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We compute the perturbative corrections to the heavy quark effective theory sum rules for the matrix
element of the AB = 2 operator that determines the mass difference of B, B? states. Technically, we obtain
analytically the nonfactorizable contributions at order a; to the bag parameter that first appear at the three-
loop level. Together with the known nonperturbative corrections due to vacuum condensates and 1/m,,
corrections, the full next-to-leading order result is now available. We present a numerical value for the
renormalization group invariant bag parameter that is phenomenologically relevant and compare it with

recent lattice determinations.
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I. INTRODUCTION

The mixing of states in the systems of neutral flavored
mesons belongs to the most sensitive probes for effects
from physics beyond the standard model (SM). While the
mixing in the kaon and the charmed-meson systems has
significant or even dominant long distance effect contri-
bution, the mixing for the neutral B mesons is dominated by
the top-quark contribution and hence is dominated by
short-distance physics. Technically, this fact means that
the still necessary nonperturbative input is given by a
matrix element of a local operator with AB = 2, even if
physics beyond the SM is present.

Within the SM, the mixing frequency Am of the B® — B°
oscillations is determined by the following expression:

Am = bV, P mingen () (BY1Q()1BY) (1)

where x, = m?/m},, and

1 9 6 61
Fx)=-[1+—— e

(1-x)
is the Inami-Lim function [1] (as a review, see, e.g. [2—4]).
The mass difference Am depends on the matrix element
(B°|Q(u)|B°) of the local four-quark operator

5 log x

JH=diyb.

0 = J, " = Z(al" (1) Q (). (1.2)

where b;, d; are the left-handed bare quark fields
(see, e.g., [5,6]). The short-distance coefficient n7ocp(u)
in (1.1) accounts for contributions of scales larger than the
b-quark mass my,. The dependence of ngcp(u) on the
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renormalization point ¢ compensates the p-dependence of
the matrix element (B°|Q(u)|B°) that is the main object of
low energy (for the scales down of m,,) QCD analysis. The
matrix element of the four quark operator is traditionally
written as

(5100018%) =21+ 3-) (571,10

08800 =21+ 1) AMREG). (13

c

where N is the number of colors, N. = 3 in QCD, B(u) is
the bag parameter, and

O |B(p)) = =3 Fp" (1.4)
is given by the B meson decay constant fz. Note that the
decay constant f is a physical quantity which is inde-
pendent of the renormalization point, and its numerical
value is rather well known (as recent reviews, see, e.g.
[7,8]). Hence the full x4 dependence enters the bag param-
eter B(u).

Setting B(u) = 1 corresponds to the naive factorization
prescription for the matrix element (1.3) which would
be true for the bare operator Q at tree level but is spoiled by
the strong interactions for the “dressed” operator Q(u). The
hadronic parameter B(u) can only be obtained by using
some nonperturbative method, such as lattice simulations
(see, e. g., [8-13]) or QCD sum rules [14—18]. While the
naive factorization estimate B(mpg) = 1 is rather satisfac-
tory even quantitatively, it is a kind of a model assumption,
and a key issue in the precision phenomenological analysis
of the processes of mixing is the determination of the
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deviation of B(u) from unity. The matrix element appearing
in (1.1) still depends on m,, which is a scale large compared
to Agep. To evaluate this matrix element further, we
perform a heavy quark expansion (HQE) for this quantity,
resulting in a combined expansion in powers of a,(m,) and
Agcp/m;,. The remaining matrix elements appearing in this
expansion are defined in heavy quark effective theory
(HQET) and may be estimated in an HQET sum rule.

In a previous paper [17], we have estimated the sub-
leading terms of order Agcp/m,, in such an expansion with
a sum rule. However, in order to obtain the full next-to-
leading order (NLO) result, we also need to estimate the
perturbative contributions of order a,. Within the frame-
work of HQET sum rules this requires a calculation of
three-loop diagrams. The relevant master integrals have
been found in [19]. In the present paper we give the results
|

PHYSICAL REVIEW D 94, 034024 (2016)

of the calculation for the bag parameter. With this calcu-
lation the complete NLO terms are now known.

In the next section we collect some known perturbative
results which are needed to set up the sum rule
calculation discussed in Sec. III. Finally, we present a
complete NLO result and discuss its implications for
B® — B mixing.

II. PERTURBATIVE CONTRIBUTIONS TO THE
BAG PARAMETER

In this section we collect some perturbation theory
results relevant for the analysis of mixing.

The u dependence of the bag parameter at scales above
the b quark mass is known to two loops [20]; the
result reads

(nf)
(ny) 70/ 2B
as (u)) {1 L0

(”f) (

n_ m“>s<m—éwww+aﬁﬂ

" (o) 265" \ro o
. » (nf) ("/) ("/)
—B@Www”%>b+ @>GLJQJ%4W+Owﬁ, (2.1)
26, o’ g
where the anomalous dimension of the operator Q in (1.2) is
_ dlog Z(ay(u)) _
= O(
N.-1 9 57 4
=6 , = +2l———= 2.2
0=2TN, n 2NC (3 N, 3" ) 22)
|~ ~ ,-4 ~ - ~ -
where n; is the number of flavors including the b quark. Q1 = Jy, i =dy'h,, Jy=diy'h_, (2.5)
The p-function coefficients are |
(0)) :Q/2+ZQ1’ 05 = J1J,
11 N 2 34 N2 - 13 13 1 . B _ _
fo=73Ne=gnp =g Ne={FNe=gmJny. Jy=dph., Ty=dh_. (2.6)

(2.3)

In the physical quantity Am (1.1), the y dependence of
B(u) is compensated by the y dependence of the Wilson
coefficient F(x;)nocp (1)

At scales u below the b quark mass the QCD operators
are expanded into a series in Agcp/m;, by employing
HQET; see e. g. [21-23]. In particular, the operator Q in
(1.2) becomes [24,25]

0 =2 Cwaw+0(,). @

my,

where the 1/m,, contributions have been discussed in [26].
The leading order part is

The bare field s, annihilates the HQET heavy quark
(moving with the four velocity v), and h_ creates the
heavy antiquark (again moving with the four velocity v),
which is a completely separate particle in HQET frame-
work. The factor two in (2.4) comes from the fact that there
are two b fields in O, one of them becomes /. and the other
one h_. The HQET operators Ql, Q2 have opposite Fierz
parities and hence do not mix under renormalization which
is designed so to preserve Fierz transformations.

The matrix elements of the leading HQET operators in
(2.5), (2.6) can be written as

(B0, 1B%) = 1+ ) (173,000

x (0177 (4)|B®) B (u). (2.7)
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(81040018 = (1= 53 (BLT(010) 07, 1) BB o), 28)

where the B meson states with a static b quark |B) are normalized nonrelativistically

(B(p")[B(p)) = 2x)°8(p' = p).  IB(p)) = \/2p°1B(p)) + O(1/my).

and

2 {0071 1)1B),

(B°[72(w)[0).,

(014 ()| B) = —%<0lil(ﬂ)|f¥°>v", (O ()| B) =

N =

(BOTA(0)[0) = 5 (BYTa(u) 0}, (BOYTa()[0) =
J1= Zi}’sh+, J2 = dysh_,
(071 ()[B°) = iF (). (BJa(u)|0) = iF (u).

The B meson decay constant (0[j#|B°) = ifzp’y (where j* = dysy*b) is

fo= &cww o), 29)

where [27]

P, =Conn+ 0. clm)=1-26,"5") 1 o) 210

my, T
[Cr = (N?-1)/(2N.)]. The anomalous dimension of the operators j; , is [28-30]"

3 a; 2 1 49 5 1(as\?

y(as) = _3CF7+CF *ﬂz(CA _4CF) + = SC[:—ch +*}’ll — +O(a§), (211)
4r 3 2 3 3 4r

where n; = n; — 1 is the number of light flavors (now excluding b quark), and C4 = N, = 3. In terms of these parameters,

the anomalous dimension of the operator Ql in (2.5) [32] can be written as

- . a2
vi(ay) = 27(ay) = 61, (4—> + O(a),
v/
N,. -1 6 18
8y = — 273N, -2 ——) = 1IN2 = 15N, =12 +—+2(N, +3)n;|. 2.12
11 3Nc |:7Z< c Nc) c c +Nc+ ( c+ )nl ( )

Vanishing of the leading (linear in «ay) term in (2.12) reflects the (accidental) fact that at one loop and for scales
below the b quark mass, the naive factorization of the four quark operator Q; into a product of two bilinear operators

is scale independent, i.e. y; = 2y [33,34]. Therefore the u dependence of Bl(,u) is weak and contains no leading
logarithms:

o1 ay”)(ﬂ) - (1§

) ﬂ(()”t) 47

"1)(

Byl = B (o) |1 + #) | o). (2.13)

The anomalous dimension of Q2 is only known up to one-loop order [24,25]:

"The three-loop term is also known [31], but we do not need it.
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N, +1

c

(2.14)

~ ~ [eN
yZ(a‘v) - 27/(as) = 5204_ + O(a%)’
T

and therefore

By(u) = - (1 - 2;,) Bi () +% <1 + NLC)EI(/O

(ny) 520/(2/3(()"’))
~ as
:m%( (”) 14 O(a)].

" (uo)

(2.15)

The matching to HQET is most conveniently performed
at y = my, such that the matching coefficients contain
no large logarithms:

Q(my) = 2(C,(my) 01 (my) + Co(my;) Qs (my))

1
10 (—) , (2.16)

my

where [24.25.35]
8N2 + 9N, — 15" (m,) ,
Cl(mb) - 1 - ZNC 4]1_ + O(as)’
(”f)

Colmy) = 2N, + 1) 2—) 4 o) 2.17)

Taking the matrix element of (2.16), using (1.3), (2.7),
(2.8), and reexpressing fp via F(m,) (2.9), we obtain

C(my)
C2(mb)

Nc _% C2(mh) D!

By (my,).

B =
() Ne+1C%(m,) °

El(mb) -

(2.18)

Substituting Cy,(m;) (2.17) and C(m;) (2.10), we
arrive at

AN2 + 9N, — 11" (m)]
B(m,) = [1 - N, 4; £) B (my)
(ny)
b N - ) E T B,
4n
1
+0 (a?, —) (2.19)
nmyp
where within the needed accuracy aﬁ”f )(mb) = a§”’)(mb).

Consequently, in order to obtain the QCD bag parameter
B(u) with the NLO precision, we only need the leading

order B,; in particular, we do not need the two-loop
anomalous dimension of the operator Q,.
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Dependence of B, (i) on u is weak. B, (my,) is related to
B, (1) (where y is a low normalization point used in the sum
rules) by (2.13). Neglecting factorization breaking in the
terms suppressed by a, i. e. setting B, () = B5(u) = 1 in
these terms, we obtain

Lyetm)

Bm) = By(m) = (1= ) i o)

There are two sources of factorization violation in the QCD
bag parameter B(m,): the HQET bag parameter B, of the
matrix element of the HQET operator Ql (which will be
considered in Secs. III, IV) and the matching contribution
(2.20). As expected, they are suppressed as 1/N,. in the
large N limit.

This concludes the collection of necessary results con-
cerning the renormalization of the matrix element of the
four-quark operator and its matching to HQET at scales
below the b quark mass. The remaining task is to evaluate
the hadronic matrix element of the operator Ql in HQET,
or the HQET bag parameter B, for which we perform
a sum-rule analysis in HQET using operator product
expansion (OPE).

III. OPE IN HQET FOR SUM RULES

In the following subsections we evaluate the matrix
element of the four-quark operator Q; with HQET sum
rules. We first consider the perturbative part of the sum rule,
which requires a three-loop calculation of a suitably chosen
correlator, and in a second step we study the quark-
condensate contribution to the HQET sum rule.

A. Leading perturbative part

To evaluate the matrix element, we use a vertex
(three-point) correlation function that has been first
proposed for the analysis of the kaon mixing in [36].
This correlator reveals the factorizable structure of the
matrix element more clearly than the two-point function
but is significantly more difficult to compute at NLO in
QCD compared to the calculation of the two-point
function [37]. For the present analysis we however
set up a three-point sum rule in HQET where the
computational difficulties have been solved [19]. We
consider the correlator

K= /ddx]ddxgeip‘x'_ipzxz<0|T]2(x2)Q1(0)j1(x1)|0>
(3.1)

of the operator Q; given in (2.5). Here we compute in
dimensional regularization with d = 4 — 2¢ dimensions.
The currents

034024-4
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FIG. 1. The leading perturbative contributions. The currents J 1> ]2 are shown slightly split.

i BN

FIG. 2. Some diagrams with corrections to the left loop. Of course, similar corrections to the right loop exist.

= ;l+75d, Jo = }_l—}’sd (3-2)

interpolate the ground state of a static B meson.

Both the HQET quark and the HQET antiquark propa-
gate only forward in time x - v, so that the productin (3.1) is
nonzero only at x; - v <0, x, - v > 0 and thus the time-
ordered product coincides with the product.

The correlator K depends on two scalar quantities
w5 = p1,- v, K= K(w,®,) which correspond to the
residual energies of the b quark and the anti-b quark
respectively.

The perturbative diagrams for the correlator K
can be subdivided into two classes. The factorizable
diagrams include the leading contributions (Fig. 1) and
those diagrams which contain corrections to the left
loop and to the right one separately (e.g., Fig. 2).
The right diagrams in Figs. 1 and 2 are equal to the
corresponding left diagrams times the factor
(d—2)/(2N.). This factor is obviously color sup-
pressed 1/N. at d =4: there is one color loop (N,.)
less, and the Dirac structures can be reduced to
products (as in the left diagrams) by Fierz rearrange-
ment. At d # 4 there is a contraction y,...y* within the
same y-matrix string in each right diagram, and it
produces the factor d — 2.

Nonfactorizable diagrams contain gluon exchanges
between the left loop and the right one. They first appear
at three loops (Fig. 3). Up to three loops, the results for the
correlators K (@, ®,) can be written as

L2

FIG. 3.

d-2
Klarar) = (14522 M)N(0) + K (0. 00)
(3.3)
where
No(-2w)> R(-20)d -2
M(w) = I, -2
(@) (47)42 1= 2Cr (4n)4?  d—4
d(2d -5)
NERCER) »
is the correlator of 7; and J 1 [38—40], and
d
I,=T2n+1-ndI™ (5 - 1) (3.5)

are the integrals corresponding to the “sunset” diagrams
in HQET. The three-loop nonfactorizable contribution
is

2

AK(O)l,wz) :NCCF (36)

9
WR(C%@)-

We have reduced R(w;,w,) to the master integrals
investigated in [19] using the integration-by-parts
program [41]

L N

Nonfactorizable diagrams.
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2
k== e 2)2((3;__1))((361(1 : ;)621—(1—@102(2))21)_ ) L(=20,)* + (o) < @)
. (d=2)[(d=4)(3d - 8)w, — (d —2)(2d — 5)w,]
(d-3)(d-4)w,
d—2)[(3d - 8)(5d — 14)w, —2(d —4)(d*> = 7d + 11w
RUEICTR (Ve VR R IO
(d - 2)(2d> — 15d + 26) (d - 2)’w,w,
2(d=3) (d=3)?
4(d-2)(d = 3)(d* - 16d + 40)w,w,
(d—4)(3d-8) (@1, @)
2(d —2)*w,

- WM4(0)1"02> + (@) < @,). (3.7)

L1(=2w)* 7 (=2w,)" + (0] < @)

20, @) + M, (w;, w,)

The next step is to expand the master integrals around d = 4, i.e. in e. The relevant technicalities are discussed in [19] and
in the Appendix. We obtain

AK(wy, ;) = N.Cp (4;])%/2 (1 +2e)(1 — )]} (=2, )? 7% (—2w,)> 73S (x), (3.8)
where
x= % (3.9)

1 7 5] 1
_ I N T
S(x)[48(x +x7%) 3—1—4}32

€
1 61 4 411 1
(22 O 2y VN Sl B
+[ 16(x x )10gx—|—288(x +x7%) +x+x -4 37 —|—4]38

1/1 5 61
e ey T 2 o2 — [ 28 -1 |
+2<16(x +x7%) + 3 4>10gx <288(x+x )—i—l)(x x 1) logx

1/, 2519\, , ., 1[4, 67 »
+216<7T + 24>(x +x7%) 3(971 ) (x+x71)

1 4 25 193
—-=| 16 — = - 3.10
3( BT T 4) (3.10)
The correlator K (w;, ®,) is analytic at w;, < 0. It has a cut in w; from 0 to +oo with the discontinuity
1 . .
pi(@), @) = 2—7”.[1((0)1 +i0,0,) = K(w; = i0, )] (3.11)

if we keep w, < 0. The discontinuity p; (@, ®,) as a function of @, (at some @; > 0) has a cut from 0 to +oco with the
discontinuity in @,

1 . .
plwy, wy) = i [p1(@1, w3 +i0) = py (@1, @, — i0)]. (3.12)
On dimensional grounds, the correlator at three loops has the form
K(w). @) = (=207 (=2,)> 7 (x). (3.13)

where the function f can be gathered from the formulas given above. Looking at the spectral function p; (w;, @, ), we first
rotate w,: we set w; = —v;e”* (v; > 0) and vary a from 0 to 7 — 0 or —z + 0 (keeping w, < 0); this gives

034024-6
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(21/1 )2—38 (—2602)2_38

pi(vy, ) = i
X |:e3ﬂi8f <_ % em') _ e—3m'8f <_ @ e—]ti) :| ,
vy v
(3.14)
where 7 means 7 — 0. Now we set @, = —1,e™* (v, > 0)
and vary a from 0 to 7 — 0 or —z + O:
B (21/1)2—38(21/2)2—38
p(yl’VZ) - (27”)2
X [(e(mie + e—fmie)f(x) _f(erﬂi) —f(xe‘Z”i)],
2
== 3.15
=2 (3.15)
where xe®>"" are at the Riemann sheets of the function £ (x)

reached after crossing the cut in x from 0 to —oo.
The bare double spectral density is

planvan) = (14155 ) p(woto:) + dofan,02),
(3.16)
where [38—40]
N (20)>7T(1 +2e)I(1 — )
plw) = (471)‘1/2 1-2¢
CU —2e
X {1 + CF%F(I +26)0(1 —¢)
X <g+§n2+17>], (3.17)
and
Ap(on ) = NG B M1+ 2000 - o)
x (20,)77% (2w,)* % r(x), (3.18)

where 7(x) = r(x™!). In the case of the operator Q; we
have found that r(x) does not, in fact, depend on x

(x) = —an - 5).

The expression for r(x) is a key computational result of
our paper.
The renormalized double spectral density p, (@, w,) =

(3.19)

ZIIZ;zp(a)l ,@,) is finite at the limit & — 0. This fact may
be seen explicitly by using (with a, accuracy) the relation
Z, = Z; [see (2.12)]. Multiplying the factorizable part of
(3.16) by 21_12/72 = 2;4 makes it finite separately.
Therefore, also the nonfactorizable part has to become

PHYSICAL REVIEW D 94, 034024 (2016)

finite separately. At the limit ¢ — 0 we obtain

1
(1, @2) = (1 +N—)pr<wl>pr<wz> - Apy (g, @),

(3.20)
where [38—40]

2
pr(w) = % {1 + CF% <—610g27w+§ﬂ2 + 17)}
(3.21)
and
Ap(@01.5) = —N.Cp— 2 (20, (2,)? <i”2 - 5>~
(4r)3 3
(3.22)

We note again, that for the operator Ql as given in (2.5),
r(x) does not depend on x, i.e. on w ; for other operators
this is not necessarily so.

It is useful to rewrite the presentation (3.22) in the form

1

ag 4
o Cr i p(optan) (37 5)

Apr(wth) = _N

(3.23)

which is valid with O(a) accuracy. This form shows
immediately the deviation from the factorization with
correct relative normalization and can be used for the
computation of corrections to the B parameter. Modifying
the representation (3.23) even further one finds for the
spectral density of three point correlator at NLO

pr(@r.@2) = (1 n Ni)mwl)pr(w» T Apy (. @)

= (1 +L)p,(w1)pr(wz)

N,

ag,N.—1 (4
[ R L
X( 4z 2N, (3” 5))

that is a master relation for the sum rules computation of
“direct” contribution to AB.

In the next subsection we compute the contributions of
the quark condensate to the correlator (3.1).

(3.24)

B. Quark condensate contribution

The power corrections to the sum rule discussed above
are given in terms of quark and gluon condensates. The
leading term is given by the quark condensate contributions
to the correlator K. The diagrams contributing to these
power corrections are shown in Figs. 4-6.

The leading order quark condensate contribution (Fig. 4)
as well as some of the two-loop contributions (Fig. 5) are

034024-7
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)

YN

FIG. 4. The leading quark condensate contributions. Of course, the mirror-symmetric diagrams also exist.

D b
)b

FIG. 5. Some of the factorizable contributions.

factorizable. They are contained in the product in (3.3), if The first nonfactorizable contributions due to quark
we add the quark-condensate term [38] condensate appear at the two-loop level as shown in
Fig. 6. The contribution of these diagrams to the correlator
1 (dd —2w)7%
M, (w) = 1 (dd) 1+2CF9(2’(763)2(51— 1)(d - 41, becomes ]
22w (47)¥/ qR(dd)
(325) AKq(a)l,a)z) = CF (4”)51 Rq(wl,a)z), (326)
to the perturbative one (3.4). where
|
4wy + w,)[(d = 2)(d = 5)(w} + @3) — (d® = 10d* + 30d = 30)w; ;] ,
R, = 5-d 5-d h
(d—4)(-20,)~"(-2,)
n 2d -5
2d—3)(d—4)(d— 5w — )
x [(d=2)(d=5)*w} +2(d—2)(d-5)(2d = 5)w}w, — (d = 3)(d* — 11d + 6)w w3
—4(d=2)(d = 3)3] (=20, + (0, < w,)
—(d=2)(d=35)w} —dw? d—-3)(d-8 2+ (d-2)»
+ ( )( )wl wiw; —+ ( )( )w1w2 + ( )w2 M(a)l,a)z) + (601 < wz) (327)

4(d - 4)60160%(601 — ;)

N LN

51

VVW\’V\/\/\,\,\.

FIG. 6. Nonfactorizable contributions (the mirror-symmetric diagrams also exist).
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where M(w;,®,) is defined in (A1). Expanding in & we obtain

AK (o), w,) = Cp (4n)? [C(1 + 2e)0(1 — &)]* (=2, )72 (=2w,)7 %S, (x), (3.28)
where
B 7 x1/2 4 x71/2
Sq(x) = Sq(x l) = —ET
T un_ 12 | ~1/)2 -1 *
+ E(x — x5 logx + (x'= + x5 (x + x —3)?
! (x!/2 4+ x71/2)(5x + 5x7 + 14) 1
4 4e
+ (22 + x7V2) (x + x7' = 3)[3Li3(1 — x) + 3Li3(1 = x7") = 2L(x) log x — 23]
1
+ (2 = x7 V2 (x + x V) L(x) + S (x'/2 4+ x71/2)(2x 4+ 2x7! = 7)log?x
)
+ (22 + x712)(10x + 10x7! = 27) o7
1 1
+ 3 (x1/2 = x71/2)(5x + 5x7' +32) logx — 1 (x"/2 + x712)(9x +9x~1 + 11). (3.29)

Here the special function L(x) is
- . 1,
L(x) =—-L(x~") = Liy(1 —x)+110g x.

Some useful properties of this function and relevant polylogarithms (Li,, Lis) are given in the Appendix.
Finally, the double discontinuity of the function R,(®;,®,) across the cuts @, , > 0 reads

. 5 5
disc,R, (0, @,) =2 371 w56(w7)
- (0)2 + 0)1) <@+ﬂ— 3) lOg (1 —ﬂ>:|6<0)2 - COI)
(] (O)) (1))

Note that the coefficient of the §(w;) is related (up to a proportionality factor) to that of a nonfactorizable perturbative
correction in Eq. (3.19).
The spectral density of quark condensate contribution now reads

qu(wl’wz):CFas<ad> > {[(ﬂ—z—é)w%(wl)—(w2+wl)<%+&—3>log <1—ﬂ)]9(w2—w1)

4 167 2 3 4 (] ) w»H

+(wz«>w1)}- (3.31)
The two-point correlator with the quark-condensate correction is given in (3.25).

IV. SUM RULES IN HQET

The sum rule is now set up by comparing the perturbatively computed correlator (3.24) with its hadronic representation.
The hadronic spectral function is given by

pr(@y. @) = F2(B|Q|B)5(w; — A)5(w; — A) + peon (@1, @3) (4.1)
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where

®I0,18) = (14 ) 3 FUB,

c

=1+ 1/NC)41—‘F(,,4)2(1 +AB)) (4.2)

and

= per(@1, 02)[1 = O(w, — 01)0(w. — @,)].
(4.3)

pcont(a)l s 0)2)

Here A is the B meson residual energy, My — m;, = A and
w, 1s the continuum threshold. One sees that if one
considers also the sum rules for two point correlators then
the factorizable part of the matrix element disappears and
one has the direct prediction for Aél.

The simplest way to extract AB; is to use the finite
energy sum rules (FESR) that equate the integrals over
the square 0 < @, < w, of hadronic and OPE spectra.
One obtains for the perturbation theory contribution the
following expression

(nr)
- N,—1 /4 as " (u)
AB(u) = -~ (22~
1) 2N, <3” 5) 4n
(m) (m)
L0682 W) _ _pgp @) (4.4)
T 4

Here n; = 4. Eq. (4.4) gives a direct contribution to the
violation of factorization.

One can consider a more sophisticated analysis that
controls power corrections as in the Borel modification of
dispersion sum rules. In HQET, however, there is a nice
way of solving the problem of controlling power correc-
tions suggested by the structure of dispersion representa-
tion for the correlators in configuration space. Indeed, in
coordinate-space, the renormalized correlator (3.1) at the
parton level for Euclidean times 7,, (r = if) becomes

K.(71,72) = A dwydwm,e™""="p (@}, @,) + (p.c.),
(4.5)

where (p.c.) represents the power corrections proportional
to vacuum condensates. The power corrections are impor-
tant mainly for fixing the continuum threshold. We are not
interested in the sum rules analysis on its own but in precise

determination of ABI. Therefore we fix @, from all known
sources [like F(u) or fg eventually] and use the knowledge
about two-point sum rules where the main power correction
is the quark condensate contribution.

The sum rule for the matrix element of the four-quark
operator is obtained now from equating the OPE result to
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the hadronic expression for the correlator K with the
spectral density (4.1)

Khad(Tl’Tz):A dwdwye™ =" py i (0y, @,)  (4.6)

which contains the desired matrix element (4.2). With the
usual duality assumption for the excited states, we obtain
the sum rule

F2(0) (B 01 () B e

= [ don [ dwne e on0n) + ().
(4.7)

with the same parameters A, Mz —m, = A and the
continuum threshold @,. The Euclidean times 7,
(r = it) play the role of suppressing-higher-states param-
eters (1/7;, are the Borel parameters of the double Borel
transform in @, ;). One can study the stability of the result
with respect to varying 7;,. The version of sum rules in
coordinate space in HQET is the most similar to the lattice
treatment of the problem.

Dividing the sum rule (4.7) by two copies (product) of
the two-point sum rules [38—40]

1 x o,
EFZ(/A)e_AT = / dwe™p,(w) + (p.c.), (4.8)
0

we finally obtain the result for the bag factor

3

" ()
T

(m)
~ N.—1/4 as " (p
Bi() =1-—— (—n2 —5) —475 )4 (p.c.)

- 0.68———=+ (p.c.) (4.9)

which coincides with that of the FESR approach. This
result is valid at a low normalization scale u ~ 1/7; , or, in
fact, 4 ~ w,. Also it assumes the same @, for both the two-
point and three-point correlators [this is the reason why
B, (1) is not explicitly dependent on w.]. Thus, Eq. (4.9)
gives the most complicated contribution to the bag param-
eter directly coming from the three-loop correlation func-
tion [a “direct” violation of factorization to be contrasted
with the violation in matching given in Eq. (2.20)].

There are still contributions originated from matching as
given in Eq. (2.20) that should be added. Let us add them
first neglecting higher order corrections due to different
normalization points (running with NLO anomalous
dimensions). They give the total violation of factorization
in the form
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Nc_l as(mb) 4 2 as(ﬂ)
2N, {11 4n +<§” 3 ) "an

~—(3.67+2.72)

aS

i (4.10)
where in the left-hand side we have still distinguished
between the different scales of a, which appear on the one
hand in the matching and on the other hand in the QCD sum
rule. However, u is not fixed and can be chosen somewhere
in the vicinity of w, such that u > .. In our numerical
analysis below we choose the scale to be m;, and include the
difference which is formally of order o, (m})? log(m,/w,)
in the uncertainty. Nevertheless, one sees that the direct
violation [2.72 in Eq. (4.10)] is quantitatively important
and is comparable in magnitude with the violation in
matching [3.67 in Eq. (4.10)].

The deviation of B; () from unity that we have found so
far measures the deviation from the naive factorization
estimate due to perturbation theory contribution to the
OPE. Now we account for the contribution of quark
condensate that violates factorization. It can be important
as its contribution to the two-point sum rule that determines
F(u) and eventually fp is not small.

After integrating the p,(@,, ®,) within the finite energy
sum rules one finds

a,(49)2 o} ( 149)
T .

3 18

/Pq(wl,a)z)d%dﬂ)z =Cp 4z 3 (47[)2
(4.11)

The two-point function sum rule (4.8) at = = 0 (the finite-
energy sum rule) gives

%

mpf} =2F* = Ncg— (99);
we obtain
s Nc -1 <5IQ> Ay <Z]q> 149
ABl|q: 24— 1+ %) 71'2—1—8 .
N. mpfgin mgfy

(4.12)

Numerically one has

Ne—1(, 149
——— |~ 1.06
N, (” 18)

and

(99)

mgf %

CN]]

= —0.07

for
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(Gq) = —(0.25 GeV)?, mz =53 GeV, fz =200 MeV
that are typical values for the parameters. In our numerical

analysis we neglect the quark condensate contribution in
the square bracket in (4.12). One finds literally

s as(mb)
AB,|, = -0.08 ———= 4.13
g - (4.13)
and after adding uncertainties we finally write
AB,|, = —(0.10 + 0.04) alm) gy

T

The contribution is rather small. Note that this is, in fact, a
numerical smallness. Indeed, the result is a difference of
two large numbers (of order 10) (7> —1¥) ~9.9-8.3=1.6
that happens to be small (of order 1). Let us emphasize
again that our estimates for the phenomenological param-
eters have very generous uncertainties. It is safe doing so
because the contribution is rather small.

The non-PT terms (power corrections) have been ana-
lyzed in [14] and then extended and updated in [17]. The
FESR estimate from the latter is

372 (1 /a; 1,
ABcong = ryy (; <?GG> - Pt <CIG‘I>>

3
=~ (0,06 4+0.1) = ~0.008 (4.15)

for standard values of gluon condensate (% GG) [42] and
mixed quark-gluon condensates (gGg) (e.g., see [43,44]).
The final result after an accurate Borel SR analysis in
HQET reads for the B, meson [17]

AB onqg = —0.006 £ 0.005, (4.16)
and we use this estimate also for the B; meson.

Because the values are very small they can be analyzed in
linear approximation that means that the consideration of
sum rules with included power corrections does not change
the result for the parton part (no mutual influence).

Nonfactorizable 1/m,, corrections can only emerge in the
a,/m,, order (LO loops are completely factorized in QCD
and this feature is reproduced in HQET as well). Therefore
they are by factor A/m;, = (0.5 GeV)/(5 GeV) =1/10
smaller than those analyzed here and we simply include
them in the uncertainty.

We discuss the final result in the next section where the
comparison with lattice is also given.

V. RESULTS AND DISCUSSION

The main result of our analysis is the deviation AB from
the value B = 1 in factorization. In this section we collect
all contributions and discuss the result.
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The partonic result (i.e. the purely perturbative contri-
bution) consists of three pieces originating from the
matching, from the QCD sum rule analysis and from the
running:

ABlyy — _Nc]\;cl {11 as(my) (ﬂﬂz ~ 5) a‘y(ﬂ)]

2 A 3 4
511 ag(my,) — o (u)
2/}(()”!) iy,

4 a,
H—|=m?+2 |2,
(9” + )4;;

As discussed after Eq. (4.10) we set for our numerical
evaluation u = m, in the last step. Higher orders of
a?log(m,/w.) can be taken through NLO anomalous
dimension but they are small and included as uncertainty
in our analysis. To this end, we write

ay(mp) ay(mp)\ ag(my)
ABlpp = —6.4 22+ [ X 22 ) S22
lor 4r ( 4z 47
where X accounts for higher order terms. In order to
estimate the uncertainty induced by such terms, we take a
sizable value X = 20 for this parameter, and we obtain

ABpr = —6.4%2"”’) 1£03%Um) (64403 %)

T T T

The choice of the value for the coupling constant is
important for the absolute estimate. For the lattice estimates
the reference value a,(M;) = 0.1184 from [45] is usually
used [8]. Note that the estimate from the low energy = decay
data gives a close value [46]

ag(Mz) =0.1184 + O.OOO7|exp + 0.0006|}lq mass-
We stick, therefore, to the standard value

a,(m;) = 0.20 + 0.02 (5.1)

with rather generous uncertainty to account for possible
systematic errors.

With the numerical value from (5.1) we obtain including
systematic errors at the level of 30%

ABpp = —0.10 £ 0.02 % 0.03.

We now turn to the nonperturbative condensate terms.
The quark-condensate term computed in this paper at order
a, gives
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) (mb)

AB, = —(0.10 + 0.05) 2 L = =0.002 £ 0.001.
T

(5.2)

In [17] the nonperturbative condensate terms that appear
at tree level have been computed; see (4.15). Their
numerical value is [17]

AB,ypr = —0.006 = 0.005.
Including everything, we obtain the estimate

AB = -0.11£0.04 (5.3)
where we summed errors in quadrature.

In order to compare this to other calculations, it is useful
to employ the translation factor to the renormalization
group invariant parameter B = ZB(m,,) is,

7 — a_(mb)—zy,—?()(l +as(mb) (ﬁﬂ/o —ﬂoﬁ))

4r 263
with
4
Yo = 4, Y1 = -7+ §I’lf, nf = 5,

which numerically is
Z=151

at a,(my,) = 0.2 [12].
Applying this factor to our result
B(my)

1—(0.11 £ 0.04) (5.4)

|this paper —
we obtain

Blipis paper = 1.51{1 = (0.11 £ 0.04)} = 1.34 £ 0.06.
(5.5)

The main uncertainty comes from the choice of scale for
a,(u) between u ~ @, and my,, higher orders in a,(m, ), and
the value of a,(m; ). The uncertainties due to other sources
(like NNLO matching, or systematics of sum rules) is
difficult to quantify. For them we add some typical values
known from the experience with similar correlation func-
tions (see, e.g. [39,40]). More recent examples of uncer-
tainty analysis within sum rules approach can be found
in [7,17].

We note that the sum rule yields a quite precise
prediction. This is due to the fact that the actual sum-rule
calculation is performed for the deviation AB of the bag
factor from unity. Although the calculation of AB suffers

034024-12



BY-BY MIXING AT NEXT-TO-LEADING ORDER

from the typical sum-rule uncertainty of tens of percents,
the value obtained for B is quite precise since AB is small
compared to unity.

This value has to be compared to lattice value results.
The recent review [8] quotes the average

By = 1.26(9)

for ny =2 + 1 flavors based on [9,10] and
By = 1.30(6)

for ny =2 [11]. The recent result [12] is

By = 1.38(12)(6). (5.6)
The parameter B itself normalized at the b quark mass is
given earlier as [13]

Blm(mb) =0.8+0.1

(unfortunately, the number is not given explicitly and the
result is extracted from the figure only). At present, the
progress in lattice computations is pretty fast and the results
are going to further improve. Nevertheless, currently our
sum rule estimate is competitive with the lattice calcula-
tions for the reasons discussed above.

A comment on the QCD computation of the bag
parameter with the moments of the spectral density at
the finite b-quark mass used in the analysis of Ref. [16] is in
order here. The subtraction of divergences for the operator
O has been done in a way that is different from the scheme
adopted for the computation of the coefficient functions
of AB = 2 Hamiltonian in [20]. Thus, the renormalized
operator Q(u) of [16] differs from the one given in [20]
(and used in the present paper) by a finite amount of order
a,. We are going to convert the results of [16] to the
canonical basis in a separate paper.

VI. SUMMARY

We have computed nonfactorizable corrections to the
bag parameter for the BY—BY mixing. The most
|

PHYSICAL REVIEW D 94, 034024 (2016)

complicated part is a “direct” contribution that requires
an account for three-loop diagrams in HQET. The main
result of phenomenological analysis is that these correc-
tions are small, and factorization approximation is quanti-
tatively valid. We have found

B(my) — 1 =—(0.11 £ 0.04) (6.1)

and

Bloep = 1.34 £ 0.06 (6.2)
for the B; meson bag parameter.

The main advantage of our approach is that we classify
the contributions (diagrams) at the level of OPE such that
we can explicitly single out contributions that completely
factorize. In that sense they can only produce unity in the
bag parameter and do not require any computation if
properly marked. Subtracting these terms at the level of
OPE we keep only terms that explicitly violate factorization
and use the sum rules for them. It happens that those terms
are numerically small and even rather large uncertainties in
their estimate still produce rather precise result for the
matrix element itself.
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APPENDIX: MASTER INTEGRALS

Expansions of the master integrals in ¢ up to finite terms
have been obtained in [19] Appendix A. However, we have
found that the coefficients of M5, in the correlator are
O(1/¢), and we need one more term in their expansions.
The expansion of M5 is given by (A.4) in [19]; the new
additional term in the braces is

+ [144(2x10gx — 1+ 19x = 3x?)Li3(1 — x) — 144(2xlog x + 3 — 19x + x*)Liz(1 —x7")

+288L%(x) 4+ 216(1 — 7x + x?)L(x) log x + 252(1 — x*)L(x)

4

81 9 9
+—xlog*x + 2 (1 = x*)log*x — 1 (19 + 70x + 19x?)log?x + 18(1 — x?) log x

71
- 8(63o¢3 +yemt+ 18ﬂ2>x +3(11 = 120x + 11x2) | &*.

The expansion of M, is given by (A.5) in [19]; the new additional term in the braces is
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FIG. 7. Topology of two-loop integrals.

—2|144x% Ly (x) — 12x(2xlog x + 3 + 18x — 3x?)Liz (1 — x)

+12x(2xlogx—1—18x+x?)Liz (1 —x7")
—24x%L?(x) 4 6x[4xlog?x + 18xlog x — 5(1 — x?)|L(x)
+3x(1 = x*)log’x + x[87%x + 3(5 — 9x — 5x%)]log>x
+3x[4(8¢3 4 37%)x — 1+ x?]|logx

28
+2 <270C3 +Eﬂ'4 + 977:2> X%+ 2x(7 4+ 2x — x2)} e*,

where the function

M(thz \/

and M(w,, ). Expansion of M(w,,®,) in ¢ is

[2(1 — &)I(1 + 4e)

M(wy. ;) = — 1662(1 — 2¢)(1 — 4¢)(3 — 4¢

—2[x(x = 1)(4L(x) + log*x)

PHYSICAL REVIEW D 94, 034024 (2016)

. 1
L,(x) = —L4(x7") = Lis(x) +610g3x10g(1 —x)
1 ) 71'21 P
16108~ logy — g5

is analytical in (0, +o00) (no branching singularity at x = 1).
We have also checked that the expansions (A.2) and (A.3)
of M,, M/, in [19] satisfy the identity

d-3
M; = (d - 4)wiw,
8M2

1
(3d 8)(601 + 26()2)M2
Ow 2

x (0] = @3) o—=

following from IBP.

For the calculation of two-loop diagrams in Sec. I[II B we
need Feynman integrals shown in Fig. 7. Using LiteRed
[41] we reduce them to 3 trivial master integrals
[1(=20,) "7 (<20,) "7, 1)(=2w,)*7, I(-2@,)**~ and
2 nontrivial ones,

3 d 1 1: wl,wQ) (Al)

){x(x— 1) — (4x* —6x + 1)e

—2(2x — 1) log x|&?

+38 [x(x -1) <4Li3(1 —x) + 2Li3(1 —x7!) —4L(x) log x —%log3x +4L(x)>

+ (% +x — 1)1og2x]€3 +}

For calculations of spectral densities we used

Ll2(1 — xeiz”i) = L12(1

Ll3(1 - xeiz’”) = Ll‘;(l -

27i
Li,(x —i0) = =——

Li,(x +i0) — ()

(where 1 — xe™27

1 1
Liz(x) + Liz(1 —x) + Lis(1 —x71) = 610g3x —Elogleog(l - x)

(—2&)2)2_45

x2

— x)F2xiflog|x — 1| £ #if(x — 1)],
x)Frillog|x — 1| + zif(x — 1)),

log"~'x where x > 0

are on the Riemann sheets reached after crossing the cut). We also used the identity

72
+€10gx + (5.
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