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Hybrid metric-Palatini brane system
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It is known that the metric and Palatini formalisms of gravity theories have their own interesting features
but also suffer from some different drawbacks. Recently, a novel gravity theory called hybrid metric-
Palatini gravity was put forward to cure or improve their individual deficiencies. The action of this gravity
theory is a hybrid combination of the usual Einstein-Hilbert action and a f(R) term constructed by the
Palatini formalism. Interestingly, it seems that the existence of a light and long-range scalar field in this
gravity may modify the cosmological and galactic dynamics without conflicting with the laboratory and
Solar System tests. In this paper, we focus on the tensor and scalar perturbations of the thick branes in this
novel gravity theory. We consider two models as examples, namely, the thick branes constructed by a
background scalar field and by pure gravity. The thick branes in both models have no inner structure.
However, affected by the hybrid combination of the metric and Palatini formalisms, the graviton zero mode
in the first model has inner structure when the parameter in this model is larger than its critical value, which
is different from the cases of general relativity and Palatini f(R) gravity. We find that the effective four-
dimensional gravity can be reproduced on the brane for both models and the scalar zero mode in the model
without a background scalar field cannot be localized on the brane, which avoids a fifth force. Moreover,

the stability of both brane systems against the linear perturbations can also be ensured.

DOI: 10.1103/PhysRevD.94.024020

I. INTRODUCTION

General relativity is a successful gravitational theory at
the scale of the Solar System. However, it does not work
well at larger scales. Thus, many modified theories of
gravity have been put forward to describe cosmological
behaviors such as cosmic acceleration and galactic dynam-
ics [1-5]. In general, there are three kinds of formalisms for
modified gravity theories, namely, the metric formalism,
Palatini formalism (matters do not couple with the priori
metric-independent connection), and metric-affine formal-
ism (matters couple with the metric and a priori metric-
independent connection) [1]. They all have their own
interesting properties and, at the same time, suffer from
different drawbacks. Recently, the so-called C theories
were proposed in Refs. [6-8] and establish a bridge
between the first and second formalisms in order to find
ways to cure or improve their individual deficiencies. In C
theories, the Levi-Civitd connection I" of the metric G 18
conformally related to the spacetime metric g,,, namely,
Guw = C(R)gy,» where C is an arbitrary function of the Ricci
curvature scalar R = R[g,T] = ¢*R,,[[] only.
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Alternatively, another novel modified gravity was
presented in Ref. [9], the action of which is a hybrid
combination of the usual Einstein-Hilbert action and a
f(R) term constructed by the Palatini formalism. It has a
dynamically equivalent scalar-tensor representation like the
pure metric and pure Palatini cases [9—12]. It also shares the
properties of both the metric and Palatini formalisms like C
theories. The new feature of such hybrid gravity theory is
that it predicts the existence of a light long-range scalar
field, which can be used to explain the late-time cosmic
acceleration [9].

Considering the characteristics of light and long range,
there is a possibility that this scalar field may modify the
cosmological and galactic dynamics [9—12] without con-
flicting with the laboratory and Solar System tests. In
Ref. [11], the authors analyzed the criteria for obtaining
cosmic acceleration and obtained several cosmological
solutions, which describe both accelerating and decelerat-
ing universes, depending on the form of the effective scalar
potential. The virial theorem was studied in the context of
the galaxy cluster, where the mass dispersion relation was
modified by a term related to the new scalar field predicted
by hybrid metric-Palatini gravity [12]. The stability of the
Einstein static Universe was also analyzed in Ref. [13], and
a large class of stable solutions was found. In Ref. [14], the
authors considered the possibility that wormhole solutions
may be supported by hybrid metric-Palatini gravity accord-
ing to the null energy conditions at the throat and found
some specific examples. In Ref. [15], the authors showed
that the initial value problem can be well formulated and
well posed. Moreover, the dynamics of linear perturbation
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and thermodynamics in hybrid metric-Palatini gravity were
also investigated in Refs. [16] and [17], respectively. For a
detailed introduction, see the recent review [18].

On the other hand, it has been extensively considered in
the past two decades that our four-dimensional world might
be just a brane embedded in a higher-dimensional space-
time. This idea provides new insights into solving some
long-existing problems, such as the gauge hierarchy and
cosmological constant problems [19-24]. Dating back to
the original Kaluza-Klein (KK) theory, the extra dimension
is compacted into a circle with the Planck scale radius. This
makes detecting the extra dimension hopeless, while in
brane scenarios, the sizes of the extra dimensions can be the
order of submillimeter [21] or infinite [23].

In the Randall-Sundrum-II (RS-II) brane scenario [23],
the thickness of the brane is neglected. In more realistic
thick brane models, the original singular brane is replaced
by a smooth domain wall generated by matter fields. The
thick brane models have been extensively studied in the
context of higher-dimensional gravity theories [25-40].
The linearization of a brane system is one of the most
important issues in the brane models [41-53]. First, it is a
key procedure to investigate the stability of the brane
solution against the linear perturbations. Second, to repro-
duce the effective four-dimensional gravity, we need also to
study the linear perturbation of the brane system. The
localized graviton zero mode produces the Newtonian
gravity, and the nonlocalized scalar zero mode avoids a
large correction to it. Third, the linear perturbation will
result in the interaction of matter fields with the KK
gravitons, which can be tested by experiments.

In the previous investigations about a brane system, the
metric [49-52] and Palatini formalisms [53,54] were
individually considered. Therefore, it is interesting to study
the properties of a brane system in a gravity theory
containing both formalisms. For example, how does the
hybrid of the two formalisms affect the properties of the
brane solutions, graviton zero mode, scalar zero modes, and
stability of the linear perturbations? This motivates us to
investigate the hybrid metric-Palatini brane system. In this
paper, inspired by the scalar-tensor representation of hybrid
metric-Palatini gravity, we will consider two models: the
thick branes constructed by a background scalar field
(model A) and by pure gravitational system (model B)
in hybrid metric-Palatini gravity. In Refs. [55-62], some
brane models have been constructed for pure gravitational
systems without matter fields. This scenario is the same as
producing an expanding universe from f(R) gravity with-
out introducing an extra scalar field (inflation without the
inflaton). To study the issues of the stability of the linear
perturbations and the localization of the graviton and scalar
zero modes, we will investigate the linearization of these
two brane models.

In this work, we focus on the brane model in hybrid
metric-Palatini gravity. Therefore, in Sec. II, we briefly
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introduce the hybrid metric-Palatini model and find the
thick brane solutions for model A and model B. The
stability of the brane system and localization of the graviton
and scalar zero modes are analyzed in Sec. III. Section IV is
the conclusion.

II. HYBRID METRIC-PALATINI BRANE
MODELS AND SOLUTIONS

Now, let us start with the action of the five-dimensional
brane model in hybrid metric-Palatini gravity [9],

1
S=—
2k2

Pxy/=glR+ f(R)] + Su(g.2). (1)
where k> = 87Gs, with G5 the five-dimensional Newtonian
gravitational constant, and we have set ¢ = 1. §,, is the
standard matter action, R = g™VR,,y is the Einstein-
Hilbert Ricci scalar constructed by the metric, and R =
gMNR v is the Palatini curvature, where R,y is defined in
terms of a torsionless independent connection, [, as

Run = Chiv.p — lﬁ‘113110,1\/ + fggf‘zgm - ff/legN)- (2)

Introducing an auxiliary scalar field ¢, the action (1) can
be deformed as

1
[ —

=53 | PV/=IR+IR=Vi(B)]+Su. (3)

df(R)

p=FR) =L Vi) =RFR) - 1(R). (4)

The field equations can be obtained by varying the action
(3) with respect to the metric g,,y, the scalar field ¢, and the

independent connection I},

1
Ryn + ¢Run — 3 (R+ R = V1)gun = Ty, (5a)

R - V1¢ - O, (Sb)

Vi(v=gpg"™) = 0. (5¢)

where V, = dVd‘f), the matter stress-energy tensor is
defined as usual Ty = — ﬁﬁ(gﬁ"), and Vp is compat-

ible with the connection f‘ﬁ}N.

The solution of Eq. (5c) implies that the independent
connection is the Levi-Civitda connection of a metric
guy = ¢*>gyn. Then, the relation between R,y and
R MN is
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Run = Ryn + 55 OOy

3¢2
1 1
- g <VMVN¢ + 39MND¢> , (6)

where [0 = ¢gkl'VV,. Using the relation (6), one can
obtain a scalar-tensor representation [9—11]:

S= 1 de\/_{( + $)R + ¢8K¢8K¢—V1(¢)}
+S,. (7)

Now, it is clear that the free choice of the form of the
f(R) is transformed to the potential V(¢) of a scalar
profile ¢. Inspired by the scalar-tensor representation, we
consider two models: model A for the brane constructed by
a matter scalar field y and model B for the brane
constructed by the pure gravity without any matter field.

A. Model A: With matter

The action of the matter part with a scalar field is

—/dsx\/—_g[—%QMNaM)(aN)(—Vz()() . (8)

Substituting Egs. (6) and (5b) in Eq. (5a), the gravitational
field equation can be written as

(1+@)Ryy + —¢8M¢8N¢

1
~ 5 9mN (1 +¢)R+—8K¢0K¢ Vi(p)| = PTyn-

3¢
©)

(Vu Vg — gun0o)

Considering Eq. (5b) and the trace of Eq. (6), one finds that
the scalar field ¢ is governed by the second-order evolution
equation

8T — 40k pOXp — @[5V () = 3(1 + ) V)]
+ 24T = 0. (10)

Our discussion will be limited to the static flat brane
scenario, for which the metric is given by

ds? = AWy, dx*dx’ + dy?, (11)

with y the extra dimension. Meanwhile, the scalar field,
¢ = ¢(y), is independent of the brane coordinates. For the
system (9)—(11), the Einstein field equations and equation
of motion of the scalar field ¢ are read as
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3(A" +4A2)(1 + @) + TA'P + V| + 2k*V,

+¢" =0 (12a)
12(A" + A?)(1 + @) +4A'¢ +V, + 49"
+ 22V, + 332 — 497/ = 0, (12b)
AP P — PSPV, = 3(1 + @) V) — 4gr
— 2P P*(10V, +37%) + 8¢ ¢/ = 0, (12¢)

where a prime stands for the derivative with respect to the
extradimensional coordinate y.

The equation of motion of the matter field is described by
the following equation:

ANy +y" = —d‘ijf’) : (13)

Equations (12) and (13) describe the whole system. There
are five variables, namely, A(y),¢(y),x(»),Vi(¢), and
V,(x). However, there are only three independent equa-
tions. So, one needs assume two conditions to solve this
system.

In this model, we consider the following configuration
for the scalar field ¢(y) and warp factor A(y):

$(y) = atanh?(ky),

A(y) = blIn[sech(ky)].

(14a)
(14b)

To avoid the ghost problem, we should ensure the positive
definiteness of the coefficient of R in the action (7), so we
should take a > 0. Now, it can be checked that the system
supports the solutions

x(y) = tanh(ky) \/é (3(5a + 3) cosh(2ky) + 5a + 9)

1Oa3+ 9 [E(ik 1(5)61 i Z)
- F(iky,%)] ) (15a)
Vi(y) = — = k*sech*(ky)[(12 — 8a) cosh(2ky)
+ 3(a + 1) cosh(4ky) + 49a + 9], (15b)
V,(y) = gkzsechz(ky)[—asechz(ky) +5a + 3], (15¢)

where we have chosen b = 1 and x = 1 for simplicity and
the functions E and F are two kinds of elliptic integrals.
From Fig. 1, it is obvious that the matter field y(y) has the
shape of a topological soliton and the scalar field ¢ has the
shape of a nontopological soliton. The similar solutions
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FIG. 1. Plot the shapes of the wrap factor €4, scalar field ¢(y), matter field y(y), scalar potential V', (¢(y)), scalar potential V,(y(y)),
and energy density p(y) for the model A. The parameters are set to b = 1, k = 1, and a = 1 for thin lines; a = 5 for red dashed thick

lines; and a = 10 for black thick lines.

have been obtained in Refs. [63—65], which are named
“trapping bag” solutions. The shapes of this brane solution
and the energy density are shown in Fig. 1. Obviously, the
energy density peaks at the origin of the extra dimension,
which represents a single brane. It is not difficult to analyze
the structure of the five-dimensional spacetime at y = +o0,
where the curvature R = —20k?> < 0. This means that the
spacetime is asymptotic anti-de Sitter (AdS).

We can also obtain the expression of f(R) from Eq. (4):

a 26ak?
RZ
120k> * 3
Then, the complete Lagrangian for gravity can be
expressed as

f(R) :23—“72— + 12k (16)

26ak?

a
RZ
+3

120k>

2
ﬁ:R+§R— 1262 (17)

B. Model B: Without matter

We can also construct a brane from the scalar profile
¢(y) without introducing the matter field y(y). Then, we
can obtain the field equations of the whole system just by
omitting the terms about the matter field y(y) from
Eq. (12):

3(1+ @) (A" +4A2) +TA'Y +Vi(p) +¢" =0, (18a)
12¢(1 + ¢)(A” + A”) +4A'¢' ¢ + ¢V, (o)
+4¢g" — 4> =0, (18b)

8¢" +32A'¢' — 5¢V (@) + 3¢(1 + )V, = 0. (18¢)
Now, there are only three variables, namely, A(y), (y),
and V(¢), but only two independent equations. So, we just
need one condition to solve this system.

Subtracting (18a) from (18b) yields

9p(1 + p)A” + 3¢p¢" —3pA'¢’ —4¢'> =0. (19)

It is easy to check that this equation yields a thin brane
solution, i.e., ¢(y) = ¢, and A(y) = —a|y|, where both ¢,
and « are constants. In this paper, we mainly focus on thick
brane solution, so we suppose

A(y) = blIn[sech(ky)], (20)
where b is a positive parameter in order to localize the
graviton zero mode on the brane [see Sec. III]. To keep the
Z, symmetry of the extra dimension, we only look for an
even function solution for the scalar ¢(y). Thus, the initial
condition for ¢(y) can be assumed as

$(0) =o.  ¢'(0) =0, (21)
and from this and Eq. (19), we can get
#"(0) = 3(1 + ¢)kb. (22)

To ensure the positive definiteness of the coefficient of R in
the action (7), we require 1 + ¢(y) > 0, from which one
has 1+ ¢y > 0 and so ¢"(0) > 0.
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FIG. 2. Figures 2(a) and 2(b) plot the scalar profile ¢(y) and
scalar potential V(¢ (y)) for model B, respectively. The param-
eters are set to b = 1, k = 1. The black thick, red dashed thick,
and blue thin lines correspond to ¢y = —0.9,—0.8, and —0.7,
respectively.

Considering the asymptotic behavior of the warp factor
A(y = +oo) — —bkl|y|, one can obtain the asymptotic
behavior of the scalar profile from Eq. (19),

Cq

Py > to0) - —(662 e ) -

cy, (23)

where ¢ and ¢, are integral constants related to ¢(0) and
¢'(0). The numerical solutions of the scalar field and scalar
potential V(y) are plotted in Fig. 2, from which one can
see that ¢, increases with ¢(0).

Next, since the scalar profile ¢ is an even function, it can
be expanded around y = 0 as

P(y) = co+ 2y + cay* + O(°), (24)

where c¢(, ¢,, and c; are some parameters to be solved.
Considering the behavior of the warp factor
Aly = 0) - —% + %4 + O(y®), they can be solved from
Eq. (19) as

4(8 =31b) 4+/2b(8b +67) + 64

- : 25
0= 45(3b - 2) 4536 - 2) (25)
(116 —58)b  2,/2b(8b + 67) + 64b
- 2
2= 90 —60 45b — 30 . (26)
1576 (1175 + 1108)?
Cyp=— -
YT 630(3b—2)  2520(3b —2)
31 b\ \/2b(8b+67) + 64b 27)
630 140 3b-2 ‘

Note that the even parity of the scalar ¢(y) here would
have a different influence on the localization of fermions
[66] from the case of odd scalar kink solutions in other
brane models [26,67].
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ITI. LINEAR PERTURBATIONS AND STABILITY
OF THE SOLUTIONS

Since we already have two brane models (model A and
model B), we will consider the stability of these two models
under the linear perturbations of the spacetime metric and
the scalar fields as well as the localization of the graviton
and scalar zero modes, which are important issues in the
brane model. Generally speaking, the four-dimensional
massless graviton should be localized on the brane in order
to reproduce the familiar four-dimensional Newtonian
potential, and the scalar zero mode should not be localized
on the brane to avoid a fifth force. We will analyze these
issues in the following context.

A. Tensor perturbation

Since the scalar, vector, and tensor fluctuations are
decoupled from each other, we can write the spacetime
metric under the tensor fluctuation as

ds? — ¢2AD) (M + hyy)dx"dx? + dy?, (28)

where h,, represents the tensor fluctuation and it is
transverse traceless, i.e., nﬂffaﬁhﬂb =0and h =n"h,, = 0.
The field equation of the tensor perturbation reads

¢/
1+¢

hl, + <4A’ + )h;w +e240®h,, =0,  (29)

where (*) = n"9,0, stands for the four-dimensional
d’Alembertian operator. By making a coordinate trans-
formation dy = e“dz, Eq. (29) can be rewritten as

0.
P h,, + (38ZA +1 + ¢> Oy +0%Wh,, =0.  (30)
After making the KK = decomposition h,, =
€,,(x)f(2)H(z), we can get the two equations
D(“)e”y(x) = m?e,,(x), (31a)

— 02H(2) = (30:A + 0. In(f*(1 + ¢)))0.H(z)

R 0.40.f 0.4 O.f .
_(f+3 7 +1+¢f>H(Z)””L’(Z)’

(31b)

where Eq. (31a) is the Klein-Gordon equation for the
four-dimensional massless (m = 0) or massive (m # 0)
graviton. To get a Schrodinger-like equation of the KK
mode H(z), its first-order derivation should be vanishing.
Thus, the function f(z) can be solved from 30,A +

d.In(f*(1+¢)) =0 as
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e—34/2

D)= =g (32)
Then, Eq. (31b) can be rewritten as
(=02 + U(2))H(z) = m*H(2), (33)

where the effective potential for the KK mode is given by

(0.0 3
f? f

3,9
=S PBA+(0.4)

U(z) =2

,  (0.9)
4(1+ ¢)?
30,A0.¢ + 0%

20+¢) (34)

which can be rewritten in the y coordinate as

3 15 e

U(z(y)) :e2A <§AH+ZA,2_4(¢+ 1)2

4A/¢/+¢//>
2(p+1) )°
(35)

Equation (33) is the equation of motion for the KK mode
H(z), and it can be factorized as the supersymmetric

form LYLH(z) = m*H(z) with L = (4 + a—ff) and LT =
(—d%—l-%). The Hermitian and positive definite of the

operator L'L ensure that m?> > 0. Thus, there is no
tachyonic KK mode.

By setting m = 0 in Eq. (33), the graviton zero mode can
be solved as

Hy(z) = Nof™'(z) = No\/1 + ¢pe**/2, (36)

where N, is a normalization constant. The normalization of
the zero mode is expressed as

/H(z)dz = /H(Z)e_Ady =N} /(1 +@)e*dy = 1.
(37)

For model A with the other parameterssettob = 1,k = 1,

and k =1, Ny can be calculated as Ny = For

o
arbitrary positive parameters, it can be shown that the integral
in Eq. (37) is finite. So, the graviton zero mode in model A
can be localized on the brane. Figure 3 shows the shapes of
the effective potential of the gravitational fluctuation and
non-normalized graviton zero mode. It can be seen that the
shape of the effective potential changes from a volcanolike
well to a double well with increasing a. From Eq. (35), we
can obtain U"(0) = —4a” — 18a + 27/2. It is obvious that
the shape of the effective potential is volcanolike for
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FIG. 3. The left and right figures plot the effective potential

U(y) of the gravitational fluctuation and the graviton zero mode
H(y) for model A, respectively. The parameters are setto b = 1,
k=1,k=1, and a = 0.1 for thin lines; a = 5 for red dashed
thick lines; and a = 10 for black thick lines.

U"(0) > 0 and double well for U”(0) < 0. The critical value
of the parameter a is a, =3 (v/15 — 3) since we only need
positive a. Thus, the effective potential has a single well and a
double well for 0 < a < a. and a > a,, respectively.

It can also be seen that the graviton zero mode is
localized gradually far away from the origin of the extra
dimension [see Fig. 3(b)] because the shape of the effective
potential changes from volcanolike to double well [see
Fig. 3(a)]. This character does not mean a double brane but
a single brane because the energy density still peaks at the
origin of the extra dimension [see Fig. 1f]. Therefore, even
though the brane has no inner structure, the effective
potential has a double well, and the graviton zero mode
has a split for large a. This is a new result of this model that
is different from the previous ones in the literature.

Figure 4 shows the shapes of the effective potential and
graviton zero mode in model B. From Egs. (20), (21), (22),
and (35), one can get

$"0) 3,5, 3., 3,
= T 2k =2hk - bk2 =0.
2po+1) 2 2 2

U(0)
Thus, the shape of the effective potential of the gravitational
fluctuation is always a double well for any positive param-
eters b and k. From the asymptotic behavior of the
warp factor A(y — +oo) — —bk|y| and scalar profile
¢(y = to0) — ¢y, itis easy to check that the corresponding

U(y) Hy(y)
10 /\ I\ 0.30
5 0.25 j
\ \ . \
A I TA N ) FlL
-5 . 0.15 i1
10 0.10 i\
s 0.05 ¥ \
0.00 -
~15-1.0-05 0.0 0.5 1.0 1.5 2 -1 0 1 2
(a)U(y) (b)Ho(y)

FIG. 4. The left and right figures plot the effective potential
U(y) of the gravitational fluctuation and the graviton zero mode
fluctuation and the graviton zero mode H(y) for model B,
respectively. The parameters are set to b = 3, ¢y = —0.9, and
k = 1 for thin lines; kK = 2 for red dashed thick lines; and k = 3
for black thick lines.
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graviton zero mode for model B can also be normalizable:
f H2 )dz < oo. Therefore, the graviton zero mode can be
locahzed on the brane.

So, we can conclude that the brane can be constructed by
the background scalar field or by pure gravity, and the
Newtonian potential on the brane can be reproduced on
both models since the graviton zero mode can be localized
on the brane.

B. Scalar perturbation

In this subsection, we will first analyze the scalar
perturbation for model B in detail. Before analyzing the
more complex model A, we will give a brief analysis about
the scalar perturbations for a general multifield system by
using a covariant approach. It is convenient to analyze the
scalar perturbation in the Einstein frame. Thus, we will first
rewrite the action (7) in the Einstein frame.

After making a coordinate transformation dy = e*(?)dz,
the metric can be written as

2A(z)

gun = ¢ HyN- (38)

Then, we introduce a conformal transformation

Iun = ezngN~ (39)

Under this conformal transformation, the Ricci scalar
transforms as [68]
R = ezwk -+ 8§MNG‘”6M6N€‘”
_ ZOE]MN@Mew@New’ (40)
where @M is the covariant derivative compatible with the

metric gy Then, from Eq. (7), the action of model B in the
Einstein frame reads

49M NOypong
3h(¢ + 1)

de\/_{ 410) }

(¢ +1)°7
(41)

By the way, the second term of the action (41) can also be
rewritten in canonical form. Here, we will not do this
because we can make use of the solutions of the scalar field
¢ and the potential V| (¢) obtained in the previous section
directly.

The field equations can be obtained by varying the action
(41) with respect to the metric g,y and the scalar field ¢,

~ 4
Ryn — 2gMN +3¢(¢ 1)? PO

1~ 4550k 0L _ Vi
3p(p+1)*  (p+1)7

=0, (42)
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7 A A 3 ’ ¢/2
6+ 19"+ 304 + 3929 =507 -5
¢ 452 362A¢
(5 S
=2+ 1), =0, 3)

where the prime in this subsection denotes the derivative
with respect to the coordinate z, and A = A + %ln(gb +1).

In the longitudinal gauge, the perturbed metric can be
written in the familiar form

ds> = (1 + 2a)y,,dxtdx” + (1 +2p)dz2).  (44)

By the way, instead of choosing a gauge, we can also
construct gauge-invariant variables [42,43,69].
Then, we get the equations for the scalar perturbations:

1 2l ZAV
(p,v): [—30/’ —9A'd +3A°p —wa
12 4¢/2 "
—|—<6A 3¢(¢+ B —|—6A>(ﬂ a)

= 17°0,0,(p + 2a)|8; + 70,0, (p + 2a)

[RGB 1)V, =5V L 2(3¢+1)¢?
- [ g
4¢ ] ’
L ) 45
R +
Rk W0 =g+ 1
- ZAV1
(2.1 124 + 30,00+ s
) [ezA(Svl —3(p+1)Vy) 203h+ 1)¢’2]5¢
- 6(p+1)5/3 374 +1)°
Ag'
: 47
T ED e o
matter: 7**0,0,6¢ + 6¢" + [3 A (f’j’?{f:‘ >€)bl] o¢'
[ st sty
3+ D7 a1

d?V, N (647 4 4¢ + 1)
dgp? ¢*(p+1)?

+2ehp(p+ 1)

_<3¢>+1>(3A/¢’+¢">] e
¢(p+1) o= opa

_ v //_2(3¢+1)¢/2:|
{12A¢+4¢ i (48)
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From Eq. (46), we get

9p(p 4 1)2
44/

and from the off-diagonal part of Eq. (45), we get

6 = (@ = A'p), (49)

2a+f=0. (50)

Substituting Egs. (43), (49), and (50) into Eq. (45), we
obtain the scalar perturbation equation of the system,

n0,0,a+ o' + H(z)d + F(z)a =0, (51)

where
1 i 4A/¢H 2(3¢ + 1)A/¢/

= 24?7 164" —

F(z2) 2A™” 4+ 6A 7 + PP+ 1)
8¢/2
9+ 1) 52

o 20 (Be+ )

H(z) =3A & + SR (53)

Equation (51) can be written as a Schrodinger-type form
in terms of the variable [42,43,47]

G = 05¢ — ya, (54)

—4e
(1)

must discuss this variable is that it is G rather than «, which
can diagonalize the quadratic action. Thus, one should use
G as the normal mode in the quantization (for more details,
see Refs. [42,43,47]). Then, from Egs. (48) and (51), the
equation for the canonical normal mode G can be obtained
as [42,43,47]

where 0 = and y = 9%. The reason why one

g +n"0,0,G - %ﬁ G=0. (55)
With the expansion
G =w(z)e'r*, (56)
Eq. (55) becomes
(=02 +V, )y (z) = m’y(z), (57)

where p? = —m? and the effective potential V, = ”7"
Equation (57) can also be factorized as a supersymmetric
form AA"y = m?y with A= (d%—i—%) and A" = (-4 + 77')

The Hermitian and positive definite of the operator AA"
ensure that m? > 0. Thus, there is no tachyonic KK mode.
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.

(a)Vp (b)¥po(y )

FIG.5. The left and right figures plot the effective potential V,
and zero mode v, of scalar perturbation of model B, respectively.
The parameters are set to b = 1 and k = 1. The black thick, red
dashed thick, and blue thin lines correspond to ¢y = —0.9,—0.8,
and —0.7, respectively.

By the way, Eq. (51) can also be factorized as a super-
symmetric form A'Aa,, = m?a,,, which indicates the
spectra of G and a are related [42].

From Eq. (57), the scalar zero mode can be solved as

Yo = noY, (58)

where n; is a normalization constant. The normalization
condition is given by

—+0oc0 ~
/WWVﬁzﬁ/m%Fﬂ%/ lyPedz
+00 462A ¢/2
= 2”0 (/ / ) ) 2 dy,
3A (e + 1)

(59)

where ¢ is an infinitesimal positive number. Considering
the behavior of the scalar profile ¢(y) [see Eq. (24)] and
warp factor A(y) around y = 0, the first part of Eq. (59) can
be calculated as 2n3 fg%dy 2ng Js (4 dz)dy,
which is divergent. The second part of Eq. (59) is finite
because the convergent of the integrand referring to
Eq. (23). The divergence of Eq. (59) implies that the zero
mode cannot be localized on the brane.

Besides, from Fig. 5(a), we can see that the effective
potential is positive everywhere and diverges at the origin
of extra dimension z = 0, which also implies that the zero
mode of the scalar perturbation cannot be localized on the
brane in model B.

Next, we will give some comment on the scalar pertur-
bation in model A. There are two scalar fields, which are
coupled together. Thus, it is more complex than model B.
The scalar perturbations of multiple scalar fields were
considered in Ref. [65] by Giovannini, who investigated the
perturbations of the gravitating multidefects constructed
by two scalar fields in five dimensions. The two scalar
perturbation equations are coupled together and can be
written in matrix notation. Giovannini showed that the
system is stable under the scalar perturbations and the zero
modes of them cannot be localized on the multidefects.
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For more examples, see Refs. [70,71]. However, the kinetic
term of each scalar field in Refs. [65,70,71] is canonical,
and there is no coupling between them. In general, the
kinetic term of a scalar field may not be canonical, and the
different scalar fields may be coupled together. It is
convenient to deal with these general scalar fields in the
field space formalism, where the kinetic terms of the scalar
fields can be written in a compact form,

1
Lyin = _EQMNG[JaM(I)IaNq)J’ (60)

where G;; = G;;(®X) is a metric in the field space.
Here, some Latin letters label spacetime indices,
M,N,P,Q,...=0,1,2,3,5, and some other Latin letters,
ILJ,K,L,...=1,2,3,..., label the field space indices.
Thus, the scalar fields in Refs. [65,70,71] correspond a flat
metric in the field space, G;; = d;;.

In this paper, the action (7) of model A in the Einstein
frame is

/def{ 9MN5M¢5N¢ gMNaM)(aN)(

3PP +1)° 2@ +1)
V(@) + 262V, ()
- 21<2(¢+ 1)5/3 } (61)

In the field space formalism, the above action (61) can be
rewritten as

/ dx\/—§ {% % NG 0P Oy — V|, (62)
where
D' =g(y). D=y,
vV (¢) + 262V (x) ’ (63)

K (p+1)°73

and the nonvanishing components of the field space metric
G]J are Gll = 23¢(¢+1)7 and G22 ¢_1~_1

In Ref. [72], the authors investigated the scalar pertur-
bations of multifield inflationary models with an arbitrary
field space metric in cosmology. They calculated the
second-order action in the linear perturbations and divided
the scalar perturbations into an adiabatic mode and entropy
modes and analyzed their behavior individually. To obtain
the higher-order action of cosmological perturbations easily
and systematically, the authors of Ref. [73] introduced a
covariant approach for general multiple scalar field system.
They obtained the quadratic order action and cubic order
action in the covariant form.

PHYSICAL REVIEW D 94, 024020 (2016)

Although the field space formalism is very powerful in
analyzing the multiple scalar perturbations in cosmology,
we do not know how to deal with it in the brane world.
In the brane world, the most interesting things are the
stability of the system and the localization of the scalar zero
modes, which have not been solved. We leave this for the
next work.

IV. CONCLUSIONS AND DISCUSSION

In this paper, we investigated two thick brane models
(model A and model B) in hybrid metric-Palatini gravity.
The brane in model A was constructed by a background
scalar field y. This brane system can be solved analytically.
On the other hand, inspired by the scalar-tensor represen-
tation of this gravity, we considered the possibility of the
thick brane constructed by pure gravity, which is called
model B. We obtained a set of numerical solutions for the
brane system in this model. Then, we derived the field
equation of the tensor perturbation (29). After the KK
decomposition, we obtained a Schrodinger-like equation of
the KK modes H(z), which is the equation of motion of the
graviton along the extra dimension. This equation can be
factorized as a supersymmetric form, which ensures the
stability of the brane system. Furthermore, we also gave
the condition that avoids the ghost gravitons. Then, we
analyzed the scalar perturbation of model B in detail and
gave a brief introduction about the multiple scalar field
perturbations.

To produce the four-dimensional Newtonian potential,
we analyzed the graviton zero modes in both models. The
graviton zero mode in model A splits from one peak to two
peaks with the increase of the parameter a; however, the
brane does not split. This means that the graviton zero
mode is localized gradually far away from the origin of
the extra dimension with the parameter a increasing. The
reason is that the shape of the effective potential of the
gravitational fluctuation changes from volcanolike
(0 < a < a,) to double well (a > a.). This is a new feature
compared with the former literature, where the splitting
graviton zero mode only appears with the splitting brane
[33,41,42,44-46,48-53]. This may be caused by the hybrid
of the metric and Palatini formalisms. The graviton zero
mode in model B is localized around the origin of the
extra dimension and becomes thinner with the parameter
k increasing. The shape of the effective potential of
the gravitational fluctuation is always a double well. The
graviton zero modes in both models are localized on the
branes. So, we can obtain the familiar four-dimensional
Newtonian potential for both models.

On the other hand, we analyzed the scalar perturbation of
model B in detail. We found that the effective potential of
the scalar perturbation is positive definite. Thus, the zero
mode cannot be localized on the brane, avoiding a fifth
force. In model A, the two scalar fields are coupled
together, which is hard to deal with. Perturbations in the
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multiple scalar fields with nontrivial metric in the field
space have been investigated in the cosmology, whereas,
we do not know how to deal with it in the corresponding
brane world models. This problem will be left for our
next work.

Next, we will give a brief analysis about the localization
of the bulk matter fields. We first consider the localization
of a massless real free bulk scalar field. The effective
potential of the scalar KK modes can be obtained
as [74-78]

3 9 _ 3k*(5k%z% - 2)

VO(Z) =_A" + 4(](222 + 1)2 . (64)

2 4

The zero mode of the bulk scalar field can be solved as

9o(z) = cpe*r @2 = W It can be easily shown that

this zero mode can be localized on the branes in models
A and B.

In general, the zero mode of a massless free bulk vector
field cannot be localized on the RS-type thick brane with
codimension 1 [75-79]. To obtain a confined zero mode of
a bulk vector field, one should introduce a dynamical mass
term [80,81] or consider other brane models [82,83]. After
a mass term has been added on the Lagrangian density of a
bulk vector field, the effective potential of the vector KK
modes can be obtained as [80,81]

K*(2K*z2 - 1)

e

(65)

and is

The vector zero mode is p, = cje? = =4
localized on the branes in both models. Vv K21
To obtain a confined four-dimensional massless fermion
field, one needs to introduce the Yukawa coupling between
the bulk fermion and background scalar fields, i.e.,
nUII(y)W, in which the background scalar field y is an
odd function of the extra dimension [74,76-78,84—-87].
In model A, this background scalar field can be chosen as
the matter field y because it is an odd function. Then, the

PHYSICAL REVIEW D 94, 024020 (2016)

effective potential of the fermion KK modes with IT(y) = »
can be obtained as [76-78]

Vir(2) = (ne?x)? F 0,(ne’y). (66)

The fermion zero modes read figgro(z) = c¢1/pexp
(F n [ e*xdz). 1t can be easily shown that the left-chiral
fermion can be localized on the brane for positive coupling
constant #, which is similar to the results given in
Refs. [76-78].

However, there is only one even background scalar field
¢ in model B. Therefore, the Yukawa coupling does not
work. Reference [66] introduced a new mechanism with a
coupling term nUT™ 9, F (¢)¥ to localize fermions. With
the new coupling term, the effective potentials of the
fermion KK modes with F(¢) = W are given by
VL,R(Z) = (’781]:)2 + az(nazf)

_ m [ 20(0.0)%(F 2(n T $3)

=3¢ + ¢0) F (5 — ¢*)*(924)].  (67)

The zero modes of a bulk fermion field can be solved as
froro(z) = C1/2 exp(F nF) = C1/2 exp(ﬁ). Then, a
confined left-chiral fermion can be obtained for positive
coupling constant 7.
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