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We propose a simple and predictive model of fermion masses and mixing in a warped extra dimension,
with the smallest discrete non-Abelian group S3 and the discrete symmetries Z2 ⊗ Z4. Standard Model
fields propagate in the bulk, and the mass hierarchies and mixing angles are accounted for the fermion zero
modes localization profiles, similar to the Randall-Sundrum model. To the best of our knowledge, this
model is the first implementation of an S3 flavor symmetry in this type of warped extra dimension
framework. Our model successfully describes the fermion masses and mixing pattern and is consistent with
the current low energy fermion flavor data. The discrete flavor symmetry in our model leads to predictive
mixing inspired textures, where the Cabibbo mixing arises from the down-type quark sector, whereas the
up-type quark sector contributes to the remaining mixing angles.
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I. INTRODUCTION

The recent LHC discovery of a 126 GeV Higgs boson
[1,2] confirms the great success of the Standard Model
(SM) in describing electroweak phenomena, but the SM
nevertheless remains with many unanswered issues [3].
One of them is the hierarchy problem that arises from the
quadratic divergence of the Higgs mass, suggesting the
presence of some underlying physics in the gauge sym-
metry breaking mechanism that is so far unknown. Another
issue is that the SM does not specify the Yukawa structures,
has no justification for the number of generations, and lacks
an explanation for the large hierarchy of the fermion
masses, spanning 5 orders of magnitude in the quark sector
and a much wider range when neutrinos are included. The
origin of fermion mixing and the size of CP violation in
the quark and lepton sector is also a related issue. While the
mixing angles in the quark sector are very small, in the
lepton sector two of the mixing angles are large, and one
mixing angle is small. Neutrino experiments have brought
clear evidence of neutrino oscillations from the measured
neutrino mass squared splittings. The three neutrino flavors
mix, and at least two of the neutrinos have nonvanishing
masses, which according to observations must be smaller
than the SM charged fermion masses by many orders of
magnitude.
This flavor puzzle, not addressed in the framework of the

SM, gives motivation for extensions of the SM that explain
the observed fermion mass spectrum and flavor mixings.
With neutrino experiments increasingly constraining the

mixing angles in the leptonic sector, many models
focus only on this sector, aiming to explain the near
tri-bi-maximal structure of the Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) matrix through some non-
Abelian symmetry. Furthermore, the fermion mass
hierarchy can be described by assuming textures for the
Yukawa matrices, as shown in Refs. [4–29]. Discrete flavor
groups implemented in several models provide a very
promising framework for describing the observed fermion
mass and mixing hierarchy (recent reviews on discrete
flavor groups can be found in Refs. [30–33]). The groups
employed are quite diverse, mostly discrete subgroups of
SUð3Þ with triplet representations. Of note are the groups
T7 [34–42] and Δð27Þ [43–54] as the smallest with distinct
triplet and antitriplet representations. A4, the smallest group
with a triplet representation [55–60], was one of the first
groups explored and remains very popular after the
measurement of θ13 [61–76], as does the group S4, which
also has triplet representations [77–83].
Although it does not have a triplet irreducible repre-

sentation, S3 has been considerably studied in the literature.
It is appealing as it is the smallest non-Abelian group and
can lead to interesting mass structures for quarks, leptons,
or both. It was used as a flavor symmetry for the first time
by [84] and continues to be explored since θ13 was
measured [85–98].
A scenario that remains relatively unexplored is that of

combining discrete flavor symmetries with extra dimen-
sions [57,80,99–104]. In this work we consider using S3 in
a modified Randall-Sundrum 1 (RS1) [105] model, where
the Higgs doublet is in the bulk. In this implementation, the
warped extra dimension controls the hierarchy problem
between the electroweak (EW) scale and the Planck scale,
and the hierarchy in fermion masses, while the S3 flavor
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symmetry is responsible for making the flavor sector more
predictive. This paper is organized as follows. In Sec. II we
outline the proposed model. In Sec. III we discuss the
implications of our model in quark masses and mixings. In
Sec. IV we present our results on lepton masses and
mixings. We conclude in Sec. V. In Appendix we present
a brief description of the S3 discrete group.

II. THE MODEL

We consider the RS1 model based on a warped extra
dimension compactified on an S1=Z2 orbifold, which
corresponds to the interval ½0; πR�, and with a metric of
anti–de Sitter (AdS) type given by [105]

ds2 ¼ e−2kyημνdxμdxν þ dy2: ð1Þ

Here ημν ¼ diagð−1; 1; 1; 1Þ is the four-dimensional
Minkowski metric and k the AdS curvature. Since the
Planck mass MP ∼ 1019 GeV is the fundamental scale, a
natural theory should have k ∼MP. The TeV scale can be
generated at the brane located at y ¼ πR if the compacti-
fication radius R is such that ke−πkR ¼ 1 TeV, which in
turn means kR≃ 12, also a rather natural number.
The electroweak gauge symmetry in the bulk has to be
extended to SUð2ÞL ⊗ SUð2ÞR ⊗ Uð1ÞB−L in order to
avoid a too large violation of the custodial symmetry
caused by Uð1ÞY Kaluza-Klein (KK) modes [99,106–
115]. Since the custodial symmetry is preserved in our
model, the T parameter is consistent with the experimental
data. Because of the preserved custodial symmetry in
the bulk, the lower bound on the KK masses will
mainly arise from the S parameter constraint and is close
to about 3 TeV [99,107]. An alternative approach to
suppress contributions to the T parameter is to consider
a modified class of metrics that depart from AdS in the IR
region [116].
Our model is an extension of the SM with seven EW

scalar singlets and two heavy Majorana neutrinos,
embedded in a warped extra dimension, with the inclusion
of the S3 discrete flavor symmetry. The inclusion of the
discrete S3 symmetry serves to reduce the number of
parameters in the Yukawa sector of our model making it
more predictive. We assume that 3 EW scalar singlets and
two heavy Majorana neutrinos are located at the Planck
brane, whereas the remaining EW scalar singlets are set at
the TeV brane. The Higgs doublet as well as the three
generations of fermions propagate in the five-dimensional
(5D) bulk.
Boundary conditions at the y ¼ 0 and y ¼ πR branes

determine a tower of KK modes, of which the zero modes
are assumed to be the SM fields in four dimensions (4D).
Since there is no chirality in five dimensions, the left- and
right-handed fermions in 4D correspond to zero modes of

different fields in the bulk, conventionally called ΨR and
ΨL, which obey the conditions ΨR;L ¼ �γ5ΨR;L. The
masses of the zero modes in 4D appear when the electro-
weak symmetry is spontaneously broken, as in the SM.
Fermion fields in the bulk of 5D space, generically denoted
as Ψðx; yÞ, obey an action of the form

SðΨÞ
5 ¼

Z
d4x

Z
πR

0

dy
ffiffiffiffiffiffi
−g

p �
iΨ̄ΓM∇MΨþ imΨΨ̄Ψ

þ λij

M
1
2

5

Ψ̄LHΨR

�
; ð2Þ

where capital indices run over the five coordinates,
ΓM ¼ ðekyγμ; γ5Þ are the Gamma matrices in the 5D curved
spacetime, and ∇M is the covariant derivative that includes
the interaction with the gauge fields. The fermion masses in
5D have natural values of the order of the Planck
mass,

mΨ ¼ kdΨ; ð3Þ

where k is the AdS curvature and dΨ are parameters of
order unity. These parameters will determine the localiza-
tion of the fermion profiles along the fifth dimension. The
masses of fermions in the TeV brane (the observable 4D
space) will be a consequence of this localization after
electroweak symmetry breaking.M5 is the 5D Planck mass,
which is related toMP, the Planck mass in 4D, through the
following relation:

M2
P ¼ M3

5

k
ð1 − e−2πkRÞ: ð4Þ

Since the exponential term is highly suppressed, M5, MP,
and k are all of the same order of magnitude.
Fermion, gauge boson fields, and scalars can be

expanded in their respective KK modes as follows:

ΨL;Rðx; yÞ ¼
X∞
n¼0

ΨðnÞ
L;RðxÞfðnÞL;RðyÞ; ð5Þ

Aa
μðx; yÞ ¼

X∞
n¼0

AaðnÞ
μ ðxÞχðnÞðyÞ; ð6Þ

Hðx; yÞ ¼
X∞
n¼0

HðnÞ
μ ðxÞhðnÞðyÞ; ð7Þ

where their profiles in the fifth dimension are, respectively,
given by [111]
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fðnÞL;RðyÞ ¼

8>><
>>:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kð1−2dL;RÞ

eð1−2dL;RÞkπR−1

q
eð2−dL;RÞky; n ¼ 0;

NðnÞ
ΨL;R

e
5
2
ky
h
JdL;R�1

2

�
mðnÞ

Ψ
k eky

�
þ αðnÞΨL;R

YdL;R�1
2

�
mðnÞ

Ψ
k eky

�i
; n > 0;

ð8Þ

χðnÞðyÞ ¼

8>><
>>:

1ffiffiffiffiffi
πR

p ; n ¼ 0;

NðnÞ
A eky

h
J1
�
mðnÞ

A
k eky

�
þ αðnÞA Y1

�
mðnÞ

A
k eky

��
; n > 0:

ð9Þ

hðnÞðyÞ ¼

8>><
>>:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kð1� ffiffiffiffiffiffiffi

4þa
p Þ

½e2ð1�
ffiffiffiffiffi
4þa

p ÞkπR−1�

r
eð2�

ffiffiffiffiffiffiffi
4þa

p Þky; n ¼ 0;

NðnÞ
H e2ky

h
J� ffiffiffiffiffiffiffi

4þa
p

�
mðnÞ

H
k eky

�
þ αðnÞh Y� ffiffiffiffiffiffiffi

4þa
p

�
mðnÞ

H
k eky

�i
; n > 0:

ð10Þ

Here χðnÞðyÞ are given for the gauge where A5 ¼ 0. The
functions Jρ, Yρ are the first and second kind of Bessel

functions, respectively, and NðnÞ
ΨL;R

, NðnÞ
A are normalization

constants computed from the following orthonormality
relations:

Z
πR

0

dye−3kyfðnÞL;RðyÞfðmÞ
L;RðyÞ ¼ δnm;Z

πR

0

dyχðnÞðyÞχðmÞðyÞ ¼ δnm;Z
πR

0

dye−2kyhðnÞðyÞhðmÞðyÞ ¼ δnm: ð11Þ

The coefficients αðnÞΨL;R
, αðnÞA , and αðnÞH are determined by the

boundary conditions on the branes, resulting in the follow-
ing relations:

αðnÞΨL;R
¼ −

J�dL;R�1
2

�
mðnÞ

Ψ
k

�
Y�dL;R�1

2

�
mðnÞ

Ψ
k

� ¼ −
J�dL;R�1

2

�
mðnÞ

Ψ
k eπkR

�
Y�dL;R�1

2

�
mðnÞ

Ψ
k eπkR

� ; ð12Þ

αðnÞA ¼ −
J0
�
mðnÞ

A
k

�
Y0

�
mðnÞ

A
k

� ¼ −
J0
�
mðnÞ

A
k eπkR

�
Y0

�
mðnÞ

A
k eπkR

� ; ð13Þ

αðnÞH ¼ −
J0
�
mðnÞ

H
k

�
Y0

�
mðnÞ

H
k

� ¼ −
J0
�
mðnÞ

H
k eπkR

�
Y0

�
mðnÞ

H
k eπkR

� : ð14Þ

In turn, these relations determine the massesmðnÞ
Ψ ,mðnÞ

A , and

mðnÞ
H of the nonzero modes. These modes correspond to

heavy particles beyond the spectrum of the SM. On the
other hand, the zero modes, which are identified with the

SM fermions, remain massless at this level and become
massive only after electroweak symmetry breaking.
Quark and lepton fields are assigned into two S3 doublets

and several S3 singlets, as follows:

QL ¼ ðq1L; q2LÞ ∼ 2; q3L ∼ 10; u1R ∼ 1;

u2R ∼ 10; u3R ∼ 10;

d1R ∼ 1; d2R ∼ 1; d3R ∼ 10; ð15Þ

lR ¼ ðl1R; l2RÞ ∼ 2; l3R ∼ 10; l1L ∼ 1;

l2L ∼ 10; l3L ∼ 10;

ν1R ∼ 10; ν2R ∼ 10: ð16Þ

The SUð2ÞL scalar doublet H is assigned as a trivial S3
singlet, whereas the different EW scalar singlets are
grouped into two S3 doublets, one S3 trivial singlet, and
two S3 nontrivial singlets. The scalar assignments under the
S3 flavor symmetry are

H ∼ 1; ζ ∼ 10; η ∼ 1; ρ ∼ 10; ð17Þ

χ ¼ ðχ1; χ2Þ ∼ 2; ξ ¼ ðξ1; ξ2Þ ∼ 2: ð18Þ

We assume that χ and ζ are located in the TeV brane,
whereas the remaining scalar singlets, i.e., η, ρ, and ξ are set
at the Planck brane.
The minimization equations for the scalar potentials for a

single S3 scalar doublet can be seen in Ref. [98]. With ξ and
χ being in different branes, their minimization can proceed
independently (similar to the strategy of [57]). They acquire
the following vacuum expectation value (VEV) pattern:

hξi ¼ vξð1; 0Þ; hχi ¼ vχð1; 0Þ; ð19Þ

so that the VEVs are both pointing in the (1,0) S3 direction.
Furthermore, we include a discrete Z2 ⊗ Z4 symmetry.

The Z2 symmetry decouples the bottom quark from the
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down and strange quarks. The fields charged under Z2

transform as follows:

QL → −QL; u1R → −u1R; u2R → −u2R;

d1R → −d1R; d2R → −d2R; χ → −χ; ð20Þ

while the fields charged under Z4 have the following
nontrivial transformation properties:

d1R → id1R; d2R → −d2R; d3R → id3R; ð21Þ

ρ → −ρ; η → −iη; l1L → il1L: ð22Þ

The SUð2ÞL ⊗ SUð2ÞR ⊗ Uð1ÞB−L ⊗ S3 ⊗ Z2 ⊗ Z4

invariant quark and lepton Yukawa interactions are

SðqÞ5 ¼
Z

d4x
Z

πR

0

dy
ffiffiffiffiffiffi
−g

p �	
λðuÞ13

M
7
2

5

Q̄L
~Hu3Rχζ þ

λðuÞ23

M
5
2

5

Q̄L
~Hu3Rχ

�
δðy − πRÞ þ λðuÞ33

M
1
2

5

q̄3L ~Hu3R




þ
Z

d4x
Z

πR

0

dy
ffiffiffiffiffiffi
−g

p 	
λðuÞ11

M
5
2

5

Q̄L
~Hu1Rξþ

λðuÞ22

M
5
2

5

Q̄L
~Hu2Rξþ

λðdÞ11

M
7
2

5

Q̄LHd1Rξη

þ λðdÞ22

M
7
2

5

Q̄LHd2Rξρþ
λðdÞ12

M
9
2

5

Q̄LHd2Rξη2 þ
λðdÞ33

M
5
2

5

q̄3LHd3Rη

�
δðyÞ; ð23Þ

SðlÞ5 ¼
Z

d4x
Z

πR

0

dy
ffiffiffiffiffiffi
−g

p 	
λðlÞ11
M

7
2

5

l̄1LHlRξη� þ
λðlÞ22
M

5
2

5

l̄2LHlRξþ
λðlÞ32
M

5
2

5

l̄3LHlRξ

�
δðyÞ

þ
Z

d4x
Z

πR

0

dy
ffiffiffiffiffiffi
−g

p 	
λðlÞ23
M

1
2

5

l̄2LHl3R þ λðlÞ33
M

1
2

5

l̄3LHl3R

�

þ
Z

d4x
Z

πR

0

dy
ffiffiffiffiffiffi
−g

p 	
λðνÞ32

M5

l̄2L ~Hν1R þ λðνÞ32

M5

l̄3L ~Hν1R

�
δðyÞ

þ
Z

d4x
Z

πR

0

dy
ffiffiffiffiffiffi
−g

p 	
λðνÞ11

M2
5

l̄1L ~Hν2Rη
� þ λðνÞ21

M5

l̄2L ~Hν2R þ λðνÞ22

M5

l̄3L ~Hν2R

�
δðyÞ

þ
Z

d4x
Z

πR

0

dy
ffiffiffiffiffiffi
−g

p ½M1νν̄1Rν
c
1R þM2νν̄2Rν

c
2R þM3νðν̄1Rνc2R þ ν̄2Rν

c
1RÞ�δðyÞ; ð24Þ

where the dimensionless couplings in Eqs. (23) and (24) are
Oð1Þ parameters. Note that with χ in the TeV brane and η in
the Planck brane, terms like Q̄LHd3Rχη do not contribute
and were therefore not included above, even though they
are invariant under all the symmetries.
Assuming that the quark mass and mixing pattern arises

from the fermion profiles along the extra dimension, we set
the VEVs of the EW scalar singlets with respect to the
Wolfenstein parameter λ ¼ 0.225 and the new physics
scale M5,

vζ ∼ vχ ∼ vρ ∼ vη ∼ λM5; vξ ∼ λ3M5: ð25Þ

The presence of additional scalars (in the TeV brane)
leads to the interesting possibility of extra scalars at
colliders. For recent studies on Higgs production and decay
in multi-Higgs models (some of which are embedded into
5D warped models), see, for instance, Ref. [98,117–123].

III. QUARK MASSES AND MIXINGS

From the quark Yukawa interactions given by Eq. (23)
we get the following mass matrix textures for quarks:

MU ¼

0
BBB@

εðuÞ11
vξ
M5

0 εðuÞ13

vχvζ
M2

5

0 εðuÞ22

vξ
M5

εðuÞ23

vχ
M5

0 0 εðuÞ33

1
CCCA vffiffiffi

2
p ;

MD ¼

0
BBB@

εðdÞ11

vξvη
M2

5

εðdÞ12

vξv2η
M3

5

0

0 εðdÞ22

vξvρ
M2

5

0

0 0 εðdÞ33

vη
M5

1
CCCA vffiffiffi

2
p ; ð26Þ

where
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εðuÞn3 ¼ λðuÞn3
k

M
3
2

5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kð1� ffiffiffiffiffiffiffiffiffiffiffi

4þ a
p Þð1 − 2yðqÞnL Þð1 − 2yðuÞ3R Þ

½e2ð1�
ffiffiffiffiffiffiffi
4þa

p ÞkπR − 1�½eð1−2yðqÞnL ÞkπR − 1�½eð1−2yðuÞ3R ÞkπR − 1�

vuut eð2−y
ðqÞ
nL−y

ðuÞ
3R�

ffiffiffiffiffiffiffi
4þa

p ÞkπR; n ¼ 1; 2;

εðuÞ33 ¼ λðuÞ33

1

M
1
2

5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kð1� ffiffiffiffiffiffiffiffiffiffiffi

4þ a
p Þð1 − 2yðqÞ3L Þð1 − 2yðuÞ3R Þ

½e2ð1�
ffiffiffiffiffiffiffi
4þa

p ÞkπR − 1�½eð1−2yðqÞ3L ÞkπR − 1�½eð1−2yðuÞ3R ÞkπR − 1�

vuut eð2−y
ðqÞ
3L−y

ðuÞ
3R�

ffiffiffiffiffiffiffi
4þa

p ÞkπR − 1

½2 − yðqÞ3L − yðuÞ3R � ffiffiffiffiffiffiffiffiffiffiffi
4þ a

p �
;

εðuÞnn ¼ λðuÞnn
k

M
3
2

5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kð1� ffiffiffiffiffiffiffiffiffiffiffi

4þ a
p Þð1 − 2yðqÞnL Þð1 − 2yðuÞnR Þ

½e2ð1�
ffiffiffiffiffiffiffi
4þa

p ÞkπR − 1�½eð1−2yðqÞnL ÞkπR − 1�½eð1−2yðuÞnR ÞkπR − 1�

vuut ; n ¼ 1; 2;

εðdÞij ¼ λðdÞij
k

M
3
2

5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kð1� ffiffiffiffiffiffiffiffiffiffiffi

4þ a
p Þð1 − 2yðqÞiL Þð1 − 2yðuÞjR Þ

½e2ð1�
ffiffiffiffiffiffiffi
4þa

p ÞkπR − 1�½eð1−2yðqÞiL ÞkπR − 1�½eð1−2yðdÞjR ÞkπR − 1�

vuut ; i; j ¼ 1; 2; 3; ð27Þ

where y1L ¼ y2L ¼ yL, as follows from the fact
that q1L and q2L are unified into a S3 doublet as seen
from Eq. (15).
We assume that the theory conserves CP and that CP is

violated spontaneously only through the complex VEV vζ
of the ζ scalar. This makes the model more predictive. We
fit the parameters in Eq. (26) to reproduce the quark masses
and quark mixing parameters.
To reproduce the experimental values of the 10 physical

observables of the quark sector, i.e., the 6 quark masses and
4 quark mixing parameters, we fix the right-handed top
quark localization profile and the Higgs profile, as follows:

yðuÞ1R ¼ yðuÞ3R , a ¼ −3, λðuÞij ¼ λðdÞij ¼ 10, whereas we fit the
effective 9 free parameters, i.e., the 2 left-handed quark
profiles, the remaining 5 right-handed quark profiles, and
the magnitude and phase of vζ. The values of the quark
profiles, the magnitude and phase of vζ, corresponding to

the results reported in Tables I and II are yðqÞL ¼ 0.502177,

yðuÞ3L ¼ 0.522259, yðuÞ1R ¼ 0.41452, yðuÞ2R ¼ 28.5089, yðdÞ1R ¼
0.500942, yðdÞ2R ¼4.63314, yðdÞ3R ¼0.532187, jvζj ¼ 0.4λM5,
and α ¼ 67.6164° (α being the complex phase of vζ). Note
that, as all the left handed profiles are >1=2, the flavor
changing neutral current contributions due to KK modes
are suppressed [106,111]. This suppression is due to the
fact that the gauge coupling of zero mode fermions to
Kaluza-Klein gauge bosons is much smaller than the

electroweak coupling constant when the left-handed fer-
mion profiles are equal to or larger than 1=2.
The experimental values of the Cabibbo-Kobayashi-

Maskawa (CKM) matrix are taken from Ref. [3]. As can
be seen, the quark masses and the CKM matrix obtained
from these textures are in good agreement with the
experimental data. The agreement of our model with the
experimental data is as good as in the models of
Refs. [15,16,46,69,73,92,94] and better than, for example,
those in Refs. [52,114,114,124–129].

IV. LEPTON MASSES AND MIXINGS

This warped S3 flavor model generates the viable and
predictive quark textures proposed in [22] as shown in
Sec. III. We now proceed to analyze the lepton sector of the
model. From the charged lepton Yukawa terms of Eq. (24)
it follows that the charged lepton mass matrix takes the
following form:

Ml ¼

0
BBB@

εðlÞ11
vξvη
M2

5

0 0

0 εðlÞ22
vξ
M5

εðlÞ23

0 εðlÞ32
vξ
M5

εðlÞ33

1
CCCA vffiffiffi

2
p ¼

0
B@

w 0 0

0 r s

0 x z

1
CCA vffiffiffi

2
p ;

ð28Þ

where

TABLE I. Model and experimental values of quark masses.

Observable Model value Experimental value

mu [MeV] 1.48 1.45þ0.56
−0.45

mc [MeV] 634 635� 86
mt [GeV] 172.1 172.1� 0.6� 0.9
md [MeV] 3.1 2.9þ0.5

−0.4
ms [MeV] 56.3 57.7þ16.8

−15.7
mb [GeV] 2.82 2.82þ0.09

−0.04

TABLE II. Model and experimental values of CKM
parameters.

Observable Model value Experimental value

sin θ12 0.22 0.22536� 0.00061
sin θ23 0.0413 0.0414� 0.0012
sin θ13 0.0037 0.00355� 0.00015
δ 68° 68°
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εðlÞnn ¼ λðlÞnn
k

M
3
2

5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kð1� ffiffiffiffiffiffiffiffiffiffiffi

4þ a
p Þð1 − 2yðlÞnLÞð1 − 2yðlÞnRÞ

½e2ð1�
ffiffiffiffiffiffiffi
4þa

p ÞkπR − 1�½eð1−2yðlÞnLÞkπR − 1�½eð1−2yðlÞnRÞkπR − 1�

vuut ; n ¼ 1; 2;

εðlÞ23 ¼ λðlÞ23
k

M
3
2

5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kð1� ffiffiffiffiffiffiffiffiffiffiffi

4þ a
p Þð1 − 2yðlÞ2LÞð1 − 2yðlÞ3RÞ

½e2ð1�
ffiffiffiffiffiffiffi
4þa

p ÞkπR − 1�½eð1−2yðlÞ2LÞkπR − 1�½eð1−2yðlÞ3RÞkπR − 1�

vuut eð2−y
ðlÞ
3L−y

ðlÞ
2R�

ffiffiffiffiffiffiffi
4þa

p ÞkπR − 1

½2 − yðlÞ2L − yðlÞ3R � ffiffiffiffiffiffiffiffiffiffiffi
4þ a

p �
;

εðlÞ33 ¼ λðlÞ33
1

M
1
2

5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kð1� ffiffiffiffiffiffiffiffiffiffiffi

4þ a
p Þð1 − 2yðlÞ3LÞð1 − 2yðlÞ3RÞ

½e2ð1�
ffiffiffiffiffiffiffi
4þa

p ÞkπR − 1�½eð1−2yðlÞ3LÞkπR − 1�½eð1−2yðlÞ3RÞkπR − 1�

vuut eð2−y
ðlÞ
3L−y

ðlÞ
3R�

ffiffiffiffiffiffiffi
4þa

p ÞkπR − 1

½2 − yðlÞ3L − yðlÞ3R � ffiffiffiffiffiffiffiffiffiffiffi
4þ a

p �
;

εðlÞ32 ¼ λðlÞ32
1

M
1
2

5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kð1� ffiffiffiffiffiffiffiffiffiffiffi

4þ a
p Þð1 − 2yðlÞ3LÞð1 − 2yðlÞ2RÞ

½e2ð1�
ffiffiffiffiffiffiffi
4þa

p ÞkπR − 1�½eð1−2yðlÞ3LÞkπR − 1�½eð1−2yðlÞ2RÞkπR − 1�

vuut ; ð29Þ

where yðlÞ1R ¼ yðlÞ2R ¼ yðlÞR as follows from the fact that l1R and l2R are unified into a S3 doublet as seen from Eq. (15).
Therefore, MlMT

l can be approximately diagonalized by a rotation matrix Rl according to

RT
l MlMT

l Rl ¼

0
B@

m2
e 0 0

0 m2
μ 0

0 0 m2
τ

1
CA; Rl ¼

0
B@

1 0 0

0 cos γ − sin γ

0 sin γ cos γ

1
CA; tan 2γ ¼ 2ðrxþ szÞ

ðr2 þ s2Þ − ðx2 þ z2Þ : ð30Þ

The masses for charged leptons take the form

me ¼ εðlÞ11
vξvffiffiffi
2

p
M5

;

mμ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
ðr2 þ s2 þ x2 þ z2Þ − 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2 þ 2rzþ s2 − 2sxþ x2 þ z2Þðr2 − 2rzþ s2 þ 2sxþ x2 þ z2Þ

qr
vffiffiffi
2

p ;

mτ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
ðr2 þ s2 þ x2 þ z2Þ þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2 þ 2rzþ s2 − 2sxþ x2 þ z2Þðr2 − 2rzþ s2 þ 2sxþ x2 þ z2Þ

qr
vffiffiffi
2

p : ð31Þ

To show that the charged lepton texture can fit the
experimental data and to simplify our analysis, we adopt a
benchmark where we set

yðlÞ1L¼yðlÞ2L¼yðlÞ3L¼yðlÞL ; λðlÞ23 ¼ λðlÞ33 ¼ λðlÞ; λðlÞ32 ¼1: ð32Þ

We assume equality of left-handed leptonic profiles to
avoid a huge hierarchy in the entries of the neutrino mass
matrix, as required by the neutrino oscillation experimental
data which favor a moderate hierarchy among these entries.
Our two assumptions concerning the charged lepton
Yukawa couplings are motivated by the partial universality
of these couplings and by naturalness arguments. Let us
note that the charged lepton mass hierarchy is caused by the
different localizations of the right-handed charged leptonic
fields lR and l3R in the extra dimension as well as by the
different power dependences in terms of the Wolfenstein
parameter λ ¼ 0.225 presented in the different columns of
the charged lepton mass matrix. Consequently it is natural
to assume partial universality in the charged lepton Yukawa
couplings.

In addition, the S3 discrete symmetry leads to the
following constraint:

yðlÞ1R ¼ yðlÞ2R ¼ yðlÞR : ð33Þ

Then, we proceed to adjust the parameters yðlÞR , yðlÞL , yðlÞ3R,
λðlÞ, λðlÞ11 , and λ

ðlÞ
22 to reproduce the experimental values of the

charged lepton masses finding the following best fit result:

λðlÞ11 ¼ 3.147; λðlÞ22 ¼ 2.218; λðlÞ ¼ 0.484;

yðlÞL ¼ 7.323713; yðlÞR ¼ 0.5207487; yðlÞ3R¼ 0.501: ð34Þ

The full 5 × 5 neutrino mass matrix arises from the
neutrino Yukawa interactions given in Eq. (24) and is
given by

Mν ¼
�

03×3 MD
ν

ðMD
ν ÞT MR

�
; ð35Þ

where
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MD
ν ¼

0
BBB@

0 εðνÞ12

vη
M5

εðνÞ21 εðνÞ22

εðνÞ31 εðνÞ32

1
CCCA vffiffiffi

2
p ¼

0
B@

0 f

b c

h d

1
CA vffiffiffi

2
p ; MR ¼

�
M1ν M3ν

M3ν M2ν

�
;

M−1
R ¼

 M2ν

MνM2ν−M2
3ν

− M3ν

MνM2ν−M2
3ν

− M3ν

MνM2ν−M2
3ν

Mν

MνM2ν−M2
3ν

!
¼
�
p r

r q

�
; ð36Þ

εðνÞn1 ¼ λðνÞn1
k
M5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1� ffiffiffiffiffiffiffiffiffiffiffi

4þ a
p Þð1 − 2yðνÞnLÞ

½e2ð1�
ffiffiffiffiffiffiffi
4þa

p ÞkπR − 1�½eð1−2yðνÞnLÞkπR − 1�

vuut ; n ¼ 2; 3;

εðνÞj2 ¼ λðνÞj2
k
M5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1� ffiffiffiffiffiffiffiffiffiffiffi

4þ a
p Þð1 − 2yðνÞjL Þ

½e2ð1�
ffiffiffiffiffiffiffi
4þa

p ÞkπR − 1�½eð1−2yðνÞjL ÞkπR − 1�

vuut ; j ¼ 1; 2; 3: ð37Þ

As the Majorana neutrino masses are much larger than the electroweak symmetry breaking scale v ¼ 256 GeV, i.e.,
ðMRÞii ≫ v, active neutrinos acquire small masses via a type-I seesaw mechanism mediated by the Majorana neutrinos.
Then, the light neutrino mass matrix reads

ML ¼ MD
ν M−1

R ðMD
ν ÞT ¼

0
B@

0 f

b c

h d

1
CA�p r

r q

��
0 b h

f c d

�
v2

2

¼

0
B@

f2q fðbrþ cqÞ fðdqþ hrÞ
fðbrþ cqÞ pb2 þ 2rbcþ qc2 bðdrþ hpÞ þ cðdqþ hrÞ
fðdqþ hrÞ bðdrþ hpÞ þ cðdqþ hrÞ qd2 þ 2rdhþ ph2

1
CA v2

2
: ð38Þ

To show that the light neutrino mass matrix given above
is consistent with the experimental data on neutrino
oscillations and to simplify our analysis, we adopt a
benchmark where we set

p ¼ q; h ¼ −d; b ¼ c; ð39Þ

so that the light active neutrino mass matrix takes the form

ML ¼

0
B@

f2p bfðpþ rÞ dfðp−rÞ
bfðpþ rÞ 2b2ðpþ rÞ 0

dfðp− rÞ 0 2dðdp−drÞ

1
CAv2

2
; ð40Þ

which implies that the light active neutrino mass matrix
does not contribute to sin2 θ23. The leptonic mixing
parameter sin2 θ23 solely arises from the charged lepton
sector and is found to be equal to 0.507, which is consistent
with its corresponding experimental value within the 1σ
experimentally allowed range. Varying the parameters p, r,
b, d, and f we fitted Δm2

21, Δm2
31 (note that we define

Δm2
ij ¼ m2

i −m2
j ), sin

2 θ12, and sin2 θ13 to the experimental
values [130] in Table III for the normal hierarchy neutrino
mass spectrum. The best fit result is

Δm2
21 ¼ 7.55 × 10−5 eV2; Δm2

31 ¼ 2.51 × 10−3 eV2;

mν1 ¼ 0; mν2 ≃ 9 meV; mν3 ≃ 50 meV;

sin2θ12 ¼ 0.311; sin2θ13 ¼ 0.024; sin2θ23 ¼ 0.507;

b≃ 0.38; f ≃ 0.52; d≃ 1.57;

q≃ −1.72 × 10−16 GeV−1;

r≃ −4.98 × 10−16 GeV−1: ð41Þ

In Table IV we show the model and experimental
values for the physical observables of the lepton sector
for the normal hierarchy neutrino mass spectrum.
Comparing Eq. (41) with Table III we see that the mass
squared splittings Δm2

21 and Δm2
31 and mixing parameters

sin2 θ12, sin2 θ13, and sin2 θ23 are in excellent agreement
with the experimental data as they are inside the 1σ
experimentally allowed range. Note that here we consid-
ered all leptonic parameters to be real for simplicity, but a
nonvanishing CP phase in the PMNS mixing matrix can
be generated by making complex any of the off diagonal

charged lepton Yukawa couplings, e.g., λðlÞ23 or λðlÞ32. It is
noteworthy that, in view of the parametric freedom of our
model, it is always possible to fit any physical observable
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of both quark and lepton sectors independently of its
degree of precision. Thus, for example, an increase in the
precision of the experimental value of the leptonic mixing
parameter sin2 θ13 will not rule out our model.
Now we can predict the amplitude for neutrinoless

double beta (0νββ) decay, which is proportional to the
effective Majorana neutrino mass

mββ ¼
����X

k

U2
ekmνk

����; ð42Þ

where U2
ek and mνk are the PMNS mixing matrix elements

and the Majorana neutrino masses, respectively.
Then, we predict the following effective neutrino

mass:

mββ ≈ 1.4 meV: ð43Þ

Our value for the effective neutrino mass is beyond
the reach of the present and forthcoming neutrinoless
double beta decay experiments. The current best upper
bound for the effective neutrino mass, i.e.,mββ ≤ 160 meV

arises from the EXO-200 experiment [131] T0νββ
1=2 ð136XeÞ ≥

1.6 × 1025 yr at the 90% C.L. An improvement of this
upper bound is expected within the not too far future. The
GERDA experiment [132,133] is upgrading to “phase-II,”
and is expected to reach T0νββ

1=2 ð76GeÞ≥2×1026 yr, corre-
sponding to mββ ≤ 100 MeV. A bolometric CUORE

experiment, using 130Te [134], is under construction. Its
sensitivity is estimated at about T0νββ

1=2 ð130TeÞ ∼ 1026 yr,
which corresponds to mββ ≤ 50 meV. There are several
proposals for ton-scale future 0νββ experiments with 136Xe
[135,136] and 76Ge [132,137] estimating sensitivities
over T0νββ

1=2 ∼1027yr, corresponding to mββ ∼ 12–30 meV.
Recent experimental reviews can be found in Ref. [138]
and references therein. Consequently, as indicated by
Eq. (43) we get a prediction of T0νββ

1=2 , which is at the level
of sensitivities of the next generation or next-to-next
generation 0νββ experiments.

V. CONCLUSIONS

In this paper we proposed an extension of the Standard
Model where a warped extra dimension is supplemented
by the discrete flavor symmetry S3 × Z2 × Z4 and the
particle content is extended by including two heavy right-
handed Majorana neutrinos and scalar fields responsible
for the breaking of the discrete symmetry. To the best of
our knowledge, our model is the first implementation of
the S3 flavor symmetry in a five-dimensional warped
framework. We examined a particular choice of S3
assignments in the quark sector, which leads to a mixing
inspired texture where the down-type quark sector con-
tributes to the Cabibbo mixing, whereas the up-type
quark sector contributes to the remaining mixing angles.
In the lepton sector, the effective neutrino masses are
obtained through a type I seesaw with two right-handed
neutrinos, and the charged lepton mass texture contrib-
utes to the mixing in the 2–3 plane. The flavor symmetry
is responsible for several texture zeros in the mass
matrices of each sector. The model is capable of a very
good fit to the fermion data, and the mass hierarchy and
mixing angles are explained by a combination of the
discrete symmetries and the exponential suppressions
arising from the warped spacetime.
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TABLE IV. Model and experimental values of the charged
lepton masses, neutrino mass squared splittings, and leptonic
mixing parameters for the normal hierarchy neutrino mass
spectrum.

Observable Model value Experimental value

me [MeV] 0.487 0.487
mμ [MeV] 103 102.8� 0.0003
mτ [GeV] 1.75 1.75� 0.0003
Δm2

21 (10−5 eV2) 7.60 7.60þ0.19
−0.18

Δm2
31 (10−3 eV2) 2.48 2.48þ0.05

−0.07
sin2 θ12 0.311 0.323� 0.016
sin2 θ23 0.507 0.567þ0.032

−0.128
sin2 θ13 0.024 0.0234� 0.0020

TABLE III. Experimental ranges of neutrino squared mass differences and leptonic mixing angles, from Ref. [130], for the normal
hierarchy neutrino mass spectrum.

Parameter Δm2
21 (10−5 eV2) Δm2

31 (10−3 eV2) ðsin2 θ12Þexp ðsin2 θ23Þexp ðsin2 θ13Þexp
Best fit 7.60 2.48 0.323 0.567 0.0234
1σ range 7.42–7.79 2.41–2.53 0.307–0.339 0.439–0.599 0.0214–0.0254
2σ range 7.26–7.99 2.35–2.59 0.292–0.357 0.413–0.623 0.0195–0.0274
3σ range 7.11–8.11 2.30–2.65 0.278–0.375 0.392–0.643 0.0183–0.0297
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APPENDIX: THE PRODUCT RULES FOR S3

The S3 discrete group contains 3 irreducible representa-
tions: 1, 10, and 2. Considering ðx1; x2ÞT and ðy1; y2ÞT as
the basis vectors for two S3 doublets and y0 an S3 nontrivial
singlet, the multiplication rules of the S3 group for the case
of real representations take the form [30]

�
x1
x2

�
2

⊗
�
y1
y2

�
2

¼ ðx1y1 þ x2y2Þ1 þ ðx1y2 − x2y1Þ10

þ
�
x2y2 − x1y1
x1y2 þ x2y1

�
2

; ðA1Þ

�
x1
x2

�
2

⊗ ðy0Þ10 ¼
�−x2y0

x1y0

�
2

;

ðx0Þ10 ⊗ ðy0Þ10 ¼ ðx0y0Þ1: ðA2Þ
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