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The rapidly improving precision of measurements of gravitational lensing of the cosmic microwave
background (CMB) also requires a corresponding increase in the precision of theoretical modeling. A
commonly made approximation is to model the CMB deflection angle or lensing potential as a Gaussian
random field. In this paper, however, we analytically quantify the influence of the non-Gaussianity of large-
scale structure (LSS) lenses, arising from nonlinear structure formation, on CMB lensing measurements. In
particular, evaluating the impact of the nonzero bispectrum of large-scale structure on the relevant CMB
four-point correlation functions, we find that there is a bias to estimates of the CMB lensing power
spectrum. For temperature-based lensing reconstruction with CMB stage III and stage IV experiments, we
find that this lensing power spectrum bias is negative and is of order 1% of the signal. This corresponds to a
shift of multiple standard deviations for these upcoming experiments. We caution, however, that our
numerical calculation only evaluates two of the largest bias terms and, thus, only provides an approximate
estimate of the full bias. We conclude that further investigation into lensing biases from nonlinear structure

formation is required and that these biases should be accounted for in future lensing analyses.
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I. INTRODUCTION

The photons of the cosmic microwave background
(CMB) are gravitationally deflected by the large-scale
matter distribution through which they pass. This effect,
known as CMB lensing (see [1] for a review), distorts the
temperature and polarization fluctuations in the cosmic
background radiation in a characteristic way which allows
reconstruction of the projected deflecting potentials. CMB
lensing probes the growth of large-scale structure over a
wide range of redshifts (0.1 < z < 5). As free-streaming of
massive neutrinos and the accelerated expansion of the
Universe suppress the formation of structures, the lensing
signal contains valuable information about the sum of
neutrino masses [2—4] and dark energy [5-8].

First evidence of the CMB lensing effect was obtained
using data from WMAP, relying on cross-correlation
with other tracers of large-scale structure [9,10]. The first
measurement from CMB alone (i.e., a measurement of the
lensing power spectrum) was reported by the Atacama
Cosmology Telescope (ACT) collaboration [11], followed
by the South Pole Telescope (SPT) collaboration [12], and
the Planck Collaboration [13].

As a consequence of Thomson scattering the CMB is
polarized. Lensing modifies the polarization pattern and, in
particular, partly changes the parity of the modes. Extending
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lensing analyses to polarization data has the potential to
increase the signal-to-noise of the reconstruction since the
small-scale B-mode polarization signal is expected to be
solely sourced by the lensing of E-modes. First measurements
of lensing power spectra based on polarization data have just
recently been carried out with POLARBEAR [14], SPTPol
[15], and Planck [16]. The ACTPol, SPT, and POLARBEAR
collaborations have also reported detections from cross-
correlating the reconstructed polarization lensing with a
measurement of the the cosmic infrared background
[17-19]. With decreasing noise levels, smaller beam sizes
and larger areas observed, measurements of the CMB lensing
effect have tremendously increased in precision; this rapid
progress is expected to continue. Increasing precision in the
measurement demands higher accuracy of reconstruction
techniques and theoretical modeling of the measurements.
CMB lensing analyses commonly rely on the assumption
of Gaussianity of both the unlensed CMB temperature field
as well as the lensing potential. The lensing potential is a
projection of the gravitational potential, which is known to
become non-Gaussian at late times due to nonlinear structure
formation. However, the weighted projection, which sums
up the effect of all fluctuations encountered on the photon
geodesic, should suppress this non-Gaussianity by the
central limit theorem (given a distance to the CMB of
14 000 Mpc a CMB photon typically passes through O(50)
structures of size 300 comoving Mpc, the scale at which the
matter power spectrum peaks). The goal of our paper is to
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test this intuitive argument quantitatively by abandoning the
assumption of Gaussianity of the lensing potential and
investigating the consequences of a nonzero bispectrum of
the lensing potential on measurements of the lensing power
spectrum. The main result is a new, typically negative,
reconstruction bias (N®/2)) that contributes to the measured
lensing power spectrum and must be corrected for.
Following further tests of the importance of some of the
neglected terms with analytics and simulations, this bias
should be subtracted from future lensing 4-point measure-
ments. It adds to known reconstruction power spectrum
biases that arise for a Gaussian lensing potential and have
been worked out in detail in [20-22].

While the effect of large-scale structure non-Gaussianity
on lensing statistics has been computed in the context of
galaxy weak lensing [23-25], it has not been analytically
studied for CMB lensing reconstruction before. A number
of works have tested CMB lensing reconstruction on CMB
maps lensed by non-Gaussian deflection fields computed
from N-body simulations [12,26-28]. Some focused on
estimating the impact of nonlinear structure formation on
the lensing measurement, while many also included other
sources of biases, such as baryonic effects, survey boun-
daries and masking. In addition, the primordial unlensed
CMB may also be intrinsically non-Gaussian. A CMB
bispectrum induced by primordial non-Gaussianities
of the local type has been studied as a signal on its own
(e.g. [29-32]) and as a possible contaminant to CMB
lensing measurements [33]. Higher-order corrections to the
lensed temperature power spectrum have been investigated
analytically [34,35] and in simulations [36,37]. Related but
different 4-point CMB lensing biases were studied in
[38,39], caused by unresolved radio/infrared point sources
and galaxy clusters that add to CMB fluctuations.

Our paper is organized as follows. In Sec. II, we review
the formalism of CMB lensing and lensing measurements,
introduce notation and conventions used in this paper and
provide an analytic expression for the lensing bispectrum.
The rigorous derivation of the new reconstruction power bias
is presented in Sec. III and results of its numerical evaluation
are given in Sec. IV. In Sec. V, we provide an overview of
potential caveats in the numerical evaluation of the bias and
present cross-checks that were carried out to validate the
results. An extension of the bias to CMB lensing cross-
correlation measurements is derived in Sec. VI. We conclude
in Sec. VIL In a series of appendixes we provide details on
the CMB lensing bispectrum and its effect on lensing
reconstruction in Fourier space, large-scale and squeezed
limits, the generalization of one of the contributing bias
terms to polarization and a position space reinterpretation.

A. Notation and conventions

We will mostly work on the flat sky, denoting position
space coordinates with x. We use nonunitary Fourier
conventions
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and express correlations in harmonic space in terms of
power spectra, bispectra and trispectra defined in the usual
manner

(A(k)B(k')) = (27)"5"(k + K')Pap([k[)  (2)

(A(k)B(K")C(K"))
= (22)"8"(k + k' + k")Bagc(k. K. k") (3)

(A(k)B(K')C(K")D(K"™)),
— (Zﬂ)nﬁn(k + kl + k// + km)TABCD(k7 k/, k”, k/”).
(4)

For compactness we also denote

d41 d’k
= | — d = [ ——. 5
/ / 2n2 A / (27)? )
II. CMB LENSING AND RECONSTRUCTION

This section provides a short review of CMB lensing and
reconstruction to set up the basic formalism needed later.

A. CMB lensing potential and its statistics

Lensing remaps the CMB temperature field 7" at angular
position x on the sky

T(x) =T(x + a(x)), (6)

where the total deflection angle ot(x) depends on the large-
scale structures encountered along the line of sight. It can
be expressed in terms of the lensing potential ¢ through

al(x) = V(x). (7)

The lensed temperature T canbe approximated by perturbing
in the lensing potential. We restrict ourselves to this series
expansion here, but note that this approximation is only
accurate to about 5-10% [ 1] and could be improved by using
the correlation function approach of [40] which is non-
perturbative in the deflection angle. Working under the flat-
sky approximation valid on small scales and truncating at
second order in V¢, the perturbative series can be written as

T(x) = T(x) + VI(x) - Vo(x)
F3 YV TRVHEVA0) +O@). ()
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Throughout the paper, we will use the convention that the
differential operator V is only applied to the object directly
following it. Applications on composite objects will be
indicated by brackets. In harmonic space, products turn into
convolutions and gradients correspond to multiplication
with —il, so that

T()=T0)+6T() + &T(1) + O(p?) (9)

with O(¢) correction,

SND——AY%FTWWWO—D, (10)

and O(¢?) correction

// l 1// l/ _l/_l//)]
l/ l//

!/
x TP =1 = 1"). (11)

All perturbations are linear in the unlensed temperature 7.
The lensing potential is a weighted projection of the
gravitational potential y along the line of sight,

$(@) =2 / CaWwiha)  (12)

where y denotes the comoving angular diameter distance,
W the lensing efficiency and # the conformal time. In a flat
Universe, which is assumed here, the lensing efficiency
simplifies to

W(y) = —%, (13)

where an asterisk is used to mark quantities at decoupling.
This description of CMB lensing relies on the Born
approximation, which assumes that the integration can
be carried out along the unperturbed photon geodesic.

Commonly, the lensing potential is modeled as a
homogeneous Gaussian random field, which is solely
characterized by its power spectrum. This power spectrum
is well described by a Limber projection of the power
spectrum of matter fluctuations, Pjs(k,7),

ot = [ . )

where

3PIOQmO
2 a(y)’

In this work, we drop the assumption of Gaussianity and
allow for a nonzero bispectrum of the lensing potential.

r(r) =

(15)
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Similarly to the lensing power spectrum, the lensing
bispectrum is a projection of the bispectrum of density
perturbations Bs(k;, k,, —k; — K, x):

2 r(x)?
_A S8V O Gy

X Bs(li/x. Lb/x. /3 x)- (16)

By(ly. 1. 13) =

As summarized in Appendix A, this follows by applying
the Fourier space analogue of Limber’s equation for
bispectra (see e.g., [41,42]). On very large scales, we
expect the flat-sky and the Limber approximations that
we assume to break down. The lensing power spectrum is
overestimated on large scales in the Limber approximation
and the bispectrum could be affected similarly. We will
therefore only consider multipoles L > 100.

The bispectrum of matter perturbations can be modeled
by standard Eulerian perturbation theory, which gives at
leading order in the linear matter overdensity (see [43] for a
review),

Bs(ky. ko, K33m) = 2F5 (K, ko) Ps(ky, ) Ps(ka. 1)
+ (1< 3)+ (2« 3). (17)

This is quadratic in the linear matter power spectrum P and
involves the symmetrized kernel,

5 1 /k kNe ~ 2.
Fy(k;. k)) _7+2<k +k_]_>ki'kj+7(ki'kj)2’ (18)

where k; = k;/|k;|. The simple bispectrum model (17) is
only accurate on relatively large scales that are under
perturbative control (roughly k < 0.074/Mpc at z = 0, see
e.g., [44] for a recent study). It can be extended to smaller,
nonlinear scales by including higher-order (loop) correc-
tions. A simpler phenomenological modification that
extends the range of validity to slightly smaller scales
can be obtained by replacing Ps(k) with a matter power
spectrum with nonlinear corrections, P2 (k), in Eq. (17)
[45]. On smaller scales, that cannot be modeled analyti-
cally, one needs to resort to fitting formulae calibrated
against simulations.

B. Lensing reconstruction

For a fixed lensing potential, the effect of lensing is to
introduce a correlation between different modes of the
temperature field, which in the unlensed case are indepen-
dent. The resulting nondiagonal terms in the 2-point
correlator of the CMB in harmonic space can be used to
construct a quadratic lensing reconstruction estimator
[46,47], which can be written on the flat sky as

HL) =4, / G L)oo Fe(L — 1), (19)
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where Texpt are beam-deconvolved noisy temperature
fluctuations. The observed temperature fluctuations are
assumed to contain white noise and a Gaussian beam, so
that the final power spectrum is

CIT = CIT 4 G exp [I(1 + 1)8y/(81n2)].  (20)
where the instrumental noise level is specified by 63, and
the beam size is given in terms of the full width at half-
maximum (FWHM) Ogwiv- The weight g in Eq. (19) is
chosen such that the variance of the estimator is minimized
[21,48,49],

(L-1)-LCiT, +1-LCTT

T TT
2Cl.exptC\L—lLexpt

g(LL) =

(21)

Note that g(L —1,L) = g(I,L) = g(-1,-L). The nor-
malization is given by

A7 zz/g(l,L)l.LC,ﬁ. (22)
1

The power spectrum of the lensing reconstruction (19)
involves the lensed temperature 4-point function,

(BL)P(-L)) = A2 / / o L)g(ly. L) (T (1)

X Texpt(L - ll)Texpt(_IZ)Texpt(IZ - L)>
(23)

This 4-point function can be split into a disconnected part,
obtained by contracting two pairs of lensed temperature
fields with each other, and a connected part, given by the
full 4-point function minus the disconnected part. The
disconnected part leads to the N® power spectrum bias,
which would be present even for Gaussian temperature
fluctuations in absence of lensing. It is called N¥) because
it is of zeroth order in C?*.! Note N\’ = A, (a conse-
quence of optimal weighting). The connected part of the
4-point function in Eq. (23) leads to the desired signal
contribution Cf¢. Additionally, it gives rise to the N!) bias
which is also of order C?¢ [21,22,50]. The expectation
value of the measured lensing power spectrum is, therefore,

(cthy = N 4 ¢t 4 N 4 O[(CH)]  (Gaussian )
(24)
if the lensing potential ¢ is assumed to be Gaussian. To

obtain an unbiased estimator for the signal C%%, the N(©

'We follow the common power-counting practice where only
explicit appearances of C?? are counted that are not contained in

lensing contributions to crT,
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and NV biases are calculated (typically using simulations
or simulation-data combinations) and subtracted from the
measured lensing power.

III. EFFECT OF LENSING BISPECTRUM ON
MEASURED LENSING POWER SPECTRUM

A. Overview

We now drop the assumption that the lensing potential
¢ is Gaussian. In this case, n-point functions with an odd
number of lensing potentials no longer need to vanish,
and n-point functions no longer need be determined by
the Gaussian 2-point power spectrum C?? alone. We
consider only a nonzero 3-point function or bispectrum,
and ignore corrections from all higher-order n-point
functions. This approximation is motivated by the spe-
cific non-Gaussianity generated by large-scale structure
modes in the mildly nonlinear regime relevant for CMB
lensing. For simplicity we ignore the ISW effect and its
induced correlations like (T¢) and (TT¢), but note that
accounting for it may lead to additional biases that should
be investigated in the future. We also assume that the
unlensed CMB is a Gaussian field.

Allowing a nonzero lensing potential bispectrum B,
the lensed temperature 4-point function entering the
expectation value for the measured lensing power spec-
trum (23) picks up additional contractions that would
vanish for a Gaussian lensing potential. For example,
using the Taylor expansion (8), one new allowed con-
traction is of the form

o~ 1 1
(TTTT) = (0TOTOTT)+--- = (Ti¢yT 9Tk T) + -+,
| IS —
(25)
where subscripts denote gradients 7;=V;T and

¢; = V;¢p. Since the lensing change &"T is of order
¢" and linear in the unlensed temperature 7, there are
four qualitatively different contraction types that arise for
the measured lensing power spectrum (23) at order ¢°:

type A: (STSTST'T')
type C: (S*TTST'T')

type B: (S*TSTT'T')
typeD: (S*TTT'T). (26)

The last two temperature fields are labeled with primes to
indicate that they correspond to the second reconstruction
field ¢(-L) in Eq. (23); quantities without primes
correspond to the first reconstruction field ¢(L).”

Each type of terms allows several Wick’s theorem
contractions. For example, for type A there are three
contractions that we label A1, A2, and A3:

2 .. .
In position space, this corresponds to reconstructed lenses at
two different positions x and x’ on the sky; also see Appendix E.
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1 |

— 1 —F 1 [
(A) OTOTOT'T') ~ (TitiT b Tk’ kT a1 + (TithiT b T k¢’ kT ) a2 + (TithiT b T 1t/ 1 T") a3. (27)

Similarly, the type-B term has three contractions B1, B2, and B3,

2 e all '/_|/ e all ! / I/
(B) (0°T0TT'T") ~ (T356:0;Txds T'T ) g1 + (Li50it; T T'T ) B2 + (T,ij0id; T ke T'T") B3, (28)
and the type C term has contributions C1, C2, and C3:
2 1iaald / / / / / / I '_|/ / I/
(C) (TTT'T") ~ (L4560 T T k¢ kT 1 + (L4t T T k¢ kT )02 + (Tijdid; TT k¢ 1T ) 3. (29)
I | I e — | I |

We omit the type-D terms here as these can be shown to be
Zero.

In our paper, we evaluate the Al and CI terms numeri-
cally and focus on them in the main text. We focus on these
terms both because they are expected to be among the
largest and because they allow for numerical evaluation
on reasonable timescales. In contrast, as discussed in
Appendix C, the Bl term is zero, and the A2 and A3
terms are tightly coupled, which makes numerical evalu-
ation difficult and time-consuming (the integrals are six-
dimensional), but also suggests that these terms are small.
Furthermore, the C2 term should be naturally accounted for
in the (realization-dependent) calculations of the N ) bias,
which is included in modern lensing pipelines. We defer a
full evaluation of the remaining B2, B3, and C3 terms to
future work; we note that if they have a similar order of
magnitude to A1 + C1, our approximate calculation might
underestimate the true bias.

The new contractions allowed by a nonzero lensing
(3/2)

Lt Of the measured

bispectrum lead to a new bias N
4-point lensing power spectrum,

Y 0 b 1 3/2 b
(1) =N + €+ N+ NG+ ol
(non-Gaussian ¢). (30)

We call the new non-Gaussian reconstruction bias N©/2)

because it scales like ¢* o (C??)%2, and previously con-
sidered biases like N(©) and N(!) were labeled by the power
of C?? they involve. The total N*/?) bias is a sum over all
possible 4-point contractions listed above,

3/2 3/2 3/2 3/2 3/2 3/2
N = (NG + NP + NP + NP + Ny
+ N2 L NG 4 NGB, (31)

where as explained previously we focus here on the Al and
C1 terms in parentheses.

The Al and Cl1 bias terms in Eqgs. (27) and (29) have a
simple intuitive interpretation: They arise because the
quadratic response of the lensing reconstruction ¢ (L) to
the true lensing potential ¢ is correlated with the linear
response of the lensing reconstruction ¢(—L) to the true
lensing potential ¢'. This correlation involves the 3-point
correlation function (¢¢¢’) of the true lensing potential,
which is nonzero in presence of nonlinear gravitational
clustering.

We proceed by discussing these Al and C1 terms, which
contribute substantially to the total bias (31), in detail.
Analytical expressions for the remaining bias contributions
are given in Appendix C.

B. A1 contribution to the N®/2) bias

We begin by computing the lensing bias from the
contraction Al in Eq. (27). This contraction is given by

(6T, 6T\, 6T, Ty,) s
_ 2 T
=-2r)%p(i + L+ 13+ 1,)C " [(I3 + 1) - 1]

< [0 =D 1+
X CITB, (I =1L, + 1,1, — 1), (32)

where we used the Fourier space expression (10) for the
first-order temperature change 67 due to lensing, and
contracted temperature and lensing fields as indicated for
the Al term in Eq. 27).? Inserting this into Eq. (23) yields
the following Al bias of the measured lensing power
spectrum:

*For Gaussian instrument noise that is uncorrelated
with the signal, all contributions to the four point correlator
(TP TP TP TY®) that involve instrument noise either vanish
or contribute to the Gaussian noise bias. This justifies ignoring
instrument noise in the calculation of the connected four point

contributions to N©®/2).
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NP (L) = —44ls, / g L)L (4, = D] (L = (1, = ))]CIT B, (1, =L L — (I, —1),-L) (33)

1.1

——aaisy [ gL =100 =1+ (L - DICFL By L ~1-L). (34)

The prefactor S; is an integral over the filtered unlensed
CMB power spectrum,

5, = / g0, L)(1, - L)CIT, (35)

satisfying S; ~1/(2A,) at leading order in C??. The
prefactor of 4 in Eq. (34) stems from the four possibilities
to arrange three temperatures perturbed to first order
and one unperturbed temperature in a 4-point correlator.
Equation (34) follows by changing integration variables
1-1, -1

C. C1 contribution to the N3/2 bias
The CI1 contraction defined in Eq. (29) is
(82T, T\,6T\,T),) ¢y
(22)?

p(h+L+1+ 14)C£TC£T[(13 +14) - 1]

X /(12 D (L +L =D]B,(L1; + L, =1, -1, = 1,).
1
(36)

Inserting this in Eq. (23) gives the following C1 bias of the
measured lensing power spectrum:

NS (L) = 4A2s, / L)1 D - (L =)

x CITB,(,L —1,-L), (37)

We changed integration variables 1; — L —1;, and we
accounted for a symmetry factor 8 that arises because
the resulting lensing bias does not change if we exchange
I, & 1,, or I3 < 1, or both in Eq. (36).

D. Integral expressions for fast numerical evaluation

The A1l and C1 biases in Egs. (34) and (37) involve four-
dimensional integrals for every multipole L, which are
computationally expensive to evaluate. Fortunately, how-
ever, the integrands of these four-dimensional integrals can
be rewritten in a product-separable form, which allows
much faster numerical evaluation by multiplying two-
dimensional integrals. In Appendix B we demonstrate this
and derive the following simply evaluated expression for
the C1 bias,

|
NS (L) = =442, [Ry(L)By(L) + RU(L)FL(L)], (38)

where we defined the temperature integral R and inte-
grated lensing bispectrum f; as

RiL) = [ o L)eos(u)CT (39)

py(L) = / Icos [l cospu — LIB,(1,L —1,-L), (40)

and similarly for the perpendicular component,

Ru(L) = / ol L)Bsin® ()CIT. (41)

puL) = [ Psint(u)B0LL ~1-L). (42

where cosyy, =1;-L/(l,L) and cosyy =1-L/(IL). In
Appendix B, we also derive a similar fast integral expres-
sion for the Al bias.

E. Comparison of A1 and C1 contributions
to the N©/?) bias

The A1 bias of Eq. (34) and the C1 bias of Eq. (37) have
a very similar structure. This makes sense because these
biases arise from similar contractions in Egs. (27) and (29).
In the limit of Eq. (34) where the lensing multipole [ is
much lower than the temperature multipole /; (i.e., | < [4
and I, —1x1,), the Al and C1 biases cancel each other.
The potential cancellation in this limit demands careful
numerical evaluation of the Al and C1 contributions to the
N©/2) bias. Numerically, we will find later that the range of
reconstruction multipoles L where this cancellation is
actually relevant depends strongly on experimental spec-
ifications. At very low reconstruction multipoles L, the
cancellation helps to regularize the N*/?) bias by canceling
individually large Al and CI1 contributions with oppo-
site sign.

IV. NUMERICAL EVALUATION

A. Implementation

We continue by evaluating the expressions in (34) and
(38) that follow from the type-Al and type-C1 contrac-
tions. The integrals over the lensing bispectrum can be
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Typical beam and noise specifications of current and future experiments. All resolution and noise

dependent results shown are based on one of these configurations. The noise level stated in this table is for

temperature measurements. For polarization we use o4? = okf = /2617 .

Representative experiment Stage [IV(CMB-S4) Stage IlI(Advanced ACT-like) Planck
eFWHM [arcmin] 1.0 1.4 7.0
o1 [uKarcmin] 1.0 6.0 30.0
Foy 0.5 0.4 0.63

evaluated for any model of the lensing bispectrum. We
evaluate them using the leading-order standard perturbation
theory expression (16) with Pi"(k) replaced by the non-
linear matter power spectrum P (k), which fits simulations
slightly better than the leading-order bispectrum involving
Plin(k) (also see Sec. V C for a discussion of the validity of
this bispectrum model).

Small-scale temperature contributions to the integrals are
suppressed by setting the experimental noise to an unphysi-
cally high value (irrespective of the experiment) for
temperature multipoles / > 3000. This small-scale cutoff
is often applied to real data to ensure the results are
insensitive to astrophysical emission from dusty galaxies
and the Sunyaev-Zeldovich effect which become relevant at
these scales.

To evaluate the contributions to the N©/?) bias we
consider different experimental setups roughly correspond-
ing to CMB stage III, stage IV, and Planck experiments.
Beam width, noise levels and sky coverage for these
representative classes of experiments are summarized in
Table I.

For the calculation of the fiducial power spectra of
matter, CMB and lensing potential we use the publicly
available cLAsSs code® [51]. The computation of nonlinear
corrections to the power spectrum of density fluctuations is
based on the HALOFIT method [52,53]. The underlying
cosmology is a standard ACDM cosmology with Planck
2013 best fit parameters: w,, = 0.311, Q, = 0.049,
h=0.671, A, =2.215x 107°, n, = 0.968, and Tcyp =
2.7255 K [54].

We next discuss results for lensing measurements from
the CMB temperature fluctuations and include the con-
tribution to N*/2) from the sum of the two couplings Al
and C1. We then proceed with polarization measurements
for which we only evaluate the C1 coupling because it is
simpler to evaluate.

3/2

B. Results for A1 and C1 contributions to the N3/ bias
for (TT,TT) reconstruction

Fig. 1 shows the Al and C1 contributions to the non-
Gaussian reconstruction bias N/?) for the different classes
of experiments summarized in Table I. To assess the
importance of the non-Gaussian biases, the left panel of

4http://www.class-code.net/.

Fig. 2 shows the ratio of their sum to the lensing power
spectrum signal.

For the high resolution stage III and stage IV experiments
the bias is of order 0.5%-2.5% of the signal, slowly
decreasing towards smaller scales. The sign of the bias is
negative over all relevant scales; i.e., it reduces the measured
lensing power. For Planck, the bias appears nearly an order
of magnitude smaller than in the high resolution case,
typically entering at negligible levels well below one percent
of the signal. This is the case because for Planck the Al and
C1 contributions to the bias partially cancel each other (see
also the discussion at the end of Sec. III). For Planck, the
sign of the effect varies with angular scale.

The significance of the bias in each experiment depends
on the statistical uncertainty of the measured lensing power
spectrum. The Gaussian variance is given by

1 2

— (0) b (1)y2
=—————(N C N .
fsky (2L+1)( L + L + L )

o*(L) (43)

The right panel of Fig. 2 shows the bias-to-noise ratio

N/(Sﬁ)a (L)/o(L) if the measured lensing power spectrum

is binned with bin width AL = 100. The bias is significant
in low-noise, high-resolution experiments such as CMB
stage III or stage I'V: If the bias is ignored, the measured
lensing power spectrum will be biased low by ~0.50—1.5¢
per bin for L ~ 200-800, for each bin of width AL = 100.
The total significance of this bias is ~2.5¢ for stage III and
~3¢ for stage IV.

The total bias is, thus, significant and should therefore be
accounted for when performing (77,7T) lensing
reconstruction with CMB stage III or stage [V experiments.
While stage IV will likely get most lensing information from
polarization-based measurements so that the bias of temper-
ature-based lensing measurements is less worrisome, a large
fraction of the lensing information from stage III experi-
ments will come from (7T, TT) lensing measurements, so
that accounting for the N©/2) bias will be particularly
important in this case. For Planck, however, the bias appears
negligible (the significance of the total bias is only 0.060).

We emphasize that the above numbers just provide a
rough estimate of the actual size of the N©/2) bias because
of the simplifying assumptions we made for the numerical
evaluation. In particular, additional bias contributions from
other contractions than Al and C1 may be important for all
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FIG. 1. N©/2) CMB lensing bias that arises as a consequence of a nonvanishing bispectrum of large-scale structure. In this plot we
show the bias on a measurement of the CMB lensing power spectrum from temperature data. The signal lensing power spectrum C% is
shown for comparison (black). Different panels show different experiment specifications summarized in Table I. When negative, the
functions are reported with minus sign as dashed lines. The bias appears significant for stage III and stage IV experiments. It should be
noted that the bias plotted here is the sum of two out of many contributing terms to the total bias (see Sec. Il A). These two terms,
denoted type A1 [Eq. (34)] and type C1 [Eq. (37)], are likely two of the largest terms. We provide analytic expressions for the remaining
terms but defer their evaluation to future work.
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FIG. 2. Left panel: Ratio of non-Gaussian N/?) bias over the signal lensing power spectrum C??, for (TT, TT) reconstruction. Right
panel: Ratio of N*/?) bias over lensing power spectrum error o(L ) on bandpowers of width AL = 100. It can be seen that, while the bias
appears negligible for Planck, it is a significant percent-level effect for stage III and stage IV experiments.

experiments, and a more accurate model of the lensing  we derive and evaluate the corresponding expressions for
bispectrum on small scales could change results for stage ~ contributions from the coupling type C1 only (see

II and stage IV by an order of 1 factor. We will discuss ~ Appendix F). The contribution from the coupling type

these caveats in more detail in Secs. V and VII below. Al 1S nume.:rlc-ally more expensive to evaluate and we defer
its generalization to polarization to future work.

C. Resul o 3/2) 1 The left panel of Fig. 3 shows the C1 contribution
. ults for C1 contrlb}lthn to the N bias to the bias from (EB,EB), (EE,EE), and (TT,TT)
for polarization reconstruction for a stage IV experiment. On most relevant

We can generalize the N©®/2) bias to polarization-based scales, the (T7,TT) and (EE, EE) biases are similar to
measurements of the lensing power spectrum. In this paper ~ each other, but the (EB,EB) bias is much smaller.

bias contribution from type C1 only bias contribution from type C1 only
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FIG. 3. Generalization of one of the bias contributions, from coupling type C1, to polarization-based measurements of the CMB
lensing power spectrum (see Appendix F for details). All curves ignore the similar type-Al bias contribution. This provides some
qualitative idea of how the bias changes for polarization, but should not be confused with the full expected lensing bias. A thorough
quantification, which involves the evaluation of the remaining non-negligible term(s), is deferred to future work. In the left panel, we
show the C1 bias contribution for a stage IV experiment divided by the signal power spectrum for different estimators. In the right panel,
we divide the C1 bias contribution by the error on the lensing power spectrum measurement. In both panels, the type-C1 bias
contribution for a temperature-based measurement is plotted for comparison. It can be seen that the C1 bias is less important for
polarization lensing measurements using the EB estimator than it is for lensing measurements from temperature. Note that the use of an
iterative EB estimator for polarization could enhance the relative importance of the bias with respect to the error by roughly a factor of 3
for CMB stage IV at high L.
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However, (EB, EB) reconstruction is also the combination
which is expected to achieve the lowest error on the lensing
measurement for future polarization-sensitive experiments
like CMB stage IV. To assess the significance of the C1 bias
contribution in this case, the right panel of Fig. 3 shows the
bias divided by the reconstruction uncertainty for CMB
stage IV and Planck (assuming Eq. (43) for the noise and
bin width AL = 100). Despite the higher precision of (EB,
EB) reconstruction, the bias still appears rather small,
0.1-0.30 per L-bin of width AL = 100.

We emphasize again that the bias is expected to change if
contributions from the Al and other contractions for
polarization are included (like in the temperature-only case
where the Al contribution is rather important), and addi-
tional changes may arise from more accurate models for the
matter bispectrum on small scales. Note also that the use of
an iterative EB estimator could enhance the relative
importance of the bias with respect to the lensing meas-
urement error by roughly a factor of 3 for CMB stage 1V,
although the form of the bias may also be different for such
a lensing estimator.

V. DISCUSSION AND VALIDATION
OF THE CALCULATIONS

In the following sections, we discuss potential caveats in
the evaluation of N©/?) like its strong dependence on oy,
cross-checks of our numerical implementation and assump-
tions made in the derivation and evaluation of N©G/2).
Further, we explain how we have tested the influence of
nonlinear modes on the results and we comment on the
sensitivity of the bias on the large-scale structure bispec-
trum model that is used. Some of our results have been
derived for the C1 term only, but we expect them to apply
similarly to the other relevant terms. We begin by discus-
sing the scaling with oyg.

A. Dependence of N/2) bias on oy

Since the bispectrum of the lensing potential B, is
quadratic in the power spectrum of the matter density,
we expect the N©®/2) bias to scale with the fourth power of
the normalization of matter fluctuations, og. Thus, rela-
tively small changes of og lead to large changes of the
NG/2) bias. Computing the NG/ bias for a fiducial
cosmology with slightly wrong og may therefore leave a
significant residual bias. This may raise concerns because
og is not very well known in practice. However, we found

that the effect of o3 on the N(c31/ ?) bias is relatively well

approximated by rescaling N <c31/ ?) with a scale-independent

factor (og/oliducial)4 Therefore, the o3 dependence of the
bias could easily be included when fitting cosmological
parameters to data. This can in principle increase the
precision of og, because it includes information from the
non-Gaussianity of the lensing potential ¢ (though more
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optimal methods for extracting this non-Gaussian informa-
tion could be used instead).

B. Cross-check with large-lens and squeezed
bispectrum limits

The numerical evaluation of the contributions to the
N©/2) bias involves several steps and relies on numerical
approximations such as discretization schemes. Therefore,
any of the computed results should be validated. Apart from
code internal tests we have derived analytic large-lens and
squeezed bispectrum limits for the various numerical
integrals involved in evaluating N©/?), evaluated them
independently and compared them to full code results.
These limits do not only provide a cross-check of the
implementation, but are also useful to qualitatively under-
stand the behavior and dependencies of the contributing
terms. We have found excellent agreement between the
analytic limits and our numerical calculations of the C1
contribution to the bias; for a detailed description of these
tests we refer the reader to Appendix D.

C. Higher-order corrections to the matter bispectrum

As discussed in Sec. I, the simple model of Eq. (17) for
the dark matter bispectrum from Eulerian standard pertur-
bation theory at leading order is only valid for large-scale
modes. It breaks down for small-scale modes that can have
large overdensities 6 >> 1 due to gravitational collapse. We
use the simple leading-order model of Eq. (17) to get an
approximate, conservative estimate of the expected size of
the N©®/2 bias. In reality, higher-order (and ultimately
nonperturbative) gravitational collapse on small scales
generates a larger bispectrum that may lead to a larger
N©/2) lensing bias, especially for small-scale lenses (high
L). For actual data analyses of experiments where the
NG/2) bias is relevant, fitting formulae for the matter
bispectrum calibrated against N-body simulations should
be used for more accurate predictions of the N3/2) bias
from small-scale modes. Our expressions for the lensing
bias take an arbitrary matter bispectrum model as input so
that it is straightforward to include more realistic bispec-
trum models. To get a rough estimate for the importance of
small-scale modes on the N*/?) bias, we compute the bias
with the bispectrum set to zero if any of the contributing
LSS modes is larger than a nonlinear cutoff scale kyp (z)
defined by

kI%IL(Z)P(kNLv z) _

7 1, (44)

and compare it to the full result. This test reveals that the
contribution from these scales to the type-C1 bias makes up
~30% of the signal at L = 3000 for CMB-S4 (and less for
stage III and Planck experiments). Up to L ~ 1000 it lies
below 10% for all experiments. At least up to this multipole
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FIG. 4. The fractional contribution of the nonlinear bias from coupling type C1 (lines) and type Al (symbols) (similar to the left panel
in Fig. 2) computed from the standard Eulerian perturbation theory bispectrum at leading order and from a modified form where the
linear matter power spectrum was replaced by a nonlinear one (dashed lines). For the C1 contribution to the N©®/2) bias the standard
leading-order bispectrum and the modified bispectrum (with enhanced nonlinearity) give similar results at multipoles L < 2000. For the
Al contribution, which is computationally much more expensive to evaluate, the results are similar for Planck-like experiments, but for
CMB stage IV higher-order corrections to the bispectrum seem to be important even at intermediate L.

range, the leading-order bispectrum (17) seems an accept-
able approximation for the coupling of type Cl1. For the
second coupling that we consider, type Al, we find
somewhat different results. For a Planck-like experiment
the contribution of small-scale modes at L ~ 1000 is of
O(10%) and, thus, similar to the type-C1 term. For a stage
IV experiment, however, these small modes contribute
significantly even at lower multipoles. In particular, we
find that the type-A1 bias at L = 1000 has a different sign if
modes smaller than the cutoff scale are excluded.

Another simple test of the impact of small-scale modes is
obtained by comparing the N*/2) bias evaluated with the
standard perturbative bispectrum formula (17) and the bias
computed from a modified bispectrum model where the
linear matter power spectrum is replaced by the nonlinear
one, Pj;, — P,. This comparison is shown in Fig. 4. Lines
indicate results for the type-C1 contribution to the bias,
symbols indicate the Al contribution. The C1 bias con-
tribution changes by O(10%) or less for lensing multipoles
L < 2000 if the nonlinear instead of linear matter power
spectrum is used. At higher multipoles L > 2000 the
change can be larger.

For the similar A1 contribution to the bias we restrict this
test to a few points (indicated by markers), because
evaluation is much more computationally expensive. In
this case, we find that the importance of nonlinear correc-
tions strongly depends on the experimental specifications.
For a Planck-like experiment, the corrections seem sim-
ilarly small as for the type-C1 term. For a CMB stage IV
experiment, however, the modification of the matter power
spectrum leads to a significant change of the bias even at
intermediate L.

We conclude that for high resolution experiments the
leading-order perturbation theory bispectrum model may
not be sufficient for obtaining an exact estimate of the size
of the N©/? bias, but instead can only provide an
approximate estimate. For Planck, however, the leading-
order model appears to be accurate. A thorough quantifi-
cation of the bias for stage IIl and stage IV experiments
requires a more accurate modeling of the LSS bispectrum
for small LSS modes. This could be achieved by using
fitting formulae for the matter bispectrum calibrated by
numerical N-body simulations (e.g., [44,45,55,56]).

D. Prospects for comparison with results
from numerical simulations

The derived form of the nonlinear bias relies on the
validity of certain assumptions, including e.g., the validity
of the bispectrum approximation, the domination of the two
contributions of type Al and C1 to the bias over all other
contributions, and the negligibility of nonlinear corrections
that are higher than third order in the lensing potential. An
independent test of their correctness could be obtained by a
comparison with N-body simulations that provide a full
nonlinear lensing potential and do not rely on a perturbative
approach. We defer an analysis of the nonlinear bias in
CMB lensing simulations based on N-body simulations to
future work.

VI. CROSS-CORRELATION OF CMB LENSING
WITH AN EXTERNAL LSS TRACER

While our paper focuses on the autopower spectrum of
the quadratic lensing reconstruction, (¢ ), it is also
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worthwhile to cross-correlate the lensing reconstruction ¢
with other external LSS tracers ¢, like the cosmic
infrared background, galaxy weak lensing, galaxy or
quasar catalogs, or Lyman-alpha observations; see e.g.,
[9,10,17-19,57-59]. The cross-correlation ((eey) between
the quadratic CMB lensing reconstruction g?ﬁ and the
external LSS tracer ¢, then picks up a similar bias arising
from the large-scale structure bispectrum generated by
nonlinear structure formation. In this section, we compute
this cross-spectrum bias similarly to the calculations above,
under the assumption that the observed external LSS tracer
is uncorrelated with the unlensed CMB.

The bias of the cross-spectrum induced by a nonzero
LSS bispectrum is caused by the correlation of the external
LSS tracer with the second-order response of the recon-
structed lensing potential to the true lensing potential.
Similarly to the Al and C1 contributions to the autospec-
trum bias in Eqgs. (27) and (29), this bias to the cross-
spectrum follows schematically from the two contractions
Alcross and Clcross:

<TT¢ext> [(CPr)3/2) — <5T5T¢ext> + 2<52TT¢ext> (45)

— —
= (T;0:T ;B ext) Atcross + 2(Tij0iP; T Gext) Clcross-

(40)
These are all contractions allowed for the cross-spectrum,

so that the full expectation value of the cross-spectrum up to
fifth order in LSS perturbations is’

bq ext ext 3/2 3/2
(CPP) = CEP 4 N o (L) + Nejans (L) + O(¢°).
(47)
where the new bispectrum-induced biases are
(3/2)
Al/cross(L) AL /“ g(l, L)[(L, = 1) -]
R
< [(1 ~1) - (L = 1)]C]T,
X By, (L L =1, -L) (48)
and
NB2 (L)y=4 1, L)1, - D[I, - (L = 1)]CTT
Clcross( L . g( s 1 ) 1 ) L
i
X Bl/)d,(/)m(l, L - l, —L) (49)

’An additional N bias of order (C?#)? also arises, but we
avoid it by using lensed CMB power spectra in the normalization
A; [Eq. (22)] and in the numerator of the weight g in Eq. (21)
[21,49].
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Here, By, is the mixed bispectrum between two CMB
lensing modes and one external LSS tracer.

The cross-spectrum biases (48) and (49) are similar to the
Al and CI1 autospectrum biases in Eqgs. (34) and (37).
Indeed, if the external tracer were equal to the true lensing
potential modulo uncorrelated noise, ¢ = ¢ + n, the
cross biases would be half the autospectrum biases at
leading order in the lensing potential power:

| Y
SNGP(L).

1
NG (L) = - NSP(L) and NOJZ, (L )~ 5

Alcross 2 Clcross
(50)

In practice, the external LSS tracer is typically different
from the lensing potential, e.g., because of different
redshift kernels, so that the cross-bias should be evalu-
ated with the full Egs. (48) and (49). Fast-to-evaluate
expressions for these biases take the same form as those
for the Al and C1 autospectrum biases if the lensing
bispectrum is replaced by the mixed lensing-lensing-
tracer bispectrum By, . We note that for lower-redshift
tracers, the nonlinearity is enhanced, so that cross-
correlation biases may be larger than the biases for
CMB Iensing alone.

VII. CONCLUSIONS

This paper investigates the effect of large-scale structure
non-Gaussianity on CMB lensing reconstruction. The
bispectrum of the CMB lensing potential generated by
nonlinear structure formation leads to a bias of the
measured CMB lensing power spectrum that has been
neglected so far. We call the bias N*/2) because it involves
¢ ~ (C??)3/2. For an unbiased measurement, this bias
must be calculated and subtracted from measured lensing
power spectra. We derive an analytical expression for this
lensing bias, which splits into several contributions that
involve the CMB power spectrum and the dark matter
bispectrum.

The magnitude of the N*/?) bias depends on experiment
specifications and field combinations used for the lensing
reconstruction. For CMB stage III and stage IV experi-
ments, we find that the lensing power spectrum measure-
ments are biased low by 0.5%-2.5% (for Planck, the bias is
at a negligible subpercent level) if temperature data is used.
For future experiments, this negative bias will shift mea-
surements of the lensing power spectrum by multiple
standard deviations and must, thus, be accounted for.
For stage III, a large fraction of the lensing signal-to-noise
is expected from the temperature-based reconstruction, so
accounting for the bias is particularly important in this case.
We focus on temperature-only lensing reconstructions, but
we demonstrate for one of the bias contributions how it can
be straightforwardly generalized to polarization-based
reconstructions.
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Our first results on this non-Gaussian bias, including the
expected size of the bias, rely on a number of simplifying
assumptions that should be tested in future work:

(1) Some contributions to the non-Gaussian lensing bias
involve high-dimensional integrals that are computa-
tionally challenging to evaluate. Therefore, for
numerical evaluations, we consider only two bias
contributions that can be evaluated in reasonable
timescales. They arise from particular contractions
denoted type Al [Eq. (34)] which contributes to
(6TSTSTT), and type C1 [Eq. (37)] which contrib-
utes to (S*TTSTT). Intuitively, we suspect that these
two contributions to N©G/2 are among the largest
contributions, because they have relatively simple,
separable forms in Fourier space. For all other bias
contributions we present analytical expressions but
do not evaluate them numerically in the present
work. Future work should check if these additional
bias contributions are relevant, e.g., by performing
the required numerical integrations or by comparing
against estimates of the same non-Gaussian lensing
bias from ray-traced N-body simulations.

(2) While our analytical expressions can take arbitrary
matter bispectrum models as their input, our numeri-
cal evaluations assume a simple matter bispectrum
model that follows from leading-order Eulerian
standard perturbation theory. While this is valid in
the regime where only large-scale lensing modes
contribute, more accurate results for the non-
Gaussian lensing bias can be obtained by using
more accurate matter bispectrum models on small
scales. Our tests indicate that such corrections are
likely small for Planck but significant for future
CMB stage III or stage IV experiments.

(3) Our analytical expressions follow by perturbing
lensed CMB fluctuations in the lensing deflection
angle. This perturbative expansion does not con-
verge well on all scales, although corrections from
nonperturbative approaches are typically less than
10%. Again, the accuracy of this approximation
should be checked in the future.

(4) Our calculation for the lensing potential bispectrum
B, induced by nonlinear structure formation as-
sumes the flat sky approximation and Limber’s
projection. This is valid on intermediate and small
scales, but breaks down on very large scales. We
therefore restrict the discussion of the bias to multi-
poles L > 100. Although it would be interesting to
extend our result to the full sky, we note that CMB
experiments have most lensing information at multi-
poles L > 100.

Apart from testing each of the above assumptions in
more detail, there are various other directions to extend and
generalize our work in the future. For example, while we
regard the non-Gaussianity of the lensing potential and the
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induced lensing power bias as a nuisance, it could equally
well be regarded as a new signal. Pushing this further, one
could envision other estimators to extract information from
the non-Gaussianity of the lensing potential, e.g., by
measuring the skewness or bispectrum of the reconstructed
lensing potential, as investigated very recently by
Namikawa [60]. We leave such exciting extensions to
future studies. We also note that we have assumed the
standard quadratic lensing estimator when deriving the
N©/2) bias. However, future polarization-sensitive experi-
ments like CMB stage IV will benefit significantly from
likelihood-based lensing estimators [61]; the impact of
large-scale structure non-Gaussianity on these estimators
should be considered.

More generally, accounting for the bispectrum and
nonlinearity of large-scale structure is just one of many
possible extensions to refine theoretical modeling of CMB
lensing. While leading-order modeling of CMB lensing is
often rather accurate, the highly increased sensitivity of
upcoming CMB stage III and stage IV experiments may
require additional modeling corrections that should be
investigated in the future.

While finalizing our draft, Namikawa [60] pointed out
that the CMB lensing bispectrum can also be regarded as a
potential future signal from the CMB 6-point function
rather than a bias of lensing 4-point measurements, which is
the focus of our paper. While our papers are complementary
in most parts, they both demonstrate the future importance
of the non-Gaussianity of the CMB lensing potential. We
checked that our theoretical CMB lensing bispectrum
from leading-order standard perturbation theory agrees
with [60].
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APPENDIX A: CMB LENSING BISPECTRUM

The nonlinear bias is the consequence of a nonvanishing
bispectrum of the lensing potential. In this appendix, we
provide the full-sky expression for the Limber-projected
CMB lensing bispectrum (see e.g., [41,42]). In the flat-sky
limit, this reduces to the expression in Eq. (16). We evaluate
this expression with a matter bispectrum at leading order in
standard Eulerian perturbation theory and show the cumu-
lative contributions from different redshifts and wave
numbers for equilateral configurations.
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We start out with the three-point correlation function of the lensing potential in angular coordinates
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where we introduced the bispectrum of the Newtonian
potential,

(wk.n)y(K .7 wK" n") = (27)*6p(k + k' + K")
x B, (k, K/, K" 7,7, 1").
(A2)

Here, 7, 17/, and 1" denote the conformal times at which the
photon encounters the potentials of wave vectors k, k', and
k”, respectively.

Expanding the lensing potential ¢ in spherical harmonics
yields

m'm" X dZ
<¢t’m¢f’m’¢f”m”> = ?f}f’# A FSW(X)%

f f/ f//
X%’;T”)'

This is obtained by expanding plane waves and Dirac
delta’s in spherical harmonics Y., and spherical Bessel
functions j,, performing all angular integrals, using the
closure relation for spherical Bessel functions (which
enforces 7 = i’ = 1), and applying Limber’s approxima-
tion by replacing k by I/y (see e.g., [62] for similar
calculations). We also used the Gaunt integral

(A3)

i

o = / dQY,,,(A) Yy, ()Y, ()

:\/(2f+1)(2f’+1)(2f”+1)
47

f f/ f// f f/ f//
X 9
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imposing ¢ 4 ¢’ + ¢ = even. The flat-sky expression
corresponding to Eq. (A3) is

BOPW)PA")) = 2212651+ 1 +1) / . j—" 8W(y)?
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The bispectrum of the potential w (K, y) due to nonlinear
gravitational clustering is obtained by noting that the

(A4)

(A1)

|
potential is sourced by the fractional overdensity (K, y)
through the Poisson equation,

3HIQud(k.x)  v(x)

K,y) = —= =— ok, y), A5
yky)=-3 e aQ) 2 (k.x), (AS)
so that
y(x)?
B, (k. ky, k33 y) = —mBa(khkz,kﬁﬂ()- (A6)
1%27™3

The lensing potential bispectrum By, is then given by the
following line-of-sight integral over the matter bispectrum:

2 3
B 1ts) = = [ apeswey rG)”
0 (111213)

X Bs(lyi [y L/x. 3/ x)-

(A7)

In this paper we evaluate this formula by inserting a
slightly modified version of the standard perturbation
theory result for the LSS bispectrum at leading order
Eq. (17), where the linear matter power spectrum Py, is
replaced by a power spectrum with nonlinear corrections
P This modification extends the validity of the model to
slightly smaller scales of the large-scale structure.

We plot B, for equilateral triangle configurations and its
cumulative contribution from different redshifts in Fig. 5.
The individual contributions can best be analyzed in the
right panel of Fig. 5, where we plot the lensing bispectrum
integrated to different redshifts divided by the full lensing
bispectrum. On large lensing scales (low L) we find that the
bispectrum is mainly sourced by nearby structures at low
redshifts (z < 1). Going to smaller lensing scales (higher
L), it gets more and more contributions from structures at
higher redshifts. This trend continues until nonlinear
corrections from the nonlinear matter power spectrum used
in the numerical evaluation of By become relevant. They
enhance contributions from lower redshifts to smaller
lensing scales. This enhancement leads to the turn-around
at a scale of L ~ 500, which would be absent if Py, was
used in the LSS bispectrum model.

Contributions to the lensing potential bispectrum from
different wave numbers of LSS modes are shown in Fig. 6.
Up to intermediate lensing multipoles (L ~ 500) the lensing
potential bispectrum is sourced by LSS modes with
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FIG. 5. Cumulative contribution to the equilateral lensing bispectrum B, (L, L, L) from different redshifts. In the left panel we plot
lensing bispectra obtained by integrating to different redshifts. In the right panel we show their relative contribution to the full lensing
bispectrum. On large lensing scales, L ~ 100, the bispectrum gets considerable contributions from structures at low redshifts, z < 1.
Their importance decreases with increasing L. On smaller lensing scales, L= few hundred, this trend is reversed and their contributions
regain relevance. The resulting dip in the right plot is a consequence of replacing Pj;, by P, in the LSS bispectrum model.

k < 0.1 Mpc~!. The LSS bispectrum on these scales is
sufficiently described by the standard perturbation theory
bispectrum model at leading order. Using this model in the
evaluation of B, should therefore provide accurate results
up to at least intermediate L. On smaller lensing scales
(higher L), we find significant contributions from LSS
modes with k > 0.1 Mpc~'. The leading-order perturbation
theory model for the LSS bispectrum fails to accurately

1071
1072
1078
10714}
107171

= 107

CQ: —17 [

Sy \
10-18}1
10~} — k<1073 — 1>k>10"1|]
10720F — 10°2>k>10"3 k>1
1072 — 107 '>k>10"2 — allk
—22 | L 1
10 10! 102 10°

L

FIG. 6. Contribution to the equilateral lensing bispectrum
B,(L,L,L) from different wave numbers of LSS modes (in
Mpc~!). At multipoles of L = 500 the lensing bispectrum starts to
become dominated by contributions from LSS modes with wave
numbers k > 0.1 Mpc~!. On these scales and at low redshifts the
perturbation theory bispectrum model at leading order under-
estimates the matter bispectrum in N-body simulations. A lensing
potential bispectrum based on this model is likely similarly
underestimated at higher multipoles.

describe the LSS bispectrum in N-body simulations at low
redshifts on these scales. An improved estimate of the
lensing potential bispectrum on small scales would there-
fore require a more accurate model for the matter bispec-
trum for small LSS modes.

APPENDIX B: BIAS INTEGRAL EXPRESSIONS
FOR FASTER NUMERICAL EVALUATION

The A1l and C1 biases in Egs. (34) and (37) involve four-
dimensional integrals for every multipole L, which are
computationally expensive to evaluate. Fortunately, how-
ever, the integrands of these four-dimensional integrals can
be rewritten in a product-separable form, which allows
much faster numerical evaluation by multiplying two-
dimensional integrals. The next two subsections will show
this explicitly for the C1 and A1 contributions to the bias,
with the final results given by Eqs. (38) and (B10), which
have a simple form.

1. Fast expression for C1 bias by separation of integrals

We start with the C1 contribution to the N/?) bias
because it is somewhat simpler to speed up than the Al
contribution. The C1 contribution given by Eq. (37) involves
a four-dimensional integral over 1; and 1 for every value of L,
which is computationally expensive. To separate the inte-
grand, we rewrite scalar products between wave vectors
using the angle addition theorem for the cosine: If we define
cosp, =1y -L/(l;L) and cospy =1-L/(IL), then the
angle between 1; and 1 is g — 44y, so that

1 - 1= Lilcos(u, —m)

= 1yl[cos (s, ) cos(ya) + sin(u,) sin(u)].  (B1)
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Then, using basic trigonometric identities we obtain for the
expression in the integrand of Eq. (37)

1 - (1=L)][; - 1) = 1{cos® (, ) cos [l cos g — L]
+ cos y, sin gy, sin py[21 cos py — L]
+ sin® (s, ) Isin® (su) }, (B2)

which is a sum of terms that are separable in 4 and y; as
desired. The first term on the right-hand side of Eq. (B2)
involves 17, = (I, - L)% = 13 cos?(,) which measures the
component of the temperature multipole 1; along the
reconstruction multipole L. The third term involves /7 | =
13 sin® (yy .) which measures the component of the temper-
ature multipole 1; perpendicular to the reconstruction
multipole L. The second term in Eq. (B2) is a cross
term involving a product of these two components,
I}, =1l Using Eq. (B2), the C1 contribution (37)
to the N®/?) bias therefore turns into the following simple
form of Eq. (38):
3/2

Nt (L) = —4A38, Ry (L)B (L) + R (L)BL(L)]. (B3)
where we defined the temperature integral R and integrated
lensing bispectrum f) as

Ry(L) = / o1, L)Peos?(u)CIT.  (B4)

pi(L) = / lcospy[lcospy — L|By(1,L —1,-L),  (B5)
1
and similarly for the perpendicular component,

Ru(L) = / 61, L) Bsin(u,)CT7. (B6)
1

pL(L) = [ Psin?(u)By(1L —1.-L).  (B7)

The cross term from the second line of Eq. (B2) yields
R, B, =0; see Appendix C5. We will use Eq. (38) for
numerically evaluating the C1 contribution to the N©/2) bias,
because it only involves two-dimensional integrals that are
much faster to evaluate than the four-dimensional integral
in Eq. (37).

A slightly simpler approximate expression follows by
noting that S; ~ 1/(2A,) at leading order in C%?:

NEP (L) m =24, [Ry (L)By (L) + Ru(L)pL(L)]. (BB)
The separation into parallel and perpendicular components
with respect to the reconstruction multipole L also follows
by working in position space (see Appendix E, which also
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interprets this result using a scalar-tensor decomposition of
correlation functions between derivatives of temperature or
lensing fields).

2. Fast expression for Al bias by evaluating
Fourier-space convolution as position-space product

Numerical evaluation of the four-dimensional integral
appearing in the Al contribution of Eq. (34) to the N(3/2)
bias can also be accelerated by suitably rewriting the
integral. The idea is that, for fixed 1, the integral over 1,
in Eq. (34) is a convolution in Fourier space, which can
be evaluated efficiently as a product in position space
(similarly to References [63] and [64] which used the same
idea to accelerate large-scale structure perturbation theory
integrals). This gives the following fast expression for the
Al bias of Eq. (34)":

NP/P(L) = 4425, / dre,(r, L)
X By (r, L)ET (x) + po (r, L)ET (r)].  (B10)

The structure of this is very similar to the fast expression for
the C1 term given by Eq. (38) but it involves a two-
dimensional r integral over the following two-dimensional
Fourier transforms:

¢y(r.L) = [ eMTg(l) L), (B11)

and

B (r.L) :/e‘i"rlcosul(lcosyl -L)B,(1,LL -1,-L)
1
(B12)
p.(r,L) :/e‘i"r(l)zsinz(ﬂl)B{/,(l,L—l,—L), (B13)
1

which satisfies 5, (0, L) = f3,(L). We also defined temper-
ature correlation functions

®This follows by introducing 1 =1, — I in Eq. (34) with a
Dirac delta,

f L L)y (1 = 1) V[ = 1) - (L= 1)
X By(I.L-1,-L)
= [ " (272)25,(1=1, +1)g(1;, L)CIT(1-1)
x [I- (L =1)]B,(X,L -V, -L), (B9)

expanding the Dirac delta in plane waves, and separating the
scalar products using Eq. (B2).
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STy pRs——
1

1 {1 [e
- [—/ dIPJ(Ir)CTT — cos*(vy,)

T |\T Jo

x / A1 I, (1) C,TT] : (B14)
0

B = [ e Psin’u)CT!
1

L s TT _ ETT
— 5 [T el - gL,

(B15)
On the right-hand sides, two-dimensional Fourier trans-
forms reduce to one-dimensional Hankel transforms by
using the cosine angle addition theorem to express cos y; =
1L interms of cosyy, = L - £ and cosz; = I - * (similarly
to Eq. (B1)). The angular integrals then lead to Bessel
functions of the first kind, J,,. The one-dimensional Hankel
transforms can be evaluated efficiently with one-
dimensional FFTs using e.g., FFTLog [65]. A somewhat
slower but still feasible approach is to evaluate the two-
dimensional Fourier transforms on a grid using two-
dimensional FFTs.

APPENDIX C: EFFECT OF LENSING
BISPECTRUM ON MEASURED LENSING
POWER SPECTRUM: REMAINING
CONTRACTIONS

Having discussed the contractions Al and CI1 contrib-
uting to the N©®/?) lensing bias in detail in the main text and
in the previous section, this section derives analytical
expressions for the non-Gaussian lensing bias from the
remaining contractions A2, A3, B, C2, C3, and D as
outlined in Sec. IIT A.

(6°T, 11,87\, T, ) 3
(27)?

PHYSICAL REVIEW D 94, 043519 (2016)

For easier reference of the contractions, we categorize
them by their temperature pairings: Intratemperature con-
tractions (7T'T) and (T'T’), which appear in A1, B1, and C1
terms, involve two temperature fields that belong to the
same lensing reconstruction g?ﬁ Intertemperature contrac-
tions (TT'), which appear in A2, A3, B2, B3, C2, and C3
terms, involve one temperature field belonging to ¢(L) and
another temperature field belonging to ¢(—L).”

1. Type-C biases from intertemperature contractions
C2 and C3 of (6*TTST'T')

We start with the intertemperature C2 and C3 contribu-
tions to the N®/2) bias following from the contractions of
(S*)TTST'T') defined in Eq. (29).

a. C2 contraction in Fourier space

The C2 contraction in Eq. (29) is given by

(0T, 11,61\, T\,) o = (8T, 6T\, )(T),Ty,).  (C1)
This involves the correction (§*TST) of the lensed temper-
ature power spectrum generated by a nonzero lensing
bispectrum (another correction would be (5°7TT)). Based
on analytical [34] and numerical investigations [12,36,37]
this correction is expected to be small. Further, it should
be automatically accounted for when using realization-
dependent subtraction of the Gaussian N(©) bias which is
common in modern lensing pipelines. We do not inves-
tigate this term here further.

b. C3 contraction in Fourier space

The C3 contraction is given by

=- op(h + L + 13+ 14)% M- (L + L =B -Bl - (4 +1)]CTTCI B (15,1 + 1, =15, (1, + 1)) (C2)

2

2

The induced bias of the measured lensing power spectrum is

3/2 8
N (L) = =547 / 9l L)g(la L)1 = L) ( + 1 = L)CRL, Gy
1-12

x/Kb—LyU—h—b+me—LyH%@—h+L—hh+b—L—m
1

(C3)

where we have accounted for all possibilities to place the (perturbed) temperatures in the four-point correlator by including a
symmetry factor of 8. Changing integration variables I; - L —1; and I, —» L —1,, we obtain

7Roughly speaking, intratemperature correlations are zero-lag terms of filtered temperature fields, and inter-temperature correlations
are correlations of two filtered temperature fields with nonzero separation. However, the filtering of observed temperature maps is non-
local in position space, so that strictly speaking intratemperature correlations are not zero-lag in the observed temperature.
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N (L) = 4a2 [ ol Lygll L)L - (L =1, = )] C]
1-12

x / Iy (1= (L =1, = L)](ly - DBy(L (L =1, = 1) = L —(L 1, — 1)), (C4)
where we used g(I,L) = g(L —1,L).

c. Fast expression for C3 contraction

The C3 contribution to the N3/2) bias given by Eq. (C4) involves a 6D integral over 1;, 1, and 1 for every value of L,
which can be regarded as a 3-loop integral. Evaluating this numerically is prohibitively computationally expensive.
Fortunately, however, the integral can be rearranged to allow much faster evaluation. This follows by noting that the integral
over the lensing bispectrum reduces to 3, (|L. —1; — 1,|) defined in Eqs. (40) and (42). The total integral over 1, and 1, is
then an integral over functions of 1y, 1, and L. — 1; — 1,, which is a double convolution. This can be evaluated efficiently by
rewriting it as a product in position space, similarly to the fast expressions of Egs. (38) and (B10) for the C1 and Al
contractions discussed in Appendix B (also see [63] and [64]).

To see this explicitly, we introduce a Dirac delta enforcing I; = L —1; — 1,,

NY(L) = 4A2 / | aPon(ls = L1+ gl L)g(, L)1 - 1)l (C5)
1-12,13

[ (= 1) 0 DBy 01 = 1 L) (c6)
Parameterizing orientations of I, and l in terms of cos 8;, = 1, - 13/(l,3) and cos &, = 1 - 15/(Il5), the last integrand can be

cast separable using Eq. (B2) (replacing 1; by 1, and L by 15 there). The Dirac delta also becomes separable by expressing it
in terms of plane waves,

(27)%5p(l,—L +1; +1,) = / dPre~ilimbrhith)r, (C7)
We, thus, get
NEP(L) = 443 / drelt / [ / Mgl L)L, -13C£T] 3 Au(L)ET (. LTy, (C8)
3 I n=|.L
where we used f, =0 from Appendix C5 and defined 5
weighted temperature correlation functions _ Z ( ’i ) cos2—" ( ﬂlz) COSZ—m( ,uh)sinm ( ﬂlz)Sinm( ﬂh)-
m=0
ET(r, L 1) = [ e"™Tg(ly, L) Beos?(9,,)CIT (C9) (C12)

A similar  expression follows for  sin*(9y,) =
7 (r, L, i3) _ / e~ (L, L) l%sinz (9) CET‘ (C10) 1- 0052(1912). The temperature correlation functions, thus,

L become
Equation (C8) can be simplified for easier numerical evalu- . 2. /2 ) . -
ation and interpretation. Similarly to Eq. (B1), angles 9 éﬁT(r,L,l3) = z<m> cos™" (py, )sin™ (uy, ) &2, (r, L),
with respect to 13 can be expressed in terms of cosines m=0
oS py, = I, L and cos py, = I; - L with respect to L, so (C13)
that
TT T\ _ T _ AT 7
cos?(9y,) = (I, - 13)% = (cos y, cos py, + sin py, sin g, )? 1 (r L) = Goo (r L) = &7 (r. L. 1), (C14)
(C11) where we defined
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ERL) = [ eg(1. L)ooy ()sin Ga) T
1

(C15)

where cos y; = 1-L. For fixed L, Eq. (C15) can be
computed as a two-dimensional Fourier transform of the
integrand (regarded as a function of 1 on a two-dimensional
grid). Ignoring the weight g, £/] is the correlation function
of the temperature 7(x) w1th a second derivative of the
temperature (i.e., it is related to (T(x)9) "07T(x')) if L
is aligned with the O axis). Note that we recover some
of the zero-lag/intratemperature correlation R; integrals for
r = (. The square brackets in Eq. (C8) similarly reduce to

/ e_il].rg(ll,L)ll . 13CZT
1
1
Z l3c08' ™" (juy, )sin™ (Hlele,,/(rvL)’ (C16)

which is related to the correlation function between the
temperature and a first derivative of the temperature
((T(x)0,yT(x")) if L is aligned with the 0 axis).

The C3 NG/ bias of Eq. (C8) thus, turns into the
following fast-to-evaluate expression:

NP (L)
1

= 4A3 / dzreiL"{Z Ell(r,L)E

£y (2)ene

m=0m'=0

1 m' (I‘ L)ﬁm (I‘ L)

LEL (L)} (1)
where we defined

ﬁm’(ran)E[e_il3'rl3ﬁl(13)(3051_"1,(#13)Sinm/(ﬂh) (C18)

(6T, 6T, 0T\, T\,) 42
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v

B (r. L) = [ e BT (15) = BL(13)]

x cos> M (py )sin™ " (). (C19)
These are functions of r that can be computed with a
two-dimensional Fourier transform. Alternatively, the
angular integrals can be done analytically so that the
integrals become one-dimensional integrals involving
Bessel functions.

For fixed L, all factors in the integrand of Eq. (C17)
can be evaluated with two-dimensional Fourier trans-
forms. The final integration over r can be evaluated as a
two-dimensional integral for fixed L. Alternatively, it
can be obtained by fixing L, regarding the curly
brackets as a function of r, computing its two-
dimensional Fourier transform F(L’), and picking the
entry F(L’ = L). Without loss of generality we choose
L to be aligned with the 0 axis of the two-dimensional
grid. Once f3,(1) are computed, the bias at a given L can
be computed with O(102,,, log I,,,,) operations because
it involves only two-dimensional FFTs. A very pre-
liminary implementation of the C3 contribution to the
NG/2) bias gave results that were much smaller than the
Al and C1 contributions, but future work should
evaluate this term more carefully to check its impor-
tance, also in combination with consistency checks
against simulations.

2. Type-A biases from intertemperature contractions
A2 and A3 of (6TOTOT'T’)

The coupling of type A, (6T, 6T,,6T,,T),), measures
the correlation between three temperatures perturbed to
first order in the lensing potential and one unlensed
temperature. It has three contractions Al, A2, and A3
defined in Eq. (27). Having discussed the Al term in
detail in the main text, we consider the remaining A2 and
A3 term here.

The A2 contraction in Eq. (27) is given by

=—2n)%p(l; + L, + 15 + 14)C1T4T[l4 (L +1y)] / CITIL- (1, = D][1- A+ 13)|B, (1, = L1+15,1, +1;).  (C20)
1

The resulting contribution to the N3/?) bias is

N(M)( L) = —4A7 [1 g(l;. L)g(L,, L)[(, = 1) - (I, = L)]
= =447 [ gLy [ -1) 0 - L)

L1,
L1001 =1 0= = DIC 8010 1) =1~ = 1))

Cily /[l (L =D (A=L)ICT By (1, = L1, =1, 1= 1)

TT
C\L -]

(C21)

043519-19



BOHM, SCHMITTFULL, and SHERWIN PHYSICAL REVIEW D 94, 043519 (2016)

where we changed integration variables 1 — 1; — 1 to simplify the bispectrum arguments and included a symmetry factor of
4. The integrand involves functions with different arguments in all three integration variables 1, 1,, and 1, leading to a tightly
coupled 6D integral for every L, which is computationally prohibitively expensive. Since the integral does not seem to have
an obvious convolution-like structure, we do not investigate further if it can be accelerated, and leave numerical evaluation
and discussion of its importance for future work (also noting that it may be more efficient to first check if the other simpler
bias contributions can already explain simulation results). The N*/2) bias from the A3 contraction equals that of the A2
contraction because the bias is invariant under exchanging 1; <> L —1; in Eq. (23).

3. Type-B biases from (5*T6TT'T’)

Terms of type B are of the form (§?TSTT'T’) with both perturbed temperatures coupling to the same estimator ¢ (both
perturbed temperatures are on the same side of the correlator). There are 4 possibilities to form such a term, resulting in a
symmetry factor of 4. Three different contractions of CMB fields contribute to type B:

— — — | ]
(B*TSTT'T') ~ (Tijdid; T T'T ) g1 + (Tijhid; Tdn T'T ) g2 + (L3500 Trtor T'T") s. (€22)

The lensing power bias (23) resulting from the B1 contraction vanishes for L > 0,
NP (L) =o. (C23)
The B2 contraction is

(27)?

(8T, 6T\, T\, T1,)pr = —~—5—6p(li + L + 13 + 1) C[TCIT

X / - (=1 =)L -1 + 1+ 1) - (3 +1)]By(L1; + 15 =1, =1, = 13).  (C24)

The lensing bias resulting from this and the similar B3 contraction is
3/2 z 2)
Ny (L) + Ny{? (L) = =243 / ol L)yl L)L 1) - (1 = L)IC]TClT
1.12

X % L-(I=0 =L)(L-DBy(L (1 =) =1L -1, =L))+ (I, & L -1,). (C25)

The bispectrum integral over 1 is a convolution similar to the bispectrum integrals arising e.g., for the C1 or C3 contributions
in Egs. (37) and (C4), so it can likely be rewritten in a fast way similarly to Egs. (38) or (C17). These biases of type B2 and
B3 should be investigated further in future work.

4. Type-D bias from (*TTT'T’)
The last type of coupling, type D, involves the lensed temperature perturbed to third order in ¢. It picks up the three-point

function of the components of the lensing deflection at the same location (a;(X)a;(x)a(x)). This correlation must vanish
by statistical isotropy [34]. This can also be seen analytically. The coupling can be written as

(8T, T\, T\, Ty,)
B __[ [ /1 M- =1 =1 =100 -0 - e =1 =1 = 1) gA7)d(17") (4 (Tv T, To, Th,) (1)
= _EC(II)<T11T12T13Tl4>(T)’ (C26)

where we defined

‘) = / (1-L) / (-l - (1= L)JB,(LL —1,-L). (c27)
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The integral over 1 is the same as that already encountered
in Eq. (37). Using the same trick of Eq. (B2) to make the
integral separable leads to

() = l‘? A [COS3 (ﬂL)ﬁn (L) +COSﬂL5in2(ML)/)’L(L)] =0,
(C28)

where cos p, = cosyy, = il - L. This vanishes after per-
forming the angular integration over ..

5. Vanishing cross integrals

The fast expression (38) for the type-Cl bias has an
additional contribution . R, where

R (L) = [ g(1y, L) 5 cos py, sinpy, C[T =0 (C29)
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pi(L) = / Isinpy[2lcospy — L]B,(1,L —1,-L) =0
1

(C30)

Here we show that both integrals R, and f, vanish. We
start by writing out the weight in Eq. (C29),

-1-LcT,

1-LCTT + (L
R (L) :% i

TT TT
2Cl exptC\L —1|.expt

(C31)

x [? cos py sinpy CT7.

Choosing a coordinate system where the x axis is aligned
with L gives 1-L =L, Icosy; = [, and Isiny = I,
so that

o 21T

The integrand changes sign under [, — —/, so that the
integral over [, vanishes and, thus, R, = 0. Although we
chose a particular coordinate system aligned with L to
show this, the fact that R, = 0 is coordinate-independent
(in coordinate-independent terms, the two-dimensional
integral can be split into two 1D integrals parallel and
perpendicular to L; the latter integral vanishes). Note that
R and R do not vanish because they involve even powers
of [, and [ in the integrand. Following the same line of
argument the very similar integral of type RZE can be
shown to be zero.

To show p, =0 we proceed similarly. Choosing a
coordinate system with x axis aligned with L. and writing
Eq. (C30) in components,

B( 2ﬂ/dl/dll -L)

X By((2+ )2 (L>+ 2+ 2 -2L1,)"2,L)

=0. (C33)

|
) 2 CTT dln TT
timg(1.1) = 5S4 |1+ S0 cos
< (Cl,expt)

TT T
1 /°° dl /°° leC(12+12)'/2 +(L? - LL)C (L+L2+L-2L1,)"/?

(B+12)'/2 expt

i LUCIE oz = 0. (C32)
(L*+P+2-2LI,)"? expt

I
The integral over [, vanishes again because the integrand
changes sign under ly - —ly.

We also confirmed numerically that R, and £, vanish by
evaluating the integrals in Eqgs. (C29) and (C30) directly.

APPENDIX D: LOW-L, LARGE-SCALE LENS
AND SQUEEZED LIMITS

In this section, we consider certain limits where the N©3/2)
bias simplifies, e.g., the limit of reconstructing large-scale
lenses from small-scale temperature fluctuations, or the
squeezed limit of the lensing bispectrum. This is useful to
understand the qualitative behavior of the bias and check the
robustness of numerical evaluations. We first discuss the C1
term in Eq. (29), and then the A1l term in Eq. (27).

1. Limit of C1 contribution to N/? bias

We first consider the limit of reconstructing large-scale
lensing modes ¢ (L) from temperature fluctuations 7'(1) on
much smaller scales, i.e., L < [. Taylor expanding |1 — L|
around [ yields for the lensing reconstruction weight

crt
E dln CTlen Cl expt COS3 MCOS (Dl)
[ | "dini  din! TRy e

where cosyy =1-L/(IL). The terms in the first square brackets of Eq. (D1) are of order (L/)° and involve only even
powers of cos y;, while the second square bracket is of order (L//) < 1 and involves only odd powers of cos .
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Using this, we can compute the large-lens limit of R defined in Eq. (39). The terms in the second square brackets vanish
upon angular integration so that

12 crrel” 1 3dinci? 312 It \*rdnfycl?
limR — [ dyB——— 1 += ' (’)lez—/dll3 — ' O((L/1))?).
g =g [ s |1 S| o <5 fans( S ) (S| s owwm

1 expt 11 ,expt

(D2)

The power spectrum ratio in the integrand is unity on scales where the temperature power spectrum is signal dominated and
gets exponentially suppressed when it becomes noise dominated. The lf weight upweights high /; in the signal-dominated
regime but cannot compete against the exponential falloff in the noise-dominated regime. These two factors are, thus,
maximal at the highest /; that are still signal dominated. In this regime, typically /; ~ few thousand, the derivative is mostly
negative, so that the overall large-lens limit of R is negative. Its amplitude is determined by the multipole at which the
temperature power becomes noise dominated; i.e., it is very sensitive to the noise and beam specifications of the experiment
under consideration.

The large-lens limit of R reads

L2 CTTCTT 1d
limR | (L) _Q/dlll?(c‘l}% [1 +- 711] + O((L/1;)?).

F=0 o) L 4 dinl
L2 CIT \*dIn(HCTT)
~—— [ dl B = L+ O((L/1)?). D3
3271_/ 1 I(CITT pt) dln11 =+ (( /1) ) ( )
1,eX

which has the same structure as the expression that was derived for R, the only difference being a suppression of the
derivative term by a factor of 3. It is, thus, similarly sensitive to beam and noise specifications as Ry, but smaller, since the
dominant contribution stems from the derivative. They are plotted as grey lines in Fig. 9.

Additionally to the R, integrals the N (a %) bias involves B, integrals over the lensing bispectrum defined in Egs. (40) and
(42). One limit where these simplify is the squeezed limit of the lensing bispectrum, where the reconstructed lensing mode
is on much larger scales than the other two internal lensing modes, i.e., L < [~ |l — L| and

WGP AR L .
limB, (L, 1, — d 1+2— LimBs(L/x,l/x, — ) D4
Llig ¢( COS,U[) A /}// /1/4 (L/}{)z(l/){)4 + l COSM] ng} 5( //’{/ /X COS”] X) ( )

where we insert the squeezed limit of the matter bispectrum (e.g., [66])

13 8 JlnP
lim By(ky, ky, cos ) = {7 —i—cosz,ul( 7k(l)>

ki <ky 7 Jlnk,
kl 8 8 2 38111sz<}() 481nPk (){)
—— 22’1 __ T W 1 3
s <7 768+ (7 9lnk, COSMANT ok, )OS
X Pr, (0)Pr, (1) (D5)

assuming that limits in / translate to limits in & in the Limber approximation. In this approximation, the angle y; between L
and 1 is the same as between the three-dimensonal modes k; and k2.8

¥Note that the integrals over the lensing bispectrum Egs. (40) and (42) integrate over B,(l, L. — 1, —L). The minus sign in front of the
bispectrum’s third argument, L, induces a minus sign in front of cos y; when inserting the squeezed limit of the matter bispectrum into
these integrals.
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Using Eq. (D4) in the expression for ; we find for the contribution from squeezed bispectrum configurations

limp) (L) = / I(lcos(py) — Lcos(yl))iig}B,,,(L, l,—cos )

Ll

L * 3 L
_ / 2 (coszw—lcos(m) / " awiye (1+2lcosul)yn}Ba<L/x, Uz, —cospsy),  (D6)
1 0 <

Upon angular integration the squared cosine picks up all terms that are even in the cosine. This includes all contributions of
order O((%)?),

limp (L) =L12K* d;(W()()%zf(x)/dizl {173+2 (j—”(l,x)> +§ﬂ PriGOP iy (), (D7)

|

factor). The limits of both integrals, #, and f3|, are positive
for any realistic value of the spectral index n. This agrees
with the results obtained by numerical integration over the
full bispectrum.

In the two left panels of Fig. 7 we plot #; and 8, and
their squeezed limits. Since the squeezed configuration
excludes triangle configurations with small and comparable
side lengths, the squeezed limits do not coincide with the
full integrals at low L. For a valid comparison, the
numerical result has to be restricted to squeezed configu-

rations. After this modification, they agree with the
— iz a AW ()2 () analytically derived limits.
L= Jo To obtain the large-lens and squeezed limit of the N
din/ |13 1/8 6L bias, we also need the large-scale limit of A; which is [21]
) 4]
4z |7 4 \7 71

where we defined the spectral index of the matter power
spectrum:

~ OlnPy,(x)

n(ly) = aInll/y) (D8)

The squeezed limit of $, is

L

limg, (L) :/lzsinz(yl)limB¢(L,l,—cos,ul)
1 Ll

3/2)

X Pry, )Py (x). (D9) 87 crrTN? 17!
: _or !
limA, = {Zl(zm D(cﬁ > DZ] . (D10)
which is similar to the limit of $; but smaller since the Lexpt
zeroth order term in round brackets gets suppressed by a
factor of 3 (the first order term is enhanced by the same  where
L*NG2(L
_— B Bi CNUPIL) L4
iR analytic squeezed limit analytic limit 10-6
1071 . numerical squeezed limit numerical limit 108
~16 full result
S 10 § 10—10
S g T T ... 1012
~~ B B 10714
10718 ........
T {10718
10719 1018
40 60 80 60 80 100 20 40 60 80 100
L L L

FIG. 7. Left figures: Integrals of type f; and 8, calculated numerically with a restriction to squeezed triangle configurations
(I/L > 100) and their analytic squeezed limits [Eqgs. (D7) and (D9)]. Right figure: The large-lens and squeezed limit of
lim; o —2A, 8, (L)R, /(L) [Eq. (D12)], the dominant contribution to N (gl/ ?) for small L. Since we take the limit where only squeezed
triangle configurations contribute to the lensing or matter bispectrum, we also have to restrict the numerical evaluation to squeezed
triangle configurations to find agreement.
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dinCT" 3 (dInCIT\? which we obtain in two ways: (1) by evaluating the
D=1+ dlnl + 8 ( dilnl > (D11) analytic limit given in Eq. (D7), and (2) by restricting the
full numerical result to squeezed triangle configurations
Putting all these results together, we obtain for the large-  of the bispectrum.
lens and squeezed limit of N*/?) (which is dominated by o o 32)
the R, term): 2. Limit of A1 contribution to N bias
The type-Al contribution to the N©G/2 bias can be
{iil(l) = 2A, Ry (L) [By (L)) squeezed rearranged as in Eq. (B10). Similarly to the last section, we
s cons1de.r the squeezefl limit for b1sp§ctmm 1.ntegrals and_ the
_ [Z 21+ 1) ( crr ) D ] low-L limit for other integrals to obtain simplified expressions
! 7T ! that are useful for checking numerical implementations.

Lexpt

o . For the bispectrum integrals /8 in Eqs. (B12) and (B13),
< G, rr >2 dIn(PC ZT)} we consider the limit where only squeezed bispectrum

CTT din/, configurations contribute, i.e., L < [. Using the squeezed
liexpt limit bispectrum (D4), Taylor expanding in L/l < 1, and

- [Z <L(l+1)3>

X Eir(l) [B1(L)]squeezed- (D12)  using the cosine angle addition theorem to express cos y; =
1-L in terms of cosyy, = L - £ and cos 1y = 1 - £ [similarly
The comparison with the full result is shown in Fig. 7. to Eq. (B1)], we obtain, for example, the squeezed limit of

For 1im; _o[f) (L)]squeczea We use the squeezed limit of §  the f8 integral defined in Eq. (B12):
|

limp, (r. L) = 5 le / W) 27> )P, ()

X {—17—300s2(1/L)Aoolez(lr)Pl/);o{)—I—%/O diJ,(Ir) I/X()()

+ % lcos* (v,) — 60052 (i, )sin? (vy,) + sin (v1,)] A = i, (1) P’/%f") [% —n(l, ;()]
— cos*(u) /0 A ”};(’” E —n(l, 1)}

+ gcos2(uL)sin2(vL) /oo diJ (Ir) Py, Ge) [; - n(l)()] } (D13)

0 5

Here, J,, are Bessel functions of the first kind that follow from performing the angular integrations over v, P is the matter
power spectrum, and 7 is its spectral index defined in Eq. (D8). The integrals over [ are 1D Hankel transforms, which can be
evaluated efficiently with 1D FFTs using e.g., FFTLog [65].

Similarly, using Eq. (D1), the low-L limit of the Fourier transform of the lensing weight &, defined in Eq. (B11) becomes

, L? i1 cI™ dincl?
0 0 ( l,expt)

l.expt

It dmci?
(cTT )2 dInl

l,expt

— cos?(uy) /) * dug, (i) (D14)

The low-L and squeezed limit of the type-A1 contribution to the N/2) bias of Eq. (B10) follows by combining Eqs. (B14),
(B15), (D10), (D13) and (D14). The angular integration over t in Eq. (B10) can then be performed analytically, leaving one-
dimensional integrals over r over the Hankel transforms appearing in Eqs. (B14), (B15), (D13) and (D14). This provides a
useful consistency check of Eq. (B10) at low L if only squeezed bispectrum configurations are taken into account.

APPENDIX E: POSITION SPACE INTERPRETATION AND SCALAR-TENSOR DECOMPOSITION

It is not immediately straightforward to deduce an intuitive physical interpretation of the bias from the pure Fourier space
calculation provided in the main text. In this appendix we therefore provide a heuristic position space picture that helps to
interpret the origin of the C1 contribution to the N*/?) bias.
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3/2) coupling

Considering a toy model where normalization A; and weight g are ignored, the bias from the lensing bispectrum
on the lensing reconstruction power spectrum due to the intratemperature correlation type-Cl term in Eq. (29) is

given by

1 —iL-(x—x'
NEBD) 25 [ (60 V9 T )00

where ¢ ; = V¢ = a; is the i-component of the deflection
angle. The bias (EI) involves the average of the product
of temperature and temperature derivatives at the same
location. These intratemperature correlation terms are
given by integrals over the unlensed temperature power
spectrum:

FUIT(x)ViT(x))] = ijg(l,L)lkC;TTEiSk(L), (E2)

FllTx)V,¥,T(x))] = - / 6L L)L,L,CIT = —Ry (L),

(E3)

where we schematically included the weight ¢ to
account for the lensing-optimized filtering of the
observed temperature (the first integral would vanish
otherwise). Additionally, the bias (El) depends on the
correlation between the quadratic deflection tensor
¢:(x)¢ ;(x) at location x and the deflection ¢ (x') at
another location x/,

Ci/k(x -x) = <¢,i(x)¢,j(x)¢,k(x/)>
——i [ ML, )

On the right-hand side, we introduced the tensor f3;; which
is the Fourier-space cross-spectrum between the quadratic

deflection tensor ¢ ;(x)¢ ;(x) and the lensing potential ¢:

i (L") = {[¢:(x)¢ ;(x)|(L")p(=L"))

——/li(L’—l)jB4,(l,L’—l, -L’). (E5)
1

This is an integral over the bispectrum of the lensing
potential. The Fourier transform of f;;(L) is the 2-point
correlation function ﬁi ;(r) between deflection tensor
¢(x)¢ ;j(x) and lensing potential ¢(x +r) as a function
of their separation r. With Egs. (E2), (E3) and (E4), the
simplified reconstruction bias (E1) becomes after integra-
tion over x and x’

6,0 T(x) VkT<x’)qls,k<x’)> , (ED)
G2 oy 1Ay s
NCl,toy(L) 4 AL Rl](L)ﬁl](L) (E6)

where Ay, = [, is the sky area and we used 28, (L) ~ A7,
the inverse lensing normalization. This shows that the
expected N®/?) bias is given by the mean product R;; of
temperature and temperature Hessian times the integrated
lensing potential bispectrum f;;, corresponding to the cross-
spectrum between the deflection tensor ¢ ;(x)¢ ;(x) and the
lensing potential.

Since all indices in Eq. (E6) are contracted, the sum that
gives the total bias is independent of the orientation of the
coordinate system with respect to which the component
indices of f3;; and R;; are defined. We are therefore free to
choose the orientation of the basis vectors. For example, we
can choose the first axis to be aligned with L, and the
second one orthogonal to that in the flat sky two-
dimensional plane. In this coordinate system, we find
the correspondences
R” :Roo, R+ :ROI :Rl()’ and RJ_ :Rll (E7)
by comparing Egs. (39) and (41) with Eq. (E3). The
reconstruction bias obtained in the position space picture
[Eq. (E6)] is then indeed equivalent to Eq. (38) derived in
the Fourier space picture (up to normalization and sym-
metry prefactors which we ignored in the heuristic position
space calculation).

2. Scalar-tensor decomposition

Instead of choosing a coordinate system as in the last
section, we can derive an equivalent expression for the
type-C1 lensing bias by employing a scalar-tensor decom-
position as follows: The 2-tensor f;; in Eq. (ES) can be
decomposed into a scalar trace part f3, which is invariant
under rotations of the coordinate system, and a trace-free
tensor part f,

1 PN 1
pi;(L) = Eﬁs(L)éij +2p,(L) |:LiLj - 551']} , (E8)

where i, j € {0, 1}. The trace is given by
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By(L) = 5,8(L) = -[ I (L-DB,(LL~1-L).
(E9)

which follows from 8;;6;; = 2, L,L; = 1 and Eq. (ES). The
trace f3,(L) is, thus, the Fourier transform of the correlation
function

py(r) = (@ (x)$(x + 1)) (E10)
between the squared deflection magnitude o® = b,
and the lensing potential ¢. The trace-free tensor part
of p;; is p,(L) = [I:iI:]-—%é,-_,-]ﬂ,-j(L), which evaluates

to
A 1
pi == [{o-ipw--L1-3r@-n}
x By(ILL —1,-L). (E11)

This is the Fourier transform of the correlation
function

: VAR

i) = (@) | "t - 3050t 410 ) E12)

between the deflection tensor a;a; and the tidal tensor
constructed from the lensing potential.
Similarly, the 2-tensor R;; can also be decomposed into

scalar part R, and tensor part R;:
1 A A 1
R;(L) ERS(L)é,-j+2R,(L) L,L; —55,-1- . (E13)

The scalar part is

11
1.0 x10 ‘ ‘ ‘
ol i . /
g 0.0 .
= 05}
q
~ —1.0¢
—1.5¢
—20 ‘ ‘ ‘
100 500 1000 1500 2000
L
FIG. 8.
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(T (X)VT(x)) = / g(LL)ECTT  (E14)

Ry(L)

and the tensor part is

l2
—} CIT.  (E15)

(L)L) -5

R(L) = / gL L)

Note that the tensor part would be zero in absence of the
reconstruction weight g. With these scalar-tensor decom-
positions the reconstruction bias becomes

3/2
Ng

1

(1)~ [FRWAWL) + RWPAWL)|. (E16)
The first term in the brackets is the trace of the mean
product R;; of (weighted) temperature and temperature
Hessian, coupled to the trace of the lensing 3-point statistic
fij- The second term couples the trace-free tensor parts of
R;; and p;;.

The scalar and tensor parts are connected to the tensor
components by

1
Ps = Poo + P11 and ﬂzzi(ﬁoo—ﬂn) (E17)
and the same relations hold for R;;. Then we get
1
ERsﬂs +2Rf; = RooPoo + Riifii = Rypy + Ripy.,
(E18)

where we aligned the x axis of the coordinate system with
the lensing wave vector L in the last step.

Integrals of type R and g in their decomposition in scalar
and tensor contributions are shown Fig. 8. Note that the
plotted quantities already include the prefactors with which
the components enter into the bias. Similar plots for the
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Left panel: Scalar- and tensorlike contributions to the weighted mean product of temperature and temperature Hessian R;;.

Noise and beam specifications correspond to a Planck-like experiment. Right panel: The lensing potential-deflection tensor correlation
Bi; decomposed in the same manner. We have included prefactors such that contributing terms to the type-C1 bias can be constructed by

multiplying lines of the same color (compare Eq. (E16)).
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FIG. 9. Left panel: Parallel and perpendicular contributions to R;;. Noise and beam specifications correspond to a Planck-like
experiment. In grey we plot the large-lens limits derived in Appendix D. Right panel: The lensing potential-deflection tensor correlation
pij decomposed in the same manner. The bias contribution from the type-C1 term can be constructed by multiplying lines of the same

color (compare Eq. (E16)).

decomposition into parallel and perpendicular components
are shown in Fig. 9.

Appendix F: N3/2 TYPE-C1 BIAS FOR
POLARIZATION-BASED LENSING
RECONSTRUCTIONS

The N©/?) bias also exists for polarization-based lensing
reconstructions. In this paper, we show how to generalize
the non-Gaussian bias from the coupling type C1 [Eq. (29)]
to reconstructions from arbitrary field combinations but
leave a generalization of other contributing terms to future
work. The results for the single coupling do not provide a
proper quantitative estimate of the general bias, but give
some idea of the qualitative changes and other terms can be
derived in a similar fashion.

1. General polarization-based lensing reconstruction

We first consider the most general case where the lensing
potential is reconstructed from two placeholder fields W
and X that can each be 7T, E or B, and from two potentially
different fields Y and Z that can again each be T, E, or B,
and then the cross-spectrum of these reconstructions is used
to estimate the lensing power; i.e., we consider (¢"*¢"%)
where W, X,Y,Z € {T, E, B} throughout this section.

Lensing changes the CMB fields according to

1
X =3 [ X0)p)pa-1, 1)
2 1.1
xhx(L, D0 - L)[(L +L =1 - L] (F3)
To simplify the notation we also defined
T=T, E=E, B=E, (F4)
and
1 iftX=T,
hx(1;.1) = ¢ cos(2(gy, —)) if X =E, (F5)
sin(2(gy, —en)) if X =B,

which satisfies hy(1;,1) = hx(=1;,=1) and hy(1;,1) =

hx (1, 1) = hx(=1;.1).
The general lensing reconstruction estimator is [67]

&WX(L) = AI‘:VX [ gWX<l’ L)Wexpt(l) expt(l - L)’ (F6)

with normalization

X(1) = X(1) +6x(1) +6°X(1), (F1)
. . . . -1
where in absence of primordial gravitational waves [62,67] AZVX _ { [ Fwx(LL =Dgwx(LL) (F7)
oX() == [ XU)PA-1)x(DA=1) 1 (F2) |
I and weight
|
gwx(l L) C;(e))iptcr{uh expthX(l L - ) C})Ve))((plc\‘gxl\ explfWX(L -1 l) (F8)
Clv‘{cgtcﬁxﬂ exptcg(eiptcm Wl\ expt (Clwefptc\vgxl\ expt>2
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where fyy is defined by (W()X(L —1))cyp = fwx(L, L —=1¢(L) and can be found in [67]. We assume a slightly
modified form where unlensed spectra are replaced by lensed ones [21] to avoid the N bias. Note that f wx(LL =1) =
Sfxw(L —1,1) and, thus,

gwx(LL) = gxw(L =L L). (F9)

2. C1 bias contribution for general polarization-based reconstruction

The type-C contribution to the N©/?) bias of the general reconstruction power (&WX @YZ ) is

N%(Z,;/’tzypec(m = AZVXA{Z/” gwx(th)gyz(lz, L)T%I;?S’Z(INL -1, -1, - L)’ (FIO)
1:12

where the trispectrum is given by all contributions to (W X ¥ Z), that are of the type-C form ($2WX8YZ) .~ 2010°. There
are eight such terms: 2010, 2001, 0210, 0201, 1020, 0120, 1002 and 0102, where “0” denotes the position of unperturbed
fields and “1” and “2” that of first- and second-order perturbed fields. Let us denote the integral over the 2010 term by

Uwx.yz(L) = / gwx (L, L)gyz (L, L)T 35S, (1, L =1, -1,,1, - L) (F11)
:ﬂbgwﬂL—HJJWAL—QJQT%%HL—HJL@—L;%L (F12)

where we changed integration variables in the second line. Using Eq. (F9), 7 (-1;,=1,, -15,-1;) = 7 (1;,1,,15,1;) and
substitution of integration variables, the eight type-C terms contributing to Eq. (F10) can be written simply by permuting
field labels of U:

3/2),typeC
N(wé.i'tzype (L) = A)*AJ*[Uwx yz(L) + Uwx zy(L) + Uxwyz(L) + Uxw zy(L)

+ Uyzwx(L) + Uyzxw(L) + Uzy wx(L) + Uzy xw(L)]. (F13)

It remains to calculate Uy y yz. Extending Eq. (36) to the general polarization case, the connected 4-point function of
coupling type C due to the 2010 contraction is

B (27)?

(W X1,6Y\,2),) . = Sp(h + L + 13+ 14)CZ’XCZZhW(—12, 1)hy (=14, 13)[(1s + 1) - 14]

X /(l’ L[ =1, = L) LBy 1 + 1, =115 + 1y)
l/

=+ (12 <> l4,X <> Z), (F14)

where the permutation in the last line is obtained by simultaneously replacing every 1, by 14, every 1, by I, every X by Z and
every Z by X in the first two lines (in particular, this permutation involves C;'“C7X). We ignore this permutation in the last

line of Eq. (F14) from now on because it is expected to lead to more tightly coupled terms that should be subdominant; we
call the dominant first two lines type C1. For the multipole arguments required for Eq. (F12) we get

o 2r)? Ty 7

(O* W1, X,,8Y1,-1.Z4,)" = _{ 2) 5p(0)C*ClZhy (=11, L = 1) hy (1,1, = L)(L - 1)

x/ﬁ“hMP—LthﬂﬂL—ﬂ—L) (F15)
l/

Thus,
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1 o
Uwxyz(L) = —5[ l gwx(L =11, L)gyz (L — lva)CZVIVXCiZhW(_th —1)hy(L, L -L)(L 1)
912
X / - (1=L)|[N -1]By(1,L —1,-L). (F16)
1

The weights in the last integral can be expressed in the separable form of Eq. (38). Then,

Uurrelt) = =3 | [ gt Ly =L 1)C?| S RELIP(L) (F17)

I ne{|l,+, 1}

where f, integrals are the same as in Eqgs. (40), (42), and we defined

RﬁVX(L) = [ gxw (i, L)licos (ﬂl )hw (=1, L —ll)CzV_IVX (F18)
1
RY(L) = [ gl L) sinon) cos(in, (. L = 1,)CP¥ (F19)
1
RVLVX(L) = / gXW(th)l% SiHQ(ﬂll)hW(—ll,L - ll)sz?X~ (F20)

When evaluating Ay, numencally, the angle 2(¢;, — ¢y, ) can be obtained with brute force from the components of two-
dimensional vectors 1; and L.’ In the spec1a1 case of a temperature-only-based measurement, we recover the previously

derived results with R!” = R,. The final NG i /2) bias for polarization is obtained by plugging Eq. (F17) into Eq. (F13)

1
NGy (L) = —SAPYAYZSIE Y7 RIM(L)S,(L) + 7 perms inW. X Y. Z. (F21)
ne{|l,+,L}

where the permutations denote those written out in Eq. (F13). We also defined

1= | [[am e Loty - 1)Ll (F22)

15

One can show that SYZ + S%¥ = A7! to first order in C#%. This identity also holds for field combinations where one of the
SYZ terms is zero (e.g., SEB).

Equation (F21) involves the same integrals 3, over the lensing bispectrum B, as the temperature reconstruction bias. The
two-dimensional integrals over CMB power spectra R}'X have a similar form as for the temperature-only case, with slightly
different weights in the integrands. For (WX, YZ) = (TT,TT) the general bias formula N SQ;;;YPECI(L) simplifies to the
expression derived for the temperature Eq. (38).

3. C1 bias contribution for (EB,EB) reconstruction

The special case of (EB, EB)-reconstruction is expected to have relatively high signal-to-noise in comparison with the

other polarization-based lensing estimators. In this case, we have W =Y = E and X = Z = B so that the N©*/?) bias
becomes

NPl (L) = —(AEB)? " B, (L)[SFPREB(L) + SEPREE(L) + SEEREP(L) + SPEREE(L)).  (F23)
ne{|l,+.L}

We can further simplify Eq. (F23) by noting that RE® = 0 and S£% = 0 (which follows from C¥# = 0) and obtain

°Explicitly, defining angles with respect to the x axis, we have @, = arccos Iy /[, + Z%y] and ¢y,_,, = arccos [(L, —1;,)/
VL= P+ Ly =1,
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3/2), Cl
Ngas P (L) = —(AEB)?SEE N B, (L)REE(L),

PHYSICAL REVIEW D 94, 043519 (2016)

(F24)
ne{ll.+.1}

where REE are integrals over the E-mode power spectrum given by Egs. (F18)—(F20), and /3, are integrated lensing bispectra

computed earlier in Eqs. (40), (42).
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