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We present the systematic results for three-dimensional fragmentation functions of spin-1 hadrons
defined via the quark-quark correlator. There are totally 72 such fragmentation functions, among them 18
are twist-2, 36 are twist-3 and 18 are twist-4. We also present the relationships between the twist-3 parts and
those defined via the quark-gluon-quark correlator obtained from the QCD equation of motion. We show
that the two particle semi-inclusive hadron production process eþe− → VπX at high energies is one of
the best places to study the three-dimensional tensor polarization dependent fragmentation functions. We
present the general kinematic analysis of this process and show that the cross section should be expressed in
terms of 81 independent structure functions. After that we present parton model results for the hadronic
tensor, the structure functions, and the azimuthal and spin asymmetries in terms of these gauge invariant
fragmentation functions at the leading order perturbative quantum chromodynamics up to twist-3.
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I. INTRODUCTION

In describing high energy reactions, we need two sets of
important quantities, the parton distribution functions
(PDFs) and the fragmentation functions (FFs). The former
are used to describe the hadron structure and the latter
describe the hadronization process. In a quantum field
theoretical formulation, both PDFs and FFs are defined via
the corresponding quark-quark correlator. The quark-quark
correlator is defined as a matrix in the Dirac space
depending on the hadron states. It is then decomposed
into different components expressed in terms of the basic
Lorentz covariants and the scalar functions. These scalar
functions contain the information of the hadron structure
and/or hadronization mechanism and are called the corre-
sponding PDFs or FFs. In many cases in the literature,
specific PDFs and/or FFs are introduced whenever needed,
sometimes with different conventions and/or notations.
With the development of the related studies, it is necessary
and useful to make a systematic study and present a
complete set of such results. The results for three-
dimensional PDFs of the nucleon defined in this way are
presented in [1] in a systematical way. Since usually
different types of hadrons with different flavors and spins
are produced in a high energy reaction, FFs are therefore
more involved and perhaps even more interesting but less
studied yet. Specific recent discussions can also be found
e.g. in [2–17]. A short summary can be found in a recent
unpublished note and short reviews [18–20].
In this paper, we summarize the results for three-

dimensional FFs defined via the quark-quark correlator
for spin-1 hadrons in a systematical way. The FFs are

divided into a spin-independent part, a vector polarization
dependent part, and a tensor polarization dependent part.
Formerly, the spin-independent part is the same as those for
spin-0 hadrons and the vector polarization dependent part is
the same as those for spin-1=2 hadrons. They are also
similar to those for PDFs presented e.g. in [1] for the
corresponding cases. We will pay special attention to the
tensor polarization dependent part including higher twist
contributions. In this connection, we will in particular show
also FFs defined via the quark-gluon-quark correlator and
their relationships to those defined via the quark-quark
correlator obtained using the quantum chromodynamics
(QCD) equation of motion.
The most convenient place to study the three-dimensional

FFs of vector mesons is perhaps eþe− → VπX. We present
the results for the general kinematical analysis of this
process and calculate the hadronic tensor and differential
cross section up to twist-3 at leading order in perturbative
(pQCD). We also present the results for the tensor polar-
izations of V in terms of the three-dimensional FFs.
The rest of the paper is organized as follows. After this

introduction, we briefly summarize the general procedure
of deriving the results of FFs from the quark-quark
correlator and present results and relationships to those
defined via the quark-gluon-quark correlator at twist-3
in Sec. II. We make a general kinematical analysis of
eþe− → VπX in Sec. III. We calculate the hadronic tensor
at leading order perturbative QCD up to twist-3 in Sec. IV.
We present the results for the structure functions in Sec. V
and those for azimuthal and spin asymmetries in Sec. VI.
We make a summary and a discussion in Sec. VII. Since
most of the equations are rather long, we will present the
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discussions in the corresponding sections but show most of
the formulas and tables in the appendixes.

II. FRAGMENTATION FUNCTIONS DEFINED
VIA THE QUARK-QUARK CORRELATOR

A systematic analysis is given in a recent unpublished
note [18]. For completeness, we briefly summarize the
basic ideas in this section and summarize the results in
Appendix A. Similar to parton distribution and/or correlation
functions, in quantum field theory, the quark fragmentation
is defined via the quark-quark correlator given by

Ξ̂ð0Þ
ij ðkF;p; SÞ ¼

1

2π

X
X

Z
d4ξe−ikFξ

× h0jL†ð0;∞Þψ ið0Þjp; S;Xi
× hp; S;Xjψ̄ jðξÞLðξ;∞Þj0i; ð2:1Þ

where kF and p denote the 4-momenta of the quark and the
hadron respectively, S denotes the spin of the hadron;
Lðξ;∞Þ is the gauge link that is given by

Lðξ;∞Þ ¼ Pe
ig
R

∞
ξ−

dη−Aþðη−;ξþ;~ξ⊥Þ

¼ 1þ ig
Z

∞

ξ−
dη−Aþðη−; ξþ; ~ξ⊥Þ

þ ðigÞ2
Z

∞

ξ−
dη−1

Z
η−
1

ξ−
dη−2A

þðη−2 ; ξþ; ~ξ⊥Þ

× Aþðη−1 ; ξþ; ~ξ⊥Þ þ � � � : ð2:2Þ

The correlator given by Eq. (2.1) satisfies the following con-
straints imposed by Hermiticity and parity conservation, i.e.,

Ξ̂†ð0ÞðkF;p; SÞ ¼ γ0Ξ̂ð0ÞðkF;p; SÞγ0; ð2:3Þ

Ξ̂ð0ÞðkF;p; SÞ ¼ γ0Ξ̂ð0ÞðkPF ;pP; SPÞγ0; ð2:4Þ

where a vector with the superscript P denotes the result
after space reflection such as pP

μ ¼ pμ. Unlike that for the
hadron structure, because of the presence of the gauge
link and final state interactions between h and X, time-
reversal invariance puts no such simple constraint on the
correlator Ξ̂ð0ÞðkF;p; SÞ.
The three-dimensional or the transverse momentum

dependent (TMD) FFs are defined via the three-dimensional
quark-quark correlator Ξ̂ð0Þðz; kF⊥;p; SÞ obtained from
Ξ̂ð0ÞðkF; p; SÞ by integrating over k−F, i.e.,

Ξ̂ð0Þðz; kF⊥;p; SÞ ¼
X
X

Z
pþdξ−

2π
d2ξ⊥e−iðp

þξ−=z−~kF⊥·~ξ⊥Þ

× h0jL†ð0;∞Þψð0Þjp; S;Xi
× hp; S;Xjψ̄ðξÞLðξ;∞Þj0i; ð2:5Þ

where z ¼ pþ=kþF is the longitudinal momentum fraction
defined in light-cone coordinates. Herewe use the light-cone
coordinate and define the light-cone unit vectors as

n̄ ¼ ð1; 0; ~0⊥Þ, n ¼ ð0; 1; ~0⊥Þ, and n⊥ ¼ ð0; 0; ~1⊥Þ. We
choose the hadron’s momentum as the z direction so that
p is decomposed as pμ ¼ pþn̄μ þ ðM2=2pþÞnμ.
The FFs are obtained from Ξ̂ð0Þðz; kF⊥;p; SÞ by decom-

posing it in the following two steps. First, we note that
Ξ̂ð0Þðz; kF⊥;p; SÞ is a matrix in Dirac space and expand
it in terms of the Γ matrices, Γ ¼ fI; iγ5; γα; γ5γα; iσαβγ5g,
i.e.,

Ξ̂ð0Þðz; kF⊥;p; SÞ
¼ Ξð0Þðz; kF⊥;p; SÞ þ iγ5 ~Ξ

ð0Þðz; kF⊥;p; SÞ
þ γαΞð0Þ

α ðz; kF⊥;p; SÞ þ γ5γ
α ~Ξð0Þ

α ðz; kF⊥;p; SÞ
þ iσαβγ5Ξ

ð0Þ
αβ ðz; kF⊥;p; SÞ: ð2:6Þ

The coefficient functions are given by

Ξð0Þ½Γ�ðz; kF⊥;p; SÞ

¼ 1

4

X
X

Z
pþdξ−

2π
d2ξ⊥e−iðp

þξ−=z−~kF⊥·~ξ⊥Þ

× hp; S;Xjψ̄ðξÞLðξ;∞Þj0i
× Γh0jL†ð0;∞Þψð0Þjp; S;Xi; ð2:7Þ

where Ξð0Þ½Γ� represents respectively Ξð0Þ, ~Ξð0Þ, Ξð0Þ
α , ~Ξð0Þ

α ,

and Ξð0Þ
αβ for different Γ’s. Together with the demands

imposed by the Hermiticity and parity invariance
[Eqs. (2.3) and (2.4)], the Lorentz invariance demands
that all the corresponding coefficient functions are real
and are Lorentz scalar, pseudoscalar, vector, axial-vector,

and tensor respectively. Furthermore, the tensor Ξð0Þ
αβ is

antisymmetric in Lorentz indices and odd under space
reflection which implies that it can be made out of a vector
and an axial vector.
Second, we expand these coefficient functions according

to their respective Lorentz transformation properties in
terms of the basic Lorentz covariants constructed from the
basic variables at hand. They are expressed as the sum
of the basic Lorentz covariants multiplied by scalar
functions of z and k2F⊥. These scalar functions are the
three-dimensional FFs. We note in particular that because
of the Hermiticity given by Eq. (2.3), these FFs defined via
the quark-quark correlator are real.
Clearly, the basic Lorentz covariants that we can con-

struct depend on what basic variable(s) we have at hand.
Besides the 4-momenta p and kF, we have the variables
describing the spin states. Such variables are different
for hadrons with different spins. For spin-1 hadrons, the
polarization is described by a 3 × 3 density matrix ρ,
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which, in the rest frame of the hadron, is usually decom-
posed as [21]

ρ ¼ 1

3
ð1þ 3

2
SiΣi þ 3TijΣijÞ; ð2:8Þ

where, Σi is the spin operator of the spin-1 particle, and
Σij ¼ 1

2
ðΣiΣj þ ΣjΣiÞ − 2

3
1δij. The spin polarization tensor

is Tij ¼ TrðρΣijÞ, and is parametrized as

T ¼ 1

2

0
BB@

− 2
3
SLL þ SxxTT SxyTT SxLT
SxyTT − 2

3
SLL − SxxTT SyLT

SxLT SyLT
4
3
SLL

1
CCA: ð2:9Þ

Here, besides the polarization vector S, we also need a
polarization tensor T. The polarization vector S is similar
to that for spin-1=2 hadrons and the tensor T has five
independent components that are given by a Lorentz scalar
SLL, a Lorentz vector S

μ
LT ¼ ð0; SxLT; SyLT; 0Þ, and a Lorentz

tensor SμνTT that has two nonzero independent components
SxxTT ¼ −SyyTT and SxyTT ¼ SyxTT . In a covariant form, the
polarization vector S is decomposed as

Sμ ¼ λ
pþ

M
n̄μ þ SμT − λ

M
2pþ nμ; ð2:10Þ

where λ denotes the helicity and ST ¼ ð0; 0; ~STÞ denotes
the transverse polarization. The tensor polarization Tμν is
expressed as [21]

Tμν ¼ 1

2

�
4

3
SLL

�
pþ

M

�
2

n̄μn̄ν þ pþ

M
nfμSνgLT

−
2

3
SLLðn̄fμnνg − gμν⊥ Þ þ SμνTT −

M
2pþ n̄fμSνgLT

þ 1

3
SLL

�
M
pþ

�
2

nμnν
�
; ð2:11Þ

where we used the anticommutation symbol AfμBνg≡
AμBν þ AνBμ, and also in the following of this paper
A½μBν� ≡ AμBν − AνBμ and gμν⊥ ≡ gμν − n̄μnν − nμn̄ν.
Hence, for spin-1 hadrons, the quark-quark correlator

Ξ̂ð0Þ can be written as the sum of a polarization independent
part Ξ̂Uð0Þ, a vector polarization dependent part Ξ̂Vð0Þ, and a
tensor polarization dependent part Ξ̂Tð0Þ, i.e.,

Ξ̂ð0Þðz; kF⊥;p; SÞ ¼ Ξ̂Uð0Þðz; kF⊥;pÞ þ Ξ̂Vð0Þðz; kF⊥;p; SÞ
þ Ξ̂Tð0Þðz; kF⊥;p; SÞ: ð2:12Þ

Since the polarization dependence is linear to the corre-
sponding spin parameters, formally, the spin-independent
part is exactly the same as that for spin-0 hadrons, and the
vector polarization dependent part is the same as that for

spin-1=2 hadrons. The tensor polarization dependent part is
new and contributes only for spin-1 hadron production. We
summarize them separately in the following.
Before we present the results, we describe the notation

system for the FFs used throughout the paper. We will use
D, G, and H for unpolarized, longitudinally polarized, and
transversely polarized quarks. They correspond to those
FFs obtained via decompositions of the vector, axial-vector,
and tensor part of the correlator. Those defined via the
scalar and the pseudoscalar are denoted by E. A number j in
the subscripts specifies the twist: j ¼ 1 for twist-2, null (no
number) for twist-3, and j ¼ 3 for twist-4. We will also use
different symbols in the subscripts to denote the polariza-
tion of the produced hadron such as L and T in the vector
polarization case and LL, LT, or TT in the tensor
polarization case; a ⊥ in the superscript denotes that the
corresponding basic Lorentz covariant is kF⊥ dependent.
If we decompose the quark field in Eq. (2.7) into the sum

of the right- and left-handed parts, i.e., ψ ¼ ψR þ ψL with
ψR=L ≡ 1

2
ð1� γ5Þψ , we see that for Γ ¼ I, iγ5 and iσαβγ5,

ψ̄RΓψL and ψ̄LΓψR are nonzero. So the terms related to
them (i.e., the E and H terms) correspond to the helicity-
flipped quark structure and are called chiral odd (χ odd).
Similarly, for Γ ¼ γα and γ5γα, ψ̄LΓψL and ψ̄RΓψR are
nonzero. Hence, the terms related to them (i.e., the D’s and
the G’s) do not flip the quark helicity and are χ even. We
also recall the properties of the fermion bilinears under time
reversal T̂ , i.e.,

T̂ fψ̄ψ ; ψ̄iγ5ψ ; ψ̄γαψ ; ψ̄γ5γαψ ; ψ̄ iσαβγ5ψg
⇒ fψ̄ψ ;−ψ̄iγ5ψ ; ψ̄γαψ ; ψ̄γ5γαψ ; ψ̄iσαβγ5ψg: ð2:13Þ

Using this, we can determine whether a component of
FF defined via the quark-quark correlator is time-reversal
even (T even) or odd (T odd) according to the time-reversal
behavior of the corresponding basic Lorentz covariant.
However, we should also note that they are usually referred
as “naive T odd” or “naive T even” because the interactions
between the produced hadron h and the rest X can destroy
simple regularities so all of them can exist in a practical
hadronization process.

A. Results of the decomposition and FFs

1. The unpolarized part

For the spin-independent part Ξ̂Uð0Þðz; kF⊥;pÞ, the
independent variables that can be used to construct the
basic Lorentz covariants are pα, kF⊥α, and nα. The basic
Lorentz covariants that we can construct from them are
one Lorentz scalar p2 ¼ M2, no pseudoscalar, three
Lorentz vectors, p, kF⊥, and n, one axial vector ε⊥ραk

ρ
F⊥ ≡

~kFα, and three antisymmetric and space reflection odd
Lorentz tensors p½ρ ~kF⊥α�, ε⊥ρα, and n½ρ ~kF⊥α�. Here
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ε⊥ρα ¼ εμνραn̄μnν and εμνρα is the antisymmetric tensor. We
also use the notation ~a⊥μ ≡ ε⊥ρμaρ to denote the transverse

vector perpendicular to a⊥, and note in particular that ~a⊥ ·

b⊥ ¼ ε⊥ρσaρbσ ¼ −a⊥ · ~b⊥ and ~~a⊥ ¼ −a⊥. The general
decomposition of the spin-independent part of the quark-
quark correlator is given by Eqs. (A1)–(A5) in Appendix A.
We obtain eight unpolarized TMD FFs, two of them
contribute at twist-2, four at twist-3, and the other two
at the twist-4 level.
From Eqs. (A1)–(A5), we see in particular the existence

of a leading twist FF H⊥
1 ðz; kF⊥Þ that leads to azimuthal

asymmetry of the produced hadron in fragmentation of a
transversely polarized quark. This was first introduced in
[4] and is now known as the Collins function. We see also a
twist-4 addendum to it described by H⊥

3 ðz; kF⊥Þ.
If we integrate over d2kF⊥, we obtain the one-

dimensional results as given by Eqs. (A6)–(A8) in
Appendix A. We see that there are only four left and the
number densityD1ðzÞ is the only leading twist, two of them
contribute at twist-3 and the other one at twist-4.
We note in particular the direct one-to-one correspon-

dence between the results obtained in this case for FFs and
those obtained in [1] for PDFs. The only obvious difference
is the existence of the naive time-reversal odd HðzÞ due to
final interaction between h and X while the corresponding
term vanishes for PDFs.

2. The vector polarization dependent part

For the vector polarization dependent part, we have,
besides pα, kF⊥α, and nα, the polarization vector S to use to
construct the basic Lorentz covariants. The results obtained
are given by Eqs. (A10)–(A14) in Appendix A. We see that
there are 24 vector polarization dependent TMD FFs, six of
them contribute at twist-2, 12 at twist-3, and the other six at
twist-4 level. Among them, eight are naive T odd (E⊥

T , EL,
E0⊥
T , D⊥

1T , D⊥
L , DT , D⊥

T , and D⊥
3T), and the other 16

are T even.
We also note that four of them (EL,G1L,G⊥

L ,G3L) are for
longitudinal (to longitudinal) spin transfer; six of them
(H1T , H⊥

1T , H⊥
T , H0⊥

T , H3T , H⊥
3T) are for transverse (to

transverse) spin transfer; five of them (E0⊥
T , G⊥

1T , GT , G⊥
T ,

G3T) are for longitudinal to transverse spin transfer; three of
them (H⊥

1L,HL,H⊥
3L) are for transverse to longitudinal spin

transfer; the other six (E⊥
T , D

⊥
1T , DT , D⊥

L , D
⊥
T , D

⊥
3T) are for

induced polarizations which leads to hadron polarizations
in fragmentation of an unpolarized quark. At leading twist,
we have a D⊥

1T for induced polarization, a longitudinal
(G1L), two transverse (H1T , H⊥

1T), a longitudinal to trans-
verse (G⊥

1T), and a transverse to longitudinal (H⊥
1L) spin

transfer.
We note in particular the induced polarization terms

described by E⊥
T and the D’s in fragmentation of an

unpolarized quark. At leading twist, there is a Sivers-type

[22] FF D⊥
1T describing polarization transverse to the

production plane and corresponding to the transverse
hyperon polarizations observed in high energy hadron-
hadron and hadron-nucleus collisions [23]. Other higher
twist FFs describe polarizations in longitudinal as well as
two transverse directions.
If we integrate over d2kF⊥, we obtain the results given by

Eqs. (A15)–(A19) in Appendix A. We see that only eight
terms survive, which means that, in the one-dimensional
case, for the vector polarization dependent part, we have
totally eight FFs. We see also that two of them are leading
twist, they are the longitudinal spin transfer G1LðzÞ and the
transverse spin transfer H1TðzÞ. We also have four twist-3
FFs that lead to induced polarization of the hadron and two
twist-4 FFs that are addenda to the longitudinal and
transverse spin transfer respectively. We also see that in
this case induced polarization in the transverse direction
exists at twist-3.
We note again the direct one-to-one correspondence

between the results obtained in this case and those obtained
in [1] for PDFs. The difference is the existence of the naive
time-reversal odd ELðzÞ and DTðzÞ due to final state
interactions between h and X while the corresponding term
vanishes for PDFs. While ELðzÞ is an addendum to G1LðzÞ,
DTðzÞ leads to transverse polarization in fragmentation of
the unpolarized quark. Both of them contribute at twist-3.

3. The tensor polarization dependent part

The general decomposition of the tensor polarization
dependent part is given by Eqs. (A21)–(A25) in
Appendix A which is obtained by constructing basic
Lorentz covariants by using, besides p, kF⊥, and n, the
Lorentz scalar SLL, Lorentz vector SLT, and Lorentz tensor
STT . We see that there are totally 40 tensor polarization
dependent TMD FFs, ten contribute at twist-2, 20 at
twist-3, and the other ten at twist-4. Among them, 24

(those related to ~ΞTð0Þ
α and ΞTð0Þ

ρα ) are T odd and the other 16
are T even.
We emphasize in particular the similarities between

the tensor polarization dependent terms given by
Eqs. (A21)–(A25) in Appendix A and those unpolarized
and vector polarization dependent terms given by
Eqs. (A1)–(A14) in Appendix A.
(1) Since SLL is a Lorentz scalar and thus has no

influence on the basic Lorentz covariants, the
SLL-dependent terms have exactly one-to-one cor-
respondence to the unpolarized terms.

(2) For the SLT-dependent terms, because SLT and S
behave differently under space reflection, the SLT-
dependent terms are different from the S-dependent
terms. Since SLT has only two independent trans-
verse components, we have one-to-one correspon-
dence for SLT to ST terms with the replacement of
STα by ~SLTα.
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(3) Although there is no counterpart for the STT-
dependent terms in other cases, however, there is
no direct STTρα term contributing because STTρα ¼
STTαρ is symmetric while ΞTð0Þ

ρα ¼ −ΞTð0Þ
αρ is anti-

symmetric. All the independent STT terms are in the
form of STTασkσF⊥ which is denoted by SkFTTα. Because
SkFTTα has exactly the same Lorentz and space
reflection behaviors as SLTα, we obtain a direct
one-to-one correspondence between SLT- and STT-
dependent terms with the replacement of SLTα
by SkFTTα.

We note again the induced polarizations in the fragmen-
tation of an unpolarized quark. We see that at leading twist
an SLL-dependent term exists and is described by D1LL.
There exist also terms depending on the other components
of the tensor polarization at higher twists. We emphasize
that, since they are independent of the polarization of the
fragmenting quark, they might be much easier to study in
experiments since no polarization in the initial state is
needed.
We integrate over d2kF⊥ and obtain Eqs. (A26)–(A30) in

Appendix A. We have totally eight terms, four of them are
SLL dependent and the other four are SLT dependent. They
have exact one-to-one correspondence to the unpolarized
and ST-dependent parts. We see that there are completely
no STT-dependent terms that exist in the one-dimensional
case. This means that no STT-dependent one-dimensional
FF can be defined via the quark-quark correlator. The STT-
dependent one-dimensional FFs can only be higher twists.
We list those twist-2 FFs in Table II, and those twist-3

FFs in Table III. The twist-4 FFs have the same structure
of those at twist-2, so we will not make a separate table
for them. We also list them according to chiral and
time-reversal properties in Table IV.
We note in particular the SLL-dependent terms exist also

in the one-dimensional case. We see that the leading twist
contribution D1LL term survives the integration over kF⊥
and the higher twist addenda such as ELL and D3LL. This
means that it can be studied even in inclusive high energy
reactions. In the case that the leading twist effect domi-
nates, the results should be not very much dependent of
energy. The energy dependence can be used as a sensitive
test of higher twist contributions.

B. Relation to those defined via the quark-gluon-quark
correlator at twist-3

Higher twist PDFs and FFs can also be defined via
the corresponding quark-j-gluon-quark correlators
(j ¼ 1; 2;… represents the number of gluons) too [6–17].
However, because of QCD equation of motion
γ ·DðyÞψðyÞ ¼ 0, the higher twist PDFs and FFs defined
via these quark-j-gluon-quark correlators are often not
independent. They are related to those defined via the
quark-quark correlator by a set of equations derived using

the equation of motion and can often be replaced by using
these relationships when calculating the cross sections
and other measurable quantities for different high energy
reactions. In this section, we take twist-3 as an example to
illustrate the results for FFs defined via the quark-j-gluon-
quark correlator and their relationships to those defined via
the quark-quark correlator.
Up to twist-3, we need to consider the quark-gluon-

quark correlator defined as

Ξ̂ð1Þ
ρ;ijðkF;p; SÞ

¼ 1

2π

X
X

Z
d4ξe−ikFξhp; S;Xjψ̄ jðξÞLðξ;∞Þj0i

× h0jL†ð0;∞ÞDρð0Þψ ið0Þjp; S;Xi; ð2:14Þ

where DρðyÞ≡ −i∂ρ þ gAρðyÞ and AρðyÞ denotes the

gluon field. Similar to the quark-quark correlator Ξ̂ð0Þ,
we decompose it as

Ξ̂ð1Þ
ρ ðz; kF⊥;p; SÞ
¼ Ξð1Þ

ρ ðz; kF⊥;p; SÞ þ iγ5 ~Ξ
ð1Þ
ρ ðz; kF⊥;p; SÞ

þ γαΞð1Þ
ρα ðz; kF⊥;p; SÞ þ γ5γ

α ~Ξð1Þ
ρα ðz; kF⊥;p; SÞ

þ iσαβγ5Ξ
ð1Þ
ραβðz; kF⊥;p; SÞ: ð2:15Þ

Twist-3 components are the leading twist contributions

that we obtain from Ξ̂ð1Þ
ρ . There has to be one n̄ involved in

the basic Lorentz covariants and the other(s) are from the
transverse components. Since the n̄ component of the gluon
field goes into the gauge link, we only have the other three
components for Dρ; thus no n̄ρ component exists in the
basic Lorentz covariants. We therefore do not have twist-3

contributions from Ξð1Þ
ρ or ~Ξð1Þ

ρ . The twist-3 contributions

are obtained from Ξð1Þ
ρα , ~Ξð1Þ

ρα , and Ξð1Þ
ραβ and are given by

Eqs. (A31)–(A39) in Appendix A. Here, we use a subscript
d to specify that they are defined via the quark-gluon-quark
correlator. A prime in the superscript before the⊥ denotes a
different polarization situation, that after the ⊥ specifies
different FFs for the same polarization situation. We see
that we have in total 36 FFs at twist-3 defined via the quark-
gluon-quark correlator. This is just the same as what we
obtained from the quark-quark correlator. Among them, 18
are χ even and the other 18 are χ odd; four contribute to the
unpolarized part, 12 to the vector polarized part, and 20 to
the tensor polarized part. We note in particular that the
Hermiticity in this case does not demand that the FFs
defined via the quark-gluon-quark correlator are real. They
can have both real and imaginary parts.
For the 18 chiral even FFs (the Dd’s and Gd’s), the QCD

equation of motion leads to rather simple relationships.
They can be written in the following unified form, i.e.,
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DK
dSðz; k⊥Þ þGK

dSðz; k⊥Þ ¼
1

z
½DK

S ðz; k⊥Þ þ iGK
S ðz; k⊥Þ�;

ð2:16Þ

where the superscript K can be null (no superscript), a “⊥”
or a “ 0⊥”; the subscript S specifies the polarization of the
hadron and can be null (unpolarized), L, T, LL, LT, or TT.
There are in fact totally nine such equations with the
following combinations of K and S: K ¼ null and S ¼ T or
LT; K ¼ ⊥ and S ¼ null, L, T, LL, LT, or TT; K ¼ 0⊥
and S ¼ TT. For the 18 chiral odd FFs, we have also nine
equations in the form,

HK
dSðz; k⊥Þ þ

k2⊥
2M2

HK0
dSðz; k⊥Þ

¼ 1

2z
½HK

S ðz; k⊥Þ þ
i
2
EK
S ðz; k⊥Þ�; ð2:17Þ

with the following combinations of K, K0 and S: ðK;K0Þ ¼
ðnull;⊥Þ and S ¼ null, L or LL; ðK;K0Þ ¼ ð⊥;⊥ 0Þ or
ð 0⊥; 0⊥ 0Þ and S ¼ T, LT, or TT. We note in particular that
these 18 equations in fact represent 36 real equations which
imply that all the 36 twist-3 FFs defined via the quark-
quark correlator are given either by the real or imaginary
part of those defined via the quark-gluon-quark correlator.
We note also that there are of course different choices for
the basic Lorentz covariants used here in defining these FFs
via the quark-quark and/or quark-gluon-quark correlators.
We choose them in a way so the defined FFs satisfy the
relationships given by Eqs. (2.16) and (2.17).
These relationships reveal the physical essences of these

FFs and also help us to choose correct conventions in
defining FFs. It is also very interesting to observe that,
although not generally proved, the final results obtained for
the physical observables up to twist-3 are all expressed in
terms of FFs defined via the quark-quark correlator [6–17].
The contributions from the quark-gluon-quark correlator
can be replaced by using the relations given by Eqs. (2.16)
and (2.17).

III. KINEMATIC ANALYSIS OF eþe− → VπX

As mentioned in the Introduction, among all different
high energy reactions, eþe− annihilation is most suitable
for studying FFs. For one-dimensional FFs, the inclusive
hadron production process eþe− → VX is the simplest case
to study. In order to study transverse momentum depend-
ence, we need at least two hadrons in the final state. Hence
eþe− → VπX as illustrated in Fig. 1 is most suitable for
studying the tensor polarization dependent part of the three-
dimensional FFs. We now concentrate on this reaction and
present the results for cross sections in this and the next
sections.
For explicitness, we take eþe− → Z0 → VπX as an

example. The differential cross section is given by

2E1E2dσ
d3p1d3p2

¼ α2χ

sQ4
Lμνðl1; l2ÞWμνðq; p1; S; p2Þ: ð3:1Þ

Here we use the same notations as illustrated in Fig. 1:
α ¼ e2=4π, χ¼Q4=½ðQ2−M2

ZÞ2þΓ2
ZM

2
Z�sin42θW , Q2 ¼

s ¼ q2, θW is the Weinberg angle, MZ is the
Z-boson’s mass, and ΓZ is the decay width. The leptonic
tensor is well known and is given by

Lμνðl1; l2Þ ¼ ce1½l1μl2ν þ l1νl2μ − ðl1 · l2Þgμν�
þ ice3εμνρσl

ρ
1l

σ
2; ð3:2Þ

where ce1 ¼ ðceVÞ2 þ ðceAÞ2 and ce3 ¼ 2ceVc
e
A; c

e
V and ceA are

defined in the weak interaction current ψ̄γμðceV − ceAγ
5Þψ .

Similar notations are also used for quarks. The hadronic
tensors are defined as

Wμνðq; p1; S; p2Þ ¼
1

ð2πÞ4
X
X

ð2πÞ4δ4ðq − p1 − p2 − pXÞ

× h0jJνð0Þjp1; S; p2; Xi
× hp1; S; p2; XjJμð0Þj0i; ð3:3Þ

where S denotes the polarization of the hadron and for
the vector meson it includes both the vector and
tensor polarization parts, JμðxÞ ¼ ψ̄ðxÞΓμψðxÞ and
Γμ ¼ γμðcqV − cqAγ

5Þ.
Besides the Lorentz covariance, the hadronic tensor Wμν

satisfies the general constraints imposed by Hermiticity,
current conservation, and parity conservation in the electro-
magnetic process, i.e.,

W�μνðq; p1; S; p2Þ ¼ Wνμðq; p1; S; p2Þ; ð3:4Þ

qμWμνðq; p1; S; p2Þ ¼ qνWμνðq; p1; S; p2Þ ¼ 0; ð3:5Þ

Wμνðq; p1; S; p2Þ ¼ WμνðqP ; pP
1 ; S

P; pP
2 Þ: ð3:6Þ

We emphasize that parity conservation is not valid in the
weak process via Z exchange.

A. The general structure of Wμνðq; p1; S; p2Þ
A systematic analysis of the hadronic tensor Wμν for

eþe− → h1h2X for the case that both h1 and h2 are spin-
1=2 hadrons is presented in [14]. Here, we extend the

FIG. 1. Illustrating diagram for eþe− → VπX.
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analysis to eþe− → VπX including parity conserving as
well as violating contributions. We present the results for
the basic Lorentz tensors, the cross section and structure
functions in the Lorentz invariant form, as well as in the
form of azimuthal angular dependences in a particular
Lorentz frame.

1. The basic Lorentz tensors for Wμνðq; p1; S; p2Þ
For the spin-independent and vector polarization depen-

dent parts, the results can just be taken from [14]. We list
them here for completeness and also for unification of
notations that are more convenient to extend to including
tensor polarization dependent parts.
First, the spin-independent (or unpolarized) part, we take

the notations as

hSμνUi ¼
�
gμν −

qμqν

q2
; pμ

1qp
ν
1q; p

fμ
1qp

νg
2q; p

μ
2qp

ν
2q

�
; ð3:7Þ

~hSμνUi ¼ fεfμqp1p2ðp1q; p2qÞνgg; ð3:8Þ

hAμνU ¼ p½μ
1qp

ν�
2q; ð3:9Þ

~hAμνUi ¼ fεμνqp1 ; εμνqp2g; ð3:10Þ

where h represents the parity conserved (space reflection
P-even) tensors, i.e., those satisfying Eq. (3.6) or more
precisely hμνðqP ; pP

1 ; S
P; pP

2 Þ ¼ hμνðq; p1; S; p2Þ while ~h
represents those parity nonconserved (P odd), i.e., satisfy-
ing ~hμνðqP; pP

1 ; S
P; pP

2 Þ ¼ − ~hμνðq; p1; S; p2Þ; the super-
script S or A denotes symmetric or antisymmetric under
exchange of (μ ↔ ν), and the subscript U denotes the
unpolarized part [24]. A 4-momentum p with a subscript q
denotes pq ≡ p − qðp · qÞ=q2 satisfying pq · q ¼ 0. We
use the shorthanded notations to make the expressions
more concise such as εμqp1p2 ≡ εμαρσqαp1ρp2σ, and

εfμqp1p2ðp1q; p2qÞνg means εfμqp1p2pνg
1q and εfμqp1p2pνg

2q.
We see that there are totally nine such basic tensors in
the unpolarized case.
For the vector polarization dependent part, we have

hSμνVi ¼ f½ðq · SÞ; ðp2 · SÞ� ~hSμνUi ; ε
Sqp1p2hSμνUj g; ð3:11Þ

~hSμνVi ¼ f½ðq · SÞ; ðp2 · SÞ�hSμνUi ; ε
Sqp1p2 ~hSμνUj g; ð3:12Þ

hAμνVi ¼ f½ðq · SÞ; ðp2 · SÞ� ~hAμνUi ; ε
Sqp1p2hAμνU g; ð3:13Þ

~hAμνVi ¼ f½ðq · SÞ; ðp2 · SÞ�hAμνU ; εSqp1p2 ~hAμνUj g: ð3:14Þ

There are totally 27 such S-dependent basic tensors, three
times as many as those for the unpolarized part, corre-
sponding to three independent vector polarization modes.

For the tensor polarization dependent part, after some
lengthy algebra, we find out that if we consider SLL-, SLT-,
and STT-dependent parts separately, we obtained the
following nice symmetric forms.
(1) The SLL-dependent part. Since SLL is a scalar,

the SLL-dependent part is very simple. The SLL-
dependent basic tensors are just given by the
corresponding spin-independent tensors multiplied
by SLL such as hSμνLLi ¼ SLLh

Sμν
Ui and so on. We have

therefore nine such tensors in this case.
(2) The SLT-dependent part. In contrast to the axial-

vector S, SLT is a vector satisfying the constraint
SLT · p1 ¼ 0, the SLT-dependent part is thus differ-
ent from the S-dependent part. Furthermore, both
SLT and STT have only two independent transverse
components in the rest frame of the vector meson;
this is guaranteed by demanding a further constraint
SLT · q ¼ 0 for SLT. The basic SLT-dependent
Lorentz tensors are given by

hSμνLTi ¼ fðp2 · SLTÞhSμνUi ; ε
SLTqp1p2 ~hSμνUj g; ð3:15Þ

~hSμνLTi ¼ fðp2 · SLTÞ ~hSμνUi ; ε
SLTqp1p2hSμνUj g; ð3:16Þ

hAμνLTi ¼ fðp2 · SLTÞhAμνU ; εSLTqp1p2 ~hAμνUj g; ð3:17Þ

~hAμνLTi ¼ fðp2 · SLTÞ ~hAμνUi ; ε
SLTqp1p2hAμνU g: ð3:18Þ

There are totally 18 such tensors corresponding to
the two independent SLT components.

(3) The STT-dependent part. SαβTT is a tensor
satisfying the constraints, SαβTT ¼ SβαTT , gαβS

αβ
TT ¼ 0,

Sp1β
TT ð≡SαβTTp1αÞ ¼ 0, and SqβTT ¼ 0. We have the STT-

dependent basic Lorentz tensors as given by

hSμνTTi ¼ fSp2p2

TT hSμνUi ; ε
S
p2
TTqp1p2 ~hSμνUj g; ð3:19Þ

~hSμνTTi ¼ fSp2p2

TT
~hSμνUi ; ε

S
p2
TTqp1p2hSμνUj g; ð3:20Þ

hAμνTTi ¼ fSp2p2

TT hAμνU ; εS
p2
TTqp1p2 ~hAμνUj g; ð3:21Þ

~hAμνTTi ¼ fSp2p2

TT
~hAμνUi ; ε

S
p2
TTqp1p2hAμνU g: ð3:22Þ

There are also totally 18 STT-dependent basic
Lorentz tensors. For Wμνðq; p1; S; p2Þ, we have
totally 81 basic Lorentz tensors, 41 of them are
space reflection even and 40 are odd.

2. General form of Wμνðq;p1;S;p2Þ
The hadronic tensor Wμνðq; p1; S; p2Þ is in general

expressed as a sum of all these basic Lorentz tensors
multiplied by corresponding coefficients. The coefficients
are real and functions of the Lorentz scalars q2, q · p1,
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q · p2, and p1 · p2, which can be replaced by s ¼ q2,
ξ1 ¼ 2q · p1=q2, ξ2 ¼ 2q · p2=q2, and ξ12 ¼ s12=s ¼
ðp1 þ p2Þ2=s. More precisely, we have

Wμνðq; p1; S; p2Þ
¼ WSμνðq; p1; S; p2Þ þ iWAμνðq; p1; S; p2Þ; ð3:23Þ

WSμνðq; p1; S; p2Þ ¼
X
σ;i

WS
σiðs; ξ1; ξ2; ξ12ÞhSμνσi

þ
X
σ;j

~WS
σjðs; ξ1; ξ2; ξ12Þ ~hSμνσj ; ð3:24Þ

WAμνðq; p1; S; p2Þ ¼
X
σ;i

WA
σiðs; ξ1; ξ2; ξ12ÞhAμνσi

þ
X
σ;j

~WA
σjðs; ξ1; ξ2; ξ12Þ ~hAμνσj ; ð3:25Þ

where the subscript σ denotes U, V, LL, LT, and TT for
different polarizations; all the coefficients W’s are scalar
functions of the Lorentz scalars s, ξ1, ξ2, and ξ12.

B. The general structure for the cross section

Since the number of independent structure functions is
rather large, in practice, it is often more convenient to write
the cross section directly.

1. The Lorentz invariant form

Making the Lorentz contraction of Wμνðq; p1; S; p2Þ
with Lμνðl1; l2Þ, we obtain the general form of the cross
section. For the unpolarized part, this is given by

2E1E2dσU

d3p1d3p2

¼ α2χ

s2
½FUðs; ξ1; ξ2; ξ12; y1; y2Þ

þ ~FUðs; ξ1; ξ2; ξ12; y1; y2; ~yÞ�; ð3:26Þ

where FU and ~FU represent the space reflection even
and odd parts respectively and they have the structures as
given by

FU ¼ F0
U þ F1

Uy1 þ F2
Uy2 þ F11

U y21 þ F22
U y22 þ F12

U y1y2;

ð3:27Þ

~FU ¼ ~yð ~F0
U þ ~F1

Uy1 þ ~F2
Uy2Þ; ð3:28Þ

where besides ξ1, ξ2, and ξ12 defined before, we introduced
two new Lorentz scalars y1¼2p1 · l1=q2, y2 ¼ 2p2 · l1=q2,
and one pseudoscalar ~y ¼ εl1qp1p2=q4. The “structure
functions” F’s are all scalar functions depending on
ðs; ξ1; ξ2; ξ12Þ. We see also clearly that the six F’s describe
the parity conserved contributions while the three ~F’s
represent the parity violated part. They are related to the
W’s by

F0
U ¼ −

1

2
ce1½2WS

U1 þ ðm2
1W

S
U2 þm2

2W
S
U3Þ

− ðsξ12 −m2
1 −m2

2ÞWS
U4�

þ 1

2
sce3ðξ1 ~WA

U1 þ ξ2 ~W
A
U2Þ; ð3:29Þ

F1
U ¼ 1

2
ce1sðξ1WS

U2 þ ξ2WS
U4Þ − ce3s ~W

A
U1; ð3:30Þ

F2
U ¼ 1

2
ce1sðξ2WS

U3 þ ξ1WS
U4Þ − ce3s ~W

A
U2; ð3:31Þ

F11
U ¼ −

1

2
ce1sW

S
U2; ð3:32Þ

F22
U ¼ −

1

2
ce1sW

S
U3; ð3:33Þ

F12
U ¼ −ce1sWS

U4; ð3:34Þ

~F0
U ¼ ce1s

2ðξ1 ~WS
U1 þ ξ2 ~W

S
U2Þ − 2ce3sW

A
U; ð3:35Þ

~F1
U ¼ −2ce1s2 ~W

S
U1; ð3:36Þ

~F2
U ¼ −2ce1s2 ~W

S
U2: ð3:37Þ

We see here that although the FUi’s and ~FUi’s are all
functions of s; ξ1; ξ2; ξ12, they contain already information
from the leptonic tensor due to the coefficients ce1 and ce3.
We also see that the parity conserved parts come from
parity conserved hadronic tensor terms (characterized by
W’s) contracted with parity conserved leptonic tensor terms
(characterized by ce1) or parity violated hadronic tensor
terms (characterized by ~W’s) contracted with the parity
violated leptonic tensor term (characterized by ce3). We
have six such FUi’s. Similarly we have three ~FUi’s for the
parity violated parts obtained from Lorentz contractions of
parity conserved leptonic tensor terms with parity violated
hadronic tensor terms or parity violated leptonic tensor
terms with parity conserved tensor terms.
The polarization dependent part has completely the same

structure. For the vector polarization dependent part, from
Eqs. (3.11)–(3.14), we obtain immediately that

2E1E2dσV

d3p1d3p2

¼ α2

s2
χfðq · SÞðFV1 þ ~FV1Þ

þ ðp2 · SÞðFV2 þ ~FV2Þ
þ εSqp1p2ðFV3 þ ~FV3Þg: ð3:38Þ

Here, we note that since q · S and p2 · S are space reflection
odd, the parity conserved parts FV1 and FV2 take exactly
the same form as ~FU given by Eq. (3.28), while the parity
violated parts ~FV1 and ~FV2 take the same form as FU
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given by Eq. (3.27) with the subscript U replaced by V1 or
V2. Since εSqp1p2 is a scalar, FV3 and ~FV3 take exactly the
same form as FU and ~FU given by Eqs. (3.27)–(3.37)
respectively with the subscript U replaced by V3. We have
three sets of FVi and ~FVi because there are three indepen-
dent components of vector polarization.
For the tensor polarization dependent part, we have

2E1E2dσLL

d3p1d3p2

¼ α2

s2
χSLLðFLL þ ~FLLÞ; ð3:39Þ

2E1E2dσLT

d3p1d3p2

¼ α2

s2
χfðp2 · SLTÞðFLT1 þ ~FLT1Þ

þ εSLTqp1p2ðFLT2 þ ~FLT2Þg; ð3:40Þ

2E1E2dσTT

d3p1d3p2

¼ α2

s2
χfSp2p2

TT ðF TT1 þ ~F TT1Þ

þ εS
p2
TTqp1p2ðF TT2 þ ~F TT2Þg: ð3:41Þ

Here SLL, p2 · SLT , and Sp2p2

TT are scalars, εSLTqp1p2 and
εS

p2
TTqp1p2 are pseudoscalars. Hence, FLL, FLT1, F TT1,

~FLT2, and ~F TT2 take exactly the same form as FU given
by Eq. (3.27), while ~FLL, ~FLT1, ~F TT1, FLT2, and F TT2

take exactly the same form as ~FU given by Eq. (3.28).

2. In the helicity-GJ frame

Going into a special reference frame, we can express
the cross section in terms of angular dependences. The
polarization of high energy particles is described and/or
studied most conveniently in the helicity frame, i.e.,
where we choose the direction of motion of the particle
as the z direction. Hence, to study polarization dependent
FFs for V in eþe− → VπX, we suggest to choose the
following frame. We choose the center-of-mass frame of
the eþe− system, and direction of motion of V, i.e., ~p1 as
the z direction, and the lepton-hadron (vector meson)
plane as the Oxz plane. This is a particular Gottfried-
Jackson frame [25] which we will refer to as the “helicity-
GJ frame” in the following of this paper. In this frame,
we have

p1 ¼ ðE1; 0; 0; p1zÞ; ð3:42Þ

p2 ¼ ðE2; j~p2T j cosφ; j~p2T j sinφ; p2zÞ; ð3:43Þ

l1 ¼
Q
2
ð1; sin θ; 0; cos θÞ; ð3:44Þ

l2 ¼
Q
2
ð1;− sin θ; 0;− cos θÞ; ð3:45Þ

q ¼ l1 þ l2 ¼ ðQ; 0; 0; 0Þ; ð3:46Þ

and we choose ξ1, ξ2, j~p2T j, θ, or y ¼ l2 · p1=q · p1 ≈
ð1þ cos θÞ=2 and φ as the independent variable set. The
other variables are replaced. The basic volume element
transforms as

d3p1d3p2

E1E2

¼ πξ1
ξ2

sð1 − 4M2
2T=sξ

2
2Þ−1=2dξ1dξ2dyd2p2T;

ð3:47Þ

where M2
2T ¼ M2

2 þ ~p2
2T and d2p2T ¼ d~p2

2Tdφ=2.

The structure functions.—For the unpolarized part, we have

FU ¼ ð1þ cos2θÞF1U þ sin2θF2U þ cos θF3U

þ cosφ½sin θFcosφ
1U þ sin 2θFcosφ

2U �
þ cos 2φsin2θFcos 2φ

U ; ð3:48Þ

~FU ¼ sinφ½sin θ ~Fsinφ
1U þ sin 2θ ~Fsinφ

2U �
þ sin 2φsin2θ ~Fsin 2φ

U ; ð3:49Þ

where FUi and ~FUi are all scalar functions of s, ξ1, ξ2,
and p2

2T . We see also clearly that we have totally nine
independent structure functions in the unpolarized case,
six of them are denoted by FU’s and correspond to parity
conserving terms and the other three are ~FU’s describing
the parity odd part of the cross section. This is just the same
as those shown by Eqs. (3.29)–(3.37). We note in particular
that the structure functions FU’s and ~FU’s themselves are
scalar functions of s, ξ1, ξ2, and p2

2T and are invariant under
space reflection. But the angular dependent coefficients
have the corresponding space reflection properties. The
different basic Lorentz tensors hμνUi’s and ~hμνUi’s are trans-
formed to different angular dependences. We also see that
there are three azimuthal angle independent structure
functions, three parity conserving, and three parity violat-
ing azimuthal angle dependent structure functions. They
correspond to cos or sin asymmetries and are parity
conserving and violating respectively.
Here we take the following conventions for the notations

of structure functions, i.e., the superscript to denote the
corresponding azimuthal angle φ dependence, the capital
letter in the subscripts to denote the polarization, and the
digital number in front of the capital letter to specify if we
have more than one such structure function corresponding
to the same azimuthal angle φ dependence but different θ or
y dependences [26]. We also note that to replace θ by y we
have

1þ cos2θ ≈ 1þ ð2y − 1Þ2 ¼ 2AðyÞ; ð3:50Þ

cos θ ≈ −1þ 2y ¼ −BðyÞ; ð3:51Þ
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sin2θ ≈ 1 − ð1 − 2yÞ2 ¼ 4yð1 − yÞ ¼ CðyÞ; ð3:52Þ

that appear frequently in the expressions of the cross
section.
For the vector polarized part, we note that

S ¼
�
λ
p1z

M1

; j~ST j cosφS; j~ST j sinφS; λ
E1

M1

�
: ð3:53Þ

The ðq · SÞ and εSqp1p2 terms in Eq. (3.38) contribute to
longitudinal and transverse polarization separately, while
the ðp2 · SÞ terms contribute to both cases. The contribu-
tions to transverse polarization from the ðp2 · SÞ and εSqp1p2

terms are characterized by additional cosðφS − φÞ and

sinðφS − φÞ dependence. We absorb the different kinematic
factors into F and ~F and write the cross section as

2E1E2dσV

d3p1d3p2

¼α2

s2
χfλðFLþ ~FLÞþj~ST jðF Tþ ~F TÞg: ð3:54Þ

Since λ changes sign under space reflection, the parity
conserving FL and parity violating ~FL take exactly the
same form as ~FU and FU respectively. We have three FiL’s
that have one-to-one correspondence to ~FiU’s and six ~FiL’s
that have one-to-one correspondence to FiU’s.
For the transverse (vector) polarization dependent part,

due to φS dependence, the structure looks a bit different;
they are given by

F T ¼ sinφS½sin θFsinφS
1T þ sin 2θFsinφS

2T � þ sinðφS þ φÞsin2θFsinðφSþφÞ
T þ sinðφS − φÞ½ð1þ cos2θÞFsinðφS−φÞ

1T

þ sin2θFsinðφS−φÞ
2T þ cos θFsinðφS−φÞ

3T � þ sinðφS − 2φÞ½sin θFsinðφS−2φÞ
1T þ sin 2θFsinðφS−2φÞ

2T �
þ sinðφS − 3φÞsin2θFsinðφS−3φÞ

T ; ð3:55Þ

~F T ¼ cosφS½sin θ ~FcosφS
1T þ sin 2θ ~FcosφS

2T � þ cosðφS þ φÞsin2θ ~FcosðφSþφÞ
T þ cosðφS − φÞ½ð1þ cos2θÞ ~FcosðφS−φÞ

1T

þ sin2θ ~FcosðφS−φÞ
2T þ cos θ ~FcosðφS−φÞ

3T � þ cosðφS − 2φÞ½sin θ ~FcosðφS−2φÞ
1T þ sin 2θ ~FcosðφS−2φÞ

2T �
þ cosðφS − 3φÞsin2θ ~FcosðφS−3φÞ

T : ð3:56Þ

There are 18 such transverse polarization dependent struc-
ture functions, nine of them are space reflection even and
nine are space reflection odd. Totally we have 27 vector
polarization dependent structure functions corresponding
to the 27 independent basic Lorentz tensors hμνVi’s for the
hadronic tensor. Among them, 12 contribute to space
reflection even terms in the cross section, the other 15 to
space reflection odd terms. We note in particular the sinφS
and cosφS terms correspond to single transverse spin
asymmetries in deep-inelastic lepton-nucleon scattering
e−h → e−X with respect to the leptonic plane. They are
either parity or time reversal odd and do not exist in
e−h → e−X. In eþe− annihilation, they describe the trans-
verse polarization in or transverse to the lepton-hadron plane.
The SLL-dependent part is again completely the same as

that for the unpolarized case; i.e., we have a one-to-one
correspondence of FLL to FU and ~FLL to ~FU.
For the SLT-dependent part, we define

SxLT ¼ jSLT j cosφLT; ð3:57Þ

SyLT ¼ jSLT j sinφLT; ð3:58Þ

jSLT j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðSxLTÞ2 þ ðSyLTÞ2

q
; ð3:59Þ

and we have

2E1E2dσLT

d3p1d3p2

¼ α2

s2
χjSLT jfFLT þ ~FLTg: ð3:60Þ

Because SLT behaves differently from ST under space
reflection, we obtain that FLT takes exactly the same form
as ~F T and ~FLT behaves in the same way as F T . More
precisely, we obtain the results for FLT by replacing φS

with φLT and ~FjT with FjLT in Eq. (3.56), and those for
~FLT by replacing φS with φLT and FjT with ~FjLT in
Eq. (3.55). We have exactly one-to-one correspondence
here.
For the STT-dependent part, we take

SxxTT ¼ jSTT j cos 2φTT; ð3:61Þ

SxyTT ¼ jSTT j sin 2φTT; ð3:62Þ

jSTT j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðSxxTTÞ2 þ ðSxyTTÞ2

q
; ð3:63Þ

so that Sp2p2

TT and εS
p2
TTqp1p2 will contribute cosð2φTT − 2φÞ

and sinð2φTT − 2φÞ terms. Compared with the ST part,
by changing φS → 2φTT − φ, the STT-dependent part is
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classified into cos 2φTT , cosð2φTT − φÞ, cosð2φTT − 2φÞ, cosð2φTT − 3φÞ, cosð2φTT − 4φÞ, and the corresponding sin
terms. More precisely, they are given by

2E1E2dσTT

d3p1d3p2

¼ α2

s2
χjSTT jfF TT þ ~F TTg; ð3:64Þ

F TT ¼ cos 2φTTsin2θF
cos 2φTT
TT þ cosð2φTT − φÞ½sin θFcosð2φTT−φÞ

1TT þ sin 2θFcosð2φTT−φÞ
2TT �

þ cosð2φTT − 2φÞ½ð1þ cos2θÞFcosð2φTT−2φÞ
1TT þ sin2θFcosð2φTT−2φÞ

2TT þ cos θFcosð2φTT−2φÞ
3TT �

þ cosð2φTT − 3φÞ½sin θFcosð2φTT−3φÞ
1TT þ sin 2θFcosð2φTT−3φÞ

2TT � þ cosð2φTT − 4φÞsin2θFcosð2φTT−4φÞ
TT ; ð3:65Þ

~F TT ¼ sin 2φTTsin2θ ~F
sin 2φTT
TT þ sinð2φTT − φÞðsin θ ~Fsinð2φTT−φÞ

1TT þ sin 2θ ~Fsinð2φTT−φÞ
2TT Þ

þ sinð2φTT − 2φÞ½ð1þ cos2θÞ ~Fsinð2φTT−2φÞ
1TT þ sin2θ ~Fsinð2φTT−2φÞ

2TT þ cos θ ~Fsinð2φTT−2φÞ
3TT �

þ sinð2φTT − 3φÞðsin θ ~Fsinð2φTT−3φÞ
1TT þ sin 2θ ~Fsinð2φTT−3φÞ

2TT Þ þ sinð2φTT − 4φÞsin2θ ~Fsinð2φTT−4φÞ
TT : ð3:66Þ

To show the regularities we list all 81 structure functions
together with the leading twist parton model results in a
table. See Table I in Sec. V.

The azimuthal asymmetries.—From these equations, we
can calculate the azimuthal asymmetries and different
components of hadron polarization in a straightforward
way. E.g.,

hcosφiU ¼ ðsin θFcosφ
1U þ sin 2θFcosφ

2U Þ=2FUt; ð3:67Þ

hcos 2φiU ¼ sin2θFcos 2φ
U =2FUt; ð3:68Þ

hsinφiU ¼ ðsin θ ~Fsinφ
1U þ sin 2θ ~Fsinφ

2U Þ=2FUt; ð3:69Þ

hsin 2φiU ¼ sin2θ ~Fsin 2φ
U =2FUt; ð3:70Þ

where FUt denotes the result of FU þ ~FU averaging over
φ, i.e,

FUtðs; ξ1; ξ2; p2T; θÞ≡
Z

dφ
2π

ðFU þ ~FUÞ

¼ ð1þ cos2θÞF1U

þ sin2θF2U þ cos θF3U: ð3:71Þ

We see that these azimuthal asymmetries just equal the
corresponding structure functions divided by the azimuthal
angle independent part. We also see that the cosine asymme-
tries correspond to the parity conserving part and the sin
asymmetries correspond to the parity violating part of the
cross section so the latter vanish in parity conserving
processes.

The polarization of the vector meson V.—The average
value of each component of the polarization is obtained

from their correspondences to the probability differences in
a different polarization such as S̄LL ¼ ½1 − 3Pð0; 0; 0Þ�=2
where Pðm; θn;ϕnÞ is the probability for V to be in the
eigenstate of Σn with the eigenvalue m [21]. For the
five components describing the tensor polarization, we
obtain

S̄LL ¼ 1

2

FLL þ ~FLL

FU þ ~FU

; ð3:72Þ

S̄iLT ¼ 2

3

F i
LT þ ~F i

LT

FU þ ~FU

; ð3:73Þ

S̄xiTT ¼ 2

3

F xi
TT þ ~F xi

TT

FU þ ~FU

; ð3:74Þ

where i ¼ x or y denotes different components of the
polarization tensor. It is also interesting to see that the
numerator F x

LT and F y
LT are equal to the cosφLT and

sinφLT terms of FLT respectively. They can be obtained
as follows:

F x
LT ¼

Z
dφLT

π
cosφLTFLT; ð3:75Þ

F y
LT ¼

Z
dφLT

π
sinφLTFLT; ð3:76Þ

and similar for ~F i
LT. For F xi

TT, we have

F xx
TT ¼

Z
dφTT

π
cos 2φTTF TT; ð3:77Þ

F xy
TT ¼

Z
dφTT

π
sin 2φTTF TT; ð3:78Þ
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and similar for ~F xi
TT. The explicit expressions can be

obtained easily from those for the corresponding F σ or
~F σ. We omit them here but simply emphasize that they
are in general dependent on the variables s, ξ1, ξ2, p2T ,
θ, and φ.
If we average over φ, we see that only the φ-independent

terms in the expressions of F ’s and ~F ’s survive. We denote
them as

hF σi ¼
Z

dφ
2π

F σ; ð3:79Þ

and we obtain

hFUi ¼ ð1þ cos2θÞF1U þ sin2θF2U þ cos θF3U; ð3:80Þ

h ~FUi ¼ 0; ð3:81Þ

hFLi ¼ 0; ð3:82Þ

h ~FLi ¼ ð1þ cos2θÞ ~F1L þ sin2θ ~F2L þ cos θ ~F3L; ð3:83Þ

hF Ti ¼ sinφSðsin θFsinφS
1T þ sin 2θFsinφS

2T Þ; ð3:84Þ

h ~F Ti ¼ cosφSðsin θ ~FcosφS
1T þ sin 2θ ~FcosφS

2T Þ; ð3:85Þ

hFLTi ¼ cosφLTðsin θFcosφLT
1LT þ sin 2θFcosφLT

2LT Þ; ð3:86Þ

h ~FLTi ¼ sinφLTðsin θ ~FsinφLT
1LT þ sin 2θ ~FsinφLT

2LT Þ; ð3:87Þ

hFLLi ¼ ð1þ cos2θÞF1LL þ sin2θF2LL þ cos θF3LL;

ð3:88Þ

h ~FLLi ¼ 0; ð3:89Þ

hF TTi ¼ cos 2φTTsin2θF
cos 2φTT
TT ; ð3:90Þ

h ~F TTi ¼ sin 2φTTsin2θ ~F
sin 2φTT
TT : ð3:91Þ

We see the similarities between different components and
also the cosφσ or sinφσ term corresponding to the x or y
component of the polarization. More precisely, in this case,
we obtain

hλi ¼ 2

3FUt
ðð1þ cos2θÞ ~F1L þ sin2θ ~F2L þ cos θ ~F3LÞ;

ð3:92Þ

hSLLi ¼
1

2FUt
ðð1þ cos2θÞF1LL þ sin2θF2LL þ cos θF3LLÞ;

ð3:93Þ

hSxTi ¼
2

3FUt
ðsin θ ~FcosφS

1T þ sin 2θ ~FcosφS
2T Þ; ð3:94Þ

hSyTi ¼
2

3FUt
ðsin θFsinφS

1T þ sin 2θFsinφS
2T Þ; ð3:95Þ

hSxLTi ¼
2

3FUt
ðsin θFcosφLT

1LT þ sin 2θFcosφLT
2LT Þ; ð3:96Þ

hSyLTi ¼
2

3FUt
ðsin θ ~FsinφLT

1LT þ sin 2θ ~FsinφLT
2LT Þ; ð3:97Þ

hSxxTTi ¼
2

3FUt
sin2θFcos 2φTT

TT ; ð3:98Þ

hSxyTTi ¼
2

3FUt
sin2θ ~Fsin 2φTT

TT : ð3:99Þ

We see that in this way we just pick up the corresponding
φ-independent and, in the transverse polarization case, the
cosφσ or sinφσ terms. These results are much simpler and
can be used to study the corresponding components of the
structure functions more conveniently. We also note that
hSLLi, hSyTi, hSxLTi, and hSxxTTi are parity conserving, and the
other components such as hλi, hSxTi, hSyLTi, and hSxyTTi are
parity violating. This implies that if we consider parity
conserving reactions, only the F terms survive and the ~Fi’s
have to vanish. In this case we see that we have only
nonzero hSLLi, hSyTi, hSxLTi, and hSxxTTi. Other components
such as hλi, hSxTi, hSyLTi, and hSxyTTi have to vanish.
In the case where transverse components are concerned,

it is often useful to study different components with
respect to the two transverse directions ~en and ~et defined
as ~en ¼ ~p1 × ~p2=j~p1 × ~p2j ¼ ð− sinφ; cosφÞ and ~et ¼
~p2T=j~p2T j ¼ ðcosφ; sinφÞ, i.e., the normal and tangent
of the hadron-hadron plane respectively. The corresponding
components of the polarization are given by exactly the
same equations such as Eqs. (3.73) and (3.74) with i ¼ n
or t. It can easily be shown that such components can
also be obtained from Eqs. (3.73) and (3.74) with φσ

being replaced by φσ − φ in the integrations given in
Eqs. (3.75)–(3.78), e.g.,

F n
T ¼

Z
dφS

π
sinðφS − φÞF T; ð3:100Þ

F t
T ¼

Z
dφS

π
cosðφS − φÞF T; ð3:101Þ

F n
LT ¼

Z
dφLT

π
sinðφLT − φÞFLT; ð3:102Þ

F t
LT ¼

Z
dφLT

π
cosðφLT − φÞFLT; ð3:103Þ
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F nn
TT ¼ −

Z
dφTT

π
cosð2φTT − 2φÞF TT; ð3:104Þ

F nt
TT ¼

Z
dφTT

π
sinð2φTT − 2φÞF TT: ð3:105Þ

It will be also interesting to see the results after integrating
over φ, we just pick the corresponding cosðφσ − φÞ or
sinðφσ − φÞ terms. More precisely, we have

hSnTi ¼
2

3FUt
½ð1þ cos2θÞFsinðφS−φÞ

1T

þ sin2θFsinðφS−φÞ
2T þ cos θFsinðφS−φÞ

3T �; ð3:106Þ

hStTi ¼
2

3FUt
½ð1þ cos2θÞ ~FcosðφS−φÞ

1T

þ sin2θ ~FcosðφS−φÞ
2T þ cos θ ~FcosðφS−φÞ

3T �; ð3:107Þ

hSnLTi ¼
2

3FUt
½ð1þ cos2θÞ ~FsinðφLT−φÞ

1LT

þ sin2θ ~FsinðφLT−φÞ
2LT þ cos θ ~FsinðφLT−φÞ

3LT �; ð3:108Þ

hStLTi ¼
2

3FUt
½ð1þ cos2 θÞFcosðφLT−φÞ

1LT

þ sin2 θFcosðφLT−φÞ
2LT þ cos θFcosðφLT−φÞ

3LT �; ð3:109Þ

hSnnTTi ¼
−2
3FUt

½ð1þ cos2θÞFcosð2φTT−2φÞ
1TT

þ sin2θFcosð2φTT−2φÞ
2TT þ cos θFcosð2φTT−2φÞ

3TT �;
ð3:110Þ

hSntTTi ¼
2

3FUt
½ð1þ cos2θÞ ~Fsinð2φTT−2φÞ

1TT

þ sin2θ ~Fsinð2φTT−2φÞ
2TT þ cos θ ~Fsinð2φTT−2φÞ

3TT �:
ð3:111Þ

It is interesting to see that all the average transverse
polarizations with respect to the hadron-hadron plane take
a similar form in terms of the corresponding structure
functions. We also see that in this case hSnTi, hStLTi, and
hSnnTTi are parity conserving while hStTi, hSnLTi, and hSntTTi
are parity violating.
In experiments, it is usually very difficult to study

azimuthal dependence and hadron polarization simultane-
ously. From the kinematic analysis given above, we see that
we can either study the azimuthal asymmetries given by
Eqs. (3.67)–(3.70) in the unpolarized case, or study the
longitudinal hadron polarization in the helicity frame and
transverse polarizations with respect to the lepton-hadron
plane or the hadron-hadron plane averaged over the
azimuthal angle φ to study the corresponding structure

functions as given by Eqs. (3.94)–(3.99) or
Eqs. (3.106)–(3.111).

C. Reduce to eþe− → VX

It is also clear that if we consider the inclusive process
eþe− → VX, we should integrate over p2, i.e., carrying out
the integration

R
d3p2=ð2E2Þ to obtain the corresponding

hadronic tensor and/or cross section. In this case, we obtain
three for unpolarized, three for λ-, three for SLL-, four for
ST-, four for SLT-, and two for the STT-dependent parts. The
basic Lorentz tensors for the hadronic tensor obtained in
this case are given by

hSμνUi;in ¼
�
gμν −

qμqν

q2
; pμ

1qp
ν
1q

�
; ð3:112Þ

~hAμνU;in ¼ εμνqp1 ; ð3:113Þ

hSμνV;in ¼ εfμqp1Spνg
1q; ð3:114Þ

~hSμνVi;in ¼ fðq · SÞhSμνUj;in; S
fμ
q pνg

1qg; ð3:115Þ

hAμνVi;in ¼ fðq · SÞ ~hAμνU;in; ε
½μqp1Spν�

1qg; ð3:116Þ

~hAμνV;in ¼ S½μq p
ν�
1q; ð3:117Þ

hSμνLLi;in ¼ SLLh
Sμν
Ui;in; ð3:118Þ

~hAμνLL;in ¼ SLL ~h
Aμν
U;in; ð3:119Þ

hSμνLT;in ¼ SfμLTp
νg
1q; ð3:120Þ

~hSμνLT;in ¼ εfμqp1SLTpνg
1q; ð3:121Þ

hAμνLT;in ¼ S½μLTp
ν�
1q ð3:122Þ

~hAμνLT;in ¼ ε½μqp1SLTpν�
1q; ð3:123Þ

hSμνTTi;in ¼ SμνTT; ð3:124Þ

~hSμνTT;in ¼ εfμαqp1SνgTTα: ð3:125Þ

There are totally 19 such independent basic Lorentz
tensors, ten of them are space reflection even and nine
of them are space reflection odd. We note in particular the

spin-dependent time-reversal odd term hSμνV;in ¼ εfμqp1Spνg
1q

novel to deep-inelastic lepton-nucleon scattering (DIS) as
discussed in [27]. This corresponds to single transverse
polarization of V with respect to the lepton-hadron plane.
There could be also parity violating transverse polarization
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in the lepton-hadron plane described by the last one in

Eq. (3.115), i.e., ~hSμνV3;in ¼ Sfμq pνg
1q.

The inclusive process eþe− → VX can also be studied
in the helicity-GJ frame. Formerly, the differential cross
section for eþe− → VX takes exactly the same form as that
for eþe− → VπX integrated over φ. The corresponding
inclusive structure functions just have one-to-one corre-
spondence to those given by Eqs. (3.80)–(3.91). They are
just equal to the counterparts in Eqs. (3.80)–(3.91) inte-
grated over ξ2 and p2

2T . In this case, we can study the
longitudinal polarization and the transverse polarization
with respect to the lepton-hadron plane that have similar
expressions in terms of the structure functions as those
given by Eqs. (3.92)–(3.99).

IV. HADRONIC TENSOR IN TERMS OF FFs

We now calculate the hadronic tensor and differential
cross section in the partonic picture at leading order in
pQCD but with leading and twist-3 contributions. In this
section we present the results obtained for the hadronic
tensor.
In the partonic picture at the leading order in pQCD, we

need to consider the contributions from the diagrams shown
in Figs. 2 and 3 just as in [7] where spin-1=2 hadrons are
considered. We need to perform the collinear expansion
and pick up the results up to the order 1=Q in order to get
the twist-3 contributions. Collinear expansion was first
proposed for the inclusive process [28,29] and has now
been applied to all processes where one hadron is explicitly
involved [15,17,30]. Systematic derivations have been
given for such processes (for a recent short summary
see, e.g., [20]). However, for processes with no less than
two hadrons involved, systematic derivation for collinear
expansion is still lacking. Usually, one just picks up terms
up to 1=Q from these diagrams [6–13,16]. We do it in the
same way in the following of this paper.

A. Hadronic tensor in the collinear frame

The leading power contribution from Fig. 2 gives us the
leading twist contribution where no transverse gluon
exchange is involved. The longitudinal gluon exchanges
lead to the gauge link that is needed to keep the quark-quark

correlator gauge invariant. Up to twist-3, we need the next-
to-leading power contribution from Fig. 2 and also the
leading power contributions from Fig. 3, where the quark-
gluon-quark correlator is involved. We use the definition of
the quark-gluon-quark correlator as given in Eq. (2.14),
i.e., to use the covariant derivative D instead of A. This is
not only to use the simple relationships as given by
Eqs. (2.16) and (2.17) but also to be consistent to the
cases of eþe− → Vq̄X and eþe− → VX where collinear
expansion has already been systematically proven [15,17].
To do so, we need to pick up the corresponding k⊥ terms
from Fig. 2 and add them to those from Fig. 3. In this way,

we obtain Wμν ¼ ~Wð0Þ
μν þ ~Wð1Þ

μν − Δ ~Wð0Þ
μν . For the contribu-

tion ~Wð0Þ
μν from Fig. 2, we have

~Wð0Þ
μν ¼ 1

pþ
1 p

−
2

Z
d2k⊥
ð2πÞ2

d2k0⊥
ð2πÞ2 δ

2ðk⊥ þ k0⊥ − q⊥Þ

× Tr½Ξð0Þðz1; k⊥; p1; SÞΓμΞ̄ð0Þðz2; k0⊥; p2ÞΓν�:
ð4:1Þ

Corresponding to Fig. 3(a), we have

~Wð1aÞ
μν ¼ −1ffiffiffi

2
p

Qpþ
1 p

−
2

Z
d2k⊥
ð2πÞ2

d2k0⊥
ð2πÞ2 δ

2ðk⊥ þ k0⊥ − q⊥Þ

× Tr½ΓμΞ̄ð0Þðz2; k0⊥; p2Þγρn̄ΓνΞð1Þρðz1; k⊥; p1; SÞ�;
ð4:2Þ

(a) (b)

(c) (d)

FIG. 3. Feynman diagrams for Z → VπX with one gluon
exchange that contributes at twist-3 and higher twists. Here, in
(a) and (b), we have quark-gluon-quark correlator for the
fragmentation of the quark, and in (c) and (d) we have that of
the anti-quark.

FIG. 2. Feynman diagram for Z → VπX without gluon
exchange that contributes at leading and higher twists.
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Δ ~Wð0aÞ
μν ¼ 1ffiffiffi

2
p

Qpþ
1 p

−
2

Z
d2k⊥
ð2πÞ2

d2k0⊥
ð2πÞ2δ

2ðk⊥þk0⊥−q⊥Þ

×kρ⊥Tr½ΓμΞ̄ð0Þðz2;k0⊥;p2Þγρn̄ΓνΞð0Þðz1;k⊥;p1;SÞ�;
ð4:3Þ

and similar for those from Figs. 3(b)–3(d). The transverse
momentum dependent quark-quark or quark-gluon-quark
correlators, Ξð0Þðz; k⊥; p; SÞ or Ξð1Þρðz; k⊥; p; SÞ are given
by Eqs. (2.5) or (2.14) respectively. We use Ξ̄ to denote that
for antiquark fragmentation that differs from the corre-
sponding one for the quark by exchanging ψ and ψ̄ in the
definition. Here as well as in the following of this paper, for
explicitness, we consider only q → VX and q̄ → πX. The
complete results should be the sum of these contributions
and those from q̄ → VX and q → πX. The latter are just
obtained simply by changing the Ξ’s to the corresponding
Ξ̄’s and Ξ̄’s to the corresponding Ξ’s. Also a summation
over the flavor of q is implicit.
We emphasize in particular that these expressions

(4.1)–(4.3) are obtained from Figs. 2 and 3 and they are
also straightforward extensions of the results obtained for
eþe− → Vq̄X which is a special case by setting jp2; Xi as
an antiquark final state jk0i. In the latter case ~Wð0Þ

μν − Δ ~Wð0Þ
μν

together reduces to the corresponding results of ~Wð0Þ
μν while

~Wð1Þ
μν reduces to the corresponding result directly.
To obtain the corresponding results for the hadronic

tensors, we need to substitute the Lorentz decompositions
of the quark-quark and quark-gluon-quark correlators as
given by the equations in Appendix A into the above
Eqs. (4.1)–(4.3) and carry out the traces. We note that
all the decompositions of the quark-quark and quark-
gluon-quark correlators are given in the collinear frame
of the corresponding hadron; i.e., the direction of motion
of the hadron is taken as the longitudinal direction. Hence,
the most convenient frame to carry out the calculations of
the hadronic tensor is the collinear frame of the hadron.
Fortunately, in the case we discuss here, we have only two
hadrons and we can make a Lorentz transformation into a
frame where the two hadrons move in opposite directions.
We call it the collinear frame of the two hadrons. We first
present the results of the hadronic tensor in this frame and
then transform them into the helicity-GJ frame.

1. Hadronic tensor at twist-2

The leading twist contribution to the hadronic tensor

comes solely from ~Wð0Þ
μν given by Eq. (4.1). To obtain the

results, we insert the leading twist parts for the quark-quark
correlator given in Appendix A. The unpolarized part and
the vector polarization dependent parts are the same as
those for spin-1=2 hadrons and can be found, e.g., in [14].
We present here for completeness and for unification of
notations. First of all, the simplest case, i.e., the unpolarized
part is given by

Wð0ÞU
μν ðq; p1; p2Þ

¼ 4

z1z2

Z
d2k⊥
ð2πÞ2

d2k0⊥
ð2πÞ2 δ

2ðk⊥ þ k0⊥ − q⊥Þ

×

�
−ðcq1g⊥μν þ icq3ε⊥μνÞD1ðz1; k⊥ÞD̄1ðz2; k0⊥Þ

þ 4cq2
M1M2

ðk⊥fμk0⊥νg − k⊥ · k0⊥g⊥μνÞ

×H⊥
1 ðz1; k⊥ÞH̄⊥

1 ðz2; k0⊥Þ
�
; ð4:4Þ

where cq2 ¼ ðcqVÞ2 − ðcqAÞ2; z1 ≈ ξ1 and z2 ≈ ξ2 up to 1=Q.
To make the results look more concise and explicit, we
introduce the basic Lorentz tensors similar to those defined
in [17], i.e.,

c⊥μν ¼ cq1g⊥μν þ icq3ε⊥μν; ð4:5Þ
~c⊥μν ¼ cq3g⊥μν þ icq1ε⊥μν; ð4:6Þ

α⊥μνða; bÞ ¼ a⊥fμb⊥νg − ða⊥ · b⊥Þg⊥μν; ð4:7Þ

for two Lorentz vectors a and b. We will also omit the
arguments of FFs in the expressions in the following of this
paper. Since we are considering only the case of q → VX
and q̄ → πX, this omission will not cause any ambiguity.
The FFs defined via Ξ’s, i.e., D’s, G’s, E’s, and H’s, are for
q → VX and have the arguments ðz1; k⊥Þ, while those
defined via Ξ̄’s, i.e., D̄’s, Ḡ’s, Ē’s, and H̄’s are for q̄ → πX
and have the arguments ðz2; k0⊥Þ. With such simplified
notations, we have

Wð0ÞU
μν ¼ 4

z1z2

Z
d2k⊥
ð2πÞ2

d2k0⊥
ð2πÞ2 δ

2ðk⊥ þ k0⊥ − q⊥Þ

×

�
−c⊥μνD1D̄1 þ

4cq2
M1M2

α⊥μνðk; k0ÞH⊥
1 H̄

⊥
1

�
:

ð4:8Þ
We see that for the unpolarized part at twist-2, we have
chiral even contribution from D1 convoluted with D̄1 and
chiral odd contribution from H⊥

1 convoluted with H̄⊥
1 . We

also note that for the chiral even contribution, there is a
symmetric and an antisymmetric part. However for the
chiral odd contribution, there is only a symmetric part.
For the vector polarization dependent part, we write the

longitudinally and transversely polarized parts separately.
For the longitudinally polarized part, we have

Wð0ÞL
μν ¼ 4λ

z1z2

Z
d2k⊥
ð2πÞ2

d2k0⊥
ð2πÞ2 δ

2ðk⊥ þ k0⊥ − q⊥Þ

×

�
~c⊥μνG1LD̄1 þ

4cq2
M1M2

α⊥μνð~k0; kÞH⊥
1LH̄

⊥
1

�
:

ð4:9Þ
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We see that besides the helicity λ factor, this takes a quite similar form as that for the unpolarized part. Here, we have
contributions fromG1L convoluted with D̄1 and fromH⊥

1L with H̄⊥
1 . For the transverse polarization dependent part, we have

Wð0ÞT
μν ¼ 4

z1z2

Z
d2k⊥
ð2πÞ2

d2k0⊥
ð2πÞ2 δ

2ðk⊥ þ k0⊥ − q⊥Þ
�
k⊥ · ST
M1

�
~c⊥μνG⊥

1TD̄1 þ
4cq2

M1M2

α⊥μνð~k0; kÞH⊥
1TH̄

⊥
1

�

−
~k⊥ · S⊥
M1

c⊥μνD⊥
1TD̄1 þ

4cq2
M2

α⊥μνð~k0; SÞH1TH̄⊥
1

�
: ð4:10Þ

Because there are two transverse directions, this part looks more complicated. We see clearly that we have both
contributions in k⊥ or transverse to k⊥ (i.e., in ~k⊥) directions.
The SLL-dependent part looks very much the same as the unpolarized part, i.e.,

Wð0ÞLL
μν ¼ 4SLL

z1z2

Z
d2k⊥
ð2πÞ2

d2k0⊥
ð2πÞ2 δ

2ðk⊥ þ k0⊥ − q⊥Þ
�
−c⊥μνD1LLD̄1 þ

4cq2
M1M2

α⊥μνðk; k0ÞH⊥
1LLH̄

⊥
1

�
; ð4:11Þ

where we have the chiral even contribution from D1LL convoluted with D̄1 and chiral odd part from H⊥
1LL with H̄1.

For the SLT- and STT-dependent part, we have

Wð0ÞLT
μν ¼ 4

z1z2

Z
d2k⊥
ð2πÞ2

d2k0⊥
ð2πÞ2 δ

2ðk⊥ þ k0⊥ − q⊥Þ
�
k⊥ · SLT
M1

�
−c⊥μνD⊥

1LTD̄1 þ
4cq2

M1M2

α⊥μνðk; k0ÞH⊥
1LTH̄

⊥
1

�

þ
~k⊥ · SLT
M1

~c⊥μνG⊥
1LTD̄1 þ

4cq2
M2

α⊥μνðk0; SLTÞH1LTH̄⊥
1

�
; ð4:12Þ

Wð0ÞTT
μν ¼ 4

z1z2

Z
d2k⊥
ð2πÞ2

d2k0⊥
ð2πÞ2 δ

2ðk⊥ þ k0⊥ − q⊥Þ
�
SkkTT
M2

1

�
−c⊥μνD⊥

1TTD̄1 þ
4cq2

M1M2

α⊥μνðk; k0ÞH⊥
1TTH̄

⊥
1

�

þ S~kk
TT

M2
1

~c⊥μνG⊥
1TTD̄1 þ

4cq2
M1M2

α⊥μνðk0; SkTTÞH0⊥
1TTH̄

⊥
1

�
: ð4:13Þ

We see clearly the similarities and differences between them and the transverse polarization dependent part. We note once
more that the chiral even contributions contain a symmetric and an antisymmetric part given by the basic tensor c⊥μν or ~c⊥μν

while the chiral odd contributions are always characterized by cq2 and have only symmetric tensor α⊥μν.

2. Hadronic tensor at twist-3

The twist-3 contribution to the hadronic tensor comes from both Eqs. (4.1) and (4.2). In Eq. (4.1), we either expand Ξð0Þ

to leading twist and Ξ̄ð0Þ to twist-3 or Ξ̄ð0Þ to leading twist and Ξð0Þ to twist-3. In Eq. (4.2), we expand all the Ξ’s to their
leading twist contribution. The equations are a bit longer than those at leading twist, and we present as examples the results
for the unpolarized and SLL-dependent parts here but other parts in the Appendix,

Wð1ÞU
μν ¼ 4

z1z2

Z
d2k⊥
ð2πÞ2

d2k0⊥
ð2πÞ2 δ

2ðk⊥ þ k0⊥ − q⊥Þ
�

1

pþ
1

½ωμνðkÞD⊥ þ ~ωμνð~kÞG⊥�D̄1 −
1

p−
2

D1½ωμνðk0ÞD̄⊥ þ ~ωμνð~k0ÞḠ⊥�

−
2cq2M2

M1p−
2

H⊥
1 ½2ðkn − kn̄ÞfμνgH̄ þ iðkn − kn̄Þ½μν�Ē� þ

2cq2M1

M2p
þ
1

½2ðk0n − k0̄nÞfμνgH þ iðk0n − k0̄nÞ½μν�E�H̄⊥
1

þ
ffiffiffi
2

p

Q

�
ωμνðk0; kÞD1D̄1 −

4cq2
M1M2

ωðnÞ
μν ðk; k0ÞH⊥

1 H̄
⊥
1

��
; ð4:14Þ

where we introduce the shorthanded notations defined as

anfμνg ≡ a⊥fμnνg; an½μν� ≡ a⊥½μnν�; ð4:15Þ

ωμνða; bÞ ¼ cq1ðan þ bn̄Þfμνg − icq3ð ~an þ ~bn̄Þ½μν�; ð4:16Þ
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~ωμνða; bÞ ¼ cq3ðan þ bn̄Þfμνg − icq1ð ~an þ ~bn̄Þ½μν�; ð4:17Þ

ωðnÞ
μν ða; bÞ ¼ ða2⊥bn̄ þ b2⊥anÞfμνg; ð4:18Þ

and ωμνðaÞ≡ ωμνða;−aÞ, ~ωμνðaÞ≡ ~ωμνða;−aÞ.
The SLL-dependent part looks very much similar, i.e.,

Wð1ÞLL
μν ¼ 4SLL

z1z2

Z
d2k⊥
ð2πÞ2

d2k0⊥
ð2πÞ2 δ

2ðk⊥ þ k0⊥ − q⊥Þ
�

1

pþ
1

½ωμνðkÞD⊥
LL þ ~ωμνð~kÞG⊥

LL�D̄1 −
1

p−
2

D1LL½ωμνðk0ÞD̄⊥ þ ~ωμνð~k0ÞḠ⊥�

−
2cq2M2

M1p−
2

H⊥
1LL½2ðkn − kn̄ÞfμνgH̄ þ iðkn − kn̄Þ½μν�Ē� þ

2cq2M1

M2p
þ
1

½2ðk0n − k0̄nÞfμνgHLL þ iðk0n − k0̄nÞ½μν�ELL�H̄⊥
1

þ
ffiffiffi
2

p

Q

�
ωμνðk0; kÞD1LLD̄1 −

4cq2
M1M2

ωðnÞ
μν ðk; k0ÞH⊥

1LLH̄
⊥
1

��
: ð4:19Þ

B. Transform into the helicity-GJ frame

We now transform the hadronic tensor into helicity-GJ
frame as described in Sec. III B 2. Since our goal is to
express the hadronic tensor by FFs that are usually defined
in the collinear way, we should just keep the FFs defined
this way and transform the coefficients into the helicity-GJ
frame of the vector meson V. This is achieved by replacing
the vectors and tensors in the hadronic tensor by their
expressions in the helicity-GJ frame. Up to 1=Q, we
have [7,13]

ðk⊥μÞcoll ¼ k⊥μ −
ffiffiffi
2

p
q⊥ · k⊥n̄μ=Qþ � � � ; ð4:20Þ

ðg⊥μνÞcoll ¼ g⊥μν −
ffiffiffi
2

p
qn̄fμνg=Qþ � � � ; ð4:21Þ

ðε⊥μνÞcoll ¼ ε⊥μν þ
ffiffiffi
2

p
~qn̄½μν�=Qþ � � � ; ð4:22Þ

and q⊥ ¼ −p2T=z2 þ � � �, where � � � are higher power
suppressed terms. We see that the differences are all higher
twist. It implies that the leading twist part is unchanged but
there are additional twist-3 terms generated by transform-
ing the twist-2 parts. E.g., for the unpolarized part, we have

δWð1ÞU
μν ¼ 4

ffiffiffi
2

p

z1z2Q

Z
d2k⊥
ð2πÞ2

d2k0⊥
ð2πÞ2 δ

2ðk⊥ þ k0⊥ − q⊥Þ

×

�
−ðcq1qn̄fμνg − icq3 ~qn̄½μν�ÞD1D̄1

þ 4cq2
M1M2

ðk2⊥k0̄n þ k02⊥kn̄ÞfμνgH⊥
1 H̄

⊥
1

�
: ð4:23Þ

Others are given in Appendix B.

V. STRUCTURE FUNCTIONS IN TERMS OF FFs

Making a Lorentz contraction with the leptonic tensor,
we obtain the cross section and the structure functions. The
parton model results for the structure functions are given as
the convolution of the gauge invariant TMD FFs in the
form,

C½wDD̄� ¼ 1

z1z2

Z
d2k⊥
ð2πÞ2

d2k0⊥
ð2πÞ2 δ

2ðk⊥ þ k0⊥ − q⊥Þ

× wðk⊥; k0⊥ÞDðz1; k⊥ÞD̄ðz2; k0⊥Þ: ð5:1Þ

The weight w is a scalar function of k⊥ and k0⊥. As in [14],
we introduce the following dimensionless scalars,

w0 ¼ −k2⊥=M2
1; ð5:2Þ

w̄0 ¼ −k02⊥=M2
2; ð5:3Þ

w1 ¼ −p2T · k⊥=M1j~p2T j; ð5:4Þ

w̄1 ¼ −p2T · k0⊥=M2j~p2T j; ð5:5Þ

w2 ¼ −k⊥ · k0⊥=M1M2: ð5:6Þ

Others are just functions of them and are given when
needed.

A. Structure functions at twist-2

We note that the twist-2 results presented here are for
leading order in pQCD. Formally they just correspond
to the results obtained from the naive or intuitive parton
model.
We introduce a second digital in the subscript to

specify the contributions at twist level, e.g., FsinðφS−φÞ
jTi , and

i¼1;2;3;… to specify the twist-(iþ 1) contributions. The
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unpolarized and vector polarization dependent parts can be
derived from those given in, e.g., [14]. We list them here for
completeness and comparison. We list only those nonzero
structure functions. Those not listed are zero at twist-2.
For the unpolarized part, we have

F1U1 ¼ 2ce1c
q
1C½D1D̄1�; ð5:7Þ

F3U1 ¼ 4ce3c
q
3C½D1D̄1�; ð5:8Þ

Fcos 2φ
U1 ¼ −8ce1c

q
2C½whhH⊥

1 H̄
⊥
1 �; ð5:9Þ

where whh ¼ 2w1w̄1 − w2. The other six FU’s are zero at
twist-2. We note in particular that there is a twist-2
contribution to cos 2φ due to the Collins function [4] but
no such contribution to cosφ or sinφ.
The longitudinal polarization dependent part is very

much the same as the unpolarized part. There are three
nonzero FL’s at twist-2, they are given by

~F1L1 ¼ −2ce1c
q
3C½G1LD̄1�; ð5:10Þ

~F3L1 ¼ −4ce3c
q
1C½G1LD̄1�; ð5:11Þ

Fsin 2φ
L1 ¼ −8ce1c

q
2C½whhH⊥

1LH̄
⊥
1 �: ð5:12Þ

We see a one-to-one correspondence to the unpolarized
terms. More precisely we have that ~FjL1 just corresponds to

FjU1 upon exchange of D1 to G1L and Fsin 2φ
jL1 just

corresponds to Fcos 2φ
U1 upon exchange of H⊥

1 to H⊥
1L.

For the transverse polarization dependent part, we have

FsinðφS−φÞ
1T1 ¼ 2ce1c

q
1C½w1D⊥

1TD̄1�; ð5:13Þ

FsinðφS−φÞ
3T1 ¼ 4ce3c

q
3C½w1D⊥

1TD̄1�; ð5:14Þ

~FcosðφS−φÞ
1T1 ¼ 2ce1c

q
3C½w1G⊥

1TD̄1�; ð5:15Þ

~FcosðφS−φÞ
3T1 ¼ 4ce3c

q
1C½w1G⊥

1TD̄1�; ð5:16Þ

FsinðφSþφÞ
T1 ¼ −8ce1c

q
2C½w̄1H⊥

1TH̄
⊥
1 �; ð5:17Þ

FsinðφS−3φÞ
T1 ¼ −8ce1c

q
2C½wt

hhH
⊥
1TH̄

⊥
1 �; ð5:18Þ

where wt
hh ¼ w1whh − w0w̄1=2, H⊥

1T is defined by
Eq. (A20). We see that there are six nonzero transverse
polarization dependent structure functions (FT or ~FT) at
twist-2, four of them are parity conserving and the other
two are parity violating.
We see that among the 36 spin-independent and vector

polarization dependent structure functions, 12 of them have
twist-2 contributions while the other 24 are zero at twist-2.
Among these 12 are nonzero F’s, eight are parity

conserving, four are parity violating, and eight of them
correspond to azimuthal asymmetries.
For the tensor polarization dependent part, the results are

much similar. First the SLL-dependent part looks very much
the same as the unpolarized part. There are only three
nonzero FLL’s at twist-2, they are given by

F1LL1 ¼ 2ce1c
q
1C½D1LLD̄1�; ð5:19Þ

F3LL1 ¼ 4ce3c
q
3C½D1LLD̄1�; ð5:20Þ

Fcos 2φ
LL1 ¼ −8ce1c

q
2C½whhH⊥

1LLH̄
⊥
1 �: ð5:21Þ

The SLT-dependent part is very much similar to the ST
part. The six nonzeros are given by

FcosðφLT−φÞ
1LT1 ¼ −2ce1c

q
1C½w1D⊥

1LTD̄1�; ð5:22Þ

FcosðφLT−φÞ
3LT1 ¼ −4ce3c

q
3C½w1D⊥

1LTD̄1�; ð5:23Þ

~FsinðφLT−φÞ
1LT1 ¼ −2ce1c

q
3C½w1G⊥

1LTD̄1�; ð5:24Þ

~FsinðφLT−φÞ
3LT1 ¼ −4ce3c

q
1C½w1G⊥

1LTD̄1�; ð5:25Þ

FcosðφLTþφÞ
LT1 ¼ −8ce1c

q
2C½w̄1H⊥

1LTH̄
⊥
1 �; ð5:26Þ

FcosðφLT−3φÞ
LT1 ¼ 8ce1c

q
2C½wt

hhH
⊥
1LTH̄

⊥
1 �: ð5:27Þ

The STT-dependent part is similar to the ST part but the
weights are different,

Fcosð2φTT−2φÞ
1TT1 ¼ 2ce1c

q
1C½wtt

ddD
⊥
1TTD̄1�; ð5:28Þ

Fcosð2φTT−2φÞ
3TT1 ¼ 4ce3c

q
3C½wtt

ddD
⊥
1TTD̄1�; ð5:29Þ

~Fsinð2φTT−2φÞ
1TT1 ¼ 2ce1c

q
3C½wtt

ddG
⊥
1TTD̄1�; ð5:30Þ

~Fsinð2φTT−2φÞ
3TT1 ¼ 4ce3c

q
1C½wtt

ddG
⊥
1TTD̄1�; ð5:31Þ

Fcosð2φTT−4φÞ
TT1 ¼ −4ce1c

q
2C½wtt

hhH
⊥
1TTH̄

⊥
1 �; ð5:32Þ

Fcos 2φTT
TT1 ¼ 8ce1c

q
2C½w2H⊥0

1TTH̄
⊥
1 �; ð5:33Þ

where wtt
dd ¼ 2w1 − w0, wtt

hh ¼ w0w2 − 4w0w1w̄1 þ
4w2

1w2 þ 8w3
1w̄1, and H⊥0

1TT ≡H0⊥
1TT þ ½k2⊥ þ 8ðk⊥ · p2TÞ2=

p2
2T �H⊥

1TT=2M
2
1.

B. Discussion about the twist-2 results

As we mentioned earlier in this paper, the twist-2 results
presented here just correspond to the results obtained
from the intuitive parton model with FFs defined in the
gauge invariant form. Just as for the structure functions in
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inclusive DIS obtained using the original intuitive parton
model, at the leading order (LO) in pQCD and twist-2, the
results exhibit a number of simple regularities (symmetries)
such as the Callan-Gross relation. To see these regularities
more clearly, we list the leading twist results in Table I.
Indeed, from these results, we see that although there are

81 independent structure functions, a large part of them
vanish at twist-2. Totally 27 of them are nonzero, among
them 19 are parity conserved and eight are parity violated.
Furthermore we see the following regularities.
(1) Among the 27 nonzero structure functions, five with

ce1c
q
1 , five with ce3c

q
3 , and nine with ce1c

q
2 are parity

even, and four with ce1c
q
3 and four with ce3c

q
1 are

parity odd. This can be understood easily since from
Eq. (3.2) we see that ce1 symbolizes the symmetric
parity conserving part and ce3 the antisymmetric
parity violating part of the tensor.

(2) The nonvanishing structure functions are associated
with either 1þ cos2 θ, or cos θ or sin2 θ.
For those associated with 1þ cos2 θ or cos θ,

there are five with coefficient ce1c
q
1 and five with

ce3c
q
3 . They are all from C½DD̄�, i.e., fragmentations

of the unpolarized quark and are parity conserving.
There are also four with coefficient ce1c

q
3 and four

with ce3c
q
1 . They are all from C½GD̄�, i.e., fragmen-

tations of the longitudinally polarized quark and
unpolarized antiquark and are parity violating.
Those associated with sin2θ all have coefficient

ce1c
q
2 and are from C½HH̄�, i.e., transversely polarized

quark and antiquark.
To understand such regularities, we recall the

result for the basic weak process eþe− → Z → qq̄.
We recall that the differential cross section is [31]

dσ̂
dΩ

¼ α2

4s
χ½ce1cq1ð1þ cos2θÞ þ 2ce3c

q
3 cos θ�; ð5:34Þ

and the produced quark (antiquark) is longitudinally
polarized and the polarization is given by

PqðθÞ ¼ −
ce1c

q
3ð1þ cos2θÞ þ 2ce3c

q
1 cos θ

ce1c
q
1ð1þ cos2θÞ þ 2ce3c

q
3 cos θ

: ð5:35Þ

Furthermore, although the quark (antiquark) is not
transversely polarized, their transverse spin compo-
nents are correlated. We define

cqnn ¼ jMnþþj2 þ jMn−−j2 − jMnþ−j2 − jMn−þj2
jMnþþj2 þ jMn−−j2 þ jMnþ−j2 þ jMn−þj2

;

ð5:36Þ

where M is the scattering amplitude, þ or − denote
that the quark or antiquark is in the sn ¼ 1=2 or

−1=2 state. We obtain that, for ~n in the normal of the
production plane,

cqnnðθÞ ¼ ce1c
q
2sin

2θ

ce1c
q
1ð1þ cos2θÞ þ 2ce3c

q
3 cos θ

; ð5:37Þ

which is in fact also true for any transverse direction
~n if we replace sin2 θ in the numerator by
sin2 θ cos 2φn where φn is the azimuthal angle
between ~n and the normal of the production plane.
In terms of y ¼ ð1þ cos θÞ=2, we have

dσ̂
dΩ

¼ α2

2s
χTq

0ðyÞ; ð5:38Þ

PqðyÞ ¼ Tq
1ðyÞ=Tq

0ðyÞ; ð5:39Þ

cqnnðyÞ ¼ ce1c
q
2CðyÞ=2Tq

0ðyÞ; ð5:40Þ

where Tq
0ðyÞ ¼ ce1c

q
1AðyÞ − ce3c

q
3BðyÞ is the relative

production weight for flavor q, Tq
1ðyÞ¼−ce1c

q
3AðyÞþ

ce3c
q
1BðyÞ; AðyÞ, BðyÞ, and CðyÞ are given in

Sec. III B 2 by Eqs. (3.50)–(3.52). We see clearly
why we have the regularities for the structure func-
tions mentioned at the beginning of this point.

(3) It is also clear that if we consider eþe− → γ� → qq̄,

i.e., the electromagnetic process, we have TqðemÞ
0 ðyÞ¼

e2qAðyÞ, PðemÞ
q ¼ 0. The quark transverse spin corre-

lation cqðemÞ
nn ðyÞ ¼ CðyÞ=2AðyÞ is independent of the

flavor of the quark. In this case, we will not have
C½GD̄� terms but C½DD̄� and C½HH̄� terms.

(4) If we integrate over p2, we obtain the results for the
inclusive process eþe− → Z → VX. The nonvanish-
ing structure functions are

z1F1U1;in ¼ 2ce1c
q
1D1ðz1Þ; ð5:41Þ

z1F3U1;in ¼ 4ce3c
q
3D1ðz1Þ; ð5:42Þ

z1 ~F1L1;in ¼ −2ce1c
q
3G1Lðz1Þ; ð5:43Þ

z1 ~F3L1;in ¼ −4ce3c
q
1G1Lðz1Þ; ð5:44Þ

z1F1LL1;in ¼ 2ce1c
q
1D1LLðz1Þ; ð5:45Þ

z1F3LL1;in ¼ 4ce3c
q
3D1LLðz1Þ: ð5:46Þ

All the others vanish at twist-2. This is consistent
with the results obtained in [15]. We emphasize in
particular that the Callan-Gross relation in DIS now
is replaced by F2U1;in ¼ 0, and all the structure
functions associated with the transverse spin com-
ponents vanish at leading twist.
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C. Twist-3 contributions

Among the 54 structure functions that vanish at twist-2,
36 have twist-3 contributions as the leading power con-
tributions. The results are a bit lengthy so we present them
in Appendix C. We see that all 36 structure functions
associated with sin θ and sin 2θ have twist-3 contributions
as leading power contributions. Besides others, we have
Fcosφ
1U2 , F

cosφ
2U2 , ~F

sinφ
1U2 , and ~Fsinφ

2U2 in the unpolarized part, also
FsinφS
1T2 , FsinφS

2T2 , ~FcosφS
1T2 , and ~FcosφS

2T2 in the vector polarization
dependent part. This means that at the twist-3 level there
should be parity conserved azimuthal asymmetry hcosφiU
and parity violated asymmetry hsinφiU in the unpolarized
case and parity conserved transverse polarization in the
normal direction of the lepton-hadron plane and parity
violated component in the plane. We will discuss this more
in the next section.

VI. AZIMUTHAL ASYMMETRIES AND
HADRON POLARIZATIONS

A. Azimuthal asymmetries

At leading twist and for unpolarized V (i.e., polarization
is not measured), there is only one azimuthal asymmetry as
given by Eq. (3.68), i.e.,

hcos 2φið0ÞU ¼ −
CðyÞPqc

e
1c

q
2C½whhH⊥

1 H̄
⊥
1 �P

qT
q
0ðyÞC½D1D̄1�

: ð6:1Þ

This is the only leading twist azimuthal asymmetry in the
unpolarized case due to the Collins effect [4] and transverse
spin correlation cqnn given by Eq. (5.37) for qq̄ produced
via eþe− annihilation. Here, as well as in the following of
this paper, when writing the expressions for azimuthal
asymmetries and/or polarizations in terms of FFs, to avoid
confusion, we include the summation over q explicitly but
still keep the q ↔ q̄ terms implicitly and omit the flavor
indices for the FFs.
If we could consider the polarization and azimuthal

asymmetry simultaneously, we would have

hcos 2φið0ÞLL ¼ −
CðyÞPqc

e
1c

q
2C½whhðH⊥

1 þ SLLH⊥
1LLÞH̄⊥

1 �P
qT

q
0ðyÞC½ðD1 þ SLLD1LLÞD̄1�

;

ð6:2Þ

hsin 2φið0ÞL ¼ −
λCðyÞPqc

e
1c

q
2C½whhH⊥

1LH̄
⊥
1 �P

qT
q
0ðyÞCðD1 − λG1LÞD̄1

: ð6:3Þ

Although it is academic since it will be very difficult to
measure this asymmetry, it is interesting to see the existence
of such asymmetry.
Up to twist-3, we have another two azimuthal asymme-

tries in the unpolarized case, i.e.,

hcosφið1ÞU ¼ −
8DðyÞ

z1z2QFð0Þ
Ut

X
q

fTq
2ðyÞðM1C½w1D⊥z2D̄1� þM2C½w̄1z1D1D̄⊥0�Þ

þ Tq
4ðyÞðM1C½w̄1Hz2H̄⊥

1 � þM2C½w1z1H⊥
1 H̄

⊥0�Þg; ð6:4Þ

hsinφið1ÞU ¼ 8DðyÞ
z1z2QFð0Þ

Ut

X
q

fTq
3ðyÞðM1C½w1G⊥z2D̄1� −M2C½w̄1z1D1Ḡ⊥�Þ þ 2ce3c

q
2ðM1C½w̄1Ez2H̄⊥

1 � −M2C½w1z1H⊥
1 Ē�Þg;

ð6:5Þ

where DðyÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yð1 − yÞp

, Tq
2ðyÞ ¼ −ce3c

q
3 þ ce1c

q
1BðyÞ, Tq

3ðyÞ ¼ ce3c
q
1 − ce1c

q
3BðyÞ, Tq

4ðyÞ ¼ 4ce1c
q
2BðyÞ, and Fð0Þ

Ut is the
twist-2 contribution to FUt and is given by

Fð0Þ
Ut ¼ 4

X
q

Tq
0ðyÞC½D1D̄1�: ð6:6Þ

We see that they depend on several twist-3 FFs.
If we consider eþe− → γ� → VπX, we have

hcos 2φið0;emÞ
U ¼ −

CðyÞ
AðyÞ

P
qe

2
qC½whhH⊥

1 H̄
⊥
1 �P

qe
2
qC½D1D̄1�

; ð6:7Þ
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hcosφið1;emÞ
U ¼ −

2 ~BðyÞ
AðyÞ

1

z1z2Q
P

qe
2
qC½D1D̄1�

X
q

e2qfM1C½w1D⊥z2D̄1 þ 4w̄1Hz2H̄⊥
1 �

þM2C½w̄1z1D1D̄⊥0 þ 4w1z1H⊥
1 H̄

⊥0�g; ð6:8Þ

and hsinφið1;emÞ
U ¼ 0, where ~BðyÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

yð1 − yÞp
BðyÞ. In

this case we have a nonzero azimuthal asymmetry

hcos 2φið0;emÞ
U at leading twist due to the Collins effect [4]

and a twist-3 asymmetry hcosφið0;emÞ
U similar to the Cahn

effect [32] in deep-inelastic lepton-nucleon scattering.

B. Hadron polarizations at twist-2

The polarization is in general dependent on φ.
Experimentally it is much easier to consider the case where
φ is integrated. In this case, at the leading twist, we have for
the longitudinal polarization,

hλið0Þ ¼ 2

3

P
qPqðyÞTq

0ðyÞC½G1LD̄1�P
qT

q
0ðyÞC½D1D̄1�

; ð6:9Þ

hSLLið0Þ ¼
1

2

P
qT

q
0ðyÞC½D1LLD̄1�P

qT
q
0ðyÞC½D1D̄1�

: ð6:10Þ

For transverse dependent components with respect to the
hadron-hadron plane, we have

hSnTið0Þ ¼
2

3

P
qT

q
0ðyÞC½w1D⊥

1TD̄1�P
qT

q
0ðyÞC½D1D̄1�

; ð6:11Þ

hStTið0Þ ¼ −
2

3

P
qPqðyÞTq

0ðyÞC½w1G⊥
1TD̄1�P

qT
q
0ðyÞC½D1D̄1�

; ð6:12Þ

hSnLTið0Þ ¼
2

3

P
qPqðyÞTq

0ðyÞC½w1G⊥
1LTD̄1�P

qT
q
0ðyÞC½D1D̄1�

; ð6:13Þ

hStLTið0Þ ¼ −
2

3

P
qT

q
0ðyÞC½w1D⊥

1LTD̄1�P
qT

q
0ðyÞC½D1D̄1�

; ð6:14Þ

hSnnTTið0Þ ¼ −
2

3

P
qT

q
0ðyÞC½wtt

ddD
⊥
1TTD̄1�P

qT
q
0ðyÞC½D1D̄1�

; ð6:15Þ

hSntTTið0Þ ¼ −
2

3

P
qPqðyÞTq

0ðyÞC½wtt
ddG

⊥
1TTD̄1�P

qT
q
0ðyÞC½D1D̄1�

: ð6:16Þ

The transverse components with respect to the lepton-
hadron plane are zero at the leading twist in the φ
integrated case.
If we consider eþe− → γ� → VπX, i.e., annihilate via

electromagnetic interaction only, we have

hSLLið0;emÞ ¼ 1

2

P
qe

2
qC½D1LLD̄1�P

qe
2
qC½D1D̄1�

; ð6:17Þ

hSnTið0;emÞ ¼ 2

3

P
qe

2
qC½w1D⊥

1TD̄1�P
qe

2
qC½D1D̄1�

; ð6:18Þ

hStLTið0;emÞ ¼ 2

3

P
qe

2
qC½w1D⊥

1LTD̄1�P
qe

2
qC½D1D̄1�

; ð6:19Þ

hSnnTTið0;emÞ ¼ −
2

3

P
qe

2
qC½wtt

ddD
⊥
1TTD̄1�

3
P

qe
2
qC½D1D̄1�

; ð6:20Þ

while the parity violating components,

hλið0;emÞ ¼ hStTið0;emÞ ¼ hSnLTið0;emÞ ¼ hSntTTið0;emÞ ¼ 0:

ð6:21Þ

We see in particular that the SLL component is nonzero at
leading twist also in the parity conserved case. Parity
conserving transverse components exist due to Sivers-type
FFs such as D⊥

1T , D
⊥
1LT , and D⊥

1TT similar to the Sivers
function f⊥1T in three-dimensional PDFs [22].
For the inclusive process eþe− → Z → VX, we have

hλið0Þin ¼
X
q

2PqðyÞTq
0ðyÞG1Lðz1Þ=

X
q

3Tq
0ðyÞD1ðz1Þ;

ð6:22Þ

hSLLið0Þin ¼
X
q

Tq
0ðyÞD1LLðz1Þ=

X
q

2Tq
0ðyÞD1ðz1Þ; ð6:23Þ

while all the transverse components such as hSiTið0Þin ,

hSiLTið0Þin , and hSijTTið0Þin (i; j ¼ x or y) vanish at twist-2.

We also see that hSLLið0Þin is nonzero also in parity conserved

reactions while hλið0Þin exists only in the parity violated case.

C. Transverse polarizations with respect
to the lepton-hadron plane at twist-3

As mentioned in Sec. V C, the twist-3 contribution exists
only for those structure functions that are zero at twist-2.
They are the leading power contributions for the corre-
sponding structure functions. In particular we see that there
is no twist-3 contribution to the transverse components
with respect to the hadron-hadron plane discussed in last
subsection. However, for the transverse components with
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respect to the lepton-hadron plane, four of them, i.e., hSxTi,
hSyTi, hSxLTi, and hSyLTi have twist-3 contributions. They are
determined by FsinφS

jT2 , ~FcosφS
jT2 , ~FsinφS

jLT2 , and FcosφS
jLT2 given in

Appendix C respectively. The expressions can easily be
obtained by inserting these results into Eqs. (3.94)–(3.97)
but are a bit lengthy so we omit them here. However we
emphasize that if we consider eþe− → γ� → VπX, the
parity violating parts vanish and we have only the following
two components,

hSyTið1;emÞ ¼ 8M1
~BðyÞ

3z1z2QAðyÞPqe
2
qC½D1D̄1�

×
X
q

e2q

�
z2C

�
D⊥

T D̄1−2
w2

M1

H⊥−
T H̄⊥

1

�

−
z1M2

2M1

C½w2ðD⊥
1TD̄

⊥0−G⊥
1TḠ

⊥Þ−8H⊥
1TH̄

⊥0
1 �

�
;

ð6:24Þ

hSxLTið1;emÞ ¼ −
8M1

~BðyÞ
3z1z2QAðyÞPqe

2
qC½D1D̄1�

×
X
q

e2q

�
z2C

�
D⊥

LTD̄1 − 2
w2

M1

H⊥þ
LT H̄

⊥
1

�

þ z1M2

2M1

C½w2ðD⊥
1LTD̄

⊥0 þ G⊥
1LTḠ

⊥Þ

− 8H⊥
1LTH̄

⊥0
1 �

�
: ð6:25Þ

It is also interesting to see that these transverse compo-
nents are defined with respect to the lepton-hadron plane
and exist also in the inclusive process. For eþe−→Z→VX,
we have

hSxTið1Þin ¼ −
8M1DðyÞ
3z1Q

P
qT

q
3ðyÞGTP

qT
q
0ðyÞD1

; ð6:26Þ

hSyTið1Þin ¼ 8M1DðyÞ
3z1Q

P
qT

q
2ðyÞDTP

qT
q
0ðyÞD1

; ð6:27Þ

hSxLTið1Þin ¼ −
8M1DðyÞ
3z1Q

P
qT

q
2ðyÞDLTP

qT
q
0ðyÞD1

; ð6:28Þ

hSyLTið1Þin ¼ 8M1DðyÞ
3z1Q

P
qT

q
3ðyÞGLTP

qT
q
0ðyÞD1

: ð6:29Þ

We recall that hSyTi is P even and naive T odd, hSxTi is P odd
and naive T even, and hSyLTi is P odd and naive T odd.
Neither of these three can exist in deep-inelastic scattering
such as e−N → e−X. The only existing one is hSxLTi which
is both P and T even. We see also from Table IV whether

the corresponding FFs are T odd or T even which is
consistent with the structure functions and/or the
polarizations.
For eþe− → γ� → VX, we have

hSyTið1;emÞ
in ¼ 8M1

~BðyÞ
3z1QAðyÞ

P
qe

2
qDTP

qe
2
qD1

; ð6:30Þ

hSxLTið1;emÞ
in ¼ −

8M1
~BðyÞ

3z1QAðyÞ

P
qe

2
qDLTP

qe
2
qD1

; ð6:31Þ

and other two parity violating components are zero.

VII. SUMMARY AND DISCUSSION

Three parts were presented in this paper: A summary of
results of a general decomposition of the quark-quark
correlator that leads to the operator definition of TMD
FFs, a general kinematical analysis for eþe− → VπX, and a
complete twist-3 calculation based on the partonic picture
at leading order in pQCD. We summarize the main results
in the following.
(1) We presented the results of general decomposition

of the quark-quark correlator for fragmentation of
the quark to the spin-1 hadron. The correlator is
expressed as a sum of a spin-independent, a vector
polarization dependent, and a tensor polarization
dependent part. Formally, the spin-independent part
is identical to that for spin-0 hadrons, the vector
polarization dependent part is the same as that for
spin-1=2 hadrons, while the tensor polarization
dependent part is novel for spin-1 hadrons. The
decomposition leads to totally 72 TMD FFs, eight
for spin-independent, 24 for the vector polarization
dependent, and the other 40 for the tensor polari-
zation dependent part. Among them, 18 contribute
at leading twist, 36 at twist-3, and the other 18 at
twist-4; half of them (36) are T odd, the other half
are T even; also half are χ odd and the other half are
χ even.

(2) These TMD FFs are used in describing the semi-
inclusive high energy reaction (see, e.g., [17]). We
note that usually for a complete description of a
semi-inclusive reaction, the quark-quark correlator is
not sufficient. One usually needs the quark-j-gluon-
quark correlator, too (j ¼ 1; 2;… represents the
number of gluons). They contribute at higher twist
starting at twist-(jþ 2). For example, to make a
complete calculation up to twist-3, besides the
quark-quark correlator, one needs the quark-
gluon-quark correlator. These contributions should
be taken into account simultaneously. It is also
important to note that because of the QCD equation
of motion, they are often not independent and

TENSOR POLARIZATION DEPENDENT FRAGMENTATION … PHYSICAL REVIEW D 94, 034003 (2016)

034003-23



relationships obtained from QCD equation of mo-
tion should be used.

(3) We presented also the results for a general kinematic
analysis for eþe− → VπX. This process is in general
described by 81 structure functions, 42 are parity
conserving and 39 are parity violating. The azimu-
thal asymmetries and hadron polarizations are in
general coupled with each other and are described by
the corresponding structure functions. In practice, it
is much simpler to study the azimuthal asymmetries
in the unpolarized case and hadron polarizations
averaged over the azimuthal angle φ. For unpolar-
ized hadrons, there are four azimuthal asymmetries,
i.e., hcosφiU, hsinφiU, hcos 2φiU, and hsin 2φiU.
The two cos asymmetries are parity conserving
while the two sin asymmetries are parity violating.

(4) The hadron polarizations are most conveniently
studied in the helicity Gottfried-Jackson frame.
Here, we have two longitudinal components hλi
and hSLLi defined in the helicity basis, and six
transverse components that can be defined either
with respect to the lepton-hadron plane, i.e., hSxTi,
hSyTi, hSxLTi, hSyLTi, hSxxTTi, and hSxyTTi, or with respect
to the hadron-hadron plane, i.e., hSnTi, hStTi, hSnLTi,
hStLTi, hSnnTTi, and hSntTTi. In the case of averaging
over φ, they correspond to different structure
functions as given by Eqs. (3.94)–(3.99) and
Eqs. (3.106)–(3.111) respectively. Half of them
are parity conserving while the other half are parity
violating.

(5) The results obtained in the partonic picture at LO
pQCD up to twist-3 were also presented in terms of
the gauge invariant FFs. These results showed that at
leading twist there are 27 nonvanishing structure
functions, 19 correspond to parity conserving and
eight are parity violating. We have also 36 structure
functions that have twist-3 as leading power con-
tributions.

(6) For unpolarized hadrons, there is only one azimuthal
asymmetry hcos 2φi at leading twist due to the
Collins effect [4] in fragmentation and transverse
spin correlation cqnn given by Eq. (5.37) in eþe−
annihilations, and two twist-3 asymmetries hcosφi
and hsinφi, the former is similar to the Cahn effect
[32] in DIS and the latter exists only in parity
violating reactions.

(7) Longitudinal components of hadron polarization hλi
and hSLLi exist at leading twist as given by Eqs. (6.9)
and (6.10). While the former depends on the initial
polarization Pq of the quark produced at the eþe−

annihilation vertex and exists only in weak inter-
action processes, the latter is independent of Pq and
exists also in electromagnetic processes.

(8) Transverse components hSnTi, hStTi, hSnLTi, hStLTi,
hSnnTTi, and hSntTTi with respect to the hadron-hadron

plane exist at leading twist given by Eqs. (6.11)–
(6.16). Among them hSnTi, hStLTi, and hSnnTTi are
parity conserving and hStTi, hSnLTi, and hSntTTi are
parity violating.

(9) There are also twist-3 transverse components hSxTi,
hSyTi, hSxLTi, hSyLTi, hSxxTTi, and hSxyTTi with respect
to the lepton-hadron plane. They are determined
by the corresponding twist-3 FFs as given by
Eqs. (6.26)–(6.29). Similarly, hSyTi, hSxLTi, and
hSxxTTi are parity conserving and hSxTi, hSyLTi, and
hSxyTTi are parity violating.

(10) For inclusive reaction eþe− → VX, we can only
study z dependence. Kinematically, the hadronic
tensor and/or cross section take the same form as that
of the semi-inclusive reaction eþe− → VπX aver-
aged over φ. We have two longitudinal components
of polarization, i.e., hλi and hSLLi at leading twist. In
particular we have four transverse components hSxTi,
hSyTi, hSxLTi, hSyLTi at twist-3. Three of them are
either T odd or P odd and do not exist in deep-
inelastic scattering such as e−h → e−X. The only
one that is both P and T even is hSxLTi.

Finally, we would like to emphasize in particular that, in
experiments, different components of the (vector) polar-
izations of octet hyperons such as Λ, Σ�, and Ξ0;− and those
of the tensor polarizations of vector mesons such as ρ andK�
can be measured in a conceptually simple way. Polarizations
of these hyperons can be measured by studying the angular
distributions of the decay products of their spin self-
analyzing parity violating decays. All the five independent
components of the tensor polarization, SLL, SxLT , S

y
LT , S

xx
TT ,

and SxyTT , of these vector mesons can also be measured via the
angular distributions in their strong decays into two pseu-
doscalar mesons [21]. Such measurements have also been
carried out in the past in different high energy reactions.
Transverse polarizations of different hyperons have been
observed in unpolarized hadron-hadron, hadron-nucleus
collisions [23], in eþe− annihilations [33] and lepton-hadron
reactions [34] that correspond to the Sivers-type FFD⊥

1T and
higher twist addenda to it. We see in particular that in
experiments with eþe− annihilation at high energies
where FFs can be best studied, measurements have been
carried out, e.g., at the LEP on longitudinal polarization
of Λ hyperon production [35,36] by the ALEPH and
OPAL Collaborations, and also on the spin alignment
ρ00 ¼ ð1 − 2SLLÞ=3 for vector mesons such as K�, ρ, and
so on [37–39]. Results for z dependences have been obtained
in both cases. Even nondiagonal components (corresponds
to higher twist contributions only) have also been measured
[37–39]. The data available are definitely still far from
enough to limit the precise forms of the FFs involved. They
have however provided important hints for the correspond-
ing components and have attracted much attention theoreti-
cally. Many phenomenological model studies have been
carried out in the last few years [40–58].
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Recent measurements have been carried out on azimu-
thal asymmetries for two hadron production by the Belle,
BABAR, and BESIII Collaborations [59–63]. They provide
useful constraints on the Collins function [64,65].
Presently, related measurements can be and are being
carried out, e.g., in pp collisions by STAR at RHIC,
and in the existing eþe− colliders such as Belle at KEK and
BES at BEPC [66]. They can certainly also be studied
in future eþe− colliders at high energies, electron-ion
colliders discussed in the community [67]. We would in
particular like to note that usually the production rates of
vector mesons are much higher than hyperons in high
energy reactions. Hence, we expect that studies of vector
meson tensor polarization might provide us a more sensi-
tive window to study polarization effects in fragmentation
process in particular and to develop QCD theory in general.
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APPENDIX A: FRAGMENTATION
FUNCTIONS DEFINED VIA THE
QUARK-QUARK CORRELATOR

We make a full list of the TMD FFs defined via the
quark-quark correlator in this appendix.

1. The spin-independent part

The general decomposition of the spin-independent part
of the quark-quark correlator is given by

zΞUð0Þðz; kF⊥;pÞ ¼ MEðz; kF⊥Þ; ðA1Þ

z ~ΞUð0Þðz; kF⊥;pÞ ¼ 0; ðA2Þ

zΞUð0Þ
α ðz; kF⊥;pÞ ¼ pþn̄αD1ðz; kF⊥Þ þ kF⊥αD⊥ðz; kF⊥Þ

þM2

pþ nαD3ðz; kF⊥Þ; ðA3Þ

z ~ΞUð0Þ
α ðz; kF⊥;pÞ ¼ −~kF⊥αG⊥ðz; kF⊥Þ; ðA4Þ

zΞUð0Þ
ρα ðz; kF⊥;pÞ ¼ −

pþ

M
n̄½ρ ~kF⊥α�H⊥

1 ðz; kF⊥Þ
þMε⊥ραHðz; kF⊥Þ

−
M
pþ n½ρ ~kF⊥α�H⊥

3 ðz; kF⊥Þ: ðA5Þ

Here, we note in particular that, compared with the
corresponding n̄ component, the n⊥ and n components
are suppressed by M=pþ and ðM=pþÞ2 and contribute at
twist-3 and twist-4 respectively. If we integrate over d2kF⊥,
terms with kF⊥ odd Lorentz structures vanish and we obtain

zΞUð0Þðz;pÞ ¼ MEðzÞ;
z ~ΞUð0Þðz;pÞ ¼ 0; ðA6Þ

zΞUð0Þ
α ðz;pÞ ¼ pþn̄αD1ðzÞ þ

M2

pþ nαD3ðzÞ;

z ~ΞUð0Þ
α ðz;pÞ ¼ 0; ðA7Þ

zΞUð0Þ
ρα ðz;pÞ ¼ Mε⊥ραHðzÞ; ðA8Þ

where the one-dimensional FF is just equal to the corre-
sponding three-dimensional one integrated over d2kF⊥
such as

D1ðzÞ ¼
Z

d2kF⊥
ð2πÞ2 D1ðz; kF⊥Þ

¼ z
X
X

Z
dξ−

2π
e−ip

þξ−=zhp; S;Xjψ̄ðξ−ÞLðξ−;∞Þj0i

×
γþ

4
h0jL†ð0;∞Þψð0Þjp; S;Xi: ðA9Þ

The factor z before Ξð0Þ on the left-hand side of
Eqs. (A1)–(A5) is needed so that D1ðzÞ obtained this
way is the number density for a quark fragmentation into a
specified hadron. However, when polarization is involved,
we note the difference: While for phenomenologically
defined D1ðzÞ, a sum over spin of h and an average over
the spin of the quark is understood; for D1ðzÞ defined via
the quark-quark correlator as given by Eq. (A9), we have an
average over the hadron spin and a sum over the quark spin.
Hence D1ðzÞ is identical in the two cases only for spin-1=2
hadrons.

2. Vector polarization dependent part

We build the S-dependent basic Lorentz covariants with
the corresponding properties under space reflection as
demanded and obtain the general decomposition of the
S-dependent part of the quark-quark correlator as

zΞVð0Þðz; kF⊥;p; SÞ ¼ ð~kF⊥ · STÞE⊥
T ðz; kF⊥Þ; ðA10Þ

z ~ΞVð0Þðz; kF⊥;p; SÞ ¼ M

�
λELðz; kF⊥Þ

þ kF⊥ · ST
M

E0⊥
T ðz; kF⊥Þ

�
; ðA11Þ
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zΞVð0Þ
α ðz; kF⊥;p; SÞ ¼ pþn̄α

~kF⊥ · ST
M

D⊥
1Tðz; kF⊥Þ −M ~STαDTðz; kF⊥Þ

− ~kF⊥α

�
λD⊥

L ðz; kF⊥Þ þ
kF⊥ · ST

M
D⊥

T ðz; kF⊥Þ
�
þ M
pþ nαð~kF⊥ · STÞD⊥

3Tðz; kF⊥Þ; ðA12Þ

z ~ΞVð0Þ
α ðz; kF⊥;p; SÞ ¼ pþn̄α

�
λG1Lðz; kF⊥Þ þ

kF⊥ · ST
M

G⊥
1Tðz; kF⊥Þ

�
−MSTαGTðz; kF⊥Þ

− kF⊥α

�
λG⊥

L ðz; kF⊥Þ þ
kF⊥ · ST

M
G⊥

T ðz; kF⊥Þ
�
þM2

pþ nα

�
λG3Lðz; kF⊥Þ þ

kF⊥ · ST
M

G⊥
3Tðz; kF⊥Þ

�
;

ðA13Þ

zΞVð0Þ
ρα ðz; kF⊥;p; SÞ ¼ pþn̄½ρSTα�H1Tðz; kF⊥Þ þ

pþ

M
n̄½ρkF⊥α�

�
λH⊥

1Lðz; kF⊥Þ þ
kF⊥ · ST

M
H⊥

1Tðz; kF⊥Þ
�

þ kF⊥½ρSTα�H⊥
T ðz; kF⊥Þ þMn̄½ρnα�

�
λHLðz; kF⊥Þ þ

kF⊥ · ST
M

H0⊥
T ðz; kF⊥Þ

�

þM2

pþ n½ρSTα�H3Tðz; kF⊥Þ þ
M
pþ n½ρkF⊥α�

�
λH⊥

3Lðz; kF⊥Þ þ
kF⊥ · ST

M
H⊥

3Tðz; kF⊥Þ
�
: ðA14Þ

If we integrate over d2kF⊥, only eight terms survive, i.e.,

zΞVð0Þðz;p; SÞ ¼ 0; ðA15Þ

z ~ΞVð0Þðz;p; SÞ ¼ λMELðzÞ; ðA16Þ

zΞVð0Þ
α ðz;p; SÞ ¼ −M ~STαDTðzÞ; ðA17Þ

z ~ΞVð0Þ
α ðz;p; SÞ ¼ λpþn̄αG1LðzÞ −MSTαGTðzÞ þ λ

M2

pþ nαG3LðzÞ; ðA18Þ

zΞVð0Þ
ρα ðz;p; SÞ ¼ pþn̄½ρSTα�H1TðzÞ − λMn̄½ρnα�HLðzÞ þ

M2

pþ n½ρSTα�H3TðzÞ; ðA19Þ

where the one-dimensional FF in the longitudinally polarized case is just equal to the corresponding three-dimensional FF
integrated over d2kF⊥, while in the transversely polarized case, we have

KTðzÞ ¼
Z

d2kF⊥
ð2πÞ2 K

⊥
T ðz; kF⊥Þ; K⊥

T ðz; kF⊥Þ≡ KTðz; kF⊥Þ þ
k2F⊥
2M2

K⊥
T ðz; kF⊥Þ; ðA20Þ

for the transverse polarization dependent FFs such as KT ¼ DT , GT ,H1T , orH3T, and similar for the SLT-dependent part in
the following.

3. Tensor polarization dependent part

The most general decomposition for the tensor polarization dependent part is given by

zΞTð0Þðz; kF⊥;p; SÞ ¼ M

�
SLLELLðz; kF⊥Þ þ

kF⊥ · SLT
M

E⊥
LTðz; kF⊥Þ þ

SkFkFTT

M2
E⊥
TTðz; kF⊥Þ

�
; ðA21Þ

z ~ΞTð0Þðz; kF⊥;p; SÞ ¼ M

�
~kF⊥ · SLT

M
E0⊥
LTðz; kF⊥Þ þ

S
~kFkF
TT

M2
E0⊥
TTðz; kF⊥Þ

�
; ðA22Þ
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zΞTð0Þ
α ðz; kF⊥;p; SÞ ¼ pþn̄α

�
SLLD1LLðz; kF⊥Þ þ

kF⊥ · SLT
M

D⊥
1LTðz; kF⊥Þ þ

SkFkFTT

M2
D⊥

1TTðz; kF⊥Þ
�

þMSLTαDLTðz; kF⊥Þ þ SkFTTαD
0⊥
TTðz; kF⊥Þ

þ kF⊥α

�
SLLD⊥

LLðz; kF⊥Þ þ
kF⊥ · SLT

M
D⊥

LTðz; kF⊥Þ þ
SkFkFTT

M2
D⊥

TTðz; kF⊥Þ
�

þM2

pþ nα

�
SLLD3LLðz; kF⊥Þ þ

kF⊥ · SLT
M

D⊥
3LTðz; kF⊥Þ þ

SkFkFTT

M2
D⊥

3TTðz; kF⊥Þ
�
; ðA23Þ

z ~ΞTð0Þ
α ðz; kF⊥;p; SÞ ¼ pþn̄α

�
~kF⊥ · SLT

M
G⊥

1LTðz; kF⊥Þ þ
S
~kFkF
TT

M2
G⊥

1TTðz; kF⊥Þ
�
−M ~SLTαGLTðz; kF⊥Þ − ~SkFTTαG

0⊥
TTðz; kF⊥Þ

− ~kF⊥α

�
SLLG⊥

LLðz; kF⊥Þ þ
kF⊥ · SLT

M
G⊥

LTðz; kF⊥Þ þ
SkFkFTT

M2
G⊥

TTðz; kF⊥Þ
�

þM2

pþ nα

�
~kF⊥ · SLT

M
G⊥

3LTðz; kF⊥Þ þ
S
~kFkF
TT

M2
G⊥

3TTðz; kF⊥Þ
�
; ðA24Þ

zΞTð0Þ
ρα ðz; kF⊥;p; SÞ ¼ −pþn̄½ρ ~SLTα�H1LTðz; kF⊥Þ −

pþ

M
n̄½ρ ~S

kF
TTα�H

0⊥
1TTðz; kF⊥Þ

−
pþ

M
n̄½ρ ~kF⊥α�

�
SLLH⊥

1LLðz; kF⊥Þ þ
kF⊥ · SLT

M
H⊥

1LTðz; kF⊥Þ þ
SkFkFTT

M2
H⊥

1TTðz; kF⊥Þ
�

þMε⊥ρα

�
SLLHLLðz; kF⊥Þ þ

kF⊥ · SLT
M

H⊥
LTðz; kF⊥Þ þ

SkFkFTT

M2
H⊥

TTðz; kF⊥Þ
�

þ n̄½ρnα�

�
ð~kF⊥ · SLTÞH0⊥

LTðz; kF⊥Þ þ
S
~kFkF
TT

M
H0⊥

TTðz; kF⊥Þ
�

−
M
pþ n½ρ ~kF⊥α�

�
SLLH⊥

3LLðz; kF⊥Þ þ
kF⊥ · SLT

M
H⊥

3LTðz; kF⊥Þ þ
SkFkFTT

M2
H⊥

3TTðz; kF⊥Þ
�

−
M
pþ n½ρ½M ~SLTα�H3LTðz; kF⊥Þ þ ~SkFTTα�H

0⊥
3TTðz; kF⊥Þ�: ðA25Þ

We integrate over d2kF⊥ and obtain

zΞTð0Þðz;p; SÞ ¼ MSLLELLðzÞ; ðA26Þ

z ~ΞTð0Þðz;p; SÞ ¼ 0; ðA27Þ

zΞTð0Þ
α ðz;p; SÞ ¼ pþn̄αSLLD1LLðzÞ þMSLTαDLTðzÞ þ

M2

pþ nαSLLD3LLðzÞ; ðA28Þ

z ~ΞTð0Þ
α ðz;p; SÞ ¼ −M ~SLTαGLTðzÞ; ðA29Þ

zΞTð0Þ
ρα ðz;p; SÞ ¼ − pþn̄½ρ ~SLTα�H1LTðzÞ þMε⊥ραSLLHLLðzÞ −

M2

pþ n½ρ ~SLTα�H3LTðzÞ: ðA30Þ

Again, the four SLL-dependent one-dimensional FFs are just equal to the corresponding three-dimensional FFs integrated
over d2kF⊥, while the four SLT-dependent FFs are given by Eq. (A20) for KT ¼ DLT, GLT , H1LT , and H3LT .
We list those twist-2 FFs in Table II, and those twist-3 FFs in Table III. The twist-4 FFs have the same structure of those at

twist-2, so we do not make a separate table. We also list them according to chiral and time-reversal properties in Table IV.
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4. Twist-3 FFs defined via the
quark-gluon-quark correlator

Twist-3 components are the leading twist contributions

that we obtain from Ξ̂ð1Þ
ρ . There has to be one n̄ involved in

the basic Lorentz covariants and the other(s) are from the

transverse components. Since the n̄ component of the gluon

field goes into the gauge link, we only have the other three

components for Dρ; thus no n̄ρ component exists in the

TABLE II. The 18 leading twist components of the FFs for quark fragments to spin-1 hadrons. The symbol ×
means that the corresponding FF disappears after the integration over transverse momentum.

Quark
polarization Hadron polarization TMD FFs Integrated over ~kF⊥ Name

U U D1ðz; kF⊥Þ D1ðzÞ Number density
T D⊥

1Tðz; kF⊥Þ ×
LL D1LLðz; kF⊥Þ D1LLðzÞ Spin alignment
LT D⊥

1LTðz; kF⊥Þ ×
TT D⊥

1TTðz; kF⊥Þ ×

L L G1Lðz; kF⊥Þ G1LðzÞ Spin transfer (longitudinal)
T G⊥

1Tðz; kF⊥Þ ×
LT G⊥

1LTðz; kF⊥Þ ×
TT G⊥

1TTðz; kF⊥Þ ×

T U H⊥
1 ðz; kF⊥Þ × Collins function

Tð∥Þ H1Tðz; kF⊥Þ H1TðzÞ Spin transfer (transverse)
Tð⊥Þ H⊥

1Tðz; kF⊥Þ
L H⊥

1Lðz; kF⊥Þ ×
LL H⊥

1LLðz; kF⊥Þ ×
LT H1LTðz; kF⊥Þ; H⊥

1LTðz; kF⊥Þ H1LTðzÞ
TT H⊥

1TTðz; kF⊥Þ; H0⊥
1TTðz; kF⊥Þ ×, ×

TABLE III. The 36 twist-3 components of the FFs for quark fragments to spin-1 hadrons. The symbol × means
that the corresponding FF disappears after the integration over transverse momentum.

Quark polarization Hadron polarization TMD FFs Integrated over ~kF⊥
U U Eðz; kF⊥Þ, D⊥ðz; kF⊥Þ EðzÞ, ×

L D⊥
L ðz; kF⊥Þ ×

T E⊥
T ðz; kF⊥Þ, DTðz; kF⊥Þ, D⊥

T ðz; kF⊥Þ ×, DTðzÞ
LL ELLðz; kF⊥Þ, D⊥

LLðz; kF⊥Þ ELLðzÞ, ×
LT E⊥

LTðz; kF⊥Þ, DLTðz; kF⊥Þ, D⊥
LTðz; kF⊥Þ ×, DLTðzÞ

TT E⊥
TTðz; kF⊥Þ, D⊥

TTðz; kF⊥Þ, D0⊥
TTðz; kF⊥Þ ×, ×, ×

L U G⊥ðz; kF⊥Þ ×
L ELðz; kF⊥Þ, G⊥

L ðz; kF⊥Þ ELðzÞ, ×
T E0⊥

T ðz; kF⊥Þ, GTðz; kF⊥Þ, G⊥
T ðz; kF⊥Þ ×, GTðzÞ

LL G⊥
LLðz; kF⊥Þ ×

LT E0⊥
LTðz; kF⊥Þ, GLTðz; kF⊥Þ, G⊥

LTðz; kF⊥Þ ×, GLTðzÞ
TT E0⊥

TTðz; kF⊥Þ, G⊥
TTðz; kF⊥Þ, G0⊥

TTðz; kF⊥Þ ×, ×, ×

T U Hðz; kF⊥Þ HðzÞ
L HLðz; kF⊥Þ HLðzÞ

Tð∥Þ H⊥
T ðz; kF⊥Þ ×

Tð⊥Þ H0⊥
T ðz; kF⊥Þ ×

LL HLLðz; kF⊥Þ HLLðzÞ
LT H⊥

LTðz; kF⊥Þ, H0⊥
LTðz; kF⊥Þ ×, ×

TT H⊥
TTðz; kF⊥Þ, H0⊥

TTðz; kF⊥Þ ×, ×
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basic Lorentz covariants. We therefore do not have twist-3 contributions from Ξð1Þ
ρ or ~Ξð1Þ

ρ . The twist-3 contributions are

obtained from Ξð1Þ
ρα , ~Ξð1Þ

ρα , and Ξð1Þ
ραβ and are given in the following.

For the unpolarized part, we have

zΞUð1Þ
ρα ðz; kF⊥;pÞ ¼ −pþn̄αkF⊥ρD⊥

d ðz; kF⊥Þ þ � � � ; ðA31Þ

z ~ΞUð1Þ
ρα ðz; kF⊥;pÞ ¼ −ipþn̄α ~kF⊥ρG⊥

d ðz; kF⊥Þ þ � � � ; ðA32Þ

zΞUð1Þ
ραβ ðz; kF⊥;pÞ ¼ −pþ

�
Mε⊥ρ½αn̄β�Hdðz; kF⊥Þ −

1

M
~kF⊥ρkF⊥½αn̄β�H⊥

d ðz; kF⊥Þ
�
þ � � � : ðA33Þ

For the vector polarization dependent part, we have

zΞVð1Þ
ρα ðz; kF⊥;p; SÞ ¼ pþn̄α

�
M ~STρDdTðz; kF⊥Þ þ ~kF⊥ρ

�
λD⊥

dLðz; kF⊥Þ þ
kF⊥ · ST

M
D⊥

dTðz; kF⊥Þ
��

þ � � � ; ðA34Þ

z ~ΞVð1Þ
ρα ðz; kF⊥;p; SÞ ¼ −ipþn̄α

�
MSTρGdTðz; kF⊥Þ þ k⊥ρ

�
λG⊥

dLðz; kF⊥Þ þ
kF⊥ · ST

M
G⊥

dTðz; kF⊥Þ
��

þ � � � ; ðA35Þ

TABLE IV. Chiral and time-reversal properties of TMD FFs from the quark-quark correlator.

Chiral even Chiral odd

Quark
polarization

Hadron
polarization T even T odd T even T odd

U U D1, D⊥, D3 E
L D⊥

L
T D⊥

1T , DT , D⊥
T , D

⊥
3T E⊥

T

LL D1LL, D⊥
LL, D3LL ELL

LT D⊥
1LT , DLT , D⊥

LT , D
⊥
3LT E⊥

LT
TT D⊥

1TT , D
⊥
TT , D

0⊥
TT , D

⊥
3TT E⊥

TT

L U G⊥
L G1L, G⊥

L , G3L EL

T G⊥
1T , GT , G⊥

T , G
⊥
3T E0⊥

T

LL G⊥
LL

LT G⊥
1LT , GLT , G⊥

LT , G
⊥
3LT E0⊥

LT
TT G⊥

1TT , G
⊥
TT , G

0⊥
TT , G

⊥
3TT E0⊥

TT

T U H⊥
1 , H, H⊥

3

L H⊥
1L, HL, H⊥

3L
Tð∥Þ H1T , H⊥

T , H3T
Tð⊥Þ H⊥

1T , H
0⊥
T , H⊥

3T

LL H⊥
1LL, HLL, H⊥

3LL
LT H1LT , H⊥

1LT , H
⊥
LT , H

0⊥
LT ,

H3LT , H⊥
3LT

TT H⊥
1TT , H

0⊥
1TT , H

⊥
TT , H

0⊥
TT ,

H⊥
3TT , H

0⊥
3TT
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zΞVð1Þ
ραβ ðz; kF⊥;p; SÞ ¼ pþ

�
λ

�
Mg⊥ρ½αn̄β�HdLðz; kF⊥Þ þ

1

M
kF⊥ρkF⊥½αn̄β�H⊥

dLðz; kF⊥Þ
�

− ð~kF⊥ · STÞ
�
ε⊥ρ½αn̄β�H⊥

dTðz; kF⊥Þ −
1

M2
~kF⊥ρkF⊥½αn̄β�H⊥0

dTðz; kF⊥Þ
�

þ ðkF⊥ · STÞ
�
g⊥ρ½αn̄β�H0⊥

dTðz; kF⊥Þ þ
1

M2
kF⊥ρkF⊥½αn̄β�H0⊥0

dT ðz; kF⊥Þ
��

þ � � � : ðA36Þ

For tensor polarization dependent part, we have

zΞTð1Þ
ρα ðz; kF⊥;p; SÞ ¼ −pþn̄α

�
kF⊥ρSLLD⊥

dLLðz; kF⊥Þ þMSLTρDdLTðz; kF⊥Þ þ kF⊥ρ
kF⊥ · SLT

M
D⊥

dLTðz; kF⊥Þ

þ SkFTTρD
0⊥
dTTðz; kF⊥Þ þ kF⊥ρ

SkFkFTT

M2
D⊥

dTTðz; kF⊥Þ
�
þ � � � ; ðA37Þ

z ~Ξð1Þ
ρα ðz; kF⊥;p; SÞ ¼ − ipþn̄α

�
~kF⊥ρSLLG⊥

dLLðz; kF⊥Þ þM ~SLTρGdLTðz; kF⊥Þ þ
1

M
~kF⊥ρkF⊥ · SLTG⊥

dLTðz; kF⊥Þ

þ ~SkFTTρG
0⊥
dTTðz; kF⊥Þ þ ~kF⊥ρ

SkFkFTT

M2
G⊥

dTTðz; kF⊥Þ
�
þ � � � ; ðA38Þ

zΞTð1Þ
ραβ ðz; kF⊥;p; SÞ ¼ pþ

�
SLL

�
Mε⊥ρ½αn̄β�HdLLðz; kF⊥Þ −

1

M
~kF⊥ρkF⊥½αn̄β�H⊥

dLLðz; kF⊥Þ
�

þ ðkF⊥ · SLTÞ
�
ε⊥ρ½αn̄β�H⊥

dLTðz; kF⊥Þ −
1

M2
~kF⊥ρkF⊥½αn̄β�H⊥0

dLTðz; kF⊥Þ
�

− ð~kF⊥ · SLTÞ
�
g⊥ρ½αn̄β�H0⊥

dLTðz; kF⊥Þ þ
1

M2
kF⊥ρkF⊥½αn̄β�H0⊥0

dLTðz; kF⊥Þ
�

þ SkFkFTT

M

�
ε⊥ρ½αn̄β�H⊥

dTTðz; kF⊥Þ −
1

M2
~kF⊥ρkF⊥½αn̄β�H⊥0

dTTðz; kF⊥Þ
�

þ S
~kFkF
TT

M

�
g⊥ρ½αn̄β�H0⊥

dTTðz; kF⊥Þ þ
1

M2
kF⊥ρkF⊥½αn̄β�H0⊥0

dTTðz; kF⊥Þ
��

þ � � � : ðA39Þ

Here, we use a subscript d to specify that they are defined via the quark-gluon-quark correlator. A prime in the superscript
before the ⊥ denotes different polarization situation, that after the ⊥ specifies different FF for the same polarization
situation. We see that we have totally 36 FFs at twist-3 defined via the quark-gluon-quark correlator. This is just the same as
what we obtained from the quark-quark correlator. Among them, 18 are χ even and the other 18 are χ odd; four contribute to
the unpolarized part, 12 to vector polarized part, and 20 to the tensor polarized part. We note in particular that the
Hermiticity in this case does not demand that the FFs defined via the quark-gluon-quark correlator are real. They can have
both real and imaginary parts.

APPENDIX B: TWIST-3 CONTRIBUTIONS TO THE HADRONIC TENSOR

In the two-hadron-collinear frame, the twist-3 contributions to other parts of the hadronic tensor besides Wð1ÞU
μν and

Wð1ÞLL
μν given by Eqs. (4.14) and (4.19) are given by
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Wð1ÞL
μν ¼ 4λ

z1z2

Z
d2k⊥
ð2πÞ2

d2k0⊥
ð2πÞ2 δ

2ðk⊥ þ k0⊥ − q⊥Þ
�

1

pþ
1

½−ωμνð~kÞD⊥
L þ ~ωμνðkÞG⊥

L �D̄1

þ 2M1c
q
2

M2p
þ
1

½2ð~k0n − ~k0n̄ÞfμνgHL þ ið~k0n − ~k0n̄Þ½μν�EL�H̄⊥
1 þ 1

p−
2

G1L½ωμνðk0ÞD̄⊥ þ ~ωμνð~k0ÞḠ⊥�

−
2M2c

q
2

M1p−
2

H⊥
1L½2ð~kn − ~kn̄ÞfμνgH̄ þ ið~kn − ~kn̄Þ½μν�Ē� −

ffiffiffi
2

p

Q

�
~ωμνðk0; kÞG1LD̄1

þ 4cq2
M1M2

ðk2⊥ ~k0n̄ þ ~k⊥ · k0⊥k0n þ k0⊥ · k⊥k0nÞfμνgH⊥
1LH̄

⊥
1

��
; ðB1Þ

Wð1ÞT
μν ¼ 4

z1z2

Z
d2k⊥
ð2πÞ2

d2k0⊥
ð2πÞ2 δ

2ðk⊥ þ k0⊥ − q⊥Þ
�
k⊥ · ST
M1

�
1

pþ
1

½ωμνð−~k; ~kÞD⊥
T þ ~ωμνðkÞG⊥

T �D̄1

þ 1

p−
2

G1T ½ ~ωμνðk0ÞD̄⊥ þ ~ωμνð~k0ÞḠ⊥� þ 2M1c
q
2

M2p
þ
1

½2ð~k0n − ~k0n̄ÞfμνgH0⊥
T þ ið~k0n − ~k0n̄Þ½μν�E0⊥

T �H̄⊥
1

−
2M2c

q
2

M1p−
2

H⊥
1T ½2ð~kn − ~kn̄ÞfμνgH̄ þ ið~kn − ~kn̄Þ½μν�Ē� −

ffiffiffi
2

p

Q

�
~ωμνðk0; kÞG⊥

1TD̄1

þ 4cq2
M1M2

ðk2⊥ ~k0n̄ þ ~k⊥ · k0⊥k0n þ k0⊥ · k⊥k0nÞfμνgH⊥
1TH̄

⊥
1

��
þ

~k⊥ · ST
M1

�
1

p−
2

D⊥
1T ½−ωμνðk0ÞD̄⊥ − ~ωμνð~k0ÞḠ⊥�

þ 2M1c
q
2

M2p
þ
1

½2ðk0n − k0̄nÞfμνgH⊥
T þ iðk0n − k0̄nÞ½μν�E⊥

T �H̄⊥
1 þ

ffiffiffi
2

p

Q
ωμνðk0; kÞD⊥

1TD̄1

�

−
2M2c

q
2

p−
2

H1T ½2ð ~Sn − ~Sn̄ÞfμνgH̄ þ ið ~Sn − ~Sn̄Þ½μν�Ē� þ
M1

pþ
1

½−ωμνð ~SÞDT þ ~ωμνðSÞGT �D̄1

−
4

ffiffiffi
2

p
cq2

M2Q
½−~k0⊥ · S⊥ðkn̄ þ k0nÞfμνg þ ~k0⊥ · k⊥Sn̄fμνg þ k⊥ · S⊥ ~k0n̄fμνg þ k0⊥ · S⊥ ~k0nfμνg�H1TH̄⊥

1

�
; ðB2Þ

Wð1ÞLT
μν ¼ 4

z1z2

Z
d2k⊥
ð2πÞ2

d2k0⊥
ð2πÞ2 δ

2ðk⊥ þ k0⊥ − q⊥Þ
�
k⊥ · SLT
M1

�
1

pþ
1

½ωμνðkÞD⊥
LT þ ~ωμνð~kÞG⊥

LT �D̄1

−
1

p−
2

½ωμνðk0ÞD⊥
1LTD̄

⊥ þ ~ωμνð~k0ÞD⊥
1LTḠ

⊥� þ 2M1c
q
2

M2p
þ
1

½2ðk0n − k0̄nÞfμνgH⊥
LT þ iðk0n − k0̄nÞ½μν�E⊥

LT �H̄⊥
1

−
2M2c

q
2

M1p−
2

½2ðkn − kn̄ÞfμνgH⊥
1LTH̄ þ iðkn − kn̄Þ½μν�H⊥

1LTĒ� þ
ffiffiffi
2

p

Q

�
ωμνðk0; kÞD⊥

1LTD̄1 −
4

M1M2

ωðnÞ
μν ðk; k0ÞH⊥

1LTH̄
⊥
1

��

þ
~k⊥ · SLT
M1

�
1

p−
2

G⊥
1LT ½ ~ωμνðk0ÞD̄⊥ þ ωμνð~k0ÞḠ⊥� þ 2M1c

q
2

M2p
þ
1

½2ð~k0n − ~k0n̄ÞfμνgH0⊥
LT þ ið~k0n − ~k0n̄Þ½μν�E0⊥

LT �H̄⊥
1

−
ffiffiffi
2

p

Q
~ωμνðk0; kÞG⊥

1LTD̄1

�
þM1

pþ
1

½ωμνðSLTÞDLT þ ~ωμνð ~SLTÞGLT �D̄1

−
2M2c

q
2

p−
2

½2ðSLTn − SLTn̄ÞfμνgH1LTH̄ þ iðSLTn − SLTn̄Þ½μν�H1LTĒ�

−
4

ffiffiffi
2

p
cq2

M2Q
ðk⊥ · SLTk0̄n − k0⊥ · SLTkn̄ þ k⊥ · k0⊥SLTn̄ þ k02⊥SLTnÞfμνgH1LTH̄⊥

1

�
; ðB3Þ
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Transforming them into the helicity-GJ frame, we obtain from Eqs. (B1)–(B4) the contributions at twist-3 and they take
exactly the same form as given in these equations. However, we obtain also additional twist-3 contributions from the twist-2
parts given by Eqs. (4.4)–(4.13). The corresponding terms for the unpolarized part are given by Eq. (4.23). Other parts are
given in the following:
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APPENDIX C: TWIST-3 CONTRIBUTIONS TO THE STRUCTURE FUNCTIONS

In the partonic picture at the LO pQCD, 36 of the 81 structure functions for eþe− → VπX have twist-3 contributions.
We list the results in this appendix in the following.
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⊥Þ
�
þ cq2C½−M1w2E

⊥þ
LT z2H̄

⊥
1 − 2M2z1H⊥

1LTĒ�
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Here, just as for the ST- and SLT-dependent FFs given by Eq. (A20), for STT-dependent K, we define
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for K ¼ D, G, or H. Also, K⊥�
σ ¼ K⊥

σ � K0⊥
σ , for all different K’s and polarization σ’s, and for the leading twist involved

combinations,

D̄⊥0 ¼ z2D̄1 − D̄⊥; H̄⊥0 ¼ H̄ − w̄0z2H̄⊥
1 : ðC38Þ

Besides the w’s given by Eqs. (5.2)–(5.6) and in the text in Sec. V, we have also introduced the scalar weights
defined as
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They are all scalar functions of k⊥, k0⊥, and p2T .
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