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We study inelastic meson-meson scattering that is governed by quark-antiquark annihilation and creation
involving a quark and an antiquark annihilating into a gluon, and subsequently the gluon creating another
quark-antiquark pair. The resultant hadronic reactions include for I ¼ 1: ππ → ρρ, KK → K�K�,
KK� → K�K�, K�K → K�K�, as well as ππ → KK, πρ → KK�, πρ → K�K, and KK → ρρ. In each
reaction, one or two Feynman diagrams are involved in the Born approximation. We derive formulas for the
unpolarized cross section, the transition amplitude, and the transition potential for quark-antiquark
annihilation and creation. The unpolarized cross sections for the reactions are calculated at six temper-
atures, and prominent temperature dependence is found. It is due to differences among mesonic
temperature dependence in hadronic matter.
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I. INTRODUCTION

All possible meson-meson scattering takes place in
hadronic matter that is created in ultrarelativistic heavy-
ion collisions. Yet, no hadronic meson beam collision
experiments are possible. Therefore, we need to study
meson-meson scattering theoretically. In Refs. [1,2] we
have treated in the first Born approximation the quark
interchange mechanism [3] in the endothermic nonresonant
reactions ππ → ρρ for I ¼ 2, KK → K�K� for I ¼ 1,
KK� → K�K� for I ¼ 1, πK → ρK� for I ¼ 3=2,
πK� → ρK� for I ¼ 3=2, ρK → ρK� for I ¼ 3=2, and
πK� → ρK for I ¼ 3=2. In some regimes, these reactions
are governed by quark interchange. Cross sections for these
reactions change considerably with temperature of had-
ronic matter. For example, every reaction has a rising peak
cross section when the temperature becomes critical.
Clearly, meson-meson scattering in hadronic matter has
interesting features that need to be studied.
Meson-meson scattering can be mediated not only by

quark interchange but also by quark-antiquark annihilation
and resonances. In the present work, we concentrate on
meson-meson scattering that happens through quark-anti-
quark annihilation. Starting from an effective Lagrangian,
cross sections for ππ → KK, ρρ → KK, πρ → KK�, and
πρ → K�K in vacuum through one-meson exchange have
been obtained in Ref. [4]. Many other reactions are also
possible in hadronic matter. Here we consider not only
the four reactions ππ → KK, KK → ρρ, πρ → KK�, and
πρ → K�K, but also KK → K�K�, KK� → K�K�,
K�K → K�K�, and ππ → ρρ for I ¼ 1, which are governed
by quark-antiquark annihilation. These reactions are impor-
tant in the evolution of hadronic matter created in ultra-
relativistic heavy-ion collisions [5–7].

In the first Born approximation, we consider the anni-
hilation of a quark-antiquark pair into a gluon and the
creation of another quark-antiquark pair from the gluon.
Gluon propagation has already been taken into account in
pp annihilation into mesons. Different approximations to
the gluon propagation have been made to derive transition
potentials in Refs. [8–10]. These are the 3S1 models. The
pp annihilation into mesons has also been studied in the
3P0 model where a quark and an antiquark annihilate into
the vacuum and another quark-antiquark pair is created
from the vacuum [11,12]. This nonperturbative mechanism
is not considered here.
This paper is organized as follows. In Sec. II we derive

the formulas of unpolarized cross section for meson-meson
reactions that are governed by the annihilation and creation
of a quark-antiquark pair. In Sec. III we derive a transition
potential for the annihilation and creation of a quark-
antiquark pair. In Sec. IV we present transition amplitudes
and calculate color matrix elements, spin matrix elements,
and flavor matrix elements. In Sec. V we provide mesonic
quark-antiquark relative-motion wave functions. In Sec. VI
we calculate elastic phase shifts for ππ scattering for I ¼ 0
and I ¼ 1, calculate unpolarized cross sections for nine
channels of inelastic meson-meson scattering that is gov-
erned by quark-antiquark annihilation and creation, and
give relevant discussions. In Sec. VII we summarize the
present work.

II. CROSS-SECTION FORMULAS

If the quark q1 of meson Aðq1q1Þ has the same flavor as
the antiquark q2 of meson Bðq2q2Þ and/or the antiquark q1
and the quark q2 have the same flavor, the reaction
Aþ B → CþD may take place through quark-antiquark
annihilation and creation as shown in Fig. 1. Corresponding
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to the two Feynman diagrams, the S-matrix element for
Aþ B → CþD is

Sfi ¼ δfi − 2πiδðEf − EiÞðhq3q1; q2q4jVaq1q2 jq1q1; q2q2i
þ hq1q4; q3q2jVaq1q2 jq1q1; q2q2iÞ; ð1Þ

where Ei (Ef ) is the total energy of the two initial (final)
mesons; Vaq1q2 and Vaq1q2 are the transition potentials for
q1 þ q2 → q3 þ q4 and q1 þ q2 → q3 þ q4, respectively;
mesons C and D are individually q3q1 and q2q4 in the
left diagram and are q1q4 and q3q2 in the right diagram.
The wave function of the initial mesons is

ψq1q1;q2q2 ¼
ei

~Pq1q1
·~Rq1q1ffiffiffiffi
V

p ψq1q1ð~rq1q1Þ
ei

~Pq2q2
·~Rq2q2ffiffiffiffi
V

p ψq2q2ð~rq2q2Þ;

ð2Þ

where ~Pq1q1 (~Pq2q2), ~Rq1q1 (~Rq2q2), and ~rq1q1 (~rq2q2) are the
total momentum, the center-of-mass coordinate, and the
relative coordinate of q1 (q2) and q1 (q2), respectively.
ψabð~rabÞ is the product of the color wave function, the spin
wave function, the flavor wave function, and the relative-
motion wave function of constituents a and b. The wave
function of the final mesons is

ψq3q1;q2q4 ¼
ei

~Pq3q1
·~Rq3q1ffiffiffiffi
V

p ψq3q1ð~rq3q1Þ
ei

~Pq2q4
·~Rq2q4ffiffiffiffi
V

p ψq2q4ð~rq2q4Þ;

ð3Þ

corresponding to the left diagram, or

ψq1q4;q3q2 ¼
ei

~Pq1q4
·~Rq1q4ffiffiffiffi
V

p ψq1q4ð~rq1q4Þ
ei

~Pq3q2
·~Rq3q2ffiffiffiffi
V

p ψq3q2ð~rq3q2Þ;

ð4Þ

corresponding to the right diagram. ~Pq3q1 (~Pq2q4 , ~Pq1q4 ,
~Pq3q2), ~Rq3q1 (~Rq2q4 , ~Rq1q4 , ~Rq3q2), and ~rq3q1 (~rq2q4 , ~rq1q4 ,
~rq3q2) are the total momentum, the center-of-mass coor-
dinate, and the relative coordinate of q3 and q1 (q2 and q4,
q1 and q4, q3 and q2), respectively. Every meson wave
function is normalized in the volume V.
We first deal with

hq3q1; q2q4jVaq1q2 jq1q1; q2q2i

¼
Z

d~rq1d~rq1d~rq2d~rq3
e−i

~Pq3q1
·~Rq3q1ffiffiffiffi
V

p ψþ
q3q1

ð~rq3q1Þ

×
e−i

~Pq2q4
·~Rq2q4ffiffiffiffi
V

p ψþ
q2q4

ð~rq2q4ÞVaq1q2

ei
~Pq1q1

·~Rq1q1ffiffiffiffi
V

p ψq1q1ð~rq1q1Þ

×
ei

~Pq2q2
·~Rq2q2ffiffiffiffi
V

p ψq2q2ð~rq2q2Þ: ð5Þ

Let ~Rtotal be the center-of-mass coordinate of the two initial

or final mesons, ~Pi (~Pf ) the total three-dimensional
momentum of the two initial (final) mesons, and mq1q1
(mq2q2 , mq3q1 , mq2q4 , mq1q4 , mq3q2) the mass of q1q1 (q2q2,
q3q1, q2q4, q1q4, q3q2). Denote the relative coordinate and
the relative momentum of q1q1 and q2q2 by ~rq1q1;q2q2 and
~pq1q1;q2q2 , respectively. We have

~Rq1q1 ¼ ~Rtotal þ
mq2q2

mq1q1 þmq2q2

~rq1q1;q2q2 ; ð6Þ

~Rq2q2 ¼ ~Rtotal −
mq1q1

mq1q1 þmq2q2

~rq1q1;q2q2 ; ð7Þ

~Pq1q1 ¼
mq1q1

mq1q1 þmq2q2

~Pi þ ~pq1q1;q2q2 ; ð8Þ

~Pq2q2 ¼
mq2q2

mq1q1 þmq2q2

~Pi − ~pq1q1;q2q2 : ð9Þ

Denote the relative coordinate and the relative momentum
of q3q1 and q2q4 by ~rq3q1;q2q4 and ~pq3q1;q2q4 , respectively.
We have

~Rq3q1 ¼ ~Rtotal þ
mq2q4

mq3q1 þmq2q4

~rq3q1;q2q4 ; ð10Þ

~Rq2q4 ¼ ~Rtotal −
mq3q1

mq3q1 þmq2q4

~rq3q1;q2q4 ; ð11Þ

~Pq3q1 ¼
mq3q1

mq3q1 þmq2q4

~Pf þ ~pq3q1;q2q4 ; ð12Þ

~Pq2q4 ¼
mq2q4

mq3q1 þmq2q4

~Pf − ~pq3q1;q2q4 : ð13Þ

BA

DC

BA

DC

FIG. 1. Left diagram with q1 þ q̄2 → q3 þ q̄4 and right dia-
gram with q̄1 þ q2 → q3 þ q̄4 for Aþ B → CþD. The vertical
lines represent spectator quarks (antiquarks) of the mesons A, B,
C, D.
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From Eqs. (6), (7), (10), and (11) we obtain

~rq1 ¼ ~rq1q1 þ
mq2mq3

mq1ðmq2 þmq4Þ
~rq2q4

þmq3 þmq1

mq1

~Rq3q1 −
mq3

mq1

~Rq2q4 ; ð14Þ

~rq1 ¼
mq2mq3

mq1ðmq2 þmq4Þ
~rq2q4 þ

mq3 þmq1

mq1

~Rq3q1 −
mq3

mq1

~Rq2q4 ;

ð15Þ

~rq2 ¼
mq4

mq2 þmq4

~rq2q4 þ ~Rq2q4 ; ð16Þ

~rq3 ¼ −
mq2

mq2 þmq4

~rq2q4 þ ~Rq2q4 ; ð17Þ

which lead to

d~rq1d~rq1d~rq2d~rq3 ¼
ðmq3 þmq1Þ3

m3
q1

d~rq1q1d~rq2q4d~Rq3q1d~Rq2q4

¼ ðmq3 þmq1Þ3
m3

q1

× d~rq1q1d~rq2q4d~rq3q1;q2q4d~Rtotal; ð18Þ

where constituent a has the massma and the position vector
~ra. Equation (5) becomes

hq3q1; q2q4jVaq1q2 jq1q1; q2q2i ¼
ðmq3 þmq1Þ3

m3
q1

Z
d~rq1q1d~rq2q4d~rq3q1;q2q4d~Rtotal

×
ψþ
q3q1

ð~rq3q1Þffiffiffiffi
V

p ψþ
q2q4

ð~rq2q4Þffiffiffiffi
V

p e−i
~Pf ·~Rtotal−i~pq3q1 ;q2q4

·~rq3q1 ;q2q4Vaq1q2

ψq1q1ð~rq1q1Þffiffiffiffi
V

p ψq2q2ð~rq2q2Þffiffiffiffi
V

p ei
~Pi ·~Rtotalþi~pq1q1 ;q2q2

·~rq1q1 ;q2q2

¼ ðmq3 þmq1Þ3
m3

q1

ð2πÞ3δð~Pf − ~PiÞ
Z

d~rq1q1d~rq2q4d~rq3q1;q2q4
ψþ
q3q1

ð~rq3q1Þffiffiffiffi
V

p ψþ
q2q4

ð~rq2q4Þffiffiffiffi
V

p Vaq1q2

×
ψq1q1ð~rq1q1Þffiffiffiffi

V
p ψq2q2ð~rq2q2Þffiffiffiffi

V
p ei~pq1q1 ;q2q2

·~rq1q1 ;q2q2−i~pq3q1 ;q2q4
·~rq3q1 ;q2q4

¼ ð2πÞ3δð~Pf − ~PiÞ
Maq1q2

V2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EC2ED

p ; ð19Þ

where EA (EB, EC, ED) is the energy of meson A (B, C,D),
and

Maq1q2 ¼
ðmq3 þmq1Þ3

m3
q1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EC2ED

p

×
Z

d~rq1q1d~rq2q4d~rq3q1;q2q4ψ
þ
q3q1

ð~rq3q1Þ

× ψþ
q2q4

ð~rq2q4ÞVaq1q2ψq1q1ð~rq1q1Þψq2q2ð~rq2q2Þ
× ei~pq1q1 ;q2q2

·~rq1q1 ;q2q2−i~pq3q1 ;q2q4
·~rq3q1 ;q2q4 : ð20Þ

We now address

hq1q4; q3q2jVaq1q2 jq1q1; q2q2i

¼
Z

d~rq1d~rq2d~rq2d~rq3
e−i

~Pq1q4
·~Rq1q4ffiffiffiffi
V

p ψþ
q1q4

ð~rq1q4Þ

×
e−i

~Pq3q2
·~Rq3q2ffiffiffiffi
V

p ψþ
q3q2

ð~rq3q2ÞVaq1q2

×
ei

~Pq1q1
·~Rq1q1ffiffiffiffi
V

p ψq1q1ð~rq1q1Þ
ei

~Pq2q2
·~Rq2q2ffiffiffiffi
V

p ψq2q2ð~rq2q2Þ: ð21Þ

Let us denote the relative coordinate and the relative
momentum of q1q4 and q3q2 by ~rq1q4;q3q2 and ~pq1q4;q3q2 ,
respectively. We have

~Rq1q4 ¼ ~Rtotal þ
mq3q2

mq1q4 þmq3q2

~rq1q4;q3q2 ; ð22Þ

~Rq3q2 ¼ ~Rtotal −
mq1q4

mq1q4 þmq3q2

~rq1q4;q3q2 ; ð23Þ

~Pq1q4 ¼
mq1q4

mq1q4 þmq3q2

~Pf þ ~pq1q4;q3q2 ; ð24Þ

~Pq3q2 ¼
mq3q2

mq1q4 þmq3q2

~Pf − ~pq1q4;q3q2 : ð25Þ

From Eqs. (6), (7), (22), and (23) we obtain

~rq1 ¼ −
mq2mq4

mq1ðmq3 þmq2Þ
~rq3q2 þ

mq1 þmq4

mq1

~Rq1q4

−
mq4

mq1

~Rq3q2 ; ð26Þ
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~rq2 ¼ −~rq1q1 −
mq2mq4

mq1ðmq3 þmq2Þ
~rq3q2 þ

mq1 þmq4

mq1

~Rq1q4

−
mq4

mq1

~Rq3q2 ; ð27Þ

~rq2 ¼ −
mq3

mq3 þmq2

~rq3q2 þ ~Rq3q2 ; ð28Þ

~rq3 ¼
mq2

mq3 þmq2

~rq3q2 þ ~Rq3q2 ; ð29Þ

which lead to

d~rq1d~rq2d~rq2d~rq3 ¼
ðmq1 þmq4Þ3

m3
q1

d~rq1q1d~rq3q2d~Rq1q4d~Rq3q2

¼ ðmq1 þmq4Þ3
m3

q1

× d~rq1q1d~rq3q2d~rq1q4;q3q2d~Rtotal: ð30Þ

Then Eq. (21) becomes

hq1q4; q3q2jVaq1q2 jq1q1; q2q2i ¼
ðmq1 þmq4Þ3

m3
q1

Z
d~rq1q1d~rq3q2d~rq1q4;q3q2d~Rtotal

ψþ
q1q4

ð~rq1q4Þffiffiffiffi
V

p ψþ
q3q2

ð~rq3q2Þffiffiffiffi
V

p

× e−i
~Pf ·~Rtotal−i~pq1q4 ;q3q2

·~rq1q4 ;q3q2Vaq1q2

ψq1q1ð~rq1q1Þffiffiffiffi
V

p ψq2q2ð~rq2q2Þffiffiffiffi
V

p ei
~Pi ·~Rtotalþi~pq1q1 ;q2q2

·~rq1q1 ;q2q2

¼ ðmq1 þmq4Þ3
m3

q1

ð2πÞ3δð~Pf − ~PiÞ
Z

d~rq1q1d~rq3q2d~rq1q4;q3q2
ψþ
q1q4

ð~rq1q4Þffiffiffiffi
V

p ψþ
q3q2

ð~rq3q2Þffiffiffiffi
V

p

× Vaq1q2

ψq1q1ð~rq1q1Þffiffiffiffi
V

p ψq2q2ð~rq2q2Þffiffiffiffi
V

p ei~pq1q1 ;q2q2
·~rq1q1 ;q2q2−i~pq1q4 ;q3q2

·~rq1q4 ;q3q2

¼ ð2πÞ3δð~Pf − ~PiÞ
Maq1q2

V2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EC2ED

p ; ð31Þ

where

Maq1q2 ¼
ðmq1 þmq4Þ3

m3
q1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EC2ED

p

×
Z

d~rq1q1d~rq3q2d~rq1q4;q3q2

× ψþ
q1q4

ð~rq1q4Þψþ
q3q2

ð~rq3q2ÞVaq1q2

× ψq1q1ð~rq1q1Þψq2q2ð~rq2q2Þ
× ei~pq1q1 ;q2q2

·~rq1q1 ;q2q2−i~pq1q4 ;q3q2
·~rq1q4 ;q3q2 : ð32Þ

Meson i ði ¼ A; B;C;DÞ has the mass mi, the four-

momentum Pi ¼ ðEi; ~PiÞ, and the angular momentum Ji
with its magnetic projection quantum number Jiz. The
unpolarized cross section for Aþ B → CþD is

σunpolð ffiffiffi
s

p
; TÞ

¼ ð2πÞ4
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðPA · PBÞ2 −m2

Am
2
B

p

×
Z

d3PC

ð2πÞ32EC

d3PD

ð2πÞ32ED

1

ð2JA þ 1Þð2JB þ 1Þ
×

X
JAzJBzJCzJDz

jMaq1q2 þMaq1q2 j2δðEf − EiÞδð~Pf − ~PiÞ;

ð33Þ

where s is the Mandelstam variable given by

s ¼ ðEA þ EBÞ2 − ð~PA þ ~PBÞ2, and T is the temperature.
In the center-of-mass frame of A and B the three-

dimensional momenta of mesons A and C are ~P and ~P0,
respectively. Denote the angle between ~P and ~P0 by θ. The
unpolarized cross section is given by

σunpolð ffiffiffi
s

p
;TÞ¼ 1

ð2JAþ1Þð2JBþ1Þ
1

32πs
j~P0ð ffiffiffi

s
p Þj

j~Pð ffiffiffi
s

p Þj
×
Z

π

0

dθ
X

JAzJBzJCzJDz

jMaq1q2 þMaq1q2 j2 sinθ:

ð34Þ
III. TRANSITION POTENTIAL

In the reaction Aþ B → CþD the quark of an initial
meson annihilates with the antiquark of another meson to
produce a gluon, and subsequently this gluon creates a
quark to form a final meson and an antiquark to form
another final meson. The quark-antiquark annihilation and
creation, qðp1Þ þ qð−p2Þ → q0ðp3Þ þ q0ð−p4Þ, is shown
in Fig. 2. The initial quark wave function is

ψqð~p1; sqzÞ ¼
� G1ð~p1Þ

~σ·~p1

2mq
G1ð~p1Þ

�
χsqz ; ð35Þ
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and the final quark wave function is

ψq0 ð~p3; sq0zÞ ¼
� G3ð~p3Þ

~σ·~p3

2mq0
G3ð~p3Þ

�
χsq0z ; ð36Þ

where ~σ are the Pauli matrices; χsqz and χsq0z are the spin
wave functions with the magnetic projection quantum

numbers, sqz and sq0z, of the quark spin, respectively.
The initial antiquark wave function is

ψqð~p2; sqzÞ ¼
� ~σ·~p2

2mq
G2ð~p2Þ

G2ð~p2Þ

�
χsqz ; ð37Þ

and the final antiquark wave function is

ψq0 ð~p4; sq0zÞ ¼
� ~σ·~p4

2mq0
G4ð~p4Þ

G4ð~p4Þ

�
χsq0z ; ð38Þ

wheremq¼mq,mq0 ¼mq0 , and χsqz and χsq0z are the spinwave

functions with the magnetic projection quantum numbers,
sqz and sq0z, of the antiquark spin, respectively. In Eqs. (35)–
(38) the color and flavor wave functions are suppressed.
According to the Feynman rules given in Ref. [13], the
amplitude for the Feynman diagram in Fig. 2 is written as

Ma ¼
g2s
k2

ψq0 ð~p3; sq0zÞγτTeψq0 ð~p4; sq0zÞ
× ψqð~p2; sqzÞγτTeψqð~p1; sqzÞ; ð39Þ

where gs is the gauge coupling constant,Te (e ¼ 1;…; 8) are

theSUð3Þ color generators, andTeTe ¼ ~λð34Þ
2

·
~λð21Þ
2

with ~λ the
Gell-Mann matrices. Repeated color and space-time indices
(τ) are summed. Using these quark and antiquark wave
functions, the amplitude to order of the inverse of the
(constituent) quark mass squared is

Ma ¼
g2s
k2

�
χþsq0zχ

þ
sqzTeTeG3ð~p3ÞG2ð~p2Þ

~σð34Þ · ~k ~σð21Þ · ~k
4mq0mq

G4ð~p4ÞG1ð~p1Þχsq0zχsqz

− χþsq0zχ
þ
sqzTeTeG3ð~p3ÞG2ð~p2Þ

�
~σð34Þ · ~σð21Þ þ ~σð21Þ · ~p2~σð34Þ · ~σð21Þ~σð21Þ · ~p1

4m2
q

þ ~σð34Þ · ~p3~σð34Þ · ~σð21Þ~σð34Þ · ~p4

4m2
q0

�
G4ð~p4ÞG1ð~p1Þχsq0zχsqz

�
: ð40Þ

From the expression of the amplitude we obtain the
transition potential for qðp1Þ þ qð−p2Þ → q0ðp3Þ þ
q0ð−p4Þ,

Vaqqð~kÞ¼
g2s
k2
~λð34Þ
2

·
~λð21Þ
2

�
~σð34Þ ·~k~σð21Þ ·~k

4mq0mq
−~σð34Þ ·~σð21Þ

−
~σð21Þ · ~p2~σð34Þ ·~σð21Þ~σð21Þ · ~p1

4m2
q

−
~σð34Þ · ~p3~σð34Þ ·~σð21Þ~σð34Þ · ~p4

4m2
q0

�
; ð41Þ

where ~λð34Þ [~λð21Þ] mean that they have matrix elements
between the color wave functions of the final (initial) quark
and the final (initial) antiquark, and ~σð34Þ [~σð21Þ] mean
that they have matrix elements between the spin wave
functions of the final (initial) quark and the final (initial)
antiquark.

IV. TRANSITION AMPLITUDE

In order to obtain the unpolarized cross section, we
calculate the transition amplitudes,Maq1q2 andMaq1q2 . We
take the Fourier transform of the meson wave functions,
Vaq1q2 in Eq. (20), and Vaq1q2 in Eq. (32):

p
 1

− p
2

p
3

− p
4

τ
e

k

FIG. 2. Quark-antiquark annihilation and creation:
qðp1Þ þ q̄ð−p2Þ → q0ðp3Þ þ q̄0ð−p4Þ, where k denotes the
gluon four-momentum, e its color index, and τ its space-time
index [cf. Eq. (39)].
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ψq1q1ð~rq1q1Þ ¼
Z

d3pq1q1

ð2πÞ3 ψq1q1ð~pq1q1Þei~pq1q1
·~rq1q1 ; ð42Þ

ψq2q2ð~rq2q2Þ ¼
Z

d3pq2q2

ð2πÞ3 ψq2q2ð~pq2q2Þei~pq2q2
·~rq2q2 ; ð43Þ

ψq3q1ð~rq3q1Þ ¼
Z

d3pq3q1

ð2πÞ3 ψq3q1ð~pq3q1Þei~pq3q1
·~rq3q1 ; ð44Þ

ψq2q4ð~rq2q4Þ ¼
Z

d3pq2q4

ð2πÞ3 ψq2q4ð~pq2q4Þei~pq2q4
·~rq2q4 ; ð45Þ

ψq1q4ð~rq1q4Þ ¼
Z

d3pq1q4

ð2πÞ3 ψq1q4ð~pq1q4Þei~pq1q4
·~rq1q4 ; ð46Þ

ψq3q2ð~rq3q2Þ ¼
Z

d3pq3q2

ð2πÞ3 ψq3q2ð~pq3q2Þei~pq3q2
·~rq3q2 ; ð47Þ

Vaq1q2ð~rq3 − ~rq1Þ ¼
Z

d3k
ð2πÞ3 Vaq1q2ð~kÞei

~k·ð~rq3−~rq1 Þ; ð48Þ

Vaq1q2ð~rq3 − ~rq2Þ ¼
Z

d3k
ð2πÞ3 Vaq1q2ð~kÞei

~k·ð~rq3−~rq2 Þ; ð49Þ

where ~pab is the relative momentum of constituents
a and b. The transition amplitudes are then calculated in
momentum space by the following expressions:

Maq1q2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EC2ED

p Z
d3pq1q1

ð2πÞ3
d3pq2q2

ð2πÞ3
× ψþ

q3q1
ð~pq3q1Þψþ

q2q4
ð~pq2q4ÞVaq1q2ð~kÞ

× ψq1q1ð~pq1q1Þψq2q2ð~pq2q2Þ; ð50Þ

Maq1q2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EC2ED

p Z
d3pq1q1

ð2πÞ3
d3pq2q2

ð2πÞ3
× ψþ

q1q4
ð~pq1q4Þψþ

q3q2
ð~pq3q2ÞVaq1q2ð~kÞ

× ψq1q1ð~pq1q1Þψq2q2ð~pq2q2Þ: ð51Þ

For convenience sake we also use the notation ψA, ψB,
ψC, and ψD: ψA¼ψq1q1 , ψB¼ψq2q2 , ψC ¼ ψq3q1 ¼ ψq1q4 ,
and ψD ¼ ψq2q4 ¼ ψq3q2 . The wave functions of mesons
A, B, C, and D are individually given by

ψA ¼ ϕA relϕA colorϕA flavorχSASAz ; ð52Þ

ψB ¼ ϕB relϕB colorϕB flavorχSBSBz ; ð53Þ

ψC ¼ ϕC relϕC colorϕC flavorχSCSCz ; ð54Þ

ψD ¼ ϕD relϕD colorϕD flavorχSDSDz
; ð55Þ

where ϕA rel (ϕB rel, ϕC rel, ϕD rel), ϕA color (ϕB color, ϕC color,
ϕD color), ϕA flavor (ϕB flavor, ϕC flavor, ϕD flavor), and χSASAz
(χSBSBz , χSCSCz , χSDSDz

) are the quark-antiquark relative-
motion wave function, the color wave function, the
flavor wave function, and the spin wave function of
meson A (B, C, D), respectively. The spin of meson A
(B, C, D) is SA (SB, SC, SD) with its magnetic projection
quantum number SAz (SBz, SCz, SDz). The transition
amplitudes contain color, spin, and flavor matrix ele-
ments. The color matrix element is

Maq1q2c ¼ ϕþ
C colorϕ

þ
D color

~λð34Þ
2

·
~λð21Þ
2

ϕA colorϕB color ¼
4

9
;

ð56Þ

for the left diagram of Fig. 1, and

Maq1q2c ¼ ϕþ
C colorϕ

þ
D color

~λð34Þ
2

·
~λð12Þ
2

ϕA colorϕB color ¼
4

9
;

ð57Þ

for the right diagram of Fig. 1. The transition potential in
Eq. (41) includes the Pauli matrices ~σð21Þ and ~σð34Þ.
The transition amplitudes contain the spin matrix elements
χþSCSCzχ

þ
SDSDz

PσχSASAzχSBSBz . As to the left diagram Pσ is a
2 × 2 unit matrix, σ1ð21Þ, σ2ð21Þ, σ3ð21Þ, σ1ð34Þ, σ2ð34Þ,
σ3ð34Þ, σ1ð21Þσ1ð34Þ, σ1ð21Þσ2ð34Þ, σ1ð21Þσ3ð34Þ, σ2ð21Þ
σ1ð34Þ, σ2ð21Þσ2ð34Þ, σ2ð21Þσ3ð34Þ, σ3ð21Þσ1ð34Þ,
σ3ð21Þσ2ð34Þ, or σ3ð21Þσ3ð34Þ. The spin matrix elements
corresponding to the left diagram are listed in Tables 1–14
in Ref. [14]. Thematrix elements of σ1ð21Þ, σ3ð21Þ, σ1ð34Þ,
σ3ð34Þ, σ1ð21Þσ1ð34Þ, σ1ð21Þσ3ð34Þ, σ2ð21Þσ2ð34Þ,
σ3ð21Þσ1ð34Þ, and σ3ð21Þσ3ð34Þ are real, and the matrix
elements of σ2ð21Þ, σ2ð34Þ, σ1ð21Þσ2ð34Þ, σ2ð21Þσ1ð34Þ,
σ2ð21Þσ3ð34Þ, and σ3ð21Þσ2ð34Þ are pure imaginary or
zero. The spin matrix elements for the right diagram in
Fig. 1 can be obtained from the ones for the left diagram.
The real (imaginary) spin matrix elements ofMaq1q2 equal
the real spin matrix elements (equal the negative of the
imaginary spin matrix elements) of Maq1q2 , while none,
two, or four of the initial and final mesons have zero spins.
The real (imaginary) spin matrix elements ofMaq1q2 equal
the negative of the real spin matrix elements (equal the
imaginary spin matrix elements) of Maq1q2 , when one or
three of the initial and final mesons have zero spins.
The flavor states, ϕA flavor and ϕB flavor, are coupled to the

flavor state jAB; I; Izi with the total isospin I and its
magnetic projection quantum number Iz. ϕC flavor and
ϕD flavor are coupled to jCD; I; Izi. The flavor matrix
element is
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Maq1q2f ¼ hCD; I; IzjPq1þq2→q3þq4 jAB; I; Izi; ð58Þ

for the left diagram of Fig. 1, and

Maq1q2f ¼ hCD; I; IzjPq1þq2→q3þq4 jAB; I; Izi; ð59Þ

for the right diagram of Fig. 1. The symbol Pq1þq2→q3þq4
(Pq1þq2→q3þq4) is the operator that implements q1 þ q2 →
q3 þ q4 (q1 þ q2 → q3 þ q4) in flavor space. Maq1q2f may
differ from Maq1q2f . In Table I the flavor matrix elements
for the reactions are listed:

ππ → ρρ; KK → K�K�; KK� → K�K�;

K�K → K�K�; ππ → KK; πρ → KK�;

πρ → K�K; KK → ρρ:

We use the following notation, K ¼ ðKþ
K0 Þ, K ¼ ðK0

K−Þ,
K� ¼ ðK�þ

K�0 Þ, and K� ¼ ðK�0
K�−Þ. Let us give an example that

shows how to obtain the flavor matrix elements listed in
Table I. The example is ππ → KK for I ¼ 1. The initial and
final flavor states are given by

jππ; I ¼ 1; Iz ¼ −1i ¼ 1ffiffiffi
2

p ðjπ0ijπ−i − jπ−ijπ0iÞ; ð60Þ

jππ; I ¼ 1; Iz ¼ 0i ¼ 1ffiffiffi
2

p ðjπþijπ−i − jπ−ijπþiÞ; ð61Þ

jππ; I ¼ 1; Iz ¼ 1i ¼ 1ffiffiffi
2

p ðjπþijπ0i − jπ0ijπþiÞ; ð62Þ

jKK; I ¼ 1; Iz ¼ −1i ¼ jK0ijK−i; ð63Þ

jKK; I ¼ 1; Iz ¼ 0i ¼ 1ffiffiffi
2

p ðjKþijK−i þ jK0ijK0iÞ; ð64Þ

jKK; I ¼ 1; Iz ¼ 1i ¼ jKþijK0i: ð65Þ

The flavor wave functions of the pion and kaon are
jπþi ¼ −judi, jπ0i ¼ 1ffiffi

2
p ðjuui − jddiÞ, jπ−i ¼ jdui,

jKþi ¼ jusi, jK0i ¼ jdsi, jK0i ¼ −jsdi, jK−i ¼ jsui.
The flavor matrix elements for ππ → KK for I ¼ 1 are
Maq1q2f ¼ 0 and Maq1q2f ¼ −1, which are independent of
Iz. This indicates that only the right diagram in Fig. 1
contributes to ππ → KK for I ¼ 1.

V. QUARK-ANTIQUARK RELATIVE-MOTION
WAVE FUNCTIONS

The mesonic quark-antiquark relative-motion wave func-
tions in coordinate space are solutions of the Schrödinger
equation with the potential between constituents a and b in
the medium [15]:

Vabð~rÞ ¼ Vsið~rÞ þ Vssð~rÞ; ð66Þ

where ~r is the relative coordinate of a and b. Vsi is the
central spin-independent potential,

Vsið~rÞ ¼ −
~λa
2
·
~λb
2

3

4
D

�
1.3 −

�
T
Tc

�
4
�
tanhðArÞ

þ
~λa
2
·
~λb
2

6π

25

vðλrÞ
r

expð−ErÞ; ð67Þ

where D ¼ 0.7 GeV, Tc ¼ 0.175 GeV, A ¼ 1.5½0.75þ
0.25ðT=TcÞ10�6 GeV, E ¼ 0.6 GeV, λ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25=16π2α0

p
with α0 ¼ 1.04 GeV−2, ~λa are the Gell-Mann matrices
for the color generators of constituent a, and vðxÞ is

vðxÞ ¼ 100

3π

Z
∞

0

dQ
Q

�
ρð ~Q2Þ − K

~Q2

�
sin

�
Q
λ
x

�
; ð68Þ

where K ¼ 3=16π2α0 and ρð ~Q2Þ is given by Buchmüller
and Tye [16]. At short distances the quark interaction is
described by perturbative QCD in vacuum, and one-gluon
exchange plus perturbative one- and two-loop corrections

gives the quark-antiquark potential − 8π
25

vðλrÞ
r [16]. Medium

screening sets in at distances r ≥ 0.3 fm. Including
medium effects lattice QCD calculations have provided
the numerical quark-antiquark potential at intermediate and
long distances [17], which depends on the temperature of

the medium. The potential Vsið~rÞ fits rather well − 8π
25

vðλrÞ
r at

short distances and the numerical potential at intermediate
and long distances.

TABLE I. Flavor matrix elements.

Channel Maq1q̄2f Maq̄1q2f

I ¼ 1 ππ → ρρ 1 1
I ¼ 0 ππ → ρρ 3

2
3
2

I ¼ 1KK̄ → K�K̄� 0 1
I ¼ 0KK̄ → K�K̄� 2 1
I ¼ 1KK̄� → K�K̄� 0 1
I ¼ 0KK̄� → K�K̄� 2 1
I ¼ 1K�K̄ → K�K̄� 0 1
I ¼ 0K�K̄ → K�K̄� 2 1
I ¼ 1 ππ → KK̄ 0 −1
I ¼ 0 ππ → KK̄ 0 −

ffiffi
6

p
2

I ¼ 1 πρ → KK̄� 0 −1
I ¼ 0 πρ → KK̄� 0 −

ffiffi
6

p
2

I ¼ 1 πρ → K�K̄ 0 −1
I ¼ 0 πρ → K�K̄ 0 −

ffiffi
6

p
2

I ¼ 1KK̄ → ρρ 0 −1
I ¼ 0KK̄ → ρρ 0 −

ffiffi
6

p
2
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Starting with Feynman diagrams for elastic particle-
particle scattering, one gets a relativistic particle-particle
potential. Application of the Foldy-Wouthuysen canonical
transformation to the two-particle relativistic Hamiltonian
with the relativistic potential leads to a nonrelativistic
particle-particle potential that includes a central spin-
independent potential, a spin-spin interaction, and other
terms [18]. This standard procedure for obtaining the
nonrelativistic particle-particle potential is the same for
heavy or light particles. In other words, the particle-particle
potential is valid no matter how light the particles are. This
procedure has been successfully applied and tested to get
the electron-electron potential arising from propagation of a
spacelike photon [19], the short-distance quark-quark
potential arising from propagation of a spacelike gluon
[20], and so on. Thus, the first term in Eq. (67), obtained in
lattice calculations involving a heavy quark and a heavy
antiquark, is reasonably applied to a light constituent quark
and a light constituent antiquark as well.
The second term in Eq. (66) is the spin-spin interaction

that arises from perturbative one-gluon exchange plus one-
and two-loop corrections [21] and includes relativistic
effects [3,22]:

Vssð~rÞ ¼ −
~λa
2
·
~λb
2

16π2

25

d3

π3=2
expð−d2r2Þ ~sa · ~sb

mamb

þ
~λa
2
·
~λb
2

4π

25

1

r
d2vðλrÞ
dr2

~sa · ~sb
mamb

; ð69Þ

where ~sa is the spin of constituent a, and the quantity d is
given by

d2 ¼ d21

�
1

2
þ 1

2

�
4mamb

ðma þmbÞ2
�

4
�
þ d22

�
2mamb

ma þmb

�
2

; ð70Þ

where d1 ¼ 0.15 GeV and d2 ¼ 0.705.
With up quark mass 0.32 GeV, down quark mass

0.32 GeV, strange quark mass 0.5 GeV, and charm quark
mass 1.51 GeV, the Schrödinger equation with the potential
given in Eq. (66) at T ¼ 0 is solved to reproduce the
experimental masses of π, ρ, K, K�, J=ψ , ψ 0, χc, D, D�,
Ds, andD�

s mesons [23]. The elastic ππ scattering for I ¼ 2 is
governed by the quark-interchange process. The experimen-
tal data of S-wave phase shifts for the scattering in vacuum
[24–27] are reproduced in the Born approximation together
with the pionic quark-antiquark relative-motion wave func-
tions obtained from the Schrödinger equation [15].

VI. NUMERICAL CROSS SECTIONS
AND DISCUSSIONS

We are now ready to calculate elastic phase shifts for ππ
scattering in vacuum. From the transition amplitudes we get
the reduced T-matrix element,

Tfi ¼
Maq1q2 þMaq1q2

ð2πÞ3 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EC2ED

p : ð71Þ

The phase shift for Aþ B → Aþ B is

expðiδlÞ sin δl ¼ −
2π2j~PjEAEB

EA þ EB

Z
1

−1
dxTfiPlðxÞ; ð72Þ

where x ¼ cos θ, and Pl are the Legendre polynomials. The
elastic phase shift is calculated by the expression

δl ¼ −
1

2
arcsin Re

�
4π2j~PjEAEB

EA þ EB

Z
1

−1
dxTfiPlðxÞ

�
: ð73Þ

The P-wave I ¼ 1 elastic phase shifts for ππ scattering in
vacuum are shown in Fig. 3 and compared with the
experimental data [28–36].
The S-wave elastic ππ scattering for I ¼ 0 is governed

by not only the quark-antiquark annihilation but also
antiquark interchange (or quark interchange) shown in
Figs. 4 and 5. The four diagrams in Fig. 4 show meson-
meson scattering in the prior form which means that gluon
exchange occurs before antiquark interchange. The corre-
sponding transition amplitude is denoted by Mprior

fi .
The four diagrams in Fig. 5 show meson-meson scattering
in the post form which contains gluon exchange after
antiquark interchange. The corresponding transition ampli-
tude is denoted by Mpost

fi . Mpost
fi may differ from Mprior

fi
[37–39], but the difference disappears since the potential in
Eq. (66) and the mesonic quark-antiquark relative-motion
wave functions obtained in Sec. V are used to get Mprior

fi

and Mpost
fi according to Eqs. (2) and (3) in Ref. [15].

Finally, ðMprior
fi þMpost

fi Þ=2 is added to Maq1q2 þMaq1q2
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FIG. 3. P-wave I ¼ 1 elastic phase shifts for ππ scattering.
The solid curve is the present theoretical result. Experimental
data: ⊲, Ref. [28]; ⊳, Ref. [29]; ♢, Ref. [30]; △, Ref. [31]; ▽,
Ref. [33]; ○, Ref. [34]; ×, Ref. [36].
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in Eq. (71) to calculate S-wave I ¼ 0 elastic phase shifts for
ππ scattering in vacuum by Eq. (73). Numerical phase
shifts are shown in Fig. 6.
When the S-wave I ¼ 0 elastic phase shift is larger than

30 degrees, it increases rapidly with increasing
ffiffiffi
s

p
. This

behavior is already known from results of chiral pertur-
bation theory [40,41] and the result of the master formula
approach [42]. The experimental data of P-wave I ¼ 1
elastic phase shifts for ππ scattering in vacuum cannot be
reproduced. This is because resonances are not included in
the present approach. This is similar to the tree calculation
in chiral perturbation theory [40]. Including one- and two-
loop corrections in chiral perturbation theory and impos-
ing unitarity, the resonances appear and the experimental
data are reproduced. This has been shown in approaches
based on the results of chiral perturbation theory, for
example, the master formula approach [42], the Padé
method [43], the large-Nf expansion [44], the N=D
method [45], the inverse amplitude method [46], the
K-matrix method [47], the current algebra unitarization
[48], the Roy equations [49], the coupled-channel
Lippmann-Schwinger equations [50], the Bethe-Salpeter
approach [51], and the approaches based on effective
meson Lagrangians [52–59].
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FIG. 5. “Post” diagrams with antiquark interchange. Solid
(dot-dashed) lines represent quarks or antiquarks (interaction).
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FIG. 4. “Prior” diagrams with antiquark interchange. Solid
(dot-dashed) lines represent quarks or antiquarks (interaction).

0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55

s
1/2

 (GeV)

0

10

20

30

40

50

60

70

Ph
as

e 
Sh

if
ts

 in
 D

eg
re

es

EM
SHL
REF
FP
BBM
AKM
GKP

FIG. 6. S-wave I ¼ 0 elastic phase shifts for ππ scattering.
The solid curve is the present theoretical result. Experimental
data: ♢, Ref. [30]; △, Ref. [31]; □, Ref. [32]; ▽, Ref. [33]; ○,
Ref. [34]; +, Ref. [35]; ×, Ref. [36].
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We consider the following inelastic meson-meson scat-
tering processes that are governed by quark-antiquark
annihilation and creation:

I ¼ 1 ππ → ρρ; KK → K�K�; KK� → K�K�;

K�K → K�K�;

I ¼ 1 ππ → KK; πρ → KK�; πρ → K�K;

KK → ρρ:

The quark-antiquark relative-motion wave functions,
ϕA rel, ϕB rel, ϕC rel, and ϕD rel, are obtained from the
Schrödinger equation with the potential given in
Eq. (66). With the transition potential and the wave
functions in Eqs. (52)—(55), we calculate the transition
amplitudes,Maq1q2 andMaq1q2 . According to Eq. (34) we
calculate unpolarized cross sections at the six temper-
atures T=Tc ¼ 0, 0.65, 0.75, 0.85, 0.9, and 0.95. In
Figs. 7–15 we plot the unpolarized cross sections for
the nine channels:

I ¼ 1 ππ → ρρ; I ¼ 1KK → K�K�;

I ¼ 0KK → K�K�; I ¼ 1KK� → K�K�;

I ¼ 0KK� → K�K�; I ¼ 1 ππ → KK;

I ¼ 1 πρ → KK�; I ¼ 1 πρ → K�K;

I ¼ 1KK → ρρ:

Depending on temperature, a reaction is either endother-
mic or exothermic. The numerical cross sections for
endothermic reactions are parametrized as
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FIG. 7. Cross sections for ππ → ρρ for I ¼ 1 at various
temperatures.
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σunpolð ffiffiffi
s

p
; TÞ ¼ a1

� ffiffiffi
s

p
− ffiffiffiffiffi

s0
p

b1

�e1

× exp

�
e1

�
1 −

ffiffiffi
s

p
− ffiffiffiffiffi

s0
p

b1

��

þ a2

� ffiffiffi
s

p
− ffiffiffiffiffi

s0
p

b2

�e2

× exp

�
e2

�
1 −

ffiffiffi
s

p
− ffiffiffiffiffi

s0
p

b2

��
; ð74Þ

where
ffiffiffiffiffi
s0

p
is the threshold energy, and a1, b1, e1, a2, b2,

and e2 are parameters. The numerical cross sections for
exothermic reactions are parametrized as

σunpolð ffiffiffi
s

p
; TÞ ¼

~P02

~P2

�
a1

� ffiffiffi
s

p
− ffiffiffiffiffi

s0
p

b1

�e1

× exp

�
e1

�
1 −

ffiffiffi
s

p
− ffiffiffiffiffi

s0
p

b1

��

þ a2

� ffiffiffi
s

p
− ffiffiffiffiffi

s0
p

b2

�e2

× exp

�
e2

�
1 −

ffiffiffi
s

p
− ffiffiffiffiffi

s0
p

b2

���
: ð75Þ

The parameter values are listed in Tables II–IV. As in
Ref. [2], we also list the quantities d0 and

ffiffiffiffi
sz

p
; d0 is the

separation between the peak’s location on the
ffiffiffi
s

p
-axis and

the threshold energy, and
ffiffiffiffi
sz

p
is the square root of the

Mandelstam variable at which the cross section is 1=100
of the peak cross section.
In the temperature region that is covered by hadronic

matter produced in ultrarelativistic heavy-ion collisions, the
central spin-independent potential given in Eq. (67) at long
distances becomes independent of distance and exhibits a
plateau. Confinement is marked by the plateau. With
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FIG. 11. Cross sections for KK̄� → K�K̄� for I ¼ 0 at various
temperatures.
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temperatures.

0 0.5 1 1.5 2 2.5 3 3.5 4

s
1/2

 (GeV)

0.001

0.01

0.1

1

σun
po

l  (
m

b)

T/T
c
=0

0.65

0.75

0.85

0.9

0.95

FIG. 13. Cross sections for πρ → KK̄� for I ¼ 1 at various
temperatures.
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temperatures.
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increasing temperature the height of the plateau decreases,
confinement becomes weaker and weaker, and quark-
antiquark bound states become looser and looser.
Increasing radii of mesons A and B cause increasing cross
sections for meson-meson reactions. Weakening confine-
ment causes the combination of final quarks and antiquarks
in forming mesons C and D to be more difficult, thus
decreasing cross sections for meson-meson reactions.

The two factors determine the decrease or the increase
of peak cross sections of endothermic reactions shown in
Figs. 7–15. For example, from T=Tc ¼ 0 to 0.85 and near
the threshold energy the increase of the cross section due to
increasing radii of initial mesons cannot overcome the
decrease of the cross section due to weakening confine-
ment. Thus, the peak cross section of KK → K�K�

decreases. In contrast, the peak cross section of KK →
K�K� increases as temperature goes from T=Tc ¼ 0.85 to
0.95. In vacuum the ρ mass is larger than the kaon mass.
When the temperature increases, the ρ mass decreases
faster than the kaon mass. At T ≃ 0.785Tc the ρ mass
equals the kaon mass. Below this temperature the reaction
KK → ρρ for I ¼ 1 in Fig. 15 is endothermic; otherwise, it
is exothermic. When temperature increases from T=Tc ¼
0.6 to 1, the π, ρ, K, and K� masses decrease. The threshold
energies shown in Figs. 7–15 thus decrease. The ratio of the
peak cross section at T=Tc ¼ 0.75 to the peak cross section
at T=Tc ¼ 0 is 0.08, 0.34, 0.25, 0.16, 0.19, 0.11, 0.05, and
0.13 for ππ → ρρ for I ¼ 1, KK → K�K� for I ¼ 1, KK →
K�K� for I ¼ 0, KK� → K�K� for I ¼ 1, KK� → K�K�

for I ¼ 0, πρ → KK� for I ¼ 1, πρ → K�K for I ¼ 1, and
KK → ρρ for I ¼ 1, respectively. Clearly, the cross sec-
tions have remarkable dependence on temperature.
It is shown in Table I that the two diagrams in Fig. 1

contribute to KK → K�K� for I ¼ 0 and KK� → K�K� for
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FIG. 15. Cross sections for KK̄ → ρρ for I ¼ 1 at various
temperatures.

TABLE II. Values of the parameters. a1 and a2 are in units of millibarns; b1, b2, d0, and
ffiffiffiffi
sz

p
are in units of GeV; e1 and e2 are

dimensionless.

Reactions T=Tc a1 b1 e1 a2 b2 e2 d0
ffiffiffiffi
sz

p

I ¼ 1 ππ → ρρ 0 0.19 1.4 4.2 1.08 0.35 0.67 0.35 7.76
0.65 0.11 1.3 6.8 0.2 0.27 0.54 0.25 5.05
0.75 0.042 1.46 10.55 0.086 0.34 0.51 0.25 4.57
0.85 0.015 1.69 12.6 0.027 0.35 0.48 0.3 4.13
0.9 0.0085 1.84 9.13 0.0166 0.3 0.45 0.2 4.01
0.95 0.0089 1.9 6.9 0.022 0.29 0.48 0.25 3.87

I ¼ 0 ππ → ρρ 0 1.09 0.17 0.65 1.73 0.65 1.04 0.35 7.99
0.65 0.14 1.36 9.82 0.44 0.34 0.53 0.25 5.1
0.75 0.125 1.37 6.67 0.172 0.27 0.52 0.3 4.63
0.85 0.039 1.64 9.76 0.057 0.3 0.47 0.3 4.25
0.9 0.0334 0.213 0.45 0.024 1.6 3.1 0.2 4.02
0.95 0.0403 0.54 0.33 0.044 0.038 0.55 0.04 3.79

I ¼ 1KK̄ → K�K̄� 0 0.95 0.13 0.53 0.17 0.48 1.07 0.15 3.81
0.65 0.6 0.142 0.52 0.133 0.79 4.54 0.15 3.28
0.75 0.049 1.02 9.24 0.349 0.2 0.49 0.2 3.19
0.85 0.109 0.145 0.47 0.068 1.12 6.27 0.125 3.19
0.9 0.121 0.069 0.45 0.082 1.28 1.39 0.071 3.15
0.95 0.181 0.052 0.43 0.158 5.89 0.5 0.0418 3.03

I ¼ 0KK̄ → K�K̄� 0 1.74 1.3 0.42 4.71 0.186 0.55 0.2 10.36
0.65 1.45 0.54 0.99 1.87 0.09 0.51 0.15 9.22
0.75 1.42 0.155 0.51 0.47 0.98 4.04 0.175 8.4
0.85 0.2 0.83 2.74 0.42 0.1 0.49 0.1126 4.73
0.9 0.38 0.051 0.61 0.27 0.24 0.31 0.0418 3.3
0.95 0.75 0.026 0.55 0.51 0.132 0.33 0.025 2.77
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I ¼ 0, and only the right diagram contributes to KK →
K�K� for I ¼ 1 and KK� → K�K� for I ¼ 1. The peak
cross section ofKK → K�K� (KK� → K�K�) for I ¼ 0 at a
given temperature is more than 2 times the one for I ¼ 1. In
addition, cross sections for K�K → K�K� equal the cross
sections for KK� → K�K�.
It is shown in Table I that only the right diagram in Fig. 1

contributes to the reactions, ππ → KK, πρ → KK�,
πρ → K�K, and KK → ρρ. Since the flavor matrix element
for the channel I ¼ 0 is −

ffiffiffi
6

p
=2 times the one for I ¼ 1, the

cross section for the channel I ¼ 0 is 1.5 times the one for

I ¼ 1. Therefore, we only plot the unpolarized cross
sections for ππ → KK for I ¼ 1 in Fig. 12, for πρ →
KK� for I ¼ 1 in Fig. 13, for πρ → K�K for I ¼ 1 in
Fig. 14, and for KK → ρρ for I ¼ 1 in Fig. 15. The cross
section for πρ → KK� at T ¼ 0 leads to the isospin-
averaged cross section that has a maximum value of about
0.36 mb which is close to the one obtained from an
effective meson Lagrangian in Refs. [4,6]. Nevertheless,
the cross section for KK → ρρ at T ¼ 0 provides about
1 mb as the maximum value of the isospin-averaged cross
section, which is not close to 3.5 mb given in Refs. [4,6].

TABLE III. The same as Table II, but for three other reactions.

Reactions T=Tc a1 b1 e1 a2 b2 e2 d0
ffiffiffiffi
sz

p

I ¼ 1KK̄� → K�K̄� 0 1.4 0.08 0.8 2.19 0.13 0.45 0.1 3.52
0.65 0.36 0.87 4.82 1.08 0.11 0.49 0.1 3.33
0.75 0.6 0.11 0.46 0.29 1.01 6.85 0.075 3.28
0.85 0.33 0.056 0.43 0.173 1.35 1.56 0.0418 3.18
0.9 0.48 0.041 0.4 0.22 2.69 0.9 0.025 3.16
0.95 0.61 0.036 0.36 0.29 3.67 0.92 0.025 3.02

I ¼ 0KK̄� → K�K̄� 0 1.4 0.9 2.65 8.9 0.1 0.5 0.1 7.96
0.65 0.35 0.05 0.72 2.5 0.13 0.45 0.1 5.6
0.75 0.1 0.61 4.58 1.64 0.1 0.47 0.1 4.15
0.85 1.08 0.06 0.44 0.09 0.5 2.15 0.05 2.46
0.9 0.79 0.15 1.49 2.04 0.019 0.47 0.025 1.99
0.95 0.78 0.18 0.63 3.6 0.017 0.41 0.0126 1.62

I ¼ 1 ππ → KK̄ 0 0.02 0.068 0.82 0.088 0.29 2.83 0.3 2.26
0.65 0.03 0.06 0.8 0.13 0.28 2.76 0.28 2.1
0.75 0.04 0.11 0.8 0.09 0.3 3.5 0.25 9.1
0.85 0.064 0.3 3.89 0.031 0.11 0.76 0.219 7.26
0.9 0.021 0.092 0.74 0.051 0.3 3.72 0.28 6.32
0.95 0.0136 0.038 0.75 0.0407 0.29 2.83 0.3 6.17

TABLE IV. The same as Table II, but for three other reactions.

Reactions T=Tc a1 b1 e1 a2 b2 e2 d0
ffiffiffiffi
sz

p

I ¼ 1πρ → KK̄� 0 0.1 0.96 0.71 0.66 0.16 0.64 0.175 4.08
0.65 0.048 0.62 0.98 0.17 0.12 0.52 0.125 3.81
0.75 0.02 0.43 0.38 0.064 0.16 0.57 0.15 3.69
0.85 0.004 0.54 0.27 0.027 0.25 0.84 0.25 3.36
0.9 0.0076 0.33 0.38 0.024 0.25 0.92 0.25 3.15
0.95 0.008 0.22 1.21 0.053 0.22 0.49 0.2 3.05

I ¼ 1πρ → K�K̄ 0 0.37 0.17 1.34 0.32 0.36 0.54 0.25 4.67
0.65 0.034 0.12 1.01 0.065 0.35 0.47 0.2 4.05
0.75 0.015 0.09 0.5 0.024 0.5 0.71 0.2 3.86
0.85 0.0074 0.21 0.49 0.004 1.21 8.98 0.2 3.41
0.9 0.0045 0.19 0.48 0.003 1.29 6.6 0.2 3.25
0.95 0.0062 0.162 0.48 0.0038 1.39 4.95 0.15 3.18

I ¼ 1KK̄ → ρρ 0 0.77 0.08 0.53 0.49 0.64 1.29 0.11 5.99
0.65 0.175 0.133 0.49 0.108 1.27 3.6 0.13 5.52
0.75 0.112 0.065 0.44 0.056 1.08 1.5 0.05 5.28
0.85 0.021 0.116 0.45 0.0173 1.55 3.44 0.1 4.83
0.9 0.0117 0.15 0.47 0.0122 1.65 2.89 0.15 4.77
0.95 0.0068 0.08 0.47 0.0118 1.2 0.79 0.3 4.7
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The unpolarized cross section for ππ → ρρ for I ¼ 2 has
been shown in Fig. 2 of Ref. [2]. The channel is governed by
the quark-interchange process. The reaction ππ → ρρ for
I ¼ 1 studied in the present work is governed by quark-
antiquark annihilation and creation. The unpolarized cross
sections for both channels increase rapidly when

ffiffiffi
s

p
increases from the threshold energy. When

ffiffiffi
s

p
increases

from the magnitude that corresponds to the peak cross
section, the cross section for the channel I ¼ 2 decreases
rapidly, but the one for I ¼ 1 decreases slowly. The differ-
ence is related to the quark-antiquark relative-motion wave
functions of final mesons. The wave functions are exponen-
tially decreasing functions of the quark-antiquark relative
momentum.When

ffiffiffi
s

p
is far away from the threshold energy,

the relative momentum of an interchanged quark and an
antiquark, which form a final meson in the channel I ¼ 2, is
usually large [1], but the relative momentum of the quark
created from the gluon and an antiquark, which form a final
meson in the channel I ¼ 1, can still be small. The squared
transition amplitude for the reaction with the quark-
interchange process at such a value of

ffiffiffi
s

p
is very small

in comparison to the one near the threshold energy, and by
contrast the squared transition amplitude for the reaction
with the quark-antiquark annihilation is comparable to the
one near the threshold energy. Therefore, the cross section
has the behavior of rapid decrease for I ¼ 2 and of slow
decrease for I ¼ 1, and the difference between the cross
sections for the two channels is large.
The reaction ππ → ρρ for I ¼ 0 involves both quark

interchange and quark-antiquark annihilation. The cross
section for the reaction including the quark-interchange
process in the prior form is

σpriorunpolð
ffiffiffi
s

p
; TÞ ¼ 1

ð2JA þ 1Þð2JB þ 1Þ
1

32πs
j~P0ð ffiffiffi

s
p Þj

j~Pð ffiffiffi
s

p Þj
×
Z

π

0

dθ
X

JAzJBzJCzJDz

× jMaq1q2 þMaq1q2 þMprior
fi j2 sin θ;

ð76Þ

where the transition amplitudeMprior
fi for the process in the

prior form is given by Eq. (2) in Ref. [15]. The cross section
for the reaction including the quark-interchange process in
the post form is

σpostunpolð
ffiffiffi
s

p
; TÞ ¼ 1

ð2JA þ 1Þð2JB þ 1Þ
1

32πs
j~P0ð ffiffiffi

s
p Þj

j~Pð ffiffiffi
s

p Þj
×
Z

π

0

dθ
X

JAzJBzJCzJDz

× jMaq1q2 þMaq1q2 þMpost
fi j2 sin θ;

ð77Þ

where the transition amplitude Mpost
fi for the process in the

post form is given by Eq. (3) in Ref. [15]. The unpolarized
cross section is given by

σunpolð ffiffiffi
s

p
; TÞ ¼ 1

2
½σpriorunpolð

ffiffiffi
s

p
; TÞ þ σpostunpolð

ffiffiffi
s

p
; TÞ�: ð78Þ

Cross sections for the reactions that are governed only by
quark interchange have the characteristic that the cross
sections rise very rapidly from threshold energies, arrive at
maximum values, and decrease rapidly. In other words
quark interchange plays a role only near the threshold
energy. Therefore, the behavior of the cross section for
ππ → ρρ for I ¼ 0 differs from the one for ππ → ρρ for
I ¼ 1 near the threshold. This is obvious between the two
curves at T=Tc ¼ 0.95 in Figs. 7 and 16. It is shown by
Table I that the flavor matrix element for ππ → ρρ for I ¼ 0
is 1.5 times the one for ππ → ρρ for I ¼ 1. Therefore, whenffiffiffi
s

p
is far away from the threshold, the cross section for

ππ → ρρ for I ¼ 0 is nearly 2.25 times the cross section for
ππ → ρρ for I ¼ 1.
In order to obtain the cross sections shown in Figs. 7–15,

we first calculate the color, spin, and flavor matrix elements
of the transition potential given in Eq. (41), next calculate
the transition amplitudes according to Eqs. (50) and (51),
and finally calculate the unpolarized cross sections by
Eq. (34). In the Appendix we provide an alternative way to
calculate the transition amplitudes. In this way we apply
Fierz transformations to the amplitude in Eq. (39) to get a
quark-antiquark potential corresponding to the quark-anti-
quark annihilation and creation, which is employed to
obtain Maq1q2 and Maq1q2 .

VII. SUMMARY

We have derived the unpolarized cross section for
inelastic meson-meson scattering in quark degrees of
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FIG. 16. Cross sections for ππ → ρρ for I ¼ 0 at various
temperatures.
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freedom. The reactions are governed by quark-antiquark
annihilation and creation. The reactions include ππ → ρρ
for I ¼ 1, KK → K�K�, KK� → K�K�, K�K → K�K�,
ππ → KK for I ¼ 1, πρ → KK�, πρ → K�K, and
KK → ρρ. The transition potential corresponding to
quark-antiquark annihilation and creation has been derived
in perturbative QCD. Some reactions involve only one
Feynman diagram at tree level, and the others two. The
transition amplitudes including color, spin, and flavor
matrix elements are given upon integrating over the relative
momenta of the quark and the antiquark of the two initial
mesons. The experimental data of S-wave and P-wave
elastic phase shifts for ππ scattering near the threshold
energy can be accounted for by quark-antiquark annihila-
tion and creation in the Born approximation. Numerical
unpolarized cross sections have been obtained at the six
temperatures and have shown remarkable temperature
dependence. The dependence arises from the quark-anti-
quark relative-motion wave functions of the initial and final
mesons. The numerical cross sections are parametrized for
future use in the evolution of hadronic matter.
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APPENDIX: TRANSITION AMPLITUDES UNDER
THE FIERZ TRANSFORMATIONS

We provide an alternative way to calculate the transition
amplitudes Maq1q2 and Maq1q2 . For this we need the Fierz
identity for Dirac matrices and Dirac spinors [60], u1, u2,
u3, and u4,

u1γτu2u3γτu4 ¼ u1u4u3u2 −
1

2
u1γτu4u3γτu2

−
1

2
u1γ5γτu4u3γ5γτu2 − u1γ5u4u3γ5u2:

ðA1Þ

Let c1, c2, c3, and c4 (f1, f2, f3, and f4) be the color
(flavor) wave functions of the initial quark, the initial
antiquark, the final quark, and the final antiquark in Fig. 2,
respectively. We Fierz transform color matrices [61],

cþ3 λ
ec4c

þ
2 λ

ec1 ¼
16

9
cþ3 λ

0c1c
þ
2 λ

0c4 −
1

3
cþ3 λ

ec1c
þ
2 λ

ec4

¼ 16

9
cþ3 λ

0c1c
þ
4 λ

0c2 −
1

3
cþ3 λ

ec1c
þ
4 λ

eTc2;

ðA2Þ

where λ0 is a 3 × 3 unit matrix. In terms of the Gell-Mann
matrices we Fierz transform flavor matrices in 3-flavor
space [61],

fþ3 λ
0f4f

þ
2 λ

0f1 ¼
1

3
fþ3 λ

0f1f
þ
2 λ

0f4 þ
1

2
fþ3 λ

ef1f
þ
2 λ

ef4

¼ 1

3
fþ3 λ

0f1f
þ
4 λ

0f2 þ
1

2
fþ3 λ

ef1f
þ
4 λ

eTf2:

ðA3Þ

This means that the Gell-Mann matrices are also suitable to
describe change of light flavors. In Eq. (39) the color and
flavor wave functions are suppressed. Explicitly including
the wave functions, Eq. (39) is

Ma ¼ fþ3 λ
0f4f

þ
2 λ

0f1c
þ
3 T

ec4c
þ
2 T

ec1

×
g2s
k2

ψq0 ð~p3; sq0zÞγτψq0 ð~p4; sq0zÞ
× ψqð~p2; sqzÞγτψqð~p1; sqzÞ; ðA4Þ

which is Fierz transformed into

Ma ¼
�
1

3
fþ3 λ

0f1f
þ
2 λ

0f4 þ
1

2
fþ3 λ

ef1f
þ
2 λ

ef4

��
4

9
cþ3 λ

0c1c
þ
2 λ

0c4 −
1

12
cþ3 λ

ec1c
þ
2 λ

ec4

�

×
g2s
k2

½ψq0 ð~p3; sq0zÞψqð~p1; sqzÞψqð~p2; sqzÞψq0 ð~p4; sq0zÞ −
1

2
ψq0 ð~p3; sq0zÞγτψqð~p1; sqzÞψqð~p2; sqzÞγτψq0 ð~p4; sq0zÞ

−
1

2
ψq0 ð~p3; sq0zÞγ5γτψqð~p1; sqzÞψqð~p2; sqzÞγ5γτψq0 ð~p4; sq0zÞ − ψq0 ð~p3; sq0zÞγ5ψqð~p1; sqzÞψqð~p2; sqzÞγ5ψq0 ð~p4; sq0zÞ�:

ðA5Þ
The amplitude to order of the inverse of the quark mass squared is
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Ma ¼
g2s
k2

fþ3 f
þ
4

�
1

3
λ0ð31Þλ0ð42Þ þ 1

2
λeð31ÞλeTð42Þ

�
f1f2c

þ
3 c

þ
4

�
4

9
λ0ð31Þλ0ð42Þ − 1

12
λeð31ÞλeTð42Þ

�

× c1c2χþsq0zχ
þ
sq0zG3ð~p3ÞG4ð~p4Þ

�
−
3

2
−
1

2
~σð31Þ · ~σð42Þ

þ ~σð42Þ · ~p0
4~σð42Þ · ~p2

8mqmq0
þ ~σð31Þ · ~p0

3~σð31Þ · ~p1

8mqmq0
þ 3~σð31Þ · ~p1~σð42Þ · ~p2

8m2
q

−
~σð31Þ · ~p1~σð42Þ · ~p0

4

8mqmq0
−
~σð31Þ · ~p0

3~σð42Þ · ~p2

8mqmq0
þ 3~σð31Þ · ~p0

3~σð42Þ · ~p0
4

8m2
q0

þ ~σð31Þ~σð31Þ · ~p1~σð42Þ~σð42Þ · ~p2

8m2
q

þ ~σð31Þ~σð31Þ · ~p1~σð42Þ · ~p0
4~σð42Þ

8mqmq0

þ ~σð31Þ · ~p0
3~σð31Þ · ~σð42Þ~σð42Þ · ~p2

8mqmq0
þ ~σð31Þ · ~p0

3~σð31Þ~σð42Þ · ~p0
4~σð42Þ

8m2
q0

−
~σð42Þ · ~p0

4~σð31Þ · ~σð42Þ~σð42Þ · ~p2

8mqmq0
−
~σð31Þ · ~p0

3~σð31Þ · ~σð42Þ~σð31Þ · ~p1

8mqmq0

�

×G1ð~p1ÞG2ð~p2Þχsqzχsqz : ðA6Þ

Then, the potential corresponding to the quark-antiquark annihilation and creation is

VaqqFð~kÞ ¼ −
g2s
k2

�
1

3
λ0fð31Þλ0fð42Þ þ

1

2
~λfð31Þ · ~λTf ð42Þ

�

×

�
4

9
λ0ð31Þλ0ð42Þ − 1

12
~λð31Þ · ~λTð42Þ

��
−
3

2
−
1

2
~σð31Þ · ~σð42Þ

þ ~σð42Þ · ~p0
4~σð42Þ · ~p2

8mqmq0
þ ~σð31Þ · ~p0

3~σð31Þ · ~p1

8mqmq0
þ 3~σð31Þ · ~p1~σð42Þ · ~p2

8m2
q

−
~σð31Þ · ~p1~σð42Þ · ~p0

4

8mqmq0
−
~σð31Þ · ~p0

3~σð42Þ · ~p2

8mqmq0
þ 3~σð31Þ · ~p0

3~σð42Þ · ~p0
4

8m2
q0

þ ~σð31Þ~σð31Þ · ~p1~σð42Þ~σð42Þ · ~p2

8m2
q

þ ~σð31Þ~σð31Þ · ~p1~σð42Þ · ~p0
4~σð42Þ

8mqmq0

þ ~σð31Þ · ~p0
3~σð31Þ · ~σð42Þ~σð42Þ · ~p2

8mqmq0
þ ~σð31Þ · ~p0

3~σð31Þ~σð42Þ · ~p0
4~σð42Þ

8m2
q0

−
~σð42Þ · ~p0

4~σð31Þ · ~σð42Þ~σð42Þ · ~p2

8mqmq0
−
~σð31Þ · ~p0

3~σð31Þ · ~σð42Þ~σð31Þ · ~p1

8mqmq0

�
; ðA7Þ

where the Gell-Mann matrices that operate in flavor space
are labeled by the subscript f. VaqqFð~rÞ denoting the

Fourier transform of VaqqFð~kÞ is added to Vabð~rÞ in
Eq. (66) to get a potential between a quark and an
antiquark. Quark-antiquark relative-motion wave functions
are solutions of the Schrödinger equation with the potential
Vabð~rÞ þ VaqqFð~rÞ. Keeping only the first two terms
enclosed by the brackets, which do not involve quark
masses, we get

V0
aqqFð~kÞ ¼

g2s
k2

�
1

3
λ0fð31Þλ0fð42Þ þ

1

2
~λfð31Þ · ~λTf ð42Þ

�

×

�
4

9
λ0ð31Þλ0ð42Þ − 1

12
~λð31Þ · ~λTð42Þ

�

×

�
3

2
þ 1

2
~σð31Þ · ~σð42Þ

�
: ðA8Þ
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In the static limit of quark and antiquark k2 ≈ ð2mqÞ2 and the corresponding expression in coordinate space is

V0
aqqFð~rÞ¼

Z
d3k
ð2πÞ3

g2s
k2

�
1

3
λ0fð31Þλ0fð42Þþ

1

2
~λfð31Þ ·~λTf ð42Þ

��
4

9
λ0ð31Þλ0ð42Þ− 1

12
~λð31Þ ·~λTð42Þ

��
3

2
þ1

2
~σð31Þ ·~σð42Þ

�
ei~k·~r

¼δ3ð~rÞ g2s
4m2

q

�
1

3
λ0fð31Þλ0fð42Þþ

1

2
~λfð31Þ ·~λTf ð42Þ

��
4

9
λ0ð31Þλ0ð42Þ− 1

12
~λð31Þ ·~λTð42Þ

��
3

2
þ1

2
~σð31Þ ·~σð42Þ

�
;

ðA9Þ

which is the annihilation part of the electron-positron
potential given in Ref. [62] and of the quark-antiquark
potential given in Ref. [3].
Now we begin to apply the expression of VaqqFð~kÞ to get

Maq1q2 and Maq1q2 . For the reaction Að12Þ þ Bð34Þ →
Cð14Þ þDð32Þ the initial spin wave function with the total
spin S of mesons A and B and its z component Sz is [63]

ðχAχBÞSSz ¼
X
S13S24

ŜAŜBŜ13Ŝ24

8>><
>>:

S1 S2 SA
S3 S4 SB
S13 S24 S

9>>=
>>;

× j½ðS1S3ÞS13ðS2S4ÞS24�SSzi; ðA10Þ

where X̂ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2X þ 1

p
, the two braces indicate the Wigner 9j

symbol, χA (χB) is the spin state of meson A (B), and S1, S2,
S3, and S4 are the spins of particles 1, 2, 3, and 4,
respectively. The spin state with the spin S1 (S2) and the
spin state with the spin S3 (S4) are coupled to the spin state

with the spin S13 (S24). The spin states with S13 and S24 are
coupled to the spin state vector,

j½ðS1S3ÞS13ðS2S4ÞS24�SSzi ¼
X

S13zS24z

ðS13S13zS24S24zjSSzÞ

× χS13S13zχS24S24z ; ðA11Þ
where the Clebsch-Gordan coefficients are used, and S13z
and S24z are the z components of S13 and S24, respectively.
The final spin wave function with the total spin S0 of
mesons C and D and its z component S0z is [63]

ðχCχDÞS0S0z ¼
X
S13S42

ŜCŜDŜ13Ŝ42

8>><
>>:

S1 S4 SC
S3 S2 SD
S13 S42 S0

9>>=
>>;

× j½ðS1S3ÞS13ðS4S2ÞS42�S0S0zi; ðA12Þ
where χC (χD) is the spin state of meson C (D). The spin
states with S13 and S42 are coupled to the spin state vector,

j½ðS1S3ÞS13ðS4S2ÞS42�S0S0zi ¼ ð−1ÞS42−S4−S2
X

S13zS24z

ðS13S13zS42S24zjS0S0zÞχS13S13zχS42S24z : ðA13Þ

The spin and spatial part of the initialwave function is [64]

ϕAB¼ðϕArelχAÞJAJAzðϕBrelχBÞJBJBz ¼
X
JJz

ðJAJAzJBJBzjJJzÞϕJJz
in ;

ðA14Þ

whereJ is the totalangularmomentumofmesonsAandBand
Jz is its magnetic projection quantum number. The wave
function ϕJJz

in is

ϕJJz
in ¼½ðϕArelχAÞJAðϕBrelχBÞJB �JJz

¼
X
LS

ĴAĴBL̂Ŝ

8>><
>>:
LA SA JA
LB SB JB
L S J

9>>=
>>;
½ðϕArelϕBrelÞLðχAχBÞS�JJz ;

ðA15Þ

where LA (LB) is the orbital angular momentum of meson
A (B), L is the total orbital angular momentum of mesons
A and B, and

½ðϕA relϕB relÞLðχAχBÞS�JJz ¼
X
LzSz

ðLLzSSzjJJzÞ

× ðϕA relϕB relÞLLz
ðχAχBÞSSz ;

ðA16Þ

where Lz is the magnetic projection quantum number of L.
The spin and spatial part of the final wave function is [64]

ϕCD ¼ ðϕC relχCÞJCJCzðϕD relχDÞJDJDz

¼
X
J0J0z

ðJCJCzJDJDzjJ0J0zÞϕJ0J0z
final; ðA17Þ

where J0 is the total angular momentum of mesons C andD
and J0z is its magnetic projection quantum number. Thewave

function ϕJ0J0z
final is
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ϕJ0J0z
final ¼ ½ðϕC relχCÞJCðϕD relχDÞJD �J0J0z

¼
X
L0S0

ĴCĴDL̂
0Ŝ0

8>><
>>:

LC SC JC
LD SD JD
L0 S0 J0

9>>=
>>;

× ½ðϕC relϕD relÞL0 ðχCχDÞS0 �J0J0z ; ðA18Þ

where LC (LD) is the orbital angular momentum of meson
C (D), L0 is the total orbital angular momentum of mesons
C and D, and

½ðϕC relϕD relÞL0 ðχCχDÞS0 �J0J0z ¼
X
L0
zS0z

ðL0L0
zS0S0zjJ0J0zÞ

× ðϕC relϕD relÞL0
L0
z
ðχCχDÞS0S0z ;

ðA19Þ

where L0
z is the magnetic projection quantum number of L0.

Under the Fierz transformations the left diagram in Fig. 1
corresponds to the diagram “T2 prior” in Fig. 4 and the
diagram “T2 post” in Fig. 5, where the interacting con-
stituents, q1 and q2, are numbered 2 and 4. The transition
amplitudes for T2 prior and T2 post are the same and are
given by

Maq1q2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EC2ED

p
hϕCDjhCD; I; Izj

× ϕþ
C colorϕ

þ
D colorVaq1q2FϕA colorϕB color

× jAB; I; IzijϕABi: ðA20Þ

We take the following form

hCD; I; Izjϕþ
C colorϕ

þ
D colorVaq1q2FϕA colorϕB colorjAB; I; Izi

¼
X15
n¼0

cain Pai
n ; ðA21Þ

where Pai
0 ¼ σ0, Pai

1 ¼ σ1ð2Þ, Pai
2 ¼ σ2ð2Þ, Pai

3 ¼ σ3ð2Þ,
Pai
4 ¼ σ1ð4Þ, Pai

5 ¼ σ2ð4Þ, Pai
6 ¼ σ3ð4Þ, Pai

7 ¼ σ1ð2Þσ1ð4Þ,
Pai
8 ¼ σ1ð2Þσ2ð4Þ, Pai

9 ¼ σ1ð2Þσ3ð4Þ, Pai
10 ¼ σ2ð2Þσ1ð4Þ,

Pai
11 ¼ σ2ð2Þσ2ð4Þ, Pai

12 ¼ σ2ð2Þσ3ð4Þ, Pai
13 ¼ σ3ð2Þσ1ð4Þ,

Pai
14 ¼ σ3ð2Þσ2ð4Þ, and Pai

15 ¼ σ3ð2Þσ3ð4Þ. Here σ0 is a
2 × 2 unit matrix. cain (n ¼ 0;…; 15) are independent of the
Pauli matrices, but depend on quark and antiquark
momenta. cain include the color matrix element,

ϕþ
Ccolorϕ

þ
Dcolor

�
4

9
λ0ð2Þλ0ð4Þ− 1

12
~λð2Þ ·~λTð4Þ

�
ϕAcolorϕBcolor;

and the flavor matrix element,

hCD; I; Izj
�
1

3
λ0fð2Þλ0fð4Þ þ

1

2
~λfð2Þ · ~λTf ð4Þ

�
jAB; I; Izi:

The transition amplitude is thus

Maq1q2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EC2ED

p
hϕCDj

X15
n¼0

cain Pai
n jϕABi: ðA22Þ

Under the Fierz transformations the right diagram in
Fig. 1 corresponds to the diagrams in Fig. 17, where the
interacting constituents, q1 and q2, are numbered 1 and 3.
The transition amplitudes for the two diagrams are the same
and are given by

Maq1q2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EC2ED

p
hϕCDjhCD; I; Izj

ϕþ
C colorϕ

þ
D colorVaq1q2FϕA colorϕB colorjAB; I; IzijϕABi: ðA23Þ

We take the following form

hCD; I; Izjϕþ
C colorϕ

þ
D colorVaq1q2FϕA colorϕB colorjAB; I; Izi

¼
X15
n¼0

cqin P
qi
n ; ðA24Þ

where Pqi
0 ¼ σ0, Pqi

1 ¼ σ1ð3Þ, Pqi
2 ¼ σ2ð3Þ, Pqi

3 ¼ σ3ð3Þ,
Pqi
4 ¼ σ1ð1Þ, Pqi

5 ¼ σ2ð1Þ, Pqi
6 ¼ σ3ð1Þ, Pqi

7 ¼ σ1ð3Þσ1ð1Þ,
Pqi
8 ¼ σ1ð3Þσ2ð1Þ, Pqi

9 ¼ σ1ð3Þσ3ð1Þ, Pqi
10 ¼ σ2ð3Þσ1ð1Þ,

Pqi
11 ¼ σ2ð3Þσ2ð1Þ, Pqi

12 ¼ σ2ð3Þσ3ð1Þ, Pqi
13 ¼ σ3ð3Þσ1ð1Þ,

Pqi
14 ¼ σ3ð3Þσ2ð1Þ, and Pqi

15 ¼ σ3ð3Þσ3ð1Þ. cqin (n ¼ 0;
…; 15) are independent of the Pauli matrices, but rely on
quark and antiquark momenta. cqin include the color matrix
element,

A

C D

B

T2 prior

A

C D

B

T2 post

FIG. 17. “prior” and “post” diagrams with quark inter-
change. Solid (dot-dashed) lines represent quarks or antiquarks
(interaction).
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ϕþ
Ccolorϕ

þ
Dcolor

�
4

9
λ0ð3Þλ0ð1Þ− 1

12
~λð3Þ·~λTð1Þ

�
ϕAcolorϕBcolor;

and the flavor matrix element,

hCD; I; Izj
�
1

3
λ0fð3Þλ0fð1Þ þ

1

2
~λfð3Þ · ~λTf ð1Þ

�
jAB; I; Izi:

The transition amplitude is thus

Maq1q2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EC2ED

p
hϕCDj

X15
n¼0

cqin P
qi
n jϕABi:

ðA25Þ

The sum of the two transition amplitudes is

Maq1q2 þMaq1q2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EC2ED

p
hϕCDj

×
X15
n¼0

ðcain Pai
n þ cqin P

qi
n ÞjϕABi: ðA26Þ

Equations (A14)–(A19) yield

X
JAzJBzJCzJDz

jMaq1q2 þMaq1q2 j2 ¼ 16EAEBECED

X
JAzJBzJCzJDz

jhϕCDj
X15
n¼0

ðcain Pai
n þ cqin P

qi
n ÞjϕABij2

¼ 16EAEBECED

X
JJzJ0J0z

jhϕJ0J0z
finalj

X15
n¼0

ðcain Pai
n þ cqin P

qi
n ÞjϕJJz

in ij2; ðA27Þ

where

hϕJ0J0z
finalj

X15
n¼0

ðcain Pai
n þcqin P

qi
n ÞjϕJJz

in i¼ ĴAĴBĴCĴD
X15
n¼0

X
LSL0S0SzS0z

L̂ŜL̂0Ŝ0

8>><
>>:
LA SA JA
LB SB JB
L S J

9>>=
>>;

8>><
>>:
LC SC JC
LD SD JD
L0 S0 J0

9>>=
>>;

×ðLðJz−SzÞSSzjJJzÞðL0ðJ0z−S0zÞS0S0zjJ0J0zÞðhðϕCrelϕDrelÞL0
J0z−S0z

jcain jðϕArelϕBrelÞLJz−Szi
×ðχCχDÞS0þS0z

Pai
n ðχAχBÞSSzþhðϕCrelϕDrelÞL0

J0z−S0z
jcqin jðϕArelϕBrelÞLJz−SziðχCχDÞS

0þ
S0z

Pqi
n ðχAχBÞSSzÞ:

ðA28Þ
The initial spin wave function of mesons A and B and the final spin wave function of mesons C and D give the spin matrix
elements,

ðχCχDÞS0þS0z
Pai
n ðχAχBÞSSz ¼ ŜAŜBŜCŜD

X
S0
42
S13S24S13z

ð−1ÞS042−S4−S2 Ŝ213Ŝ042Ŝ24

8>><
>>:

S1 S4 SC
S3 S2 SD
S13 S042 S0

9>>=
>>;

8>><
>>:

S1 S2 SA
S3 S4 SB
S13 S24 S

9>>=
>>;

× ðS13S13zS042ðS0z − S13zÞjS0S0zÞðS13S13zS24ðSz − S13zÞjSSzÞχþS0
42
ðS0z−S13zÞP

ai
n χS24ðSz−S13zÞ; ðA29Þ

and

ðχCχDÞS0þS0z
Pqi
n ðχAχBÞSSz ¼ ŜAŜBŜCŜD

X
S0
13
S13S24S24z

ð−1ÞS24−S4−S2 Ŝ224Ŝ013Ŝ13

8>><
>>:

S1 S4 SC
S3 S2 SD
S013 S24 S0

9>>=
>>;

8>><
>>:

S1 S2 SA
S3 S4 SB
S13 S24 S

9>>=
>>;

× ðS013ðS0z − S24zÞS24S24zjS0S0zÞðS13ðSz − S24zÞS24S24zjSSzÞχþS0
13
ðS0z−S24zÞP

qi
n χS13ðSz−S24zÞ: ðA30Þ

Similar expressions of the flavor matrix elements are obtained by replacing spin wave functions, spin quantum numbers,
Pai
n , and Pqi

n in the expressions of the spin matrix elements with flavor wave functions, isospin quantum numbers,
1
3
λ0fð2Þλ0fð4Þ þ 1

2
~λfð2Þ · ~λTf ð4Þ, and 1

3
λ0fð3Þλ0fð1Þ þ 1

2
~λfð3Þ · ~λTf ð1Þ, respectively. Using Eqs. (A27)–(A30) in Eq. (34), we

obtain the unpolarized cross section.
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