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This paper includes two main parts. In the first part, we present generalized gauge models based on
the SU(3)- ® SU(4), ® U(1)y (3-4-1) gauge group with arbitrary electric charges of exotic leptons. The
mixing matrix of neutral gauge bosons is analyzed, and the eigenmasses and eigenstates are obtained. The
anomaly-free as well as matching conditions are discussed precisely. In the second part, we present a new
development of the original 3-4-1 model [R. Foot, H. N. Long, and T. A. Tran, Phys. Rev. D 50, R34
(1994), F. Pisano and V. Pleitez, Phys. Rev. D 51, 3865 (1995).]. Different from previous works, in this
paper the neutrinos, with the help of the scalar decuplet H, get the Dirac masses at the tree level. The
vacuum expectation value (VEV) of the Higgs boson field in the decuplet H acquiring the VEV responsible
for neutrino Dirac mass leads to mixing in separated pairs of singly charged gauge bosons, namely the
Standard Model (SM) W boson and K, the new gauge boson acting in the right-handed lepton sector, as
well as the singly charged bileptons X and Y. Due to the mixing, there occurs a right-handed current carried
by the W boson. From the expression of the electromagnetic coupling constant, ones get the limit of the
sine-squared of the Weinberg angle, sin’dy, < 0.25, and a constraint on electric charges of extra leptons. In
the limit of lepton number conservation, the Higgs sector contains all massless Goldstone bosons for

massive gauge bosons and the SM-like Higgs boson. Some phenomenology is discussed.
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I. INTRODUCTION

The current status of particle physics leads to widespread
evidence for extending the SM. The recently observed
750 GeV diphoton excess [1] can be explained as an
existence of a new neutral scalar that couples to extra heavy
quarks or, in some cases, to new leptons and bosons. In this
sense, the 3-3-1 models [2-4] seem to be good candidates
since they contain all ingredients such as extra quarks and
new scalar fields. However, the problem is that satisfying
the LHC diphoton excess and the experimental value of the
muon anomalous magnetic moment (g — 2), requires that
the 3-3-1 scale be low w ~ 400 GeV, while the flavor-
changing neutral current (FCNC) requires a high scale
o =~ 2 TeV. To solve this puzzle for the 3-3-1 model with
right-handed neutrinos, one must introduce an inert scalar
triplet [5], extend the gauge group to a larger one such as
SU3)c®SU(3), ® SUB)x ® U(1)y [6], or introduce
new charged scalars [7].
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The above situation is also correct for the other SM
extensions; hence, the search for the models satisfying
current experimental data is needed. It is known that the
SU(4) is the highest symmetry group in the electroweak
sector [8]. There have been some gauge models based on
the SU(3). ® SU(4), ® U(1)yx [2,9,10]; however, the
Higgs physics—currently the most important sector—has
not received enough attention. In some versions, this puzzle
was not studied in much detail at all. In light of the current
status of particle physics, the Higgs sector should be
considered with as much detail as possible, especially in
the neutral scalar sector where the SM-like Higgs boson is
contained. Thus, in this work, we will focus on the Higgs
sector. As in the 3-3-1 models, the electric charge quan-
tization was also explained in the framework of the 3-4-1
model [11].

The aim of this paper is to present the 3-4-1 models
which are able to deal with current Higgs physics. It is well
known that if scalar sector contains many neutral scalar
fields the situation is very complicated. In addition, we will
pay attention to the gauge boson sector where new physics
is quite rich and explore some interesting features of
phenomenology. The 3-4-1 model we consider here may

© 2016 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.94.015007
http://dx.doi.org/10.1103/PhysRevD.94.015007
http://dx.doi.org/10.1103/PhysRevD.94.015007
http://dx.doi.org/10.1103/PhysRevD.94.015007

H.N. LONG, L.T. HUE, and D. V. LOI

be considered as combination of the minimal 3-3-1 model
[3] and an alternative version with right-handed neutrinos
[2,4]. Hence, the derived model is quite interesting and
deserves further study.

Our work is arranged as follows. Section II will
present conditions of anomaly cancellation and particle
content, where extra novel induced leptons have arbitrary
electric charges g and ¢’. We will show that the 3-4-1
models are anomaly free only if there are an equal number
of quadruplets (4) and antiquadruplets (4*). Simply speak-
ing, this condition requires the sum of all fermion charges
to vanish (see subsection IT A). In subsection II B, the
Higgs bosons needed for fermion mass production are
discussed. We want to avoid nonrenormalizable effective
couplings, so every Higgs multiplet has only one compo-
nent with nonzero VEV. Subsection IIC focuses on the
gauge boson fields, especially neutral ones. Section III is
devoted to the original 3-4-1 model [2,9]. As in [9], to
produce the mass for leptons, the Higgs decuplet is
introduced. However, as will be seen below, it has to
be redefined. In this work, we will build a lepton
number operator from which the lepton flavor number
violating (LFV) processes will be pointed out. In this
section, mixing of the singly charged gauge bosons and
the currents will get more attention. For completeness, the
neutral gauge boson sector will also be presented, though it
is quite similar to the previous analysis. From an expression
of the ratio of two gauge couplings ¢, it follows the bound
on the sine-squared of the Weinberg angle sin’dy, < 0.25.
In section V the bounds on masses of new gauge bosons are
roughly derived, based on the data of W bosons, rare muon
decays and u — e conversion. Finally, we present our
conclusion in Sec. VI.

II. THE MODEL

As above mentioned, we first check the conditions for
anomaly free of the models based on SU(3) ® SU(4), ®

U(1)y gauge group.

A. Anomaly cancellation and fermion content

For the class of the models constructed from the gauge
group SU(3)-xSU(3), xU(1)y, the conditions for
anomaly cancellation were discussed in detail in [12].
Similarly for the class of the SU(3), x SU(4), x U(1)y
(3-4-1) models the following gauge anomalies must vanish:
i) [SUB) P xU)y, () [SU@).], Gii) [SU(4).]* x
U(l)y; (iv) [Grav]? x U(1)y; and (v) [U(1)y]’. Being
different from the studies of anomaly cancellation for
the 3-3-1 models [12,13], we will exploit the relation
between charge operator and diagonal generators of the
gauge symmetry SU(4), to prove that the five conditions
will reduce to two conditions only: [SU(4),]® and
[SU4),]> x U(1)x.
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For a general 3-4-1 model, the electric charge operator is
in the form

Q=T;+bTg+cT5s+ X, (1)

where the coefficient in front of 75 equaling 1, is chosen to
ensure that the SM group is a subgroup of the model under
consideration: SU(2), ® U(1), c SU4), @ U(1)y.

The leptons are in quadruplet

faro = War L ELEDT,  a=ep,r, (2)

where g and ¢’ are electric charges of associated extra
leptons. Applying Eq. (1) to Eq. (2) we obtain

b —2g—1 qg-3q —1 ¥ qg+q -1
= s Czi, :7’
\/g \/6 far 4
3)
or
1 V3b
1==37"
oL b V2
SR WV RV
1 b c
Xy =————————. 4
far 2 2\/§ 2\/6 ()

Before discussing anomaly cancellation, we remember
that the fermion representations of SU(3). and SU(4), in
the 3-4-1 models are all SU(3). triplets, SU(4), (anti)
quadruplets, and singlets. All singlets do not contribute to
anomalies so in consideration we omit them. The repre-
sentative matrices of generators corresponding to the
SU(3) triplets are denoted as T¢ (a = 1,2, ...,8) , and
the SU(4), (anti)quadruplets are 79 (74), a = 1,2, ..., 15.

Now we consider the 3-4-1 model with M and N families
of leptons and quarks, respectively. In addition, the number
of SU(4), quadruplets of quark families is K. For sim-
plicity, we assume that all left-handed leptons are in the
quadruplets. The general case is derived easily. All of them
respect the gauge symmetry SU(3)- x SU(4), x U(1)y as
follows. For leptons, we have

fiL = (ViL’ liL’E?DE/?L)T ~ (1,4,Xf[_),

I/iRN(l,l,O), ll'RN(l,l,—l),
Ef~(1,1,q), E%~(1,1,¢),
i=1,2,..,M. (5)

These left-handed leptons are generalized from (2). As in
the 3-3-1 models [2—4], the parameters b and c are closely
connected with ¢ and ¢'; in [14,15], the parameters b, ¢
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have been used. In our point of view, the clearer way is
using ¢ and ¢’. We note that v is an option, while Ef, and

E?,; may disappear in the specific case of the minimal 3-4-1

model. If the left-handed leptons are in antiquadruplet, then

b and ¢ will be replaced by —b and —c, respectively.
The quark sector is

QmL = (uvadva Tva T/mL)T ~ (3,4,Xq1‘),
m=12,....K

QnL = (dnL’_unL»DnL’D:,L)T ~ (3, 4*’Xf_h)’

upr ~ (3,1,2/3), dyp~(3,1,-1/3),

TmRN(3717XTR)’ T:11RN(3’1’XT;?)’

DnRN(3?1?XDR)? DnRN(3’1’XD}e)’
n=K+1,.,N, p=12,.,N. (6)

Let us first consider the anomaly of [SU(4),]*. Each of
the SU(4), quadruplets 4; or antiquadruplets 4; contrib-
utes a well-known quantity A%¢(4,) = Tr(T¢{T%,T5})
or A%¢(43) = Tr(T¢{T?,TS}), where a, b, and ¢ mean
three SU(4), gauge bosons related to the triangle diagrams.
Because A(4,) = —A%<(47), the total contribution to
the [SU(4),]® anomaly can be written as

Acbe (4 < > 4 - Z4*> AW (4,) (ng, = na; ),

Onr-fir OuL

(7)

where ny, and ny: are the number of fermion quadruplets
and antiquadruplets, respectively. This means that the
above anomaly cancels only if the number of quadruplets
is equal to the number of antiquadruplets, namely,

M + 6K = 3N, (8)

where the factor 3 appears because the quarks are in
SU(3) triplets while leptons are in SU(3). singlets.

Next, we consider the anomaly of [SU(4),]*> x U(1)y.
The [SU(4),]? gives the same factor for both quadruplets
and antiquadruplets, i.e., Tr[T°T"] = Tr[T°T"] = 5,,/2,
where a and b relate to two SU(4), gauge bosons.
Hence, this anomaly is free if the sum of all U(1)y charges
of the SU(4), chiral multiplets is zero, namely,

> Xy =MX;, +3KX,, +3(N-K)X; =0, (9)
i Qpr

where X; denotes the U(1)y charge of an arbitrary left-
handed (anti)quadruplet in the model.

Now we turn to the anomaly of [SU(3)]?> x U(1)y. This
case is similar to the case of [SU(4),]* x U(1)y, but now
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only the SU(3) quark triplets contribute to the mentioned
anomaly. The anomaly-free condition is

Z4X€1L + Z4X@L - ZXQR =0, (10)
qr

O Our,
where X, and X, ; are U(l)y charges of the right-
handed SU(4), quark singlets gz and left-handed SU(4),
quark (anti)quadruplets Q,, (Q,, ), respectively. The fac-
tors 4 appear in Eq. (10) because we take four components
of every SU(4), (anti)quadruplet into account. The minus
sign implies the opposite contributions of left- and right-
handed fermions to gauge anomalies. Because all gz are
singlets of the SU(4), x U(1)y, their U(1)y charges are
always equal to the electric charges ¢, , leading to
>0 Xaw = 2 g, 94, On the other hand, from the definition

of the charge operators Q given in (1), it can be seen that

Z4XqL = ZTI(XL x1y) = ZTI[Q]

(&) O O

where Tr[Q] implies the sum over the electric charges of
all components of the quark quadruplet Q,,; . Note that we
have used the traceless property of the SU(4), generators:
Tr(T*) = 0. Doing this the same way for the case of quark
antiquadruplets, the condition (10) can be rewritten in terms
of the electric charges of left-and right-handed quarks,

ZZ%L quR 0, (11)

QpL i=

where the first sum implies that all SU(4), quark (anti)
quadruplets and their components are counted. The equal-
ity (11) is always correct because every left-handed quark
always has its right-handed partner with the same electric
charge.

The above discussion on the anomaly cancellation of
[SU(3)c]* x U(1)y canbe applied for the case of the anomaly
cancellation of [Grav]? x U(1)y, butthe electric charges must
be counted for all components of the SU(3). and SU(4),
multiplets of all quarks and leptons. The proof of the zero
contribution of the quark sector is very easy, while that of the
lepton sector needs more explanation. Although the presence
of right-handed neutrinos is optional, they are neutral leptons
and, therefore, do not contribute to this anomaly. If right-
handed charged leptons are arranged into components of
left-handed (anti)quadruplets, they must be changed into
their charge conjugations. These new forms of right-handed
leptons have the opposite signs of electric charges compared
to the respective left-handed partners. Hence, the total con-
tribution to the considered anomaly is still zero.

Cancellation of the [U(1)y]® anomaly, which relates to
the triangle diagram having three B” gauge bosons, is
expressed by the following condition,
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> X3, - x3, =0 (12)
Fy Fr

where F; and Fjy are any components of the fermion
(quark and lepton) representations of the SU(3). and
SU(4), gauge symmetries. Hence, the sum is taken over
all components of these representations. Because the U(1)y
and the electric charges relate to each other through the
definition of the charge operator (1), we can write the left-
hand side of (12) as a function of the electric charges.
Because all right-handed fermions are SU(4), singlets,
Xr, = qr,; therefore,

FZX%R = quzk' (13)
R R

Xp 1y = Qp, = TO%) = (Xp, 1)
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In contrast, all left-handed fermions are (anti)quadruplets,
and we can write the left-handed term in (12) as a sum over
all fermion (anti)quadruplets, namely,

ZX3L - Z4X;’L (14)
Fy 4,47

Now we come back to the formula of the charge operator,
where we denote Qp, as the charge operator of the left-
handed fermion (anti)quadruplets. If we denote 7G515)
T3 + bT8 + ¢T", the U(l)y charge part of each 4;
representation can be written as

— (QFL _ T(3,8,15))3

= Te[X}, L] = Tr[0},] = 3Tt[Qp, TCH19(Qp, — TES19)] = Tr[(TE419))7]
— 4X}, =Te[Q},] - 3Te[(TOS1) 4 Xy, 1)TCSI9X 1] = Te[(TES19))]
=Tr[Q} ] - 3Xp, Tr[(TE319)2] — Tr[(TC819))3], (15)

where we have used the fact that both Q and 7G55 are
diagonal so they commute with each other, and T7G819) js
traceless. Remember that 4X%I is the contribution of four
components in one quadruplét. Then the contribution to
[U(1)x]? of all quadruplets is

X, = D ah, = 3D X, [(TESIP)
— ny, Te[(TC319)3], (16)

The same proof can be applied for the case of antiquadru-
plets with generators T¢=-T% (a=3, 8 15) and
T7G8.15) — _T(8.15 From this, it can be proved that

Tr[(TG819)2] = Tr[(TG819)?),
Tr[(T(S,S,lS))3] — _Tr[(T(S,S,IS))S}‘

The above discussion is enough to write (12) in the
following new form:

(Sat, - X, ) -3mlros 9 xi,
L Fr

4,4

= Te[(TC819) ] (ny, = ny;) = 0. (17)

The equality (17) is satisfied as a consequence of the two
anomaly-free conditions (7) and (9). The equality (9) also
implies that the sum over the electric charges of left-handed
fermions is zero.

|

Finally, we conclude that the anomaly-free conditions of
the 3-4-1 models are as follows: (i) the number of fermion
quadruplets is equal to that of fermion antiquadruplets and
(i1) the sum over electric charges of all left-handed fermions
is zero.

The 3-4-1 models of concern here are all satisfied with
these two conditions.

B. Yukawa couplings and masses for fermions

Since the leptons are arranged as

4
EZR ~ (1’ 1’ Q)’

/ 1
faL = (lea’EZ’E;q ){ ~ (1’4,—(4 + 6]/ - 1)>,
Efe~(1,1.4).
(18)

laR ~ (1? 17_1)’

the mass of E/ is obtained from the Yukawa coupling,

_LE

Yukawa

= hE fur @y + Hee., (19)
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Hence, if ®! has a VEV %, then E,! gets mass from a mass
matrix

(e = . e1)

The mass of EZ is obtained from the following Yukawa
term,

_Ll\}ukawa = hfbﬂquzR + H.C., (22)
where
14+3g—¢
By ~ (1 4 — (%qq))

T

— —g—1 /
= (@7 2 eg e ) (23)

Thus, if ®) has a VEV \%, then EY gets mass from a matrix:

(mg)ay = hE, % (24)

Finally, the ordinary lepton masses come from the follow-
ing Yukawa term,

—IL!

Yukawa

=h!, far ®3lpr + H.ec., (25)

where

3 ! )
Dy ~ (1,4, M) — ((I)é+),®g,d>gq+1),<1><3q +1))T‘

4
(26)

If @2 has a VEV ﬁ, then the mass matrix related to masses
of [, is

(1) ap = By~ (27)

V2
We turn now to the quark sector where
543 !

Q3L = (I/l3, d3, T, T/){ ~ <3,4,#) 5

M3RN(3,1,2/3), d3RN(3,1,—1/3),

243 2+ 34’
TR~<3,1, J;CI), T;e~<3,1, +3q>. (28)

The u; gets mass through the Yukawa part,

—L!

Yukawa

= th—st(I)4u3R —+ H.C., (29)

where

PHYSICAL REVIEW D 94, 015007 (2016)

1 ,
B, ~ <1,4,—("+Z >> = (8%, 7.8\ @7 (30)
If ®) has a VEV \;—‘7 then the mass term of u3 is
u
mu3 = h17§ (31)

The other Yukawa terms related to Q5; are

_L.f’ukawa = th73L(I)3d3R + hTQ73Lq>2TR
+ W7 Q3, @, T} + Hec., (32)

which give three mass terms:

v w vV
m, =ht—, my =hl —, mp =hl —.
ds \/§ T \/E T \/i
(33)
Two other quark generations are
143 !
thL - (da’ _ua’Da’DIa){ ~ (3?4*’ _%—’_q)>,

a=1,2,
Uop ~ (3.1.2/3).  de~(3.1.-1/3),

143 1 43¢/
DHR~<3,1,— J;q>, D;R~<3,1,— +3q>.

(34)

The relevant Yukawa terms are

_Lleukawa = hg%' () (I)Jl d/"R + hz% Our Q); Upr

R OD s + KT Dl + Hec,

(35)
from which it follows that
u o v
(mdz)aﬁ = hgﬁjz’ (muz)aﬂ = _ha,%ijﬁ’
10} .,V
(mp,)op = haDﬂzﬁ’ (mpy)op = hig N (36)

We emphasize that if all fermions except neutrinos have
the right-handed counterparts, then only four Higgs qua-
druplets are needed. Because the sum of the X charges over
four Higgs quadruplets vanishes, in the Higgs potential,

; ; ; i ol k!
there always exists an antisymmetric term €;;;; Pj P, P3P;.
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C. Gauge boson masses

Gauge boson masses arise from the covariant kinetic
term of the Higgses,

4
Ltiiges = Z (Dﬂ<¢i>>TDﬂ<(I)i>' (37)
i=1
The covariant derivative is defined as
15
D, =0,-ig» AyT,—igXB|T
=0, - ingyC - igPSC, (38)

where g, ¢ and A,,, B, are gauge couplings and fields of
the gauge groups SU(4), and U(1)y, respectively. For the
quadruplet, Ty = ﬁidiag(l, 1,1,1), and the part relating
to neutral currents is

A15 B//

1 A
PNC = _dia (A R R X —,
T\ BT AT e T A
/!

Ay A
— A+ TR Xy

s
2 A, B B
RSy aniy: S o f) 39)

where the spacetime indices of gauge fields are omitted for
compactness, and 7= ¢ /g. The part associated with
charged currents is

1
P,EC - E;ﬂaAaﬂ; a= 1727 47 57 677797 10’ 11’ 12’ 13’ 14

o wr oWy wy
1 w- 0 W;3(l+q) W;:EIH/)
V2wl w0 wi
wi, wi w0/,

(40)

where we have denoted v2W/, = A — iA%, and so forth.
The upper subscripts label the electric charges of gauge
bosons. We note that this part does not depend on the
X-charges of quadruplets.

u® +v? %(uz—vz) %(uz—v

10,24 .2 2
NG g ;U + 0" +407) 3

mass 4

L (u? +0?-20°)
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To summarize, with the following Higgs vacuum
structure,

(@3) = <0,\/%,0,0>T, (@) = <

masses of non-Hermitian (charged) gauge bosons are
given by

Sl =

(41)

g +u’) g’ + o)
m%v = 4 ’ m%Vm = 4 ’
2 2
, P +a?)
My, = 4 ’
o P+ V?) I (02 4 V?)
My, = 4 ’ Way — 4
7 (0* +V?)
My =———F (42)

By spontaneous symmetry breaking (SSB), the following
relation should be in order: V > @ > u, v, and from (42)
one gets

2 + 1% = v, = 246 GeV2. (43)

D. Neutral gauge bosons

Inserting Eq. (39) into the Higgs multiplets, we get the
mass terms

M2N G

g Ag  Ajs B"\?
magg—z[u2<A3+7+7+X¢4l7

A B// 2
o < A3+\f f+ o f)
+ 2< 24y (A5 | xo BH>2
a) —_—— —_—
V36 T
34,5 B

ol Zpena )]

In the basis (As,,Ag,.A;s,. B,), the respective squared
mass matrix is given by

(44)

75 (X, 1> = X, 0%)
%(X(muz +X<I> ’1]2 —2Xq)2602)

(45)

W+ +w?+9V?) \/-(X%u +Xp,0° +Xo,0" —3Xp V?)

%(Xéﬂ +X5,0° +X5,0° + X5 V?)
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Following the above assumption, the SSB following the pattern

SU(4), ® U(1)y — SU(3), ® U(1)y — SU(2), ® U(1), ~> U(1),,

will be used for constructing the matching relation of the gauge couplings and U(1) charges of the group SU(4), x U(1)y
and those of the SM gauge group SU(2); x U(1),. Corresponding to each step of the breaking, the neutral gauge boson

states will be changed as follows:

SU4), ® U(l)x

As.Ag.B Z)

— "SU12), @ U(1)y

At the first step of breaking, the nonzero VEV V # 0 just
results in Mrznlgg - Mi:i = Mrznjgg|w:v:u:0’ where the Mi3 is

0 0 0 0
7 0 0 0 0
0 0 _if/%/z 3czltéV2

The transformation Cy3 relating the two before- and
after-breaking bases, namely, (A3, Ag, A5, B")T = CI; x
(A3, Ag, B, Z])T, is given by

1 0 O 0
0 1 0 0
Cp3 = , (48)
0 0 cg5 43
0 0 —s43 cs3
with
t 2v/2
¢ and S22 (49)

3 =—F—— Sy = .
. V8 + 22 . V8 + 22

After this step, only A5 and B” mix with each other to
create the U(1)y gauge boson, denoted as B’, of the
SU(3), x U(1)y group. Also, the case ¢ =0 leads to
cy3 = 0 and s43 = 1, implying that the SU(4), decouples
from the U(1)y. The diagonal squared mass matrix can be
found as M2, = C4;3sM2%,CY, = diagonal(0, 0,0, %) in-
cluding three massless and one massive values.

Similarly, the second step of the breaking from
SU(3), xU(1)y - SU(2), x U(1), can be done by the
second transformation Cj, satisfying (As, Ag, B',Z])T =
Cl, x (A3, B, Z4,Z)", where Z4 and Z], at this moment,
are not mass eigenstates. The squared mass matrix now is
Mai& = M, = Miidl,—u—o s0 that (A3, Ag, A5, B")" =
CL, x (A3, B, ZY,Z))T. The concrete transformation of the
two steps of the breaking are C4, = C3,.Cy3. These trans-
formations are given as follows,

A3.Ag.Ags,

2 SUG), @ Uy
8237, . s
ST U(1)0:A.2,24, 2, (46)
1 0 0 O
0 ¢ 53 0
C — )
32 0 —832 C3 0
0 0 0 1
1 0 0 0
C 0 3 cg353 S435%: (50)
42 — )
0 =53 cy3cn Sp3cm
0 0 —S843 C43
where
202 V8 + c*t?
s = = R
2L +8 B+ (B + )P
bts bt
€32 R (51)

VPR +8 BB+ AR
After two steps of breaking, the squared mass matrix,

7 _ 2 T
M42 - C42M42C42

0 0 0 0
0 0 0 0
g
B 4w? V2(=1+cqzsy3bt)w?
410 0 3, T s
0 0 V2(=14cyzsizbt)w?  (=1+cu3543b1)2 w49V

2
354353 6545

(52)

contains two massless eigenvalues corresponding to
the A; and B gauge bosons of the SM gauge group
SU(2);, x U(1)y. The two states Z and Zj are still not
eigenstates, but they decouple from the SM gauge bosons.
They can be easily diagonalized, but that will be done later.
To find the matching condition, we pay attention to the B,
state involved with the neutral part of the covariant
derivative that changes following the steps of the breaking,
namely,
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41 .
Dr(leut).ral/,t =0, — ig(A3,T? + Ag, T® + Ay5, TV

+1x X x BT"®)

21 .

- Dfleuz.ralﬂ = a;t - lg[A3/4T3 + C3zBMT8 + C43S3zBﬂT15
4+t X X X S43S3zBﬂT16]
. . gt
=0,—igA;,T> —i
SR 8+ (0 + )P

x B,(bT® + cT" + X1,), (53)

where all Ag s and B” are replaced by B based on (50).

Identifying the D,(,zl) in (53) with the covariant derivative

defined in the SM, we derive that the gauge coupling of the
SU(4), is the SU(2), coupling g. The other two important
equalities are

gt

= bT8 4+ TV + X1y,
8+ (b2 + 2)P !

=g, and

M|~

PHYSICAL REVIEW D 94, 015007 (2016)

We emphasize the ratio of two couplings—the parameter ¢
is symmetric in changing from ¢ to ¢’. To see this, with the
help of Eq. (3), the above formula can be written in terms of
g and ¢ as follows:

2\/§SW

\/1—[q+q’—qq’+%(l+q2+q’2)]~?€v

t (56)

Keeping in mind that s3 = 0.23, from (56) we get the
constraint on electric charges of the new exotic leptons EZ
and EY namely,

3
9+d —qq +5(1+q*+4%) <4 (57)
The squared mass matrix (52) can be diagonalized by a
matrix C%,, which gives two mass eigenstates Z} and Z, in
the second step of the breaking. While the breaking from
SU(2), x U(1)y to U(1), is taken by the well-known

(54)  transformation C,j, the two transformative matrices are
where g, and ¥ are the coupling and charge operator of the sw cw 0 0
SM U(1), gauge group. The secoAnd formula in (54) is cw —sw 0 0
consistent with the identification of Y from the definition of Co = 0 0 1 ol
the electric charge operator (1). Furthermore, it can be seen
that N = ¢T" 4+ X and b = f//3 are relations between 0 0 01
parameters defined in the gauge groups SU(4), x U(1)y 1o 0 0
and SU(3), x U(1)y. , 01 0 O
From g,/g = sy/cw, where s%, = 0.231, we find G, = 00 o o | (58)
2v2 0 0 —Sq  Cq
ﬁ:z: VF?’ —. (55)
9 \/1 —(1+5>+c%)sy where ¢, = cosa and s, = sin a satisfy
|
o= 2V2(=1 + cyzsigbt)w? _ 4v2s43553 (=1 + cazs53b0)W (59)
2a S4355 |:(—1+043s4231721)2w2+9V2 _ %] 8s3w? — sL,[(—1 + cy3543b1)*w? +9V?]"
S43 53
Then we have M3,, = C4,M3,C'}, = diag(0,0, m%,, m2, ), where
b 3 4
m2, = (M2)s; = g [3s2V? i 2V2¢4843 + Sas32(=1 + bsgzcast)*w?
% By 2533 65335% ’
m2, = (M2,,)4 = 9_2 32V2 20254843 — Cos32(—1 + bsyzcast) W (60)
Z, 42d)44 4 2333 6si3s%2 :

The total transformation after all steps of breaking is C = C5;.C%,.C3,.C,3. The squared mass matrix of the neutral gauge

boson transformed under this rotation is derived as

M3, = C.MEE.CT = diag(0,0, m%, . m%,) + 6M3,, (61)
3 4

where 5M7, is a4 x 4 matrix having the property that (6M7,);; = O(my,) with all i, j = 1,2, 3, 4. In addition, (6M7, ),y =
(6M3%)),; = 0 with any i = 1, 2, 3, 4, and (6M73,),, = m%. We can approximately consider M7, as the diagonal matrix,
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where C is the transformation relating the original and physical bases of neutral gauge bosons (Asz, Ag, A;s, B”)T and

(A, Z,Z5,7Z4)7; precisely,

— "
A, = syAs, + cw(cnAs, + ca3s0A1s, + Sa350B),),

~ /!
Z, = cwAsz, — sw(c3Ag, + Ccu353A s, + 54353B),),

~ ! J— 1
Z3, =75, = —53C,Ag, + (€43¢32Cq = 5435)A 15, + (S43€32¢4 + €4354) By,

Zy, = Zﬁ;,, = 5328448, — (ca3¢3284 + S43Ca)A15,4 + (ca3¢q — S43C323a)B;’4/- (62)

Now we return to the Higgs content of the model. From

the above presentation, we explicitly see that

(1) Ifq,q #0, q.q' # —1, and g # ¢, then the Higgs
sector is smallest containing only four neutral Higgs
fields.

(2) The case ¢ = ¢’ = 0 has been considered in [16],
where the Higgs sector contains ten neutral Higgs
fields, and there are three non-Hermitian neutral
gauges. This case is extremely complicated.

(3) The case ¢ =¢ = —1 has been considered in
[14-20].

(4) The case ¢=0, ¢ =1 has been considered
in [2,9,21].

(5) The case g = -1, ¢’ =0 has been considered
in [21].

(6) SU(4)(L) x U(1)(X) models with a little Higgs
have been presented in [22].

Let us summarize the SSB pattern. At the first step of
symmetry breaking through V, only the following fields
get masses: the prime fermions including the exotic
leptons Ej, quarks 7" and quarks D); and the gauge
bosons Wi, and Z”. At the second step of SSB through
w, all remain exotic fermions—exotic leptons and quarks
get masses. The charged gauge bosons in the top right
corner of the non-Hermitian gauge boson matrix [see,
(40)] and the extra Z' obtain masses. Finally, the last step
is possible through u# and v and all the SM fermions and
gauge bosons get masses.

Let us take time to briefly review the development of the
SU(4) ® U(1) models. To our knowledge, the first attempt
by Fayyazuddin and Riazuddin [23] introduced the dec-
uplet. With the electric charges of leptons ¢ =0, ¢’ = 1,
the limit on the sine-squared of the Weinberg angle was
obtained: sin?@y, = 0.25 and the bound for unification
mass is as follows: 3.3 x 10* > my > 6.4 x 10° GeV. At
that time, the particle arrangement in Ref. [23] was not
correct. The next step belongs to M. B. Voloshin [8] who
attempted to solve the problem related to the realizability of
the small mass and large magnetic moment of neutrinos.
For this purpose, the author focused on the lepton sector
only where the particle arrangement is the same as ours
(see below).

The 3-4-1 model in the form discussed here was
proposed in [2,9]. The questions concerning anomaly

[

cancellation and quantization of electric charge and the
neutrino and generation nonuniversality were addressed in
[13] and [24], respectively. In [25], the neutrinos and
electromagnetic gauge invariance were discussed, while
the Majoron emitting neutrinoless double beta decay in the
minimal 3-4-1 model with right-handed neutrino contain-
ing a decuplet were addressed in [25,26]. In association
with discrete Z, symmetry, the model without exotic
electric charges providing a consistent mass spectrum
was proposed in [27]. The SU(4)gw) x U(1) ;) model
with left-right symmetry was proposed in [28]. It is
interesting that the electroweak unification of quarks and
leptons in a gauge group SU(3) x SU(4) x U(1) was built
in [29]. The muon anomalous magnetic moment in the
SU(4) x U(1)y model was considered in [30]. The neu-
trino mass and mixing in the special formalism were
presented in [10].

It is worth mentioning that, except for the susper-
symmetric 3-4-1 model [31], the Higgs potential con-
taining a decuplet is presented for the first time in
this paper.

Now we turn to the model similar to the one originally
built in [2,9], with ¢ = 1, ¢’ = 0.

II1. MINIMAL 3-4-1 WITH RIGHT-HANDED
NEUTRINOS

Let us consider a model in which leptons are arranged as

far = (Va, la,lg,vf,){ ~(1,4,0), a=-e,pu1, (63)

where we have in mind that 1§ = (vg)¢ and the charge

conjugation of f.r: for = (far)® = Weg: log- Lar- Var)"-
One quark generation is in quadruplet:

2
031 = (u3.d3, T, T")I ~ (3,4,§>,

M3RN<3,1,2/3), d3RN(3,1,—1/3),

5 2
Te~(3.1.2),  Tp~(31%) 64
R < 3) R < 3> (64)

The exotic quarks have electric charges: gy = % qr = %
Two other quark generations are in antiquadruplets:
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1
QaL = (da’_”a’DasD:J)Z ~ <374*,_—>, a=1,2,

3
Ugr ~ (3’1’2/3) daRN(3’1’_1/3)’
4
Dy~ 1(31,—=]),
e~ (31.55)

DR~<3,1,—%). (65)

The exotic quarks have electric charges: gp = —%,
dp;, = —%
Applying Eq. (1) to Eq. (63), we obtain
b=-V3, ¢=0, X, =0. (66)

Then the electric charge operator, for the quadruplet, has
the form

Q = diag(X, -1 + X, 1 + X, X). (67)

For SSB, we need four Higgs quadruplets, namely,

x =000 09"~ (1,4,0),
¢ = (P70, 9% $7)" ~(1,4,-1),
= (PP " py) ~ (1,4, 1),
n=(nl.my 030" ~ (1,4,0). (68)

In [19], the Higgs sector contains only three Higgs
quadruplets, but to produce masses of charged leptons
and neutrinos, the nonrenormalizable effective dimension-
five and -nine operators were used. Here we prefer the
original way in [2,9].

The Yukawa couplings for the quark sector are

Lq

Yukawa —

= h'Q3 nusg + h* Qs pdsg + h" Q39T x
+ " Q3 Th + W5 0artdgr + s Qarp  upr
+ h; QL' Dy + hD’ Qux' D + He.

(69)

If the Higgs sector has VEV structure as

) = (o,o,o,%)T, (#) = <0,0,\%,0>T,
(o) = (0,%,0,0)T, (o) = (%,0,0, 0>T, (70)

then the quarks get masses as follows:

PHYSICAL REVIEW D 94, 015007 (2016)

u v
mu - htiv m = hbi’
3 \/E ds \/E
0] , V
mp=h" . mp =R,
V2 V2
u v
(Ma,)qp = hgﬂ\/z (M, )ap = h?zlzfﬁ
0] n V
(sz) aff — haﬂz\/’ (mD ) hgﬂ \/‘ (71)

Until now, the leptons were massless. To produce masses
for leptons from the renormalizable Yukawa interations, we
base it on the product Hng ~ 64 @ 105. If an antisym-
metric 6 is used, then the lepton mass matrix will be
antisymmetric; consequently, one lepton is still massless.
So, the better way is to introduce a symmetric decuplet
(104) given by

HY HY H; H)
HY Hy™ H§ H3
Hf HS H;" Hj
HY H; H} H)

H' ~(1,10,0) = (72)

The gauge-invariant Lagrangian of the 10-plet is given by
LY =Tr[(D,H)'D*H'| - V. (73)

We will show that the Higgs content written in (72) should
be redefined. To clarify this, let us consider the kinetic part
of H' in (73)

L o = Trl(9,H') 0" H
= [0,HY0"H) + 0,HY O"HY + 0,H{ T 0" H{~
+ 0,H3 T0"Hy~ + 2(0,HY O*HY + 0,HY 0*HY
+ 0,H{ 0"HY + 0,H; 0"H;
+ 0,H7 9"H5 + 0,H | 0"H7)]. (74)

The factor 2 in the second line of (74) shows that
nondiagonal fields in (73) must be redefined as follows:

V2HY  HY Hf HY
g L V2HT™  HY H3
V2| Hi HY  V2H}T Hf
H) H3 H{  2H)
(75)

If so, we have
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Tr[(H)'H) = HY"HY + HY* HY + HY*HY + HY* H)
+H{YH;”+Hy"Hy™ + H{ HY
+ HyH; + H{H5 + H{H}. (76)

In what follows, we will use H only.
The Yukawa interaction for the lepton is given by

_Léfukawa - hfleHflcvR +H.c.
n.oo ) .
= 7% [Tar (V205  HO + [ o HT + Lyg HS + vpr HY)
+ 1o (W5 HT 4+ V215 Hy ™ + g H + vy H )
+ 15 (Vo HY + 15 HY + \/EleHiH +vprHY)
+ 5 (Vg HY + Lo Hy 4 LygHY + ﬁvaHS)]
+Hec. (77)

As usual, assuming an expansion of the neutral Higgs fields
as follows,

HOZU/‘l'RHg_iIHg O:€+RH(21—IIHO (78)
3 —\/§ ’ 2 /2 ]
then
0 0 0 e
(H) = 110 0 o 0 (79)
210 v 0 0
e 0 0 O
The charged leptons get mass matrix given by
! hl v
(m)ay =2 ) = =% (80

The neutrinos obtain the Dirac mass by (HY) in the same
Yukawa coupling matrix:

l l
hub — huhe

(mu)ab:\/i< g> 2

(81)

The neutrino Majorana mass will follow from (H?)
and (HY).

Noting that the mixing parameters among the charged
leptons are tiny, while those among the neutrinos are large,
the matrix in (81) must be modified. It is hoped that the
radiative corrections will provide the mixing that matches
the current experimental data [32]. We will return to this
problem in our future work.

It is emphasized that there are flavor-lepton-violating
interactions in Eq. (77).

The lepton number operator is constructed from the
diagonal generators as follows:

PHYSICAL REVIEW D 94, 015007 (2016)
L= O!T3 + ﬂTg + }’T15 + E (82)

For the general case, let us assume that the new extra
leptons E and E’ acquire lepton number [ and I, respec-
tively,

faL = (l/a’ la’Em Ea/)z’ a—==eu,rt. (83)

Applying (82) for (83), we obtain

B 1, (1 -1)
a =20, E‘fal‘—2+4(l+l), p= \/j‘; ,
_(41-3D)

V6

The vanishing of the coefficient « is a consequence of the
lepton number conservation in the SM. Thus,

(84)

21=1),, (2+1-30
V3 V6

The above formula is useful for the extensions where the
flavor discrete symmetries, such as Ay, Sz, etc., are
implemented.

Now we return to our model, where the lepton quad-
ruplet in (63) contains [ and v with lepton number (—1).
We then get

L =

Ts + Tis+ L. (85)

(36)

Hence, the lepton number operator in the minimal 3-4-1
model with right-handed neutrinos gets the form

L= \% (Tg + \%ns) +L (87)

This formula is an extension of that in the 3-3-1 model [33].
For the quadruplet, this operator has the form

L=diagl+ L 1+L~1+L—1+L). (88)

The fields with nonzero lepton numbers are listed in
Tables I, II, and III.

Now we turn to the gauge boson sector. The contribution
to the gauge boson masses from H arises from a piece,

Linass = Tr[(D, (H))* (D" (H))]
= ¢°Tr[(PC(H))T (P““(H))
+ (PYC(H))T (PYC(H))). (89)

where
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TABLE I. B and £ charges for the multiplets in the 3-4-1 model with right-handed neutrinos.

Multiplet ¢ n P H 03 Oar Ugr  dag Tr Tk Du Dy fa

Bcharge 0 0 0 0 0 ! 1 1 ! ! 1 ! ! 0
L charge 1 1 -1 -1 0 -1 1 0 0 -2 =2 2 2 0
TABLE II. Nonzero lepton number L of the Higgs fields in the 3-4-1 model with right-handed neutrinos.
Fields 0 ¢ ¢ p py my 4y HY H} H{ Hy H'" H"
L 2 2 2 2 -2 -2 =2 =2 2 -2 =2 -2 -2 -2
15 (PMH)ij = (Pu)i‘chj + (Pu)fHki~ (91)

D, =0,-ig» A,T,—igXB,Ty
a=1

For the gauge boson masses, one needs to calculate
=0, - igP,

=0, —igP¢ — igPCC. (90) (Pu(H))ij = (P){(H)i; + (Py)(H) - (92)

As a result of the symmetric form of the two quadruplets, =~ We first deal with the charged gauge boson masses being
we have (for details, see [34]) defined through

1
PSC = Ez/laAa, a=1,2,4,56,7,9,10,11,12,13, 14
a

0 W'+ o WY, 0o w+ y- N°
1 W' 0 Wi Wi | 1 w'= 0o U~ X~ (93)
V2l owhoowlt 0 o wl | Vel oyt ottt 0 k|
(W) Wy W3 0/, (N X" K- 0/,
where we have denoted V2W," = A, — iAy,, Y~ =Wy, X'~ = W5, K" = Wi, U~ = W;; and N° = WY,
The masses of the non-Hermitian neutral N° and doubly charged U** gauge bosons are
2(0* + v* + 407 (V2 + u? + 42
m%}ii = g ( 4 ) s m]2vn = J ( 4 ) > (94)

where the N° and N%* gauge bosons do not mix with other Hermitian neutral gauge bosons. The squared mass matrix of the
singly charged gauge bosons is rewritten in the basis (W=, K'*, X'%, Y'*)T as follows:

v? +u? + 0" 2v'e 0 0
2 w2 + V2 + "2 0 0
MZGi — gi ’ (95)
4 v? + V240" 2v'e

u> +w? + 0"

where v"2 = v'2 + ¢2. In the limit € = 0, all of the above
masses are the same as those given in [9] (with unique
differences associated with »”, since in [9] the authors did
not use the redefined decuplet). Note that all nondiagonal TABLE I.H' .Nonzero lepton r}umber L of fermion in the 3-4-1
elements of the matrix (95) are proportional to v'e, which ~ model with right-handed neutrinos.

are much smaller than the diagonal ones; therefore, the Fields 1, v, T T D, D,
mass eigenstates of the singly charged gauge bosons can be
reasonably identified with those given in [9].

L 1 1 -2 -2 2 2
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The physical states are determined as

W, = cos oW}, — sin 6K, K, = sin W), + cos 0K,

(96)
where the W — K mixing angle @ characterizing lepton
number violation is given by

4v'e

tan 20 = .
V2 4+ @2 — u? — 92

(97)

For the X — Y mixing, we obtain the physical states,
Y, = cosH’Y;l —sinQ’X;,, X, = sinG’Y/’l —J—cosﬁ’X,’l,

(98)
with the mixing angle @ defined as

49'e

tan 20’ = .
—w* — u? + 12

(99)

V2

The masses of the physical states are determined as

g g
me,. = Z(U +ut + "), mi, =Z<V2+W2+U”2)’

g g
ms, = Z(Vz—l—v +0"%),  m, ?(w +u? +0v"?).
(100)

From (100), it follows that
|
u2 + 1)2 + 1}//2 \/Lg(MZ _ 1)2 + 1)”2)
2 Lu? + 0 + 40 +0"?)
g 3
e =2

M2NG) = 0, implying a massless

It has a property that Det(
state of the photon.

The mass eigenvalues of this matrix can be done the
same way as in the general case. For this particular case, we

have

o 0 V2 =3t
. TV = )
P 28 + 3r°w? (104)
29V — (7432w

The transformative matrix Cy, satisfying (A, Z, Z5, Z,)" =
C41.(A3, A5, A5, B")T now has the form

1
6

PHYSICAL REVIEW D 94, 015007 (2016)
v? +u? + 0" = vl = (246 GeV)?, (101)

and bounds on the singly charged gauge boson mass
splitting are

2
my

i = mi| <my,|mi —mi —mi| <mjy. (102)
Comparing (97) with (99), we see that the mixing angle
between the lightest W and heaviest K is smaller than the
X — Y mixing angle. The mixing angle is quite small and
can be constrained from the W decay width (as in the
economical 3-3-1 model [35,36]).

From the experimental point of view, the approximation
in previous works [9,17], V = w, creates the difficulty in
distinguishing between the bileptons X and Y. So the
natural way is to assume V >> w. Note that U** and Y™ are
similar to the singly charged gauge bosons in the minimal
3-3-1 model [3], while N° and X* play the similar role in
the 3-3-1 model with right-handed neutrinos [2,4]. The
heaviest singly charged gauge bosons K* are the com-
pletely new ones that couple with the exotic quarks and
right-handed leptons only (see Sec. III A). In our assign-
ment (and also in Voloshin’s paper [8]), particles belonging
to the minimal version are lighter than those in the 3-3-1
model with right-handed neutrinos [i.e., Eqgs. (94) and
(100)]. For the original 3-4-1 model [2,9], the above
consequence is the opposite.

Now we turn to the neutral gauge boson sector. In the
basis (A3, Ag,. Ays,. B,), the squared mass matrix for the

neutral gauge bosons is given by

%(uz—vz—m/’z) _%vz
(u? + v =20* = 20"%) L (v¥ +20?)
v e o |- (103)
(u? 4+ v + @ +9V? + 40"?) 7(1} - W)
’z(v + @?)
Sw Cwe32 0 CwS32
c —SwcC 0 —SwS
Coy = W we32 wS32 (105)
0 —CaS32  —Sg CaC32
0 Sas32 —Cq —S5aC32

The squared mass matrix in the new basis is obtained as

2 2
NG mz My My (106)
M© = 2 106
41 my  myy |’
m%l
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where

20,2 2 72
m%:g(v + u* + ")

2
4cyy

m%g = g— [9saV2 ( —

24

Sa +

+
/N

24

c.V 8+ 3t2)2w2}

(3[2 + 4)CaS32
2v2

PHYSICAL REVIEW D 94, 015007 (2016)

2
My

2 b
Cw

2

+ % |:(\/§C{IS32 + sa)zu
2 2

) v+ 2(\/§sa — Ca832) 1/’2} ,

24

2
m, =% [90(211/2 + (ca + 5,V 1 3;2) } + L [( — V25 53) 282
4

312+ 4
+ (QFM) 2+2(\/_Ca+5a532)2 //2}

2v2
Ca\/ 1 —4s%,

(3 ZCW) Sa

3

s
+ = |u” + <

\/ECW> c3\/3(1 —4s3))
_ca/1—4siy

)

. ﬂsa> //2] ~O(m},),

+
( Cw\/_ \/_CW
iy = [ 20 | sy =D )+ Q)

* 4 Véey ch/3(4c3, = 3) v

2

2 _ 9 |__“a 2,2 2 2

myy =3 [ 3t2+8[4(u 20"%) + (317 + 4)v7]
+ ﬁ (322 — 8)u? — (8 + 21£% + 9r*)v® + 4(31% + 4)1//2]] ~O(m%). (107)

It can be seen that all of the nondiagonal elements are in the order of O(m3,). Therefore, they are much smaller than m%, and
3

m%;, implying that these two values can be approximately the eigeinvalues of the matrix (106). Furthermore, the largest

contribution to the m3 = (M3Y?),, in the final diagonal matrix, which is proportional to mj, x O({ “ ¥y, is also small. In

conclusion, the matrix (106) can be considered as the diagonal matrix where the eigenvalues correspond to the diagonal
elements, and the matrix Cy4; is the one relating the two original and mass bases of the neutral gauge bosons.

From the Lagrangian of the fermion,

A. Currents

Liermion = 12}7ﬂDyf (108)
f

one gets the interactions of the charged gauge bosons with the leptons in the following Lagrangian part:

CarV* Wyl + Y71

L leptons — u tar

&\% &\‘Q Sl

[UaL}/ﬂN VaL + laL}/ U
+ Ly*(coPr — sg PRIVSX,

where we have used

+ Npvs,) + E}’”(U;T_IZL

[UaL}/ﬂ(W +laL + NO aL)

— Ly*(sgPL + co PR)VS

+Xava) + 1 V”K/+VaL] +H.c.

— Lg?" Y Vg + Ly (U1, + X v5,) — Uarr* K, L] + Hee.

TIS, + U (coPr + SoPr)L W, + Tar* (5P — coPr)1 K}

Y;] + He., (109)

= _VaRy’llaR'

C o, C
laLy VaL
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From (109), we see that new gauge bosons K* play a
similar role of the SM W* for right-handed leptons with
just opposite sign of coupling constant g. This right-handed
current also appeared in [37]. The gauge bosons carrying
lepton number 2 (called bilepton gauge bosons) include
Y+, NO, U+, and X*.

For quarks, we have

L I [y (Wi dsy + YTy + NOT))

quarks = /2
+dy (U T+ X7 T)) + T KT,
+ dor 7" (=Wt + Y} Doy + N D)y )
— g Y (Ut Dy, + X, D)y )

+ Do /"Ki7Dly ] + Hee. (110)

Taking into account the mixing among singly charged
gauge bosons, we can express the above expression as
follows,

= \% (Jar Wy + JCKS + T X+ Ty
+ N+ JTTUST + Hee), (111)
where
Jils[/_ = C(')(DaLyﬂlaL + ugLyﬂdf)L - u(lLy'udaL)
— so(=Var?*lug + T1y*T, 4+ D, y*Dyy ). (112)
I = co(—var?*lug + Ty T, + D W’ Dar)
+ 8Sg([Dary"lar, + W37 dsp, — Ty dyy ),
I = coWs r*ly + Trytdsy — ugry* Dy )
+ 5 (15, 7" var, + Try"usp + dor " Do),
Iy = co (& /" var + Try*usy + dor 7" Doy
—sg (V5 7# Loy + T y*dsy — ugry* Dy ),
I =18 My + Try*dsy — tpry" Dar.
T = Uy, 4 s T + DLy yidy . (113)

It is emphasized that in the above expression, all fermions
are in the weak states. For precision, they should be in the
mass states. For the latter case, in the quark sector, the
CKM matrix will appear. In the model under consideration,
due to the neutrino Dirac mass matrix, the lepton mixing
matrix Vpyns Will appear in the J4, . So in terms of mass
eigenstates, the current in (112) has a new form:

Jw = CH(Z_/I'LJ/”V{DJMNSZ/L + SeV?R?’”VgMNsljﬁ +--
(114)

The neutral currents, including the electromagnetic current,
are
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3
94 ; . V)
2oy 2727

—LNC = e-]/;mAy +

—Q(A)(f)iA}’s]f}, (115)
where
/ 2+/2sin @
e = gsin 6y, (=¥ _ 2V2sinby (116)
9 /1 —4sin?0y,
and Z'23, which can be identified as Z'=Z and

7> = 7! ,, are exact eigenstates of the matrix (106).

The neutral currents are similar to that shown in Ref. [9],
so the reader is referred to the mentioned work. Similar to
the 3-3-1 models [38], in the model under consideration,
there are FCNCs at the tree level due to Z? and Z°.

The formula (116) leads to a consequence,

sin?fy, < 0.25, (117)

which is the same as in the minimal 3-3-1 model. As
mentioned in (56), this constraint is the same for the original
version [2,9] and for the version we are considering now.

With the particle content in both the fermion and Higgs
sectors similar to that in [23], we suggest that the
unification mass is in the range of O(10) TeV. The
possible Landau pole similar to those in the minimal
3-3-1 model [39] will be considered in our future work.
We note that some interesting aspects relating to the Landau
poles of both the minimal 3-3-1 models and 3-4-1 models
were indicated in [19].

IV. HIGGS POTENTIAL

The most general potential can then be written in the
following form:

V(n,p, b x. H) =V(n.p,é.x) + V(H),

where

V(n.p.ox) =min'n+usp'p+ 3" b+ uix'y

+ (') + (0" p)? +23(d7 )7 + A (xx)?
+ ') [2s(p'p) +26(d' ) + 27 (xx)]

+(P'P) (") + A9 ()] +25(d" ) (i)

+hwo(p"n) (n'p) + 211 (" h) (¢

+ 220 2) o) + A (@) (0

+ () () + s () (Tx

+ (fe'™ nip iy +H.c.),

p)
)
)

(118)

and V(H) consists of the lepton-number-conserving (LNC)
and -violating (LNV) parts, namely,
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V(H) = Vinc + Vinv,

PHYSICAL REVIEW D 94, 015007 (2016)
(119)

Vixe = W2Te(HH) + [fag Hi' + He) + igTe((H'HYY + 2y [Te(HOH)P
+ Tr(H H)[Ai5(n'n) + 419 (p"p) + Ao (d7 ) + 401 (rTx)]
+ 2o (("H)(H'y) 4 Ao3 (1" H) (H ) + A4 (p"H)(H'p) + A5 (¢ H) (H' p),

Viny = fox'Hy" + fan"Hy* + Jps Te(H H) (x"n) + A2 ("H) (H'n) + H.c.

In the below illustration for the Higgs spectrum, we
consider only the LNC part of V(H). The minimum
conditions correspond to the six linear coefficients of the
neutral Higgs bosons with nonzero VEVs that vanish,
leading to the six equalities shown in the appendix.

The squared mass matrix M3 of the doubly charged
Higgs (DCH) bosons is shown in the appendix. It can be
checked that det M%CH =0, so that there exist two
Goldstone bosons of the U** bosons. They can be found
exactly as follows:

\/iv/Hlii _ \/Qv/ngi — optE  wptt

There are three physical masses. In the limit v'> = 0, these
masses are

++ _
G =

(121)

1
mlzllti = Z (_/125W2 + )'247)2) = _m%lziiy
2.2
, W tw fVu
mhfi_zol‘_wu ’ (122)
where hi*, i = 1, 2, 3 are mass eigenstates of the DCHs.

Hence, in the limit o' = 0, there always exists a negative
value of —|}(=Asw? + Axyv?)|, implying a negative
squared mass at the tree level. On the other hand, when
v' # 0, the matrix M3y in (A2) gives a tree-level mass
relation, Tr(M3 ) = Y1, mfliﬁ, or equivalently,

2 2
wo+ v Vu
mi +mi +mi = Aev' + 5 (ﬂ“ i )
1 2 3 wv

(123)
|

(—VHF —woi + uny)

Gt =
\ /W2 + u2 + 1)12
o (b = Vi + v'HS)
W aw s

Gi —

Gi =

(120)

|

As a consequence of the vacuum stabilities that the Higgs
potential must be bounded from below, we have 1,5 > 0.
Then the sum of the two squared DCH masses (123) is in the
order of O(4,4v'%). Because the DCH are solutions of the
equation det (M3 — I X mﬁﬁ) =0, we have another
relation:

1
milﬁngimi;i =716 (=Aasw? + Ap40?)?
2 402 14y v
<V +v°+4v Iy _f u .
2 wov

(124)

The right-hand side of (124) is nonpositive because the

factor (4, — %}”) has the same positive sign with squared

masses of the heavy DCH hi*. Hence, there is always a
negative squared mass of DCH at the tree level. To avoid
DCH tachyons, the |d,sw? — Ay, 02| should be small so
that the loop contributions can raise the DCH mass to
positive values. As a result, the parameter |4,5| should be
very small, and the model predicts the existence of rather
light DCHs.

There are 12 pairs of singly charged Higgs (SCH)
components in the original basis. In the mass basis, there
are four massless pairs which are Goldstone bosons of W,
X, Y, and K gauge bosons. In the limit ¢ =0, the
squared mass matrix in the original basis decomposes
into four independent 3 x 3 matrices; see the details in
the Appendix. Each of them has only one zero eigen-
value, implying the massless state, and two other massive
values. All of the massless states are

(=Vis + v'Hy + vpy)
(zuny + vpi + v'Hy)

Vu? +v? + 02

(125)

In this limit, it is easily to identify that G¥ = GT, G¥ = G5, Gx = G5, and Gj; = G which are respective Goldstone

bosons absorbed by Y+, X*, K*, and W* bosons.

With o' # 0, the masses as well as mass eigenstates are a bit complicated. For illustration, it is enough to consider here the
limit ', ¢ = 0. The mass eigenvalues of the other eight pairs of SCHs are
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1
m%z]i = 4 (/123”2 - /125W2), m,zlzi = 4 (/123142 - 124112),
2,2 2 2
2_l/l+l) wV 2_” +w fUV
My == </110 —f%), M =— A - ).
2 2 2,2
mzi:V +w /115—@, 2i_V +v /112—fwu ’
h3 2 Vw hg 2 Vo
1 1
mi; =1 (A V2 = Apsw?), mi; = — (A V? = dpyv?), (126)
with the respective mass states as follows:
hE=HE,  hi=HE h;:M, hf:u¢?+wﬁ’
vi? + v Vi +w?
VT W

The model predicts two rather light SCHs, hf and h3,
because /;; should be in the order of O(1), [4sw| is not
too large, and u, v/, and v are in the electroweak scale.
There are ten neutral Higgs components in the original
basis. Four of the ten CP-odd neutral Higgses are
massless, of which the four independent combinations
of them are four Goldstone bosons of the Z, Z%, Z3, and
N® gauge bosons. But there is still one more massless
state, which is exactly HY, at the tree level. In the limit
€ — 0, the mass eigenstates of the CP-odd neutral Higgs
are shown explicitly in the appendix. There are five
massive states, with eigenstates denoted as H,. (i =1, 5),
where three imagined parts of H(1).2,4 are approximate
|

[— &)

4

(2/123”2 — Aoy = 2My60"% = /125W2)7

(2/122‘/2 - /1241)2 - 2/1161/2 - ﬂ25W2>.

[

egeinstates. The condition of the positive mass of the CP-
odd neutral Higgs H,, shows that f < 0. There also
exists one light CP-odd neutral Higgs boson.

In the neutral sector, one of the ten CP-even neutral
Higgs bosons is the Goldstone boson of the N%* boson. The
squared mass matrix separates into two submatrices,
namely the 4 x4 and 6 x 6 matrices. They are denoted

as M%HO and M%HO, corresponding to the two respective
sub-bases (Re[HY], Re[HY],Re[r}], Re[n}])T and (Re[HY],
Re[r9], Re[#)], Re[p], Re[n)], Re[HY])T. The massless val-

ues are contained in /\/l% o In the limit ¢ — 0, three other

(e t2)

mass values are

5 _V2—§—u2
h 2

2

fwo
Vu

m

(127)

The mass eigenstates (hY, 19, h9) and the Goldstone bosons G yo- in this case are

\4 u
G o T vie v | (Rely?
h=Re[HY).,  hQ=Re[H!), ( v ) - v vy ( %]>
h2 \/VZJru2 \/V2+u2 Re[ﬂ4]

It can be seen that while the two last are very heavy with the
order of the SU(3), and SU(4), breaking scales, the first
Higgs boson may be lighter because |1,sw?| should not be
large as discussed above. So it may be the SM Higgs boson
or that in the 750 GeV diphoton excess.

Now consider the second mass matrix M%HO. From our
investigation, in general it is easy to check that

|

det M3, # 0. But if o/ = 0, M3,
In addition, if ' = v = u = 0, the matrix has two massless
values, implying that there may be two light CP-even
neutral Higgs bosons. Hence one of them can be identified
with the SM Higgs boson, meaning that the Higgs sector of
the model under consideration is reliable. The main
contributions to the four heavy Higgs bosons are

has a massless value.
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1
my, = —=fwv, my, = 1 (A V2 = Zosw?),

0
hS

m2, = dgw? + A4V & \/ (=AgW? + 24V2) + 2wV,
6,7

(128)

To conclude, in the Higgs sector, we would like to
emphasize two important results. First, the above inves-
tigation can be applied for the models where the 10¢ H is
not included. Second, the model predicts many Higgs
bosons with masses near the TeV range that today colliders
can detect. Hence, this aspect of the Higgs sector should be
explored in more detail.

V. PHENOMENOLOGY

Our aim in this section is to find some constraints on the
parameters of the model. From mixing of the singly
charged gauge bosons, we have some special features
related to the SM W boson.

(1) In the model under consideration, the W boson has

the following normal main decay modes:

W= = ly(l=e,p,1),

N\ ud, u¢s,u‘b, (u - c), (129)

which are the same as in the SM. Due to the W — K

mixing, we have other modes related to right-handed
lepton counterparts, namely,

(130)

W~ - ZRZN/ZR (l = e,,u,’r).

It is easy to compute the tree-level decay widths as
follows [40]. The predicted total width for the W
decay into fermions is

rtvgt_104 (1— 2)+ MQW. (131)

4syy

This is quite similar to the case of the economical

3-3-1 model [36]. From the recent data of the W+

boson [32]: a(my)=1/128, my = 80.385 +

0.015 GeV, T =2.085 £0.042 GeV. The s, is

less constralned than that of [36], with an upper
bound of 54 < 0.19.

(2) In the model under consideration, the muon decay,

U=+, +u,,

consists of two diagrams mediated by W and K. The
Feynman diagrams are on the left in Fig. 1.
The decay width is given by

PHYSICAL REVIEW D 94, 015007 (2016)

e e

uw W, K w X, Y

c

vy Vp,

FIG. 1. Feynman diagram giving contribution to muon decay.
The left and right diagrams present the main and wrong decay

channels, respectively.
4 5
1 1
6144Jr my, Mg

(132)

T~ = e +0,+v,) =

Because the model predicts the wrong decay
W~ — e +v,+1,, we assume that the total decay
of the muon is =TIy~ >e +0,+
v,) +T(u~ = e +1,+v,). This result will be
used for in a future study.

(3) The wrong decay of the muon is

total
rﬂ

U= e+t

where the Feynman diagram is on the right side of

Fig. 1. The branching ratio of the wrong decay
Br(u — ev,,) <0.012 leads to the following
constraint:
1 1
P
<0012 or
TR T
1 1 1 1 1 0.012
4+—4 0.012 —4+—4+—4>< 1
my my Mg my My My

(133)

In the limit V > w, i.e., 1/m%, 1/my < 1/m}, we
obtain the below constraint of my: my > my X
v/82.333 =242 GeV. This is consistent with those
in Ref. [41]. In the limit of V = w, implying that
m% =m3 =m%/2, the constraint is more
strict: my > my, X v/164.417 = 287 GeV.

(4) The p — e conversion: The charged current of the
model under consideration has a similar structure as
the ones discussed in [41-44], so these have similar
results as the y — e conversion. In particular, the
mass of the doubly charged bileptons U** satisfies
my=: > 135 GeV [43]. Note that this result was
concluded for the SU(3),, but it is the same for the
SU(4), because they have the same gauge cou-
plings. This constraint is less strict than the con-
straint from the wrong muon decay because my+ and
my== are related with only the SU(3), breaking
scale w.
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VI. CONCLUSION

In this paper, we have analyzed the 3-4-1 model with
arbitrary electric charges of the extra leptons. The scalar
and gauge boson sectors are presented in detail. The mixing
matrix, the eigenmasses, and the eigenstates of the neutral
gauge bosons are analyzed. For future studies, we will
focus on the scalar sector, especially the neutral one, in
which the SM-like Higgs boson is contained.

Next, we have presented a new development of the
original 3-4-1 model. Different from previous works [2,9],
in this paper, with the assumption of a new nonzero VEV of
a neutral Higgs component in the decuplet H, some
interesting new features occur: (i) the neutrinos get
Dirac masses at tree level and (ii) the mixing among the
singly charged gauge bosons leads to the appearance of a
new small contribution to the decay width of the W boson,
the same as that shown in the economical 3-3-1 model. But
under the present W data, the constraint of the mixing angle
is less strict. The model also predicts the existence of many
bileptons, including new quarks and gauge and Higgs
bosons, as well as the LFV interactions. Like the 3-3-1
models, many of these bileptons contribute to the LFV
processes, such as the wrong muon decay and the u — e
conversion. If the SU(4), breaking scale is much larger
than the SU(3), breaking scale, so that it gives suppressed
contributions to the LFV processes, the constraint of the
SU(3), breaking is the same as what was indicated in the 3-
3-1 models. In contrast, if the two breaking scales are close
together, the lower bounds of the SU(3), breaking scale
significantly increase. We see this point in the case of the
wrong muon decay, where the lower constraints of my are
242 and 287 GeV, corresponding to the two mentioned
|
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cases. We have also derived the lepton number operator,
and the lepton number of the fields in the model is
presented.

As in the minimal 3-3-1 model, in the 3-4-1 model with
right-handed neutrino considered here, there exists a bound
on the sine-squared of the Weinberg angle, namely,
sin? @y, < 0.25. The constraint on the electric charges of
extra leptons has been obtained as well.

The Higgs sector is roughly studied. In the limit of lepton
number conservation, the Higgs sector contains all mass-
less Goldstone bosons for massive gauge bosons and the
SM-like Higgs boson. The model we have considered is
quite interesting and deserves further study.
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APPENDIX: HIGGS SPECTRUM

This section pays attention to the Higgs potential
satisfying the lepton number conservation. In addition,
the squared mass matrices are written in the limit of € = 0,
except the squared mass matrix of the doubly charged
Higgs which is independent of e.

1. Minimal conditions of the Higgs potential

We list here six equalities for minimal conditions of the
Higgs potential:

1
M% = [2/11662(7/2 - 62) — A€ V? + Jose*W? + Jpue?v? + 2fVwou]

4
1

|:2/12U2 + /1511!2 + /18W2 + /19V2 +

1
ﬂ%:_i

1
'M% = —z |:2/13W2 +)~6M2 + ﬂgvz +/1/9V2 +

fwVu
v 2

%4 1
f’/l v —|—),201J//2 + 51251)/2:|’

2 [ﬂ,]gvﬂz + 2},1”2 + ljl}z + A6W2 + 17‘/2],

1
+ 1191]”2 + _/124U/2:| s

w

1
1y = =5 224V 4 dqu + g0 + Ayw? + Ay 0]

42

1
—— 2fVwuw + 2214€* (12 — €%) — A3€2U> + Apy€?v* + pse*w?),

1 1 1
ui = [’1161/2 + 2270”4 Aygu® + (/119 + 5/124> V2 4 AggW? 4 Ay V2 +- Eﬂzswz} ;

2
. €

/4 2Vu

[2&16(1}/2 - 62) - /122‘/2 - /123142 + 1241)2 + 125W2}.

(A1)
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2. Squared mass matrix of doubly charged Higgses
Squared mass matrix of the doubly charged Higgses in the basis (H{*, H5 =, p**, ¢**)7 is given by

2/1161)/2 + /124’1]2 - ﬁzswz 2)“16 ’Ul2 \/2/124’1}1}/ \/E/lst’U/
2 1 2/1161],2 - 124122 + //{25W2 \/5/1247)1]/ \/E/{zsw/ljl
Mipen = 5 2 _ 2fwVu . (A2)
4 2/111W _— = 2&11WU—2fVM

2 _ 2fVou
2&11 v e

3. Squared mass matrices of singly charged Higgses

The squared mass matrix of the singly charged Higgs consists of two independent 6 x 6 matrices. They are denoted as
M3, and M3, with respective sub-bases (H{, 7. 15, x5 Hi . p3)" and (¢35, x5, Hy . ny . pf. Hy)T. In the limit e = 0,
they divide into four independent 3 x 3 submatrices, denoted as

Ml h 0 MZs h 0
Mlsch ( ¥ 7o) )’ and M%sch = < < " >’

0 Mo 0 Moy
where
Dostt? — Dpsw? Aoswt' Dosut)
(MB,) = % 203U — Aysv'? — # 2(Azwu — fVv) , (A3)
213w + Ay’ — 2f‘;w”
Appv'? + 245507 — 20 A V' 2(Aa Vo — fwu)
(M/llszch) = i A V? = Ay Ao’ ’ (A4)
2043 V? = dyyv'? — 20
20,5V? = Dpsv'? — AL 2(A1sVw — fou) dosv'w
(MB,) = % 205w + Ao’ — 2L Ay V' , (A5)
A V? = Josw?
and
Ag3v'? + 20902 — L0 2(Ajpuv — fVw) Aozv'u
(Misn) = % 200u® = dogv'? =V v : (A6)

2 2
AU — Ay

4. Squared mass matrices of CP-odd neutral Higgses

This 10 x 10 matrix has a massless state of Im[H' (3)], even € # (. Furthermore, the remaining part separates into two 4 x 4
and 5 x 5 matrices, corresponding to the bases of (Im[y?], Im[r9], Im[HY], Im[HY])T and (Im[p3], Im[¢3], Im[;9], Im[?],
Im[HI))T. In the limit € = 0, the following Higgses are identified with mass eigenstates:

Im[Hg] = I‘IA1 s mil = (2/122‘/2 - 21161}/2 - /1247J2 - /125W2),

Im[H?] = HAZ’ miz = (2/1231/!2 - 2&161)/2 - /124’[]2 - /125W2),

(A V? + Qpgu? = 22,60"% = Jpa0? — dpsw?). (A7)

Bl A= B —

Im[H3] = HA3’mi3 =
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The nontrivial parts of the two matrices are now 2 x 2 and 4 x 4 which relate to the four Goldstone bosons, including G yo
and Gz, (i =1, 2, 3), and the two massive CP-odd neutral Higgses, in particular,

Vv u
() (72 )
HA4 - th 2 ‘z/ 2 Im[ﬂg}
\/;:u— Votu
and
B vf-&-uz 0 U2v+u2 0
Gz, - )
vu? > 4u*V _ ur? 0
G22 o A(vz+u2) 0 VA \/A(1;2+u2) Im[¢3] ’ (Ag)
GZ? _ VP Aw Volu? _V2iu Imb(g]
Has vt v ey v | \IE
VB VB VB VB

where A = V202 + u?(V? + 2?), B = V20?(w? + u?) + w?u?(V? + v?). We note that three Goldstone bosons absorbed by
the three Hermitian gauge bosons, Z; (i = 1,2, 3) are linear combinations of the above massless states, G . But the G,
mainly contributes to the Goldstone boson of the SM Z boson. The masses of the Hy,  are

, (VP +u?) ( fwv>
Mg — .

i, T Vu
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