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Determination of the QCD coupling from ALEPH 7 decay data
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We present a comprehensive study of the determination of the strong coupling from z decay, using the
most recent release of the experimental ALEPH data. We critically review all theoretical strategies used in
previous works and put forward various novel approaches which allow one to study complementary aspects
of the problem. We investigate the advantages and disadvantages of the different methods, trying to uncover
their potential hidden weaknesses and test the stability of the obtained results under slight variations of the
assumed inputs. We perform several determinations, using different methodologies, and find a very
consistent set of results. All determinations are in excellent agreement, and allow us to extract a very

reliable value for o (m?). The main uncertainty originates in the pure perturbative error from unknown
higher orders. Taking into account the systematic differences between the results obtained with the
contour-improved perturbation theory and fixed-order perturbation theory prescriptions, we find

ol (m?) = 0.328 £ 0.013 which implies o
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I. INTRODUCTION

The hadronic decay width of the 7 lepton provides one of
the most precise determinations of the strong coupling
[1-6]. The inclusive ratio,

R — [z~ _—> v,hacirf)ns] ’ (1)
[t > ve i,

can be rigorously calculated within QCD with high
precision [7-10] and turns out to be very sensitive to the
input value of a,(m?2). Nonperturbative corrections are very
suppressed for well-understood theoretical reasons [10];
moreover, their quantitative size can be directly extracted
from the measured distribution of the final hadrons in
decays [11]. The predicted value of R, is completely
dominated by the perturbative contribution, which is
already known to O(a}) [12], and includes renormaliza-
tion-group resummations of higher-order logarithm-
induced corrections [13,14].

Owing to the low value of the 7 mass scale, a,(m?) is
sizable with a numerical value around 0.33 [1]. This makes
R, more sensitive to the strong coupling than higher-energy
observables, even if some of them can be predicted more
accurately. Although a,(m?) has been only determined
with a 4% accuracy, evolving it up in energy with the QCD
renormalization-group equations, it implies a 1% precision
on a, (M%) [1,2], which is a factor of 2 more accurate than
the direct measurement of the strong coupling at the Z peak
[3-6]. The excellent agreement between these two deter-
minations of a;, at very different mass scales, constitutes at
present the most precise quantitative test of asymptotic
freedom [15-17].
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(M2) = 0.1197 = 0.0015.

Since the strong coupling is not small at u = m,, the
predicted value of R, is quite sensitive to higher-order
perturbative corrections. The induced perturbative uncer-
tainties dominate in fact the final error on R, and are, at
present, the main limitation on the potentially achievable
accuracy [1,2,18]. Nevertheless, at the current level of
O(a?}) precision, it is also necessary to analyze carefully the
numerical role of the small nonperturbative contributions.

The most precise experimental analysis, performed with
the ALEPH 7 decay data [19], bounds nonperturbative
effects to be safely below 1% [20-22], in agreement with
theoretical expectations [10] and previous experimental
studies [19,23-26] which confirmed the predicted suppres-
sion of this type of contributions. However, the ALEPH
results have been strongly criticized in recent years in a
series of papers [27-29], advocating to pursue a slightly
different type of analysis [30,31], focused on observables
which maximize the role of nonperturbative effects in order
to better study them. Unfortunately, trying to stress the
advantages of their approach, these papers adopt an overly
conservative/pessimistic attitude when judging previous
work on the subject, while the uncertainties of their own
analyses appear to be largely underestimated. Legitimate
criticisms are mixed up with some not fully correct or even
slightly misleading statements. Studying observables
which are more sensitive to some types of nonperturbative
contributions is interesting per se and can help us to better
understand QCD in the strong-coupling regime, but it is not
necessarily the best strategy to perform a clean and accurate
measurement of a;.

In this paper we attempt a fresh numerical analysis of the
ALEPH data, trying to assess the advantages and dis-
advantages of different possible approaches. Ideally, all
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sound theoretical methods should finally give similar
results, complementing each other so that a combination
of them would allow to maximize the amount and quality of
the extracted information. However, current = data suffer
from strong correlations and large uncertainties, especially
in the highest energy range, which severely limits the
potential scope of a realistic statistical analysis and the
maximum number of parameters to be fitted.

We present firstin Sec. I a short overview of the theoretical
ingredients underlying all QCD analyses of the inclusive 7
decay width, so that the paper is self-contained. Some
technical details on the data handling are briefly given in
Sec. I1I. The standard analysis of the data [10,11,13], adopted
by the ALEPH Orsay group [20-22], is revised in Sec. IV,
which performs a complete numerical study and comments
on the quality and potential weaknesses of the final results.
Sections V and VI discuss some possible improvements and
their limitations, and analyze the stability of the results,
compared with the ones previously obtained in Sec. IV.

The approach followed in Refs. [27-29], aimed to uncover
duality violation effects, is critically studied in Sec. VII.
While we are able to reproduce most of the numerical results
presented in those references, they are based on an ad hoc
assumption on the functional form of the spectral function
whose validity is unknown. Small modifications of this
assumption translate into sizable changes in the fitted value
of a;(m?) which turns out to be model dependent. Although
compatible with the more solid determinations performed in
previous sections, the values of a, extracted from this
approach are not precise enough to be competitive once
the real uncertainties are properly estimated.

In Sec. VIII we follow an alternative strategy, based on
the Borel transform of the spectral distribution, in order to
change the weights of different contributions/effects. While
having its own weaknesses, this approach provides an
additional handle to judge the reliability of the results
extracted from current data. The numerical determinations
of a,(m?) obtained with all approaches turn out to be
consistent, within their estimated errors. We compile all of
them in Sec. IX, and conclude giving our final value for the
determination of the strong coupling from 7 decay.

II. THEORETICAL FRAMEWORK

The ratio R, can be calculated from the spectral identity
[7-10]

m% d 2
R, = 127zSEW/ = <1 - iz)
0 mz mz

x [(1 +2%>Imﬂ(l)(s) +ImH(O)(s)], 2)

T

with

J J
M (s) = |V, P (s) + T, (5). (3)
q=d.s
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FIG. 1. Complex integration contour, used to derive Eq. (6).

where qu).v /a(s) are the two-point correlation functions
for the vector V; = g;7*q; and axial-vector A}, = g,7"75q;
color-singlet quark currents (i, j = u,d, s; J =V, A):

i/fmwmmmumwmm

= (~¢" @+ ¢"¢" ) () + ¢TI (). (4)

The factor Sgw = 1.0201 + 0.0003 contains the renorm-
alization-group-improved electroweak correction, includ-
ing a next-to-leading-order resummation of large
logarithms [32-34].

Since nonstrange hadronic 7 decay data can be separated
into the V and A channels, identifying the invariant mass
and spin of the final hadronic system, we have experimental

access to the different spectral functions piQ s(8)=

%ImHEfd)‘ j(s), with J =0, 1. From now on, we will use
the updated ALEPH nonstrange spectral functions

0+1
Pide}A(S) [20].
On the other side, the theoretical correlators' IT;, /a(s) =

HE{]L;?} 4(s) are predicted by QCD for large Euclidean

momenta through their operator product expansion
(OPE) [35]:

MO (s==0%) = — e 3 Cpyya(@2)(O(w)

2\D/2
D (Q) / dimO=D

OD,V A
= o

Although the OPE of the correlators is not valid at low
Minkowskian momenta, the region where we have exper-
imental data, their known analytic structure can be used to
relate both regions. Since they are analytic functions in all
the complex plane, except for a cut in the positive real axis,
the integral along the circuit shown in Fig. 1 must be zero,
so that [10,11,13]

"The ud subscript and the (1 + 0) superscript will be omitted
from now on.
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50 ds
A4 (s0) E/ 5 @(s)ImITy 4 (s)
Sth

i% ds
|s|=so SO

where w(s) is any weight function analytic inside the
circuit, sy, is the hadronic mass-squared threshold, and the
complex integral in the right-hand side runs counterclock-
wise around the circle |s| = s,.

While experimental data can be used in the left-hand side
of Eq. (6), in the right-hand side we can use the analytic
continuation of the OPE of the correlator, which is valid for
values of s, large enough except, as said above, in the
positive real axis. Differences between the physical values
of the A§) /A (s0) integrals and their OPE approximations are

@(s)My 4(s), (6)

known as quark-hadron duality violations [36-43]. They
are minimized by taking “pinched” weight functions
[10,11] which vanish at s = s, suppressing in this way
the contributions from the region near the real axis to the
integral in the right-hand side of Eq. (6).

With the weight functions appearing in Eq. (2), the
purely perturbative contribution dominates the theoretical
prediction for R, [10], making possible to perform a rather
clean measurement of a,. However, the quantitative esti-
mate of the small nonperturbative corrections is far from
trivial and necessarily involves the analysis of additional
weighted integrals, more sensitive to power corrections.
The choice of an optimal set of weight functions, allowing
for a reliable estimate of the nonperturbative OPE correc-
tions to R, without introducing background noise from
unwanted effects such as duality violations, may become
challenging.

A. Perturbative contribution
The main contribution to Ay, 4(50) comes from the

perturbative part A“(s,), which for massless quarks is
identical for the vector and the axial-vector correlators, due
to chiral symmetry. It can be extracted from the renorm-
alization-scale-invariant Adler function [44]:

dHP
K, (
ds 4752 Z )

a,(s)/x satisfies the renormalization-group

(7)

where a,(s) =
equation:

sda

st (8)

The perturbative coefficients K, = K,(£ = 1) are known
up to n <4. For Ny = 3 flavors, one has K, = K| =1,
K, = 163982, KYS =6.37101 and KIS =49.07570
[12,45-49]. The homogeneous renormalization-group
equation satisfied by the Adler function determines the
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corresponding scale-dependent parameters I~(,,(§) [13,50].
Although the dependence on the renormalization scale
cancels exactly in the infinite sum, the truncation to a finite
perturbative order leads to a scale dependence from the
missing higher-order terms, which must be taken into
account when estimating perturbative uncertainties.
Integrating by parts Eq. (6), we can rewrite A" (s() in
terms of the Adler function:
i

AP (s,) = ﬂvﬁm>wmww<w

230

with W(s fo ds'w(s’). Introducing Eq. (7) in Eq. (9) and
parametnzmg the circumference as s = —sye'”, one gets

s ) [ W)

= W(so)las (&se™).

AP (s59) =
(10)

The contour integral on the right-hand side only depends on
a,(£25s). The integration can be performed, either truncat-
ing the integrand to a fixed perturbative order in a,(&2s,)
(fixed-order perturbation theory, FOPT) [10], or solving
exactly the differential p-function equation in the
Pusn,, = 0 approximation (contour-improved perturbation
theory, CIPT) [13,14]. This second procedure should be
preferred, as it sums big corrections arising for large values
of ||, due to the long running of a?(£2s¢e’?) along the
contour integration [13]. Taking n,,,x = 1, 2, 3, 4, one easily
checks that CIPT leads to a fast perturbative convergence for
the integrals and the numerical results are stable under
changes of the renormalization scale [13,51]. On the other
side, the slow convergence of the FOPT series leads to a
much larger renormalization-scale dependence.

Since perturbation theory is known to be at best an
asymptotic series, it has been argued that, in the asymptotic
large-n regime, the expected renormalonic behavior of the
K, coefficients could induce cancellations with the running
corrections, which would be missed by CIPT. This happens
actually in the large-#, limit, which however does not
approximate well the known K, coefficients (it predicts an
alternating series) [52—54]. Models of higher-order correc-
tions with this behavior have been advocated [55,56], but
the results are model dependent [57,58]. The implications
of a renormalonic behavior have been also studied using an
optimal conformal mapping in the Borel plane and properly
implementing the CIPT procedure within the Borel trans-
form. Assuming that the known fourth-order Adler series is
already dominated by the lowest ultraviolet (1 = —1) and
infrared (u = 2, 3) renormalons, the conformal mapping
generates a full series of higher-order coefficients which
result, after Borel summation, in a perturbative correction
which is numerically close to the naive FOPT result
[59-63].
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For a fixed value of a,(m?), FOPT predicts a slightly
larger perturbative contribution to R, than CIPT. Therefore,
it leads to a smaller fitted value of a,(m?). In the absence of
a better understanding of higher-order perturbative correc-
tions, we will perform all our analyses with both proce-
dures. Within a given perturbative approach, either CIPT or
FOPT, we will estimate the perturbative uncertainty varying
the renormalization scale in the interval & € (0.5,2).
Additionally, we will truncate the perturbative series at
n = 5, taking K5 = 275 400 [18] as an educated guess of
the maximal range of variation of the unknown fifth-order
contribution. These two sources of theoretical uncertainty
will be combined quadratically.

In order to give a combined determination for the strong
coupling, we will finally average the CIPT and FOPT
results. Since the previously estimated perturbative uncer-
tainties do not fully account for the difference between
these two prescriptions, we will conservatively assess the
final error adding in quadrature half the difference between
the CIPT and FOPT values to the smallest of the CIPT and
FOPT errors. We want to emphasize that the perturbative
errors are at present the largest source of uncertainty in the
determination of the strong coupling from 7 decays.

B. Nonperturbative contribution

Since OPE corrections are going to be small, we can
safely neglect the logarithmic dependence on s of the
Wilson coefficients Cp y /4, appearing in Eq. (5), so that
Op,v/a 1s an effective s-independent vacuum condensate of
dimension D. To simplify notation, together with the
genuine nonperturbative contributions which have
D >4, we include also in the sum the inverse-power
corrections of pure perturbative origin, induced by the
finite quark masses, which give tiny contributions to R,
smaller than 107* [10,50,64].

The lowest-dimensional vacuum condensate contribu-
tions are [10]

1 11
Osyja = D {1 18 }(a GG)
+36 - 23

#EE (4 maaa )
The size of the quark condensate is determined by chiral

symmetry to be [65-67]

((m, + my)gq) = —m2f2 ~—1.6 x 107+ GeV*
~—1.6 x 105 m? (12)

and, therefore, is not going to be very relevant in our
numerical analyses. The gluon condensate has been ana-
lyzed in many works [68], since its first phenomenological
estimate in Ref. [35], but unfortunately its numerical size is
still quite uncertain. As a conservative estimate, one can
quote the range [10]

PHYSICAL REVIEW D 94, 034027 (2016)
(a,GG) ~ (0.02 +0.01) GeV*

~ (1.7 £0.8) x 107 x (12m?), (13)
where in the last expression we have included the factor
1/12 in Eq. (11) to better appreciate its possible numerical
impact in the 7 hadronic width. As we are going to see next,
R, is insensitive to the D = 4 OPE contribution [69] and,
given the small numerical size of (13), the invariant-mass
distribution in z decays does not help much in pinning
down the gluon condensate.

Inserting Eq. (5) in Eq. (6), one finally gets the non-
perturbative contribution to AY

V/A"
ds a)
AwNP \%
ODVA
_ﬂza 1,D D/Z/ s (14)

where a_; p is the —1 coefficient of the Laurent expansion
of w(s = —sox)/xP/?:

—$0X) Za pX"TP/2, (15)

With the phase-space and spin-1 factors appearing in
Eq. (2),) the measured invariant-mass distribution in
hadronic 7 decays weights the II,/4(s) correlators with
the function w(x) = (1 —x)*(1+2x) =1—-3x> + 2x°.
This implies that the inclusive hadronic width is only
sensitive to OPE corrections with D = 6 and 8, which are
strongly suppressed by the corresponding powers of the =
mass. Moreover, owing to its different chirality, the D = 6
contributions to the vector and axial-vector correlators are
expected to have opposite signs leading to a partial
cancellation in the V + A case [10]. Therefore, nonpertur-
bative corrections to the total hadronic decay width R, are
very suppressed, while perturbative contributions are of
O(20%). This is what makes R, such a clean observable to
measure the strong coupling. Note also that the factor (1 —
x)? in Eq. (2) naturally suppresses the contributions to the
contour integral from the region near the real axis (x ~ 1),
minimizing any possible uncertainties from duality-
violation effects.

In the next sections we will try to take advantage of the
measured invariant-mass distribution of the final hadrons in
order to increase the sensitivity to nonperturbative effects.
One can either use weight functions with the appropriate
powers of x to pin down a given dimension-D term in
the OPE, or lower the value of s, the upper end of the
integration range, to get a smaller suppression from the

*There is in addition a small correction from the sT1(®) (s) term,
which vanishes for massless quarks because the vector and axial-
vector currents are conserved in the chiral limit.
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OD/ * factor. Using nonpinched weight functions one can

also investigate violations of quark-hadron duality, but
paying the price of a weaker theoretical control since one
becomes sensitive to regions where the use of the OPE is
not justified.

ITI. DATA HANDLING

In this work we use the updated ALEPH invariant mass-
squared distributions [20], which incorporate an improved
unfolding of the measured mass spectra from detector
effects and correct some problems [70] in the correlations
between unfolded mass bins. The improved unfolding
brings an increased statistical uncertainty near the edges
of phase space. It has also reduced the number of bins in the
spectral distribution, as a larger bin size has been adopted.

From these distributions we can get the spectral func-
tions, using Eq. (2):

1ANV/A( 5i) 1dNE//A _B dRi V/A (s)
N As; “N ds “ ds

127 s \2
= —zBeSEW|Vud|2 <1 - —2>
m m

T T

2s
(1425 ) o), (16)
0
1 AN(V)A(S) 1dNy), . dR\), )
N  As; TN ds ¢ ds
127

:zBeSEW|Vud|2<1 m> Im Hi//)A( )
(17)

where B, is the ©~ — e~ D,v, branching ratio, AN g)/’z)(s,»)
the number of V/A events with J = 0, 1 in the bin centered
at s;, As; the corresponding bin size and N the total number
of events in the ALEPH data sample.

In the massless quark limit, the vector and axial-vector

currents are conserved which implies dN ( ) =0 and
A ( )/N = B,5(s — m2)ds, with B, = Br(«~ - 77 v,).
The nonzero contribution to the longitudinal axial

0.14 0.06
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distribution originates in the Goldstone nature of the pion
(m, = 0, for massless quarks), associated with the chiral
symmetry breaking of QCD.

Inserting Eqgs. (16) and (17) into Eq. (6), we get the
experimental values of the moments Ay, A(80):

As,
So— 0

Aps) = F Y S (s s). (18)
A3 = F 3 200 (6 s H sy,
S
LR <1 -m—i)_zB wi(m2,sy),  (19)
S0 mz
where
F = 1228w |V ual*B.]™! (20)
collects all normalization factors,
m?2 s;\ 2 25\ !
H(sg,s;) = . (1 _m_l,> (1 +m_é> (21)
and As is the bin width of the bin centered at s, — AZSO

In Fig. 2 we show the updated spectral functions
measured by the ALEPH collaboration [20]. Together with
the experimental data points, the figure shows the naive
parton-model expectations (horizontal green lines) and the
massless perturbative QCD predictions, using a,(m?) =
0.329 (blue lines). This comparison shows beautifully, how
the data approach the QCD predictions at the highest
available energy bins, without any obvious need for non-
perturbative corrections at s = m2. Resonance structures
are clearly visible at lower values of the hadronic invariant
mass, especially the prominent p(27) and a, (37) peaks, but
as s increases the opening of higher-multiplicity hadronic
thresholds results in much smoother inclusive distributions,
as expected from quark-hadron duality considerations [71].
The flattening of the spectral distribution is especially good
in the most inclusive channel, V + A, where perturbative
QCD seems to work even at s ~ 1.2 GeV?, a surprisingly
low value. The onset of the asymptotic perturbative QCD

0.18
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FIG. 2. ALEPH spectral functions for the V, A and V + A channels [20].
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behavior appears obviously later in the semi-inclusive V
and A distributions. In the vector case perturbative QCD
seems to work well above s~ 2 GeV2, while the axial
distribution, which is affected by the tail of the nearby a,
resonance, only flattens at higher values of s.

Unfortunately, the experimental uncertainties on the last
two (three in the axial distribution) experimental bins are
very large, precisely in the highest energy domain where
the short-distance QCD methods become more precise.
Additionally, the error correlations among the different bins
are quite large, which limits the amount of information that
can be extracted from current data.

IV. ALEPH DETERMINATION OF a,(m?)

The determination of Ref. [20] takes s, = m2, the
maximum energy for which we have data from 7 decays,
where the OPE is supposed to be a better approximation.
The weight functions chosen in this analysis have the
functional form:

|

ALEPH _ 4 ALEPH
AOO,V/A =A

PHYSICAL REVIEW D 94, 034027 (2016)

o= (-2 @) (43

with (k, 1) = {(0,0),(1,0),(1,1),(1,2),(1,3)}. All these
weights have at least a double zero at s = s, = m2, to
numerically suppress the contributions to the contour
integral from the region near the positive real axis, so that
duality-violation effects are minimized. The corresponding
moments are normalized with the moment (k, ) = (0,0),
in order to reduce experimental correlations and to incor-
porate in the V 4 A fit the more precise determination of
R;y.a with a universality-improved leptonic branching
ratio, subtracting the small contribution of final states with
nonzero strangeness.

From Eq. (14), we see that the moments

®,
Ayja

AALEPH —

KLV/A =
(m?) depend on the following free parameters:

00.V/A (ay Ogv/as Osvm),

ANIR = Alovia (g, (a,GG), Ogyas Ogyyas Orova)s

AN = AN (ay, (a,GG), Ogya. Ogyyas Orov/as Oravya)s

ALEPH __ 4ALEPH
A12,V/A = AIZ,V/A(
ALEPH __ 4 ALEPH
A13.V/A = A13,V/A<

Since every new moment adds at least one additional
unknown parameter to the previous ones, it seems that no
new information is introduced by adding them. This would
not be the case if, as it is assumed in Ref. [20], the contribution
of the condensates of dimension D > 8, A{STH[,~
7Op .y a/m?, is negligible. Assuming that, the fit becomes
possible and we obtain the results shown in Table I, in good
agreement with the ones obtained in Ref. [20].

Using the five moments in Eq. (23), we have fitted four
parameters: a,(m?), the gluon condensate, Oy and Os.

Table I gives the fitted results, separately for the V, A and

TABLE L

as, Ogyas Orov/as Oravyas Olavyas 016V/A)-

ds, OéV/A» OSV/A» OwV/m OlZV/As 014\//,4)»

(23)

|

V + A channels. Moreover, all analyses have been done
twice, using the two different treatments of the perturbative
QCD series, FOPT and CIPT. As expected, the values of
a,(m?) obtained with FOPT are systematically lower than
the CIPT results. All fits result in very precise values of the
strong coupling, while rather large errors are obtained for
the three vacuum condensates. This just reflects the high
sensitivity of the moments to a,, and the minor numerical
impact of the nonperturbative power corrections at

So = m2.

Fitted parameters from the V, A and V + A spectral functions, using the wy,(s) weight functions in

Eq. (22) with (k,1) = {(0,0), (1,0), (1,1),(1,2),(1,3)}. The results are given for two different treatments of the
perturbative contributions, FOPT and CIPT. The quoted uncertainties include experimental and theoretical errors.

Channel a,(m2) (a,GG) (1073 GeV*) Oy (1073 GeV©) Oy (1073 GeV?)
V (FOPT) 0.32870%03 811, ~3.2708 501407
V (CIPT) 0.35270017 -84 -3.5103 49103
A (FOPT) 0.304:0010 —1543 44707 -5.8%03
A (CIPT) 032010011 —2513 4.37902 -5.8%03
V + A (FOPT) 031910010 -3%5 13508 -0.8:07
V + A (CIPT) 0.339-0011 -1613 0.9103 -1.0%07
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TABLE II.

PHYSICAL REVIEW D 94, 034027 (2016)

Fitted parameters from the V, A and V + A spectral functions, using the w,,;(s) weight functions in

Eq. (22) with (k. 1) = {(0.0). (1.0). (1. 1), (1.2). (1.3)}. but including Oy, in the fit. The quoted uncertainties

include experimental and theoretical errors.

Channel a;(m2)  (a,GG) (107 GeV*) O (1072 GeV®) O (1073 GeV8) Oy (1073 GeV'?)
V (FOPT) 0.3201001 10*7, —473 612 213
V (CIPT) 0.337109%0 —140 -5 612 -4+
A (FOPT) 0.347200% —31H¢ 143 —12+4 154
A (CIPT) 0.37320:5% ~50+18 1013 —1113 1447
V + A (FOPT) 0.333%0913 -840 7] -5t 12+4)2
V+A (CIPT) 035550018 —2310 55 -543 1018

As it was already observed in the pioneering experi-
mental determinations of o, (m?) [23], there is some tension
among the parameters fitted from different channels, which
may indicate underestimated uncertainties, either in the
experimental data or from nonperturbative effects not yet
included in the analysis, such as higher-dimensional con-
densate contributions or unaccounted duality violations. On
pure theoretical grounds [10], one expects the separate V
and A correlators to be more sensitive to higher-
dimensional OPE corrections than V + A. On the other
hand, the recent detailed analysis of the V — A two-point
function [43] suggests that violations of duality are indeed
very efficiently suppressed in pinched moments.

The uncertainties quoted in Table I have been estimated
as follows. First we do a direct fit to the data, ignoring
theoretical uncertainties, but taking into account all exper-
imental errors and correlations. The statistical quality of
these fits, as measured by their y*/d.o.f.., is better when the
CIPT approach is used. The vector channel gives quite
satisfactory fits (y?/d.o.f. = 0.4 and 0.8 for FOPT and
CIPT), while the axial one has a bad ?/d.o.f. ~ 4 for both
CIPT and FOPT, being worse in the last case. For V + A
one gets y?/d.o.f. = 2.4 (FOPT) and 1.7 (CIPT). While
these y? values do not have a real confidence-level meaning
(theoretical errors are not yet included), they do give some
indication about the relative quality of the different fits and
their expected sensitivity to missing contributions. We then
repeat all fits varying the renormalization scale and the
fifth-order Adler coefficient within their allowed ranges,
& €(0.5,2) and K5 = 275 £ 400, and use the variation of
the results to estimate the theoretical uncertainties.
Theoretical and experimental uncertainties are finally
combined in quadrature, giving the final errors indicated
in the table. One could instead use the results of the first fit
to estimate the theoretical covariance matrices and then
perform a full y*> minimization, including theoretical and
experimental errors together. We have checked that both
methods give consistent results, but the first one allows us
to better assess the nonlinear dependence with &2.

Since we have five moments in this fit, we have freedom
for fitting also the D = 10 condensate instead of simply

neglecting it. Incorporating O, in the global fit, we obtain
the results shown in Table II. Obviously, we can no longer
estimate the fit quality since there are now as many fitted
parameters as moments, but we can still evaluate the
statistical errors through the y? function. One observes
that introducing a new degree of freedom results in a sizable
increase of the uncertainties of the fitted condensates. This
is not a surprise, given the large correlations present in the
data which strongly limit the amount of true information
that can be extracted. Adding more free parameters, one is
just artificially increasing their possible range of variation
by allowing correlated cancellations among them.
However, this also puts a word of caution on the reliability
of the different extracted parameters. Neglecting O, has an
important effect on the fitted value of Og which is forced to
reabsorb the missing higher-dimensional contributions.
Assuming a reasonable convergence of the OPE, the
induced uncertainty on Og and O, should be much smaller.
The strong coupling value turns out to be very stable in
all fits because it is basically determined by the lowest
moment (k, ) = (0,0), getting only small corrections from
Og and Og which are very suppressed by the corresponding
m7® and m® factors. The largest variation on the fitted a,
value occurs in the A channel, the one with the worse y2,
where the strong coupling increases sizably when allowing
for a nonzero O, contribution. The most reliable results
are the ones from the more inclusive V + A channel, which
has a smaller Og correction because there is a cancellation
between the V and A contributions [10], as corroborated by
the results shown in Tables I and I1.° If we take as reference
the V 4+ A value of Table I and we add quadratically the
difference with the V +A value of Table II, as a
conservative estimate of uncertainties for having neglected
the higher-dimensional condensates, we obtain
as(m?) T = 0.339100)7 2 0.020
= a,(m?) =0.329"0015.  (24)
a, (m?)*OFT = 0.3191001

’In the V + A channel the tables give the fitted values of the
sum Opy + Opa. The relevant correction is however the

average 1(Opy + Op.a).
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Fitted parameters from the V, A and V + A spectral functions, using the same weights as in Table I but

taking away the factor (1 + 2s/m?). The quoted uncertainties include experimental and theoretical errors.

Channel a,(m?) (a,GG) (1073 GeV*) 05 (1073 GeV®) O (1073 GeV®)
V (FOPT) 0.33120%6 -5, -2.413 24103

V (CIPT) 03560012 2217 -2.8702 2.147

A (FOPT) 0.30570:002 —5t4 3.9503 -3.2103

A (CIPT) 03200010 ~15+ 38504 -3.3103

V + A (FOPT) 031970010 -35 15553 —0.8703

V + A (CIPT) 0.338*0910 —1672 11792 -1.070¢

In order to quote a final value, we have averaged the CIPT
and FOPT results, keeping conservatively the minimum
uncertainty and adding quadratically half their difference as
an additional systematic error.

The sensitivity to the D = 4 OPE correction is very low
and, comparing the two tables, one observes a strong
correlation with the higher-dimensional corrections. The
fitted central values suggest an unphysical negative value
for the gluon condensate but the uncertainties are too large
to be significant. Applying the same procedure as before,
we get the averaged value:

<%GG> = (=9+19) x 1073 GeV*, (25)
T

which is consistent with zero and, taking into account the
large errors, still compatible with the usually quoted range
in Eq. (13).

To test the stability of these results, we have repeated all
fits taking away from the weight functions the factor
(1 +2s/m2) in Bq. (22). This eliminates the highest-
dimensional condensate contribution to each moment, at
the price of making Ay y/4 sensitive to the gluon con-
densate. Although one also loses the additional experimen-
tal information from the 7 lifetime, the new weights are less
sensitive to the higher energy range of the experimental
distribution which, as shown in Fig. 2, is poorly defined.

The fitted results for «, and the vacuum condensates,
obtained in this way, are shown in Tables III (taking
019 =0) and IV (including Oy, in the fit). They are in
complete agreement with the results of the previous fits,
given in Tables I and II. However, all y>/d.o.f. turn out now
to be smaller than one.

Thus, it appears that the quoted uncertainties take
properly into account any possible effects from missing
contributions. The central values of the fitted parameters
are very stable, especially the strong coupling, and the
sensitivity of ay, O, and Og to vacuum condensates with
D > 10 is indeed negligible. From the results in Tables III
and IV, applying the same procedure as before, we get the
averages:

a,(m?) =0.32910016,
o (2)rOFT 3100985 ) = 03200

(26)
and
<%GG> — (=10 £ 13) x 1073 GeV4.  (27)
T

These numbers are in excellent agreement with the pre-
vious determination in Eqgs. (24) and (25), performed with
the ALEPH moments, and the values obtained for a,(m?)
are even more accurate.

TABLE IV. Fitted parameters from the V, A and V + A spectral functions, using the same weights as in Table III
and including Oy, in the fit. The quoted uncertainties include experimental and theoretical errors.

Channel a;(m2)  (a,GG) (107 GeV*) O (1072 GeV®) O (1073 GeV8) Oy (1073 GeV'?)
V (FOPT) 0.31873985 10440 -517 65 —4112
V (CIPT) 0.336109%¢ —1+3 -517 651 —417
A (FOPT) 0.336109%% -391%2 941 —121)3 9118
A (CIPT) 0.36070:08+ —54188 8+ 1153 8113
V 4+ A (FOPT) 0.327:1093 -1343 4+l —6417 5H
V+A (CIPT) 034810040 —2674! 3+ -5118 447
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TABLE V. Values of the strong coupling extracted from a single A" (s,) moment of the V + A distribution, at

5o = 2.8 GeV?, neglecting all nonperturbative corrections.

Moment a,(m?) Moment a,(m?)

(n,m) FOPT CIPT (n,m) FOPT CIPT
(1,0) 0.315 0507 0.32710802 (2,0) 0.3111091 0.31470:033
(1,1 0.3191 091 0.34070500 2,1 0.3117 05} 0.3337055
(1,2) 0.3227 0508 0.34370912 2.2) 0.3167 0008 0.336 0500
(1,3) 032470011 03451001 2.3) 031870349 0.339-0011
(1,4) 0.326790! 0.34710013 (2.4) 0.319+9:009 0.3409011
(1,5) 0.327-901 0.3487 0013 (2.5) 0.32070008 0.341590%

V. OPTIMAL MOMENTS

The moments @y, (s) used in the previous analyses were
suggested in Ref. [11] as a way to minimize the large
statistical and systematic uncertainties of the initial LEP
data. All of them incorporate the kinematical factor mg(s),
present in Eq. (2), allowing for a direct use of the measured
invariant-mass distribution. This makes it unnecessary to
reconstruct the spectral functions, dividing the raw data by
(), which enhances the systematically and statistically
limited tail of the s distribution. On the negative side, these
moments involve higher-dimensional condensates and the
experimental precision deteriorates with increasing values
of k and/or I. Nowadays, since we have well-determined
and quite precise spectral functions,” based on the full LEP
data sample, it is possible to investigate whether there are
better moments, more suitable for a precise QCD analysis.

In order to reduce duality violations, we could consider
the simplest n-pinched weight functions

a)(n’())()() _ (1 _x)n _ Z(_l)k<n>xk’ (28)

=0 k

with x = s/5y. However, the moments generated by these
weights get nonperturbative corrections from all conden-
sates with dimension D <2(n+ 1). We would like to
become sensitive to the lowest-dimensional condensates
without too much contamination from higher-order terms in
the OPE. It is possible to build a family of weight functions
which project on one single condensate contribution, while
still having a zero at x = 1:

o (x) =1 —x"" = (1 —x) Zxk. (29)
=0

The corresponding moments are only sensitive t0 Oy (;,42).
As an intermediate case, the following weight functions

4Note, however, that the large uncertainties observed in the
higher-energy bins of the spectral functions in Fig. 2 originate in
the kinematical factor wg(s) which suppresses the end point of
the 7 decay distribution.

have a double pinch and generate moments with only two
condensate contributions, Oz(n +2) and Oy(,43y:

n

o®")(x) = (1 —x)? Z(k + 1)xk

k=0
=1=(n+2)x""" + (n+ Dx"*2. (30)

Notice that @®!)(x) = @y (x), the lowest moment used in
the ALEPH-like analysis.
Since every moment

n,m @nm so ds o
Ai//A)(SO) EAV(/A)(SO) = / gw( ) (s)ImITy 4 (s)
Sth
G1)

introduces a new condensate correction, it is not possible to
perform a fully complete fit of a, and some power
corrections only using a few single-pinched or doubly
pinched moments. Nevertheless, one can still make some
approximations and a few consistency tests, which we
attempt next.

A. OPE corrections neglected

Neglecting all OPE corrections, one can directly extract
a,(m?) from a single A" (s,) moment. Comparing the
values extracted with different choices of (n, m), one can
then assess the size of the neglected contributions. For
instance, A(®%)(s,) does not get any OPE correction, but it
is not protected against duality-violation effects. On the
other extreme, A(>?)(s) is well protected by a double pinch
and gets inverse power corrections with D = 10 and 12.

Since we are going to test also some nonpinched
weights, we take s, = 2.8 GeV? as reference point, so
that we avoid the problems associated with the last two
experimental bins. The results of this exercise are shown in
Table V, for all A" (s;) moments of the V + A distribu-
tion with n =1, 2 and 0 < m < 5. In all cases, the fitted
values are well within the error ranges of our determina-
tions in Eq. (24). Notice the good stability displayed by the
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TABLE VI. Global fit to the A (s,) moments with 0 < n < 3, taking Oy = 0.

Channel a,(m?) (a,GG) (1073 GeV*) Og (1073 GeV®)
V (FOPT) 0.31000¢ 1, -3.8%0%

V (CIPT) 032819011 247 41494

A (FOPT) 0.328+994 -28%3, 5847

A (CIPT) 035210912 4178 53105

V + A (FOPT) 0.319+0010 -7 204

V + A (CIPT) 034010011 —18*¢ 12503
TABLE VIL.  Global fit to the A?"™ (sy) moments with 1 < m <5, taking O}, = Oy = O} = 0.

Channel a,(m?) Og (1073 GeV) Oy (1073 GeV?®) Oy (1073 GeV'0)
V (FOPT) 0.315+0011 —5.2108 6.7592 —4.5504

V (CIPT) 0.334+0012 -5.31503 6.7204 —4.615%

A (FOPT) 0.318+0011 6.5109 ~7.6103 49103

A (CIPT) 0.338:0013 6.3+03 ~7.750% 48107

V + A (FOPT) 0.317-302 1351 -0.9707 0.370%

V + A (CIPT) 0.3361091 0.9+04 —0.9102 0.1:03

results from the moments (2,m >2), suggesting that
condensates with D > 6 play indeed a very minor role.
A similar behavior is observed in the moments (1,m)
which, however, result in slightly larger values of the strong
coupling for all values of the parameter m.

A clean test of the magnitude of duality violation effects
is provided by the A(®%)(s,) moment, where OPE correc-
tions are absent. One finds in this case a,(m?)FT =
0.35270923 and a,(m?2)FOPT = 0.33370:0%¢, in agreement
with Eq. (24) even being a nonprotected moment.

B. Combined fit to A" (s,) moments

Using all A0 (s,) moments with n <N, one can
determine a,(m7) and Opcoy. neglecting the Oy, 1)
contribution to the last moment. The strong coupling is
mostly affected by the nonprotected (0,0) moment,

although the effects of duality violation get modulated
by the higher moments which do have pinching protection.
We show in Table VI the results from global fits to the
(n,0) moments with 0 < n < 3, taking Og = 0. Again, the
agreement with Eq. (24) is remarkable.

C. Combined fit to A>™ (m2) moments

From the moments A>") (m?2) with 1 < m < N, one can
determine a,(m?) and Opy(y1). neglecting the Oy (v o)
and Oy(y.3) contributions to the last two moments. In this
case, the whole set of selected moments is well protected
from duality violation effects by a double pinch. The results
obtained with N = 5 are shown in Tables VII and VIII. The
first one is a global fit, assuming O}, = 014 = O = 0,
while Table VIII only assumes O4 = O = 0 and has
then as many fitted parameters as moments.

TABLE VIIL.  Global fit to the A" (s,) moments with 1 < m <5, taking O, = Q4 = 0.

Channel ag(m?)  Og (1072 GeV®) O (1073 GeV®) Oy (1072 GeV'?) Oy, (1073 GeV'?)
V (FOPT) 0.31870015 -55 6'; -3 -2
V (CIPT) 0.336 0017 -5 653 —41 -1
A (FOPT) 0.339-0018 11+ —15%3 165 ~1178
A (CIPT) 0.364992 1012 —14%3 1447 —9+7
V +A (FOPT) 032970917 6% -9 13412 —-1277,
V+A (CIPT)  0.3497001¢ 473 -81¢ 1078 -1078
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Since the previous tests suggested that the neglected
higher-dimensional condensates do not play any significant
role on the fitted value of the strong coupling, the results of
these fits should be very reliable, especially in the V + A
case. Of course, adding one more parameter to the fit allows
for a wider range of variation, increasing the fitted errors,
which explains the differences between the two tables. The
small sensitivity to the vacuum condensates is reflected in
their large statistical uncertainties, especially in Table VIII.
Their fitted values agree with the results quoted in Tables I
and II. On the other side, the determinations of the strong
coupling are quite precise and in excellent agreement with
the fits performed in Sec. I'V. Notice the very good stability
displayed in Table VII, where similar central values for
a,(m?) are obtained from the V, A and V + A channels.

Taking again as reference the results from the V + A fits
in Table VII, and adding quadratically the differences
between the two tables, as a conservative estimate of the
uncertainties from neglected higher-dimensional conden-
sates, we get
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g (m?)PT =0.3361 0018

= a,(m?) = 032610918,
a,(m2)FOPT = 031740013 o010

(32)

Once more, we get results in perfect agreement with the
values of the strong coupling obtained in Eqgs. (24) and (26).
Given the different sensitivity to higher-dimensional con-
densates of the moments used in each approach, and the many
tests we have performed showing the negligible numerical
impact of higher-order power corrections, our determination
of a,(m?) appears to be very solid and much more stable than
what one could expect from the quoted uncertainties,
indicating that our errors are indeed conservative.

VI. INCLUDING INFORMATION FROM
THE s, DEPENDENCE

Given the large relative uncertainties on the small power-
suppressed corrections, one would like to find additional
inputs to constrain the range of fitted parameters. One
possibility is to look at different values of s,. In Fig. 3 we
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FIG. 3. Dependence on s, of the experimental moments A% (s), associated to the pinched weight functions of Eq. (28), together
with their purely perturbative predictions calculated using the strong coupling obtained in the right-hand side of Eq. (24). Data points are

shown for the V (red), A (green) and %(V + A) (blue) channels.
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plot as a function of s, the experimental moments Perturbation theory appears to reproduce well the data at
A"0)(s.), associated with the simplest n-pinched weight  large values of s ~ mz, without any clear need for sizable
functions in Eq. (28), for the V, A and 1 (V + A) channels, ~ power corrections, except perhaps in A£,3 ’0)(s0). Notice the
together with the perturbative part of A"9(s,) predicted ~ excellent agreement obtained for the V +A channel of
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FIG. 4. Dependence on s, of the perturbative contributions to the moments A2 (sy), A (s,) and A2 (), constructed with the
doubly pinched weight functions in Eq. (30), calculated in FOPT (left panels) and CIPT (right panels) at several loop approximations.
The filled areas correspond to a,(m?) = 0.32975:0%0.
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contribution is known to be negligible. The agreement with
perturbation theory extends to quite low values of s, even
if this is the moment most exposed to duality violations,
suggesting that duality-violation uncertainties are indeed
within the quoted errors of a,(m?). The moment A0 (s),
which can only get corrections from O,, shows above sq ~
2 GeV? a surprisingly good agreement with its pure
perturbative prediction in all channels (V, A and V + A).
In spite of being only protected by a single pinch factor, the
data points for this moment closely follow the central
values predicted by CIPT. In that energy range both, duality
violations and D = 4 power corrections, appear to be too
small to become numerically visible within the much larger
perturbative uncertainties covering the shaded areas of the
figure. The higher moments A9 (s,) and AG9)(s,) are
slightly more sensitive to nonperturbative corrections. The
different curves seem to prefer a power correction with
different signs for the V and A distributions, which cancels
to a good extent in V + A. This fits nicely with the expected

PHYSICAL REVIEW D 94, 034027 (2016)

Og v/ contribution. However, in the moment A% (s,), the
merging of the V, A and V 4+ A curves above s)~
2.2 GeV? suggests a very tiny numerical effect from this
source in the high-energy range. Only the moment
A(3*0>(so) appears to have still some sensitivity to power
corrections at s, ~ m2.

In order to better assess the dominant perturbative errors,
we present in Fig. 4, as a function of s(, the perturbative
predictions for the doubly pinched moments A)(s,),
ARV (s50) and A2 (s,), at different loop approximations
within FOPT (left) and CIPT (right), with the same value of
a,(m?) given above. Note that the &) contribution is just an
educated guess estimate, taking for the fifth-order Adler
coefficient the value K5 = 275. For the known perturbative
orders, CIPT seems to present a better convergence.
Additionally, we observe a slightly better perturbative
behavior for the two moments which are independent of
the (O, condensate, in agreement with the models
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FIG. 5. Parameters fitted in CIPT with the moment A (s,), as a function of the starting s, value of the fit, §.

034027-13



ANTONIO PICH and ANTONIO RODRIGUEZ-SANCHEZ

considered in Ref. [56]. However, new coefficients of the
Adler function would be needed to extract any reliable
conclusions. Moreover, a moment with a better perturbative
behavior is not necessarily the best one to determine the
strong coupling, since the sensitivity of the moments to
a,(m?) plays a crucial role too.

Naively, the pinched moments seem suitable for per-
forming phenomenological fits. However, as it was already
observed long time ago in Ref. [11], a fit of the s,
dependence turns out to be nearly equivalent to a direct
fit of the spectral function p(sy) = ImIl(s,), a quantity
which cannot be described rigorously with the OPE. This is
immediately seen, studying the derivative with respect to
the moment end point sy. For the simpler n-pinched
moments A% (s,), one finds

d
SOEA('Z’O)(SO) = 8,0mp(s0) + nA10) ()
0

— (n 4+ 1)A™O) (50). (33)

Thus, if we make a fit of consecutive s, points, we are
removing pinches; i.e., the only new experimental infor-
mation we get adding A("’O)(so + Asg) to a fit with
A9 (50) is the same integral with one pinch less. After
adding n s, bins, we are just testing p(sg). A fit with m s
points of the moment A9 (s,) is going to be equivalent to
a fit with

{AO(59), AU (50), ..., AL (50), p(50),
p(so + Asg),...,p(so + (m—n—2)Asy)}.  (34)

Thus, we are directly using information about the local
structure of the spectral function.

Not surprisingly, the functional dependence of the
moments with s, manifests the violations of quark-hadron
duality which are obviously present in the physical had-
ronic spectrum. Once this is properly understood, an
analysis of the s, dependence can nevertheless provide
enlightening information on the relevance of duality
violation in different energy regimes. With this caveat in

PHYSICAL REVIEW D 94, 034027 (2016)

mind, we study next the doubly pinched moments
AR (50), AP (s5) and A??)(s,), making different fits
with the nine available bins above s, = 2 GeV?. In order to
avoid too large data correlations, we will restrict every fit to
just one moment A" (s,), with three free parameters:
as(m%), OQ(erZ) and 02(m+3>.

In Fig. 5 we plot the values of the three parameters fitted
in CIPT with the moment A0 (sy) (very similar con-
clusions are obtained with FOPT and for the other
moments) as a function of the starting s, value of the
fit, ¢, for the V, A and V + A channels. The points with
error bars shown at a given value of §, represent the results
of the fit using only the values of the moments at sq > $,
i.e., at the bins above §,. Since we need to fit three
parameters, four points at least are needed. Thus, the
highest value §, = 2.6 GeV? gives the results of a fit to
the last four s, bins, while for the lowest value 5, =
2.0 GeV? the nine bins are included in the fit.

As expected, the figure shows a strong dependence on §,
in the V and A channels, as well as completely incompatible
values for a;(m?) and (% GG) in the lower §, range, where
local duality has been assumed. However, when we go to
higher values of 3, the V and A fitted parameters start to
converge towards the much more stable V + A results. The
stability of the V + A fit in the whole range of §, values
analyzed is quite surprising. Duality-violation effects are
present (we are sensitive to the spectral function itself) and
clearly manifest in the V and A plotted points, but their size
seems to be quite suppressed in the more inclusive V + A
distribution. This qualitative behavior is easily understood
looking at the experimental spectral functions in Fig. 2 and
observing the flattening of the highest energy points in the
V + A curve, with a clear compensation of the vector and
axial-vector departures from local duality.

Ignoring completely any possible effects from violations
of duality, a direct fit of the V + A moments for the nine
available points above s, =2 GeV? gives the results
shown in Table IX. Each horizontal line corresponds to
the fit of a single moment AX (50) (k =0, 1, 2), either

TABLE IX. Fitted results in the V + A channel, using the weight functions of Eq. (30) and ignoring duality-
violation effects. The value given for the D = 4 condensate refers to (= GG). The quoted uncertainties include

experimental and perturbative errors.

Moment  Method a,(m?) Lower-D condensate (1073 GeV?)  Higher-D condensate (1073 GeV?)
A9 (sy)  FOPT  0.3317092 -91? —-473

ARO(ss)  CIPT  0.333%005 —11%] 0+1

AZD(sy)  FOPT  0.32270:32 0+2

ACD(sy)  CIPT  0.3347004 0+1 2+2

A2 (sy)  FOPT  0.31970:9% -21 -1

AP2(sy)  CIPT  0.33470%0 242 -5+4
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with FOPT or CIPT. The fitted values are in good agree-
ment with the ones obtained before in Tables I and II, for
the same channel. The sensitivity to the power corrections
turns out to be very bad, being all fitted results compatible
with zero. On the other side, one obtains very stable values
for the strong coupling with moderate errors. The CIPT
result is amazingly stable with the three moments
giving practically the same value a,(m?)FT =
0.335 +0.010, while a weighted average of the three
FOPT results (keeping the smallest error) translates into
a,(m2)FOPT = (0.323 + 0.008. However, all these fits have
a very low quality (2. /d.o.f.), indicating the presence of
the neglected duality-violation effects. Adding quadrati-
cally half of the difference between the maximum and
minimum values of a,(m?) given in Fig. 5 for this channel,
as an estimate of duality-violation uncertainties, one gets

CIPT — (.335 £ 0.014

0.323 £0.012

ay(m3)

JroPT _ 2) =0.329 £ 0.013.

— a,(m
a(m;

(35)

VII. MODELING DUALITY VIOLATIONS

In order to study violations of duality, Refs. [27-29]
parametrize the differences between the physical spectral
functions and their OPE approximations with the following
ansatz:

ApV/A( 5) = e~ Ovatrvias) sin (ay/a + Pvyas),

S>3'0.

(36)

Although it is theoretically well motivated, this functional
form cannot be derived from first principles, which
unavoidably introduces some model dependence in their
analyses. This combination of an oscillatory function with
an exponential damping is assumed to describe the falloff
of duality violations at very high energies. However,
nobody really knows from which §, value this could start
to be a valid approximation.

Having a model for the spectral function, to be fitted to
data, one can then estimate the duality-violation correction
to Eq. (6) through the identity [36,40,43,72]

j ds
AA®DV — i]{

ds
=-7
so S0

The strategy adopted in Refs. [27-29] consists in making
a global fit to the s, dependence of the moments AY, 4(50)s

@(s){Ty 4 (s) = TV (s)}

(s )ApV/A< 5). (37)

in order to fit a;(m?), the vacuum condensates and the eight
spectral function parameters in Eq. (36), assuming the
ansatz to be valid above §, ~ 1.55 GeV?. Since there are far
too many parameters to get a reasonable fit to the highly

PHYSICAL REVIEW D 94, 034027 (2016)

correlated z data sample, Ref. [29] concentrates in the
Aiﬁ)/g) (s¢) moment, which does not receive OPE corrections

and is, moreover, very exposed to duality violation effects
because it is not protected by any pinch factor. The problem
with this type of strategy was already analyzed in the

previous section. A fit with n s, points of the Ag)/’? (s0)
moment is equivalent to a fit of

(A (50).pv/a(50)s coepyalso + (n=2)Ase)}.  (38)

so that n — 1 of the n fitted points are dedicated just to fit
the spectral function. Once py 4(s) has been fitted, the
ensuing sy-stability of the moments in the fitted region is
just a direct consequence of the five-parameters fit, not a
test of the model as incorrectly claimed in Refs. [27—29].5

The A channel is not useful to determine «, with this
strategy. As shown in Fig. 2, the tail of the a;(37)
resonance extends to quite high values of s, which ques-
tions the use of the ansatz (36) except at the highest energy
bins where the large experimental errors make the whole
game useless. Even if one insists on imposing the model
from 5, = 1.55 GeV?, the larger experimental errors of the
axial spectral function in §, < s, < m2 do not allow us to
obtain new information about a,(m?2). Thus, the strong
coupling is finally extracted from a fit to the s, dependence

of Agm) (s9), with five parameters: 8y, yy, ay, fy and
a,(m?), taking 3, = 1.55 GeV?2.

Following the same strategy as Refs. [27-29], we have
performed a fit to the s, dependence of Ag]'o) (s9), above
some minimum value §y. The results of this exercise are
presented in Fig. 6, using FOPT to handle the perturbative
series [the same conclusions, with correspondingly larger
values of a;(m?), are obtained in the CIPT case]. The left
panel shows, as a function of 3§, the value of a,(m?)
extracted from a fit to all sy bins with s, > 5§, while the
right panel gives the associated p-values of the different fits.
Our results are very similar to the ones obtained in Ref. [29]

The fact that py_j(s) Epfif‘g)(s) —pgtld_t?)(s) satisfies ap-
proximately the Weinberg sum rules (WSRs) [73] is only a
consequence of the fit, of the fact that duality violations are
exponentially suppressed and that they are already satisfied in
5o = 2.8 GeV?, the last point with large-enough experimental
resolution:

S0 2.8 GeV? )
A dspy_a(s) +/ dspy_a(s) +/2 dspy_x(s) =0.
50

8 GeV?

Experimental data pv_a(s)fitted with data ~0

(39)

The same result would be obtained with any sensible model that
fits well the spectral function and whose duality violations are
small for s, > 2.8 GeV>.
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FIG. 6. FOPT determination of a,(m?) from the s, dependence of Ag)'o) (s0), fitting all 54 bins with sy > 3, as a function of §;, using

the approach of Ref. [29].

(small differences, much lower than the uncertainties, could
have arisen from the different handling).

One immediately notices the very poor statistical quality
of these fits, with very low p-values in all cases. In
Ref. [29], the value §, = 1.55 GeV? is chosen to perform
the a; determination because it has the larger (although still
small) p-value, but this is a completely ad hoc assumption
which is difficult to justify. If the model were reliable, it
should work better at higher hadronic invariant masses.
However, the p-value becomes worse when we go to higher
values of 5, and significant deviations from the model are
observed. Additionally, the fitted values of a,(m?) do not
present the stability one should expect. Fluctuations of the
order of 1o are observed, just removing one of the ~20
points included in the fit. On the other hand, if the model is
valid from sy~ 1.55 GeV?, one should expect a soft
convergence to it in the left s,-side, especially taking into
account that we are still relatively far from the p resonance.
However, looking at Fig. 6 or at Fig. 5 of Ref. [29], it is
evident that the data deviate from the model dramatically
fast as soon as one moves away from the fitted area.

Reference [29] performs another fit, including the s,
dependence of the moments Ag,l’l)(so) and Ag,z'])(so), in
addition to A"V (s). AVV(s,) adds an additional
unknown theoretical parameter to the fit, Ogy,, while
Ai,z’l)(so) adds Ogy to the previous two moments.
However, since one has the relation

As As
AV (s0+ Asp) = zS_OOAS’”)(sO) + (1 - 3s—0()>A<V"‘>(s0)

(40)

adding {A}"" (s)[s0 > 5o} to the {AY (s0)[s0 > 5o} fit
only gives a new independent point, which is useful to fit

Ogy, but gives no new information about the other
parameters. The same is true when adding {Ag,2 ’1)(s0)|s0 >
So} to a fit with {40V (50), A"V (50)|s0 > S0} (in this
case with Ogy). Thus, from the 3N points in
{AY" (50). AP (s0). AV (s0) [0 > 5o} only N + 2 bring
independent information, leading to a highly correlated fit
with all kinds of numerical problems. In order to accom-
plish the y? minimization, in Ref. [29] a deformed fit
putting to zero the huge correlations among the moments is
made. However, this procedure is hiding the real problem.
One could just perform a much simpler fit, using the N + 2
independent points

(A (50). AP (50 + Asg). ... ALY (59 4+ (N = 1)As).
1,1 2.1
A (50), AT (50) ), (41)

which contain exactly the same experimental information.
Nevertheless, since the last two inputs include two new
unknown parameters, this fit would not bring additional
information on a;.

In conclusion, modeling duality violations does not seem
to be the best approach to reduce the possible weaknesses
in the a, determinations performed in Ref. [20]. The
theoretical basis is much weaker (the OPE cannot be
applied on the real axis), the statistical quality is poor,
and a dramatic model dependency is observed with
significant deviations from the assumed model arising as
soon as one moves slightly away from the fitted area. If
nevertheless, one insists in getting a numerical value from
our findings in Fig. 6, we could apply a pragmatic recipe
analogous to the one used in the previous section to derive
the determination in Eq. (35). Throwing away the last three
points in the figure, which have too large experimental
uncertainties to provide any useful information, we take an
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TABLE X. Fitted values of a;(m2), in FOPT, and the spectral function parameters, modifying the ansatz (36) with a power s" (GeV

units).

n a,(m?) 1) y a B p-value (%)
0 0.298 +0.010 3.6+0.5 0.6+03 -23+09 43+0.5 5.3

1 0.300 £0.012 33+0.5 1.1£03 -22+1.0 42+0.5 5.7

2 0.302 £ 0.011 2.94+0.5 1.6 0.3 -22+09 42405 6.0

4 0.306 £ 0.013 2.34+0.5 26+0.3 -19+09 41+0.5 6.6

8 0.314 +£0.015 1.0+0.5 46+03 -1.5+1.1 3.94+0.6 7.7
interval of 0.6 GeV? in the variable §,, i.e., power n, reinforcing our error estimate in (42). Worth

50 € [1.15,1.75] GeV?, to measure the fluctuations in
the fitted value of the strong coupling, and add half the
difference between the minimum and maximum values as a
theoretical uncertainty coming from the model dependence.
Quoting as central value (without any strong justification)
the determination at §, ~ 1.55 GeV?, as done in Ref. [29],
one would get in this way

a,(m2)CPT = 0.312 & 0.047

— a,(m?) = 0.302 &+ 0.032,
a,(m2)FOPT = 0.298 + 0.031 (mz)

(42)

which has much larger uncertainties than claimed in
Ref. [29] and is clearly not competitive with the values
derived previously with more solid methods.

One could play the same game assuming slightly differ-
ent ansitze. For instance one could multiply the functional
form (36) with a polynomial. We have repeated the exercise
multiplying the ansatz with a simple power s”, to avoid
increasing the number of parameters. Taking still the
“optimal” point at §, = 1.55 GeV? (and ignoring the
existing instabilities away from it), one finds significant
fluctuations in the fitted value of a,(m2) when varying the

0.06 . ; \
V ———
0
0.05 4 ]
8
0.04 F Tree |
% oosk m

1
0.02 - |
55
=23 ﬁzﬁlﬂﬁ}ﬂi g

0 I | |
1 1.5 2 2.5 3

s (GeV?)

FIG. 7. Vector spectral function py(s), fitted with the ansatz
(36) multiplied by a power s”, for different values of n = 0, 4, 8,
compared with the data points.

mentioning, we have found “better models” (higher p-
values) of the spectral function than the default “n = 0,”
and they provide significantly higher values of the strong
coupling. In Table X we illustrate a few examples of this
simple exercise, varying n between 0 and 8. One immedi-
ately appreciates the strong correlation between a,(m?2) and
the power n. The statistical quality of the fit improves with
growing values of n, while the exponential parameters Jy,
and yy adapt themselves to compensate the growing of the
ansatz spectral function at high values of s with the net
result of a smaller duality-violation correction. As the fit
quality improves, the central value of the fitted a,(m?)
approaches the result of the ALEPH-like fit in Eq. (24). The
slightly lower central value in Eq. (42) is then meaningless,
as the fit result is clearly model dependent.

Figure 7 compares the measured vector spectral function
with the fitted ansatz for n =0, 4 and 8. Although all
models reproduce well the spectral function in the fitted
region, they deviate very fast from the data below
1.55 GeV?, exhibiting a clear failure of the assumed ansatz.
As the power n increases, the fit quality slightly improves
and the ansatz slowly approaches the data at values of the
invariant mass below the fitted range.

VIII. AN ALTERNATIVE APPROACH

So far, we have been exploring different strategies
adopted in previous works, analyzing their advantages
and weaknesses. The standard approach followed in
Sec. IV appears to be on solid ground, once systematic
uncertainties are properly estimated. Higher-order conden-
sates and violations of duality are neglected, but the
numerical impact of these effects can be shown to be
small enough when appropriate pinched weight functions
are used. In particular, the more inclusive V + A channel
provides a very reliable determination of the strong
coupling, given in Eq. (24). The stability of this result
has been carefully studied in Secs. IV and V, using different
weights. In all cases, the fits provided consistent determi-
nations of a,(m?), in excellent agreement with (24).

The possibility to extract additional information on the
higher-dimensional vacuum condensates from the s,
dependence of the moments was investigated in Sec. VI.
It was shown there that varying s turns out to be equivalent
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to a fit of the measured hadronic distribution on the
physical region (the positive real axis), where the OPE
cannot be applied. Nevertheless, the fits performed with the
V + A spectral function exhibit a quite surprising stability,
suggesting that higher-order condensates and duality-
violation uncertainties are not large in this channel.
Taking the fluctuations with s, into account to conserva-
tively estimate the theoretical uncertainties, we finally
obtained a determination of a,(m?) from the s, depend-
ence, given in Eq. (35). The amazing agreement with (24)
suggests a much better behavior of perturbative QCD at low
invariant masses than naively expected. This had been
already noticed a long time ago in the pioneering analyses
of the s, dependence performed in Refs. [19,23,24,74,75].

To better appreciate this fact, we plot in Fig. 8, as a
function of sy, the results of fits to different Ay, ,(s)
moments, ignoring all nonperturbative effects. The differ-
ent curves correspond to the weight functions (1) (x) (top

panels) and o>")(x) (bottom panels), defined in Egs. (29)
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and (30), for {n =0,...,6} and {n =0,...,5}, respec-
tively. These pure perturbative determinations are shown
with the two alternative prescriptions for the a, expansion,
FOPT (left) and CIPT (right). The nonperturbative correc-
tions to these 13 different moments are completely differ-
ent, carrying a broad variety of inverse powers of s;:

(@)
1,n).NP " n-+4,
AV (s0) = (1) (43)
0

2.n),NP

A§/+/2 (SO)
@) (@)
— (—l)nﬂ{(}’l + 2) an:lr.;/JrA + (n + ]) 2n4r;6r,;/+A}.
So So
(44)

Therefore, one would expect a splitting among the different
moments for a given value of s, that should increase at
lower energies. This is however not seen in the figure,
which exhibits a quite surprising clustering of the different
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V + A determinations of a,(m?) from different moments, as a function of s, fitted ignoring all nonperturbative corrections.

The top panels show the results extracted from AU (sy) with {n =0, ...,6}, while the bottom panels correspond to A" (sy) with
{n=0,...,5}. FOPT fits are on the left and CIPT on the right. Only experimental uncertainties have been included.

034027-18



DETERMINATION OF THE QCD COUPLING FROM ALEPH

curves with a very similar dependence on s,. Clearly, the
OPE contributions are not the dominant feature behind the
slight s, dependence observed, which should be probably
ascribed to a duality-violation effect. The small difference
in normalization observed for the A% (s;) CIPT case
(k =0, 1) seems more related to perturbative uncertainties.
Notice that only the experimental errors have been shown
in the plots.

From this perturbative exercise one could perhaps
conclude that we have been too conservative when worry-
ing about possible uncertainties from higher-dimensional
condensate corrections, because their effects are not mani-
fest in the V + A analyses, with the current experimental
accuracy.

The situation seems to be different for the separate vector
and axial-vector channels, with more resonance structure in
their spectral functions which only flatten at higher values
of s, especially in the A case. The fitted results are less
stable and we have already seen in Fig. 3 a more clear
indication of a sizable power correction with D = 6, in
agreement with theoretical expectations. Nevertheless, in
the higher energy bins the power corrections seem to
decrease very fast, and the fitted results from both channels
tend to converge towards the more stable V + A values.

Duality violations appear to be more important in the
semi-inclusive V and A channels, except for the higher
energy bins. We can try to reduce these effects by adding an
exponential term to the weight functions. The same kind of
weights were used a long time ago in Refs. [35] to extract the

PHYSICAL REVIEW D 94, 034027 (2016)

pay the prize of enhancing the unknown high-energy
condensate contributions. Since they are smaller for the
A7) weights, we will take

(1,n)

wg " (x) = (1 = x")e=o, (45)

which give an OPE correction

’NP(SO) = ”Z

D

D
1,n) OD,V/A ai_l

S0D/2 (%_1)!

(
wa
AV/A

(-1 (3-1)

a™t! (g—n—Z

x{1+9(D—4—2n)

7

(46)

with 6(z) = 1 forz > 0 and zero otherwise. When a = 0 we
recover (43). Notice that the OPE corrections become
independent of n when a > 1, since all moments are equal
in that limit.

Owing to the exponential weight factor, all vacuum
condensates contribute to the moments. Therefore, if the
nonperturbative uncertainties are dominated by power
corrections, one should expect from Eq. (46) that a
determination of the strong coupling neglecting those terms
would become immediately more unstable under variations
of sy than in the a = 0 case, and that the splitting among
moments at a given value of s, would increase, before they
converge in the limit a — oo.

In Fig. 9 we show, as a function of s, the determinations

(1.n)
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FIG.9. CIPT determinations of a,(m?) Via

(s0), as a function of s, ignoring all nonperturbative corrections and

evaluated at a = 0 (left), 1 (center) and 2 (right). The top (bottom) panels correspond to the vector (axial-vector) distribution. Only

experimental uncertainties have been included.

034027-19



ANTONIO PICH and ANTONIO RODRIGUEZ-SANCHEZ

T T T T T 0 T
1 o
2
0.4} EJ E——
4
5
6 —eo——"
& 035+ . 4
i
|
i3] §
0.3 iIIIII ﬁiﬁ%ﬁxs 1
IIIIII §§§§§=:
i1
IIIII
025_ L 1 1 L 1 111 ]
0 0.5 1 15 2 2.5 3 3.5

PHYSICAL REVIEW D 94, 034027 (2016)

| | | | T —
1 N
il Y et
4
% s
~ - 0.35+ |
os
; z%ﬁ%é%g%%%%%g%%ﬁ%
0.3+ ) |
0.25+ |
0 0!5 i 1I.5 é 2!5 I3 3.5

(1)
FIG. 10. CIPT determinations of @, (m?2) from the moments A$/ 4 (50), at 5o = 2.8 GeV? and ignoring all nonperturbative corrections,
for different values of the Borel parameter a (V on the left and A on the right). Only experimental uncertainties are included.

moments (n =0,...,6), neglecting all nonperturbative
corrections. We show the results obtained with CIPT and
three different choices of a =0, 1, 2. Again, only exper-
imental uncertainties have been included in the plots.

It is evident from the panels that with a nonzero Borel
parameter a one gets more stable results, and the different
moments converge very soon when a is increased. This
indicates that, for these weight functions and for the plotted
ranges of s, and a, nonperturbative uncertainties are
probably more affected by duality-violation effects than
by power corrections. Of course, if one takes a too large,
higher-dimensional condensate corrections will become
dominant, and the extracted values of a,(m?) will depend
strongly on sy. We observe in Fig. 9 that this is actually
starting to happen in the V channel, at a ~ 2.

In Fig. 10, we plot the determinations of a,(m?) at a
fixed® value of so = 2.8 GeV?, as a function of the Borel
parameter a. We observe how in the region where the strong
coupling is stable, i.e., ‘il”;f ~ 0, there is a similar stability
range under variations of sy, for every moment. This
reinforces the idea that there exists a range of values of
a, large enough to minimize duality-violation effects and
not so large to get dominant condensate corrections, so that
it is the best region for determining a,(m?).

In order to extract a reliable value for the strong
coupling, using what we know, we start by taking as
reference the point s, = 2.8 GeV?. For every moment and
channel (V or A), we only accept values of a; in the stability
region of the Borel transform,7 1.e., those whose central

®We take this value as a reference point because it is the largest
invariant-mass bin with enough experimental resolution.

We have checked that results are not really different if we
remove this condition. This happens because the Borel-stable
region is very similar to the sy-stable one, for all moments at
every experimental channel, as one would expect if all non-
perturbative effects are indeed small in that Borel region.

values are within the experimental errors of the derivative-

zero point % = 0. For every value of a in that region, we

have an a,(m?) value. Its error is calculated adding

quadratically to the experimental error the perturbative
uncertainty, estimated varying K5 and the scale £ with the
same criteria as above, and the nonperturbative one,
calculated conservatively as the maximum value minus
the minimum one in the region s, € [2,2.8] GeV>. We
choose as the optimal value for every moment the one that
gives the minimum total error. Finally, we take as central
value of the seven moments the one closest to the average
and its error summed quadratically to half the difference
between the maximum and minimum a,(m?) value (as a
second nonperturbative uncertainty, more related with the
neglected vacuum condensates) to get a conservative
estimate of the total uncertainty. We obtain in this way:

2\V.CIPT _ +0.021
a,(mz) = 0.326 59>

2\A,CIPT _ +0.018
as(mr) ' - 0'325—0,014’
2\V,FOPT __ +0.015
on (m1> - 0'314—0.011 ’

a,(m?)AFOPT = 0.32070 . (47)
Thus, we find a very good consistency between the
determinations performed in the vector and axial-vector
channels. Taking the average of both experimental channels
and keeping the minimum error, we get finally

— a,(m2) =0.3210019.
o (m2yrorT o 317243 e = 02 o0t

(48)

One can play a similar game with the V 4+ A channel.
The resulting a,(m?) determinations are plotted in Figs. 11
and 12, as a function of sy and a, respectively. Since for
V + A one observes a slightly different behavior in FOPT
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and CIPT, the results of both perturbative approaches are
shown in the figures. Increasing the Borel parameter a does
not bring in this case any clear improvement in the stability
under s, (Fig. 11), because the duality-violation effects are
smaller for V + A. When we reduce the tiny duality-
violation effects, the condensate corrections could become
dominant. The different qualitative behavior observed in
Fig. 12 for FOPT and CIPT reflects the difficulties in
extracting conclusions with this method about the tiny
nonperturbative corrections in the V + A channel, within
the much larger perturbative uncertainties.

T T T T T 0 T
P
1+ = !
2 ———
0.4+ 3 i
4
5
6 ———e—H
<. 0351 .
cF:
J 111
;;;;ii§§§§¥§§;z;zz;;;;;:;;;:
0.3+ .
0.25F N
1 | 1 1 1 1

3.5

(1.n)
from the moments A}

FIG. 12. Determinations of a,(m?) Via

Applying the same method as in the separate vector and
axial-vector channels, in FOPT we can derive from these
plots a combined determination of the strong coupling in a
completely straightforward way. A little bit more care has

to be taken in CIPT because of the absence of a derivative-

. 2
zero point (M

5~ = 0) in Fig. 12. We can try two different
possibilities: either accept only the small stability region
in the separate V and A channels, or apply the method
without imposing that constraint. We find the same result
with both procedures. Our final results from the V + A

channel are

0 ———
1
2 ———
0.4+ 3 =
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0.25F J
| I | | | I
0 0.5 1 1.5 2 2.5 3 3.5

(s9), at s, = 2.8 GeV? and ignoring all nonperturbative corrections, for

different values of a (FOPT on the left and CIPT on the right). Only experimental uncertainties are included.
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ay (m?) 17T = 0.32805/3

a,(m2) =0.32370015 (49
a,(m2)FOPT = 0.318 7001 (mz) oo13.  (49)

in good agreement with (48).

IX. SUMMARY

We have presented a thorough numerical reanalysis of
the @, determination from z decay data, using the most
recent release of the experimental ALEPH data [20]. Our
main goal has been to achieve a quantitative assessment of
the role of nonperturbative effects, either from inverse-
power corrections or violations of duality. While these
corrections are known to be small [1,2,10,18], the current
level of O(a}) perturbative precision requires a careful
study of this type of contributions.

In order to be sensitive to nonperturbative effects, one
needs to go beyond the very clean R, ratio [10] and
investigate moments of the hadronic invariant-mass dis-
tribution in 7 decays [11]. Several strategies have been
advocated in previous works, with different advantages and
disadvantages. We have investigated all of them, trying to
uncover their potential hidden weaknesses and test the
stability of the obtained results under slight variations of the
assumed inputs. Moreover, we have put forward various
novel approaches which allow to study complementary
aspects of the problem.

Perturbative uncertainties from unknown higher-order
corrections dominate the final error of the a,(m?) deter-
mination, being at present the main limitation on the
achievable accuracy [1]. In particular, two different pre-
scriptions to handle the renormalization-group-improved
perturbative series, CIPT and FOPT, lead to systematic
differences on the extracted value of the strong coupling,
with a, (m?) slightly smaller in the FOPT case. While CIPT
resums very efficiently the known sources of large loga-
rithms [13,14], the more naive FOPT procedure has been
advocated to approach better the Borel-summed result if the
series is already asymptotic at O(af) [55,59]. In the
absence of a better understanding of the perturbative
behavior at higher orders, we have performed all our
analyses with the two prescriptions.
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In Table XI we summarize our determinations of a,(m?),
obtained with different methods from the V + A spectral
distribution. The numbers in the table are representative of
the various strategies that we have investigated, and all of
them have been corroborated with additional tests and
stability studies of the final numerical results. Overall, our
results exhibit a very consistent pattern, being the agree-
ment among them much better than what one should expect
from the quoted uncertainties.

Our first determination in Eq. (24), using the same
moments as in the standard ALEPH analysis, is in very
good agreement with the results of Ref. [20]. We have
increased the uncertainties to account for the potential
sensitivity to higher-order inverse-power corrections.
However, taking away the (1 + 2s/m?) factor from the
ALEPH weights (22), we found basically the same results
with smaller errors, as shown in (26). This suggests that our
error enlargement was too pessimistic. In any case, it
provides a very strong consistency check. Taking away
the (14 2s/m?) factor, one eliminates the highest-
dimensional contribution to each moment.

In Sec. V we have analyzed alternative families of
weights to better understand the potential role of different
types of nonperturbative corrections. The study of optimal
moments, which are only sensitive to particular condensate
dimensions, brings more light on the numerical size of
these effects. From a combined fit of five different A"
moments (1 <m <5), we have obtained the results in
Eq. (32), in perfect agreement with the previous determi-
nations. Similar values are obtained from the global fit of
A9 moments (0 < n < 3) in Table VL

Neglecting all nonperturbative effects, one can determine
the strong coupling with a single moment. The comparison
among results extracted from different moments provides
then a direct assessment on the missing contributions.
While the moment A" is sensitive to Os(m42) and
Or(my3)» A only gets corrections from Oy(ms2)- In

Table V we show the values of a,(m?2) extracted from 12
different moments with completely different sensitivity to
the neglected inverse power corrections. The good agree-
ment among them clearly indicates that vacuum condensate

TABLE XI. Summary of the most reliable determinations of a,(m?2), performed in the V + A channel.
a,(m2)

Method and Eq. No. CIPT FOPT Average

ALEPH moments (24) 0.33970912 0.3197017 0.329700%0

Modified ALEPH 0.338%0013 0.31919913 0.32979010
moments (26)

AZ™ moments (32) 0.3361001% 0.31719013 0.3261001%

s dependence (35) 0.335+0.014 0.323 £0.012 0.329 £ 0.013

Borel transform (49) 0.3287091

0.31870015 0.32370013
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corrections are very small in the V 4 A case. Moreover, for
all moments the fitted value of the strong coupling agrees
with the more solid determinations in Table XI which do
take nonperturbative effects properly into account.

A different handle to uncover signals of nonperturbative
dynamics is provided by the s, dependence of the
moments. This has been carefully studied in Sec. VI
Comparing the s, dependence of a few experimental
A9 (50) moments (0 < n < 3) with their values predicted
with perturbative QCD, one finds the results shown in
Fig. 3, where a,(m?2) has been fixed to the value in Eq. (24).
In spite of the fact that all nonperturbative contributions
have been neglected, the theoretical curves reproduce well
the data at large values of s, ~ m2. In the V + A distribution
the agreement extends to surprisingly low values of s,
especially for n» = 0 and 1. In particular, the data appear to
closely follow the CIPT predictions for A0 (s)) and
A0 (50), the moments most exposed to violations of
duality. These effects (and O, in the n = 1 case) appear
to be too small to become visible within the much larger
perturbative uncertainties. The higher moments seem to
indicate a more sizable D = 6 contribution, with opposite
signs for the V and A distributions, which cancels to a large
extent in V + A as expected theoretically. The different V,
A and V + A curves merge in the higher s, range,
suggesting a tiny numerical effect at s, ~ m2.

In Fig. 8 we show, as a function of s,, independent
determinations of a,(m?) extracted from 13 different
moments of the V 4 A distribution, ignoring all nonper-
turbative effects. The clear clustering of the different curves
is another strong indication that inverse power corrections
are small for V + A.

One can try to fit the strong coupling, together with the
appropriate power corrections, from the s, dependence of a
given moment. However, this is not really justified because
it turns out to be equivalent to a direct fit of the spectral
function, and the OPE is not valid in the physical real axis.
The functional dependence of the moments with s, should
necessarily manifest the violations of quark-hadron duality
which are present in the hadronic spectrum. This is seen in
Fig. 5 which shows the fitted parameters from the moment
AR0)(s4), as a function of §, the starting s, value of the fit.
There is a clear dependence on §, for the V and A
distributions, in the lower §, range, which however con-
verges to the more stable V + A results at higher values of
5¢- The stability of the extracted V + A values is surprising,
but it can be understood looking to the experimental
spectral function in Fig. 2 and observing the rapid flat-
tening of the V + A curve with increasing values of the
hadronic invariant mass, which manifests an evident
compensation of the vector and axial-vector departures
from local duality.

Ignoring duality-violation effects, but including in the
uncertainties the variations with §;, one gets from the
V + A data in Fig. 2 the values of a,(m?) given in Eq. (35).

PHYSICAL REVIEW D 94, 034027 (2016)

The agreement with the other determinations looks amaz-
ing. Obviously, the extraction from the s, dependence has a
much lower theoretical basis than the previous ones, since
local duality is needed. Nevertheless, it provides a good
consistency test of the negligible role of duality-violation
effects in the results quoted in Eqs. (24), (26) and (32).

In Sec. VII we have followed the strategy advocated in
Refs. [27-29], modeling duality violations through a
functional ansatz with several parameters which are directly
fitted to the physical spectral functions. Thus, one is
heavily relying on local duality which is a dangerous
assumption. A short-distance description in terms of quarks
and gluons cannot be applied on the physical cut where,
due to confinement, only color-singlet particles can be
produced [71]. While we are able to reproduce the
numerical results of Ref. [29], they turn out to be quite
unstable and have a very bad statistical quality. In spite of
the many caveats of this approach, one gets reasonable
values of the strong coupling, although the uncertainties on
the fitted parameters are much larger than the very
optimistic estimates claimed in Ref. [29]. Making small
changes in the assumed functional form of the ansatz one
finds very significant fluctuations in the fitted value of
a,(m?), which is highly correlated with the model param-
eters. One easily finds models of the spectral function
giving the central values for the strong coupling shown in
Table XI, and with much better statistical quality (y?, p-
value) than the model assumed in Ref. [29]. Therefore, this
determination is model dependent.

An alternative approach, based on Borel weights, has
been explored in Sec. VIIL. It has been shown there that the
exponential suppression of the weights allows one to find
stability regions in both s, and the Borel parameter a,
where it is possible to extract clean determinations of the
strong coupling from the separate vector and axial-vector
distributions, in very good agreement with the V + A
results shown in Table XI. Applying the same method in
the combined V + A channel one gets the results in
Eq. (49).

Our final conclusion is that the results quoted in Table XI
are very solid (except perhaps the one from the s
dependence). The overall agreement among determinations
extracted under very different assumptions clearly shows
their reliability and even indicates that our uncertainties are
probably too conservative. In order to quote combined
values, we can make a naive average, but taking
into account that the uncertainties are fully correlated.
We find

a,(m?)®T = 0.335 £ 0.013,
a,(m2)FOPT = (0.320 + 0.012. (50)
The same results are obtained irrespective or whether one

includes or not in the average the determination from the s
dependence of the moments in Eq. (35), exhibiting a very
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good numerical stability. Averaging the CIPT and FOPT
“averages” in Table XI, we quote as our final determination
of the strong coupling

a,(m2) = 0.328 +0.013. (51)

These results nicely agree with the value of the strong
coupling extracted from R, in Ref. [1].

After evolution up to the scale M, the strong coupling
decreases to

a7 (M%) = 0.1197 £ 0.0015, (52)

in excellent agreement with the direct measurement at the Z
peak from the Z hadronic width, a,(M%)=0.1197 +
0.0028 [4]. The comparison of these two determinations
provides a beautiful test of the predicted QCD running; i.e.
a very significant experimental verification of asymptotic
freedom:

(n;=5) (n;=5)
as’ T (MZ)] — s (M3)],
= 0.0000 £ 0.0015, £ 0.0028. (53)
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Improvements on the determination of a,(m?) from 7
decay data would require high-precision measurements of
the spectral functions, especially in the higher kinemati-
cally allowed energy bins. Both higher statistics and a good
control of experimental systematics are needed, which
could be possible at the forthcoming Belle-II experiment.
On the theoretical side, one needs an improved under-
standing of higher-order perturbative corrections.

ACKNOWLEDGMENTS

We want to thank Michel Davier, Andreas Hoecker,
Bogdan Malaescu, Changzheng Yuan and Zhiqing Zhang
for making publicly available the updated ALEPH spectral
functions, with all the necessary details about error corre-
lations. Our analysis would have not been possible without
all this precious information. This work has been supported
in part by the Spanish Government and ERDF funds from
the EU Commission [Grants No. FPA2014-53631-C2-1-P
and No. FPU14/02990], by the Spanish Centro de
Excelencia Severo Ochoa Programme [Grant No. SEV-
2014-0398] and by the Generalitat Valenciana [Prometeoll/
2013/007].

[1] A. Pich, Precision 7 physics, Prog. Part. Nucl. Phys. 75, 41
(2014).
[2] A. Pich, a; from hadronic 7z decays, in high-precision «;
measurements from LHC to FCC-ee, 2015, pp. 37-40.
[3] S. Alekhinet al., High-precision a, measurements from
LHC to FCC-ee, arXiv:1512.05194.
[4] K. A. Olive et al., Review of particle physics, Chin. Phys. C
38, 090001 (2014).
[5] A. Pich, Review of a, determinations, 2013, Proc. Sci.,
Confinement X2012 (2012) 022.
[6] A. Deur, S.J. Brodsky, and G. F. de Teramond, The QCD
running coupling, arXiv:1604.08082.
[7] S. Narison and A. Pich, QCD formulation of the = decay and
determination of Ay, Phys. Lett. B 211, 183 (1988).
[8] E. Braaten, QCD Predictions for the Decay of the 7 Lepton,
Phys. Rev. Lett. 60, 1606 (1988).
[9] E. Braaten, The perturbative QCD corrections to the ratio R
for = decay, Phys. Rev. D 39, 1458 (1989).
[10] E. Braaten, S. Narison, and A. Pich, QCD analysis of the z
hadronic width, Nucl. Phys. B373, 581 (1992).
[11] F. Le Diberder and A. Pich, Testing QCD with 7 decays,
Phys. Lett. B 289, 165 (1992).
[12] P. A. Baikov, K. G. Chetyrkin, and J. H. Kuhn, Order a‘s‘
QCD Corrections to Z and 7 Decays, Phys. Rev. Lett. 101,
012002 (2008).

[13] F. Le Diberder and A. Pich, The perturbative QCD pre-
diction to R, revisited, Phys. Lett. B 286, 147 (1992).

[14] A.A. Pivovarov, Renormalization group analysis of the 7
lepton decay within QCD, Yad. Fiz. 54, 1114 (1991)
[Z. Phys. C 53, 461 (1992)].

[15] D.J. Gross and FE. Wilczek, Ultraviolet Behavior of
Non-Abelian Gauge Theories, Phys. Rev. Lett. 30, 1343
(1973).

[16] H.D. Politzer, Reliable Perturbative Results for Strong
Interactions?, Phys. Rev. Lett. 30, 1346 (1973).

[17] S.R. Coleman and D.J. Gross, Price of Asymptotic
Freedom, Phys. Rev. Lett. 31, 851 (1973).

[18] A. Pich, 7 decay determination of the QCD coupling, in
Proceedings of the Workshop on Precision Measurements
of ay, pp. 18-19.

[19] S. Schael et al., Branching ratios and spectral functions of 7
decays: Final ALEPH measurements and physics implica-
tions, Phys. Rep. 421, 191 (2005).

[20] M. Davier, A. Hoecker, B. Malaescu, C.-Z. Yuan, and
Z. Zhang, Update of the ALEPH nonstrange spectral
functions from hadronic 7 decays, Eur. Phys. J. C 74,
2803 (2014).

[21] M. Davier, S. Descotes-Genon, A. Hocker, B. Malaescu,
and Z. Zhang, The determination of a, from 7 decays
revisited, Eur. Phys. J. C 56, 305 (2008).

034027-24


http://dx.doi.org/10.1016/j.ppnp.2013.11.002
http://dx.doi.org/10.1016/j.ppnp.2013.11.002
http://arXiv.org/abs/1512.05194
http://dx.doi.org/10.1088/1674-1137/38/9/090001
http://dx.doi.org/10.1088/1674-1137/38/9/090001
http://arXiv.org/abs/1604.08082
http://dx.doi.org/10.1016/0370-2693(88)90830-1
http://dx.doi.org/10.1103/PhysRevLett.60.1606
http://dx.doi.org/10.1103/PhysRevD.39.1458
http://dx.doi.org/10.1016/0550-3213(92)90267-F
http://dx.doi.org/10.1016/0370-2693(92)91380-R
http://dx.doi.org/10.1103/PhysRevLett.101.012002
http://dx.doi.org/10.1103/PhysRevLett.101.012002
http://dx.doi.org/10.1016/0370-2693(92)90172-Z
http://dx.doi.org/10.1007/BF01625906
http://dx.doi.org/10.1103/PhysRevLett.30.1343
http://dx.doi.org/10.1103/PhysRevLett.30.1343
http://dx.doi.org/10.1103/PhysRevLett.30.1346
http://dx.doi.org/10.1103/PhysRevLett.31.851
http://dx.doi.org/10.1016/j.physrep.2005.06.007
http://dx.doi.org/10.1140/epjc/s10052-014-2803-9
http://dx.doi.org/10.1140/epjc/s10052-014-2803-9
http://dx.doi.org/10.1140/epjc/s10052-008-0666-7

DETERMINATION OF THE QCD COUPLING FROM ALEPH ...

[22] M. Davier, A. Hoecker, and Z. Zhang, The physics of
hadronic 7 decays, Rev. Mod. Phys. 78, 1043 (2006).

[23] R. Barate et al., Measurement of the spectral functions of
axial-vector hadronic 7 decays and determination of a;(M?),
Eur. Phys. J. C 4, 409 (1998).

[24] D. Buskulic et al., Measurement of the strong coupling
constant using 7 decays, Phys. Lett. B 307, 209 (1993).

[25] K. Ackerstaff et al., Measurement of the strong coupling
constant a, and the vector and axial vector spectral functions
in hadronic 7 decays, Eur. Phys. J. C 7, 571 (1999).

[26] T. Coan et al., Measurement of a, from 7 decays, Phys. Lett.
B 356, 580 (1995).

[27] D. Boito, O. Cata, M. Golterman, M. Jamin, K. Maltman, J.
Osborne, and S. Peris, A new determination of a, from
hadronic 7 decays, Phys. Rev. D 84, 113006 (2011).

[28] D. Boito, M. Golterman, M. Jamin, A. Mahdavi,
K. Maltman, J. Osborne, and S. Peris, An updated determi-
nation of a; from 7 decays, Phys. Rev. D 85, 093015 (2012).

[29] D. Boito, M. Golterman, K. Maltman, J. Osborne, and S.
Peris, Strong coupling from the revised ALEPH data for
hadronic 7 decays, Phys. Rev. D 91, 034003 (2015).

[30] O. Cata, M. Golterman, and S. Peris, Unraveling duality
violations in hadronic 7 decays, Phys. Rev. D 77, 093006
(2008).

[31] O. Cata, M. Golterman, and S. Peris, Possible duality
violations in 7 decay and their impact on the determination
of a;, Phys. Rev. D 79, 053002 (2009).

[32] W.J. Marciano and A. Sirlin, Electroweak Radiative
Corrections to 7 Decay, Phys. Rev. Lett. 61, 1815 (1988).

[33] E. Braaten and C.-S. Li, Electroweak radiative corrections to
the semihadronic decay rate of the z lepton, Phys. Rev. D 42,
3888 (1990).

[34] J. Erler, Electroweak radiative corrections to semileptonic =
decays, Rev. Mex. Fis. 50, 200 (2004).

[35] M. A. Shifman, A. 1. Vainshtein, and V. 1. Zakharov, QCD
and resonance physics. Theoretical foundations, Nucl. Phys.
B147, 385 (1979).

[36] B. Chibisov, R.D. Dikeman, M. A. Shifman, and N.
Uraltsev, Operator product expansion, heavy quarks,
QCD duality and its violations, Int. J. Mod. Phys. A 12,
2075 (1997).

[37] M. A. Shifman, Quark hadron duality, in Proceedings of the
8th International Symposium on Heavy Flavor Physics
(Heavy Flavors 8), 2000, p. ht8/013 (unpublished).

[38] V. Cirigliano, J.F. Donoghue, E. Golowich, and
K. Maltman, Improved determination of the electroweak
penguin contribution to ¢/¢ in the chiral limit, Phys. Lett. B
555, 71 (2003).

[39] V. Cirigliano, E. Golowich, and K. Maltman, QCD con-
densates for the light quark V — A correlator, Phys. Rev. D
68, 054013 (2003).

[40] O. Cata, M. Golterman, and S. Peris, Duality violations
and spectral sum rules, J. High Energy Phys. 08 (2005)
076.

[41] M. Gonzalez-Alonso, A. Pich, and J. Prades, Pinched
weights and duality violation in QCD sum rules: A critical
analysis, Phys. Rev. D 82, 014019 (2010).

[42] C. A. Dominguez, L. A. Hernandez, K. Schilcher, and H.
Spiesberger, 7-decay hadronic spectral functions: probing
quark-hadron duality, arXiv:1602.00502.

PHYSICAL REVIEW D 94, 034027 (2016)

[43] A. Rodriguez-Sanchez, M. Gonzdlez-Alonso, and A. Pich,
Updated determination of chiral couplings and vacuum
condensates from hadronic 7 decay data, Phys. Rev. D
94, 014017 (2016).

[44] S.L. Adler, Some simple vacuum polarization phenomen-
ology:ete™ — hadrons: The p-mesic atom x-ray discrep-
ancy and (g —2) of the muon, Phys. Rev. D 10, 3714
(1974).

[45] S.G. Gorishnii, A. L. Kataev, and S. A. Larin, The O(a})-
corrections to o (eTe” — hadrons) and T(z7 —
v, + hadrons) in QCD, Phys. Lett. B 259, 144 (1991).

[46] L.R. Surguladze and M. A. Samuel, Total Hadronic Cross
Section in ete~ Annihilation at the Four Loop Level of
Perturbative QCD, Phys. Rev. Lett. 66, 560 (1991); 66, 2416
(E) (1991).

[47] K. G. Chetyrkin, A.L. Kataev, and F. V. Tkachov, Higher
order corrections to o,(e"e” — Hadrons) in quantum
chromodynamics, Phys. Lett. B 85, 277 (1979).

[48] M. Dine and J.R. Sapirstein, Higher Order QCD
Corrections in ete™ Annihilation, Phys. Rev. Lett. 43,
668 (1979).

[49] W. Celmaster and R. J. Gonsalves, An Analytic Calculation
of Higher Order Quantum Chromodynamic Corrections in
e"e” Annihilation, Phys. Rev. Lett. 44, 560 (1980).

[50] A. Pich and J. Prades, Strange quark mass determination
from Cabibbo suppressed z decays, J. High Energy Phys. 10
(1999) 004.

[51] A. Pich, a, determination from 7 decays: Theoretical status,
Acta Phys. Pol. B Proc. Suppl. 3, 165 (2010).

[52] P. Ball, M. Beneke, and V.M. Braun, Resummation of
(Boa,)" corrections in QCD: Techniques and applications to
the 7 hadronic width and the heavy quark pole mass, Nucl.
Phys. B452, 563 (1995).

[53] M. Neubert, QCD analysis of hadronic 7z decays revisited,
Nucl. Phys. B463, 511 (1996).

[54] G Altarelli, P. Nason, and G. Ridolfi, A study of ultraviolet
renormalon ambiguities in the determination of ¢ from 7
decay, Z. Phys. C 68, 257 (1995).

[55] M. Beneke and M. Jamin, a, and the 7 hadronic width:
Fixed-order, contour-improved and higher-order perturba-
tion theory, J. High Energy Phys. 09 (2008) 044.

[56] M. Beneke, D. Boito, and M. Jamin, Perturbative expansion
of 7 hadronic spectral function moments and @, extractions,
J. High Energy Phys. 01 (2013) 125.

[57] S. Descotes-Genon and B. Malaescu, A note on renormalon
models for the determination of a,(m,), arXiv:1002.2968.

[58] M. Jamin, Contour-improved versus fixed-order perturba-
tion theory in hadronic 7 decays, J. High Energy Phys. 09
(2005) 058.

[59] 1. Caprini and J. Fischer, a, from 7 decays: Contour-
improved versus fixed-order summation in a new QCD
perturbation expansion, Eur. Phys. J. C 64, 35 (2009).

[60] I. Caprini and J. Fischer, Expansion functions in perturba-
tive QCD and the determination of a;(M?2), Phys. Rev. D 84,
054019 (2011).

[61] G. Abbas, B. Ananthanarayan, I. Caprini, and J. Fischer,
Perturbative expansion of the QCD Adler function improved
by renormalization-group summation and analytic con-
tinuation in the Borel plane, Phys. Rev. D 87, 014008
(2013).

034027-25


http://dx.doi.org/10.1103/RevModPhys.78.1043
http://dx.doi.org/10.1007/s100520050217
http://dx.doi.org/10.1016/0370-2693(93)90212-Z
http://dx.doi.org/10.1007/s100520050430
http://dx.doi.org/10.1016/0370-2693(95)00824-5
http://dx.doi.org/10.1016/0370-2693(95)00824-5
http://dx.doi.org/10.1103/PhysRevD.84.113006
http://dx.doi.org/10.1103/PhysRevD.85.093015
http://dx.doi.org/10.1103/PhysRevD.91.034003
http://dx.doi.org/10.1103/PhysRevD.77.093006
http://dx.doi.org/10.1103/PhysRevD.77.093006
http://dx.doi.org/10.1103/PhysRevD.79.053002
http://dx.doi.org/10.1103/PhysRevLett.61.1815
http://dx.doi.org/10.1103/PhysRevD.42.3888
http://dx.doi.org/10.1103/PhysRevD.42.3888
http://dx.doi.org/10.1016/0550-3213(79)90022-1
http://dx.doi.org/10.1016/0550-3213(79)90022-1
http://dx.doi.org/10.1142/S0217751X97001316
http://dx.doi.org/10.1142/S0217751X97001316
http://dx.doi.org/10.1016/S0370-2693(03)00010-8
http://dx.doi.org/10.1016/S0370-2693(03)00010-8
http://dx.doi.org/10.1103/PhysRevD.68.054013
http://dx.doi.org/10.1103/PhysRevD.68.054013
http://dx.doi.org/10.1088/1126-6708/2005/08/076
http://dx.doi.org/10.1088/1126-6708/2005/08/076
http://dx.doi.org/10.1103/PhysRevD.82.014019
http://arXiv.org/abs/1602.00502
http://dx.doi.org/10.1103/PhysRevD.94.014017
http://dx.doi.org/10.1103/PhysRevD.94.014017
http://dx.doi.org/10.1103/PhysRevD.10.3714
http://dx.doi.org/10.1103/PhysRevD.10.3714
http://dx.doi.org/10.1016/0370-2693(91)90149-K
http://dx.doi.org/10.1103/PhysRevLett.66.560
http://dx.doi.org/10.1103/PhysRevLett.66.2416
http://dx.doi.org/10.1103/PhysRevLett.66.2416
http://dx.doi.org/10.1016/0370-2693(79)90596-3
http://dx.doi.org/10.1103/PhysRevLett.43.668
http://dx.doi.org/10.1103/PhysRevLett.43.668
http://dx.doi.org/10.1103/PhysRevLett.44.560
http://dx.doi.org/10.1088/1126-6708/1999/10/004
http://dx.doi.org/10.1088/1126-6708/1999/10/004
http://dx.doi.org/10.1016/0550-3213(95)00392-6
http://dx.doi.org/10.1016/0550-3213(95)00392-6
http://dx.doi.org/10.1016/0550-3213(96)00002-8
http://dx.doi.org/10.1007/BF01566673
http://dx.doi.org/10.1088/1126-6708/2008/09/044
http://dx.doi.org/10.1007/JHEP01(2013)125
http://arXiv.org/abs/1002.2968
http://dx.doi.org/10.1088/1126-6708/2005/09/058
http://dx.doi.org/10.1088/1126-6708/2005/09/058
http://dx.doi.org/10.1140/epjc/s10052-009-1142-8
http://dx.doi.org/10.1103/PhysRevD.84.054019
http://dx.doi.org/10.1103/PhysRevD.84.054019
http://dx.doi.org/10.1103/PhysRevD.87.014008
http://dx.doi.org/10.1103/PhysRevD.87.014008

ANTONIO PICH and ANTONIO RODRIGUEZ-SANCHEZ

[62] G. Abbas, B. Ananthanarayan, and I. Caprini, Determina-
tion of a,(M?) from improved fixed order perturbation
theory, Phys. Rev. D 85, 094018 (2012).

[63] G. Abbas, B. Ananthanarayan, I. Caprini, and J. Fischer,
Expansions of 7 hadronic spectral function moments in a
nonpower QCD perturbation theory with tamed large order
behavior, Phys. Rev. D 88, 034026 (2013).

[64] A.Pich and J. Prades, Perturbative quark mass corrections to
the = hadronic width, J. High Energy Phys. 06 (1998) 013.

[65] M. Gell-Mann, R.J. Oakes, and B. Renner, Behavior of
current divergences under SU(3) x SU(3), Phys. Rev. 175,
2195 (1968).

[66] A. Pich, Chiral perturbation theory, Rep. Prog. Phys. 58,
563 (1995).

[67] G. Ecker, Chiral perturbation theory, Prog. Part. Nucl. Phys.
35, 1 (1995).

[68] S. Narison, QCD as a Theory of Hadrons: From Partons to
Confinement, Cambridge Monographs on Particle Physics,
Nuclear Physics and Cosmology (Cambridge University
Press, New York, 2004), Vol. 17.

PHYSICAL REVIEW D 94, 034027 (2016)

[69] S. Narison , Power corrections to a,(M,),|V,,| and 7i,,
Phys. Lett. B 673, 30 (2009).

[70] D.R. Boito, O. Cata, M. Golterman, M. Jamin, K. Maltman,
J. Osborne, and S. Peris, Duality violations in 7 hadronic
spectral moments, Nucl. Phys. B, Proc. Suppl. 218, 104
(2011).

[71] E. C. Poggio, H. R. Quinn, and S. Weinberg, Smearing the
quark model, Phys. Rev. D 13, 1958 (1976).

[72] M. Gonzalez-Alonso, A. Pich, and J. Prades, Violation of
quark-hadron duality and spectral chiral moments in QCD,
Phys. Rev. D 81, 074007 (2010).

[73] S. Weinberg, Precise Relations Between the Spectra of
Vector and Axial Vector Mesons, Phys. Rev. Lett. 18, 507
(1967).

[74] S. Narison and A. Pich, Semi-inclusive = decays involving
the vector or axial-vector hadronic currents, Phys. Lett. B
304, 359 (1993).

[75] M. Girone and M. Neubert, Test of the Running of «; in 7
Decays, Phys. Rev. Lett. 76, 3061 (1996).

034027-26


http://dx.doi.org/10.1103/PhysRevD.85.094018
http://dx.doi.org/10.1103/PhysRevD.88.034026
http://dx.doi.org/10.1088/1126-6708/1998/06/013
http://dx.doi.org/10.1103/PhysRev.175.2195
http://dx.doi.org/10.1103/PhysRev.175.2195
http://dx.doi.org/10.1088/0034-4885/58/6/001
http://dx.doi.org/10.1088/0034-4885/58/6/001
http://dx.doi.org/10.1016/0146-6410(95)00041-G
http://dx.doi.org/10.1016/0146-6410(95)00041-G
http://dx.doi.org/10.1016/j.physletb.2009.01.062
http://dx.doi.org/10.1016/j.nuclphysbps.2011.06.018
http://dx.doi.org/10.1016/j.nuclphysbps.2011.06.018
http://dx.doi.org/10.1103/PhysRevD.13.1958
http://dx.doi.org/10.1103/PhysRevD.81.074007
http://dx.doi.org/10.1103/PhysRevLett.18.507
http://dx.doi.org/10.1103/PhysRevLett.18.507
http://dx.doi.org/10.1016/0370-2693(93)90309-6
http://dx.doi.org/10.1016/0370-2693(93)90309-6
http://dx.doi.org/10.1103/PhysRevLett.76.3061

