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I present approximate next-to-next-to-leading-order (aNNLO) total and differential cross sections for
charged Higgs production in association with a top quark at LHC energies. The aNNLO results for the
process bg → tH− are derived from next-to-next-to-leading-logarithm (NNLL) resummation of soft-gluon
corrections. Scale and parton-distribution uncertainties for the cross sections are shown. The top-quark
transverse-momentum and rapidity distributions are also calculated.
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I. INTRODUCTION

The Higgs sector of the standard model and its exten-
sions is a focus of particle physics theoretical and exper-
imental programs. In two-Higgs-doublet models, such as
the minimal supersymmetric standard model, one Higgs
doublet gives mass to the up-type fermions while the other
to the down-type fermions. The ratio of the vacuum
expectation values for the two doublets is denoted by
tan β. Among the five Higgs particles in such models there
are two charged Higgs bosons, Hþ and H−.
QCD and SUSY-QCD corrections for the associated

production of a charged Higgs boson and a top quark
via the partonic process bg → tH− have been calculated
through next-to-leading order (NLO) in Refs. [1–9]. The
NLO corrections provide a substantial enhancement of the
cross section and they reduce the scale dependence.
An important class of radiative corrections comes from

soft-gluon emission. Near partonic threshold for the pro-
duction of the tH− final state these soft-gluon logarithmic
corrections are dominant and large; thus, their inclusion is
necessary to extend the precision of the theoretical pre-
dictions beyond NLO.
Higher-order soft-gluon corrections for tH− production

were calculated in Refs. [10–15]. It was shown in Ref. [11]
that at NLO the soft-gluon corrections approximate very well
the exact NLO result, the difference being of the order of only
a few percent. This proves the importance and numerical
dominance of the soft-gluon corrections and is in agreement
with similar observations for other top-quark processes (see
e.g. [14,15]). Thus, we expect that at next-to-next-to-leading
order (NNLO) the soft-gluon corrections will also approxi-
mate future exact results very well (this expectation has been
validated for related top production processes [15]).
The approximate NNLO (aNNLO) corrections were

first derived from next-to-leading-logarithm (NLL) resum-
mation in [10,11] and later improved with next-to-next-
to-leading-logarithm (NNLL) resummation in [14]. The
aNNLO corrections are significant and they further
enhance the cross section.

There have been ongoing active searches for charged
Higgs bosons, first at the Tevatron [16,17] and more
recently at the LHC [18,19]. The increase in the expected
theoretical cross section should be taken into account in
these searches and in the setting of limits for charged Higgs
production in association with a top quark.
In the next section we provide some theoretical dis-

cussion and results for the soft-gluon corrections in tH−

production. In Sec. III we present total cross sections for
tH− production at LHC energies, with various choices of
charged Higgs mass as well as tan β, noting that the cross
sections for t̄Hþ production are the same. In Sec. IV we
present the top-quark transverse-momentum and rapidity
distributions in this process. We conclude in Sec. V.

II. SOFT-GLUON CORRECTIONS
FOR tH− PRODUCTION

We study tH− production in collisions of protons A and
B. The leading-order (LO) diagrams for bg → tH− are
shown in Fig. 1. The hadronic kinematical variables for
the process AðpAÞ þ BðpBÞ → tðptÞ þH−ðpH−Þ are S ¼
ðpA þ pBÞ2, T ¼ ðpA − ptÞ2, and U ¼ ðpB − ptÞ2. For the
partonic reaction bðpbÞ þ gðpgÞ → tðptÞ þH−ðpH−Þ, the
partonic kinematical variables are s ¼ ðpb þ pgÞ2, t ¼
ðpb − ptÞ2, and u ¼ ðpg − ptÞ2, with pb ¼ x1pA and
pg ¼ x2pB. We also define the threshold variable
s4 ¼ sþ tþ u −m2

t −m2
H− , where mH− is the charged

Higgs mass and mt is the top quark mass. Note that s4

FIG. 1. Leading-order diagrams for bg → tH−.
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measures any additional radiation and it vanishes at
partonic threshold.
The double-differential LO cross section is

d2σ̂bg→tH−

LO =ðdtduÞ ¼ Fbg→tH−

LO δðs4Þ where

Fbg→tH−

LO ¼ πααsðm2
btan

2β þm2
t cot2βÞ

12s2m2
Wsin

2θw

�
sþ t −m2

H−

2s

−
m2

t ðu −m2
H−Þ þm2

H−ðt −m2
t Þ þ sðu −m2

t Þ
sðu −m2

t Þ

−
m2

t ðu −m2
H− − s=2Þ þ su=2
ðu −m2

t Þ2
�
; ð2:1Þ

where α ¼ e2=ð4πÞ, αs is the strong coupling, θw is the
weak-mixing angle,mW is theW boson mass, andmb is the
b-quark mass which is taken to be zero everywhere except
in the m2

b tan
2 β term.

The perturbative nth-order soft-gluon corrections
appear as logarithmic plus-distribution enhancements,
½lnkðs4=m2

H−Þ=s4�þ, with 0 ≤ k ≤ 2n − 1. These correc-
tions can be derived from resummation, starting with the
factorization properties of the cross section in moment
space. We write moments of the partonic cross section
σ̂ðNÞ ¼ R ðds4=sÞe−Ns4=sσ̂ðs4Þ, with N the moment varia-
ble. Logarithms of s4 in the physical cross section give rise
to logarithms of N in moment space, and those logarithms
of N exponentiate.
The factorized expression for the moment-space partonic

cross section in n ¼ 4 − ϵ dimensions is

σ̂bg→tH−ðN; ϵÞ ¼ Hbg→tH−ðαsðμÞÞSbg→tH−

�
mH−

Nμ
; αsðμÞ

�

ð2:2Þ

with μ the scale. Here the hard function Hbg→tH−
involves

contributions from the amplitude of the process and its
complex conjugate, while Sbg→tH−

is the soft function for
noncollinear soft-gluon emission and it represents the
coupling of soft gluons to the partons in the scattering.
The product of the hard and soft functions in Eq. (2.2) is

independent of the gauge and the factorization scale, and its
evolution results in the exponentiation of logarithms of N.
The soft function Sbg→tH−

requires renormalization and thus
its N-dependence can be resummed via renormalization
group evolution. We have

Sbg→tH−

bare ¼ Z†bg→tH−

S Sbg→tH−
Zbg→tH−

S ð2:3Þ

where Sbg→tH−

bare is the unrenormalized function, and Zbg→tH−

S
is a renormalization constant.
Thus, Sbg→tH−

satisfies the renormalization-group
equation

�
μ
∂
∂μþ βðgs; ϵÞ

∂
∂gs

�
Sbg→tH− ¼ −2Sbg→tH−Γbg→tH−

S :

ð2:4Þ

In the above equation g2s ¼4παs; βðgs;ϵÞ¼−gsϵ=2þβðgsÞ
where βðgsÞ is the QCD beta function βðgsÞ≡ μdgs=dμ;
and Γbg→tH−

S is the soft anomalous dimension that controls
the evolution of the soft function Sbg→tH−

:

Γbg→tH−

S ¼ dZbg→tH−

S

d ln μ
ðZ−1Þbg→tH−

S : ð2:5Þ

Writing Γbg→tH−

S ¼ ðαs=πÞΓð1Þ
S þ ðαs=πÞ2Γð2Þ

S þ � � �, we
have [14]
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s

p
�
−
1

2

�
þ CA

2
ln

�
m2

t − u
m2

t − t

�
ð2:6Þ

and
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S ¼

�
CA

�
67

36
−
ζ2
2
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nf

�
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S þ CFCA
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ð2:7Þ

where CF ¼ ðN2
c − 1Þ=ð2NcÞ and CA ¼ Nc, with Nc ¼ 3

the number of colors, and nf ¼ 5 is the number of light-
quark flavors.
The resummed cross section in moment space is derived

from the renormalization-group evolution of the hard and
soft functions in the factorized cross section, Eq. (2.2), and
is given by:

σ̂bg→tH−

resummedðNÞ ¼ exp

�X
i¼b;g

EiðNiÞ
�
Hbg→tH−ðαsð

ffiffiffi
s
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× Sbg→tH−

�
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=N0
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p
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S ðαsðμÞÞ
�

ð2:8Þ

where the first exponent resums soft and collinear radiation
from the incoming bottom quark and gluon, and the second
exponent resums noncollinear soft-gluon emission (see
[14] for more details).
The resummed cross section in moment space can be

expanded in powers of the strong coupling and inverted
back to momentum space, thus providing approximate
results for the higher-order corrections from soft-gluon
emission. The aNNLO soft-gluon corrections in the
double-differential partonic cross section, d2σ̂=ðdtduÞ,
can be written as
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d2σ̂ð2Þbg→tH−

aNNLO

dtdu
¼ Fbg→tH−

LO
α2s
π2

X3
k¼0

Cð2Þ
k

�
lnkðs4=m2

H−Þ
s4

�
þ

ð2:9Þ

where the superscript “(2)” in σ̂ andCð2Þ
k indicates that these

are second-order corrections in the strong coupling. The

leading aNNLO coefficient, Cð2Þ
3 , depends only on color

factors: Cð2Þ
3 ¼ 2ðCF þ CAÞ2.

The subleading coefficients Cð2Þ
2 , Cð2Þ

1 , and Cð2Þ
0 are in

general functions of s, t, u, mH− , mt, and the factorization

scale μF, and—in the case of Cð2Þ
1 and Cð2Þ

0 —also the
renormalization scale μR. These coefficients have been
determined from one-loop [10,11] and two-loop [14]
calculations. The next-to-leading coefficient is
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where β0 ¼ ð11CA − 2nfÞ=3. The expressions for Cð2Þ
1 and

Cð2Þ
0 are much longer [14]. With NLL resummation [10,11]

we can calculate all aNNLO coefficients except Cð2Þ
0 , which

can only be fully determined by NNLL resummation [14].

The one-loop soft anomalous dimension, Γð1Þ
S , contributes

to all subleading coefficients, while the two-loop soft

anomalous dimension, Γð2Þ
S , contributes to Cð2Þ

0 .
The hadronic differential cross section can be calculated

via a convolution of the partonic cross section with parton
distribution functions (pdf). The double-differential cross

section with respect to the top-quark transverse momentum,
pT , and rapidity, Y, is given by

dσ
dpTdY

¼ 2pT

Z
1

x2min

dx2

Z
s4max

0

ds4
x1x2S

x2Sþ T1

ϕðx1Þϕðx2Þ

×
d2σ̂bg→tH−

dtdu
ð2:11Þ

where T1 ¼ T −m2
t ¼ −

ffiffiffi
S

p ðm2
t þ p2

TÞ1=2e−Y , U1 ¼ U −
m2

t ¼ −
ffiffiffi
S

p ðm2
t þ p2

TÞ1=2eY , x2min ¼ ðm2
H− − TÞ=ðSþU1Þ,

s4max ¼ x2ðSþ U1Þ þ T −m2
H− , x1 ¼ ðs4 −m2

t þm2
H− −

x2U1Þ=ðx2Sþ T1Þ; and ϕ denotes the pdf. The trans-
verse-momentum and rapidity distributions as well as the
total cross section can be obtained by appropriate integra-
tions over this double-differential cross section.

III. tH− TOTAL CROSS SECTIONS

We continue with results for the total cross sections for
charged Higgs production in association with a top quark
via the partonic process bg → tH− at LHC energies. The
results we present are for tH− production; the cross sections
for t̄Hþ production are identical. We use the MMHT2014
[20] NNLO pdf for all our numerical results in this paper.
In Fig. 2 we plot the total cross sections at aNNLO for

tH− production as functions of charged Higgs mass at 7, 8,
13, and 14 TeVenergies at the LHC. The left plot shows the
results with tan β ¼ 10 while the right plot shows the
corresponding results with tan β ¼ 30. The scales are set
equal to the charged Higgs mass. Since the tan β depend-
ence is simply given by the ðm2

b tan
2 β þm2

t cot2 βÞ factor
in Eq. (2.1), one can easily rescale the results to any desired
tan β value. We note that the cross sections decrease over
three orders of magnitude as the charged Higgs mass is
increased from 200 GeV to 1500 GeV.

200 400 600 800 1000 1200 1400
m

H
- (GeV)

10
-4

10
-3

10
-2

10
-1

10
0

σ 
 (p

b)

14 TeV
13 TeV
  8 TeV
  7 TeV

bg-> tH
-
  at LHC      aNNLO      tanβ=10 μ=m

H
-

200 400 600 800 1000 1200 1400
m

H
- (GeV)

10
-4

10
-3

10
-2

10
-1

10
0

σ 
 (p

b)

14 TeV
13 TeV
  8 TeV
  7 TeV

bg-> tH
-
  at LHC      aNNLO      tanβ=30 μ=m

H
-

FIG. 2. Total aNNLO cross sections for tH− production at 7, 8, 13, and 14 TeV LHC energy with (left) tan β ¼ 10 and (right)
tan β ¼ 30.
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In Table I we provide some numbers for the total cross
sections for selected values of charged Higgs mass at
LHC energies of 7, 8, 13, and 14 TeV. The values are for
tan β ¼ 30 and scale μ ¼ mH− .

In Fig. 3 we plot the aNNLO/NLO ratios, i.e. K factors,
for the total cross sections for tH− production as functions
of charged Higgs mass. The tan β dependence of course
cancels out in K factors. The left plot displays results at
13 TeV LHC energy. The line labeled as “central” is with
the scales set equal to the charged Higgs mass. The lines
labeled as “scale” show the variation when the scales in the
aNNLO cross section are varied by a factor of two (but
the NLO denominator is always kept at scale μ ¼ mH−).
The lines labeled as “scaleþ pdf” show the total uncer-
tainty including scale variation plus uncertainties from the
NNLO parton distribution functions as given by [20]. We
see that the K factors are sizable, indicating significant
contributions of 15% to 20%—depending on the charged
Higgs mass—from the central aNNLO corrections. The
right plot shows the central K factors at 7, 8, 13, and
14 TeV LHC energies. The K factors are larger at the

TABLE I. The aNNLO tH− production cross section in fb
in pp collisions at the LHC with

ffiffiffi
S

p ¼ 7, 8, 13, and 14 TeV.
We set tan β ¼ 30 and μ ¼ mH− , and we use the MMHT2014
NNLO pdf [20].

aNNLO tH− cross section with tan β ¼ 30 at LHC (fb)

mH− (GeV) 7 TeV 8 TeV 13 TeV 14 TeV

200 198 299 1148 1382
400 28.0 45.5 217 269
600 5.58 9.70 56.4 71.7
800 1.38 2.57 18.1 23.5
1000 0.393 0.782 6.62 8.81
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FIG. 3. aNNLO/NLO K-factors for the total cross section for tH− production at (left) 13 TeV LHC energy and (right) 7, 8, 13, and
14 TeV LHC energies.
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FIG. 4. aNNLO top-quark pT distributions, dσ=dpT , in tH− production with tan β ¼ 30 at 7, 8, 13, and 14 TeV LHC energy with (left)
mH− ¼ 300 GeV and (right) mH− ¼ 800 GeV.
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smaller LHC energies, since then the process is closer to
partonic threshold.
We note that scale variation is supposed to give an

indication of theoretical uncertainty due to higher-order
missing terms. Of course for an approximate calculation
there is also uncertainty due to the approximation; however,
there is no independentway to calculate that. The comparison
to fixed-order resultswhen those are available can indicate the
effectiveness of the approximation both for the central scale
choice and for the scalevariation. Since atNLO the soft-gluon
approximation works very well for tH− production, this
would indicate that the scale variation at aNNLO is an
adequate representation of the theoretical uncertainty.
Again, this has been shown to be a valid assumption from
related studies of top-antitop production [15]. At NLO both
the central result and the scale variation were very similar
between exact and approximate results for that process, and
the expectation was that this would also hold at NNLO.
This expectation was indeed valid as proven later by the

comparison of central results and scale variation between
exact NNLO and aNNLO predictions as discussed in [15].

IV. TOP-QUARK pT AND
RAPIDITY DISTRIBUTIONS

We continue with a presentation of differential
distributions in tH− production, in particular the top-quark
transverse-momentum and rapidity distributions.
In Fig. 4 we plot the top-quark transverse-momentum

distributions, dσ=dpT , at aNNLO with tan β ¼ 30 for 7, 8,
13, and 14 TeV LHC energies. The left plot uses mH− ¼
300 GeV and the right plot usesmH− ¼ 800 GeV. One can
derive results for any value of tan β with appropriate
rescaling. For mH− ¼ 300 GeV the distributions peak at
pT values of around 75 GeV and drop by two orders of
magnitude at a pT of 400 GeV. For mH− ¼ 800 GeV the
distributions are much smaller due to the very heavy
final state.
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FIG. 5. aNNLO top-quark normalized pT distributions, ð1=σÞdσ=dpT , in tH− production at 7, 8, 13, and 14 TeV LHC energy with
(left) mH− ¼ 300 GeV and (right) mH− ¼ 800 GeV.
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In Fig. 5 we plot the normalized top-quark transverse-
momentum distributions, ð1=σÞdσ=dpT , at aNNLO for
LHC energies. The left plot is with mH− ¼ 300 GeV and
the right plot is with mH− ¼ 800 GeV. The use of nor-
malized distributions removes the tan β dependence and
minimizes the dependence on the pdf. The dependence on
the charged Higgs mass is also milder for the normalized
distributions. We note that at lower LHC energies the
normalized top pT distribution is somewhat smaller at large
pT than it is at higher energies, as expected.
Figure 6 shows the aNNLO/NLO ratios, i.e. K factors,

for the top-quark transverse-momentum distributions at
LHC energies. The left plot has mH− ¼ 300 GeV and the
right plot has mH− ¼ 800 GeV. The aNNLO contributions
are clearly seen to be quite significant, around 15% for
most pT values when mH− ¼ 300 GeV. Again, the tan β
dependence cancels out in the K factors.

In Fig. 7 we plot the top-quark rapidity distributions,
dσ=djYj, at aNNLOwith tan β ¼ 30 for 7, 8, 13, and 14 TeV
LHC energies. The left plot uses mH− ¼ 300 GeV and the
right plot usesmH− ¼800GeV. The distributions at 800GeV
mass are of course much smaller. As before, one can derive
results for any value of tan β with appropriate rescaling.
In Fig. 8 we plot the normalized top-quark rapidity

distributions, ð1=σÞdσ=djYj, at aNNLO for LHC energies.
The left plot is with mH− ¼ 300 GeV and the right plot is
with mH− ¼ 800 GeV. We note that at lower energies
the normalized top rapidity distribution is smaller at large
absolute values of jYj than it is at higher energies, as expected.
Figure 9 shows the aNNLO/NLO ratios, i.e. K factors,

for the top-quark rapidity distributions at LHC energies.
The left plot has mH− ¼ 300 GeV and the right plot has
mH− ¼ 800 GeV. The aNNLO contributions are quite sig-
nificant, especially at large rapidity. At 7 TeV LHC energy
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FIG. 7. aNNLO top-quark rapidity distributions, dσ=djYj, in tH− production with tan β ¼ 30 at 7, 8, 13, and 14 TeV LHC energy with
(left) mH− ¼ 300 GeV and (right) mH− ¼ 800 GeV.
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and 800 GeV mass, the aNNLO corrections are 40%
at jYj ¼ 3.

V. CONCLUSIONS

I have presented aNNLO results for charged Higgs
production in association with a top quark via the partonic
process bg → tH−. Total cross sections and top-quark pT
and rapidity distributions have been calculated at LHC
energies. The NNLO soft-gluon contributions are important
and provide significant enhancements of the total cross
sections. Uncertainties due to scale variations and due to
the parton distribution functions have also been presented.

The top-quark differential distributions in transverse
momentum and rapidity also receive significant enhance-
ments from soft-gluon contributions. The corrections are
particularly large at large rapidity values.
The aNNLO corrections need to be included in theo-

retical predictions for total cross sections and differential
distributions in order to provide more precision in the
search for charged Higgs bosons.
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FIG. 9. The aNNLO/NLO K-factors for the top-quark rapidity distributions, dσ=djYj, in tH− production at 7, 8, 13, and 14 TeV LHC
energy with (left) mH− ¼ 300 GeV and (right) mH− ¼ 800 GeV.
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