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We study inelastic meson-meson scattering that is governed by quark-antiquark annihilation and creation
involving a quark and an antiquark annihilating into a gluon, and subsequently the gluon creating another
quark-antiquark pair. The resultant hadronic reactions include for I = 1: zz — pp, KK — K*K*,
KK* —» K*K*, K*K — K*K*, as well as zx — KK, np - KK*, np - K*K, and KK — pp. In each
reaction, one or two Feynman diagrams are involved in the Born approximation. We derive formulas for the
unpolarized cross section, the transition amplitude, and the transition potential for quark-antiquark
annihilation and creation. The unpolarized cross sections for the reactions are calculated at six temper-
atures, and prominent temperature dependence is found. It is due to differences among mesonic

temperature dependence in hadronic matter.
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I. INTRODUCTION

All possible meson-meson scattering takes place in
hadronic matter that is created in ultrarelativistic heavy-
ion collisions. Yet, no hadronic meson beam collision
experiments are possible. Therefore, we need to study
meson-meson scattering theoretically. In Refs. [1,2] we
have treated in the first Born approximation the quark
interchange mechanism [3] in the endothermic nonresonant
reactions zzx — pp for I =2, KK - K*K* for [ =1,
KK* - K*K* for I=1, znK - pK* for [=3/2,
zK* — pK* for I =3/2, pK — pK* for I =3/2, and
7K* — pK for I = 3/2. In some regimes, these reactions
are governed by quark interchange. Cross sections for these
reactions change considerably with temperature of had-
ronic matter. For example, every reaction has a rising peak
cross section when the temperature becomes critical.
Clearly, meson-meson scattering in hadronic matter has
interesting features that need to be studied.

Meson-meson scattering can be mediated not only by
quark interchange but also by quark-antiquark annihilation
and resonances. In the present work, we concentrate on
meson-meson scattering that happens through quark-anti-
quark annihilation. Starting from an effective Lagrangian,
cross sections for 7z — KK, pp — KK, np — KK*, and
np — K*K in vacuum through one-meson exchange have
been obtained in Ref. [4]. Many other reactions are also
possible in hadronic matter. Here we consider not only
the four reactions 7z — KK, KK — pp, np — KK*, and
ap — K*K, but also KK — K*K*, KK*— K*K*,
K*K — K*K*, and nr — pp for I = 1, which are governed
by quark-antiquark annihilation. These reactions are impor-
tant in the evolution of hadronic matter created in ultra-
relativistic heavy-ion collisions [5-7].

2470-0010/2016/94(3)/034030(21)

034030-1

In the first Born approximation, we consider the anni-
hilation of a quark-antiquark pair into a gluon and the
creation of another quark-antiquark pair from the gluon.
Gluon propagation has already been taken into account in
pp annihilation into mesons. Different approximations to
the gluon propagation have been made to derive transition
potentials in Refs. [8—10]. These are the 3S; models. The
pp annihilation into mesons has also been studied in the
3P, model where a quark and an antiquark annihilate into
the vacuum and another quark-antiquark pair is created
from the vacuum [11,12]. This nonperturbative mechanism
is not considered here.

This paper is organized as follows. In Sec. II we derive
the formulas of unpolarized cross section for meson-meson
reactions that are governed by the annihilation and creation
of a quark-antiquark pair. In Sec. III we derive a transition
potential for the annihilation and creation of a quark-
antiquark pair. In Sec. IV we present transition amplitudes
and calculate color matrix elements, spin matrix elements,
and flavor matrix elements. In Sec. V we provide mesonic
quark-antiquark relative-motion wave functions. In Sec. VI
we calculate elastic phase shifts for zz scattering for I = 0
and [ =1, calculate unpolarized cross sections for nine
channels of inelastic meson-meson scattering that is gov-
erned by quark-antiquark annihilation and creation, and
give relevant discussions. In Sec. VII we summarize the
present work.

II. CROSS-SECTION FORMULAS

If the quark g, of meson A(q,q,) has the same flavor as
the antiquark g, of meson B(¢,¢,) and/or the antiquark g,
and the quark ¢, have the same flavor, the reaction
A+ B — C+ D may take place through quark-antiquark
annihilation and creation as shown in Fig. 1. Corresponding

© 2016 American Physical Society
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FIG. 1. Left diagram with ¢; + g, — ¢3 + g4 and right dia-

gram with g, + g, — g3 + g4 for A+ B — C + D. The vertical
lines represent spectator quarks (antiquarks) of the mesons A, B,
C, D.

to the two Feynman diagrams, the S-matrix element for
A+B—->C+Dis

S = 0 — 27id6(Es — Ei) ({93915 92941 Vag,3, 101915 92G2)

+ {0194 38|V i,0,19191> 292) ) (1)

where E; (E;) is the total energy of the two initial (final)
mesons; V,, 2 and Vg . are the transition potentials for
41+ G2 — g3 +q4 and G, + g3 = g3 + G4, respectively;
mesons C and D are individually ¢g5;¢; and ¢,q, in the
left diagram and are ¢,¢4 and g;¢, in the right diagram.
The wave function of the initial mesons is

elpqlﬁl Rz elPIIﬁz Roy3,

V4,499 — \/V Vg3, (7"1151) \/V
(2)

Where Pqﬁ. (P%Ez)’ Rqﬁ] (RCIzaz)’ and 75]15| (;51252) are the
total momentum, the center-of-mass coordinate, and the
relative coordinate of ¢; (¢,) and gq; (g,), respectively.
Wap(Tap) 1s the product of the color wave function, the spin
wave function, the flavor wave function, and the relative-
motion wave function of constituents ¢ and b. The wave
function of the final mesons is

e'Paszi Raxay e'PoaRaa

Va:q,.0:9 = \/V thl]l( fh‘]l) \/V ll/l]zq4( qzq4>

(3)
corresponding to the left diagram, or

PRET A e'Pui Rasy

Va,4,.959. = \/V Vg, (;:4154) \/V
(4)

Y4,3, (rqﬁz ) ’

L <743§2 ) ’
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P

corresponding to the right diagram ﬁqﬁl (I_)Jq@, 010

fh‘]z) wal (qufw a4 %flz) and 75 (Fyq, Tog,
,MZ) are the total momentum, the center-of-mass coor-
dinate, and the relative coordinate of g5 and g; (¢, and g,
q; and g4, g3 and g,), respectively. Every meson wave
function is normalized in the volume V.

We first deal with

(391> 92941V a,3,| 01 Q1> 42G2)
N . e_ii)qﬁl'kqﬁl -
_/drlhdrqld;‘hdrlh W l//qﬁl(rlIﬁl)

e_quzh'quh n v eii)qﬁ] 'kln?l o
—_— —_ ——_—__ p— r p—
p)
X \/"7 l//q q4( q2q4) aq19> \/"7 W‘Iﬂl( 11141)
eii)liﬁz'kfm% .
X T L (rQﬁz ) (5)

Let ktotal be the center-of-mass coordinate of the two initial
or final mesons, P; (P;) the total three-dimensional
momentum of the two initial (final) mesons, and m, g,
(mfIﬁz’ Mgygq,> Mayg,> Mq,q, ml]ﬁz) the mass of ¢,G, (429>,
4391> 9294> 4194, 4392)- Denote the relative coordinate and

the relative momentum of ¢,¢; and ¢,q, by ?q@.qﬁz and
D7 o7, Tespectively. We have
9191:9292
> > m, -
_ 9292 A
Rq@ - Rtotal + —am - T'4,41.9:9>° (6)
91491 929>
- - m, -
_ _ 9191 >
R‘]ﬁz = Rioul — +m - T4,41.9:9 (7)
9191 9292
- m, - N
I I— RS
Pqﬁ] T - +m - P; +plI1q1»tlzqz’ (8)
9191 9292
> m, - >
- % p _p _
P‘izﬁz - P; P4,3,.9:9, (9)

My,q, + Myyg,

Denote the relative coordinate and the relative momentum

of ¢3g, and ¢4, by 74331-4254 and 1_511351-,41254’ respectively.
We have

N N m, -
— 9294 -
Ryg, = Rio + ¥ — T434,.9:4s (10)
49391 49294
> > m, -
— __®Bn 3
Rqﬁ4 = Rl — +m - T4:4,.9:3s (11)
9391 9294
> m, - >
L I P
Pqﬁl Tm- +m - Py + P4y4,.9:4,> (12)
49391 4294
- m, - -
— @4 p _F _
Pog, = Pt = Pygy.q0s- (13)

My.g, +mg,g,
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From Eqgs. (6), (7), (10), and (11) we obtain - q - o
as- (6), (7), (10) (i Fos == e Te t Roape (17)
92 44
m, m
g =Tqg + — 22— TFy3 .
¢ DT g (my, +mg,) which lead to
m,. + mg; m
+ = = RCI%?I _iR(sz’ (14) = . (m +m )
mg, ‘ mg, dr,, drg dr,,dr, = d;qlqld;QZ‘MdR‘hqldRqZ‘M
fh
)3
i Mg, Mg, o4 Mgy, +mg, R) L Q%k' B :w
q1 mﬁl(m +m ) 9294 mﬁl 49391 mal 4q294° m%
(15) fQ]Qld;Q244d;Q341 f12114th0ml’ (18)
7= L; _ 4R - (16) where constituent a has the mass m, and the position vector
q2 + m- 9294 q294° - . a
Mg, T g, 7,. Equation (5) becomes
|
o L (m,, +m
<CI3611sQ2Q4|Vaq]qz|Q1Q1,Q2Q2> M/Cﬁ’qlqld”qmd”%ql q2q4thotal
91

+ s + 7 A =
> wl]ﬁl (rqﬁl) wl]z% <r‘12§4) e_i;)f'kmm‘_ii’qzﬁl,q2§4‘;435|v112§4 V. Y43, (rlh?l) Va0 (rIIﬁz)

W Y

(mq + mq )3 3/ D fed l//;rﬁ (7‘11351)1'”:;6 (7:11264)

= Smgl : (27[) 5(Pf - Pi)/ l]l‘]ld;lh%d;‘hqwhﬁ : l/v - i/v Vaqlﬁz
W‘Ilql( Foa) Voo (Farg,)
VV Na%
a( P;)

e PiRoa TPy 3, 0,3, Ta171.42%

e'Paidwd Ta91.9:0 T Pa3d1.a2s 03710074

Ma’ilqz (19)

= (2”)3 5) s
V2EL2ER2EC2E,

|
where E, (Ep, Ec, Ep) is the energy of meson A (B, C, D), Let us denote the relative coordinate and the relative
and momentum of ¢q;g, and g3, by 7y g, 4.3, and Py 7. 4.5,
respectively. We have

3
(m,, +mz )
I a3 q
Maga, = 3 V2EA2ER2EC2E) - - My
o Rq]@; = Ripr + —4m - 79,3953 (22)
9194 9392
X dr‘]l‘]] dr‘]z‘hdr‘hql lh‘hwng,( 113111)
- - m, -
; ; Rygy = R = — 90 (23)
W‘Iﬂh( q2q4)Vaq1§2Wq1§](rqﬁ])l//qﬁz(rqﬁz) B2 my .z, —l—mmz D44 4392°
X e pqﬁl~q252'r4131-4252_ip4351 a2y 03310274 (20)
- m, - -
Pogo= 0Bt f g (24
We now address N my g+ myg, DB
— — - m, - - R
<Q1C]4 Q3C]2|qu,q2|‘h(]1,CI2612> P - —— " p S (25)
q39> m,- +m, ~ f 41494-9392
e_iﬁqﬁzt'kq@t 9194 939>
— | @, dv, dig,d v ()
/ VAT Naa N From Egs. (6), (7), (22), and (23) we obtain
_iP - R -
e 93492 " 43492 = _ _ _
X TW;ﬁz(rqﬁz)Vaﬁlh Py =— g, Mgy [ My, My, feq 7
) 1 3492 1494
- - - - mﬂl (m% + maz) m‘ll
iP, - R iP,_ R -
e’ aa aan e nn T an o mg, -
X "4 ( ) Vg (r q ) (21) R%%’ (26)
\/V 919 qlql \/V 9292 \" 929> mql
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which lead to

7 o g, Mg, ;_+m +mq4R_
q2 91491 mq1 (mq3 + mq2> 939> mq; 9144 (m . )3
mg - > A _ 9 94 PN
4 R, - (27) d;% drqzdrfhd?‘h 3 drfiﬂll drfisfhdeh‘Md 939>
q392° mq
mql 1
3
_ (m’h + m‘14)
Foom—— o LR (28) ST
@ mo +om 6w 03>° mg,
q3 >
- X dryg,dr,.7,d7 5, 45,dR0a-  (30)
2o T oy 4R
rﬂ]} - m, -+ m- r%‘lz + RCIsﬂh’ (29)
B @ Then Eq. (21) becomes
|
+ (7 + =
(@194 5382|V ag,0,101T1 - 4292) = 7(’” g dr, - dr, - dr AR, 0 ACTALIRACTN
194> 43921V aq,q, 111915 4292 9191 “" 43927 4194.939, “ M otal \/*
% JVV
X e_in'Rlolﬂl ’pqltm 933" 41q4 Ly V. Va3, (rqlal ) ¥4,3, (rqﬁz) eiﬁi‘kmmﬁi;’qﬁlﬂzﬁz';4151 R

(mlh + m§4)3

mﬂ]

X V.-

Voa (Faa) Vo (Te.,)

aq192 \/V \/V

= 3 (2”)35(Pf - Pi) / drfllﬂ] dr‘lﬂzd?ﬂhm,fhaz

- + -
W;% (rlh%) LN (rq,ﬁz)

VvV vV

elp‘ilal 20 Tt .on T Paasan Tadsan

aq19> \/V W

= (2”)35(7’f - 131)

where
m, +mg )3
Maqlfh = (‘11’11—3‘14) V 2EAZEBZECZED
q1

X/drqlql F ot 0130005

X W:]rl G (;11154 )w;ﬁz (?fhﬁz ) Vaﬁ] 9>

Xl/l’llql( Q1(11)W112‘I2( (12112)

x e'Pad o’ Foidranda~ qu§4,q3§2"q]§4,¢,352 . (32)

Meson i (i =A,B,C,D) has the mass m;, the four-

momentum P; = (Ej, 13,) and the angular momentum J;
with its magnetic projection quantum number J;. The
unpolarized cross section for A+ B — C+ D is

Uunpol(\/g’ T)
B (2r)*
B 4:/(Py - Pg)* — mim}
§ / BPe PP 1
(27)2E¢ (27)2Ep (205 + 1)(275 + 1)

X Z Mgz, + Mg q,|?8(Er — E;)8(Pp — Py),
‘]AZ‘]BZ‘ICZ‘]DZ

(33)

Mﬁal(h (31)
V2\2E2ER2E2E,’

|
where s is the Mandelstam variable given by

s = (Ey + Eg)* — (P4 + P3)? and T is the temperature.
In the center-of-mass frame of A and B the three-

. . > =4
dimensional momenta of mesons A and C are P and P,

respectively. Denote the angle between Pand P by 0. The
unpolarized cross section is given by

1 1 IP'(v5)l
(274 +1)(2Jp+1)327s | P(\/5)|

T
2 .
x/ do g [Mag,g, + Mg, g, | siné.
0 JazpJcIp

(34)

O'UHPOI(\/E, T) —

ITI. TRANSITION POTENTIAL

In the reaction A + B — C + D the quark of an initial
meson annihilates with the antiquark of another meson to
produce a gluon, and subsequently this gluon creates a
quark to form a final meson and an antiquark to form
another final meson. The quark-antiquark annihilation and

creation, q(p1) +q(=p2) = ¢'(p3) + ¢ (=p4), is shown
in Fig. 2. The initial quark wave function is

)){ (35)
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P3 ‘P4

P P
FIG. 2. Quark-antiquark  annihilation and  creation:
q(p1) +q(=p2) = q'(p3) + §'(—p4), where k denotes the
gluon four-momentum, e its color index, and 7 its space-time
index [cf. Eq. (39)].

and the final quark wave function is

Wq'(i’f%sq/z) = (;}"773 >

Xs ) s (36)
oy G3(p3) 7
q

where & are the Pauli matrices; Xs, and y,, are the spin
: e

wave functions with the magnetic projection quantum
|

(34) - k5(21) - k
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numbers, s, and s,., of the quark spin, respectively.

The initial antiquark wave function is

) 282 G, (o)
vg(P2.s7.) = <24 P >?‘ (37)
Gz(Pz)

and the final antiquark wave function is

N G4(p4) )){SE/Z’ (38)

- 2m=
v (P4 5q2) = < "

where mg=m,, mg=m,,and Xs,. and Xs,, are the spin wave
functions with the magnetic projection quantum numbers,
53, and s, of the antiquark spin, respectively. In Egs. (35)-
(38) the color and flavor wave functions are suppressed.
According to the Feynman rules given in Ref. [13], the
amplitude for the Feynman diagram in Fig. 2 is written as

2
g5 —_ > N
M, = _S‘//q’(P3v Sq’z)erel//?(péh Sﬁ’z)

k2

X Wﬁ(i)b Sﬁz)erel//q(ﬁlv qu)’ (39)
where g, is the gauge coupling constant, 7¢ (e = 1, ..., 8) are
the SU(3) color generators, and 7¢7¢ = &;) . @ with 1 the

Gell-Mann matrices. Repeated color and space-time indices
(r) are summed. Using these quark and antiquark wave
functions, the amplitude to order of the inverse of the
(constituent) quark mass squared is

-

) -
s )G (5r) 2
M, = k_; [Zstr;)ﬁqueTeGB(pﬁGz(PZ)

. AN R c
2 TG (331G (339 -5(21) + 7

n 6(34) - p36(34) - 6(21)5(34) - py4

4m;/

From the expression of the amplitude we obtain the

transition potential for ¢g(p,) +q(—p>) = ¢'(p3) +
7 (=pa),
5 - . - -
- giA(34) A(21) (6(34)-ko(21)-k -
V. (k)= . —0(34)-0(21
_6(21)-p»5(34)-6(21)5(21)- p,
4mg
6(34)-P36(34)-6(21)5(34) - P4
- , (41)
4m,

mq/m

G4(P4)G, (f’l))(ga,,)(sq,_
q

21) - p25(34) - 5(21)5(21) - b,

2
4mq

)66 e 2, | (40)

where 71(34) [71(21)] mean that they have matrix elements
between the color wave functions of the final (initial) quark
and the final (initial) antiquark, and 6(34) [6(21)] mean
that they have matrix elements between the spin wave
functions of the final (initial) quark and the final (initial)
antiquark.

IV. TRANSITION AMPLITUDE

In order to obtain the unpolarized cross section, we
calculate the transition amplitudes, M,, 7, and Mz ,,. We
take the Fourier transform of the meson wave functions,

\% in Eq. (20), and V ., in Eq. (32):

aq19> aq19;
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> &pyg > Dy Toz
V.3, (rfh?l) = / (27:)13% Vg3, (pflﬁl)e Paran o, (42)

. d*p - 2
ll/‘lzaz(r%az) = / (2 4)23‘12 l//51242 (pﬂlzﬂh) pqm L ’ (43)

> &p > - -
Va7, (F4sa,) _/ 2 q)z;n Wy, (Payg, )€ e'Pui T (44)

- d pq q. -7 -
Wlh@(rlh@) :/ (2”)234 WQZLIA(plh%) pq2q4 2 (45)

- d P N —F -
w‘h%(rfh%) :/ (2 ‘1)13%1 Wfllfh(p‘h%) pql{“ i (46)

= & Pysg > o7
ll/%?z(r%?z) = / (2x ;32 Va2, (pqﬁz)e Ptz o2, (47)
7 7 d3k 7N\ ik (Fgu=Tg,)
Vﬂ(]lﬁz(rq,z - r‘]l) = anlhﬁz(k)e Boal, (48)

v

- > d3k nd E - =
aﬁl‘]z(rlh - rl]z) = / (2].[)3 Va?lfh(k>el U rqz)’ (49)
where p,, is the relative momentum of constituents
a and b. The transition amplitudes are then calculated in
momentum space by the following expressions:

&
a‘h‘h 2EA2E32EC2ED/ p[II;Il p‘h‘]z

(2r)3

+

X quﬁl (plIﬁl )l//qzﬁ4 (p11ﬁ4)va‘hﬁz (k)

XWqq, (F)fh?l >th§2 (ﬁf]zﬁz)’ (50)

&
‘1‘11‘12 ZEA2E32EC2ED/ pq13ql (;]:2‘]2

X W;§4(pQ1Q4) q;qz(p’hfh) a‘11(12( )
qu‘]l(plhfh)ll’qzlh (pqzqz) (51)

For convenience sake we also use the notation wy, yp,
We, and Wp: Wa=Wyg,, VB=Wag,» e = Vog, = Vg,
and yp = w5, = Y4, Lhe wave functions of mesons
A, B, C, and D are individually given by

Ya = ¢A rel¢A color¢A flavorX'S,S,. » (52)
Yp = ¢Brel¢Bcolor¢B flavorX S5Sy. » (53)
Ye = ¢C rel¢C color¢C flavorX S¢S, » (54)
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Yp = ¢D rel¢D color¢D flavorX S, S, » (55)

where ¢Arel (¢Brels ¢Crel> ¢Drel)v ¢A color ((bBcolorv ¢Ccolor7
¢Dcolor)a ¢Aﬂavor (¢Bﬂavor’ ¢Cﬂav0r’ ¢Dﬂavor)a and )(SASA,
(USySp.s XSeScs XSpsy.) are the quark-antiquark relative-
motion wave function, the color wave function, the
flavor wave function, and the spin wave function of
meson A (B, C, D), respectively. The spin of meson A
(B, C, D) is S, (Sg, S¢, Sp) with its magnetic projection
quantum number S,, (Sp,, Sc;» Sp.). The transition
amplitudes contain color, spin, and flavor matrix ele-
ments. The color matrix element is

A(34) i(21)

N

Mﬁ‘]lﬁzc = ¢gcolor¢D colorT ’ D) ¢A color¢B color — 5 >
(56)
for the left diagram of Fig. 1, and
A(34) i(12 4
Maﬁl‘]zc = ¢gcolor¢D color % ’ (2 ) ¢A c010r¢B color — 5 >

(57)

for the right diagram of Fig. 1. The transition potential in
Eq. (41) includes the Pauli matrices 6(21) and &(34).
The transition amplitudes contain the spin matrix elements
)(;cSch;DSDvPHXSA S, X5pSy.- As to the left diagram P, is a
2 x 2 unit matrix, o1(21), 6,(21), 05(21), 6,(34), 6,(34),
03(34),01(21)61(34),61(21)02(34), 61 (21)03(34), 05(21)
01(34), 0:(21)02(34), 05(21)03(34), 03(21)0(34),
63(21)0,(34), or 03(21)03(34). The spin matrix elements
corresponding to the left diagram are listed in Tables 1-14
in Ref. [14]. The matrix elements of 6, (21), 63(21), 6, (34),
03(34), 01(21)0'1 (34), 01(21>63(34), 62<21)62<34),
05(21)6,(34), and 63(21)03(34) are real, and the matrix
elements of 6,(21), 6,(34), 6,(21)0,(34), 6,(21)5,(34),
6,(21)03(34), and 63(21)0,(34) are pure imaginary or
zero. The spin matrix elements for the right diagram in
Fig. 1 can be obtained from the ones for the left diagram.
The real (imaginary) spin matrix elements of M,z ,, equal
the real spin matrix elements (equal the negative of the
imaginary spin matrix elements) of M,, 7, while none,
two, or four of the initial and final mesons have zero spins.
The real (imaginary) spin matrix elements of M ,, equal
the negative of the real spin matrix elements (equal the
imaginary spin matrix elements) of M,, 7 , when one or
three of the initial and final mesons have zero spins.

The flavor states, ¢4 favor A0 P flavors are coupled to the
flavor state |AB,I,1.) with the total isospin / and its
magnetic projection quantum number .. @cpayor and
®pfavor are coupled to |CD,I,I.). The flavor matrix
element is

034030-6
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TABLE I. Flavor matrix elements.

Channel Mg, a1 Mg, ot
I=1lar—pp 1 1
I=0nrr— pp 2 2
I =1KK — K*K* 0 1
I =0KK — K*K* 2 1
I =1KK* - K*K* 0 1
I =0KK* - K*K* 2 1
I =1KK — K*K* 0 1
I =0KK - K*K* 2 1
I=1zr— KK 0 -1
I=0zr - KK 0 _?
I=1zmp— KK* 0 -1
I=0mp - KK* 0 _%
I=1zp - KK 0 -1
I=0np - KK 0 _@
I=1KK = pp 0 -1
I=0KK — pp 0 _%

Maqﬁzf = <CD’ 1 IZ|P‘I|+52—"]3+34‘AB’I’IZ>’ (58)

for the left diagram of Fig. 1, and

Mg, 46 = (CD, I, 1.|P; |AB,1,1.), (39)

q1+92—~q3+4,

for the right diagram of Fig. 1. The symbol P, .z .. 3,
(Pg,+4,~q,+3,) 1s the operator that implements ¢; + g, —
93 + 44 (¢ + q2 = g3 + q4) in flavor space. Mz , r may
differ from M, z,¢. In Table I the flavor matrix elements
for the reactions are listed:

ar — pp, KK — K*'K*, KK* - K*K*,
KK - K*'K*, ar — KK, np — KK*,
ap - K*'K, KK — pp.
We use the following notation, K = (X;), K = (Eﬁ),

Kk = (K), and K* = (E?) Let us give an example that
shows how to obtain the flavor matrix elements listed in
Table 1. The example is 7z — KK for I = 1. The initial and
final flavor states are given by

I, =-1) =—=(|a%)|z") = |z7)|z°)).  (60)

|z, [ =1,

1
|z, I = 1,1, =0) = —(|z")|z") —

7 [z7)|= ")), (61)

mz I = 1,1, = 1) = z°) = 12%)z ). (62)

\f(lff+

KK, I =1,1, =—1) = |K°)|K™), (63)

PHYSICAL REVIEW D 94, 034030 (2016)

= (KK + KR, (64)

V2

KK.I=1.1,=1)=

KK.1=1,1,=0)

[K*)K?). (65)

The flavor wave functions of the pion and kaon are
7t) = ~lud),  |n°) = J5(jumi) —|dd)), |z~) = |da),
k) = |us), |K°) =|ds), |K°)=~l|sd), |K™)=|su).
The flavor matrix elements for zz — KK for [ = 1 are
Mg, = 0 and M,z . ¢ = —1, which are independent of
I,. This indicates that only the right diagram in Fig. 1
contributes to zz — KK for I = 1.

V. QUARK-ANTIQUARK RELATIVE-MOTION
WAVE FUNCTIONS

The mesonic quark-antiquark relative-motion wave func-
tions in coordinate space are solutions of the Schrodinger
equation with the potential between constituents a and b in
the medium [15]:

Vap(F) = V(7) + V(7). (66)
where 7 is the relative coordinate of a and b. Vg is the
central spin-independent potential,

V(7)) = _7“.%31)[1 3— <T_> } tanh(Ar)
C
1 y 67 v(Ar)
_E
T2 a5, SPEN, 7

where D =0.7 GeV, T.=0.175 GeV, A = 1.5[0.75+
0.25(T/T.)"°)° GeV, E=0.6GeV, A=+/25/162°

with o = 1.04 GeV~2, jla are the Gell-Mann matrices
for the color generators of constituent a, and v(x) is

o) =30 [T 2 |n@) —g sin (). (o)

where K = 3/1672 and p(Q”) is given by Buchmiiller
and Tye [16]. At short distances the quark interaction is
described by perturbative QCD in vacuum, and one-gluon
exchange plus perturbative one- and two-loop corrections

gives the quark-antiquark potential — 52 ut h ) [16]. Medium
screening sets in at distances r Z 0. 3 fm. Including
medium effects lattice QCD calculations have provided
the numerical quark-antiquark potential at intermediate and
long distances [17], which depends on the temperature of
the medium. The potential V(7) fits rather well — 32 L(M at
short distances and the numerical potential at 1ntermed1ate
and long distances.
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Starting with Feynman diagrams for elastic particle-
particle scattering, one gets a relativistic particle-particle
potential. Application of the Foldy-Wouthuysen canonical
transformation to the two-particle relativistic Hamiltonian
with the relativistic potential leads to a nonrelativistic
particle-particle potential that includes a central spin-
independent potential, a spin-spin interaction, and other
terms [18]. This standard procedure for obtaining the
nonrelativistic particle-particle potential is the same for
heavy or light particles. In other words, the particle-particle
potential is valid no matter how light the particles are. This
procedure has been successfully applied and tested to get
the electron-electron potential arising from propagation of a
spacelike photon [19], the short-distance quark-quark
potential arising from propagation of a spacelike gluon
[20], and so on. Thus, the first term in Eq. (67), obtained in
lattice calculations involving a heavy quark and a heavy
antiquark, is reasonably applied to a light constituent quark
and a light constituent antiquark as well.

The second term in Eq. (66) is the spin-spin interaction
that arises from perturbative one-gluon exchange plus one-
and two-loop corrections [21] and includes relativistic
effects [3,22]:

R A,y 167% &P 5,5
ValP) = =35 a5 el
Ay Apdn 1 dPv(Ar)5, -5,
Lo Zp7R 2 2D : 69
3 225r dr* mym, (69)

where s, is the spin of constituent a, and the quantity d is
given by

AR dm,m, \* 5 [ 2mgmy, \?
= dl |:2 ’ 2 <(ma + mb)2> :| " d2 <ma + mb) , (70)
where d; = 0.15 GeV and d, = 0.705.

With up quark mass 0.32 GeV, down quark mass
0.32 GeV, strange quark mass 0.5 GeV, and charm quark
mass 1.51 GeV, the Schrodinger equation with the potential
given in Eq. (66) at T =0 is solved to reproduce the
experimental masses of x, p, K, K*, J/y, v, y., D, D*,
Dy, and D} mesons [23]. The elastic zz scattering for I = 2 is
governed by the quark-interchange process. The experimen-
tal data of S-wave phase shifts for the scattering in vacuum
[24-27] are reproduced in the Born approximation together
with the pionic quark-antiquark relative-motion wave func-
tions obtained from the Schrédinger equation [15].

VI. NUMERICAL CROSS SECTIONS
AND DISCUSSIONS

We are now ready to calculate elastic phase shifts for 7z
scattering in vacuum. From the transition amplitudes we get
the reduced T-matrix element,

PHYSICAL REVIEW D 94, 034030 (2016)
Mal]ﬁz + Maﬁ]‘h (71)
(27)3\2E2ER2E2E

The phase shift for A+ B - A+ B is

Tﬁ:

exp(id;) sind; =

222|P|EAE; [!
_M/ dxTyP,(x).  (72)

E,+ Ep 1
where x = cos 8, and P, are the Legendre polynomials. The
elastic phase shift is calculated by the expression

47[2‘Z)|EAEB

1
0; = ——arcsinRe
2 E,+ Eg

/_ i deﬁPl(x)} . (73)

The P-wave I = 1 elastic phase shifts for zz scattering in
vacuum are shown in Fig. 3 and compared with the
experimental data [28-36].

The S-wave elastic 7z scattering for / = 0 is governed
by not only the quark-antiquark annihilation but also
antiquark interchange (or quark interchange) shown in
Figs. 4 and 5. The four diagrams in Fig. 4 show meson-
meson scattering in the prior form which means that gluon
exchange occurs before antiquark interchange. The corre-
sponding transition amplitude is denoted by ME™
The four diagrams in Fig. 5 show meson-meson scattering
in the post form which contains gluon exchange after
antiquark interchange. The corresponding transition ampli-
tude is denoted by ME™. M may differ from M}
[37-39], but the difference disappears since the potential in
Eq. (66) and the mesonic quark-antiquark relative-motion

wave functions obtained in Sec. V are used to get ME""

and ME™ according to Eqs. (2) and (3) in Ref. [15].
Finally, (M + ME™)/2 is added to My, z, + Mz,
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FIG. 3. P-wave I =1 elastic phase shifts for zz scattering.
The solid curve is the present theoretical result. Experimental
data: <, Ref. [28]; >, Ref. [29]; <, Ref. [30]; A, Ref. [31]; V,
Ref. [33]; O, Ref. [34]; X, Ref. [36].
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C D C D
A A 4 A \4
A \ 4 A \ 4
A B A B
Cl1 prior C2 prior
C D C D

T1 prior

T2 prior

FIG. 4. “Prior” diagrams with antiquark interchange. Solid
(dot-dashed) lines represent quarks or antiquarks (interaction).

in Eq. (71) to calculate S-wave I = 0 elastic phase shifts for
zz scattering in vacuum by Eq. (73). Numerical phase
shifts are shown in Fig. 6.

When the S-wave I = 0 elastic phase shift is larger than
30 degrees, it increases rapidly with increasing +/s. This
behavior is already known from results of chiral pertur-
bation theory [40,41] and the result of the master formula
approach [42]. The experimental data of P-wave [ =1
elastic phase shifts for zz scattering in vacuum cannot be
reproduced. This is because resonances are not included in
the present approach. This is similar to the tree calculation
in chiral perturbation theory [40]. Including one- and two-
loop corrections in chiral perturbation theory and impos-
ing unitarity, the resonances appear and the experimental
data are reproduced. This has been shown in approaches
based on the results of chiral perturbation theory, for
example, the master formula approach [42], the Padé
method [43], the large-N; expansion [44], the N/D
method [45], the inverse amplitude method [46], the
K-matrix method [47], the current algebra unitarization
[48], the Roy equations [49], the coupled-channel
Lippmann-Schwinger equations [50], the Bethe-Salpeter
approach [51], and the approaches based on effective
meson Lagrangians [52-59].

PHYSICAL REVIEW D 94, 034030 (2016)

C D C D
A
A
A B A B
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C D C D

T1 post T2 post

FIG. 5. “Post” diagrams with antiquark interchange. Solid
(dot-dashed) lines represent quarks or antiquarks (interaction).
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FIG. 6. S-wave I =0 elastic phase shifts for zz scattering.
The solid curve is the present theoretical result. Experimental
data: <, Ref. [30]; A, Ref. [31]; O, Ref. [32]; V, Ref. [33]; O,
Ref. [34]; +, Ref. [35]; x, Ref. [36].
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We consider the following inelastic meson-meson scat-
tering processes that are governed by quark-antiquark
annihilation and creation:

I =1nr— pp, KK — K*K*, KK* - K*K*,
K*K - K*K*,
= lzz - KK, zp - KK*, ap - K'K,
KK — pp.

The quark-antiquark relative-motion wave functions,
Garels Pprels Pcres and ¢pr, are obtained from the
Schrodinger equation with the potential given in
Eq. (66). With the transition potential and the wave
functions in Egs. (52)—(55), we calculate the transition
amplitudes, M,, 7, and M5 ... According to Eq. (34) we
calculate unpolarized cross sections at the six temper-
atures T/T. =0, 0.65, 0.75, 0.85, 0.9, and 0.95. In
Figs. 7-15 we plot the unpolarized cross sections for
the nine channels:

I =1KK —» K*K*,
I =1KK* — K*K*,
I =1zr - KK,

I =1zp - K*K,

I =1zx - pp,

I =0KK — K*K*,

I =0KK* - K*K*,

I =1mp— KK*,

I =1KK - pp.
Depending on temperature, a reaction is either endother-

mic or exothermic. The numerical cross sections for
endothermic reactions are parametrized as

O o e e 5 L I e s e e o e e e

T/T =0
6
1 —
) - i
E
: “F 3
"o N ]
ook T |
o % 1
0,001 Lt S S I K0 NI I N I
0 2 2.5 3 35 4 4.5 5
"% (Gev)
FIG. 7. Cross sections for nz — pp for I =1 at various
temperatures.
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FIG. 9. Cross sections for KK — K*K* for I = 0 at various
temperatures.
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FIG. 10. Cross sections for KK* — K*K* for I = 1 at various
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FIG. 11. Cross sections for KK* — K*K* for I = 0 at various
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FIG. 14. Cross sections for zp — K*K for I =1 at various
temperatures.
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b,
conf (55
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S i |

where ,/sq is the threshold energy, and a,, b, e, a,, b,,
and e, are parameters. The numerical cross sections for
exothermic reactions are parametrized as
B2
P \/_ — /S0 a
Gunpol(\/g’ T) _ a, | ——¥—
1

ol 155
()"

b,

conles(1-VB)) g

The parameter values are listed in Tables II-IV. As in
Ref. [2], we also list the quantities d, and /s_; dj is the

separation between the peak’s location on the \/s-axis and
the threshold energy, and /s; is the square root of the
Mandelstam variable at which the cross section is 1/100
of the peak cross section.

In the temperature region that is covered by hadronic
matter produced in ultrarelativistic heavy-ion collisions, the
central spin-independent potential given in Eq. (67) at long
distances becomes independent of distance and exhibits a
plateau. Confinement is marked by the plateau. With
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FIG. 15. Cross sections for KK — pp for I =1 at various
temperatures.

increasing temperature the height of the plateau decreases,
confinement becomes weaker and weaker, and quark-
antiquark bound states become looser and looser.
Increasing radii of mesons A and B cause increasing cross
sections for meson-meson reactions. Weakening confine-
ment causes the combination of final quarks and antiquarks
in forming mesons C and D to be more difficult, thus
decreasing cross sections for meson-meson reactions.

PHYSICAL REVIEW D 94, 034030 (2016)

The two factors determine the decrease or the increase
of peak cross sections of endothermic reactions shown in
Figs. 7-15. For example, from 7/T. = 0 to 0.85 and near
the threshold energy the increase of the cross section due to
increasing radii of initial mesons cannot overcome the
decrease of the cross section due to weakening confine-
ment. Thus, the peak cross section of KK — K*K*
decreases. In contrast, the peak cross section of KK —
K*K* increases as temperature goes from T/T, = 0.85 to
0.95. In vacuum the p mass is larger than the kaon mass.
When the temperature increases, the p mass decreases
faster than the kaon mass. At T =0.785T, the p mass
equals the kaon mass. Below this temperature the reaction
KK — pp for I = 1 in Fig. 15 is endothermic; otherwise, it
is exothermic. When temperature increases from 7/T, =
0.6 to 1, the 7, p, K, and K* masses decrease. The threshold
energies shown in Figs. 7—15 thus decrease. The ratio of the
peak cross section at 7/T,, = 0.75 to the peak cross section
atT/T. = 0is 0.08, 0.34, 0.25, 0.16, 0.19, 0.11, 0.05, and
0.13 for zx — ppforl = 1, KK — K*K* forl = 1, KK —
K*K* for =0, KK* - K*K* for [ = 1, KK* - K*K*
for] =0, zp - KK* for I = 1, np — K*K for I = 1, and
KK — pp for I = 1, respectively. Clearly, the cross sec-
tions have remarkable dependence on temperature.

It is shown in Table I that the two diagrams in Fig. 1
contribute to KK — K*K* for I = 0 and KK* — K*K* for

TABLE II.  Values of the parameters. a; and a, are in units of millibarns; b, b,, dj, and /s, are in units of GeV; ¢, and e, are
dimensionless.
Reactions T/TC ap bl ay b2 (&) do \/E
I=1lzxr— pp 0 0.19 1.4 1.08 0.35 0.67 0.35 7.76
0.65 0.11 1.3 0.2 0.27 0.54 0.25 5.05
0.75 0.042 1.46 10.55 0.086 0.34 0.51 0.25 4.57
0.85 0.015 1.69 0.027 0.35 0.48 0.3 4.13
0.9 0.0085 1.84 9.13 0.0166 0.3 0.45 0.2 4.01
0.95 0.0089 1.9 . 0.022 0.29 0.48 0.25 3.87
I=0zxr — pp 0 1.09 0.17 0.65 1.73 0.65 1.04 0.35 7.99
0.65 0.14 1.36 9.82 0.44 0.34 0.53 0.25 5.1
0.75 0.125 1.37 6.67 0.172 0.27 0.52 0.3 4.63
0.85 0.039 1.64 9.76 0.057 0.3 0.47 0.3 4.25
0.9 0.0334 0.213 0.45 0.024 1.6 3.1 0.2 4.02
0.95 0.0403 0.54 0.33 0.044 0.038 0.55 0.04 3.79
I =1KK — K*K* 0 0.95 0.13 0.53 0.17 0.48 1.07 0.15 3.81
0.65 0.6 0.142 0.52 0.133 0.79 4.54 0.15 3.28
0.75 0.049 1.02 9.24 0.349 0.2 0.49 0.2 3.19
0.85 0.109 0.145 0.47 0.068 1.12 6.27 0.125 3.19
0.9 0.121 0.069 0.45 0.082 1.28 1.39 0.071 3.15
0.95 0.181 0.052 0.43 0.158 5.89 0.5 0.0418 3.03
I =0KK — K*K* 0 1.74 1.3 0.42 4.71 0.186 0.55 0.2 10.36
0.65 1.45 0.54 0.99 1.87 0.09 0.51 0.15 9.22
0.75 1.42 0.155 0.51 0.47 0.98 4.04 0.175 8.4
0.85 0.2 0.83 2.74 0.42 0.1 0.49 0.1126 4.73
0.9 0.38 0.051 0.61 0.27 0.24 0.31 0.0418 33
0.95 0.75 0.026 0.55 0.51 0.132 0.33 0.025 277
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TABLE III.

The same as Table II, but for three other reactions.

PHYSICAL REVIEW D 94, 034030 (2016)

Reactions T/T, a; b, e a, b, e dy N
I =1KK* - K*K* 0 1.4 0.08 0.8 2.19 0.13 0.45 0.1 3.52
0.65 0.36 0.87 4.82 1.08 0.11 0.49 0.1 3.33
0.75 0.6 0.11 0.46 0.29 1.01 6.85 0.075 3.28
0.85 0.33 0.056 0.43 0.173 1.35 1.56 0.0418 3.18
0.9 0.48 0.041 0.4 0.22 2.69 0.9 0.025 3.16
0.95 0.61 0.036 0.36 0.29 3.67 0.92 0.025 3.02
I =0KK* - K*K* 0 1.4 0.9 2.65 8.9 0.1 0.5 0.1 7.96
0.65 0.35 0.05 0.72 2.5 0.13 0.45 0.1 5.6
0.75 0.1 0.61 4.58 1.64 0.1 0.47 0.1 4.15
0.85 1.08 0.06 0.44 0.09 0.5 2.15 0.05 2.46
0.9 0.79 0.15 1.49 2.04 0.019 0.47 0.025 1.99
0.95 0.78 0.18 0.63 3.6 0.017 0.41 0.0126 1.62
I=17zr - KK 0 0.02 0.068 0.82 0.088 0.29 2.83 0.3 2.26
0.65 0.03 0.06 0.8 0.13 0.28 2.76 0.28 2.1
0.75 0.04 0.11 0.8 0.09 0.3 3.5 0.25 9.1
0.85 0.064 0.3 3.89 0.031 0.11 0.76 0.219 7.26
0.9 0.021 0.092 0.74 0.051 0.3 3.72 0.28 6.32
0.95 0.0136 0.038 0.75 0.0407 0.29 2.83 0.3 6.17
TABLE IV. The same as Table II, but for three other reactions.
Reactions T/TC a b1 €] ay b2 €y do \/T_Z
I =1nzp —» KK* 0 0.1 0.96 0.71 0.66 0.16 0.64 0.175 4.08
0.65 0.048 0.62 0.98 0.17 0.12 0.52 0.125 3.81
0.75 0.02 0.43 0.38 0.064 0.16 0.57 0.15 3.69
0.85 0.004 0.54 0.27 0.027 0.25 0.84 0.25 3.36
0.9 0.0076 0.33 0.38 0.024 0.25 0.92 0.25 3.15
0.95 0.008 0.22 1.21 0.053 0.22 0.49 0.2 3.05
I=1zp - KK 0 0.37 0.17 1.34 0.32 0.36 0.54 0.25 4.67
0.65 0.034 0.12 1.01 0.065 0.35 0.47 0.2 4.05
0.75 0.015 0.09 0.5 0.024 0.5 0.71 0.2 3.86
0.85 0.0074 0.21 0.49 0.004 1.21 8.98 0.2 3.41
0.9 0.0045 0.19 0.48 0.003 1.29 6.6 0.2 3.25
0.95 0.0062 0.162 0.48 0.0038 1.39 4.95 0.15 3.18
I =1KK - pp 0 0.77 0.08 0.53 0.49 0.64 1.29 0.11 5.99
0.65 0.175 0.133 0.49 0.108 1.27 3.6 0.13 5.52
0.75 0.112 0.065 0.44 0.056 1.08 1.5 0.05 5.28
0.85 0.021 0.116 0.45 0.0173 1.55 3.44 0.1 4.83
0.9 0.0117 0.15 0.47 0.0122 1.65 2.89 0.15 4.77
0.95 0.0068 0.08 0.47 0.0118 1.2 0.79 0.3 4.7

I =0, and only the right diagram contributes to KK —
K*K* for I =1 and KK* = K*K* for I = 1. The peak
cross section of KK — K*K* (KK* — K*K*)for] = Oata
given temperature is more than 2 times the one for / = 1. In
addition, cross sections for K*K — K*K* equal the cross
sections for KK* — K*K*.

It is shown in Table I that only the right diagram in Fig. 1
contributes to the reactions, zw — KK, mp — KK*,
np — K*K, and KK — pp. Since the flavor matrix element
for the channel 7 = 0 is —\/5/ 2 times the one for / = 1, the
cross section for the channel 7 = 0 is 1.5 times the one for

I = 1. Therefore, we only plot the unpolarized cross
sections for zz — KK for I =1 in Fig. 12, for zp —
KK* for I =1 in Fig. 13, for zp - K*K for I =1 in
Fig. 14, and for KK — pp for I = 1 in Fig. 15. The cross
section for mp — KK* at T =0 leads to the isospin-
averaged cross section that has a maximum value of about
0.36 mb which is close to the one obtained from an
effective meson Lagrangian in Refs. [4,6]. Nevertheless,
the cross section for KK — pp at T = 0 provides about
1 mb as the maximum value of the isospin-averaged cross
section, which is not close to 3.5 mb given in Refs. [4,6].
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The unpolarized cross section for zz — pp for I = 2 has
been shown in Fig. 2 of Ref. [2]. The channel is governed by
the quark-interchange process. The reaction zz — pp for
I =1 studied in the present work is governed by quark-
antiquark annihilation and creation. The unpolarized cross
sections for both channels increase rapidly when /s
increases from the threshold energy. When /s increases
from the magnitude that corresponds to the peak cross
section, the cross section for the channel I = 2 decreases
rapidly, but the one for / = 1 decreases slowly. The differ-
ence is related to the quark-antiquark relative-motion wave
functions of final mesons. The wave functions are exponen-
tially decreasing functions of the quark-antiquark relative
momentum. When +/s is far away from the threshold energy,
the relative momentum of an interchanged quark and an
antiquark, which form a final meson in the channel / = 2, is
usually large [1], but the relative momentum of the quark
created from the gluon and an antiquark, which form a final
meson in the channel / = 1, can still be small. The squared
transition amplitude for the reaction with the quark-
interchange process at such a value of /s is very small
in comparison to the one near the threshold energy, and by
contrast the squared transition amplitude for the reaction
with the quark-antiquark annihilation is comparable to the
one near the threshold energy. Therefore, the cross section
has the behavior of rapid decrease for / =2 and of slow
decrease for I = 1, and the difference between the cross
sections for the two channels is large.

The reaction zz — pp for I =0 involves both quark
interchange and quark-antiquark annihilation. The cross
section for the reaction including the quark-interchange
process in the prior form is

! L P(V5)
(274 + 1)(2Jp + 1) 3275 |P(\/5)|

< [fao S
L Y S

x |Mal]1§2 + Maﬁ]‘h

Oonpot (V5. T) =

/\/lpnor\ sin @,
(76)

where the transition amplitude /\/lpnor for the process in the
prior form is given by Eq. (2) in Ref [15]. The cross section
for the reaction including the quark-interchange process in
the post form is

ost 1 1 |P'(5)]
T (V/5: ) = (274 + 1)(2Jp + 1) 3275 |P(\/5)

x/%dH 3
0 Jaid 5d el s

|Maq,q2 + Myg,q, + Mpom| sin 6,
(77)
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FIG. 16. Cross sections for zz — pp for I =0 at various
temperatures.

where the transition amplitude M} ! for the process in the
post form is given by Eq. (3) in Ref. [15]. The unpolarized
cross section is given by

(V5. T) = 2 [ (VA T) + oo (VAT (78)

Cross sections for the reactions that are governed only by
quark interchange have the characteristic that the cross
sections rise very rapidly from threshold energies, arrive at
maximum values, and decrease rapidly. In other words
quark interchange plays a role only near the threshold
energy. Therefore, the behavior of the cross section for
zr — pp for I = 0 differs from the one for zz — pp for
I =1 near the threshold. This is obvious between the two
curves at T/T. = 0.95 in Figs. 7 and 16. It is shown by
Table I that the flavor matrix element for zz — pp for/ = 0
is 1.5 times the one for zz — pp for I = 1. Therefore, when
\/s is far away from the threshold, the cross section for
zr — pp for I = 0 is nearly 2.25 times the cross section for
arx — pp for I = 1.

In order to obtain the cross sections shown in Figs. 7—15,
we first calculate the color, spin, and flavor matrix elements
of the transition potential given in Eq. (41), next calculate
the transition amplitudes according to Egs. (50) and (51),
and finally calculate the unpolarized cross sections by
Eq. (34). In the Appendix we provide an alternative way to
calculate the transition amplitudes. In this way we apply
Fierz transformations to the amplitude in Eq. (39) to get a
quark-antiquark potential corresponding to the quark-anti-
quark annihilation and creation, which is employed to
obtain M,, 7, and M

aqiqs*

VII. SUMMARY

We have derived the unpolarized cross section for
inelastic meson-meson scattering in quark degrees of
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freedom. The reactions are governed by quark-antiquark
annihilation and creation. The reactions include zz — pp
for =1, KK - K*K*, KK* - K*K*, K*K - K*K*,
ar— KK for I=1, zp— KK*, zp— K'K, and
KK — pp. The transition potential corresponding to
quark-antiquark annihilation and creation has been derived
in perturbative QCD. Some reactions involve only one
Feynman diagram at tree level, and the others two. The
transition amplitudes including color, spin, and flavor
matrix elements are given upon integrating over the relative
momenta of the quark and the antiquark of the two initial
mesons. The experimental data of S-wave and P-wave
elastic phase shifts for 7z scattering near the threshold
energy can be accounted for by quark-antiquark annihila-
tion and creation in the Born approximation. Numerical
unpolarized cross sections have been obtained at the six
temperatures and have shown remarkable temperature
dependence. The dependence arises from the quark-anti-
quark relative-motion wave functions of the initial and final
mesons. The numerical cross sections are parametrized for
future use in the evolution of hadronic matter.
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APPENDIX: TRANSITION AMPLITUDES UNDER
THE FIERZ TRANSFORMATIONS

We provide an alternative way to calculate the transition
amplitudes M,, z, and M,z , . For this we need the Fierz
identity for Dirac matrices and Dirac spinors [60], u;, u,,
us, and Uy,

_ _ o 1_ _
Uy U3y Uy = U UgUzlly — 5”171”4”37%2
- 5517571”473757”“2 — 15Uy Uy,
(A1)
|

1 1 4
M, = <§ T 520+ Ef;ieflfj/leﬂ) (g c3 20520

2

g‘ — bnd - J— - -
X k_; [V/q'(l% sq’z)l//q(pl» qu)ll/a(l?z, Saz)l//a'(l% Sa’z)

1
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Let ¢y, ¢y, c3, and ¢4 (fy, f2, f3, and f4) be the color
(flavor) wave functions of the initial quark, the initial
antiquark, the final quark, and the final antiquark in Fig. 2,
respectively. We Fierz transform color matrices [61],

16 1
+e +ae. +10 +10 +e +e
c3 Afcycy Acy = 9 c3iAcicy A c4—§c3/1 cicy Ay

16 1
=3 3% ci 0, — 3 cyAcicf AT es,

(A2)

where Y is a 3 x 3 unit matrix. In terms of the Gell-Mann
matrices we Fierz transform flavor matrices in 3-flavor
space [61],

1 1
F32faf3 201 :gfﬂoflf;ﬂofzx+§f3+/lef1f§rlef4

1 1
=3[P S 2+ 5 [ f1 f 27 fo

3
(A3)

This means that the Gell-Mann matrices are also suitable to
describe change of light flavors. In Eq. (39) the color and
flavor wave functions are suppressed. Explicitly including
the wave functions, Eq. (39) is

Ma = f;llof4f2+/10f10;Tec4c;T€cl
92
S — (= -
x Pyjq’(p% Sq’z)Yﬂ//q’(pm sq’z)

X Wﬁ(;’% Sﬁz)yrl//q(isl > sqz)’ (A4)

which is Fierz transformed into

1
415 c;leclc;ﬂeq)

1

- 574’ (P3.842)7:W o (P1sSq2)W5(P2 55.)7 W (Pas S52)

- 5@;’(?’37 Sq)15YWq (P18 W5 (Pas 507 Y w7 (Pas S72) = Wy (P32 842)YsW o (P1+ 80 W5 (P2. 53.)7 W (Pa. 532))-

(AS)

The amplitude to order of the inverse of the quark mass squared is
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%

M, szg“f4 < (31)2°(42) + = /18(31)/19T(42))f1f2c3 c, ( (31)2°(42) - ! ﬂ (31)&”(42))

9

- - 3 - -
 crcart, 2, GoBs)Gu(o) |5~ 1 301) - 3(42)

6(42) - p6(42) - p,  6(31) - Ps6(31) - b1 | 36(31) - p16(42) - Py

+

8m,m, 8mym, 8m;
6(31) - pi6(42) - py 5(31) - pio(42) - py N 36(31) - p35(42) - p}
qumqr 8m My 8m§,
6(31)6(31) - po(42)6(42) - p +3(31)8(31)-Z)13(42) p40(42)
qu qumq/
+3(31) P36(31) - 6(42)6(42) - p, +3(31) P36(31)6(42) - pyo(42)
qumq/ 8m? pt
_6(42) - pyo(31) - 6(42)5(42) - py  6(31) - p35(31) - 5(42)5(31) - p,
8mymy 8mymy
X Gl(ﬁl)GZ(Zh))(sqz)(saz- (A6)

Then, the potential corresponding to the quark-antiquark annihilation and creation is

Vagar(k) = — i; <3/10(31),10(42)+ p(31) - E§(42)>

x (gzo(31)ao(42) - 1—121(31) : 7(42)) [—% - %3(31) . 5(42)

6(42) - p46(42) - P,  6(31) - Pso(31) -y | 36(31) - p16(42) - Py

8mymy 8mymy 8m2
_0(31) pi6(42) - Py _5(31) - ps6(42) - P, , 36(31) - p36(42) - Pl
8mymy 8mymy 8m? p
6(31)6(31) - p16(42)6(42) - p» n 6(31)6(31) - p16(42) - plo(42)
8m%, 8mymy
5(31) - p56(31) -6(42)5(42) - p» | 5(31) - p36(31)5(42) - p35(42)
8mqmq/ 8mq/
_3(42) B3(31) - 542)5(42) s _501) - PR3 (1) - 5(42)5(31) - By a7
8m, m, 8m, m,, ’
where the Gell-Mann matrices that operate in flavor space
are labeled by the subscrlpt f- Vaggr(7) denoting the o o Rl . 1=
Fourier transform of Vaqqp(k) is added to V,,(7) in Vg (k) 2 <3’1f(31)’1 (42)4'2’11(31) ﬂf (42)>
Eq. (66) to get a potential between a quark and an 4 |- .
antiquark. Quark-antiquark relative-motion wave functions X <— 2°(31)2°(42) — —A(31) - ,1T(42))
are solutions of the Schrodinger equation with the potential 9 12
Vap(F) + Vazr (7). Keeping only the first two terms § 1.
enclosed by the brackets, which do not involve quark x 2 2 5(31)-5(42) . (A8)

masses, we get
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In the static limit of quark and antiquark k> ~

VO (i) = / (;l,,]; z; <;A§(31)z§(4z)+%ﬁf(31)-71?(42)) <340(31),10(42)—11—21(31)-7(42)) B+%&(31)-3(42)] eik?

—53(7) % G/l (31),12.(42)+%71‘f(31)'1§(42)> <‘9—1/10(31)10(42)—%1(31)~ZT(42)> B+

4m2\3"7

which is the annihilation part of the electron-positron
potential given in Ref. [62] and of the quark-antiquark
potential given in Ref. [3]. R

Now we begin to apply the expression of Vg (k) to get
My, and Mz ... For the reaction A(12)+ B(34) —
C(14) + D(32) the initial spin wave function with the total
spin S of mesons A and B and its z component S, is [63]

S8 S,
()(A)(B)iz = ZSASBSBSM Sy S4 Sp
S Si3 S S

x |[(5153)513(5254)524]&% (A10)
where X = \/2X + I, the two braces indicate the Wigner 9j
symbol, y, (yp) is the spin state of meson A (B), and S, S5,
S3, and S, are the spins of particles 1, 2, 3, and 4,
respectively. The spin state with the spin S; (S,) and the
spin state with the spin S5 (S,4) are coupled to the spin state

|

1[(S183)813(8482)Swal$,) =

The spin and spatial part of the initial wave function is [64]

¢AB:(¢Are1)(A)ﬁz(¢Bre])(B)§§z:Z(JAJAZJBJBz|JJ) $in
A
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(2mq)2 and the corresponding expression in coordinate space is

1. N
50(3 1) -0(42)} ,

(A9)

|
with the spin S5 (S,4). The spin states with S;3 and S,4 are
coupled to the spin state vector,

|[(5153)513(5254)524]§Z> = Z (813513:524524,|SS.)
S13:524;

XX S13813.X S24824.> (All)

where the Clebsch-Gordan coefficients are used, and S5,
and Sy, are the z components of S5 and S,4, respectively.
The final spin wave function with the total spin S’ of
mesons C and D and its z component S, is [63]

S Sy Sc
()(c)(D)gi = 23'03'0313342 Sy S Sp
St Siz Sp 8

X |[(5153)513(5452)542]%%

where y- (yp) is the spin state of meson C (D). The spin
states with S;3 and Sy, are coupled to the spin state vector,

(A12)

(—1)Se=5=5 Z (8138135425242 S%) X 513515, X 125 (A13)
S13:524;
[
[(¢Arel¢Brel) (){A)(B 5 = Z LL SS |JJ
LS,
(A14) X (¢Arel¢Brel) :()(AZB)i?
(A16)

where J is the total angular momentum of mesons A and B and
J, is its magnetic projection quantum number. The wave

. JJ. .
function ¢ is

¢£1JZ = [(¢Are])(A)JA (¢Bre]ZB)JB]5,

Ly Sa Ja
:ZjAjBI:S Ly Sp Jg ¢ l(Paradse)” (raxs)’l] .
= LS J

(A15)

where L, (Lp) is the orbital angular momentum of meson
A (B), L is the total orbital angular momentum of mesons
A and B, and

where L, is the magnetic projection quantum number of L.
The spin and spatial part of the final wave function is [64]

bep = (¢C re])(C)jzZ (¢D re])(D);Zz

= > eI el o eI b
JI,

(A17)

where J' is the total angular momentum of mesons C and D
and J', is its magnetic projection quantum number. The wave

LT
function ¢, is
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J'J. !
¢ﬁ[1d1 [(¢C re])(C)JC (¢D re])(D)JDH’Z
LC SC JC
=Y IS Ly Sy Jp
LS LI S/ J/

2 [<¢Crel¢Drel)Ll(ZCZD)S/];E7 (AIS)

where L (Lp) is the orbital angular momentum of meson
C (D), L' is the total orbital angular momentum of mesons
C and D, and

[(Pcradpre)” ()(CZD)S,]]' = Z(L/L/ZS/S/Zl‘]/‘]/Z)

LS.
X <¢Crel¢D rel)IL‘If_ ()(C)(D):g; B
(A19)

where L’ is the magnetic projection quantum number of L’.

Under the Fierz transformations the left diagram in Fig. 1
corresponds to the diagram “T2 prior” in Fig. 4 and the
diagram “T2 post” in Fig. 5, where the interacting con-
stituents, ¢; and ¢, are numbered 2 and 4. The transition
amplitudes for T2 prior and T2 post are the same and are
given by

Mal]]ﬁz - 2EA2EB2ECzED<¢CD|<CD’I7 Iz|

x ¢gcolor¢l+) color Vaqﬁde)A color¢B color

X |AB,1,1.)|¢ap)- (A20)

We take the following form

<CD I I |¢gcolor¢g color Vaq|§2F¢A COIOI‘¢B color |AB’ 17 IZ>

— Z cli pai

(A21)

where Pj =0y, P{ =0,(2), P§ =0,(2), P§=05(2),
P§ =0\(4), P§ = 05(4), P§ = 03(4), P§ =01(2)o1(4),
Pi = 0(2)0,(4), PY =01(2)05(4), Pl =0,(2)o(4)
P = 02(2)0(4). Pl = 0,(2)os(4), P = 03(2)e (4),
Py, = 05(2)0,(4), and P35 = 05(2)03(4). Here oj is a
2 x 2 unit matrix. ¢ (n = 0, ..., 15) are independent of the
Pauli matrices, but depend on quark and antiquark
momenta. ci‘,i include the color matrix element,

)

4

1- -
¢é6010r¢£color (510(2))“0 (4) —52(2) 'AT (4)) ¢Acolor¢Bco]or’

and the flavor matrix element,
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C D C D
\ 4
\ 4
A B A B
T2 prior T2 post
FIG. 17. “prior” and “post” diagrams with quark inter-

change. Solid (dot-dashed) lines represent quarks or antiquarks
(interaction).

1 1- -
(CD, 1.1, <§zg(z>zg(4) +547(2) 41}(4)) |AB.I.1.).

The transition amplitude is thus

15
Magg, = 2EA2EBZEC2ED<¢CD’2031P31|¢AB>- (A22)
n=0

Under the Fierz transformations the right diagram in
Fig. 1 corresponds to the diagrams in Fig. 17, where the
interacting constituents, g; and ¢,, are numbered 1 and 3.
The transition amplitudes for the two diagrams are the same
and are given by

Mg, = V2EA2ER2E2Ep(¢epl(CD, 1, 1]

¢Zc010r¢$ color Vaﬁ, q2F¢A COlOl‘¢B color |AB ’ I’ 17> |¢AB> . (A23)

We take the following form

<CD I 1 |¢Jcrc010r¢}5 colorvaﬁ] q2F¢A color(:bB color |AB’ 17 Iz>

_ Z cql qu

(A24)

where PY' = oo, P8 =6,(3), PY =0,(3), PY = 05(3),
Pi =0,(1), P§ = 05(1), Pg = 05(1), Pgl =01(3)oy(1),
Py =0,(3)ay(1), Pg =01(3)o3(1), Pjy=0,(3)o1(1),
P}y = 02(3)05(1), Py = 02(3)a3(1), Py = 03(3)en (1),
PY =065(3)05(1), and Pl = 065(3)05(1). ¢¥ (n=0,

., 15) are independent of the Pauli matrices, but rely on

quark and antiquark momenta. ¢ include the color matrix
element,
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4 | [— 5.
¢Zcolor¢$color <§’10(3)/10(1) _52(3) A (1)> ¢A0010r¢BC010f’ Maﬁl% =/ 2EA2E32EC2ED <¢CD| Z 6911P911|¢A3>.
n=0

(A25)

and the flavor matrix element, N ) .
The sum of the two transition amplitudes is

| R 1- -7 Mgz, + Magg, = V2EA2E2EC2Ep (¢l
(CD. LI 347(3)43(1) +547(3) - 4¢(1) | |AB, 1. 1.). s
XY (HPY + I PY)|ag).  (A26)

The transition amplitude is thus Equations (A14)—-(A19) yield

Z |Mag,g, + Maqlq»|2 16E\ERECED z |{(¢cpl Z (ciipai + ququ)|¢AB>|2

JA:JBZJCZJD JANJBZJCZJD n=0

= 16E\E3ECEp ) | (Bl Z (ciipai 4 TP gl 2, (A27)

JJJ

where

15 Lo SaJa| |Lc Scc
ipaiy 2 Y T £ AP
¢ﬁnal|z P+ q1P21)|¢in">:JAJBJcJDZ Z LSL'S'S Ly Sp Jg pq Lp Sp Jp
n=0LSL'S'S_S". L S J L S J
DL =S)S' ST T ((Perebpre) g |3 (Pareir) —s.)

X ()(C)(D)S'fpzi(ZA)(B) <(¢Crel¢Dre1) - |C |(¢Are1¢3re1)1 =S, >()(C)(D)S/+qu()(A)(B)§Z)'
(A28)

x(L(J.~S.)

The initial spin wave function of mesons A and B and the final spin wave function of mesons C and D give the spin matrix
elements,

S, Sy Sel (s s, s,
()(CZD) TP (raxs)s. = SaSpScSp Z (—1)%2=57583,8184¢ S5 S, Sp Sy S4 Sp
§)5513524513; Si3 S:lZ Y Si3 S,y S
(S]3SI%ZS42(S S]3z)|S/ )(S13SI3ZS24(SZ_Sl3z)|SSZ)Z;;Z(S'Z_Sm)P;a:i}(Sm(SZ—SBZ)’ (A29)

and
S, Sy Sel (s s, sy
OKCZD)§2+P911()(A)(B)§Z:SASBSCSD Z (—1)5=5%:83,813815¢ S5 S, Sp Sy Sy Sp
813813524824 S’]3 Sy S Si3 S,y S

X (813(8% = 824)524524.[S"S7) (S13 (S, = S242)524524:|SS, ))(5/ (s 524Z)P2i)(513(52—524:)‘ (A30)

Similar expressions of the flavor matrix elements are obtained by replacing spin wave functions, spin quantum numbers,
P3 and P;' in the expressions of the spin matrix elements with flavor wave functions, isospin quantum numbers,
" =T 2 o7 . . .
129(2)29(4) +34£(2) - A¢(4), and 529(3)29(1) +344(3) - 4¢(1), respectively. Using Eqs. (A27)~(A30) in Eq. (34), we

obtain the unpolarized cross section.
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