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The differential cross section of exclusive diffractive vector meson production in electron proton
collisions carries important information on the geometric structure of the proton. More specifically, the
coherent cross section as a function of the transferred transverse momentum is sensitive to the size of the
proton, while the incoherent or proton dissociative cross section is sensitive to fluctuations of the gluon
distribution in coordinate space. We show that at high energies the experimentally measured coherent and
incoherent cross sections for the production of J=Ψmesons are very well reproduced within the color glass
condensate framework when strong geometric fluctuations of the gluon distribution in the proton are
included. For ρ meson production, we also find reasonable agreement. We study in detail the dependence
of our results on various model parameters, including the average proton shape, analyze the effect of
saturation scale and color charge fluctuations and constrain the degree of geometric fluctuations.
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I. INTRODUCTION

Measuring the partonic structure of the proton has been
one of the main motivations of deeply inelastic scattering
(DIS) experiments. To date, the most precise data on the
proton structure is provided by the H1 and ZEUS experi-
ments at HERA [1,2]. Fundamentally, one is interested in
the Wigner distributions of the proton’s constituents [3],
which carry information on both the three-dimensional
momentum and spatial distributions. It is not known how to
measure this distribution itself, such that typically some of
the variables are integrated out. Most commonly both the
spatial structure and transverse momentum are integrated
out, yielding ordinary parton distribution functions (pdfs),
only depending on the longitudinal momentum fraction x.
If only either the transverse momentum or the spatial
coordinates are integrated out, one obtains generalized
parton distribution functions (GPDs) [4–7] or transverse
momentum-dependent parton distribution functions
(TMDs) [8–14], respectively. These pdfs also carry detailed
information on the angular momentum carried by partons,
including their spin and orbital motion.
In this work we are interested in an additional piece of

information, namely how much the spatial distribution of
gluons within the proton fluctuates event-by-event. This
information is experimentally accessible via exclusive
incoherent diffractive vector meson production, namely
scattering events that produce a single vector meson and,
separated by a rapidity gap, remnants of the dissociated
proton. Together with data on coherent diffractive vector
meson production, in which the proton stays intact, the
shape and fluctuations of the gluon distribution in the
proton can be constrained [15].
We are particularly interested in large center-of-mass

energies, where we are sensitive to the small x part of the

constituents in the proton. We thus work in the framework
of the color glass condensate (CGC) effective theory
[16,17] of quantum chromodynamics (QCD). Within the
CGC framework, experimental data on the proton structure
function have been well reproduced [18–20]. Furthermore,
a large variety of observables in high energy collisions,
including, for example, single [20–25] and double inclusive
[26–28] particle production in proton-proton and proton-
nucleus collisions, can be described. The CGC framework
has also been extensively applied to study diffractive DIS
in current and future experiments, including ultra-
peripheral heavy ion and proton-nucleus collisions
[29–37]. Incoherent diffraction with proton targets, how-
ever, has only been studied in a few publications [38,39].
The importance of significant geometric fluctuations in the
description of the incoherent cross section measured at
HERAwas pointed out in a recent letter [15], on which we
expand in this work. In the near future, before the
realization of an Electron Ion Collider [40,41], new data
in a wide range of photon-nucleon center-of-mass energies
can be obtained from ultra-peripheral heavy ion [42–45]
and proton-nucleus collisions [46,47].
Besides its fundamental interest, the fluctuating geo-

metric shape of the proton is potentially an important
ingredient for describing high multiplicity proton-proton
and proton-nucleus collisions. Many collective phenomena
have been observed in such collisions [48–51] (see also
Ref. [52] for a recent review). One possible explanation for
such collectivity are strong final state interactions, which
are responsible for the generation of anisotropic flow in
heavy ion collisions. They can be modeled by applying
hydrodynamic simulations [53]. A successful description
of the experimental data in pþ A collisions by hydro-
dynamic models with sophisticated initial states requires
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knowledge of the proton’s initial state geometry and its
fluctuations [54]. Various analyses of geometric and
interaction strength (equivalent to proton size) fluctuations
in pþ p and pþ A collisions have been performed in the
literature [55–60]. To really test the physical picture of
hydrodynamic behavior in small collision systems, it is
necessary to constrain proton shape fluctuations from other
data than that from pþ A (or pþ p) collisions themselves,
which is done in this work.
This paper is organized as follows. In Sec. II we present

the calculation of diffractive vector meson production cross
sections in the CGC framework. Various phenomenological
corrections to the cross sections are analyzed in Sec. III.
Geometric fluctuations are implemented in Sec. IV and
saturation scale fluctuations in Sec. V. The numerical
results are shown in Sec. VI. In the appendixes we show
the quantitative effect of the phenomenological corrections
and study various parameter dependencies in more detail.

II. DIFFRACTIVE DIS IN THE DIPOLE PICTURE

We study the exclusive production of a vector meson V
with momentum PV in deeply inelastic scattering of leptons
from protons:

lðlÞ þ pðPÞ → l0ðl0Þ þ p0ðP0Þ þ VðPVÞ: ð1Þ

Here, l and l0 are the lepton momenta and P and P0 are the
proton momenta before and after the scattering, respec-
tively. The kinematics are illustrated in Fig. 1. The Lorentz
invariant quantities that characterize the scattering process
are

Q2 ≡ −q2 ¼ −ðl − l0Þ2 ð2Þ

t≡ −ðP0 − PÞ2 ð3Þ

xP ≡ ðP − P0Þ · q
P · q

¼ M2 þQ2 − t
W2 þQ2 −m2

N
: ð4Þ

Here,mN is the proton mass,M is the mass of the produced
vector meson and W2 ¼ ðPþ qÞ2 is the total center-of-
mass energy squared of the virtual photon-proton scatter-
ing. The fraction of the longitudinal momentum of the
proton transferred to the vector meson is xP, whereP stands
for “pomeron.” The relation to the pomeron comes from the
fact that in diffractive processes no color is exchanged
between the proton and the produced system. This means
that there are no color strings between them, leading to a
rapidity gap, i.e., a region in rapidity with no produced
particles, which is used experimentally to identify diffrac-
tive events. The scattered proton p0 can either remain intact
or break up, leading to coherent and incoherent diffractive
events, respectively.
In the Good-Walker picture [61], diffraction is described

in terms of states that diagonalize the scattering matrix. At
high energy, these states are the ones where a virtual photon
fluctuates into a quark-antiquark dipole with fixed trans-
verse separation and impact parameter, and with a particu-
lar configuration of the target. The cross section is obtained
by averaging over target configurations. Performing the
average on the level of the scattering amplitude is equiv-
alent to assuming that the target remains intact (coherent
diffraction), and the cross section is proportional to the
average proton structure. On the other hand, averaging on
the level of the cross section includes events in which
the target breaks up, resulting in the total diffractive cross
section. Subtracting the coherent contribution leaves us
with only events where the target breaks up (incoherent
diffraction), which is proportional to the variance of the
target profile, see, e.g. Refs. [33,62–64]. For a pedagogical
discussion of diffractive scattering and its description
within perturbative QCD, we refer the reader to Ref. [65].
Explicitly, in coherent diffraction the cross section can be

written as [62,66]

dσγ
�p→Vp

dt
¼ 1

16π
jhAγ�p→VpðxP; Q2;ΔÞij2; ð5Þ

where Aγ�p→VpðxP; Q2;ΔÞ is the scattering amplitude. The
incoherent cross section can be written as the variance [62]
(see also, e.g. Refs. [33,34,63,64]):

dσγ
�p→Vp�

dt
¼ 1

16π
ðhjAγ�p→VpðxP; Q2;ΔÞj2i

− jhAγ�p→VpðxP; Q2;ΔÞij2Þ: ð6Þ

We note that in [67] and [68] the different averaging
procedures leading to the above expressions discussed in
the context of a semiclassical description of small x
processes [69], such as the CGC picture employed in this
work. In [68] it is shown that the total diffractive cross
section is obtained by averaging over the target fields on the
level of the cross section, while in [67] the coherent cross
section is computed by averaging on the amplitude level as

FIG. 1. Kinematics of diffractive deep inelastic scattering. The
“zigzag” line represents pomeron exchange between the target
and the photon.
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done in Eq. (5). Following Ref. [66], the scattering
amplitude for diffractive vector meson production can be
written as

Aγ�p→Vp
T;L ðxP; Q2;ΔÞ ¼ i

Z
d2r

Z
d2b

Z
dz
4π

× ðΨ�ΨVÞT;LðQ2; r; zÞ

× e−i½b−ð1−zÞr�·Δ
dσpdip
d2b

ðb; r; xPÞ:
ð7Þ

Here, the momentum transfer in the scattering process is
Δ ¼ ðP0 − PÞ⊥, and throughout this work, we assume
jΔj ≈ ffiffiffiffiffi

−t
p

. The subscripts T and L refer to transverse
and longitudinal polarization of the virtual photon, respec-
tively. Equation (7) has a simple interpretation which is also
illustrated in Fig. 2: First, an incoming virtual photon
fluctuates into a quark-antiquark dipole with transverse size
r and z being the longitudinal momentum fraction of the
photon carried by the quark. This splitting is described by
the virtual photon wave function Ψ that can be calculated
from perturbative QED (for a pedagogical discussion, see
Ref. [70]). The color dipole then scatters off the target
proton with the dipole-proton cross section σpdipðb; r; xPÞ,
which we discuss in detail below. This cross section is
Fourier transformed into momentum space with the trans-
verse momentum transfer Δ being the Fourier conjugate
to the center of mass of the dipole b − ð1 − zÞr (in the
transverse plane and relative to the proton’s center), where
b is the impact parameter [66]. Finally, the scattered dipole
forms the final state particle, in this case a vector meson
with wave function ΨV .
The vector meson wave function needs to be modeled.

In this work we use the boosted Gaussian wave function
parametrization from Ref. [66] as it has been successfully
used to describe HERA diffractive measurements. There
are also other wave functions available in the literature,
but the different wave functions mainly affect the overall
normalization of the results without significantly changing
the t dependence of the cross sections (see, e.g. [66]). Thus,
our main results are not sensitive to the uncertainties related
to the vector meson wave functions.
The dipole cross section σpdip is related to the forward

elastic dipole-target scattering amplitude N via the optical
theorem as

dσpdip
d2b

ðb; r; xPÞ ¼ 2Nðb; r; xPÞ: ð8Þ

In the CGC framework the energy (or xP) evolution of the
dipole amplitude is given by evolution equations that can
be derived using perturbative techniques. Initial conditions
for the small-x evolution (dipole amplitude at initial
Bjorken x) can be determined by performing a fit to the
HERA DIS data as in Refs. [18,20]. Then, one can evolve
the amplitude to smaller x by solving the JIMWLK [71–74]
or Balitsky-Kovchegov (BK) [75,76] evolution equation.
Alternatively, the small-x evolution can be modeled

along with the impact parameter and Q2 dependence of
the dipole cross section, as done in the impact parameter-
dependent saturation (IPSat) model [77]. Because this
approach has been very successful in describing a wide
range of data from HERA and it avoids problems with the
QCD evolution equations for finite size systems, such as
the emergence of unphysical Coulomb tails [78,79], we use
the IPSat model and the IP-Glasma model, [80,81], where
IPSat is coupled to classical Yang-Mills dynamics of the
initial gluon fields.
In the IPsat model the dipole cross section is given

by [77]

dσpdip
d2b

ðb; r; xPÞ ¼ 2½1 − exp ð−r2FðxP; r2ÞTpðbÞÞ�: ð9Þ

Here, TpðbÞ is the proton (transverse) spatial profile
function which is assumed to be Gaussian:

TpðbÞ ¼
1

2πBp
e−b

2=ð2BpÞ: ð10Þ

The function F is proportional to the DGLAP evolved
gluon distribution [82],

FðxP; r2Þ ¼
π2

2Nc
αsðμ2ÞxPgðxP; μ2Þ; ð11Þ

with μ2 ¼ μ20 þ 4=r2. The proton width Bp, μ20 and the
initial condition for the DGLAP evolution of the gluon
distribution xPg are parameters of the model. They are
obtained in Ref. [19] by performing fits to HERA DIS data.
For consistency with these fits, we use the same scale μ2

also in the calculation of the diffractive cross section.
See however Ref. [83] for a discussion of a possible jtj
dependence of the scale choice in diffractive scattering. We
use a charm mass of mc ¼ 1.4 GeV.
In the IP-Glasma model [80] the dipole amplitude N can

be calculated from the Wilson lines VðxÞ asFIG. 2. Photon-proton scattering in the dipole picture.
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N

�
b ¼ xþ y

2
; r ¼ x − y; xP

�
¼ 1 −

1

Nc
TrðVðxÞV†ðyÞÞ:

ð12Þ

Here, the xP dependence of the Wilson lines is left implicit.
To get the Wilson lines, we first sample the color charges
ρaðxÞ from a Gaussian distribution

hρaðx−;xÞρbðy−; yÞi ¼ g2δabδð2Þðx − yÞδðx− − y−Þμ2:
ð13Þ

The color charge density gμ is set to be proportional to
the saturation scale QsðxP;xÞ determined from the IPsat
model. We treat the proportionality constant as a free
parameter that mainly affects the overall normalization of
our results. We use Qs ¼ 0.7g2μ when we include geo-
metric fluctuations of the proton and Qs ¼ 0.65g2μ with-
out. For a more detailed discussion on the relation between
the saturation scale and color charge density, we refer the
reader to Ref. [84].
Solving the Yang-Mills equations for the gluon fields,

one obtains

VðxÞ ¼ P exp

�
−ig

Z
dx−

ρðx−;xÞ
∇2 þm2

�
: ð14Þ

Here, P indicates path ordering, andm is an infrared cutoff.
Its role is to suppress infrared long-distance Coulomb tails,
and consequently, it affects the proton size. Generally,
one expects m ∼ ΛQCD, and unless otherwise noted, we
use m ¼ 0.4 GeV. Sensitivity on the infrared cutoff m is
discussed in Appendix C.
The path ordering is calculated by discretizing the

expression in (14) as

VðxÞ ¼
YNy

k¼1

exp

�
−ig

ρkðxÞ
∇2 þm2

�
: ð15Þ

This corresponds to dividing the longitudinal direction into
Ny slices. The continuum limit is obtained by taking
Ny → ∞. In our calculations we use Ny ¼ 100. We have
checked that for Ny > 100 our results remain unchanged.
Calculations are performed on a two-dimensional lattice

with transverse spacing a ¼ 0.02 fm. We have checked that
smaller lattice spacings do not alter the results. For more
details on the IP-Glasma framework, the reader is referred
to Ref. [85].
As already discussed above, the coherent diffractive

cross section is related to the Fourier transform of the
dipole cross section σpdip from coordinate space to momen-
tum space [see Eqs. (5) and (7)]. Thus, the coherent cross
section as a function of jtj is directly related to the Fourier
transform of the impact parameter profile of the proton. In

the IPsat model the density profile is Gaussian, resulting in
an approximately Gaussian spectrum in momentum space.
The proton size can then be characterized by the diffractive
slope BD defined by fitting the coherent cross section by a
function ∼e−BDjtj in the small jtj region. Notice that BD is
not exactly the Bp parameter in the IPsat model. The
growth of the proton size (parameter BD) as a function of
energy has been observed at HERA [86] and in ultra-
peripheral collisions by the ALICE Collaboration [46].
Because in the IPsat model the density profile is assumed to
factorize from the gluon distribution function xg, it is not
possible to explain this measured proton growth within this
framework as the width of the Gaussian does not change
when the overall normalization (gluon density) increases
[66]. When performing explicit small-x QCD evolution as
done in [79], the growth of the proton with energy naturally
emerges.
The incoherent cross section, on the other hand, is given

by the variance of the scattering amplitude [see Eq. (6)].
Thus, it is proportional to the event-by-event fluctuations of
the proton density profile in coordinate space. As discussed
in Ref. [62], at small jtj, it is dominated by fluctuations of
the overall proton density (in our case driven by the value of
Qs and possible color charge fluctuations). As we dem-
onstrate, at larger jtj, the effect of these fluctuations is
negligible compared to the contribution originating from
the geometric fluctuations.

III. PHENOMENOLOGICAL CORRECTIONS

A. Real part of the diffractive amplitude

Derivation of the diffractive scattering amplitude (7)
relies on an assumption that the dipole scattering amplitude
is purely real and the diffractive amplitude imaginary.
The real part of the amplitude can be taken into account
by multiplying the calculated cross section by a factor
ð1þ β2Þ, where the ratio of real to imaginary parts of the
scattering amplitude is [66]

β ¼ tan
πλ

2
; ð16Þ

where

λ ¼ d lnAγ�p→Vp
T;L

d ln 1=xP
: ð17Þ

In our calculation this correction is calculated without any
event-by-event fluctuations.
Because in the IP-Glasma framework the dipole ampli-

tude has both real and imaginary parts, we do not include
the real part correction when an IP-Glasma proton is used.
However, we note that the contribution from the imaginary
part of the dipole amplitude to the cross section is around
1%, significantly less than the correction ∼10% calculated
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from Eq. (16) in the kinematics relevant to this work (see
Appendix A).

B. Skewedness correction

At lowest order, the dipole-target scattering involves
an exchange of two gluons because there cannot be an
exchange of color charge. The two gluons in the target are
probed at different values of Bjorken x (x1 and x2 satisfying
x1 − x2 ¼ xP). Because we calculate the imaginary part of
the scattering amplitude, the dominant contribution is
obtained when the intermediate propagators are close to
the mass shell. Thus, the first gluon exchange has to
bring the qq̄ dipole mass close to the mass of the produced
vector meson. Then, there is only a significantly smaller
longitudinal momentum fraction x2 left for the second
gluon. The dominant kinematical regime is then x2 ≪
x1 ≈ xP [87–89].
In the IPsat model the collinear factorization gluon

distribution xPgðxP; μ2Þ is corrected to correspond to the
off-diagonal (or skewed) distribution, which depends on
both x1 and x2, by multiplying it by a skewedness factor Rg

following the prescription of Ref. [66]:

Rg ¼ 22λgþ3
Γðλg þ 5=2Þffiffiffi
π

p
Γðλg þ 4Þ ð18Þ

with

λg ¼
d ln xPgðxP; μ2Þ

d ln 1=xP
: ð19Þ

In the IP-Glasma model the gluon distribution function
does not enter explicitly in the calculation of the diffractive
scattering amplitude. In that case the skewedness correction
is approximated by calculating its effect to the diffractive
cross section within the IPsat model without geometrical
fluctuations and using the obtained correction factors to
scale the calculated diffractive cross section.
Especially, the skewedness correction is numerically

important and needed to describe the HERA diffractive
measurements. We study the relative importance of these
corrections in Appendix A.

IV. FLUCTUATING PROTON SHAPE

While the average (or root-mean-square) proton radius1

is constrained relatively well, little is known about fluctua-
tions in the proton’s geometry. Here, we explore several
models for the fluctuating shape of the proton’s gluon
distribution and use experimental data on incoherent

diffractive vector meson production to constrain the degree
of fluctuations.

A. Constituent quark proton

The simplest profile we use to model proton event-by-
event fluctuations is inspired by the constituent quark
picture. Here, the large-x valence quarks can be thought
of as sources of small-x gluons, emitted around the
constituent quarks [79].
We implement this picture by sampling the constituent

quarks’ positions in the transverse plane relative to the
origin, bi, from a Gaussian distribution with width Bqc. The
angular distribution of quarks is assumed to be uniform,
and we neglect any possible correlations between the quark
positions. The density profile of each constituent quark in
the transverse plane is also assumed to be Gaussian

TqðbÞ ¼
1

2πBq
e−b

2=ð2BqÞ; ð20Þ

with width parameter Bq. This corresponds to the replace-
ment

TpðbÞ →
1

Nq

XNq

i¼1

Tqðb − biÞ ð21Þ

in Eq. (9). Nq can be interpreted as the number of large-x
partons, typically chosen to be three, for the three con-
stituent quarks. We also study larger values of Nq in
Appendix B, representing the situation of additional
large-x gluons or sea-quarks.
For fixed Nq, the degree of fluctuations is controlled by

the parameters Bqc and Bq. Examples of the sampled proton
density profiles for Nq ¼ 3 are given in Fig. 3. We show a
“lumpy” proton configuration in panel (a) and a “smooth”
proton that has little fluctuations in panel (b). In the case of
no geometric fluctuations, when the proton density profile
is Gaussian with width Bp [see Eq. (10)], the two-dimen-
sional gluonic root-mean-square radius of the proton is
rp ¼ ffiffiffiffiffiffiffiffi

2Bp
p

. When coherent HERA data is fitted, one
obtains rp ¼ 0.55 fm. Similarly, we can define the average
radius of our fluctuating proton to be

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðBq þ BqcÞ

p
,

which in tyhe case of the parameter sets used in Fig. 3
has the same value.
In the IP-Glasma model geometric fluctuations are

implemented by first performing the replacement (21) in
the IPsat model, which then provides the saturation scale
values according to the modified thickness functions. In the
IP-Glasma framework the additional parameter m controls
the infrared physics and thus affects the spatial size of the
gluon distribution. Because of this, the values for the
parameters Bqc and Bq in both models cannot be directly
compared. Examples of the proton density profiles obtained

1One can define, e.g. the magnetic, charge [90–93], Zemach
[94,95], axial [96] and gluonic [97,98] radius of the proton. In
this work we deal with the gluonic content of the proton.
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from the IP-Glasma model with the parametrization used
in this work are illustrated in Fig. 4 by showing
1 − ReTrVðxÞ=Nc.
The total photon-proton cross section, and the proton

structure functions, are proportional to the integral of the
dipole amplitude over impact parameter. As the modifica-
tion (21) is done in the exponent and the impact parameter
dependence factorizes only in the dilute region, the
replacement (21) affects the overall normalization of,
for example, F2. In practice, including geometric fluctua-
tions (Bqc ¼ 3.3 GeV−2, Bq ¼ 0.7 GeV−2) decreases F2 at
x ∼ 10−3, Q2 ∼ 10 GeV2 by approximately 8%. The dif-
fractive cross section changes more, as it is proportional to
the squared amplitude. Ideally, one should perform a new
fit to HERA DIS data with geometric fluctuations included,
but this is beyond the scope of this work. However, this
normalization uncertainty is similar for both coherent and
incoherent cross sections and do not affect our conclusions
about the required amount of geometric fluctuations in the
proton wave function.

To determine the sensitivity on the details of the assumed
proton shape, we also calculate the diffractive cross
sections using a three-dimensional exponential density
profile for the constituent quark

TqðbÞ ¼
1

8π ~B3
q

e−b= ~Bq ; ð22Þ

and sample the constituent quark locations from a three-
dimensional exponential distribution ∼e−b= ~Bqc . The
sampled quarks are then projected on the transverse plane.
We note that the resulting transverse density profile is not
exactly exponential.

B. Stringy proton

In order to explore the dependence on the model details
we also implement the geometric fluctuations using a color
string-inspired picture. Here, the idea is that based on
quenched lattice QCD calculations the constituent quarks
are connected via gluon fields that merge at the Fermat
point2 of the quark triangle [99] (see also Ref. [56]). We are
not aware of calculations beyond the quenched approxi-
mation, which would be a more appropriate input to
our model.
We implement this picture by sampling the constituent

quark positions from a three-dimensional Gaussian distri-
bution with width Bt. Then, the density profile is obtained
by connecting the constituent quarks to the Fermat point of
the triangle by tubes whose transverse shape is Gaussian

FIG. 4. Illustration of the proton density profile
(1.0 − ReTrVðx; yÞ=Nc) obtained from the IP-Glasma framework
at x ≈ 10−3 with parameters Bqc ¼ 3.0 GeV−2, Bq ¼ 0.3 GeV−2

and m ¼ 0.4 GeV.

FIG. 3. Examples of proton density profiles at x ≈ 10−3 with
two parametrizations used in this work.

2The Fermat point of a triangle is defined such that the total
distance from that point to the vertices of the triangle is the
smallest possible.
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with width Br. The two-dimensional density profile of the
proton TpðbÞ is then obtained by integrating over the
longitudinal direction.
In this picture the total gluonic content of the proton also

fluctuates event-by-event, as when the quarks are sampled
to be further away from each other the flux tubes are longer
at a constant density, leading to more gluons in the proton.
This adds normalization fluctuations to the picture, which
are similar to those introduced by saturation scale fluctua-
tions (see the following section). The overall normalization
factor, which controls the energy density of the tube, is
fixed by requiring that the proton structure function F2

calculated from the stringy proton at Q2 ¼ 10 GeV2;
x ¼ 10−3 is the same as that from the original IPsat
parametrization without fluctuations. Example density
profiles (integrated over the longitudinal direction) are
shown in Fig. 5. The parameters Bt and Br are fixed by
requiring a good description of HERA coherent and
incoherent diffractive J=Ψ production measurements [100].

V. SATURATION SCALE FLUCTUATIONS

Experimentally observed multiplicity distributions and
rapidity correlations in pþ p collisions can be explained in
the IP-Glasma framework when the saturation scale fluc-
tuates according to [101,102]

PðlnQ2
s=hQ2

siÞ ¼
1ffiffiffiffiffiffi
2π

p
σ
exp

�
−
ln2Q2

s=hQ2
si

2σ2

�
; ð23Þ

with the amount of fluctuations controlled by σ ∼ 0.5.
Because the log-normal distribution (23) leads to the

expectation value E½Q2
s=hQ2

si� ¼ eσ
2=2, sampling the Qs

fluctuations directly from that distribution would make the
average Q2

s be ≈13% larger (for σ ¼ 0.5) than in case of no

saturation scale fluctuations. This would not be consistent
with the IPsat model fit to the HERA data. Thus, when the
saturation scale is sampled from the distribution (23), we
normalize it by the mean of the distribution in order to get a
fluctuating Qs distribution that always results in positive
saturation scales and does not change the desired mean
value.
In our constituent quark picture a natural way to include

Qs fluctuations is to let the saturation scale of each
constituent quark fluctuate independently. In the case of
no geometric fluctuations, we implement the Qs fluctua-
tions by dividing the transverse space into a grid, where the
cell size is set by the typical 1=Q2

s (cf. [103]), which for
the EIC and HERA kinematics we consider corresponds to
a × a cells with a ∼ 0.4 fm.

VI. RESULTS

We present results on coherent and incoherent diffractive
vector meson production from the IPsat model with and
without geometric fluctuations in Sec. VI A. We show the
effect of saturation scale fluctuations in Sec. VI B and
present results for the same observables in the IP-Glasma
model in Sec. VI C.

A. IPsat

We start by calculating the diffractive J=Ψ photopro-
duction (Q2 ¼ 0) cross section that has been measured at
HERA [86,100,104–106] in the IPSat model with and
without geometric fluctuations. We compare our results
with the HERA measurements at hWi ¼ 100 GeV, corre-
sponding to (in the case of J=Ψ photoproduction at t ¼ 0)
xP ¼ 9.6 × 10−4 [86,104–106] and hWi ¼ 75 GeV that
corresponds to slightly larger xP ¼ 1.7 × 10−3 [100].
Comparison to the H1 and ZEUS high energy data on

coherent and incoherent diffractive J=Ψ production as a
function of jtj [86,104–106] at hWi ¼ 100 GeV is shown
in Fig. 6. At this energy, the H1 Collaboration has measured
the total diffractive cross section, which at high jtj is
to very good accuracy purely incoherent. Apart from the
standard IPSat result with a round proton, for which
the incoherent cross section is exactly zero, we employ
the constituent quark profile discussed in Sec. IVA. We
find that one has to introduce large geometric fluctuations
(relatively small hot spots far away from the center of the
proton with Bqc ¼ 3.3 GeV−2, Bq ¼ 0.5…0.7 GeV−2) in
order to obtain a large enough variance and consequently a
large incoherent cross section comparable with the exper-
imental data. In particular, the much smoother proton
configuration (Bqc ¼ 1.0 GeV−2, Bq ¼ 3.0 GeV−2) under-
estimates the incoherent cross section by several orders of
magnitude while still being compatible with the measured
coherent cross section. For typical proton configurations in
these two situations, see Fig. 3. One can further see that
when the constituent quark size Bq is decreased at constant

FIG. 5. Example density profiles of the “stringy proton” in the
transverse plane at x ≈ 10−3 with parameters Bt ¼ 4.2 GeV−2,
Br ¼ 0.6 GeV−2.
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Bqc the amount of fluctuations increases, leading to a larger
incoherent cross section. Also, the jtj slope of the incoher-
ent cross section at large jtj is directly given by the
constituent quark size [34]. Note that the overall normali-
zation is affected by the inclusion of geometric fluctuations
as discussed above.
Comparison to the H1 data [100] at the lower hWi ¼

75 GeV is shown in Fig. 7. Conclusions are the same as for
hWi ¼ 100 GeV. The agreement with the lumpy proton
structure (Bqc ¼ 3.3 GeV−2, Bq ¼ 0.7 GeV−2), that also
worked well with hWi ¼ 100 GeV data, is good, while a
smoother proton is incompatible with the incoherent data.
We do not reproduce accurately the change in total coherent

cross section from hWi ¼ 100 GeV to hWi ¼ 75 GeV. For
the lumpy proton, the incoherent cross section is only
underestimated at very low jtj, where the contribution from,
e.g. saturation scale fluctuations is expected to be dominant
[62]. The effect of Qs fluctuations is studied numerically in
Sec. VI B.
In order to study the dependence on the exact form of the

geometric fluctuations, we next present diffractive cross
sections calculated using the “stringy proton” density
profile introduced in Sec. IV B. The results are shown in
Fig. 8 and compared with H1 data at hWi ¼ 75 GeV [100]
where we again see that we need large geometric fluctua-
tions, corresponding to a “tube width” Br much smaller
than the average distance of the quarks from the center set
by Bt. A good description of the data is obtained with
Bt ¼ 4.2 GeV−2 and Br ¼ 0.6 GeV−2. Example density
profiles from the parametrization that has large fluctuations
are shown in Fig. 5. A smoother parametrization that has
Bt ¼ Br is comparable with the coherent cross section
measurements but underestimates the incoherent cross
section by more than an order of magnitude. Comparing
to the results obtained using constituent quark protons
shown in Fig. 7, we conclude that the precise nature of the
fluctuating shape cannot be constrained by the incoherent
diffractive J=Ψ production.
The effect of replacing Gaussian density distributions

by exponential distributions [see Eq. (22)] in the constitu-
ent quark picture is shown in Fig. 9. We obtain a good
description of the H1 data with parameters ~Bqc ¼
0.91 GeV−1 and ~Bq ¼ 0.42 GeV−1. With these parameters,
we get the same two-dimensional root-mean-square dis-
tance of the quark centers from the proton center as in case
of the Gaussian distribution used in Fig. 9. Similarly the
quarks’ two-dimensional root-mean-square radii are the
same. This means that again we have large event-by-event

IPsat

H1
Coherent
Incoherent

FIG. 7. Coherent (thick lines) and incoherent (thin lines) J=Ψ
production cross sections at hWi ¼ 75 GeV compared with H1
data [100]. The result obtained without geometric fluctuations
corresponds to Bp ¼ 4.0 GeV−2 line.

FIG. 8. Coherent (thick lines) and incoherent (thin lines) cross
section as a function of jtj calculated using two “stringy proton”
model parametrizations compared with H1 data [100]. The bands
show statistical errors of the calculation.

IPsat

Coherent H1
Coherent ZEUS
Total H1
Incoherent ZEUS

FIG. 6. Coherent (thick lines) and incoherent (thin lines) cross
section as a function of jtj compared with HERA data [86,104–
106]. The coherent cross section obtained without any fluctua-
tions is also shown as a dotted line (Bp ¼ 4.0 GeV−2). The bands
show statistical errors of the calculation.
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fluctuations with small constituent quarks far away from
each other ( ~Bqc ≫ ~Bq). Using exponential distributions
mainly modifies the large jtj tail of the coherent cross
section. Because the coherent jtj data ends at jtj ∼ 1 GeV2,
one cannot currently distinguish between Gaussian and
exponential density profiles.
The coherent cross section is experimentally challenging

to measure at large jtj where the incoherent background
starts to dominate. We can also see that in Fig. 6 the H1 and
ZEUS results start to deviate in the largest jtj bins. A
precise measurement of the coherent cross section at large
jtj would allow us to further constrain the details of the
average shape of the proton. Lacking such constraining
data, we choose to use a Gaussian distribution in the rest of
this work.

B. Including saturation scale fluctuations

Having analyzed the effect of geometric fluctuations,
we now turn to the study of additional fluctuations of the
saturation scale. As described in Sec. V within the
constituent quark proton model, we allow the saturation
scale of each quark to fluctuate individually. The spectra
obtained with the same constituent quark proton para-
metrizations as used in Fig. 7 and with additional saturation
scale fluctuations are shown in Fig. 10. In the figure we
also show the cross sections obtained by allowing the
saturation scale of a round proton (Bp ¼ 4 GeV−2) to
fluctuate independently between different cells of size a2 ¼
ð0.4 fmÞ2 in the transverse plane as discussed in Sec. V. As
anticipated, we find that including saturation scale fluctua-
tions improves the agreement with the experimental inco-
herent cross section, particularly at small jtj, with the effect

diminishing at higher jtj. This is in line with early
discussions of the effect of different kinds of fluctuations
on incoherent diffraction [62]. The Qs fluctuations alone
underestimate the measured incoherent cross section by
approximately an order of magnitude.
In addition to J=Ψ, also diffractive production of

lighter ϕ and ρ mesons has been measured at HERA
[105,107–111]. The small mass of these mesons makes the
photoproduction cross section calculation unreliable
because the cross section would receive significant con-
tributions from large dipoles where nonperturbative effects
become more relevant. The IPsat model includes some
nonperturbative physics by requiring the dipole amplitude
to reach unity in the large dipole limit. However, the model
is still expected to reach the limits of its applicability as the
dipole becomes large. Thus, in the following we study the
diffractive production of ρ mesons at values of Q2 that
are large enough to allow for the perturbative treatment of
the scattering process. However, even at Q2 up to
∼20 GeV2, the relative contribution from large dipoles is
stronger than in J=Ψ photoproduction [66], which means
that nonperturbative physics may be more relevant.
The H1 Collaboration has measured coherent and inco-

herent ρ production in the range Q2¼3.3…33.0GeV2

[111]. We calculate the corresponding cross sections within
our framework by using the IPsat model with constituent
quarks and the same parameters that were used to describe
the J=Ψ photoproduction data. The results are shown in
Fig. 11 (upper panel) for coherent and in Fig. 11 (lower
panel) for incoherent ρ production. For coherent cross
section, the agreement with the data is better for the highest
Q2 bins. For small jtj, the coherent cross section is under-
estimated, especially at low Q2. The measured incoherent

FIG. 10. Coherent (thick lines) and incoherent (thin lines) cross
section as a function of jtj compared with HERA data [100] at
hWi ¼ 75 GeV. The bands show statistical errors of the calcu-
lation. Saturation scale fluctuations are included in the round
proton case (Bp ¼ 4.0 GeV−2), and their effect on top of proton
geometric fluctuations is also shown.

FIG. 9. Coherent (thick lines) and incoherent (thin lines)
cross section as a function of jtj calculated with Gaussian
(Bqc ¼ 3.3 GeV−2, Bq ¼ 0.7 GeV−2) and exponential ( ~Bqc ¼
0.91 GeV−1, ~Bq ¼ 0.42 GeV−1) density profile compared with
HERA data [100]. The bands show statistical errors of the
calculation.
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cross section would prefer a slightly larger constituent quark
size which would make the calculated jtj slope steeper, but
such a change would not be favored by the incoherent J=Ψ
production cross section which is theoretically under better
control. As discussed above, we expect our model to be less
reliable in diffractive ρ production due to contributions from
large dipoles even at moderate values ofQ2. When saturation
scale fluctuations are included, the description of the small-
jtj part of the incoherent cross section is improved.

C. IP-Glasma model

Finally, we present results for coherent and incoherent
diffractive J=Ψ and ρ production in the IP-Glasma model.
The two main differences to the IPsat model are the
existence of color charge fluctuations (in addition to
possible saturation scale and geometric fluctuations) and
the emergence of long-distance Coulomb tails in the gluon
fields from the solution of the Yang-Mills equation. These
infrared tails are regulated by the mass parameter m [see

Eq. (14)] for which we use m ¼ 0.4 GeV. Other values of
m reduce the simultaneous agreement with experimental
coherent and incoherent HERA data using any combina-
tion of parameters Bqc and Bq as we demonstrate in
Appendix C. Other than these differences, and the fact
that the dipole amplitude is computed from the Wilson
lines (14) according to Eq. (12) instead of Eq. (9), the
physics content of the two models is the same. In particular,
the geometry characterized by the different thickness
functions is the same, only modified by the effects of large
infrared tails in the IP-Glasma model, which are mainly
compensated by the cutoff m.
First, we compare coherent and incoherent cross sections

with the HERA data for diffractive J=Ψ production at
hWi ¼ 100 GeV. The results are shown in Fig. 12. We find
that the color charge fluctuations alone are not enough to
describe the large incoherent cross section. Large geometric
fluctuations (Bqc ≫ Bq) on top of color charge fluctuations
are needed to obtain an incoherent cross section compatible
with the experimental data.3 Because m does affect the
size of the system, it is the combination of Bqc, Bq and m
that determines the geometry and its fluctuations in the
IP-Glasma model. A direct comparison of Bqc and Bq

between IPSat and IP-Glasma is thus difficult.
We next compare with H1 data at hWi ¼ 75 GeV, where

the incoherent cross section is measured also at smaller jtj
[100]. The results are shown in Fig. 13. We find again that

FIG. 11. Coherent (upper) and incoherent (lower) diffractive ρ
production cross section at W ¼ 75 GeV as a function of jtj
compared with HERA data [111]. The bands show statistical
errors of the calculation. Geometric fluctuations are included
using the constituent quark picture with Bqc ¼ 3.3 GeV−2,
Bq ¼ 0.7 GeV−2. The Qs fluctuations are included in the results
represented by solid lines.

FIG. 12. Coherent (thick lines) and incoherent (thin lines) J=Ψ
photoproduction cross section in the IP-Glasma framework as a
function of jtj compared with HERA data [86,104–106] at
hWi ¼ 100 GeV. The Bp ¼ 4 GeV−2 result includes only color
charge fluctuations.

3Note that in our previous calculation in [15] the center of the
proton was moved to the origin after the constituent quark
positions were sampled, effectively making the proton smaller.
This transformation is not done in this work which changes the
numerical value of Bqc. Concerning the related issue of retaining
the proton’s center of mass, see [112].
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only when including large geometric fluctuations is the
large-jtj part of the incoherent cross section described well.
The small-jtj part of the incoherent cross section can only
be reproduced with additional saturation scale fluctuations.
This was expected based on Ref. [62], as saturation scale
fluctuations contribute to the incoherent cross section
dominantly at small jtj. Fluctuations at different distance
scales are visible in the incoherent cross section: The
lowest-jtj part is sensitive to Qs fluctuations that are visible
at the largest distance scales, as they correspond to
fluctuations of overall density. Geometrical fluctuations
become dominant at jtj≳ 0.2 GeV2, where we become
sensitive to distance scales smaller than the proton size.
Color charge fluctuations take place at very small distance
scales but also affect the overall normalization. As shown
explicitly in Fig. 12, their effect is thus mainly visible at
very small jtj. Overall, including geometric, Qs, and color
charge fluctuations in the IP-Glasma model, we are able to
achieve excellent agreement with the experimental data at
all values of jtj.
The ρ production cross sections calculated using the

same fluctuating proton parametrizations are shown in
Fig. 14. The coherent cross section measured at large
Q2 is described well, andQs fluctuations are again found to
improve the description of incoherent cross section data
at small jtj. Neither the coherent cross section at small Q2

nor the incoherent cross section at large jtj are described
accurately by our calculation. This is likely due to con-
tributions from large dipoles that are not correctly described
within our framework as discussed earlier in case of the
IPsat model. In the IP-Glasma model the situation is even
worse as the dipole cross section does not go to one at large
r like in the parametrized IPSat expression. This is evident
from Eq. (12): As soon as one end of the dipole is outside
the proton, the expression for N goes to zero (also
see Ref. [79]).

VII. CONCLUSIONS AND OUTLOOK

We have presented a detailed event-by-event computa-
tion of exclusive diffractive vector meson production in the
color glass condensate framework. Within the IPSat and IP-
Glasma models, whose parameters are almost entirely
constrained by HERA data on deeply inelastic scattering,
we find that in order to describe the experimental incoher-
ent cross section of both J=Ψ and ρ production, large
geometric fluctuations are needed. This finding is inde-
pendent of the details of the model. These include different
density distributions of gluons in the proton, of which we
studied Gaussian and exponential distributions, as well as a
stringy model, motivated by QCD in the limit of large quark
masses. Apart from geometric fluctuations, we included
fluctuations of the saturation scale and in the case of the IP-
Glasma model, color charges. They contribute at all values
of jtj but dominate in the limit jtj → 0. In particular, in the
IP-Glasma model, which includes all relevant fluctuations,

FIG. 13. Coherent (thick lines) and incoherent (thin lines) J=Ψ
production cross sections at hWi ¼ 75 GeV compared with H1
data [100].

IP-Glasma

Only geometric fluctuations

IP-Glasma

Geometric and fluctuations
Only geometric fluctuations

FIG. 14. Coherent (upper) and incoherent (lower) diffractive ρ
production cross section at hWi ¼ 75 GeV as a function of jtj
compared with HERA data [111] calculated in the IP-Glasma
framework. The bands show statistical errors of the calculation.
Geometric fluctuations are included using the constituent
quark picture with Bqc ¼ 3.0 GeV−2, Bq ¼ 0.3 GeV−2 and
m ¼ 0.4 GeV. For the incoherent cross section, the effect of
Qs fluctuations is included in the result shown as solid curves.
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we find excellent agreement of both the coherent and
incoherent diffractive J=Ψ production cross sections. The
diffractive production of ρ mesons is less accurately
described, which we can attribute to more significant
contributions from large dipoles that are not well described
in our framework.
Our analysis provides constraints on the proton’s fluc-

tuating shape at high energy (small x), which is an
important input for calculations of observables in pþ p
and pþ A collisions. These include, in particular, azimu-
thal anisotropy coefficients, which in case of strong final
state effects are highly sensitive to the initial shape of the
proton. We will investigate in the future if the fluctuating
proton shape constrained in this work is indeed compatible
with experimental data on anisotropic flow in pþ Pb
collisions at the LHC and pþ Au collisions at the RHIC.
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APPENDIX A: PHENOMENOLOGICAL
CORRECTIONS

As discussed already in Sec. III, the phenomenological
corrections, and especially the skewedness correction, are
numerically important. To demonstrate this, we show in

Fig. 15 the effect of the skewedness and real part correc-
tions on the coherent diffractive ρ production cross section
at different values of Q2. The corrections are calculated
separately for transversally and longitudinally polarized
photons. The effect of the skewedness correction [see
Eq. (18)] is quantified in the IPSat model without fluctua-
tions by the ratio of the diffractive ρ production cross
section with and without taking the skewedness correction
into account. The real part correction is quantified by the
factor ð1þ β2Þ from Eq. (16), again calculated in the IPSat
model without fluctuations.
As the corrections depend slightly on jtj, the results

shown in Fig. 15 are the average correction factors at
jtj < 0.5 GeV2. We observe that especially at high Q2,
where the gluon density rises most rapidly, the skewedness
correction becomes very large, of the order of 50%. For
J=Ψ photoproduction in the same kinematics (as shown in
Fig. 10), the skewedness correction is ≈43% and the real
part correction ≈11%.

APPENDIX B: DEPENDENCE ON THE NUMBER
OF THE CONSTITUENT QUARKS

We study the dependence of the effect of geometric
fluctuations on the number of hot spots [Nq in Eq. (21)].
Numbers larger than three can be interpreted as the three
constituent quarks plus large-x sea-quarks or gluons, which
are emitted from the large-x valence quarks (see also
Ref. [113,114]). This change does not affect the coherent
cross section, as the average proton density profile remains
approximately the same. However, it results in a smoother
proton on average, and thus, one would expect to see a
smaller incoherent cross section compared to the case with
Nq ¼ 3. This is demonstrated in Fig. 16, where having

FIG. 15. Average effect of the skewedness and real part
corrections at jtj < 0.5 GeV2 to the coherent ρ production
cross section calculated from the IPsat model without fluctua-
tions at hWi ¼ 75 GeV.

FIG. 16. Dependence of coherent (thick lines) and incoherent
(thin lines) diffractive J=Ψ production cross section at hWi ¼
75 GeV on the number of constituent quarks (hot spots) Nq. The
bands show statistical errors of the calculation.
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Nq ¼ 5 hot spots decreases the incoherent cross section by
∼30%. If the size of the hot spots is reduced by decreasing
the constituent quark width from Bq ¼ 0.7 GeV−2 to
Bq ¼ 0.5 GeV−2, a similar degree of fluctuations and
comparable incoherent cross section is obtained at large
jtj. The Qs fluctuations are not included in this analysis.

APPENDIX C: DEPENDENCE ON THE
INFRARED CUTOFF IN THE

IP-GLASMA MODEL

Because it affects the average proton size and overall
normalization of the gluon distribution, the infrared cutoff
parameter m, introduced for the IP-Glasma model in
Eq. (14), is expected to have an effect on both the coherent
and incoherent cross sections. To study the sensitivity on
this parameter, we show in Fig. 17 the coherent and
incoherent cross section calculated with m ranging from
0.2 to 0.6 GeV. As could be expected, the results are most
sensitive to the infrared cutoff in the small-jtj region, while
for jtj≳ 1 GeV2 its effect becomes negligible. The depend-
ence on m at small momentum can be understood as
follows: Smaller masses allow for longer Coulomb tails,
making the proton effectively larger, leading to steeper
coherent jtj spectra. The fact that for smaller m the proton

becomes more dense at large impact parameters also
increases the overall normalization of both the coherent
and incoherent cross sections. We note that the ratio of the
incoherent and the coherent cross section is almost inde-
pendent of m [15].
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