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We compute the transport coefficients (drag and momentum diffusion) of the low-lying heavy baryons
Λc and Λb in a medium of light mesons formed at the later stages of high-energy heavy-ion collisions. We
employ the Fokker-Planck approach to obtain the transport coefficients from unitarized baryon-meson
interactions based on effective field theories that respect chiral and heavy-quark symmetries. We provide
the transport coefficients as a function of temperature and heavy-baryon momentum, and analyze the
applicability of certain nonrelativistic estimates. Moreover we compare our outcome for the spatial
diffusion coefficient to the one coming from the solution of the Boltzmann-Uehling-Uhlenbeck transport
equation, and we find a very good agreement between both calculations. The transport coefficients for Λc

and Λb in a thermal bath will be used in a subsequent publication as input in a Langevin evolution code for
the generation and propagation of heavy particles in heavy-ion collisions at LHC and RHIC energies.
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I. INTRODUCTION

The energy dissipation of heavy quarks is considered as
one of the most promising probes for the characterization of
the plasma of quarks and gluons (QGP) formed in the early
stages of heavy-ion collisions [1]. The two main processes
through which a heavy quark loses energy are elastic
collisions [2,3] and the bremsstrahlung or radiative loss
[4,5] due to the interaction of the heavy quarks with the
light quarks, light antiquarks and gluons in the QGP.
However, to make the characterization of QGP reliable,
the role of the hadronic phase should be also taken into
consideration.
Heavy hadrons, created after hadronization, suffer from

collisions with light mesons (such as π, K, K̄ and η
mesons), rearranging their momentum until freeze-out
and, thus, creating a nuclear modification ratio (RAA)
different from one as well as a finite elliptic flow (v2).
Recent results for D mesons (also for D� mesons) have
been published by the ALICE Collaboration focusing on
RAA [6] and v2 [7]. However, measurements are still in an
early stage, with several results in pþ p collisions and
some recent results from CMS Collaboration in pþ Pb
collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 5.02 TeV [8].
Heavy baryons, such as Λc and Λb baryons, could

be experimentally accessible in the near future. Initial

analyses have been done for the Λc baryon in pþ p
collisions by the LHCb Collaboration [9]. Although this
state is very difficult to reconstruct due to its three-body
decay, there exist plans to study it within the Run 3 of LHC
[10]. In particular, the ALICE Collaboration will study the
Λc=D ratio, as well as v2 and RAA after the upgrade of the
Inner Tracking System [11], allowing for an improvement
in the detection of heavy hadrons. The bottom counterpart
Λb is, however, more elusive, but its future reconstruction
in Run 3 by ALICE has been considered [10,11]. In
addition, this state has been recently measured by LHCb
Collaboration in the context of a possible pentaquark-
mediated decay [12].
The physical observables, such as particle ratios, RAA or

v2, are strongly correlated to the behavior of the transport
properties of heavy hadrons. The transport properties
depend crucially on the interaction of the heavy particles
with the surrounding medium. From the theoretical point of
view, these interactions have to be rigorously derived from
effective field theories (EFTs). EFTs are based on pertur-
bative expansions exploiting some approximate sym-
metries of the system (e.g. chiral symmetry and/or
heavy-quark symmetries). In some cases, one can obtain
model-independent results that correctly describe the low-
energy limit of QCD for the hadronic degrees of freedom.
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However, in practice, the validity of these EFTs for
describing the hadronic interactions is usually limited for
very low energies/temperatures. The presence of resonant
states breaks the perturbative expansion and, as a conse-
quence, unitarization of the effective theory is required.
Unitarized effective theories provide scattering amplitudes
that respect the exact unitarity condition and can be then
used for a reliable determination of the transport properties
of heavy hadrons.
Following the initial works of Refs. [13–17], we have

exploited chiral and heavy-quark symmetries to obtain
the effective interaction of heavy mesons, such as D [18]
and B̄ [19] mesons, with light mesons and baryons. With
these interactions, we have obtained the heavy-meson
transport coefficients as a function of temperature and
baryochemical potential of the hadronic bath by means of
solving the Fokker-Planck equation. In the present work
we move forward and calculate the transport coefficients
of the low-lying heavy baryons (Λc and Λb) using a
similar framework to account for the interaction of these
states with light mesons (π; K; K̄; η). These light mesons
are expected to be the main components of the hadronic
medium produced in high-energy heavy-ion collisions at
LHC or RHIC energies. We, moreover, investigate the
applicability of certain estimates of the transport coef-
ficients based on the Einstein relation in the nonrelativ-
istic regime. We finally compare the spatial diffusion
coefficient within the Fokker-Planck formalism to the one
resulting from the solution of the Boltzmann-Uehling-
Uhlenbeck equation.
We leave the phenomenological implications of our

findings for a subsequent paper in which we accommodate
the effective interactions of heavy baryons together with the
initial dynamics of c and b quarks. We extract several
observables potentially measurable at LHC energies, like
the RAA, v2, and baryon-to-meson ratios. In particular, we
provide predictions for Λc baryons highlighting the impact
of the hadronic medium interactions, which are expected to
be measured by the ALICE Collaboration. In addition, we
also present predictions for the Λb baryon, in spite of its
more difficult experimental reconstruction.
The paper is organized as follows. In Sec. II we describe

the meson-baryon effective interactions used to compute
the scattering amplitudes and cross sections of Λc and Λb
baryons in a light-meson bath. In addition, we review the
interactions of D and B̄ mesons in the same medium. In
Sec. III we present the theory of the transport coefficients
using the Fokker-Planck approach. Moreover, we show our

results for the transport coefficients for Λc and Λb, and
investigate the applicability of certain nonrelativistic esti-
mates of these coefficients. We, furthermore, compare our
result for the spatial diffusion coefficient with the one
resulting from a direct solution of the Boltzmann equation,
as described in the Appendix. Finally, in Sec. IV, we
present our conclusions.

II. EFFECTIVE HADRONIC INTERACTION
AND UNITARIZATION

In this section we review the details of the interaction of
Λc and Λb baryons with light mesons, such as π; K; K̄; η.
We also recall the details for the interaction of D and B̄
mesons for the same set of light mesons. In general, any
elastic scattering of hadrons is represented as

HðpÞlðqÞ → Hðp − kÞlðqþ kÞ; ð1Þ

where H and l will denote the heavy and light states,
respectively, with the corresponding four-momenta, for
instance pμ ¼ ðp0;pÞ.
The hadronic interactions are based on effective field

theories where the relevant symmetries of the system are
exploited. In the present case, heavy-quark and chiral
symmetries are the fundamental guiding principles we use
to construct the effective Lagrangian. As we are interested in
realistic cross sections at moderate energies—where the
presence of resonant states should be taken into account—
we unitarize the scattering amplitudes so that exact unitarity
is imposed.We generate the transition probabilities and cross
sections that are needed for the microscopical calculation of
the transport coefficients.

A. D and B̄ mesons interacting with light mesons

In this section we briefly review the interaction between
heavy mesons (D, B̄) and light mesons (π; K; K̄; η), as we
will use their transport coefficients to check some esti-
mates. In Ref. [16] we introduced the effective Lagrangian
that fulfills chiral symmetry constraints, and also respects
heavy-quark symmetries when heavy mesons are present.
The Lagrangian is expanded up to next-to-leading order
(NLO) in the chiral expansion to account for the finite
masses of the light mesons. In addition, the heavy-quark
mass expansion is always kept at leading order.
The tree-level scattering amplitude for the process of

Eq. (1) (but not restricted to elastic collisions) for total
isospin I, spin J and strangeness S is given by

VIJSðp; q; kÞ ¼ C0

4f2π
½ð2p − kÞ · ð2qþ kÞ� þ 2C1h1

f2π
þ 2C2

f2π
h3ðq · qþ q · kÞ

þ 2C3

f2π
h5½2ðp · qÞ2 þ 2ðp · qÞðp · kÞ − 2ðp · qÞðq · kÞ − ðp · kÞðq · kÞ − ðp · qÞðk · kÞ�; ð2Þ
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with Ci the isospin coefficients of Ref. [19] (which depend
on I, J, S). The amplitude (also known as potential) is
functionally independent of the heavy meson species (D or
B̄) by virtue of the heavy-quark flavor symmetry (only
broken by the different hi coefficients). The pion decay
constant is denoted as fπ , whereas the hi are the so-called
low-energy constants that only appear in the NLO terms.
Three of the low-energy constants (h1, h3 and h5) are free
parameters and need to be adjusted to experimental or
lattice data [16,20].
While in Ref. [16] we focused on the Dπ scattering

neglecting any other meson-meson channel, in a sub-
sequent work for the bottom sector [20] we considered
the interaction of B with all the (pseudo)Goldstone bosons
π, K, K̄ and ηmesons. However, we neglected any possible
mixing between meson-meson asymptotic states (an effect
which is subleading in chiral counting). The inclusion of
the coupled channel Dπ ↔ Dη for the D meson was
considered in Ref. [18], together with the interaction of
D mesons with light baryons (N and Δ). Finally, in
Ref. [19], we accounted for all possible B̄–light meson
and B̄–light baryon coupled channels, providing the most
complete calculation of the scattering amplitudes.
In the present work we follow the steps of Ref. [19], i.e.

we consider all possible meson-meson channels for the D
meson scattering off π, K, K̄ and η in a consistent coupled-
channel analysis. We thus recalculate the low-energy
constants to reproduce the pole position of the D0ð2400Þ
resonance, and the mass splitting between D and Ds. The
low-energy constants we use are h1 ¼ −0.45, h3 ¼ 5.5,
h5 ¼ −0.45 GeV−2. For the B̄-light meson scattering, we
use the same results of Ref. [19] with the parameters quoted
there. Thus, both charm and bottom sectors are computed
with the same level of consistency.

B. Λc and Λb baryons interacting with light mesons

The interaction of Λc and Λb scattering off π, K, K̄ and η
mesons is obtained within a unitarized meson-baryon
coupled-channel model that incorporates heavy-quark
spin symmetry (HQSS) [21–26]. This is a predictive
model for four flavors including all basic hadrons (pseu-
doscalar and vector mesons, and 1=2þ and 3=2þ baryons)
which reduces to the Weinberg-Tomozawa (WT) inter-
action in the sector where Goldstone bosons are involved.
This scheme has SUð6Þ × HQSS symmetry, i.e., spin-
flavor symmetry in the light sector and HQSS in the heavy
(charm/bottom) sector, and it is consistent with chiral
symmetry in the light sector.
The extended WT meson-baryon interaction in the

coupled meson-baryon basis reads

VIJS
ij ¼ DIJS

ij

2
ffiffiffi
s

p
−Mi −Mj

4fifj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ei þMi

2Mi

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ej þMj

2Mj

s
; ð3Þ

where
ffiffiffi
s

p
is the center-of-mass (C.M.) energy of the

system; Ei and Mi are, respectively, the C.M. energy
and mass of the baryon in the channel i; and fi is the
decay constant of the meson in the i-channel. The explicit
breaking of the symmetries is achieved using the hadron
masses and meson decay constants of Ref. [23,24], while
the DIJS

ij are given in Refs. [21–23,25].
We are interested in analyzing the interaction of

Λc (Λb) with π, K, K̄ and η. Thus, one needs to study
the interaction in (I ¼ 1, J ¼ 1=2, S ¼ 0) sector for
ΛcðΛbÞπ; (I ¼ 1=2, J ¼ 1=2, S ¼ 1;−1) for ΛcðΛbÞK
and ΛcðΛbÞK̄, respectively, whereas for ΛcðΛbÞη one
analyzes the (I ¼ 0, J ¼ 1=2, S ¼ 0) sector.

C. Unitarized effective interactions

In order to obtain the invariant matrix elements that
appear in the analysis of the transport coefficients, one has
to calculate the scattering amplitudes Tij. We solve the on-
shell Bethe-Salpeter equation (BSE) [27,28], using V as
kernel

Tij ¼ ½1 − VG�−1ik Vkj; ð4Þ

where i and j indicate the initial meson-meson (meson-
baryon) and final meson-meson (meson-baryon) system,
respectively. In the on-shell ansatz, the two-particle
propagators—often called loop functions—form a diago-
nal matrix G. The loop functions are

GiðsÞ ¼ iγi

Z
d4k
ð2πÞ4DHðp − kÞDlðqþ kÞ ð5Þ

where s ¼ ðpþ qÞ2 and DH and Dl are the propagators of
the heavy and light particles, respectively, in the channel i.
The factor γi accounts for the different normalization of
the meson-meson and meson-baryon interactions (γi ¼ 1
for the adimensional meson-meson V kernel [16] while for
the meson-baryon sector γi ¼ 2Mi, with Mi being the
mass of the baryon [21–26]). The loop functions are
divergent and regularized by means of dimensional regu-
larization [16,21–26].
Once the scattering amplitudes Tij are computed, the

invariant matrix elements Mij are given by

Mijð
ffiffiffi
s

p Þ ¼ γ1=2i γ1=2j Tijð
ffiffiffi
s

p Þ: ð6Þ

D. Elastic cross sections of heavy
hadrons with pions

Here we present a few results on elastic cross sections of
the heavy hadrons with the most abundant light mesons in
the thermal bath, the pions. We provide these examples to
show the typical features that the cross sections present
after unitarization, in particular, the resonant structures that
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emerge. In Fig. 1 we show the Dπ and Λcπ elastic cross
sections, while in Fig. 2 we display the B̄π and Λbπ elastic
ones as a function of energy in the center-of-mass frame.
These elastic cross sections are obtained as

σiðsÞ ¼
1

16πs
jMiið

ffiffiffi
s

p Þj2: ð7Þ

We observe a strong energy dependence in all cross
sections, given by the appearance of several resonant states
that couple strongly to these meson-baryon systems. These
are described in Refs. [18,19,23,24]. The Dπ and B̄π cross
sections are qualitatively similar, that is, a broad resonance
with a characteristic peak and a dip due to the opening of
the Dη (B̄η) channel. This is due to the fact that the kernel
of the interaction, V in Eq. (2), is the same for both systems,
except for the slightly different values of hi. The main
difference between both cross sections arises in the
unitarization procedure due to the different masses of D
and B̄. However, we find that the cross sections for Λcπ and
Λbπ are not comparable. The interaction kernels for
Λcπ − Λcπ and Λbπ − Λbπ are quite different due to the
different masses of the Λc and Λb, as seen in Eq. (3), even
before unitarization.

III. TRANSPORT COEFFICIENTS
OF Λc AND Λb BARYONS

In this section we use the unitarized scattering ampli-
tudes computed from effective theories in Sec. II to
calculate the transport coefficients of the heavy baryons
Λc and Λb in a thermal bath of light mesons. For an ulterior
application to high-energetic heavy-ion collisions at LHC
and RHIC, we always consider vanishing net baryonic
density by setting the chemical potential μB ¼ 0.

A. The transport equation for a heavy baryon

We consider the elastic collision of a heavy baryon
(denoted by H) with a light particle (denoted by l), as
seen in Eq. (1). In the following we remove the particle
labels H and l (unless needed for clarity), so that the
particle species are specified by their momenta. For
example, when denoting any distribution function or
energy by a subindex p or p − k, it should be understood
that it refers to the heavy particle (Λc;Λb), which follows
Fermi statistics. On the contrary, if the distribution
function or energy carry a q or qþ k label, they refer
to any of the light particles (π; K; K̄; η), which follows
Bose statistics.
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FIG. 2. Elastic cross sections for B̄π → B̄π (left panel) and Λbπ → Λbπ (right panel) as a function of energy in the center-of-mass
frame.
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FIG. 1. Elastic cross sections for Dπ → Dπ (left panel) and Λcπ → Λcπ (right panel) as a function of energy in the center-of-mass
frame.
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The Boltzmann equation for the distribution function of
the heavy particle with momentum p, fp (in the absence of
external forces) reads [29]

dfp
dt

¼ gl

Z
k;q

dΓp;q→p−k;qþk½fp−kfqþkð1 − fpÞð1þ fqÞ

− fpfqð1 − fp−kÞð1þ fqþkÞ�; ð8Þ

where fq is the distribution function of the light particle
with momentum q and gl is the spin-isospin degeneracy
factor for the light particle. Notice that in the right-hand
side one should formally consider a sum over all the light
mesons in the bath. However, we omit the summation and
write our equation for a single light species for simplicity.
The quantity dΓ is given by

dΓp;q→p−k;qþk ≡ dq
ð2πÞ3

dk
ð2πÞ3

1

2Ep2Eq2Ep−k2Eqþk

× 2πδðEp þ Eq − Ep−k − EqþkÞ
× jTj2ðp; q; kÞ; ð9Þ

with the property dΓp;q→p−k;qþk ¼ dΓp−k;qþk→q;p.
We assume that light particles are already in equilibrium

as opposed to the heavy particles. Therefore, fq (and fqþk)
will be equal to the equilibrium distribution function nq
(and nqþk),

nq ¼ gl
1

eβðEq−μlÞ − 1
; ð10Þ

with μl a possible pseudo-chemical potential that we set to
zero. The Boltzmann equation is then simplified

dfp
dt

¼ gl

Z
k;q

dΓpþk;q→p;qþkfpþknqð1−fpÞð1þnqþkÞ

−
Z
k;q

dΓp;q→p−k;qþkfpnqð1−fp−kÞð1þnqþkÞ; ð11Þ

where in the first term we have used the identity

dΓp;q→p−k;qþkfp−knqþkð1 − fpÞð1þ nqÞ
¼ dΓp;qþk→pþk;qfpþknqð1 − fpÞð1þ nqþkÞ; ð12Þ

using the fact that jTj2 only depends on its arguments
through the Mandelstam variables (s, t and u).
To simplify the notation of the kinetic equation it is

interesting to introduce the so-called interaction rate
wðp;kÞ, which is given by [2,16]

dkwðp;kÞ≡ gl
ð2πÞ3

Z
q
dΓp;q→p−k;qþknqð1þ nqþkÞ: ð13Þ

We can now rewrite the Boltzmann equation in Eq. (11) as

dfp
dt

¼
Z
k
dk½fpþkð1 − fpÞwðpþ k;kÞ

− fpð1 − fp−kÞwðp;kÞ�: ð14Þ

If we simplify 1 − fp, 1 − fp−k ≃ 1 due to the scarcity of
heavy particles in the bath, we can obtain the standard
expression [2]

dfp
dt

¼
Z
k
dk½fpþkwðpþ k;kÞ − fpwðp;kÞ�: ð15Þ

This equation for fpðtÞ indicates that the rate of change
of the heavy particle distribution is composed by a gain
term and a loss term. The next step is to exploit the fact that
the mass of heavy particles is larger than those of the light
particles and than the temperature. Then, the heavy particle
only receive small kicks from the light particles with a tiny
momentum loss. Assuming that the typical transferred
momentum is k ≪ p, one can expand the interaction rate
in Eq. (15) up to second order in derivatives. The resulting
equation is the Fokker-Planck equation [2,16]

dfp
dt

¼ ∂
∂pi

�
FðpÞpifpðtÞ

þ ∂
∂pj

�
Γ0ðpÞΔij þ Γ1ðpÞ

pipj

p2

�
fpðtÞ

�
; ð16Þ

where Δij ¼ δij − pipj=p2, F is the drag force, and Γ0 and
Γ1 are the (momentum) diffusion transport coefficients in
an isotropic thermal bath. These depend on the properties
of the bath, temperature and density. The explicit expres-
sions of these coefficients in terms of wðp;kÞ are

Fðp; TÞ ¼
Z
k
dkwðp;kÞ kip

i

p2
; ð17Þ

Γ0ðp; TÞ ¼
1

4

Z
k
dkwðp;kÞ

�
k2 −

ðkipiÞ2
p2

�
; ð18Þ

Γ1ðp; TÞ ¼
1

2

Z
k
dkwðp;kÞ ðkip

iÞ2
p2

: ð19Þ

These integrals can be computed using Monte Carlo
techniques. Details on the computation are given in
Ref. [16].
In the so-called static limit, p → 0, the coefficients in

Eqs. (17), (18), (19) follow simple relations. In particular,
the diffusion coefficients become degenerate Γ≡
Γ0ðp → 0Þ ¼ Γ1ðp → 0Þ and are related to the drag force
through the Einstein relation
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F≡ Fðp → 0Þ ¼ Γ
mHT

; ð20Þ

wheremH is the mass of the heavy baryon. This relation has
been checked in Ref. [20] up to a good degree of accuracy,
with small violations at moderate temperatures due to the
presence of the UV-momentum cutoff in our integrals.
Notice that this cutoff in the integrations (17), (18), (19) is
mandatory, as one is not legitimate to use the results from a
low-energy effective theory beyond certain momentum
transfer. In principle, one does not expect large truncation
uncertainties, because thermal distributions suppress the
integrand at higher momenta. However, at moderate tem-
peratures one might find non-negligible systematic errors if
the cutoff is kept.

B. Drag and diffusion coefficients from the
Fokker-Planck equation

We start this section by analyzing the transport coef-
ficients of the Λc baryon. We consider a light-meson bath
composed by π; K; K̄ and η mesons, so we fix the
baryochemical potential to zero neglecting the effects of
nucleons and Δ baryons on the transport of the Λc. This
approach is valid for high energetic heavy-ion collisions,
such as those taking place at LHC or RHIC colliders at their
top energies.
We follow a similar procedure as in our last work for D

mesons [18]. However, in contrast to the calculation in
Ref. [18], we remove the momentum UV-momentum cutoff
in the integrals of Eqs. (17), (18), (19) by taking constant
cross sections for energies above the validity of the
effective theory. This procedure eliminates the systematic
uncertainty of previous calculations due to the truncation of
the momentum integrals, but introduces an uncertainty—
especially at high temperatures—due to the use of a
constant interaction at high energies. However, we prefer
to pursue this path (inspired by Regge analysis at moderate
energies, where one finds almost flat cross sections) as we
eventually need to go to high values of transverse

momentum in our calculations of heavy-ion observables
at RHIC and LHC energies [30].
In Fig. 3 we show the drag and diffusion coefficients for

Λc as a function of the temperature when the heavy-baryon
momentum is fixed to p ¼ 100 MeV (static limit). We plot
the two coefficients as we sum up the contribution of all
light mesons. Note that in this limit the two diffusion
coefficients, Γ0 and Γ1, are degenerate, so we only show Γ0

in the right panel. In the static limit, the Einstein relation of
Eq. (20) should be satisfied. Thus, we have analyzed its
applicability by evaluating the drag coefficient from
Eq. (20) using the diffusion coefficient calculated by
Eq. (18). The excellent agreement of the two calculations
is presented in Fig. 4 for a wide range of temperatures. In
our past works [18,19] we reported a small violation of the
Einstein relation due to the presence of the UV-momentum
cutoff [20], being more severe at high temperatures. The
removal of this cutoff dependence in the present work has
improved the agreement between both approaches.
If we compare the drag coefficient for the Λc in Fig. 4

with the one for theDmeson in Ref. [18], we find that they
are very similar (this also happens for the diffusion
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FIG. 3. Drag F (left panel) and diffusion coefficient Γ0 (right panel) in the static limit (p ¼ 100 MeV) as a function of the temperature
for Λc baryons in a gas of thermalized π; K; K̄; η mesons.
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FIG. 4. Analysis of the applicability of the Einstein relation of
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computed from its definition of Eq. (17). Dashed line: Drag
coefficient calculated using Eq. (20), with Γ being the diffusion
coefficient Γ0 of Eq. (18) in the static limit (p ¼ 100 MeV).
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coefficient). This unexpected similarity can be understood
in terms of the kinetic theory expressions of the drag and
diffusion coefficients in the nonrelativistic limit [31]

F ∼ Pσ

ffiffiffiffiffiffi
ml

T

r
1

mH
; ð21Þ

Γ ∼ Pσ
ffiffiffiffiffiffiffiffiffi
mlT

p
: ð22Þ

The pressure results from the light particle’s bath, which is
taken to be the same for D meson and Λc baryon, with the
pionic pressure being the dominant contribution. The
masses of the two hadrons are comparable (D meson mass
is about 80% the mass of the Λc). Moreover, the cross
sections for theDπ and Λcπ scattering of Fig. 1 are alike (of
course, in different kinematic range), so that the thermally
averaged cross sections should be quite similar in size.
Thus, one expects similar values of the drag and diffusion
coefficients forD and Λc hadrons [at least in the static limit,
where Eqs. (21)–(22) are valid].
The momentum dependence of the Λc transport coef-

ficients is shown in Fig. 5, where we plot the drag force
and the two diffusion coefficients for T ¼ 140 MeV as a
function ofΛc momentum. This temperature is chosen to be

close to the transition temperature but still in the had-
ronic phase.
The drag and diffusion coefficients for Λc as a function

of temperature were also analyzed in Ref. [32]. In this work
the transport coefficients were obtained by means of two
approaches, using the scattering lengths of the different
Λc-light meson system or the energy-dependent Born terms
(or interaction kernels), without unitarization. It was found
that the coefficients are smaller in size than the ones
reported in the present paper. Apart from differences in
the kernel of the interaction, we conclude that the role of
unitarization is important for the correct determination of
the transport coefficients due to the presence of resonant
states, that enhance the cross section, and therefore, the
transport coefficients themselves.
To conclude the analysis of the Λc transport coefficients,

we provide two related quantities. In Fig. 6 we show the
relaxation time for the average momentum τR ¼ 1=F in
the static limit as a function of the temperature and the
averaged momentum loss per unit length −dp=dx ¼ EpF
as a function of the heavy baryon energy at T ¼ 140 MeV.
Notice that the relaxation time is larger than the typical
fireball duration, which is a signature of the difficult
equilibration of heavy particles in heavy-ion collisions.
When heavy particles are implemented in heavy-ion
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FIG. 5. Drag (left panel) and diffusion (right panel) coefficients at T ¼ 140 MeV as a function of the Λc momentum in a gas of
thermalized π; K; K̄; η mesons.
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simulations, the large relaxation time is reflected in a
small number of collisions (the mean-free path also
becomes of the order of the fireball duration). As an
example, in Ref. [33] it is quoted that each D meson can
have 1–2 collisions with light mesons in central Auþ Au
collision at RHIC energies. In view of our similar cross
sections, the same can be expected for heavy baryons. The
momentum loss is around 85 MeV per Fermi, again
signalling a not very effective process of thermalization
by momentum loss.
With regards to the Λb baryon, we proceed analogously

to the Λc baryon and study the transport coefficients in the
static limit together with the applicability of the Einstein
relation. The results for p ¼ 100 MeV are presented in
Fig. 7 for the same composition of the thermal bath. The
Einstein relation in Fig. 8 is very well satisfied for Λb as we
remove the UV-momentum cutoff of the integrals.
Moreover, we show the transport coefficients as a function
of momentum in Fig. 9, where similar trends to those for
the Λc baryon are found in all the transport coefficients.
To conclude this section we make an analysis of the drag

and diffusion coefficients in the static limit, for heavy
mesons and baryons, and compare them with the non-
relativistic estimates of Eqs. (21), (22). To simplify the
discussion we consider a thermal bath composed only by
pions and make use of the cross sections shown in Figs. 1
and 2. We will argue that there is full consistency between

the nonrelativistic estimates, the cross sections, and the
transport coefficients obtained here. We present the results
for F and Γ0 in Fig. 10.
We first focus on the Γ0 coefficient (right panel).

According to Eq. (22) it is only sensitive to the thermally
averaged cross section of the elastic collision.

(i) We take the D-meson result as reference (solid line).
Assuming that Eq. (22) is valid, we expect that the
difference between the Γ0 coefficients for the D and
B̄ mesons will only depend on the differences
between the cross sections. By analyzing the
D − π and B̄ − π cross sections in Figs. 1 and 2,
we observe that on average they are of the same
order. Therefore one can expect similar Γ0 coeffi-
cients, as seen in the right panel of Fig. 10.

(ii) Turning to the baryon case, the Λc − π cross section
has a similar qualitative trend but it is slightly larger
than the D − π one. The ratio of the average cross
sections is expected to be larger than 1 (it is a factor
of 2 right at the resonance peak). Reading the ratio of
the diffusion coefficients from the figure, which is
around ∼1.4, and assuming that the estimate of
Eq. (22) is valid, we take this numerical value as an
indicator of σΛc−π=σD−π ratio.

(iii) Finally, to extract any conclusions from the com-
plicated structure of the Λb − π cross section, one
would need to perform a numerical computation of
the average cross section. However, from the right
panel of Fig. 10 we observe that the result for Γ0 is
close to the Λc one. Therefore, assuming again the
validity of Eq. (22), we conclude that the average
cross section for Λb − π should be of the same order
of the one for Λc − π.

Now, we will check the consistency of these claims by
looking at the results for the drag coefficient, F, in the left
panel of Fig. 10.

(i) Let us take again the D-meson result as a reference.
The nonrelativistic estimate of Eq. (21) tells us that
F depends not only on the averaged cross section but
also on the heavy mass. For the B̄ meson colliding
with pions, we have seen that the elastic cross
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sections are similar. Therefore, the drag coefficient
should scale with the inverse of heavy masses. Thus,
we expect the B̄ result to be reduced by a factor
mB=mD ∼ 2.8, which is fully consistent with our
results in left panel of Fig. 10.

(ii) For the Λc baryon one expects that the result is a
combination of an increase of a factor 1.4 due to the
cross section dependence, but also a reduction of
mΛc

=mD ∼ 1.2. The total effect is an increase of a
factor 1.1 with respect to D meson, which is easily
seen in the same panel.

(iii) Finally, from the previous analysis of the Γ0 co-
efficient, we have seen that the average cross section
of Λb − π is of the same order of the Λc − π case.
Therefore we expect the same increase of 1.4, but a
reduction of mΛb

=mD ∼ 3.0 due to heavy masses.
The total effect is a reduction of a factor 2.2. The
result in the left panel of Fig. 10 is in full accordance
with this expectation.

Once checked the consistency of our results with the
nonrelativistic estimates, in Fig. 11 we present for com-
pleteness the same coefficients when all light mesons
ðπ; K; K̄; ηÞ are included in the bath. We also provide
numerical tables of these results for their practical numeri-
cal application as Supplemental Material [34].

C. Spatial diffusion coefficient

The reduction of the Boltzmann or Boltzmann-Uehling-
Uhlenbeck (BUU) equation to a Fokker-Planck equation is
very convenient for heavy systems. The main assumption is
that the mass of the heavy particle propagating in the
thermal bath is much bigger than the mass of the surround-
ing particles and the temperature of the heat bath. In the
Fokker-Planck approach, one does not need to solve the
kinetic equation for the distribution function fp. Instead,
the explicit expressions of the transport coefficients in
Eqs. (17), (18), (19) are obtained for the first and second
moments of the collision integral, without referring to fp.
Moreover, the transport coefficients of the heavy particle
are described in the momentum space rather than coor-
dinate space.
The spatial diffusion coefficient Dx contains

information on how much the particles are disseminated
in space. The mean quadratic displacement x ¼ ðx; y; zÞ
of the heavy particle as a function of time is approx-
imately [35]

hðxðtÞ − xðt ¼ 0ÞÞ2i ¼ 6Dxt; ð23Þ
where Dx can be understood as the “speed” of the
particle in a thermal medium. Within the Fokker-Planck
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approach, Dx can be obtained from the diffusion
coefficient in momentum space in the static limit
(p → 0),

Dx ¼
Γ

m2
HF

2
¼ T2

Γ
; ð24Þ

where we have used Eq. (20). The nonrelativistic
estimate in Eq. (22) suggests that Dx does not explicitly
depend on the heavy mass (but an indirect dependence
is not precluded, for example through subleading effects
in the cross section).
In this work we compute the spatial diffusion coefficient

[normalized by the de Broglie wavelength ð2πTÞ−1] for Λc
and Λb baryons by means of the BUU equation and
compare it to the coefficient calculated within the
Fokker-Planck framework. For the BUU calculation, we
adapt the calculation in Ref. [29], where one of us
computed the strangeness diffusion coefficient. The charm
and bottom diffusion coefficients are analogously per-
formed following the same technique. In the Appendix
we provide some details on how the BUU equation is
solved following the Chapman-Enskog expansion of the
distribution function.
In Fig. 12 we show our results for the spatial diffusion

coefficient for both Λc (left panel) and Λb (right panel).

There is an excellent agreement between the Fokker-Planck
and the BUU solutions in spite of a completely different
methodology. Thus, our results point to the validity of the
Fokker-Planck approach in order to extract the transport
coefficients for the Λc and Λb baryons. We observe that the
Fokker-Planck reduction works better for Λb than for Λc.
This is indeed expected as the validity of the Fokker-Planck
approach improves when the mass difference between the
heavy and the light particles increases.
It should also be mentioned that in the BUU calculation

one inverts the collision operator by performing a poly-
nomial expansion of the solution, which is truncated at
some finite order (see the Appendix for details). This
expansion converges exceptionally fast as it can be seen in
Table I for the diffusion coefficient at T ¼ 140 MeV. In our
results of Fig. 12 we have considered the polynomial
expansion up to third order.
The comparison between BUU and Fokker-Planck

approaches has also been explored at the level of the
solution of the transport equation by one of us for the
heavy-quark dynamics in Ref. [36]. In that paper, it was
found that the Fokker-Planck reduction (or the equivalent
Langevin approach) is legitimate either if the cross section
is forward peaked (this is translated into a thermal Debye
mass comparable with the temperature), or if the heavy
quark mass to temperature ratio is large (mH=T ≥ 8–10).
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For bottom quarks, the Langevin approach always gives
very close results to those obtained by the Boltzmann
transport equation. For charm quarks, the Langevin dynam-
ics brings considerable deviations depending on the value
of the thermal Debye mass, mD. If mD is reduced, then the
interaction is more forward peaked, thus enlarging the
applicability of the Fokker-Planck reduction. However, if
mD is larger than T, then the Langevin approach provides
very different results from the Boltzmann equation. In our
present approach the hadronic cross sections are not
forward peaked because all have been projected into the
(isotropic) s-wave. However, we consider temperatures
which are much lower than those of the initial stages of
the collisions. Therefore, the condition mH=T ≫ 1 is
always satisfied for heavy baryons. Then, we would expect
that both formalisms provide similar results in the hadronic
evolution.
Recent lattice-QCD calculations have reported results on

the spatial diffusion coefficient at finite temperature. As
these calculations are performed for much higher temper-
atures than the ones analyzed here (already in the decon-
fined medium), one cannot expect the lattice-QCD outcome
to be similar to our results, but comparable with them at our
top temperatures. In Ref. [37] the coefficient 2πTDx is
calculated for Tc < T < 2Tc for heavy quarks interacting
with thermal gluons in the plasma, but not light quarks
(quenched approximation). At T ¼ 1.5Tc a value of
2πTDx ¼ 4.57� 0.27þ2.61

−1.56 is obtained. The authors of
Ref. [38] quote a smaller value of 2πTDxðT ¼ 1.46TcÞ ¼
1.8� 0.7þ1.3

−0.5 for charm without dynamical quarks. Results
in the continuum limit have recently appeared above the
transition temperature [39]. In that work, the mass of the
heavy probe is taken to be asymptotically high (MH ≫ πT)
and the spatial diffusion coefficient is computed again
in a pure SU(3) gauge theory. The value obtained in the
continuum limit reads 2πTDx ≃ 3.7–6.9 around T ∼ 1.5Tc
(with Tc ≃ 317 MeV). These values from the lattice-
QCD calculations seem to be compatible with the tendency
of our results at the highest temperatures (but always
below Tc).

IV. CONCLUSIONS

In this work we have reported our findings of the
transport coefficients of Λc and Λb baryons immersed in

a hot hadronic medium. Although transport properties of
heavy mesons ðDð�Þ; B̄ð�ÞÞ have been widely considered in
the literature [13–19], the energy loss and momentum
diffusion of heavy baryons have received little attention
so far (see Ref. [32] for a first study on Λc transport
coefficients).
We have used a low-energy effective Lagrangian based

on chiral and heavy-quark spin symmetries to describe the
interaction of these states with light mesons (π; K; K̄; η). In
order to obtain the physical scattering amplitudes we have
unitarized the interaction kernels using a Bethe-Salpeter
equation in the “on-shell” approximation. The resulting
scattering amplitudes respect unitarity bounds and, thus,
provide sensible values for the transport cross sections. As a
byproduct, we have generated several resonant states (poles
of the scattering amplitudes) that dominate the hadron
scattering at low energies.
These cross sections have been implemented to compute

the drag force and diffusion coefficients for Λc and Λb as a
function of the temperature and heavy-baryon momentum
at vanishing baryochemical potential. To perform the
calculation we have used the Fokker-Planck approximation
of the transport equation, having immediate access to these
coefficients as a function of the heavy-baryon momentum.
We have presented intermediate checks of our results:
(1) The Einstein relation is satisfied for all temperatures.
(2) The nonrelativistic limits and scaling relations between
coefficients of different species (including D and B̄
mesons) are satisfied in a good degree of accuracy.
(3) The spatial diffusion coefficient Dx has been checked
against the one calculated using the Boltzmann-Uehling-
Uhlenbeck transport equation. Our results for the diffusion
coefficients follow the same trend as those for heavy
mesons, and they are fully compatible with lattice-QCD
results of deconfined heavy matter at the edge of the phase
transition temperature.
With these results in hand, we can consider the full

evolution of heavy quarksþ heavy baryons in a hot
medium, simulating the heavy-flavor diffusion in high-
energy heavy-ion collisions. This requires to solve a
transport equation for the evolution of the particle distri-
bution as a function of time (or in the Langevin approach,
the dynamics of individual particles to know their trajec-
tories in time). A detailed calculation of the Λc and Λb
observables will be reported in a subsequent article [30].
We will provide results for the standard observables
characterizing the medium modification of the hadrons
like RAA, v2 and baryon to meson ratios (Λc=D and Λb=B̄)
for high-energy collisions at LHC and RHIC. While the
heavy quark evolution has been considered previously in a
variety of schemes, the baryon evolution after the hadro-
nization into Λc and Λb will be implemented using the
effective interaction that we have detailed here.
Experimental measurements for the Λc observables are

foreseen at the Run 3 by the ALICE Collaboration [10,11],

TABLE I. Convergence in the polynomial expansion of the
solution of the BUU equation for the diffusion coefficient of the
Λc and Λb baryons at T ¼ 140 MeV.

T ¼ 140 MeV 2πTDx

Baryon 1st order 2nd order 3rd order

Λc 7.2324 7.2375 7.2379
Λb 7.3316 7.3326 7.3326
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with little attention to the Λb. With the present paper we are
able to study the dynamics of Λc and Λb states in a hot
medium using realistic interactions that can be checked
against experiment. Moreover, the transport properties of
these states can be calculated in a very confident way, as we
have found that there exists full consistency between
Boltzmann and Fokker-Planck approaches. Finally, the
fact that heavy baryons, such as Λc and Λb, carry an extra
conserved quantity, the baryon number, opens up the
possibility to study the interplay of the different transport
channels (in the Onsager’s sense of a mixed heavy flavor–
baryon diffusion coefficients [40]). For all these reasons,
we encourage the experimental collaborations to pursue the
study of heavy baryons in heavy-ion collisions in the
future, in spite of the well-known technical difficulties for
their reconstruction.
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APPENDIX: COMPUTATION OF Dx FROM THE
BOLTZMANN-UEHLING-UHLENBECK

EQUATION

In this Appendix we sketch the calculation of the spatial
diffusion coefficient Dx using the BUU Eq. (8) instead of
the Fokker-Planck approach. Being a more general equa-
tion, the solution of the BUU equation provides a con-
sistency check for our results as well as an applicability test
of the Fokker-Planck reduction. Not being a central part of
the present work, we only give a general overview of the
procedure. For more details we refer to Ref. [29], where the
method was applied to compute the strangeness diffusion.
The spatial diffusion coefficient can be defined in terms

of the Fick diffusion law as

jðt;xÞ ¼ −Dx∇j0ðt;xÞ; ðA1Þ

where j0 and j are respectively the concentration and
density current of heavy particles. In terms of a four-vector
we have jμ ¼ ðj0; jÞ. This phenomenological law is valid
as long as higher order gradients can be neglected. For
this reason we always consider the system close to the
equilibrium state, where gradients are small.

The connection with microphysics is given by the
expression of the current in terms of the distribution
function fpðt;xÞ,

jμðt;xÞ ¼ g
Z

dp
ð2πÞ32Ep

fpðt;xÞð2pμÞ; ðA2Þ

where g is the degeneracy of heavy baryons and
Ep ¼ p0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

H

p
. Close to equilibrium, the distri-

bution function obeys the BUU equation (8)

dfp
dt

¼ gl

Z
k;q

dΓ½fp−knqþkð1 − fpÞð1þ nqÞ

− fpnqð1 − fp−kÞð1þ nqþkÞ�; ðA3Þ

where dΓ ¼ dΓp;q→p−k;qþk, gl is the degeneracy factor of
the light particle [41]. The light system is already taken in
equilibrium, with the distribution function np being the
Bose-Einstein function. We also recall that the momentum
label specifies the particle involved, being q and qþ k
related to the light particle and momenta p and p − k
related to the heavy particle.
To solve the BUU equation we use the Chapman-Enskog

expansion [42], which is one of the standard techniques
when the system is not far from equilibrium. This method
assumes that the distribution function can be expanded in
powers of the Knudsen number, Kn ¼ λmfp=Lmacro, with
λmfp the mean-free path of the heavy particle and Lmacro a
typical “inhomogeneity scale” of the system [29,42,43].
Equivalently, the expansion can be regarded as an expan-
sion in powers of gradients of the hydrodynamic functions
(temperature, chemical potential, velocity field…) [42,43].
In the present case we only consider the gradient in
chemical potential ∇μ. In addition, the gradient is always
small enough to keep a linear approximation.
The expansion in the distribution function of the heavy

particle reads

fp ¼ np þ fð1ÞðpÞ þ � � � ; ðA4Þ

where np is the Fermi-Dirac distribution function, and the
first correction, fð1ÞðpÞ, is OðKn1Þ (or first order in
gradients Oð∇Þ).
We now introduce the expansion (A4) into the BUU

equation. In the left-hand side (lhs), we assume that any
spacetime dependence of fpðt;xÞ comes only through
inhomogeneities of the (heavy) chemical potential,

dfp
dt

¼ d
dt

npðμðxÞÞ þOð∇2Þ

¼ npð1 − npÞβ
p
Ep

·∇μþOð∇2Þ; ðA5Þ

where β ¼ 1=T.

TOLOS, TORRES-RINCON, and DAS PHYSICAL REVIEW D 94, 034018 (2016)

034018-12



In the right-hand-side (rhs) we introduce the same
expansion (A4) and linearize the collision operator.
Further, we use the ansatz fð1ÞðpÞ ¼ −npð1 − npÞp ·
∇μβ3HðpÞ to make the gradient in chemical potential
explicit. We thus find an equation for HðpÞ,

npð1 − npÞp ¼ −glEpβ
2

Z
k;q

dΓnp−knqþkð1þ nqÞð1 − npÞ

× ½pHðpÞ − ðp − kÞHðp − kÞ�: ðA6Þ

The integral equation is linear in HðpÞ, thus being an
important simplification of the nonlinear collision operator
in Eq. (A3). In addition, one has the advantage that the lhs
does not depend on HðpÞ, easing the inversion of the
collision integral. The procedure is simplified by expanding
this function in terms of a convenient orthogonal poly-
nomial basis fPiðpÞg,

HðpÞ ¼
X
i

hiPiðpÞ; ðA7Þ

where the unkown coefficients hi are independent of p (but
temperature and density dependent). The polynomial basis
can be straighforwardly constructed following a Gram-
Schmidt method once an integration measure is given. The
integration measure dμðpÞ (not to be confused with the
chemical potential) is chosen as

dμðpÞ≡ dp
Ep

npð1 − npÞ
p4

m4
H
; ðA8Þ

with momentum p ∈ ½0;þ∞Þ. The integration measure
induces a scalar product, and the concept of orthogon-
ality needed for the construction of the polynomial
basis. For more details, we refer again to [29] where
all these ingredients are defined to account for the
Hilbert-space structure in which the solution function
HðpÞ lives.
The transport equation (A6) is projected multiplying by

PnðpÞdpp2pi=ðEpm4
HÞ and integrating over momentum in

both sides

Z
dμðpÞPnðpÞ ¼ −

gl
m4

HT
2

X
i

hi

Z
p;k;q

dpp2dΓnp−knqþkð1þ nqÞð1 − npÞpPnðpÞ½pPiðpÞ − ðp − kÞPiðp − kÞ�: ðA9Þ

Although this equation might seem still complicated, one should recall that the only unknown coefficients are hi. Defining

Cni ≡ −
gl

m4
HT

2

Z
p;k;q

dpp2dΓnp−knqþkð1þ nqÞð1 − npÞpPnðpÞ½pPiðpÞ − ðp − kÞPiðp − kÞ�; ðA10Þ

the solution for HðpÞ is obtained order by order in the polynomial expansion as

hi ¼
X
n

½C−1�in
�Z

dμðpÞPnðpÞ
�
; ðA11Þ

In the rhs of the Fick’s law (A1), the expansion (A4) can be truncated at zeroth order, as it is explicitly linear in gradients,

∇j0ðt;xÞ ¼ g
Z

dp
ð2πÞ3∇fpðt;xÞ ¼ g

Z
dp

ð2πÞ3 npð1 − npÞβ∇μðxÞ þOð∇2Þ; ðA12Þ

where we have used Eq. (A2). However, in the lhs one should consider the term with fð1Þ, because the zeroth-order term
vanishes due to the symmetry of the integral. The Fick equation is then rewritten in terms of HðpÞ as

Z
dp

ð2πÞ3
p
Ep

npð1 − npÞp ·∇μβ2HðpÞ ¼ Dx∇μ

Z
dp

ð2πÞ3 npð1 − npÞ: ðA13Þ

Expressing the integrations as scalar products with the integration measure of Eq. (A8), we can obtain the diffusion
coefficient

Dx ¼
1

3T2

R
dμðpÞHðpÞR
dμðpÞEp=p2

¼ 1

3T2

1R
dμðpÞEp=p2

X
i

hi

Z
dμðpÞPiðpÞ; ðA14Þ

where we have introduced (A7). Finally, we substitute the solution of the transport equation to obtain
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2πTDx ¼
2π

3T
1

½R dμðpÞEp=p2�
X
i;n

�Z
dμðpÞPiðpÞ

�
½C−1�in

�Z
dμðpÞPnðpÞ

�
: ðA15Þ

By choosing an adequate polynomial basis, we can solve the previous equation with a few terms of the polynomial
expansion. We refer to [29] for additional information, while a more detailed calculation will be reported elsewhere.
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