible to produce a
scale-invariant power spectrum. Particularly, it was known
for quite some time that an inflationary de Sitter evolution
and a contracting cosmological phase with scale factor
aðtÞ ∼ ð−tÞ2=3, are related by a duality [27], and both
produce a scale-invariant spectrum. A well known cosmo-
logical bounce which realizes a contracting phase which
produces an exactly scale-invariant spectrum is the matter
bounce scenario [20–26], which naturally arises in the
context of loop quantum cosmology (LQC) [28–34], if the
matter content consists of a pressureless perfect fluid.
Scalar fields are frequently used in order to describe

inflationary theories [3–10] and in order to describe the
late-time acceleration era [35–44]. In particular, several

reconstruction techniques use canonical or noncanonical
scalar fields [35–44] in order to generate a quintessential or
even a phantom late-time evolution. The purpose of this
paper is to generalize the reconstruction methods of
Refs. [35–38] in the context of LQC. We aim to present
the general method of realizing a given cosmological
evolution in terms of its Hubble rate and scale factor,
and we investigate how the classical results obtained in
Refs. [35–38] are generalized in the case of LQC. As we
will see, the LQC resulting equations are identical to the
classical equations, when the classical limit is taken. Both
the noncanonical and canonical scalar field cases shall be
discussed, and we use several illustrative examples to show
how the method works. We also discuss the limitations of
the method, and we highlight the difference with the
classical case. In addition, we discuss how the method
works in the case where the quantum era is considered,
since there are two branches of solutions for the energy
density. The case where the Hubble rate is unbounded is
also briefly discussed, in the context of a big rip where the
unboundedness occurs at a finite time. In the context of
LQC, this requires special attention, as was demonstrated in
[45], since the Friedmann equations have a different form;
however, the big rip singularity should be avoided as it
happens in all LQC frameworks (see for example [46–53]).
We point out the problem of this issue, and we discuss how
the problem is actually solved by using the arguments
of Ref. [45].
This paper is organized as follows: In Sec. II, we discuss

the general reconstruction technique for noncanonical LQC
scalar fields. In Sec. III, we address the stability of the
general solution we obtained in Sec. II, and we compare the*v.k.oikonomou1979@gmail.com
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results with the classical case. In Sec. IV, we investigate
how phantom and oscillating cosmologies can be generated
by LQC noncanonical scalar fields, and we discuss the case
of unbounded Hubble rates at finite time. The canonical
scalar field case is discussed in Sec. V, and the concluding
remarks along with a discussion of the results follow at the
end of the paper.

II. THE LQC RECONSTRUCTIONMETHODWITH
NONCANONICAL SCALAR FIELD

According to the theoretical framework of LQC [28–34],
the effective Hamiltonian that describes the quantum
aspects of the Universe is

HLQC ¼ −3V
sin2ðλβÞ
γ2λ2

þ Vρ; ð1Þ

where γ is the Barbero-Immirzi parameter, λ is a parameter
with dimensions of length, which is related to γ, V
represents the volume V ¼ aðtÞ3, with aðtÞ denoting the
scale factor of the Universe, and finally ρ represents
the energy density of the matter content of the Universe.
The Hamiltonian constraint HLQC ¼ 0 yields

sin2ðλβÞ
γ2λ2

¼ ρ

3
; ð2Þ

and, in addition, by using the following anticommutation
identity,

_V ¼ fV;HLQCg ¼ −
γ

2

∂HLQC

∂β ; ð3Þ

we get the holonomy quantum-corrected Friedmann equa-
tion [28–34],

H2 ¼ κ2ρ

3

�
1 −

ρ

ρc

�
: ð4Þ

The energy density satisfies, as usual, the following
continuity equation,

_ρðtÞ ¼ −3HðρðtÞ þ PðtÞÞ; ð5Þ
where PðtÞ is the total effective pressure of the matter fluid
with energy density ρ. Using the continuity equation (5),
the holonomy corrected Friedman equation (4) [including
differentiating the latter], and finally substituting _ρ from the
continuity equation (5), we obtain the following differential
equation:

_H ¼ −
κ2

2
ðρþ PÞ

�
1 − 2

ρ

ρc

�
: ð6Þ

When using the LQC theoretical framework, one of the
fundamental guidelines is that the resulting picture in the

context of LQC must yield the classical picture, in the case
of the LQC parameter ρc → ∞, since the parameter ρc
captures the quantum effects. Notice that, in the limit
ρc → ∞, the two equations (4) and (6) become

_H ¼ −
κ2

2
ðρþ PÞ; H2 ¼ κ2ρ

3
; ð7Þ

which are the classical Friedmann equations. Having the
LQC Friedmann equations at hand, we now extend the
formalism of Refs. [35–37] in the case of loop quantum
cosmology noncanonical scalar fields. From the LQC
Friedmann equation (4), the solution with respect to ρ is

ρ ¼ κ2ρc �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−12H2κ2ρc þ κ4ρ2c

p
2κ2

; ð8Þ

and we need to be cautious at this point for two reasons:
first, the limit ρc → ∞ must yield the classical solution

H2 ¼ κ2ρ
3
, and, second, we need to choose the correct sign in

Eq. (8). These two problems are related as we now evince.
Now we demonstrate which solution we need to keep, and
we will write the appropriate expression for ρ in order for
the classical solution to be obtained. The total pressure
density from Eq. (6) reads

PðtÞ ¼ −ρ −
2 _H

κ2ð1 − 2ρ
ρc
Þ ; ð9Þ

therefore, the corresponding equation of state (EoS)
parameter weff reads

weff ¼ −1 −
_H

3H2
� ρc _H

3H2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρcðρc − 12H2Þ

p ; ð10Þ

where the plus sign corresponds to the plus sign in Eq. (8)
and the minus in (10) to the minus in (8). Obviously, when
ρc → ∞, the EoS parameter must be equal to the classical
result [35–37],

weff ¼ −1 −
2 _H
3H2

; ð11Þ

and the only way for this to be true is if we keep only the
minus sign in Eq. (8), so in effect the final expression for
the energy density reads

ρ ¼ κ2ρc −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−12H2κ2ρc þ κ4ρ2c

p
2κ2

; ð12Þ

and therefore the resulting correct expression for the LQC
EoS is the following:
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weff ¼ −1 −
_H

3H2
−

ρc _H

3H2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρcðρc − 12H2Þ

p : ð13Þ

A second problem arises if we take the limit ρc → ∞ in
Eq. (12), in which case we get ρ ¼ 0, which is not the
classical result. The source of the problem is that we cannot
take the limit ρc → 0 directly from Eq. (12), so we write the
definition of ρ in an equivalent form using Eqs. (4) and (12),

ρ ¼ 3H2

κ2
�
1 − κ2ρc−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−12H2κ2ρcþκ4ρ2c

p
2κ2ρc

� ; ð14Þ

which, in the limit ρc → ∞, gives the correct resultH2 ¼ κ2ρ
3
.

Basically it is a trivial algebraic trick which we obtain by
using Eqs. (4) and (12). By substituting (12) in Eq. (14), we
can see that it holds true. So, from now on, the total energy
density is given by Eq. (14), while the total pressure is given
by (9) and the EoS parameter weff by (10).
However, we need to stress that the root given in Eq. (12)

yields the correct classical limit, but the following root,

ρ ¼ κ2ρc þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−12H2κ2ρc þ κ4ρ2c

p
2κ2

; ð15Þ

yields the physical description of the theory when the
quantum effects are strong. Practically, the root (15)
describes the bouncing era, which resides in the quantum
regime of the theory. Therefore, in the following analysis,
we need to find the behavior corresponding to the quantum
era root of Eq. (15). More importantly, both the roots (12)
and (15) are derived when the Hubble rate is considered to
be bounded, and in the contrary case, the result is changed,
since the Friedmann equation is not given by Eq. (4)
anymore. A recent insightful study of these issues was
performed in Ref. [45], where the authors performed a very
general analysis using the Raychaudhuri equation, and their
analysis yielded quite novel results. We shall discuss the
issue of an unbounded Hamiltonian in a later section.
From the expression of Eq. (13) for the EoS, it is obvious

that the EoS describes a phantom evolution when _H > 0

and on the contrary, when _H < 0, the evolution is non-
phantom. In general, we can say that the effect of LQC in
the EoS is the appearance of the third term in (13), which in
the case that

ρcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρcðρc − 12H2Þ

p < 1; ð16Þ

then the evolution is less phantom or more quintessential in
comparison to the classical EoS given in Eq. (11). On the
other hand, if

ρcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρcðρc − 12H2Þ

p > 1; ð17Þ

then the evolution becomes more phantom or less quintes-
sential, compared to the classical EoS. In the following, we
shall make use of a flat Friedmann-Robertson-Walker
background, with line element

ds2 ¼ −dt2 þ aðtÞ2
X

i¼1;2;3

ðdxiÞ2: ð18Þ

Having specified the geometric background, consider the
case that the energy density ρ consists of a noncanonical
scalar field, with pressure Pϕ and energy density ρϕ,

ρϕ ¼ 1

2
ωðϕÞ _ϕ2 þ VðϕÞ; Pϕ ¼ 1

2
ωðϕÞ _ϕ2 − VðϕÞ;

ð19Þ

and also of an ordinary matter fluid with equation of state
Pm ¼ wmρm, so that

P ¼ Pm þ Pϕ; ρ ¼ ρm þ ρϕ; ð20Þ

and it is assumed that the two perfect fluids do not interact.
Then the kinetic term for the LQC noncanonical scalar
reads

ωðϕÞ _ϕ2 ¼ −2
_H

κ2ð1 − 2 ρ
ρc
Þ − ðρm þ PmÞ; ð21Þ

and the potential is

VðϕÞ ¼ ρþ
_H

κ2ð1 − 2 ρ
ρc
Þ −

ρm
2

þ Pm

2
; ð22Þ

and in the limit ρc → ∞, we obtain the correct classical
expressions. By using Eq. (14), the potential reads

VðϕÞ ¼ 3H2

κ2 − κ2ρc−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−12H2κ2ρcþκ4ρ2c

p
2ρc

þ
_H

κ2ð1 − 2 ρ
ρc
Þ −

ρm
2

þ Pm

2
; ð23Þ

We seek solutions of the form [35–37]

ϕ ¼ t; HðtÞ ¼ fðtÞ; ð24Þ

so the resulting expressions for the kinetic term and
potential are

ωðϕÞ ¼ −
2 _H

κ2 − κ2ρc−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−12H2κ2ρcþκ4ρ2c

p
ρc

− ð1þ wÞρ0e−3ð1þwmÞ
R

fðtÞdt; ð25Þ
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VðϕÞ¼ 3H2

κ2− κ2ρc−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−12H2κ2ρcþκ4ρ2c

p
2ρc

þ
_H

κ2− κ2ρc−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−12H2κ2ρcþκ4ρ2c

p
ρc

−
ð1−wÞ

2
ρ0e

−3ð1þwmÞ
R
fðtÞdt; ð26Þ

where we used Pm ¼ wmρm. Basically, Eqs. (25) and (26)
generalize the reconstruction method of Refs. [35–37] in
the LQC framework. Indeed, the classical limit can be
obtained when ρc → ∞, in which case, as it can be easily
checked, Eqs. (25) and (26) become

ωðϕÞ ¼ −
2 _H
κ2

− ð1þ wÞρ0e−3ð1þwmÞ
R

fðtÞdt; ð27Þ

VðϕÞ ¼ 3H2

κ2
þ

_H
κ2

−
ð1 − wÞ

2
ρ0e

−3ð1þwmÞ
R

fðtÞdt; ð28Þ

which are identical to the classical expressions in
Refs. [35–37].
Let us demonstrate how the reconstruction method we

propose works using a simple example, which we take from
[35] in order to compare directly since the limit ρc → ∞
must yield the same results. Consider the case

fðϕÞ ¼ H0 þ
H1

ϕn ; ð29Þ

so by using Eqs. (25) and (26), the kinetic term reads

ωðϕÞ ¼ −e−3ð1þwmÞðH0ϕþH1ϕ
1−n

1−n Þð1þ wmÞρm

þ 2H1nϕ−1−n

κ2 − κ2ρc−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ4ρ2c−12κ2ρcðH0þH1ϕ

−nÞ2
p

ρc

; ð30Þ

and as ρc → ∞, this becomes

ωðϕÞ≃ 2H1nt−1−n

κ2
− e−3ðH0tþH1t

1−n

1−n Þð1þwmÞð1þ wmÞρm;
ð31Þ

which is identical to example 3 of Ref. [35]. Also, the
potential in the LQC case is

VðϕÞ ¼ 6t−2nðH1 þH0tnÞ2ρc
κ2ρc þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2ρcð−12ðH0 þH1t−nÞ2 þ κ2ρcÞ

p

−
H1nt−1−n

κ2 − 6κ2t−2nðH1þH0tnÞ2
κ2ρcþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2ρcð−12ðH0þH1t−nÞ2þκ2ρcÞ

p

þ e−3tðH0þH1t
−n

1−n Þð1þwmÞ ð−1þ wmÞ
2

ρm; ð32Þ

and in the classical limit ρc → ∞, this becomes

VðϕÞ≃ −
H1nt−1−n

κ2
þ 3ðH0 þH1t−nÞ2

κ2

− e−3ðH0tþH1t
1−n

1−n Þð1þwmÞ ð1 − wmÞ
2

ρm; ð33Þ

which is identical to the one obtained in Ref. [35]. Now an
important issue that needs to be addressed is the stability of
the solution (24) in terms of perturbations. We formally
address this issue in the following section.
Up to now, we discussed the classical regime, where the

root (12) was used, but let us see what occurs if we use the
root (15) which describes the quantum regime. It is con-
ceivable that the limit ρc → ∞ will not yield the classical
limit since this root describes the era for which the quantum
effects are strong. Consider the case of Eq. (29), so by using
the root (15), the corresponding scalar kinetic term reads

ωðϕÞ ¼ −e−3ð1þwmÞðH0ϕþH1ϕ
1−n

1−n Þð1þ wmÞρm
þ 2H1nϕ−1−n

κ2 − κ2ρcþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ4ρ2c−12κ2ρcðH0þH1ϕ

−nÞ2
p

ρc

: ð34Þ

We can readily see how the quantum root affects the
dynamics, since in the limit ρc → ∞, which is the classical
limit, the kinetic term becomes

ωðϕÞ ¼ −e−3ð1þwmÞðH0ϕþH1ϕ
1−n

1−n Þð1þ wmÞρm

þ 2H1nϕ−1−n

κ2 − κ2ρcþκ2ρc
ρc

; ð35Þ

which is clearly different from the classical result (31). Also,
the potential for the root (15) is

VðϕÞ ¼ 6t−2nðH1 þH0tnÞ2ρc
κ2ρc −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2ρcð−12ðH0 þH1t−nÞ2 þ κ2ρcÞ

p

−
H1nt−1−n

κ2 − 6κ2t−2nðH1þH0tnÞ2
−κ2ρcþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2ρcð−12ðH0þH1t−nÞ2þκ2ρcÞ

p

þ e−3tðH0þH1t
−n

1−n Þð1þwmÞ ð−1þ wmÞ
2

ρm; ð36Þ

and in the classical limit ρc → ∞, this becomes

VðϕÞ≃ 6t−2nðH1 þH0tnÞ2ρc
κ2ρc − κ2ρc

−
H1nt−1−n

κ2 − 6κ2t−2nðH1þH0tnÞ2
−κ2ρcþκ2ρc

þ e−3tðH0þH1t
−n

1−n Þð1þwmÞ ð−1þ wmÞ
2

ρm; ð37Þ

which is divergent, so the classical limit cannot be accessed,
as was expected since the root (15) captures the bouncing
point era, which is the quantum era.
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III. DYNAMICAL STABILITY OF THE
NONCANONICAL SCALAR SOLUTION

AT FIRST ORDER

An important issue that needs to be properly addressed is
the stability of the solution (24), since it is conceivable that
this solution is not the only solution of the resulting
cosmological equations. Notice that we will not address
the stability issue for the root (15), which describes the
bouncing point, since we are interested in the stability of
the solutions which have the correct classical limit, in order
to compare the results with the classical stability analysis.
We shall be interested in the linear stability of the solution
(24) towards linear perturbations of the dynamical system
that corresponds to the cosmological equations. Apart from
the FRW equations (6) and (7), there is an additional
equation of motion obeyed by the scalar field,

ωðϕÞϕ̈þ 1

2
ω0ðϕÞ _ϕ2 þ 3HωðϕÞ _ϕþ V 0ðϕÞ ¼ 0; ð38Þ

where the prime denotes differentiation with respect to ϕ.
We introduce the following variables,

X ¼ _ϕ; Y ¼ fðϕÞ
H

; ð39Þ

so the FRW equations (6), (7), and (39) can be written as
follows:

dX
dN

¼ −3ðX − YÞ þ 6Yf0ðtÞ
κ2ρc

þ Yð9fðtÞ2 − 6X2f0ðtÞÞ
κ2ρc

þ f00ðtÞ
HðtÞf0ðtÞ −

X2f00ðtÞ
2HðtÞf0ðtÞ

dY
dN

¼ Xf0ðtÞ
HðtÞ2 −

X2Yf0ðtÞ
HðtÞ2 ; ð40Þ

where we used the e-foldings number N ¼ ln a and also
d
dN ¼ H−1 d

dt. By taking the limit ρc → ∞, the dynamical
system (40) becomes

dX
dN

¼ −3ðX − YÞ þ f00ðtÞ
HðtÞf0ðtÞ −

X2f00ðtÞ
2HðtÞf0ðtÞ

dY
dN

¼ Xf0ðtÞ
HðtÞ2 −

X2Yf0ðtÞ
HðtÞ2 ; ð41Þ

and as can be seen, the resulting dynamical system (41) is
identical to the classical dynamical system of [38], in the
limit ρc → ∞, and this validates that our analysis provides
the correct expressions in the LQC case.
Proceeding to find the stability conditions, the solution

(24) corresponds to the values ðX; YÞ ¼ ð1; 1Þ, so in order
to study the stability of the “fixed point” ðX; YÞ ¼ ð1; 1Þ,
we consider the following linear perturbations:

X ¼ 1þ δX; Y ¼ 1þ δY: ð42Þ

By substituting the perturbations (42) in the dynamical
system (40) and also by keeping first-order terms of the
variations δX and δY, we obtain the following dynamical
system:

0
BB@

dX
dN
dY
dN

1
CCA ¼

0
BBB@

−3 −
H00ðtÞ

HðtÞH0ðtÞ −
12H0ðtÞ
κ2ρc

3þ 9HðtÞ2
κ2ρc

−
H0ðtÞ
HðtÞ2 −

H0ðtÞ
HðtÞ2

1
CCCA

×

�
δX

δY

�
: ð43Þ

The dynamical system (43) determines the evolution of the
perturbations of the solution ðX; YÞ ¼ ð1; 1Þ and, therefore,
determines the stability of the solution (8). A direct
comparison of the resulting perturbation equations (43)
to the ones obtained in Ref. [38] can show that, in the limit
ρc → ∞, the LQC perturbation equations agree with the
classical result of Ref. [38], in which case the dynamical
system would read

0
BB@

dX
dN
dY
dN

1
CCA ¼

0
BB@

−3 −
H00ðtÞ

HðtÞH0ðtÞ 3

−
H0ðtÞ
HðtÞ2 −

H0ðtÞ
HðtÞ2

1
CCA
�
δX

δY

�
: ð44Þ

The stability of the system is determined by the eigenvalues
m1;2 of the matrix M appearing in Eq. (43), which is

M ¼

0
BBB@

−3 −
H00ðtÞ

HðtÞH0ðtÞ −
12H0ðtÞ
κ2ρc

3þ 9HðtÞ2
κ2ρc

−
H0ðtÞ
HðtÞ2 −

H0ðtÞ
HðtÞ2

1
CCCA; ð45Þ

and if these are negative, then the solution (24) is stable
towards linear perturbations. If one of the eigenvalues ofM
is positive, then the solution (24) is unstable towards linear
perturbations, and if one of these is zero, we cannot
conclude if the solution (24) is stable. In the Appendix,
we present the detailed functional form of the eigenvalues
of the matrix M. In the following section, we shall study
several illustrative examples, and we shall make use of the
findings of this section in order to compare the classical and
the loop quantum cosmology pictures for a given cosmo-
logical evolution.

IV. REALIZATION OF VARIOUS COSMOLOGIES
USING LQC SCALAR FIELDS

In this section, we present some illustrative examples in
order to demonstrate how the realization of various
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cosmological scenarios can be done by using LQC non-
canonical scalar fields. Our presentation has another aim,
namely, to compare the stability of the solution (24) in the
context of LQC, with the solution of the corresponding
classical theory. Also, the transition from nonphantom
evolution to phantom is possible. Finally, we also briefly
discuss a cosmological evolution which classically leads to
a big rip singularity. As we show, in the LQC case, the big
rip singularity cannot be accessed, a result which agrees
with other approaches using LQC [46–52]. For all the
examples we shall present, we assume that no matter fluids
are present apart from the scalar field, so ρm ¼ pm ¼ 0.

A. Nonphantom evolution

1. Evolution away from the quantum regime

Consider the following cosmological evolution,

HðtÞ ¼ H0 þ
H1

tn
; ð46Þ

with n > 0, and H0; H1 > 0. In the previous section, we
discussed this result in order to see that the resulting
expressions in the LQC and classical case coincide in the
limit ρc → ∞, but now we shall study this example in a
more formal way and in detail. Effectively, since the
classical limit should be retained, this analysis corresponds
to the root (12). In the context of LQC, in order to avoid
inconsistencies in the definition of the energy density,
pressure, and kinetic term, we must require that H0 and H1

are chosen in such a way that, for the following, inequality
is satisfied at all times,

κ2ρc > 12ðH0 þH1t−nÞ2: ð47Þ
This constraint can be violated only at very early times, so
if H0, H1 ≪ 1, and also if these parameters are appropri-
ately chosen, then inconsistencies can be avoided. When
t > 1 and at late times, the inequality (47) always holds true
if H0, H1 ≪ 1. By using Eq. (25), and also by making use
of the solution (24), the kinetic term ωðtÞ reads

ωðtÞ ¼ 2H1nt−1−nρcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2ρcð−12ðH0 þH1t−nÞ2 þ κ2ρcÞ

p ; ð48Þ

which is always positive, so the scalar field is nonphantom.
In addition, the potential that realizes the cosmology (46)
reads

VðtÞ ¼ −
t−2nρcH1nt−1þnffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

κ2ρcð−12ðH0 þH1t−nÞ2 þ κ2ρcÞ
p

þ t−2nρc6ðH1 þH0tnÞ2
κ2ρc þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2ρcð−12ðH0 þH1t−nÞ2 þ κ2ρcÞ

p :

ð49Þ

The EoS appearing in Eq. (13) can easily be computed, and
it reads

weff ¼−1þ H1nt−1−n

3ðH0þH1t−nÞ2

þ H1nt−1−nκ2ρc
3ðH0þH1t−nÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2ρcð−12ðH0þH1t−nÞ2þ κ2ρcÞ

p ;

ð50Þ

and since H0, H1 ≪ 1, and also n > 1, at early times, for
t≃10−30 sec, κ2ρc≃1010 sec−1, and H0∼H1∼10−20 sec−1,
the EoS is approximately equal to −1þ ϵ, with 0 < ϵ < 1;
thus, a quintessential acceleration epoch is described. Also,
at late times, the EoS approaches the de Sitter value−1. The
eigenvalues of the matrix M, m1;2 can easily be calculated,
and it can be easily shown that the stability properties of
the solution (24) for the LQC case are similar to the
classical case.

2. Evolution near the quantum regime

Having discussed the dynamics away from the bouncing
point, we now discuss the analysis near the bouncing point
which corresponds to the root (15). In this case, the kinetic
term is

ωðtÞ ¼ −
2H1nt−1−nρcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

κ2ρcð−12ðH0 þH1t−nÞ2 þ κ2ρcÞ
p ; ð51Þ

and as is expected, the classical limit ρc → ∞ does not
yield the same result as in Eq. (48). Correspondingly, the
potential in this case is

VðtÞ ¼ −
t−2nρcH1nt−1þnffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

κ2ρcð−12ðH0 þH1t−nÞ2 þ κ2ρcÞ
p

−
t−2nρc6ðH1 þH0tnÞ2

−κ2ρc þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2ρcð−12ðH0 þH1t−nÞ2 þ κ2ρcÞ

p ;

ð52Þ

which again is different from the one given in Eq. (49).
Notice that, at t ¼ 0, the Hubble rate becomes unbounded,
and this is an important issue which we discuss later on
when we study big rip singularities and unbounded
Hubble rates.

B. Oscillating cosmologies and nonphantom to
phantom transitions

1. Evolution away from the quantum regime

Consider the following oscillating cosmological evolution,

HðtÞ ¼ H0 þHi sinωt; ð53Þ
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with H0, Hi > 0. As in the previous case, in order to have

κ2ρc > 12ðH0 þHi sinωtÞ2; ð54Þ
for all cosmic times,H0 has to be chosen in such away so that
κ2ρc ≫ H0. Then by combining Eqs. (25) and (24), the
kinetic term ωðtÞ reads, in this case,

ωðtÞ ¼ 2Hiρcω cosðtωÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2ρcðκ2ρc − 12ðH0 þHi sinðtωÞÞ2Þ

p ; ð55Þ

so the appearance of the cosine in the above expressionmakes
the kinetic term positive or negative in a periodic way and,

effectively, the noncanonical scalar field transits from phan-
tom to nonphantom states. Moreover, the scalar potential that
realizes the oscillating cosmology (53) is

VðtÞ ¼ Hiρcω cosðtωÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2ρcðκ2ρc − 12ðH0 þHi sinðtωÞÞ2Þ

p

þ 6ρcðH0 þHi sinðtωÞÞ2
κ2ρc þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2ρcðκ2ρc − 12ðH0 þHi sinðtωÞÞ2Þ

p :

ð56Þ

Finally, the EoS of Eq. (13) for the cosmology (53) reads

weff ¼ −1 −
Hiω cosðtωÞ

3ðH0 þHi sinðtωÞÞ2
−

Hiκ
2ρcω cosðtωÞ

3ðH0 þHi sinðtωÞÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2ρcðκ2ρc − 12ðH0 þHi sinðtωÞÞ2Þ

p ; ð57Þ

from where it can be seen that the EoS transits from
phantom to quintessential eras in a periodic way. In this
case, too, by calculating the eigenvalues of the matrixM, it
can be shown that the classical and LQC stability con-
ditions have similar properties.

2. Evolution near the quantum regime

Let us see the expressions of the kinetic term ωðtÞ and of
the potential VðtÞ corresponding to the root (15), which
corresponds to the quantum regime. The kinetic term ωðtÞ
reads in this case

ωðtÞ ¼ −
2Hiρcω cosðtωÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

κ2ρcðκ2ρc − 12ðH0 þHi sinðtωÞÞ2Þ
p ; ð58Þ

so the appearance of the cosine in the above expression
makes the kinetic term positive or negative in a periodic
way and, effectively, the noncanonical scalar field transits
from phantom to nonphantom states. Moreover, the scalar
potential that realizes the oscillating cosmology (53) is

VðtÞ ¼ Hiρcω cosðtωÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2ρcðκ2ρc − 12ðH0 þHi sinðtωÞÞ2Þ

p

−
6ρcðH0 þHi sinðtωÞÞ2

−κ2ρc þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2ρcðκ2ρc − 12ðH0 þHi sinðtωÞÞ2Þ

p :

ð59Þ

C. Big rip singularity and unbounded Hubble rates

It is a well-known fact in the context of LQC that the big
rip finite-time singularities are avoided; see, for example,
[46–53] and, therefore, in the case of scalar field LQC, the
same result should be obtained. In this case, we discuss this
issue by using a characteristic example, and, as we show,
the big rip singularity cannot be obtained by the LQC scalar
field theory, at least with the root (12). This issue, however,
requires careful consideration because, near a big rip

singularity, the Hubble rate becomes unbounded and,
therefore, the whole framework must be changed as we
will see. This issue of unbounded Hubble rates was first
addressed in Ref. [45], and there the Friedmann equation (4)
was modified in order to describe theories with unbounded
Hubble rates. Let us first demonstrate the problem in the
LQC framework of Eq. (4), and then we discuss how the
problem should be addressed in a correct way.
Consider the following cosmological evolution,

HðtÞ ¼
1
2
ρct

3
4
ρct2 þ 1

þ f0ðt − tsÞ−α; ð60Þ

with α a real parameter, the value of which we specify now.
Also f0 > 0 and ts is a late-time instance. Depending on
the values of α, classically the following types of finite-time
singularities can occur:

(i) For α < −1, a type IV singularity occurs at ts
(ii) For − 1 < α < 0, a type II singularity occurs at ts
(iii) For 0 < α < 1, a type III singularity occurs at ts
(iv) For α > 1, a type I, or so-called big rip, singularity

occurs at ts,
where we used the classification of finite-time singularities
given in Ref. [54]. Hence, in the case where α > 1, the
classical cosmological evolution will result in a big rip
singularity. So from now on, we assume that α > 1 and,
furthermore, in order to avoid complex values in the scale
factor and in the Hubble rate, the parameter α is assumed to
be of the form α ¼ 2n=ð2mþ 1Þ, with n;m > 0 integers.
In the classical theory, the kinetic factor of the noncanoni-
cal scalar field theory that can realize the cosmology (60) is
equal to [35]

ωðϕÞ ¼ 2f0αð−ts þ ϕÞ−1−α
κ2

þ 3ρ2cϕ
2

2κ2ð1þ 3ρcϕ
2

4
Þ2

−
ρc

κ2ð1þ 3ρcϕ
2

4
Þ
; ð61Þ
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and also the corresponding potential VðϕÞ is equal to [35]

VðϕÞ ¼
−f0αð−ts þ ϕÞ−1−α − 3ρ2cϕ

2

4ð1þ3ρcϕ2

4
Þ2
þ ρc

2ð1þ3ρcϕ2

4
Þ
þ 3

�
f0ð−ts þ ϕÞ−α þ ρcϕ

2ð1þ3ρcϕ2

4
Þ

�
2

κ2
: ð62Þ

Finally, the classical EoS is equal to [35]

weff ¼ −1þ 2ðt − tsÞ−1þαð2ðt − tsÞ1þαρcð−4þ 3t2ρcÞ þ f0αð4þ 3t2ρcÞ2Þ
3ð2tðt − tsÞαρc þ f0ð4þ 3t2ρcÞÞ2

: ð63Þ

For the solution (24), since ϕ ¼ t, the classical kinetic term (61) and the potential (62) strongly diverge at the big rip time
instance t ¼ ts, and also the classical pressure and the classical energy density diverge at t ¼ ts. This means that, in the
classical description, the cosmological system reaches a big rip singularity. However, the LQC picture is different as we now
evince. In this case, the kinetic term ωðϕÞ for the cosmological evolution (60) reads

ωðϕÞ ¼ 2ρcð−ts þ ϕÞ−1−αð2ρcð−ts þ ϕÞ1þαð−4þ 3ρcϕ
2Þ þ f0αð4þ 3ρcϕ

2Þ2Þ
ð4þ 3ρcϕ

2Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2ρcðκ2ρc − 12ðf0ð−ts þ ϕÞ−α þ 2ρcϕ

4þ3ρcϕ
2Þ2Þ

q ; ð64Þ

and the corresponding potential reads

VðϕÞ ¼ ρcð−ts þ ϕÞ−2α
ð4þ 3ρcϕ

2Þ2
�
−
ð−ts þ ϕÞ−1þαð2ρcð−ts þ ϕÞ1þαð−4þ 3ρcϕ

2Þ þ f0αð4þ 3ρcϕ
2Þ2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

κ2ρcðκ2ρc − 12ðf0ð−ts þ ϕÞ−α þ 2ρcϕ
4þ3ρcϕ

2Þ2Þ
q

þ 6ð2ρcϕð−ts þ ϕÞα þ f0ð4þ 3ρcϕ
2ÞÞ2

κ2ρc þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2ρcðκ2ρc − 12ðf0ð−ts þ ϕÞ−α þ 2ρcϕ

4þ3ρcϕ
2Þ2Þ

q
�
: ð65Þ

Finally, the corresponding EoS is equal to

weff ¼ −1þ ðt − tsÞ−1þαð2ðt − tsÞ1þαρcð−4þ 3t2ρcÞ þ f0αð4þ 3t2ρcÞ2Þ
3ð2tðt − tsÞαρc þ f0ð4þ 3t2ρcÞÞ2

þ ðt − tsÞ−1þακ2ρcð2ðt − tsÞ1þαρcð−4þ 3t2ρcÞ þ f0αð4þ 3t2ρcÞ2Þ
3ð2tðt − tsÞαρc þ f0ð4þ 3t2ρcÞÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2ρcðκ2ρc − 12ðf0ðt − tsÞ−α þ 2tρc

4þ3t2ρc
Þ2Þ

q : ð66Þ

For the solution (24), the appearance of the square root in
Eqs. (64), (65), and (66) makes the situation very different
from the classical case. This is owing to the fact that before
the time instance t ¼ ts is reached, the argument of the square
root becomes negative, and therefore this results in complex
values for the kinetic term, the potential, and the EoS.Also, it
can easily be checked that the energy density and the pressure
become complex before the big rip singularity is reached,
since the pressure and energy density depend on the potential
and the kinetic term, as can be seen in Eq. (19).
However, at this point, we need to make the crucial

observation that the Hubble rate (60) becomes unbounded
at finite late time, and as was shown in Ref. [45], the
effective Hamiltonian of the LQC system is not polymer-
ized in this case, and it is equal to

H ¼ −
3V

8πGβ1
sinh2ðβ2p=2Þ þHm; ð67Þ

with Hm ¼ ρa3. The corresponding Friedmann equation is
not the one appearing in Eq. (4), but the following,

H2 ¼ 8πG
3

ρ

�
1þ ρ

4ρc

�
; ð68Þ

and therefore the corresponding energy density solutions
are not the ones appearing in Eqs. (12) and (15), and the
correct solutions are the following:

ρ ¼ −2κ2ρc � 2κ
ffiffiffiffiffi
ρc

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3HðtÞ2 þ κ2ρc

p
κ2

: ð69Þ

By looking at the solutions (69), it can be seen that even in
the case when the Hubble rate is unbounded, like for
example in the big rip case, no complex values occur in
the square root since everything is positive. Therefore, the
claim that LQC effects are not sufficient to describe the
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evolution near certain big rip singularities is not correct
since the LQC framework is consistent even in this case and
the rip singularity is avoided, as was shown in [46–52].

V. THE CANONICAL SCALAR FIELD CASE

The canonical scalar field case can easily be addressed
by using the same line of research we used in the previous
sections. In the canonical scalar field case, the energy
density and the pressure of the scalar field are equal to

ρ ¼ 1

2
_φþ VðφÞ; P ¼ 1

2
_φ − VðφÞ; ð70Þ

so in this section we shall be interested in solutions of the
form fðtÞ ¼ HðtÞ, which is different from the form given in
Eq. (24), since φ ≠ t in this case. However, the procedure is
the same, so the canonical scalar field φ as a function of the
cosmic time t can be found by solving the following
differential equation,

_φ2 ¼ ρþ P ¼ −
2 _H

κ2ð1 − 2ρ
ρc
Þ ; ð71Þ

where we made use of the LQC pressure of Eq. (9), and ρ is
given in Eq. (14). In addition, the potential VðφðtÞÞ as a
function of the cosmic time can be found by using Eqs. (9)
and (14), and it reads

VðφðtÞÞ ¼ 6H2

κ2ð1 − κ2ρc−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−12H2κ2ρcþκ4ρ2c

p
2κ2ρc

Þ
þ 2 _H

κ2ð1 − 2ρ
ρc
Þ :

ð72Þ

Eventually, by solving Eq. (71), and inverting the argu-
ment, the function t ¼ tðφÞ is found, and by replacing the
resulting expression in the potential VðφðtÞÞ, the final form
of the potential VðφÞ can be found. In order to demonstrate
how this method works, consider the following cosmo-
logical evolution,

aðtÞ ¼
�
3

4
κ2ð1þ wÞ2ρct2 þ 1

� 1
3ð1þwÞ

;

HðtÞ ¼ tð1þ wÞκ2ρc
2ð1þ 3

4
t2ð1þ wÞ2κ2ρcÞ

; ð73Þ

which corresponds to a perfect fluid with constant equation
of state parameter w, so P ¼ wρ. By replacing the Hubble
rate (73) in the differential equation (71), the canonical
scalar φ as a function of t is equal,

φðtÞ ¼ 2arcsinh½1
2

ffiffiffi
3

p
tð1þ wÞκ ffiffiffiffiffi

ρc
p �ffiffiffi

3
p

κ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ wÞp ; ð74Þ

and also the potential VðφðtÞÞ reads

VðφðtÞÞ ¼ −
4ð−1þ wÞρc

4þ 3t2ð1þ wÞ2κ2ρc
: ð75Þ

By inverting the function φðtÞ of Eq. (74), we get

t ¼
2 sinh

h ffiffi
3

p
κ

ffiffiffiffiffiffiffiffiffiffi
ð1þwÞ

p
φ

2

i
ffiffiffi
3

p ð1þ wÞκ ffiffiffiffiffi
ρc

p ; ð76Þ

so by substituting in the potential of Eq. (75), the resulting
potential VðφÞ reads

VðφÞ ¼ ð1 − wÞρcsech
� ffiffiffi

3
p

κ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ wÞp

φ

2

�2
: ð77Þ

As can be crosschecked, the resulting potential (77) is
identical to the one appearing in the literature (see for
example [55,56]). Hence, given the Hubble rate of an
arbitrary cosmological evolution, by using Eqs. (14), (71),
and (72), we obtain the potential VðφÞ if the function t ¼
tðφÞ can be found.
It is worth discussing one of the examples we used in the

case of a noncanonical scalar field in order to have a
concrete idea of the two cases. Consider, for example, the
cosmological evolution of Eq. (46); however, it is not easy
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FIG. 1. The time dependence of the functions φðtÞ (left) and _φðtÞ (right) and also the phase plot _φ − φ (bottom) for φð0.1Þ ¼ 0.001
and κ2ρc ¼ 10 sec−1, H0 ¼ 0.1 sec−1, H1 ¼ 0.1 sec−1þn
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to obtain an analytic solution of the differential equa-
tion (71), so we numerically solve it by using the initial
condition φð0.1Þ ¼ 0.001, and the values κ2ρc ¼ 10 sec−1,
H0 ¼ H1 ¼ 0.1, so in Fig. 1 we plot the time dependence of
the functions φðtÞ (left) and _φðtÞ (right) and also the phase
plot _φ − φ (bottom). Also, by using the data for φðtÞ and
VðφðtÞÞ, we can construct the parametric plot VðφÞ − φ,
which appears in Fig. 2. Although it is not easy to have the
analytic form of the potential VðφÞ, we can fit the curve
appearing in Fig. 2, and the resulting approximate form of
the potential is

VðφÞ ∼ c1 þ c2φþ c3φ2; ð78Þ

with c1 ≃ 143.062, c2 ¼ 80.203, and c3 ¼ 11.122. In order
to determine the accuracy of the approximate expression for
the potential (78), we shall compute the EoS by using the
expression given in Eq. (13), at various time instances, and
we shall compare these values with ones obtained when the
EoS is equal to

wφ
eff ¼

1
2
_φ2 þ VðφðtÞÞ

1
2
_φ2 − VðφðtÞÞ ; ð79Þ

and by using the numerical results for _φðtÞ and φðtÞ. In
addition, the potential appearing in Eq. (79) is the one we
obtained in Eq. (78). In Table I, we compare the EoS of
Eq. (13) with the one appearing in Eq. (79), and as can be
seen, the differences between the analytical expression and
the numerical one can be found at the second decimal point
of the corresponding values, so the numerical approximation
(78) is relatively successful.

VI. CONCLUSIONS

In this article, we extended the scalar-tensor
reconstruction techniques for realizing cosmological evo-
lutions in the context of LQC. We presented the basic
equations that constitute the LQC reconstruction method,
and we discussed the limitations of the method. Several
examples were presented in order to demonstrate how the
method works and also to show the new constraints that the
LQC framework brings along. As we showed, it is possible
to realize various cosmological scenarios and, in particular,
certain features of a viable cosmology can be generated,
such as the late- and early-time acceleration era, phantom
or quintessential evolution, and even transitions between
phantom and quintessential accelerations. As we showed,
the energy density has two branches of solutions with one
yielding the classical limit and the other capturing the
quantum phenomena. We discussed how the reconstruction
method works in both these cases. We also addressed the
case where the Hubble rate can become unbounded at finite
time. This issue is nontrivial, and by adopting the method
we used in previous sections, it led to inconsistencies.
However, by using the right theoretical context presented in
Ref. [45], the inconsistencies do not occur, and formally the
rip singularities can be avoided.
In the case of noncanonical scalar fields, we also

addressed the stability issue of the solution we proposed,
and in all cases, the stability conditions are direct gener-
alizations of the classical stability conditions, with the two
coinciding in the classical limit ρc → ∞. We also discussed
the canonical scalar field case, and we studied the case of a
perfect fluid with constant equation of state parameter w.
We also performed a numerical analysis, for example, that
was difficult to study analytically.
A direct promising extension of the scalar-tensor

LQC reconstruction method we proposed in this paper is
to use several scalar fields. This extension will provide
a framework in which several cosmological scenarios
could be realized, There is also always the possibility that
some scalar fields are phantom with the rest being non-
phantom. The appearance of several scalars offers more
freedom in realizing various evolution scenarios, so this
theoretical extension should be worked out in detail in a
future work.
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APPENDIX: THE DETAILED FORM OF THE
EIGENVALUES OF M

The detailed form of the eigenvalues of the matrix M
defined in Eq. (45) is given below,
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FIG. 2. The potential VðφÞ that generates the cosmology
HðtÞ ¼ H0 þH1=tn.

TABLE I. The values of the equation of state functions wap and
weff , for various cosmic times.

Cosmic time
(Billion Years) 12.5 Gy 13 Gy 13.5 Gy 14 Gy

wφ
eff −0.999847 −0.999856 −0.999863 −0.99987

weff −0.993239 −0.993984 −0.994623 −0.995175
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m1;2 ¼
1

2κ2ρcHðtÞ3H0ðtÞ ð−3κ
2ρcHðtÞ3H0ðtÞ − κ2ρcHðtÞH0ðtÞ2 − 12HðtÞ3H0ðtÞ2 − κ2ρcHðtÞ2H00ðtÞ �

ffiffiffiffiffiffiffiffiffi
QðtÞ

p
Þ ðA1Þ

where QðtÞ is

QðtÞ ¼ ð3κ2ρcHðtÞ3H0ðtÞ þ κ2ρcHðtÞH0ðtÞ2 þ 12HðtÞ3H0ðtÞ2 þ κ2ρcHðtÞ2H00ðtÞÞ2
− 4κ2ρcHðtÞ3H0ðtÞð6κ2ρcHðtÞH0ðtÞ2 þ 9HðtÞ3H0ðtÞ2 þ 12HðtÞH0ðtÞ3 þ κ2ρcH0ðtÞH00ðtÞÞ: ðA2Þ

[1] A. G. Riess et al. (High-z Supernova Search Team), Astron.
J. 116, 1009 (1998).

[2] P. A. R. Ade et al. (Planck Collaboration),
arXiv:1502.02114; Astron. Astrophys. 571, A22 (2014).

[3] V. Mukhanov, Physical Foundations of Cosmology
(Cambridge Universitiy Press, Cambridge, England, 2005).

[4] D. S. Gorbunov and V. A. Rubakov, Introduction to the
Theory of the Early Universe: Cosmological Perturbations
and Inflationary Theory (World Scientific, Singapore,
2011), p. 489.

[5] V. F. Mukhanov, H. A. Feldman, and R. H. Brandenberger,
Phys. Rep. 215, 203 (1992).

[6] R. H. Brandenberger and R. Kahn, Phys. Rev. D 29, 2172
(1984).

[7] R. H. Brandenberger, R. Kahn, and W. H. Press, Phys. Rev.
D 28, 1809 (1983).

[8] A. Linde, arXiv:1402.0526.
[9] D. H. Lyth and A. Riotto, Phys. Rep. 314, 1 (1999).

[10] K. Bamba and S. D. Odintsov, Symmetry 7, 220 (2015).
[11] L. Sebastiani and R. Myrzakulov, Int. J. Geom. Methods

Mod. Phys. 12, 1530003 (2015).
[12] R. Brandenberger and P. Peter, arXiv:1603.05834.
[13] M. Novello and S. E. Perez Bergliaffa, Phys. Rep. 463, 127

(2008).
[14] C. Li, R. H. Brandenberger, and Y. K. E. Cheung, Phys. Rev.

D 90, 123535 (2014).
[15] J. D. Barrow, D. Kimberly, and J. Magueijo, Classical

Quantum Gravity 21, 4289 (2004).
[16] R. H. Brandenberger, V. F. Mukhanov, and A. Sornborger,

Phys. Rev. D 48, 1629 (1993).
[17] V. F. Mukhanov and R. H. Brandenberger, Phys. Rev. Lett.

68, 1969 (1992).
[18] Yi-Fu Cai, E. McDonough, F. Duplessis, and R. H.

Brandenberger, J. Cosmol. Astropart. Phys. 10 (2013)
024.

[19] Y.-F. Cai and E. Wilson-Ewing, J. Cosmol. Astropart. Phys.
03 (2014) 026.

[20] J. Quintin, Y. F. Cai, and R. H. Brandenberger, Phys. Rev. D
90, 063507 (2014).

[21] Y. F. Cai, R. Brandenberger, and X. Zhang, Phys. Lett. B
703, 25 (2011).

[22] S. D. Odintsov and V. K. Oikonomou, Phys. Rev. D 90,
124083 (2014).

[23] K. Bamba, A. N. Makarenko, A. N. Myagky, S. Nojiri, and
S. D. Odintsov, J. Cosmol. Astropart. Phys. 01 (2014) 008.

[24] C. Barragan, G. J. Olmo, and H. Sanchis-Alepuz, Phys. Rev.
D 80, 024016 (2009).

[25] E. Wilson-Ewing, J. Cosmol. Astropart. Phys. 03 (2013)
026.

[26] V. K. Oikonomou, Gen. Relativ. Gravit. 47, 126
(2015).

[27] D. Wands, Phys. Rev. D 60, 023507 (1999).
[28] A. Ashtekar and P. Singh, Classical Quantum Gravity 28,

213001 (2011).
[29] A. Ashtekar, Nuovo Cimento Soc. Ital. Fis. B 122, 135

(2007).
[30] A. Ashtekar, T. Pawlowski, and P. Singh, Phys. Rev. Lett.

96, 141301 (2006).
[31] A. Ashtekar, T. Pawlowski, and P. Singh, Phys. Rev. D 73,

124038 (2006).
[32] A. Ashtekar, T. Pawlowski, and P. Singh, Phys. Rev. D 74,

084003 (2006).
[33] A. Ashtekar, A. Corichi, and P. Singh, Phys. Rev. D 77,

024046 (2008).
[34] J. Mielczarek, T. Stachowiak, and M. Szydlowski, Phys.

Rev. D 77, 123506 (2008).
[35] E. Elizalde, S. Nojiri, S. D. Odintsov, D. Saez-Gomez, and

V. Faraoni, Phys. Rev. D 77, 106005 (2008).
[36] S. Nojiri and S. D. Odintsov, Gen. Relativ. Gravit. 38, 1285

(2006).
[37] E. Elizalde, S. Nojiri, and S. D. Odintsov, Phys. Rev. D 70,

043539 (2004).
[38] Y. Ito, S. Nojiri, and S. D. Odintsov, Entropy 14, 1578

(2012).
[39] A. Y. Kamenshchik, A. Tronconi, G. Venturi, and S. Y.

Vernov, Phys. Rev. D 87, 063503 (2013).
[40] K. Bamba, S. Nojiri, and S. D. Odintsov, Phys. Lett. B 737,

374 (2014).
[41] A. A. Andrianov, F. Cannata, A. Y. Kamenshchik,

and D. Regoli, J. Cosmol. Astropart. Phys. 02 (2008)
015.

[42] S. Nojiri, S. D. Odintsov, V. K. Oikonomou, and E. N.
Saridakis, J. Cosmol. Astropart. Phys. 09 (2015) 044.

[43] B. Boisseau, G. Esposito-Farese, D. Polarski, and A. A.
Starobinsky, Phys. Rev. Lett. 85, 2236 (2000).

[44] X. Zhang, Phys. Rev. D 74, 103505 (2006).
[45] P. Singh and S. K. Soni, Classical Quantum Gravity 33,

125001 (2016).
[46] M. Sami, P. Singh, and S. Tsujikawa, Phys. Rev. D 74,

043514 (2006).

RECONSTRUCTING THE EVOLUTION OF THE UNIVERSE … PHYSICAL REVIEW D 94, 044004 (2016)

044004-11

http://dx.doi.org/10.1086/300499
http://dx.doi.org/10.1086/300499
http://arXiv.org/abs/1502.02114
http://dx.doi.org/10.1051/0004-6361/201321569
http://dx.doi.org/10.1016/0370-1573(92)90044-Z
http://dx.doi.org/10.1103/PhysRevD.29.2172
http://dx.doi.org/10.1103/PhysRevD.29.2172
http://dx.doi.org/10.1103/PhysRevD.28.1809
http://dx.doi.org/10.1103/PhysRevD.28.1809
http://arXiv.org/abs/1402.0526
http://dx.doi.org/10.1016/S0370-1573(98)00128-8
http://dx.doi.org/10.3390/sym7010220
http://dx.doi.org/10.1142/S0219887815300032
http://dx.doi.org/10.1142/S0219887815300032
http://arXiv.org/abs/1603.05834
http://dx.doi.org/10.1016/j.physrep.2008.04.006
http://dx.doi.org/10.1016/j.physrep.2008.04.006
http://dx.doi.org/10.1103/PhysRevD.90.123535
http://dx.doi.org/10.1103/PhysRevD.90.123535
http://dx.doi.org/10.1088/0264-9381/21/18/001
http://dx.doi.org/10.1088/0264-9381/21/18/001
http://dx.doi.org/10.1103/PhysRevD.48.1629
http://dx.doi.org/10.1103/PhysRevLett.68.1969
http://dx.doi.org/10.1103/PhysRevLett.68.1969
http://dx.doi.org/10.1088/1475-7516/2013/10/024
http://dx.doi.org/10.1088/1475-7516/2013/10/024
http://dx.doi.org/10.1088/1475-7516/2014/03/026
http://dx.doi.org/10.1088/1475-7516/2014/03/026
http://dx.doi.org/10.1103/PhysRevD.90.063507
http://dx.doi.org/10.1103/PhysRevD.90.063507
http://dx.doi.org/10.1016/j.physletb.2011.07.074
http://dx.doi.org/10.1016/j.physletb.2011.07.074
http://dx.doi.org/10.1103/PhysRevD.90.124083
http://dx.doi.org/10.1103/PhysRevD.90.124083
http://dx.doi.org/10.1088/1475-7516/2014/01/008
http://dx.doi.org/10.1103/PhysRevD.80.024016
http://dx.doi.org/10.1103/PhysRevD.80.024016
http://dx.doi.org/10.1088/1475-7516/2013/03/026
http://dx.doi.org/10.1088/1475-7516/2013/03/026
http://dx.doi.org/10.1007/s10714-015-1970-9
http://dx.doi.org/10.1007/s10714-015-1970-9
http://dx.doi.org/10.1103/PhysRevD.60.023507
http://dx.doi.org/10.1088/0264-9381/28/21/213001
http://dx.doi.org/10.1088/0264-9381/28/21/213001
http://dx.doi.org/10.1103/PhysRevLett.96.141301
http://dx.doi.org/10.1103/PhysRevLett.96.141301
http://dx.doi.org/10.1103/PhysRevD.73.124038
http://dx.doi.org/10.1103/PhysRevD.73.124038
http://dx.doi.org/10.1103/PhysRevD.74.084003
http://dx.doi.org/10.1103/PhysRevD.74.084003
http://dx.doi.org/10.1103/PhysRevD.77.024046
http://dx.doi.org/10.1103/PhysRevD.77.024046
http://dx.doi.org/10.1103/PhysRevD.77.123506
http://dx.doi.org/10.1103/PhysRevD.77.123506
http://dx.doi.org/10.1103/PhysRevD.77.106005
http://dx.doi.org/10.1007/s10714-006-0301-6
http://dx.doi.org/10.1007/s10714-006-0301-6
http://dx.doi.org/10.1103/PhysRevD.70.043539
http://dx.doi.org/10.1103/PhysRevD.70.043539
http://dx.doi.org/10.3390/e14081578
http://dx.doi.org/10.3390/e14081578
http://dx.doi.org/10.1103/PhysRevD.87.063503
http://dx.doi.org/10.1016/j.physletb.2014.09.014
http://dx.doi.org/10.1016/j.physletb.2014.09.014
http://dx.doi.org/10.1088/1475-7516/2008/02/015
http://dx.doi.org/10.1088/1475-7516/2008/02/015
http://dx.doi.org/10.1088/1475-7516/2015/9/044
http://dx.doi.org/10.1103/PhysRevLett.85.2236
http://dx.doi.org/10.1103/PhysRevD.74.103505
http://dx.doi.org/10.1088/0264-9381/33/12/125001
http://dx.doi.org/10.1088/0264-9381/33/12/125001
http://dx.doi.org/10.1103/PhysRevD.74.043514
http://dx.doi.org/10.1103/PhysRevD.74.043514


[47] P. Singh, Phys. Rev. D 85, 104011 (2012).
[48] P. Singh, Bull. Astron. Soc. India 42, 121 (2014).
[49] S. Saini and P. Singh, arXiv:1606.04932.
[50] T. Cailleteau, A. Cardoso, K. Vandersloot, and D. Wands,

Phys. Rev. Lett. 101, 251302 (2008).
[51] P. Singh, Classical Quantum Gravity 26, 125005 (2009).
[52] P. Singh and F. Vidotto, Phys. Rev. D 83, 064027 (2011).

[53] J. de Haro, J. Cosmol. Astropart. Phys. 07 (2012) 007.
[54] S. Nojiri, S. D. Odintsov, and S. Tsujikawa, Phys. Rev. D

71, 063004 (2005).
[55] J. Mielczarek, Phys. Lett. B 675, 273 (2009).
[56] E. Wilson-Ewing, J. Cosmol. Astropart. Phys. 03 (2013)

026.

V. K. OIKONOMOU PHYSICAL REVIEW D 94, 044004 (2016)

044004-12

http://dx.doi.org/10.1103/PhysRevD.85.104011
http://arXiv.org/abs/1606.04932
http://dx.doi.org/10.1103/PhysRevLett.101.251302
http://dx.doi.org/10.1088/0264-9381/26/12/125005
http://dx.doi.org/10.1103/PhysRevD.83.064027
http://dx.doi.org/10.1088/1475-7516/2012/07/007
http://dx.doi.org/10.1103/PhysRevD.71.063004
http://dx.doi.org/10.1103/PhysRevD.71.063004
http://dx.doi.org/10.1016/j.physletb.2009.04.034
http://dx.doi.org/10.1088/1475-7516/2013/03/026
http://dx.doi.org/10.1088/1475-7516/2013/03/026

