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We construct the graviton two-point function for a two-parameter family of linear covariant gauges in
n-dimensional de Sitter space. The construction is performed via the mode-sum method in the Bunch-
Davies vacuum in the Poincaré patch, and a Fierz-Pauli mass term is introduced to regularize the infrared
(IR) divergences. The resulting two-point function is de Sitter invariant and free of IR divergences in the
massless limit (for a certain range of parameters), although analytic continuation with respect to the mass
for the pure-gauge sector of the two-point function is necessary for this result. This general result agrees
with the propagator obtained by analytic continuation from the sphere [Phys. Rev. D 34, 3670 (1986);
Classical Quantum Gravity 18, 4317 (2001)]. However, if one starts with strictly zero mass theory, the IR
divergences are absent only for a specific value of one of the two parameters, with the other parameter left
generic. These findings agree with recent calculations in the Landau (exact) gauge [J. Math. Phys. 53,
122502 (2012)], where IR divergences do appear in the spin-two (tensor) part of the two-point function.
However, we find the strength (including the sign) of the IR divergence to be different from the one found
in this reference.
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I. INTRODUCTION

Quantum fields in de Sitter space have received increas-
ing attention in recent years due to the accumulating
experimental evidence for an inflationary epoch during
the early moments of our Universe [1–5]. Moreover, the
observations showing that the expansion of our Universe is
accelerating suggest that it might attain a de Sitter stage in
the future [6,7]. On more theoretical grounds, the interest in
de Sitter space stems from the fact that it is the maximally
symmetric solution of Einstein equation with positive
cosmological constant. Its isometries, very much like in
the Minkowskian case, are expect to be reflected in the
structure of the theory. This is indeed the case for massive
scalar fields [8–11].
The analysis of gravitons propagating on the de Sitter

geometry in this theoretical context is particularly relevant
since their observable implications can serve as a probe to
the inflationary era as well as a window to low-energy
quantum gravity. The question of the existence of a state for
free gravitons in de Sitter space that shares the background
symmetries, however, is still a matter of contention in the
literature. This thirty-year long controversy stems mainly
from the fact that the natural graviton modes in the spatially
flat coordinate patch of the de Sitter space (the Poincaré
patch), which is the part relevant for inflationary cosmol-
ogy, resemble those of a massless, minimally coupled

(MMC) scalar field [12]. As is well known, the natural
vacuum state (the Bunch-Davies state) is IR-divergent for
the MMC scalar, and no de Sitter–invariant state exists
[11,12]. (Note, however, that there is a unitary representa-
tion of the de Sitter group corresponding to the free
MMC scalar field [13–18] and that one can realize this
representation by removing the mode responsible for the IR
divergence [19].) The same is true for other cosmological
(Friedman-Lemaître-Robertson-Walker, FLRW) space-
times, of which the Poincaré patch of de Sitter space is
a special case. The similarities between gravitons and scalar
field modes led Ford and Parker to conclude that in all these
spacetimes the graviton two-point function is IR-divergent,
although the divergences they report do not appear in the
physical quantities they studied [20].
A noteworthy distinction between the scalar field and

linearized gravity is that the latter possesses gauge sym-
metries arising from the diffeomorphism invariance of
general relativity. Therefore, it is important to settle
whether these IR divergences are restricted to the gauge
sector of linearized gravity, or they appear also in the
physical sector, the exact definition of which is the source
of disagreement in the literature. This question was
addressed in Refs. [21,22], where it was shown that in the
traceless-transverse-synchronous gauge the IR-divergent
part of the graviton two-point function can be expressed
in a nonlocal pure-gauge form. The discussion was
taken further by the authors of Ref. [23], who observed
that a local gauge transformation on the graviton modes
is sufficient to eliminate the IR divergences plaguing
the graviton two-point function in that gauge. Moreover,

*mfroeb@itp.uni‑leipzig.de
†atsushi.higuchi@york.ac.uk
‡william.correadelima@york.ac.uk

PHYSICAL REVIEW D 93, 124006 (2016)

2470-0010=2016=93(12)=124006(30) 124006-1 © 2016 American Physical Society

http://dx.doi.org/10.1103/PhysRevD.93.124006
http://dx.doi.org/10.1103/PhysRevD.93.124006
http://dx.doi.org/10.1103/PhysRevD.93.124006
http://dx.doi.org/10.1103/PhysRevD.93.124006


examples of other gauges and coordinate systems in which
the graviton two-point function is IR finite have beenworked
out [24–30].
Another interesting test for the gauge nature of these IR

divergences is provided by the linearized Weyl tensor,
which is a local and gauge-invariant observable in the
linearized theory. It was shown that the two-point function
of the linearized Weyl tensor is IR finite even if computed
using a de Sitter–noninvariant graviton two-point function
with an IR cutoff [31,32], and that the result agrees with the
one of Ref. [33], which was calculated from the covariant
two-point function [25,27,28]. Moreover, it was shown that
this two-point function is IR finite also in slow-roll infla-
tionary FLRW spacetimes, where the IR divergences of the
graviton two-point functions are usually worse than in
exact de Sitter space, as long as the slow-roll parameter is
not too large [34]. Thus, the finiteness of the two-point
function of the linearizedWeyl tensor is not an accident due
to the maximal symmetry of de Sitter space.
The covariant graviton two-point function was also

shown to be physically equivalent to the transverse-
traceless-synchronous one constructed on global de Sitter
space [35] (in the sense that they produce the same two-point
function of any local gauge-invariant tensor linear in the
graviton field), and the latter is known to be IR finite [29].
Therefore, it does not come as a surprise that within the
gauge-invariant formulation of linearized gravity of
Ref. [36], the graviton and the Weyl-tensor two-point
functions were shown to contain the same gauge-invariant
information in the Poincaré patch [37]. Furthermore,
the existence of a de Sitter–invariant Hadamard state for
the graviton was recently verified in Ref. [38], although the
definition of such a state in this paper is technically different
from the one originally proposed in Ref. [36].
Nevertheless, over the years many authors have

employed IR-regulated graviton propagators which explic-
itly break de Sitter invariance in computing loop correc-
tions. From these studies it has been claimed, e.g., that the
cosmological constant decreases in time [39–41] (see
Refs. [42,43] for a criticism of these results and the
rebuttal), that geometrical fluctuations can grow in the
IR in inflationary spacetimes [44–46], and that some
coupling constants change in time [47,48]. Overall, these
results suggest that the IR sector of the interacting theory
could harbor important physical effects which break de
Sitter invariance. They are rather intriguing, nonetheless,
given the pure-gauge form of the de Sitter–breaking terms
in the free propagator, on which those effects rely. Thus,
loop calculations starting from de Sitter–invariant graviton
propagators would be important to decide whether or not
those effects are gauge artifacts.
However, as mentioned above, there are still some

objections in the literature concerning the derivation of
de Sitter–invariant graviton propagators [49]. Indeed, a
graviton two-point function that breaks de Sitter invariance

was obtained recently in the so-called exact de Donder
gauge [50–52] by means of a formalism of covariant
projection operators acting on scalar quantities. Then, in
a follow up paper, Morrison took advantage of some
freedom in the solutions of the differential equations
satisfied by those scalar quantities in that formalism and
constructed a de Sitter–invariant graviton two-point func-
tion, which is equivalent to the de Sitter–noninvariant one
when smeared with transverse-traceless tensors of compact
support [38], in order to extract the gauge-invariant content
[36]. This work of Morrison’s was criticized in Ref. [53],
with the main criticism being that the freedom argued to
occur in Ref. [38] is not actually present if one were to
derive the two-point function from a mode sum.
In this paper, we revisit the question of the existence of a

de Sitter–invariant state for gravitons, performing canonical
quantization of the graviton field in the Poincaré patch of
the de Sitter space and then constructing the corresponding
two-point function via mode sums. We consider a two-
parameter family of covariant linear gauges with a Fierz-
Pauli mass term [54] which serves as an IR regulator.
We then study the IR behavior of the two-point function
thus obtained and analyze the convergence of the mode
sums when we take the mass to zero after performing the
momentum integrals [and after analytic continuation with
respect to the mass in the pure-gauge vector (spin-1)
sector]. Note that while in flat space the van Dam-
Veltman-Zakharov discontinuity prevents this limit from
being smooth [55,56], there is no such problem in de Sitter
space [21,57], at least in the linear regime. We also consider
the result obtained by taking the zero mass limit before the
momentum integration. We recover the de Sitter–invariant
and IR-finite results of Ref. [38] if we take the massless
limit after the momentum integration. Interestingly, if we
use the procedure of taking the massless limit before
performing the momentum integrals, the result differs from
both the IR-divergent and IR-finite results in the literature.
We do agree with the IR-divergent results [50–52] in the
sense that for their choice of gauge parameters IR diver-
gences appear in the tensor (spin-2) sector. However we
disagree even on the sign of the IR divergence. Our
complete results reveal that there exists a de Sitter–
invariant, IR-finite graviton two-point function in the
massless limit for a generic choice of gauge parameters
if this limit is taken after the momentum integrals (and after
a certain analytic continuation in the pure-gauge sector)
and for a particular value of one of the gauge parameters if
it is taken before the momentum integrals.
The rest of the paper is organized as follows: we start in

Sec. II Awith a brief discussion on the canonical quantiza-
tion of a general free field theory via the symplectic product
method. In Sec. II B, we present the Lagrangian density for
the graviton, with the mass and gauge-fixing terms in
addition to the gauge-invariant part, and decompose the
field in its scalar, vector, and transverse-tensor sectors.
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We canonically quantize each sector with the aid of
symplectic product method in Secs. III A, III B, and
III C and calculate the corresponding two-point functions
through their mode-sum definitions. The massless limit of
the two-point function thus obtained is then studied in
Sec. III D, and its behavior for large separations is obtained
in Sec. III E. The convergence of the momentum integrals
in the mode sums in the IR (with the massless limit taken
before or after the momentum integration) is investigated in
detail in Sec. IV. We summarize and discuss our results and
make some remarks on them in Sec. V. Throughout this
paper we use units such that ℏ ¼ c ¼ 1, and use the mostly
plus convention for the metric.

II. CANONICAL QUANTIZATION

A. Overview of the symplectic product method

Let us consider a free field theory described by a
Lagrangian density L which is defined on a spacetime
with background metric gab and is a function of the
symmetric tensor field hab and its covariant derivative
∇chab. The canonical conjugate momentum current pabc is
defined from L by

pabc ≡ 1ffiffiffiffiffiffi−gp ∂L
∂ð∇ahbcÞ

; ð1Þ

where g is the determinant of the background metric. The
Euler-Lagrange equation for hab can then be written as

∇apabc −
1ffiffiffiffiffiffi−gp ∂L

∂hbc ¼ 0: ð2Þ

For any two solutions hð1Þab and hð2Þab of Eq. (2), it follows that
the current

Jð1;2Þa ≡ −iðhð1Þ�bc pð2Þabc − hð2Þbc p
ð1Þabc�Þ ð3Þ

(with a star denoting complex conjugation) is conserved,
i.e., ∇aJð1;2Þa ¼ 0. Hence, the symplectic product

hhð1Þab ; h
ð2Þ
cd i≡

Z
Σ
Jð1;2ÞanadΣ; ð4Þ

with Σ a Cauchy surface, na the future-directed unit normal
to it, and dΣ the normalized surface element, is time-
independent and thus independent of the choice of Σ.
If the symplectic product (4) is nondegenerate, i.e.,

if there is no solution with zero symplectic product with
all solutions, we quantize the classical field hab by
imposing the usual canonical commutation relations on
the field operator ĥab and its canonical conjugate momen-
tum nap̂abc:

½ĥabðxÞ; nep̂ecdðx0Þ�jΣ ¼ −iδcðaδ
d
bÞδðx; x0Þ; ð5Þ

with all other equal-time commutators vanishing. The δ
distribution appearing here is the one associated with the
spatial sections, defined by

Z
δðx; x0Þfðx0ÞNðx0ÞdΣ0 ¼ fðxÞ; ð6Þ

where N ¼ nað∂=∂tÞa is the lapse function, with t para-
metrizing the Cauchy surfaces and increasing towards
the future. In order to construct a representation for
the field operator, one then chooses a complete set of

modes fhðkÞab gk∈I and fhðkÞ�ab gk∈I of the Euler-Lagrange
equation (2), with I an appropriate set of quantum

numbers, such that hðkÞab and hðk
0Þ�

ab have vanishing symplec-
tic product. Then one expands the quantum field ĥab in
terms of this complete set of modes as

ĥab ¼
X
k∈I

ðÂkh
ðkÞ
ab þ Â†

kh
ðkÞ�
ab Þ: ð7Þ

From the symplectic product (4) and the commutation
relations (5), it is straightforward to show that

½hhðkÞab ; ĥcdi; hĥab; hðlÞcdi� ¼ hhðkÞab ; h
ðlÞ
cdi≡Mkl; ð8Þ

where the (Hermitian) matrix Mkl is invertible, thanks to
the completeness of our set of modes. On the other hand, by
employing the expansion (7) one obtains

½hhðkÞab ;ĥcdi;hĥab;hðlÞcdi�¼
X
k0;l0∈I

Mkk0 ½Âk0 ;Â
†
l0 �Ml0l: ð9Þ

Therefore, one concludes that the operators Âk and Â
†
k must

satisfy the following commutation relations:

½Âk; Â
†
l � ¼ ðM−1Þkl: ð10Þ

By a similar calculation with hðlÞcd replaced by hðlÞ�cd we
find

½Âk; Âl� ¼ 0: ð11Þ

Thus, in the state j0i annihilated by all the Âk, the
Wightman two-point function,

Δabc0d0 ðx; x0Þ≡ h0jĥabðxÞĥc0d0 ðx0Þj0i; ð12Þ

is given by the mode sum

Δabc0d0 ðx; x0Þ ¼
X
k;l∈I

ðM−1ÞklhðkÞab ðxÞhðlÞc0d0 ðx0Þ; ð13Þ

MODE-SUM CONSTRUCTION OF THE COVARIANT … PHYSICAL REVIEW D 93, 124006 (2016)

124006-3



where the primed indices refer to quantities defined on the
point x0 here and below. For a more detailed exposition of
this method, which is completely equivalent to the usual
canonical quantization scheme but is technically easier to
use if the field equations for ĥab are complicated, see,
e.g., Ref. [57].

B. The Lagrangian

We start from the Einstein-Hilbert Lagrangian density
for gravity plus a positive cosmological constant Λ in an
n-dimensional spacetime,

Lgrav ≡ 1

κ2
ðR − 2ΛÞ

ffiffiffiffiffiffi
−g

p
; ð14Þ

where κ2 ≡ 16πGN with Newton’s constant GN, gab
denotes the full metric (background plus perturbations),
and R and g are the corresponding scalar curvature and
metric determinant, respectively. We take the background
metric gab to be the de Sitter metric, which in the Poincaré
patch reads

gab ¼ aðηÞ2ηab; ð15Þ

with ηab the flat (Minkowski) metric, aðηÞ≡ ð−HηÞ−1 the
conformal factor, η ∈ ð−∞; 0Þ the conformal time, and H
the Hubble constant.
We write the full metric as gab ¼ gab þ κhab and expand

the Lagrangian (14) up to second order in the perturbation
hab. Choosing the cosmological constant to be 2Λ ¼
ðn − 1Þðn − 2ÞH2, one finds that the part of the
Lagrangian density linear in the metric perturbations
vanishes up to a boundary term. The second-order part
can then be cast, up to a boundary term, into the form

Linv ≡ −
1

4

�
∇chab∇chab −∇ch∇ch

þ 2∇ahab∇bh − 2∇ahac∇bhbc

þ 2H2

�
habhab þ

n − 3

2
h2
�� ffiffiffiffiffiffi

−g
p

; ð16Þ

where we have used that the Riemann tensor of de Sitter
space is Rabcd ¼ H2ðgacgbd − gadgbcÞ. As usual, h≡ haa
denotes the trace of hab, and indices are raised and lowered
with the background metric gab. It can readily be verified
that Linv is invariant (up to a boundary term) under the
gauge transformation

hab → hab −∇aξb −∇bξa ð17Þ

for any vector field ξa.
As is well known, because of this gauge symmetry a

direct quantization of Linv is not possible. The reason is that
the symplectic product (4) between a pure gauge mode and

any other solution of the linearized Einstein equation is
identically zero [58], which implies that M is a degenerate
matrix and that the inverse M−1 in Eq. (10) does not exist.
This difficulty can be circumvented by adding a gauge-
fixing term in the Lagrangian density in such a way that M
becomes an invertible matrix. In our case, we add the
following most general linear covariant gauge-fixing term
to the Lagrangian density:

Lgf ≡ −
1

2α
GbGb ffiffiffiffiffiffi

−g
p

; ð18Þ

with

Gb ≡∇ahab −
1þ β

β
∇bh; ð19Þ

where α and β are real parameters. The analogue of the
Feynman gauge (ξ ¼ 1) in electromagnetism, for which
the gauge-fixing term is −1=ð2ξÞð∇aAaÞ2, is achieved
for α ¼ 1 and β ¼ −2, while a one-parameter family
analogous to the Landau gauge can be obtained in the
limit α → 0. (These gauges are called the exact gauge, and,
for the special case β ¼ −2, the exact de Donder gauge in
Refs. [50,51].) However, these gauges may not always be
the most useful ones. An example of a less well known
but useful gauge from electromagnetism is the Fried-
Yennie gauge, a covariant gauge with gauge parameter
ξ ¼ ðn − 1Þ=ðn − 3Þ [60]. This gauge makes individual
Feynman diagrams IR finite (as opposed to only their sum),
and is extremely useful in bound-state calculations [61].
Note that our β is the same as the one used in Refs. [27,28],
while it is related to the parameter b used in Ref. [52] (for
which we have to take in addition α ¼ 0) by

β ¼ 2

b − 2
: ð20Þ

We also introduce in the Lagrangian density the Fierz-Pauli
mass term [54],

Lmass ≡ −
m2

4
ðhabhab − h2Þ ffiffiffiffiffiffi

−g
p

; ð21Þ

which will serve to regulate the IR behavior of the theory.
We will take the m → 0 limit in the end.
The total Lagrangian density

L≡ Linv þ Lgf þ Lmass ð22Þ

leads to the field equation

LðinvÞcd
ab hcd þ LðgfÞcd

ab hcd −m2ðhab − gabhÞ ¼ 0; ð23Þ

where we have defined the differential operators LðinvÞcd
ab

and LðgfÞcd
ab by
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LðinvÞcd
ab hcd ≡ 2

Z
δLinv

δhab
dnx

¼ ∇2hab þ gabð∇c∇dhcd −∇2hÞ
þ∇a∇bh − 2∇ða∇chbÞc
−H2½2hab þ ðn − 3Þgabh�; ð24Þ

with the abbreviation ∇2 ¼ ∇a∇a, and

LðgfÞcd
ab hcd ≡ 2

Z
δLgf

δhab
dnx

¼ 2

α

�
∇ðaGbÞ −

1þ β

β
gab∇cGc

�
; ð25Þ

with Gb defined by Eq. (19). For the total Lagrangian
density, Eq. (22), the canonical conjugate momentum
current defined by Eq. (1) can be written in the form

pabc ¼ pabc
inv þ pabc

gf ; ð26Þ

with

pabc
inv ≡ −

1

2
½∇ahbc þ gaðbð∇cÞh − 2∇dhcÞdÞ

þ gbcð∇dhad −∇ahÞ� ð27Þ

coming from the gauge-invariant Lagrangian density Linv,
Eq. (16), and with

pabc
gf ≡ −

1

α

�
gaðbGcÞ −

1þ β

β
gbcGa

�
ð28Þ

following from the gauge-fixing term Lgf , Eq. (18).
In order to obtain the two-point function, we have to find

a complete set of modes hðkÞab that satisfy Eq. (23). This task
is facilitated by decomposing the metric perturbation into
(covariant) scalar, vector, and tensor sectors as

hab ¼ hðSÞab þ hðVÞab þ hðTÞab : ð29Þ

The scalar sector is defined in terms of two scalars, B
and Ψ, as

hðSÞab ≡∇a∇bBþ gabΨ; ð30Þ

the vector sector is given by

hðVÞab ≡∇avb þ∇bva; ð31Þ

with the vector field va satisfying the divergence-free
condition, ∇ava ¼ 0, and the tensor sector is transverse

and traceless, i.e., hðTÞ ¼ ∇ahðTÞab ¼ 0. It is here that the
symplectic product method shows its advantages, as it is

not necessary to determine the canonical conjugate
momentum for each of these sectors taking into account
these constraints, which would be a tedious task. Instead,
one can simply restrict the canonical conjugate momentum
current (26) to each of the sectors. Since the scalar, vector,
and tensor sectors are orthogonal to each other with respect
to the symplectic product (4), the matrix M defined by
Eq. (8) becomes block-diagonal and we can study each
sector separately. [This is of course equivalent to the fact
that the three sectors decouple in the Lagrangian (22)].

III. THE TWO-POINT FUNCTION

A. Scalar sector

We begin the construction of the field modes in the scalar
sector. For that sector, the field equation (23) can be cast in
the form

∇a∇bΦ1 þ gabΦ2 ¼ 0; ð32Þ

with Φ1 and Φ2 defined by

Φ1 ≡ −
2

αβ

�
∇2 − ðn − 1ÞβH2 þ αβ

2
m2

�
B

þ ðn − 2Þαβ − 2n − 2ðn − 1Þβ
αβ

Ψ ð33Þ

and

Φ2 ≡ −ðn − 2Þ∇2Ψþ 2ð1þ βÞ½nþ ðn − 1Þβ�
αβ2

∇2Ψ

þ 2ð1þ βÞ
αβ2

�
∇2 − ðn − 1ÞβH2 þ αβ

2
m2

�
∇2B

þ ðn − 1Þ½m2 − ðn − 2ÞH2�Ψ −
1

β
m2B: ð34Þ

Obviously, Eq. (32) is satisfied if Φ1 ¼ Φ2 ¼ 0, which
leads to the equations

�
∇2 − ðn − 1ÞβH2 þ αβ

2
m2

�
B ¼ −

�
nþ λβ

2

�
Ψ ð35Þ

and

�
∇2 − ðn − 1ÞβH2 þ αβ

2
m2

�
Ψ

¼ −
βm2

n − 2

�
αm2

2
− ðn − 1ÞH2

�
B −

nþ λβ

n − 2
m2Ψ; ð36Þ

where we have defined λ≡ 2ðn − 1Þ − ðn − 2Þα. Due to
the presence of the mass, Eqs. (35) and (36) are coupled and
cannot be solved in a straightforward manner. Nevertheless,
since we are interested in the massless limit and since the
scalar sector is well behaved in the IR if β > 0 (as noted
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before, see Refs. [27,28,52]), we make this assumption for
β and let m ¼ 0 straight away. This leads to the equations

½∇2 − ðn − 1ÞβH2�B ¼ −
�
nþ λβ

2

�
Ψ ð37Þ

and

½∇2 − ðn − 1ÞβH2�Ψ ¼ 0; ð38Þ

which are coupled Klein-Gordon equations with squared
massM2

β ≡ ðn − 1ÞβH2. One can prove that, if hab satisfies
the field equation (23), then the trace h and the scalar

∇a∇bhab can be reproduced by h
ðSÞ
ab of the form (30) with B

and Ψ satisfying Eqs. (37) and (38). This implies that one

can write hab ¼ hðVþTÞ
ab þ hðSÞab , where hðVþTÞ

ab is traceless

and satisfies ∇a∇bhðVþTÞ
ab ¼ 0.

The scalar sector of our two-point function will be
expressed in terms of that of the Klein-Gordon scalar field
of squared mass M2

β. It is known that the scalar-field two-
point function is well behaved in the IR if and only if the
mass is strictly positive in the Poincaré patch. For this
reason, we require β > 0 as we stated before (and exclude,
e.g., the analogue of the Feynman gauge).
In the Poincaré patch, the Klein-Gordon equation for a

scalar field ϕ with mass M reads

�
∂2
η −

n − 2

η
∂η −△þ M2

H2η2

�
ϕ ¼ 0; ð39Þ

where △≡ ημν∂μ∂ν is the flat-space Laplace operator, and
admits mode solutions of the form

ϕM2

p ðη; xÞ≡ fM2ðη; pÞeipx: ð40Þ

Here, fM2ðη; pÞ is a function that is used extensively in this
work and takes the following form:

fM2ðη; pÞ≡
ffiffiffiffiffiffiffi
π

4H

r
ð−HηÞn−12 eiμπ2Hð1Þ

μ ð−jpjηÞ ð41Þ

with Hð1Þ
μ the Hankel function of the first kind and the

parameter

μ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn − 1Þ2

4
−
M2

H2

r
: ð42Þ

Two linearly independent sets of solutions to Eqs. (37)
and (38), which together with their complex conjugates
form a complete set, can then be constructed from the mode
solutions Eq. (40). In terms of these modes, these two
linearly independent sets of solutions are

Bð1Þ
p ðη; xÞ ¼ ϕ

M2
β

p ðη; xÞ; ð43aÞ

Ψð1Þ
p ðη; xÞ ¼ 0; ð43bÞ

and

Bð2Þ
p ðη; xÞ ¼ −

�
nþ λβ

2

� ∂
∂M2

ϕM2

p ðη; xÞ
����
M2¼M2

β

; ð44aÞ

Ψð2Þ
p ðη; xÞ ¼ ϕ

M2
β

p ðη; xÞ: ð44bÞ

Recalling the definition of hðSÞab in terms of B and Ψ,
Eq. (30), we thus obtain the modes of the scalar sector:

hðS;1Þpab ðη; xÞ≡∇a∇bϕ
M2

β
p ðη; xÞ ð45Þ

and

hðS;2Þpab ðη; xÞ≡ gabϕ
M2

β
p ðη; xÞ

−
�
nþ λβ

2

�
∇a∇b

∂
∂M2

ϕM2

p ðη; xÞ
����
M2¼M2

β

:

ð46Þ

The expansion of hðSÞab in terms of these modes reads

ĥðSÞab ¼
X2
k¼1

Z
½âðSÞk ðpÞhðS;kÞpab þ H:c:� dn−1p

ð2πÞn−1 ; ð47Þ

where H.c. stands for the Hermitian conjugate of the
preceding term. The commutators for the operators

âðSÞk ðpÞ and âðSÞ†l ðpÞ are obtained from the commutation
relations (10) with the matrix M determined through the
symplectic product of the modes (8).
We now have to determine this matrix. As we have

explained before, the invariant symplectic product,
obtained by letting pabc ¼ pabc

inv in Eq. (4), vanishes

identically between solutions of LðinvÞcd
ab hcd ¼ 0 and gauge

modes of the form hab ¼ 2∇ðaξbÞ for arbitrary vectors ξb.
Since the modes ∇a∇bB are of gauge form, and solve

LðinvÞcd
ab ∇c∇dB ¼ 0 identically, they do not make a con-

tribution to the invariant symplectic product. Hence we
have

hhðSÞð1Þab ; hðSÞð2Þcd i ¼ −i
Z
Σ
½∇b∇cBð1Þ�pð2Þabc

inv;Ψ

−∇b∇cBð2Þpð1Þabc�
inv;Ψ þ∇b∇cBð1Þ�pð2Þabc

gf

−∇b∇cBð2Þpð1Þabc�
gf þ gbcΨð1Þ�pð2Þabc

− gbcΨð2Þpð1Þabc��nadΣ; ð48Þ
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where pðkÞabc
inv;Ψ is the “Ψ part” of the invariant canonical

momentum current, obtained by substituting hab ¼ gabΨðkÞ
into Eq. (27). Using the field equations (37) and (38), we
obtain

pðkÞabc
inv;Ψ þ pðkÞabc

gf ¼ −
n − 2

2β
gbc∇aΨðkÞ; ð49aÞ

gbcpðkÞabc ¼ −
n − 2

2
∇a

�
ðn − 1ÞH2BðkÞ þ n

β
ΨðkÞ

�
; ð49bÞ

and the symplectic product (48) between two scalar modes
reduces to

hhðSÞð1Þab ; hðSÞð2Þcd i ¼ ðn − 1Þðn − 2Þ
2

H2hBð1Þ;Ψð2ÞiKG

þ ðn − 1Þðn − 2Þ
2

H2hΨð1Þ; Bð2ÞiKG

−
ðn − 2Þλ

4
hΨð1Þ;Ψð2ÞiKG; ð50Þ

with the Klein-Gordon symplectic product

hϕð1Þ;ϕð2ÞiKG
≡ i

Z
Σ
ðϕð1Þ�∇aϕð2Þ − ϕð2Þ∇aϕð1Þ�ÞnadΣ: ð51Þ

By taking the hypersurface Σ to be η ¼ const, which entails
dΣ ¼ ð−HηÞ−ðn−1Þdn−1x and na ¼ ð−HηÞδa0 , one can
readily check that the scalar field modes (40) are normal-
ized with respect to this symplectic product

hϕM2

p ;ϕM2

q iKG ¼ ð2πÞn−1δn−1ðp − qÞ: ð52Þ

Then, by noticing that

∂
∂M2

½hϕM2

p ;ϕ
M2

β
q i þ hϕM2

β
p ;ϕM2

q i�M2¼M2
β

¼ ∂
∂M2

½hϕM2

p ;ϕM2

q i�M2¼M2
β
¼ 0; ð53Þ

one concludes that the symplectic product of the mode
solutions (45) and (46) is

hhðS;kÞpab ; hðS;lÞqcd i ¼ Nklð2πÞn−1δn−1ðp − qÞ; ð54Þ

where the matrix Nkl is given by

Nkl ≡ n − 2

4

�
0 2ðn − 1ÞH2

2ðn − 1ÞH2 −λ

�
: ð55Þ

According to formula (10), the canonical commutation
relations for the scalar-sector creation and annihilation
operators are given by

½âðSÞk ðpÞ; âðSÞ†l ðqÞ� ¼ ðN−1Þklð2πÞn−1δn−1ðp − qÞ; ð56Þ

where the inverse matrix ðN−1Þkl reads

ðN−1Þkl ¼
1

ðn − 1Þ2ðn − 2ÞH2

�
λH−2 2ðn − 1Þ

2ðn − 1Þ 0

�

ð57Þ

and all other commutators vanish. The vacuum state

annihilated by the âðSÞk is the Bunch-Davies vacuum, which
reduces to the usual Minkowski vacuum as H → 0.
According to the general formula (13), the scalar sector
of the graviton two-point function is then given by

ΔðSÞ
abc0d0 ðx; x0Þ ¼

X2
k;l¼1

ðN−1Þkl
Z

hðS;kÞpab ðxÞhðS;lÞ�pc0d0 ðx0Þ
dn−1p
ð2πÞn−1 :

ð58Þ

The mode sum (58) converges for β > 0, and we can write
the two-point function of the scalar sector as

ΔðSÞ
abc0d0 ðx; x0Þ ¼

1

ðn − 1Þ2ðn − 2ÞH4
∇a∇b∇c0∇d0

×

�
λΔM2ðx; x0Þ þ ðn − 1ÞH2ð2nþ λβÞ

×
∂

∂M2
ΔM2ðx; x0Þ

�
M2¼M2

β

þ 2

ðn − 1Þðn − 2ÞH2

× ðgab∇c0∇d0 þ gc0d0∇a∇bÞΔM2
β
ðx; x0Þ;

ð59Þ

with the scalar two-point function of mass M

ΔM2ðx; x0Þ ¼
Z

ϕM2

p ðη; xÞϕM2�
p ðη0; x0Þ dn−1p

ð2πÞn−1 : ð60Þ

Inserting the concrete form of the scalar mode functions
(40), we obtain

ΔM2ðx; x0Þ ¼ Hn−2

ð4πÞn2 Iμðx; x
0Þ; ð61Þ

where μ is defined by Eq. (42) and Iμ is found as
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Iμðx; x0Þ≡ 2n−2π
nþ2
2 ðηη0Þn−12

×
Z

Hð1Þ
μ ð−jpjηÞHð2Þ

μ ð−jpjη0Þeipðx−x0Þ dn−1p
ð2πÞn−1

ð62Þ

using that

eiμ
π
2Hð1Þ

μ ðxÞ½eiμπ2Hð1Þ
μ ðx0Þ�� ¼ Hð1Þ

μ ðxÞHð2Þ
μ ðx0Þ ð63Þ

for all real x and x0, and μ either real or purely imaginary.
The integral Iμ is well known [9], and for n spacetime
dimensions it was evaluated in closed form after inserting a
factor of e−ϵjpj to ensure convergence for large jpj in
Ref. [62]. The result only depends on the de Sitter invariant

Zðx; x0Þ≡ 1 −
r2 − ðη − η0Þ2

2ηη0
; ð64Þ

where r≡ x − x0. The result reads

Iμðx;x0Þ¼
ΓðaþÞΓða−Þ

Γðn
2
Þ

× 2F1

�
aþ;a−;

n
2
;
1þZ
2

− iϵsgnðη−η0Þ
�
; ð65Þ

where 2F1 is the Gauß hypergeometric function and
a� ≡ ðn − 1Þ=2� μ. Note that the convergence factor
supplied the necessary prescription for treating the singu-
larity of the Gauß hypergeometric function as Z → 1 so
that Iμðx; x0Þ becomes a well-defined bidistribution. We
will omit this explicit prescription below to simplify the
notation unless it needs to be emphasized, and by abuse of
notation write also Iμðx; x0Þ ¼ IμðZÞ.
We obtain the scalar-field two-point function necessary

for our purposes here by letting M2 ¼ M2
β. Thus it is

convenient to define a new parameter μS to be equal to μ in
Eq. (42) after the substitution M2 ¼ M2

β ¼ ðn − 1ÞβH2,

μS ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn − 1Þ2

4
− ðn − 1Þβ

r
: ð66Þ

Furthermore, to express the two-point function (59) more
explicitly, we define the set of functions

IðkÞμ ðZÞ≡ Γðaþ þ kÞΓða− þ kÞ
2kΓðn

2
þ kÞ

× 2F1

�
aþ þ k; a− þ k;

n
2
þ k;

1þ Z
2

�
: ð67Þ

For positive integer k, this is the kth derivative of IμðZÞ
with respect to Z, but this function is, in fact, well
defined for all complex k and μ provided that

n−1
2
� μþ k∈f0;−1;−2;…g, a fact that we will use later

on. From hypergeometric identities [63], one can readily
show that it satisfies the relation

ð1 − Z2ÞIðkþ2Þ
μ ðZÞ − ðnþ 2kÞZIðkþ1Þ

μ ðZÞ

þ
�
μ2 −

ðn − 1Þ2
4

− kðnþ k − 1Þ
�
IðkÞμ ðZÞ ¼ 0; ð68Þ

which for k ¼ 0 is nothing but the Klein-Gordon equation.

We also need an expression for the derivative of IðkÞμ ðZÞ
with respect to the parameter μ. Thus, we define the
function

~IðkÞμ ðZÞ≡ −
1

2μ

∂
∂μ I

ðkÞ
μ ðZÞ; ð69Þ

the factor −1=ð2μÞ has been chosen so that

~IðkÞμ ðZÞ ¼ H2
∂

∂M2
IðkÞμ ðZÞ ð70Þ

if the parameter μ is given in terms of M2 by Eq. (42). For
these functions, we also obtain a recursion relation by
differentiating the relation (68) with respect to μ, which
leads to

ð1 − Z2Þ~Iðkþ2Þ
μ ðZÞ − ðnþ 2kÞZ~Iðkþ1Þ

μ ðZÞ

þ
�
μ2 −

ðn − 1Þ2
4

− kðnþ k − 1Þ
�
~IðkÞμ ðZÞ ¼ IðkÞμ ðZÞ:

ð71Þ

For later use, it is convenient to have an explicit
expression of the two-point function (59) in terms of de
Sitter–invariant bitensors and scalar functions. A complete
set of such bitensors symmetric in the index pairs ab and
c0d0 is given by

Tð1Þ
abc0d0 ≡ gabgc0d0 ; ð72aÞ

Tð2Þ
abc0d0 ≡H−2ðgabZ;c0Z;d0 þ gc0d0Z;aZ;bÞ; ð72bÞ

Tð3Þ
abc0d0 ≡H−4Z;aZ;bZ;c0Z;d0 ; ð72cÞ

Tð4Þ
abc0d0 ≡ 4H−4Z;ðaZ;bÞðc0Z;d0Þ; ð72dÞ

Tð5Þ
abc0d0 ≡ 2H−4Z;aðc0Z;d0Þb; ð72eÞ

and since we calculate the Wightman two-point function,
the derivatives in Eq. (59) can be taken as if Iμ were just a
function of Z, which would not be the case were we dealing
with the Feynman propagator. The prescription for the
singularity of the Gauß hypergeometric function given in
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Eq. (65) corresponds to the Wightman two-point function,
and does not generate additional local terms upon differ-
entiation as can also be checked explicitly.
Using the relations

Z;ab ¼ −H2Zgab; ð73aÞ

Z;aZ;a ¼ H2ð1 − Z2Þ; ð73bÞ

Z;aZ;ab0 ¼ −H2ZZ;b0 ; ð73cÞ

Z;ab0Z;ac0 ¼ H4δb
0

c0 −H2Z;b0Z;c0 ð73dÞ

for the covariant derivatives of Z [which can be obtained,
e.g., by direct calculations starting from the definition of Z,
Eq. (64), in the Poincaré patch], it follows that

ΔðSÞ
abc0d0 ðx; x0Þ ¼

Hn−2

ð4πÞn2
X5
k¼1

TðkÞ
abc0d0F

ðS;kÞðZÞ; ð74Þ

with

FðS;1Þ ¼ λ

ðn − 1Þ2ðn − 2Þ ðZ
2Ið2ÞS þ ZIð1ÞS Þ

þ 2nþ λβ

ðn − 1Þðn − 2Þ ðZ
2~Ið2ÞS þ Z~Ið1ÞS Þ

−
4

ðn − 1Þðn − 2ÞZI
ð1Þ
S ; ð75aÞ

FðS;2Þ ¼ −
λ

ðn − 1Þ2ðn − 2Þ ðZI
ð3Þ
S þ 2Ið2ÞS Þ

−
2nþ λβ

ðn − 1Þðn − 2Þ ðZ
~Ið3ÞS þ 2~Ið2ÞS Þ

þ 2

ðn − 1Þðn − 2Þ I
ð2Þ
S ; ð75bÞ

FðS;3Þ ¼ 1

ðn − 1Þðn − 2Þ
�

λ

n − 1
Ið4ÞS þ ð2nþ λβÞ~Ið4ÞS

�
;

ð75cÞ

FðS;4Þ ¼ 1

ðn − 1Þðn − 2Þ
�

λ

n − 1
Ið3ÞS þ ð2nþ λβÞ~Ið3ÞS

�
;

ð75dÞ

FðS;5Þ ¼ 1

ðn − 1Þðn − 2Þ
�

λ

n − 1
Ið2ÞS þ ð2nþ λβÞ~Ið2ÞS

�
;

ð75eÞ

where we have written IðkÞS ≡ IðkÞμS and ~IðkÞS ≡ ~IðkÞμS .

B. Vector sector

We now treat the vector sector, for which the classical
field is given by hðVÞab ¼ ∇avb þ∇bva in terms of a
divergence-free vector field va [see Eq. (31)]. We assume
α > 0. Since the vector modes are pure gauge, we have

LðinvÞcd
ab hðVÞcd ¼ 0 identically, and hence Eq. (23) reduces to

∇ða½∇2 þ ðn − 1ÞH2 − αm2�vbÞ ¼ 0; ð76Þ

which is equivalent to

½∇2 þ ðn − 1ÞH2 − αm2�va ¼ ua; ð77Þ

for an arbitrary Killing vector ua of the background de
Sitter metric. All solutions of this equation are given by the
sum of a solution of the homogeneous equation and one
particular solution. The particular solution can be obtained
by first noticing that Killing vectors satisfy

0 ¼ ∇að∇aub þ∇buaÞ −∇b∇aua

¼ ½∇2 þ ðn − 1ÞH2�ub: ð78Þ

Then, it is clear that

va ¼ −
1

αm2
ua ð79Þ

solves the inhomogeneous equation (77). The particular
solution (79), however, is a Killing vector itself and,
therefore, can be discarded as it does not contribute to
the vector perturbation. Hence, the relevant modes satisfy
the homogeneous part of Eq. (77), which reads

½∇2 þ ðn − 1ÞH2 − αm2�va ¼ 0 ð80Þ

together with the constraint ∇ava ¼ 0. One can also

show that given any solution hðVþTÞ
ab of Eq. (23) satisfying

∇a∇bhðVþTÞ
ab ¼ 0 and hðVþTÞ ¼ 0, the divergence ∇bhðVþTÞ

ab

can be reproduced by hðVÞab ¼ ∇avb þ∇bva, where va
satisfies the homogeneous equation (80). This implies that

we can write hðVþTÞ
ab ¼ hðVÞab þ hðTÞab where hðTÞab is transverse

and traceless.
From Eq. (80) one sees that va corresponds to a

Stueckelberg vector field for the gauge parameter ξ → ∞
and the mass M2 ¼ αm2 − 2ðn − 1ÞH2. The canonical
quantization of the Stueckelberg field on a de Sitter
background and the mode-sum construction of its two-
point function in the Bunch-Davies vacuum was recently
carried out in Ref. [62]. Instead of using the vector two-
point function in this reference, we use the symplectic
method to quantize the vector sector of the graviton two-
point function and also verify the results of Ref. [62] that
are relevant here.
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We start the construction of a complete set of modes for
Eq. (80) by decomposing the components of the vector
field va in their irreducible parts with respect to the spatial
Oðn − 1Þ symmetry. Note that we use μ and ν for spatial
indices. The constraint ∇ava ¼ 0 can be solved as

v0 ¼ T; ð81aÞ

vμ ¼ ð−HηÞ−1Wμ þ
∂μ

△

�
∂η −

n − 2

η

�
T; ð81bÞ

where the spatial vectorWμ is spatially divergence free, i.e.,
ημν∂μWν ¼ 0, and △−1 is the inverse of the Laplace
operator with vanishing boundary conditions at (spatial)
infinity. This inverse is well defined if the function it acts on
in Eq. (81b) vanishes sufficiently fast at spatial infinity. We
will assume this for the moment, and comment later on the
condition for it to be justified. By substituting this
decomposition into the field equation (80), one obtains
the following equations of motion:

�
∂2
η −

n − 2

η
∂η −△þ αm2 − nH2

H2η2

�
T ¼ 0; ð82aÞ

�
∂2
η −

n − 2

η
∂η −△þ αm2 − nH2

H2η2

�
Wμ ¼ 0: ð82bÞ

The divergence-free spatial vector Wμ can readily be
expressed in the momentum space in terms of the polari-

zation vectors eðkÞμ ðpÞ, with k ∈ f1;…; n − 2g, satisfying
pμeðkÞμ ðpÞ ¼ 0, which form a basis of the subspace of the
momentum space orthogonal to p. We normalize them by
imposing the condition

ημνeðkÞμ ðpÞeðlÞ�ν ðpÞ ¼ δkl; ð83Þ

where δkl is the Kronecker delta. Since the eðkÞμ ðpÞ form a
basis of the space of momenta orthogonal to p, they also
satisfy

Xn−2
k¼1

eðkÞμ ðpÞeðkÞ�ν ðpÞ ¼ ~Pμν; ð84Þ

where

~Pμν ≡ ημν −
pμpν

p2
ð85Þ

is the projection operator onto the subspace orthogonal to p,
corresponding to the projector onto the space of spatially
transverse tensors

Pμν ≡ δμν −
∂μ∂ν

△
ð86Þ

in coordinate space.
Equations (82) have exactly the form of the Klein-Gordon

equation (39) with squared mass M2 ¼ αm2 − nH2.
Consequently themodes defining theBunch-Davies vacuum
are just the modes (40). Hence we find

Tpðη; xÞ≡ ϕαm2−nH2

p ðη; xÞ; ð87aÞ

WðkÞ
pμ ðη; xÞ≡ eðkÞμ ðpÞϕαm2−nH2

p ðη; xÞ: ð87bÞ

The modes for the vector field va can then be determined
from the decomposition (81). The modes that are spatial
scalars are obtained by substituting Eq. (87a) into Eqs. (81a)
and (81b) with Wμ ¼ 0, and read

vðSÞp0 ðη; xÞ ¼ ϕαm2−nH2

p ðη; xÞ; ð88aÞ

vðSÞpμ ðη; xÞ ¼ ∂μ

△

�
∂η −

n − 2

η

�
ϕαm2−nH2

p ðη; xÞ

¼ −
ipμ

p2

�
∂η −

n − 2

η

�
ϕαm2−nH2

p ðη; xÞ: ð88bÞ

The modes that are spatial vectors are obtained by substitut-
ing Eq. (87b) into Eq. (81b) with T ¼ 0, and read

vðV;kÞp0 ðη; xÞ ¼ 0; ð89aÞ

vðV;kÞpμ ðη; xÞ ¼ −ðHηÞ−1eðkÞμ ðpÞϕαm2−nH2

p ðη; xÞ: ð89bÞ

Thus, the modes for the field hðVÞab given by Eq. (31) are

hðVSÞpab ≡∇av
ðSÞ
pb þ∇bv

ðSÞ
pa ð90Þ

and

hðVV;kÞpab ≡∇av
ðV;kÞ
pb þ∇bv

ðV;kÞ
pa : ð91Þ

Hence, the vector sector of the quantum operator ĥab can be
expanded as follows:

ĥðVÞab ¼
Z

½âðVSÞðpÞhðVSÞpab þ H:c:� dn−1p
ð2πÞn−1

þ
Xn−2
k¼1

Z
½âðVVÞk ðpÞhðVV;kÞpab þ H:c:� dn−1p

ð2πÞn−1 : ð92Þ

The commutation relations for the creation and annihi-
lation operators in this expansion are again obtained from
the symplectic product (4) of the modes (90) and (91). The
symplectic product (4) for the vector sector reduces to
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hhðVÞð1Þab ; hðVÞð2Þcd i ¼ −m2hvð1Þa ; vð2Þb iV; ð93Þ

with the “vector” symplectic product h·; ·iV given by

hvð1Þa ; vð2Þb iV ≡ i
Z
Σ
ðvð1Þb�∇avð2Þb − vð2Þb∇avð1Þ�b ÞnadΣ

ð94Þ

and conserved for solutions of Eq. (80). We then calculate
(e.g., by taking Σ to be η ¼ const) the symplectic product
(4) for the modes (90) and (91) and obtain

hhðVSÞpab ; hðVSÞqcd i ¼ −m2½αm2 − 2ðn − 1ÞH2�jpj−2
× ð2πÞn−1δn−1ðp − qÞ; ð95aÞ

hhðVV;kÞpab ; hðVV;lÞqcd i ¼ −m2δklð2πÞn−1δn−1ðp − qÞ; ð95bÞ

hhðVSÞpab ; hðVV;kÞqcd i ¼ 0: ð95cÞ

Thus, the commutation relations for the creation and
annihilation operators of the vector sector are given by

½âðVSÞðpÞ; âðVSÞ†ðqÞ� ¼ −
p2

m2½αm2 − 2ðn − 1ÞH2�
× ð2πÞn−1δn−1ðp − qÞ; ð96aÞ

½âðVVÞk ðpÞ; âðVVÞ†l ðqÞ� ¼ −
1

m2
δklð2πÞn−1δn−1ðp − qÞ;

ð96bÞ

with all other commutators vanishing.
The vector sector of the graviton two-point function can

then be constructed from these modes according to Eq. (13)
and reads

ΔðV;m2Þ
abc0d0 ðx; x0Þ ¼ NðSÞ

α ΔðVS;m2Þ
abc0d0 ðx; x0Þ

þ NðVÞΔðVV;m2Þ
abc0d0 ðx; x0Þ; ð97Þ

with the spatial scalar part

ΔðVS;m2Þ
abc0d0 ðx; x0Þ

≡ −
ð4πÞn2
4Hnþ2

Z
p2hðVSÞpab ðxÞhðVSÞ�pc0d0 ðx0Þ

dn−1p
ð2πÞn−1 ; ð98Þ

the spatial vector part

ΔðVV;m2Þ
abc0d0 ðx; x0Þ

≡ −
ð4πÞn2
Hn

Xn−2
k¼1

Z
hðVV;kÞpab ðxÞhðVV;kÞpc0d0 ðx0Þ dn−1p

ð2πÞn−1 ; ð99Þ

and the constants

NðSÞ
α ≡ 4H4

m2½αm2 − 2ðn − 1ÞH2�
Hn−2

ð4πÞn2 ð100Þ

and

NðVÞ ≡H2

m2

Hn−2

ð4πÞn2 : ð101Þ

The explicit form of the mode functions (88) and (89)
shows that the momentum integrals (98) and (99) converge
in the IR if the squared massM2 ¼ αm2 − nH2 of the scalar
mode functions is positive, since the factor of pμpν=p4 ∼
1=p2 gets canceled by the explicit factor of p2 in the
momentum integral (98). We thus assume M2 > 0, i.e.,
αm2 > nH2, and discuss this condition in more detail in
Sec. IV. Using the explicit mode functions (88), we obtain
for the spatially scalar part,

ΔðVS;m2Þ
abc0d0 ðx; x0Þ ¼ H−4∇ðc0∇jðaK

ðSÞ
bÞjd0Þðx; x0Þ; ð102Þ

where

KðSÞ
000 ¼ △IVðZÞ; ð103aÞ

KðSÞ
0ν0 ¼ ∂ν0

�
∂η0 −

n − 2

η0

�
IVðZÞ; ð103bÞ

KðSÞ
μ00 ¼ ∂μ

�
∂η −

n − 2

η

�
IVðZÞ; ð103cÞ

KðSÞ
μν0 ¼

∂μ∂ν0

△

�
∂η −

n − 2

η

��
∂η0 −

n − 2

η0

�
IVðZÞ; ð103dÞ

with the function IVðZÞ≡ IμVðZÞ given by Eq. (65). The
parameter μV is defined by substituting M2 ¼ αm2 − nH2

in Eq. (42) that gives the parameter μ in terms of M2.
Thus,

μV ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ 1Þ2

4
−
αm2

H2

r
: ð104Þ

As for the spatially vector part, it follows from the mode
functions (89) and the polarization sum (84) that

ΔðVV;m2Þ
abc0d0 ðx; x0Þ ¼ H−4∇ðc0∇jðaK

ðVÞ
bÞjd0Þðx; x0Þ ð105Þ

with

KðVÞ
000 ¼ KðVÞ

0ν0 ¼ KðVÞ
μ00 ¼ 0; ð106aÞ

KðVÞ
μν0 ¼ −

4

ηη0
PμνIVðZÞ: ð106bÞ
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In order to obtain a covariant expression for

ΔðV;m2Þ
abc0d0 ðx; x0Þ, we need to further simplify the spatially-

scalar contribution to the vector two-point function, KðSÞ
ab0 .

For the temporal and mixed spatial-temporal components

of KðSÞ
ab0 , the derivatives acting on IVðZÞ in Eqs. (103a),

(103b), and (103c) can readily be found using the deriv-
atives of Z, which is defined by Eq. (64), as

∂ηZ ¼ 1

η0
−
Z
η
; ð107aÞ

∂η0Z ¼ 1

η
−
Z
η0
; ð107bÞ

∂η∂η0Z ¼ −
1

η2
−

1

ðη0Þ2 þ
Z
ηη0

; ð107cÞ

and

∂μZ ¼ −
rμ
ηη0

; ð108aÞ

∂ν0Z ¼ rν0

ηη0
; ð108bÞ

∂μ∂ν0Z ¼ −
ημν0

ηη0
ð108cÞ

with rμ ≡ ðx − x0Þμ. The calculation for the purely spatial

components, KðSÞ
μν0 , given by Eq. (103d) is more compli-

cated. First, note that the action of the Laplacian on the

functions IðkÞμ defined by Eq. (67) can be found using the
relations (108c) as

△IðkÞμ ¼ −
ðn − 1Þ
ηη0

Iðkþ1Þ
μ þ r2

η2ðη0Þ2 I
ðkþ2Þ
μ : ð109Þ

Similarly, the time derivatives of IðkÞμ can be found by using
the relations (107c). Thus, we obtain

ðη∂η þ η0∂η0 ÞIðkÞμ ¼ ηη0△Iðk−1Þμ þ ðn − 1ÞIðkÞμ ð110Þ

and

ηη0∂η∂η0I
ðkÞ
μ ¼

�ðn − 1Þ2
4

− μ2
�
IðkÞμ −

η2 þ ðη0Þ2
2

△IðkÞμ

þ nþ 1

2
ηη0△Iðk−1Þμ þ ðηη0Þ2

2
△2Iðk−2Þμ ;

ð111Þ

where the equality (68) satisfied by the IðkÞμ has also been
used. These equations allow us to trade time derivatives for
Laplacians. Thus, defining

Kbd0 ≡ KðSÞ
bd0 þ

NðVÞ

NðSÞ
α

KðVÞ
bd0 ; ð112Þ

we find [using ∂ν0IμðZÞ ¼ −∂νIμðZÞ]

Kμν0 ¼ −
∂μ∂ν

△
∂η∂η0IVðZÞ −

ðn − 2Þ2
ηη0

∂μ∂ν

△
IVðZÞ

þ n − 2

ηη0
∂μ∂ν

△
ðη∂η þ η0∂η0 ÞIVðZÞ

−
αm2 − 2ðn − 1ÞH2

H2ηη0

�
ημν −

∂μ∂ν

△

�
IVðZÞ: ð113Þ

Recalling that IVðZÞ ¼ Ið0ÞV ðZÞ, where IV ¼ IμV with μV
defined by Eq. (104), we can exchange time derivatives for
Laplacians using Eqs. (110) and (111). All inverse
Laplacians in Eq. (113) cancel out in the process. Next,
by using Eq. (109) to eliminate the remaining Laplacians,
we are left with

Kμν0 ¼ −
αm2 − 2ðn − 1ÞH2

H2ηη0
ημνI

ð0Þ
V ðZÞ

þ ∂μ∂ν½ZIð0ÞV ðZÞ þ ðn − 3ÞIð−1ÞV ðZÞ�: ð114Þ

We evaluate the remaining spatial derivatives using
Eqs. (108c). The final result turns out to be de Sitter
invariant, as expected, and has the form

Kbd0 ¼ ½−ð1 − Z2ÞIð2ÞV ðZÞ þ ðn − 1ÞZIð1ÞV ðZÞ�Z;bd0

− ½ZIð2ÞV ðZÞ þ ðn − 1ÞIð1ÞV ðZÞ�Z;bZ;d0 ; ð115Þ

where we have made use of Eq. (68) to simplify the final
expression. This result agrees with that derived in Ref. [62],
but the derivation presented here is shorter.
Note that we were able to perform the exchange of

derivatives only because the momentum integral was
convergent thanks to the condition αm2 > nH2 and
because, thus, the inverse of the Laplacian in
Eqs. (103d) and (113) was well defined. If this condition
were not satisfied, the final result would have depended on
how the momentum integral was regularized (e.g., by a
cutoff at low momenta, or by an additional factor of jpjω in
the integrand).
The final result for the vector sector two-point function

then reads

ΔðV;m2Þ
abc0d0 ðx; x0Þ ¼ NðSÞ

α ∇ðc0∇jðaKbÞjd0Þ: ð116Þ

Again, it is convenient for later use to have an explicit
expression in terms of de Sitter–invariant bitensors and
scalar functions. We evaluate the derivatives using the
relations (73). The result is
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ΔðV;m2Þ
abc0d0 ðx; x0Þ ¼ NðSÞ

α

X5
k¼1

TðkÞ
abc0d0F

ðV;kÞðZÞ; ð117Þ

where the bitensors TðkÞ
abc0d0 are defined by Eq. (72) and the

coefficients are given by

FðV;1Þ ¼ −ZIð2ÞV ; ð118aÞ

FðV;2Þ ¼ Ið3ÞV ; ð118bÞ

FðV;3Þ ¼ −ZIð4ÞV − ðnþ 1ÞIð3ÞV ; ð118cÞ

FðV;4Þ ¼ −
1

4
ð1 − Z2ÞIð4ÞV þ n

4
ðZIð3ÞV − Ið2ÞV Þ; ð118dÞ

FðV;5Þ ¼ −
1

2
ð1 − Z2ÞIð3ÞV þ n

2
ZIð2ÞV : ð118eÞ

As a check, we have verified that the two-point function

ΔðV;m2Þ
abc0d0 ðx; x0Þ given by Eq. (117) is traceless in each index

pair using the relations (73). [This must be the case because
the vector va, in terms of which the vector sector of the
gravitational perturbation is defined by Eq. (31), is diver-
gence free.]

C. Tensor sector

The tensor field hðTÞab is transverse and traceless, from
which it follows that Gb ¼ 0 [see Eq. (19)]. Consequently,
only the invariant part of the field equation (23) contributes.
Thus, we have

ð∇2 − 2H2 −m2ÞhðTÞab ¼ 0: ð119Þ

In order to find a complete set of modes, we proceed
similarly to the case of the vector sector, decomposing the

components of hðTÞab in their irreducible parts with respect to
the spatial Oðn − 1Þ symmetry. Enforcing (covariant) trans-
versality and tracelessness, we obtain

hðTÞ00 ¼ S; ð120aÞ

hðTÞ0μ ¼ ∂μ

△

�
∂η −

n − 2

η

�
S − ðHηÞ−1Vμ; ð120bÞ

hðTÞμν ¼ ∂μ∂ν

△
Sþ Qμν

n − 2

�
1 −

1

△

�
∂η −

n − 2

η

�
2
�
S

− 2ðHηÞ−1
�
∂η −

n − 1

η

� ∂ðμVνÞ
△

þ ðHηÞ−2Hμν;

ð120cÞ

with the spatial vector Vμ spatially divergence free,
ημν∂μVν ¼ 0, and the spatial tensor Hμν spatially

divergence free and traceless, ημν∂μHνρ ¼ 0 ¼ ημνHμν. In
order to shorten the formulas, we have defined the spatially
traceless operator

Qμν ≡ ημν − ðn − 1Þ ∂μ∂ν

△
: ð121Þ

As in the vector case, the inverse Laplacian in the
decomposition (120) is well defined only if the momentum
integrals converge. This condition is satisfied if m2 > 0 as
we shall see below. Substituting the decomposition (120)
back into the field equation (119), we obtain the following
equations of motion:

�
∂2
η −

n − 2

η
∂η −△þ m2

H2η2

�
S ¼ 0; ð122aÞ

�
∂2
η −

n − 2

η
∂η −△þ m2

H2η2

�
Vμ ¼ 0; ð122bÞ

�
∂2
η −

n − 2

η
∂η −△þ m2

H2η2

�
Hμν ¼ 0: ð122cÞ

To express the solutions of these equations, we need to

define a set of spatial polarization tensors eðkÞμν ðpÞ with
k ∈ f1;…; nðn − 3Þ=2g which are symmetric, transverse,

pμeðkÞμν ðpÞ ¼ 0, traceless, ημνeðkÞμν ðpÞ ¼ 0, and form a basis
of the subspace of tensors satisfying these conditions. We
normalize them by imposing the conditions

ημνηρσeðkÞμρ ðpÞeðlÞ�νσ ðpÞ ¼ δkl: ð123Þ

They satisfy the following completeness relation since they
form a basis:

Xnðn−3Þ=2

k¼1

eðkÞμν ðpÞeðkÞ�ρσ ðpÞ ¼ ~Pμðρ ~PσÞν −
1

n − 2
~Pμν

~Pρσ; ð124Þ

where ~Pμν is defined by Eq. (85). Again, Eqs. (122) have
exactly the form of the Klein-Gordon equation (39) with
mass M ¼ m, and, thus, the mode solutions corresponding
to the Bunch-Davies vacuum are given by

Spðη; xÞ ¼ ϕm2

p ðη; xÞ; ð125aÞ

VðkÞ
pμ ðη; xÞ ¼ eðkÞμ ðpÞϕm2

p ðη; xÞ; ð125bÞ

HðkÞ
pμνðη; xÞ ¼ eðkÞμν ðpÞϕm2

p ðη; xÞ: ð125cÞ

The modes for the field hðTÞab can then be determined from
the decomposition (120). We obtain
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hðTT;kÞp00 ðη; xÞ ¼ hðTT;kÞp0μ ðη; xÞ ¼ 0; ð126aÞ

hðTT;kÞpμν ðη; xÞ ¼ ðHηÞ−2eðkÞμν ðpÞϕm2

p ðη; xÞ ð126bÞ

for the spatial tensor modes by substituting Eq. (125c) into
Eq. (120) with S ¼ 0 ¼ Vμ, and

hðTV;kÞp00 ðη; xÞ ¼ 0; ð127aÞ

hðTV;kÞp0μ ðη; xÞ ¼ −ðHηÞ−1eðkÞμ ðpÞϕm2

p ðη; xÞ; ð127bÞ

hðTV;kÞpμν ðη; xÞ ¼ 2i
Hη

pðμe
ðkÞ
νÞ ðpÞ
p2

�
∂η −

n − 1

η

�
ϕm2

p ðη; xÞ

ð127cÞ

for the spatial vector modes by substituting Eq. (125b) into
Eq. (120) with S ¼ 0 ¼ Hμν. The spatial scalar modes are
found by substituting Eq. (125a) into Eq. (120) with
Vμ ¼ 0 ¼ Hμν, and using Eq. (122a) to simplify the results,
as follows:

hðTSÞp00 ðη; xÞ ¼ ϕm2

p ðη; xÞ; ð128aÞ

hðTSÞp0μ ðη; xÞ ¼ −i
pμ

p2

�
∂η −

n − 2

η

�
ϕm2

p ðη; xÞ; ð128bÞ

hðTSÞpμν ðη; xÞ ¼ pμpν

p2
ϕm2

p ðη; xÞ −
~Qμν

η2p2

×

�
η∂η − ðn − 1Þ þ m2

ðn − 2ÞH2

�
ϕm2

p ðη; xÞ;

ð128cÞ

where

~Qμν ¼ ημν − ðn − 1Þpμpν

p2
ð129Þ

is the Fourier transform of Qμν defined by Eq. (121).
We expand the tensor sector of the graviton field

operator, ĥðTÞab , as

ĥðTÞab ¼
Z

½âðTSÞðpÞhðTSÞpab þ H:c:� dn−1p
ð2πÞn−1

þ
Xn−2
k¼1

Z
½âðTVÞk ðpÞhðTV;kÞpab þ H:c:� dn−1p

ð2πÞn−1

þ
Xnðn−3Þ2

k¼1

Z
½âðTTÞk ðpÞhðTT;kÞpab þ H:c:� dn−1p

ð2πÞn−1 : ð130Þ

The commutation relations for the creation and annihilation
operators in this expansion are obtained from the symplectic
product (4) of the modes (126), (127), and (128).

The calculation is again facilitated by taking the hyper-
surfaces Σ to be η ¼ const. Thus, we obtain

hhðTT;kÞpab ; hðTT;lÞqcd i ¼ 1

2
δklð2πÞn−1δn−1ðp − qÞ; ð131aÞ

hhðTV;kÞpab ; hðTV;lÞqcd i ¼ m2

p2
δklð2πÞn−1δn−1ðp − qÞ; ð131bÞ

hhðTSÞpab ; h
ðTSÞ
qcd i ¼

ðn − 1Þm2½m2 − ðn − 2ÞH2�
2ðn − 2Þðp2Þ2

× ð2πÞn−1δn−1ðp − qÞ; ð131cÞ

and all other components vanish. Note that the symplectic

norm of hðTSÞqab vanishes for m2 ¼ ðn − 2ÞH2. This is a
consequence of a gauge symmetry for this value of mass
[64]. The commutators for the creation and annihilation
operators can be found by using Eq. (10) as

½âðTTÞk ðpÞ; âðTTÞ†l ðqÞ� ¼ 2δklð2πÞn−1δn−1ðp − qÞ; ð132aÞ

½âðTVÞk ðpÞ; âðTVÞ†l ðqÞ� ¼ p2

m2
δklð2πÞn−1δn−1ðp − qÞ; ð132bÞ

½âðTSÞðpÞ; âðTSÞ†ðqÞ� ¼ 2ðn − 2Þðp2Þ2
ðn − 1Þm2½m2 − ðn − 2ÞH2�
× ð2πÞn−1δn−1ðp − qÞ; ð132cÞ

with all others vanishing. Notice that, if 0 < m2 <
ðn − 2ÞH2, then the spatial scalar sector has negative
norm [21].
The tensor sector of the Wightman two-point function in

the Bunch-Davies vacuum can thus be expressed as

ΔðT;m2Þ
abc0d0 ðx; x0Þ ¼ NðVÞΔðTT;m2Þ

abc0d0 ðx; x0Þ
þ NðVÞΔðTV;m2Þ

abc0d0 ðx; x0Þ
þ NðSÞΔðTS;m2Þ

abc0d0 ðx; x0Þ; ð133Þ

with the mode sums

ΔðTT;m2Þ
abc0d0 ðx; x0Þ

≡ 2m2
ð4πÞn2
Hn

Xnðn−3Þ2

k¼1

Z
hðTT;kÞpab ðxÞhðTT;kÞ�pc0d0 ðx0Þ dn−1p

ð2πÞn−1 ;

ð134Þ

ΔðTV;m2Þ
abc0d0 ðx; x0Þ

≡ ð4πÞn2
Hn

Xn−2
k¼1

Z
p2hðTV;kÞpab ðxÞhðTV;kÞ�pc0d0 ðx0Þ dn−1p

ð2πÞn−1 ; ð135Þ
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and

ΔðTS;m2Þ
abc0d0 ðx; x0Þ

≡ ð4πÞn2
Hnþ2

Z
ðp2Þ2hðTSÞpab ðxÞhðTSÞ�pc0d0 ðx0Þ

dn−1p
ð2πÞn−1 ; ð136Þ

and the constant

NðSÞ ≡ lim
α→2ðn−1Þ=ðn−2Þ

NðSÞ
α

¼ 2ðn − 2ÞH4

ðn − 1Þm2½m2 − ðn − 2ÞH2�
Hn−2

ð4πÞn2 ; ð137Þ

withNðSÞ
α defined by Eq. (100) andNðVÞ given by Eq. (101).

The explicit form of the mode functions (126), (127), and
(128) shows that the momentum integrals (134), (135),
and (136) converge in the IR if the mass m2 of the scalar
mode functions is positive. This is because the factor of
pμpν=p4 ∼ 1=p2 in the spatial vector part is canceled by the
explicit factor of p2 in the momentum integral (135), and
the explicit factor of 1=ðp2Þ2 in the spatial scalar part is
also canceled in the momentum integral (136). Hence, we
assume m2 > 0 for the time being and treat the limit
m2 → 0 in Sec. IV.

Thus, by substituting the mode functions (126), (127),
and (128) into Eqs. (134), (135), and (136), respectively, we
obtain the spatial tensor, spatial vector and spatial scalar
part of the tensor sector of the graviton two-point function.
The spatial scalar part is given by

ΔðTS;m2Þ
0000 ðx; x0Þ ¼ △2ITðZÞ; ð138aÞ

ΔðTS;m2Þ
000σ0 ðx; x0Þ ¼

�
∂η0 −

n − 2

η0

�
∂σ0△ITðZÞ; ð138bÞ

ΔðTS;m2Þ
00ρ0σ0 ðx; x0Þ ¼ ðη0Þ−2

�
η0∂η0 − ðn − 1Þ þ m2

ðn − 2ÞH2

�

×Qρ0σ0△ITðZÞ þ ∂ρ0∂σ0△ITðZÞ;
ð138cÞ

ΔðTS;m2Þ
0ν0σ0 ðx; x0Þ ¼

�
∂η −

n − 2

η

��
∂η0 −

n − 2

η0

�
∂ν∂σ0ITðZÞ;

ð138dÞ

ΔðTS;m2Þ
0νρ0σ0 ðx; x0Þ ¼

�
∂η −

n − 2

η

��
ðη0Þ−2

�
η0∂η0 − ðn − 1Þ þ m2

ðn − 2ÞH2

�
Qρ0σ0 þ ∂ρ0∂σ0

	
∂νITðZÞ; ð138eÞ

ΔðTS;m2Þ
μνρ0σ0 ðx; x0Þ ¼

�
Qμν

η2

�
η∂η − ðn − 1Þ þ m2

ðn − 2ÞH2

�
þ ∂μ∂ν

	

×

�
Qρ0σ0

ðη0Þ2
�
η0∂η0 − ðn − 1Þ þ m2

ðn − 2ÞH2

�
þ ∂ρ0∂σ0

	
ITðZÞ; ð138fÞ

The nonzero components of the spatial vector part are
given by

ΔðTV;m2Þ
00c0d0 ðx; x0Þ ¼ 0; ð139aÞ

ΔðTV;m2Þ
0ν0σ0 ðx; x0Þ ¼ −

1

H2ηη0
Pνσ△ITðZÞ; ð139bÞ

ΔðTV;m2Þ
0νρ0σ0 ðx; x0Þ ¼ 2

H2ηη0

�
∂η0 −

n − 1

η0

�
Pνðρ∂σÞITðZÞ;

ð139cÞ

ΔðTV;m2Þ
μνρ0σ0 ðx; x0Þ ¼ 4

H2ηη0

�
∂η −

n − 1

η

�

×

�
∂η0 −

n − 1

η0

� ∂ðμPνÞðρ∂σÞ
△

ITðZÞ;

ð139dÞ
and the spatial tensor part is given by

ΔðTT;m2Þ
μνρ0σ0 ðx; x0Þ ¼ 2m2

H2η2ðη0Þ2

×

�
PμðρPσÞν −

1

n − 2
PμνPρσ

�
ITðZÞ;

ð140Þ
with all components with at least one temporal index
vanishing. We recall that the operators Pμν and Qμν are
defined by Eqs. (86) and (121), respectively. The function
ITðZÞ≡ IμTðZÞ appearing above is defined by Eq. (65)
with the parameter μT given by

μT ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn − 1Þ2

4
−
m2

H2

r
: ð141Þ

For the 00c0d0 and the 0ν0σ0 components, the time
derivatives acting on ITðZÞ can be evaluated directly with
the help of Eqs. (107) and (108). For the remaining
components, we proceed as in the case of the vector sector,
using Eqs. (109)–(111) to trade time derivatives for
Laplacians. This procedure results in
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ΔðTS;m2Þ
0νρ0σ0 þ NðVÞ

NðSÞ Δ
ðTV;m2Þ
0νρ0σ0 ¼ ðη0Þ−1∂νQρσ△

�
r2

2ηη0
Ið0ÞT ðZÞ þ

�
m2

ðn − 2ÞH2
− ðn − 2Þ

�
Ið−1ÞT ðZÞ

	

−
1

ηη0
m2 − ðn − 2ÞH2

ðn − 2ÞH2

�
∂η0 −

n − 1

η0

�
½ηρσ∂ν − ðn − 1Þηνðρ∂σÞ�Ið0ÞT ðZÞ

þ
�
∂η −

n − 2

η

�
∂ν∂ρ∂σI

ð0Þ
T ðZÞ ð142Þ

and

ΔðTS;m2Þ
μνρ0σ0 þ NðVÞ

NðSÞ

�
ΔðTV;m2Þ

μνρ0σ0 þ ΔðTT;m2Þ
μνρ0σ0

�

¼ ðn − 2Þ ~m2ð1 − ~m2Þ
η2ðη0Þ2 ½ημνηρσ − ðn − 1ÞημðρησÞν�Ið0ÞT ðZÞ

þ 2
ημνηρσ△

ðn − 1Þηη0 fI
ð1Þ
T ðZÞ þ ð1 − ~m2Þ½ZIð0ÞT ðZÞ þ ðn − 2ÞIð−1ÞT ðZÞ�g þ ∂μ∂ν∂ρ∂σI

ð0Þ
T ðZÞ

þ ðη0Þ2 þ η2

η2ðη0Þ2
ημνηρσ△

ðn − 1Þ fZI
ð1Þ
T ðZÞ þ ½ ~m2 − ðn − 1Þ�Ið0ÞT ðZÞg − ðημν∂ρ∂σ þ ηρσ∂μ∂νÞ

1

ηη0
Ið1ÞT ðZÞ

− 2
ð1 − ~m2Þ

ηη0
½ημν∂ρ∂σ þ ηρσ∂μ∂ν − ðn − 1Þ∂ðμηνÞðρ∂σÞ�½ZIð0ÞT ðZÞ þ ðn − 2ÞIð−1ÞT ðZÞ�

þ
�
ηρσ∂μ∂ν

η2
þ ημν∂ρ∂σ

ðη0Þ2
�
fZIð1ÞT ðZÞ þ ½ðn − 1Þ − ~m2�Ið0ÞT ðZÞg

þ η2 þ ðη0Þ2
ðn − 1Þη2ðη0Þ2QμνQρσ△fZIð1ÞT ðZÞ þ ½ðn − 1Þ − ~m2�Ið0ÞT ðZÞg

−
1

ðn − 1Þηη0 QμνQρσ△f2Ið1ÞT ðZÞ þ ½ðnþ 1Þ − 2 ~m2�ZIð0ÞT ðZÞ þ ½ðn − 2Þðnþ 1Þ − ð3n − 5Þ ~m2�Ið−1ÞT ðZÞg; ð143Þ

with the abbreviation ~m2 ≡m2=½ðn − 2ÞH2�. Except for the
components (143) with all indices spatial, the remaining
derivatives can now be evaluated, and the result can be cast
into a de Sitter–invariant form. It is most useful to present
this result in terms of de Sitter–invariant bitensors and
scalar coefficient functions. Thus, we find

ΔðT;m2Þ
abc0d0 ðx; x0Þ ¼ −

NðSÞ

n − 2

X5
k¼1

TðkÞ
abc0d0F

ðT;kÞðZÞ ð144Þ

with the bitensor set (72) and the coefficients

FðT;1Þ ¼ ð1 − Z2Þ2Ið4ÞT − 2ðnþ 1Þð1 − Z2ÞZIð3ÞT

− ðnþ 1Þð2 − nZ2ÞIð2ÞT ; ð145aÞ

FðT;2Þ ¼ −ð1 − Z2ÞIð4ÞT þ 2ðnþ 1ÞZIð3ÞT

þ nðnþ 1ÞIð2ÞT ; ð145bÞ

FðT;3Þ ¼ ½1 − ðn − 1ÞZ2�Ið4ÞT − 2ðn2 − 1ÞZIð3ÞT

− nðn2 − 1ÞIð2ÞT ; ð145cÞ

FðT;4Þ ¼ −
n − 1

2
ð1 − Z2ÞZIð4ÞT þ nðn2 − 1Þ

2
ZIð2ÞT

−
nþ 1

2
½n − 2 − 2ðn − 1ÞZ2�Ið3ÞT ; ð145dÞ

FðT;5Þ ¼ −
n − 1

2
ð1 − Z2Þ2Ið4ÞT þ ðn2 − 1Þð1 − Z2ÞZIð3ÞT

þ nðnþ 1Þ
2

½1 − ðn − 1ÞZ2�Ið2ÞT ; ð145eÞ

where we have used Eq. (68) to simplify the expressions. It
can readily be verified that the right-hand side of Eq. (144)
is transverse (in spacetime) and traceless with the aid of
Eqs. (73).
One can show that the purely spatial components (143)

agree with Eq. (144) by proving that

ΔðT;m2Þ
μνρ0σ0 ðx; x0Þ þ

NðSÞ

n − 2

X5
k¼1

TðkÞ
μνρ0σ0F

ðT;kÞðZÞ ¼ 0: ð146Þ

Since the mode sums (134), (135), and (136) are con-
vergent for small p as long as m2 > 0 (which we have
assumed above), Eq. (146) holds if
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△

�
ΔðT;m2Þ

μνρ0σ0 ðx; x0Þ þ
NðSÞ

n − 2

X5
k¼1

TðkÞ
μνρ0σ0F

ðT;kÞðZÞ
�
¼ 0: ð147Þ

This equation can readily be checked by explicit
calculation.

D. Overall result and the massless limit

In the preceding sections, we have derived the expres-
sions for the scalar, vector, and tensor sectors of the
graviton two-point function in a two-parameter family of
covariant gauges in terms of mode sums. The vector and
tensor sectors have been regularized by a Fierz-Pauli mass
term. As already mentioned above, while the expression for
the scalar sector, Eq. (58), converges for m ¼ 0 and β > 0,
the ones obtained for the vector and tensor sectors,
Eqs. (97) and (133), are only convergent for αm2 > nH2

and m2 > 0, respectively. Our aim now is to show that
despite this fact, the sum of the vector and tensor sectors
(and thus the whole graviton two-point function) is finite
in the limit m → 0. We note that, although the two-point
function for the divergence-free vector field va satisfying
Eq. (80) is defined only for αm2 > nH2, the expression for
the two-point function for∇avbþ∇bva given by Eqs. (116)
and (118) is well defined for 0 < αm2 < 2ðn − 1ÞH2 as
well. Since nH2 < 2ðn − 1ÞH2 for n > 2, we can vary αm2

from above nH2 to 0 continuously. (This does not mean,
however, that the momentum integrals for the vector sector
is convergent with 0 < αm2 < nH2. We will find in the
next section that they are IR-divergent. Thus, we are
analytically continuing the vector sector obtained for
αm2 > nH2 to all positive values of m2.)
Let us first analyze the behavior of ΔðV;m2Þ

abc0d0 and ΔðT;m2Þ
abc0d0

for smallm2. We begin by noting that the final result for the
vector sector, Eq. (117), diverges like 1=m2 for m → 0

because of the constant factor NðSÞ
α defined by Eq. (100).

For this reason, we expand the coefficients FðV;kÞ to first
order in m2. Similarly, the final result for the tensor sector,
Eq. (144), diverges like 1=m2 for m → 0 because of the
constant NðSÞ defined by Eq. (137), so we also expand the
coefficients FðT;kÞ to first order in m2. The coefficients
FðT;kÞ and FðV;kÞ are given in terms of the derivatives of

ITðZÞ and Ið1ÞV ðZÞ with respect to Z through Eqs. (145) and
(118), respectively. Using hypergeometric identities [63],
we see that, as m → 0, the integral ITðZÞ [with μT given by
Eq. (141)] diverges as

ITðZÞ ¼
ΓðnÞ
Γðn

2
Þ
H2

m2
þOðm0Þ: ð148Þ

The divergent term in Eq. (148), however, is constant such

that all derivatives IðkÞT ðZÞ with k ≥ 1 are finite in the

massless limit. Similarly, as m → 0, the integral Ið1ÞV ðZÞ
[with μV given in Eq. (104)] diverges as

Ið1ÞV ðZÞ ¼ Γðnþ 2Þ
2Γðn

2
þ 1Þ

H2

αm2
þOðm0Þ; ð149Þ

and all higher derivatives IðkÞV ðZÞ with k ≥ 2 are finite. The
coefficients for the vector and tensor sectors depend only

on IðkÞV ðZÞ and IðkÞT ðZÞ with k ≥ 2. Therefore it is enough to

expand the integrals IðkÞμ with k ≥ 2 up to linear order. By
noting that

lim
m→0

μV ¼ nþ 1

2
; ð150aÞ

lim
m→0

μT ¼ n − 1

2
; ð150bÞ

and using the definition (69) for the μ-derivative of IμðZÞ,
we find the small-m limit of the integrals IðkÞV and IðkÞT with
k ≥ 2 as

IðkÞV ¼ IðkÞðnþ1Þ=2 þ
αm2

H2
~IðkÞðnþ1Þ=2 þOðm4Þ; ð151aÞ

IðkÞT ¼ IðkÞðn−1Þ=2 þ
m2

H2
~IðkÞðn−1Þ=2 þOðm4Þ: ð151bÞ

Now we write the vector sector and tensor sector of the
two-point function, Eqs. (117) and (144), respectively, for
small m2 as

ΔðV;m2Þ
abc0d0 ðx; x0Þ ¼

�
H2

m2
þ α

2ðn − 1Þ
�
ΔðV;divÞ

abc0d0 ðx; x0Þ

þ αΔðV;finÞ
abc0d0 ðx; x0Þ þOðm2Þ ð152Þ

and

ΔðT;m2Þ
abc0d0 ðx; x0Þ ¼

�
H2

m2
þ 1

n − 2

�
ΔðT;divÞ

abc0d0 ðx; x0Þ

þ ΔðT;finÞ
abc0d0 ðx; x0Þ þOðm2Þ; ð153Þ

where we have introduced the following m-independent
and de Sitter–invariant bitensors:

ΔðT=V;div=finÞ
abc0d0 ðx; x0Þ

¼ −
2

n − 1

Hn−2

ð4πÞn2
X5
k¼1

TðkÞ
abc0d0F

ðT=V;div=fin;kÞðZÞ: ð154Þ

Here the coefficients FðT=V;div=fin;kÞðZÞ defined by

FðT=V;kÞðZÞ ¼ FðT=V;div;kÞðZÞ

þ m2

H2
FðT=V;fin;kÞðZÞ þOðm4Þ: ð155Þ
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They are obtained by substituting Eqs. (151) into
Eqs. (117) and (144). We first simplify the “div” coef-
ficients, FðT=V;div;kÞðZÞ, further with the aid of the recursion
relation (68). Since the limit m → 0 exists for the IðkÞV with

k ≥ 2 and the IðkÞT with k ≥ 1, we can write down these
recursion relations for these cases simply by letting
m2 ¼ 0. However, we also need these relations for k ¼ 1
in the vector sector and k ¼ 0 in the tensor sector. For these
cases of the recursion relation (68), we first substitute the
small-m expansions (148) and (149) into Eq. (68) and then
take the limit m → 0. This procedure results in

ð1 − Z2ÞIð2Þðn−1Þ=2 − nZIð1Þðn−1Þ=2 ¼
ΓðnÞ
Γðn

2
Þ ; ð156aÞ

ð1 − Z2ÞIð3Þðnþ1Þ=2 − ðnþ 2ÞZIð2Þðnþ1Þ=2 ¼
Γðnþ 2Þ
2Γðn

2
þ 1Þ ; ð156bÞ

which have an additional term on the right-hand side
arising as the product of a divergent term proportional to
H2=m2 and the first-order term in the expansion of IμðZÞ
in m2. Furthermore, by using the series expansion of the
hypergeometric functions [63] we obtain the relation

nIð1Þðn−1Þ=2 ¼ ð1 − Z2ÞIð2Þðnþ1Þ=2 −
ΓðnÞ
Γðn

2
Þ Z; ð157Þ

which we can use to replace all occurrences of the IðkÞðn−1Þ=2
with k ≥ 1 by the IðkÞðnþ1Þ=2. Thus, we find the “div”

coefficients in Eq. (154) as

FðT;div;1Þ ¼ ZIð2Þðnþ1Þ=2; ð158aÞ

FðT;div;2Þ ¼ −Ið3Þðnþ1Þ=2; ð158bÞ

FðT;div;3Þ ¼ ZIð4Þðnþ1Þ=2 þ ðnþ 1ÞIð3Þðnþ1Þ=2; ð158cÞ

FðT;div;4Þ ¼ ZIð3Þðnþ1Þ=2 þ
nþ 1

2
Ið2Þðnþ1Þ=2 ð158dÞ

FðT;div;5Þ ¼ ZIð2Þðnþ1Þ=2 þ
Γðnþ 2Þ
4Γðn

2
þ 1Þ ; ð158eÞ

and FðV;div;kÞ ¼ −FðT;div;kÞ, which is obtained using

Eq. (157). This last relation implies that ΔðV;divÞ
abc0d0 ðx; x0Þ þ

ΔðT;divÞ
abc0d0 ðx; x0Þ ¼ 0 and, consequently, that the limit

ΔðVTÞ
abc0d0 ðx; x0Þ≡ lim

m→0
½ΔðV;m2Þ

abc0d0 ðx; x0Þ þ ΔðT;m2Þ
abc0d0 ðx; x0Þ�

¼
�

1

n − 2
−

α

2ðn − 1Þ
�
ΔðT;divÞ

abc0d0 ðx; x0Þ

þ ΔðT;finÞ
abc0d0 ðx; x0Þ þ αΔðV;finÞ

abc0d0 ðx; x0Þ ð159Þ
is finite.
The “fin” coefficients, FðT=V;fin;kÞðZÞ, can be computed

using the recursion relation (71). For the ~IðkÞV with k ≥ 2 and

the ~IðkÞT with k ≥ 1, we may simply substitute m2 ¼ 0 to
find these recursion relations. For the case k ¼ 1 in the
vector sector and k ¼ 0 in the tensor sector, which we also
need, we first show that for small m

�
μ2T −

ðn − 1Þ2
4

�
~Ið0ÞT ¼ H2

m2

ΓðnÞ
Γðn

2
Þ þOðm2Þ; ð160aÞ

�
μ2V −

ðn − 1Þ2
4

− n

�
~Ið1ÞV ¼ H2

αm2

Γðnþ 2Þ
2Γðn

2
þ 1Þ þOðm2Þ:

ð160bÞ
The contribution (160) present on the left-hand side of
Eq. (71) exactly cancels the divergent term on the right-
hand side in the m → 0 limit [given by Eqs. (148) and
(149)]. Let us define

Πð0Þ
ðn−1Þ=2ðZÞ≡ lim

m→0

�
Ið0ÞT ðZÞ − ΓðnÞ

Γðn
2
Þ
H2

m2

�

¼ lim
m→0

ðIð0ÞT ðZÞ − Ið0ÞT ð−1ÞÞ

−
�
ψðn − 1Þ þ γ þ 1

n − 1

�
Γðn − 1Þ
Γðn

2
Þ

¼
Z

Z

−1
Ið1Þðn−1Þ=2ðZ0ÞdZ0

−
�
ψðn − 1Þ þ γ þ 1

n − 1

�
Γðn − 1Þ
Γðn

2
Þ

ð161Þ
and

Πð1Þ
ðnþ1Þ=2ðZÞ≡ lim

m→0

�
Ið1ÞV ðZÞ − Γðnþ 2Þ

2Γðn
2
þ 1Þ

H2

αm2

�

¼ lim
m→0

ðIð1ÞV ðZÞ − Ið1ÞV ð−1ÞÞ

−
�
ψðnþ 1Þ þ γ þ 1

nþ 1

�
Γðnþ 1Þ
2Γðn

2
þ 1Þ

¼
Z

Z

−1
Ið2Þðnþ1Þ=2ðZ0ÞdZ0

−
�
ψðnþ 1Þ þ γ þ 1

nþ 1

�
Γðnþ 1Þ
2Γðn

2
þ 1Þ :

ð162Þ
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Then the limitm → 0 of the relation (71) for k ¼ 0 in the
tensor case and k ¼ 1 in the vector case can be written as

ð1 − Z2Þ~Ið2Þðn−1Þ=2 − nZ~Ið1Þðn−1Þ=2 ¼ Πð0Þ
ðn−1Þ=2; ð163aÞ

ð1 − Z2Þ~Ið3Þðnþ1Þ=2 − ðnþ 2ÞZ~Ið2Þðnþ1Þ=2 ¼ Πð1Þ
ðnþ1Þ=2: ð163bÞ

Finally, using these relations we obtain for the “fin”
coefficients as follows:

FðV;fin;1Þ ¼ −Z~Ið2Þðnþ1Þ=2; ð164aÞ

FðV;fin;2Þ ¼ ~Ið3Þðnþ1Þ=2; ð164bÞ

FðV;fin;3Þ ¼ −Z~Ið4Þðnþ1Þ=2 − ðnþ 1Þ~Ið3Þðnþ1Þ=2; ð164cÞ

FðV;fin;4Þ ¼ −Z~Ið3Þðnþ1Þ=2 −
nþ 1

2
~Ið2Þðnþ1Þ=2 −

1

4
Ið2Þðnþ1Þ=2;

ð164dÞ

FðV;fin;5Þ ¼ −Z~Ið2Þðnþ1Þ=2 −
1

2
Πð1Þ

ðnþ1Þ=2; ð164eÞ

and

FðT;fin;1Þ ¼ ~Ið2Þðn−1Þ=2 − Πð0Þ
ðn−1Þ=2

−
2

n − 2
ZIð1Þðn−1Þ=2 −

ðn − 1ÞΓðn − 2Þ
Γðn

2
Þ ; ð165aÞ

FðT;fin;2Þ ¼ −Z~Ið3Þðn−1Þ=2 − ðnþ 1Þ~Ið2Þðn−1Þ=2

þ 1

n − 2
Ið2Þðn−1Þ=2; ð165bÞ

FðT;fin;3Þ ¼ ~Ið4Þðn−1Þ=2 þ ðn − 1ÞZ~Ið3Þðn−1Þ=2

þ ðn2 − 1Þ~Ið2Þðn−1Þ=2 −
n − 1

n − 2
Ið2Þðn−1Þ=2; ð165cÞ

FðT;fin;4Þ ¼ ~Ið3Þðn−1Þ=2 þ
n − 1

2
ðZ~Ið2Þðn−1Þ=2 þ n~Ið1Þðn−1Þ=2Þ

þ n − 1

2ðn − 2Þ ½ZI
ð2Þ
ðn−1Þ=2 þ ðn − 2ÞIð1Þðn−1Þ=2�;

ð165dÞ

FðT;fin;5Þ ¼ ~Ið2Þðn−1Þ=2 þ
n − 1

2
Πð0Þ

ðn−1Þ=2

þ n − 1

n − 2

�
ZIð1Þðn−1Þ=2 þ

ΓðnÞ
2Γðn

2
Þ
�
: ð165eÞ

The full two-point function for the graviton in the massless
limit is given by

Δabc0d0 ðx; x0Þ ¼ ΔðSÞ
abc0d0 ðx; x0Þ þ ΔðVTÞ

abc0d0 ðx; x0Þ; ð166Þ

with the scalar part ΔðSÞ
abc0d0 ðx; x0Þ given by Eqs. (74) and

(75). The right-hand side of Eq. (166) can naturally be
expressed in terms of the bitensor set (72). Indeed, by
combining Eqs. (159) and (154), the two-point function
(166) can be given as

Δabc0d0 ðx; x0Þ ¼
Hn−2

ð4πÞn2
X5
k¼1

TðkÞ
abc0d0F

ðkÞðZÞ ð167Þ

with the coefficients

FðkÞðZÞ≡ FðS;kÞðZÞ

−
2

n − 1

�
1

n − 2
FðT;div;kÞðZÞ þ FðT;fin;kÞðZÞ

�

þ α

n − 1

�
1

n − 1
FðT;div;kÞðZÞ − 2FðV;fin;kÞðZÞ

�
:

ð168Þ

The functions FðS;kÞ, FðT;div;kÞ, FðV;fin;kÞ and FðT;fin;kÞ are
given by Eqs. (75), (158), (164), and (165), respectively.
Equation (167) shows that, for the two-parameter family

of covariant gauges considered here, there is a de Sitter–
invariant two-point function constructed by the mode-sum
method which is free of IR divergences, even though it is
necessary to perform analytic continuation of the vector
sector, which is of pure-gauge form, in the mass parameter
m from αm2 > nH2 to all positive m2. In the case of the
scalar field theory with finite mass, it is known that, if the
spacetime is global de Sitter space, there is a de Sitter–
invariant state [8,9] which coincides with the Bunch-Davies
vacuum in the Poincaré patch [10] and Euclidean vacuum
obtain by analytic continuation from the sphere [65]. For
gravitons, it is known that on the sphere (in the Euclidean
approach) the family of covariant gauges employed here
leads to a propagator which is both IR finite and, after
analytic continuation, de Sitter invariant in the full de Sitter
space [28]. When restricted to the Poincaré patch, it is
straightforward to check that it agrees with our result (167),
where the explicit expressions in four dimensions are given
in the Appendix. Thus, our result gives strong evidence for
the existence of an IR finite, de Sitter–invariant Hadamard
state in the full de Sitter space whose associated Wightman
two-point function coincides with Eq. (167) in the Poincaré
patch, just as in the massive scalar field case, as claimed
in Ref. [38].

E. Behavior for large separations with n= 4

Large separations between the two points x and x0 of the
two-point function corresponds to large Z (64), where large
timelike separations entail Z → þ∞ while large spacelike
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separations result in Z → −∞. (Note, however, that there is
no geodesic connecting the two points if Z < −1.) It is
known that for n ¼ 4 the graviton two-point function grows
in these limits, with the exact nature of the growth
depending on the gauge parameters [28] and taking the
form of a linearized gauge transformation, such that two-
point functions of gauge-invariant quantities do not grow
[28,37,38,66]. The aim of this section is to clarify the
nature of that growth for our result (167).
Since the four-dimensional case is the most interesting

physically, we will specialize to n ¼ 4 in this section. Some
results here can also be found in Ref. [28]. We first note
that, since the function ISðZÞ is essentially the two-point
function for the scalar field of mass

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðn − 1Þβp
H if β > 0

[see Eqs. (37) and (38)], the scalar-sector two-point

function ΔðSÞ
abc0d0 ðx; x0Þ tends to zero as jZj → ∞ as long

as β > 0. We work under this assumption for the rest of this
section. Thus, we only need to examine the vector and
tensor sectors, which are independent of β. We could then
expand the coefficients FðkÞ for large Z, whose explicit
expressions are given in the Appendix. However, since the
bitensor set (72) is not normalized and thus itself changes
with distance, we need to convert it to a normalized set.
Such a set can be constructed from the tangent vectors na
and na0 to the geodesic connecting x and x0, which can be
expressed via

na ¼ −
Z;a

H
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Z2

p ð169Þ

as a function of Z, and the parallel propagator gab0 which
reads

gab0 ¼ H−2
�
Z;ab0 −

Z;aZ;b0

1þ Z

�
: ð170Þ

These bivectors were first used by Allen and Jacobson in
Ref. [67]. From the relations

nana ¼ 1; nagab0 ¼ −nb0 ; gab0gb
0c ¼ δca ð171Þ

[which can be derived, e.g., from Eqs. (73)], one finds that
they are, indeed, normalized. We now introduce the set of
bitensors

Sð1Þabc0d0 ≡ gabgc0d0 ; ð172aÞ

Sð2Þabc0d0 ≡ gabnc0nd0 þ gc0d0nanb; ð172bÞ

Sð3Þabc0d0 ≡ nanbnc0nd0 ; ð172cÞ

Sð4Þabc0d0 ≡ 4nðagbÞðc0nd0Þ; ð172dÞ

Sð5Þabc0d0 ≡ 2gaðc0gd0Þb; ð172eÞ

and expand the two-point function (167) in this basis,
obtaining

Δabc0d0 ðx; x0Þ ¼
Hn−2

ð4πÞn2
X5
k¼1

SðkÞabc0d0G
ðkÞðZÞ ð173Þ

with the coefficients

Gð1ÞðZÞ ¼ Fð1ÞðZÞ; ð174aÞ

Gð2ÞðZÞ ¼ ð1 − Z2ÞFð2ÞðZÞ; ð174bÞ

Gð3ÞðZÞ ¼ ð1 − Z2Þ2Fð3ÞðZÞ þ 2ð1 − ZÞ2Fð5ÞðZÞ
þ 4ð1 − ZÞð1 − Z2ÞFð4ÞðZÞ; ð174cÞ

Gð4ÞðZÞ ¼ ð1 − Z2ÞFð4ÞðZÞ þ ð1 − ZÞFð5ÞðZÞ; ð174dÞ

Gð5ÞðZÞ ¼ Fð5ÞðZÞ: ð174eÞ

The explicit expressions for the coefficients GðTV;kÞðZÞ
are given in the Appendix. By expanding them for large Z,
we obtain

GðTV;1ÞðZÞ ¼ 2 −
4

3

�
1 −

3

5
α

�

×

�
11

6
þ 1

Z
þ
�
1 −

1

3Z2

�
ln

�
1 − Z
2

��

þOðZ−2Þ þOðZ−3 lnZÞ; ð175aÞ

GðTV;2ÞðZÞ ¼ −
2

3
þ 4

3

�
1 −

3

5
α

�

×

�
5

6
þ 1

Z
þ
�
1 −

2

Z2

�
ln

�
1 − Z
2

��

þOðZ−2Þ þOðZ−3 lnZÞ; ð175bÞ

GðTV;3ÞðZÞ ¼ 4GðTV;4ÞðZÞ − 4GðTV;2ÞðZÞ; ð175cÞ

GðTV;4ÞðZÞ ¼ 3

5
αZ −

11

3
þ 100

27Z
−
�
1 −

3

5
α

�

×

�
−
13

3
þ 46

27Z
þ
�
−2þ 20

9Z
−

4

9Z2

�

× ln

�
1 − Z
2

��

þOðZ−2Þ þOðZ−3 lnZÞ; ð175dÞ

GðTV;5ÞðZÞ ¼ −2GðTV;1ÞðZÞ − 1

2
GðTV;2ÞðZÞ: ð175eÞ

Note that while we can remove the terms which grow
logarithmically for large Z by taking α ¼ 5=3, there will be
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a divergence linear in Z unless α ¼ 0. As shown in
Refs. [28,66], however, this growth does not contribute
to gauge-invariant observables in linearized gravity, such as
the linearized Weyl tensor [31–33].

IV. IR ISSUES

Let us summarize our mode-sum construction of the
Wightman two-point function of gravitons in the family of
covariant gauges parametrized by α and β [see Eq. (19)] in
the Poincaré patch of de Sitter space. We introduced the
Fierz-Pauli mass term [see Eq. (21)] as an infrared
regularization and observed that the two-point function
can be expressed as the sum of three sectors: the scalar,
vector and tensor sectors. We first observed that the scalar
sector can directly be obtained in the massless limit with
the assumption that β > 0. We then found that there is no
IR problem in the mode-sum construction of the vector
and tensor sectors if αm2 > nH2 andm2 > 0, respectively,
with the assumption α > 0. Then, the vector sector was
found to be well defined for 0 < αm2 ≤ nH2 as well. We
used this expression of the vector sector, added it to the
tensor sector and took the limit m → 0. We found that this
limit was finite. In this manner, we obtained the graviton
two-point function, Eq. (167), which is well defined in the
IR and invariant under the symmetry of the background de
Sitter space. In this section, we discuss the IR issues
arising in the momentum integral of the vector and tensor
sectors. In particular, we find that the momentum integral
for the mixed spatial-temporal components of the vector
sector is IR-divergent for 0 < αm2 < nH2. We then
discuss the finiteness of the limit m → 0 for the sum
of the vector and tensor sectors, which was shown in
Sec. III D, in the context of the momentum integration for
the purely spatial components. We note that those com-
ponents are IR finite for all positivem2 for both vector and
tensor sectors.

A. The IR issues for 0 < αm2 < nH2

If m2 > 0, all the components of the tensor sector of the
Wightman two-point function converge for small
momenta and, thus, are IR finite. On the other hand,
we assumed αm2 > nH2 with α > 0 to guarantee the
convergence of the momentum integration in the IR for

the vector sector. However, the derivatives in hðVÞab ¼
∇avb þ∇bva somewhat mitigate the IR behavior, and
one can readily verify that the momentum integrals for

most components of ΔðVÞ
abc0d0 ðx; x0Þ are IR finite as long as

αm2 > 0. However, the exceptions are the mixed spatial-
temporal components with indices 0μ0ν0, for which the
momentum integral is IR-divergent if 0 < αm2 < nH2.
We discuss this problem here.
We first perform the angular part of the integrals in

momentum space in Eqs. (98) and (99) through the formula

Z
fðjpjÞeipx dn−1p

ð2πÞn−1 ¼
1

ð2πÞn−12 rn−32

×
Z

∞

0

fðpÞJn−3
2
ðprÞpn−1

2 dp; ð176Þ

where fðpÞ is any function depending only on the absolute
value p ¼ jpj, JρðzÞ is the Bessel function of order ρ, and
r≡ jxj. Then the spatial scalar and spatial vector contri-

butions to ΔðVÞ
0μ0ν0 ðx:x0Þ can be written as

ΔðVS;m2Þ
0μ0ν0 ðx; x0Þ ¼

Z
∞

0

~ΔðVS;m2Þ
0μ0ν0 ðx; x0;pÞdp; ð177aÞ

ΔðVV;m2Þ
0μ0ν0 ðx; x0Þ ¼

Z
∞

0

~ΔðVV;m2Þ
0μ0ν0 ðx; x0;pÞdp; ð177bÞ

respectively, so that the vector sector of the two-point
function is given as

ΔðV;m2Þ
0μ0ν0 ðx; x0Þ ¼

Z
∞

0

~ΔðV;m2Þ
0μ0ν0 ðx; x0;pÞdp; ð178Þ

where

~ΔðV;m2Þ
0μ0ν0 ðx; x0;pÞ≡ NðSÞ

α ~ΔðVS;m2Þ
0μ0ν0 ðx; x0;pÞ

þ NðVÞ ~ΔðVV;m2Þ
0μ0ν0 ðx; x0;pÞ: ð179Þ

We use the expansion for small arguments of the Hankel
and Bessel functions [63] to approximate the integrands of
Eqs. (177) for small p as

~ΔðVS;m2Þ
0μ0ν0 ðx; x0;pÞ ¼ −

1

2

�
nþ 1

2
− μV −

αm2

2H2

�

×

��
nþ 1

2
− μV −

αm2

2H2

�

×

�
1þ ðpηÞ2 þ ðpη0Þ2

4ðμV − 1Þ
�

− ð2μV − 3Þ ðpηÞ
2 þ ðpη0Þ2

2ðμV − 1Þ þOðp3Þ
	

× KðSÞ
μν0 ðη; η0; prÞpn−2−2μV ð180Þ

and

~ΔðVV;m2Þ
0μ0ν0 ðx; x0;pÞ ¼ −

1

2

�
nþ 1

2
− μV

���
nþ 1

2
− μV

�

×

�
1þ ðpηÞ2 þ ðpη0Þ2

4ðμV − 1Þ
�

þ ðpηÞ2 þ ðpη0Þ2
2ðμV − 1Þ þOðp3Þ

	

× KðVÞ
μν0 ðη; η0; prÞpn−2−2μV ; ð181Þ
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where the parameter μV is given by Eq. (104), and we have
defined the spatial bivectors

KðSÞ
μν0 ðη; η0; prÞ≡

H1−n

ð4πÞ12
Γ2ðμVÞ
Γðnþ3

2
Þ ðH

2ηη0Þn−52
�

4

ηη0

�
μV

×
��

ðnþ 1Þ − 1

2
ðprÞ2

�
ημν0

þ ðprÞ2 rμrν0
r2

	
: ð182Þ

and

KðVÞ
μν0 ðη; η0; prÞ≡

H1−n

ð4πÞ12
Γ2ðμVÞ
Γðnþ3

2
Þ ðH

2ηη0Þn−52
�

4

ηη0

�
μV

×

��
ðn − 2Þðnþ 1Þ − n

2
ðprÞ2

�
ημν0

þ ðprÞ2 rμrν0
r2

	
: ð183Þ

As αm2 − nH2 → 0þ, the power of p in Eqs. (180) and
(181) tends to −1. This means that the p integral diverges

like ðαm2 − nH2Þ−1 in this limit. However, ~ΔðV;m2Þ
0μ0ν0 ðx; x0;pÞ

behaves like αm2 − nH2 in this limit, thus canceling this
pole. This agrees with the fact that the vector sector given
by Eqs. (116) and (118) has no singularity at αm2 ¼ nH2.
Nevertheless, the p integral in Eq. (178) is divergent for
0 < αm2 < nH2 because the power of p in Eqs. (180) and
(181) is less than −1. In particular, for small m2, to lowest
order in p we find from Eqs. (180) and (181) that both
expressions behave as

pn−2−2μV ¼ p
−3þ2 αm2

ðnþ1ÞH2þOðm4Þ
: ð184Þ

Thus, the p integral in Eq. (178) has a power-law
divergence in the IR for 0 < αm2 < nH2. It is interesting
to note that the coefficient multiplying the leading diver-
gence is proportional to α2m4. Thus, if one takes them → 0
limit before the p integration, or equivalently, if one
regularizes the p integration, takes the m → 0 limit and
then removes the IR regularization for the p integral, the
leading power-law IR singularity we encounter here will
vanish. However, as we shall see in the next subsection, this
strategy will not yield a finite result in the total two-point
function. As for the next-to-leading order terms in
Eqs. (181) and (180), they both converge for m2 > 0 but
diverge as m → 0. Nevertheless, these terms cancel each

other, rendering the final expression for ΔðV;m2Þ
0μ0ν0 ðx; x0Þ finite

for m ¼ 0 except for the leading divergence mentioned
above. It is unclear how to justify discarding this diver-
gence and using the expression of the vector sector,
Eq. (117), analytically continued in m2 from αm2 > nH2

to study the m → 0 limit, but we conjecture that the
subtraction of this divergence will not affect physical
observables since the vector sector of the free graviton
field comprises part of the gauge sector of the theory. We
also conjecture that one will obtain the result of Sec. III B
for all αm2 > 0 without encountering IR divergences if the
vector sector is constructed by the mode-sum method in
global de Sitter space, because the mode sum in global de
Sitter space is discrete.

B. The m → 0 limit

In the previous subsection, we found that the p integrals
in our graviton two-point function are IR finite for m2 > 0
if the IR divergence of the 0μ0ν0 component of the vector
sector for 0 < αm2 < nH2 is dealt with by analytic
continuation in m2. Then, the m → 0 limit of our two-
point function is finite because of cancellation of terms
behaving like 1=m2 between the vector and tensor sectors,
and is given by Eqs. (167) and (168). In this subsection, we
investigate this cancellation by analyzing the p integration
closely for the purely spatial components. We note that
these components of the vector sector as well as the tensor
sector are IR finite for m2 > 0 (with α > 0). We will show
how the well-known IR divergences of the two-point
function in the transverse-traceless-synchronous gauge
[20], which contains only physical degrees of freedom,
are canceled by gauge contributions. We will also find that
the m → 0 limit and the p integral do not commute and
that, if them → 0 limit is taken before the p integration, our
two-point function will be IR-divergent unless α takes a
particular value.
We first perform the angular integrals in the expressions

for their spatial tensor, spatial vector, and spatial scalar
parts, Eqs. (134)–(136), respectively, with the aid of
Eq. (176) and express them as follows:

ΔðTT;m2Þ
μνρ0σ0 ðx; x0Þ ¼

Z
∞

0

~ΔðTT;m2Þ
μνρ0σ0 ðx; x0;pÞdp; ð185aÞ

ΔðTV;m2Þ
μνρ0σ0 ðx; x0Þ ¼

Z
∞

0

~ΔðTV;m2Þ
μνρ0σ0 ðx; x0;pÞdp; ð185bÞ

ΔðTS;m2Þ
μνρ0σ0 ðx; x0Þ ¼

Z
∞

0

~ΔðTS;m2Þ
μνρ0σ0 ðx; x0;pÞdp: ð185cÞ

We note that the m → 0 limit of ΔðTT;m2Þ
μνρ0σ0 ðx; x0Þ is the two-

point function in the transverse-traceless-synchronous

gauge whereas the contributions ΔðTV;m2Þ
μνρ0σ0 ðx; x0Þ and

ΔðTS;m2Þ
μνρ0σ0 ðx; x0Þ are of pure-gauge form in this limit. The

behavior for small m2 and p of the integrands in Eqs. (185)
is given by
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~ΔðTT;m2Þ
μνρ0σ0 ðx; x0;pÞ ¼ −

nðn − 3Þ
n − 2

m2

H2

× KðμTÞ
μνρ0σ0 ðη; η0Þp

−1þ 2m2

ðn−1ÞH2 ½1þOðp2Þ�;
ð186Þ

~ΔðTV;m2Þ
μνρ0σ0 ðx; x0;pÞ ¼ −2

�
n − 1

2
þ μT

�
2

× KðμTÞ
μνρ0σ0 ðη; η0Þp

−1þ 2m2

ðn−1ÞH2 ½1þOðp2Þ�;
ð187Þ

and

~ΔðTS;m2Þ
μνρ0σ0 ðx; x0;pÞ ¼ −

�
n − 1

2
þ μT −

m2

ðn − 2ÞH2

�
2

× KðμTÞ
μνρ0σ0 ðη; η0Þp

−1þ 2m2

ðn−1ÞH2 ½1þOðp2Þ�;
ð188Þ

where μT is defined by Eq. (141), and we have defined the
following traceless spatial bitensor:

KðαÞ
μνρ0σðη; η0Þ≡

H1−n

ð4πÞ12
Γ2ðαÞ
Γðnþ3

2
Þ ðH

2ηη0Þn−52
�

4

ηη0

�
α

× ½ημνηρ0σ0 − ðn − 1Þημðρ0ησ0Þν�: ð189Þ

The purely spatial components of the tensor sector are thus
obtained by integrating the following tensor over p:

~ΔðT;m2Þ
μνρ0σ0 ðx; x0;pÞ≡ NðVÞ ~ΔðTT;m2Þ

μνρ0σ0 ðx; x0;pÞ
þ NðVÞ ~ΔðTV;m2Þ

μνρ0σ0 ðx; x0;pÞ
þ NðSÞ ~ΔðTS;m2Þ

μνρ0σ0 ðx; x0;pÞ; ð190Þ

where NðVÞ and NðSÞ, which are proportional toH2=m2, are
given by Eqs. (101) and (137), respectively. The contri-
bution from the spatial tensor part, which corresponds to
the two-point function in the transverse-traceless-
synchronous gauge, is

NðVÞ ~ΔðTT;m2Þ
μνρ0σ0 ðx; x0;pÞ ¼ −

nðn − 3Þ
n − 2

Hn−2

ð4πÞn2 K
ðn−1

2
Þ

μνρ0σ0 ðη; η0Þ

× p
−1þ 2m2

ðn−1ÞH2 ½1þOðp2Þ�; ð191Þ

where the terms of order m2 have been neglected except in

p
−1þ 2m2

ðn−1ÞH2 . By adding the spatial vector and spatial scalar
contributions, both of which become pure gauge in the limit
m → 0, we find

~ΔðT;m2Þ
μνρ0σ0 ðx; x0;pÞ ¼ ðn − 3ÞH

n−2

ð4πÞn2 K
ðn−1

2
Þ

μνρ0σ0 ðη; η0Þ

× p
−1þ 2m2

ðn−1ÞH2 ½1þOðp2Þ�: ð192Þ

Thus, in the tensor sector the gauge contribution over-
compensates the one from the transverse-traceless-synchro-
nous modes, and changes the sign of the IR divergence.
The purely spatial components of the vector sector of the

graviton two-point function can be expressed as a p integral
in the same fashion as for the tensor sector. By combining

Eqs. (98) and (99) with Eq. (176), one can express ΔðVS;m2Þ
μνρ0σ0

and ΔðVV;m2Þ
μνρ0σ0 in the following form:

ΔðVS;m2Þ
μνρ0σ0 ðx; x0Þ ¼

Z
∞

0

~ΔðVS;m2Þ
μνρ0σ0 ðx; x0;pÞdp; ð193aÞ

ΔðVV;m2Þ
μνρ0σ0 ðx; x0Þ ¼

Z
∞

0

~ΔðVV;m2Þ
μνρ0σ0 ðx; x0;pÞdp: ð193bÞ

If m2 and p are small, the integrands in Eqs. (193) can be
approximated as follows:

~ΔðVS;m2Þ
μνρ0σ0 ðx; x0;pÞ ¼ ðn − 1Þ

�
1 −

1

ðn − 1Þ2
αm2

H2

�
ηη0

× KðμVÞ
μνρ0σ0 ðη; η0Þp

−1þ 2αm2

ðnþ1ÞH2 ½1þOðp2Þ�
ð194Þ

and

~ΔðVV;m2Þ
μνρ0σ0 ðx; x0;pÞ ¼ 2ηη0

× KðμVÞ
μνρ0σ0 ðη; η0Þp

−1þ 2αm2

ðnþ1ÞH2 ½1þOðp2Þ�:
ð195Þ

The purely spatial components of the vector sector are
obtained by integrating over p the tensor

~ΔðV;m2Þ
μνρ0σ0 ðx; x0;pÞ≡ NðSÞ

α ~ΔðVS;m2Þ
μνρ0σ0 ðx; x0;pÞ

þ NðVÞ ~ΔðVV;m2Þ
μνρ0σ0 ðx; x0;pÞ; ð196Þ

which for small m2 and p reads

~ΔðV;m2Þ
μνρ0σ0 ðx; x0;pÞ ¼ −α

n − 1

nþ 1
ðn − 3ÞH

n−2

ð4πÞn2

× K
ðn−1

2
Þ

μνρ0σ0 ðη; η0Þp
−1þ 2αm2

ðnþ1ÞH2 ½1þOðp2Þ�:
ð197Þ

The p dependence of ~ΔðT;m2Þ
μνρ0σ0 ðx; x0;pÞ given by Eq. (192)

and the one of ~ΔðV;m2Þ
μνρ0σ0 ðx; x0;pÞ given by Eq. (197) are of the
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form p−1þcm2

, where c is a positive constant. Each of these
give an IR-divergent contribution proportional to 1=ðcm2Þ
when integrated over p. These IR contributions, however,
cancel exactly for any α > 0 when they are added together,
in agreement with our conclusions in Sec. III D: the total
contribution diverging like 1=m2 is proportional to

ðn − 3Þ · ðn − 1ÞH2

2m2
− α

n − 1

nþ 1
ðn − 3Þ · ðnþ 1ÞH2

2αm2
¼ 0:

ð198Þ

It is interesting to note that the m → 0 limit and the p
integration do not commute. If one takes the m → 0 limit
first, then the cancellation shown in Eq. (198) does not
work for all α because there will be no distinction between

the small-p behavior of the form p
−1þ 2m2

ðn−1ÞH2 (for the tensor

sector) and that of the form p
−1þ 2αm2

ðnþ1ÞH2 (for the vector sector)
if the limit m → 0 is taken before the p integration. In this
case, the IR-divergent contribution to the two-point func-
tion with an IR momentum cutoff at p ¼ λ will be given by

Δμνρ0σ0 ðx; x0Þ ≈
Hn−2

ð4πÞn2 K
ðn−1

2
Þ

μνρ0σ0 ðη; η0Þ

× ðn − 3Þ
�
1 − α

n − 1

nþ 1

�
lnð1=λÞ: ð199Þ

Thus, if the m → 0 limit is taken before the p integration,
our two-point function is IR-divergent unless
α ¼ ðnþ 1Þ=ðn − 1Þ. (Recall also that the IR divergence
in the vector sector for 0 < αm2 < nH2 will be absent if the
m → 0 limit is taken before the p integration.) Especially, it
will be IR-divergent for α ¼ 0, which corresponds to the
Landau/exact gauge used in Refs. [50–52], where the two-
point function constructed using a different method was
found to be IR-divergent in the cutoff regularization.
However, the coefficient for the IR divergence we find is
different from the one found in these works. In four
dimensions, for example, the method of Ref. [52] gives
(see Ref. [53])

ΔMTW
μνρ0σ0 ðx; x0Þ ≈ −5

H2

ð4πÞ2 K
ð3
2
Þ

μνρ0σ0 ðη; η0Þ lnð1=λÞ; ð200Þ

whereas the coefficient for the IR divergence for our two-
point function will be 1 instead of −5 if the m → 0 limit is
taken before the p integration.

V. SUMMARY AND DISCUSSION

We have, for the first time, derived the graviton two-
point function by an explicit mode-sum construction in the
Poincaré patch of de Sitter space, for general spacetime
dimension n, in a general linear covariant gauge with

parameters α and β [see Eqs. (18) and (19)]. We added a
Fierz-Pauli mass term proportional to m2 to control IR
divergences and found that the two-point function can be
expressed as the sum of the scalar, vector and tensor
sectors. Since there is no IR problem in the scalar sector if
β > 0 [28,52], we made this assumption and found the
scalar sector directly with m ¼ 0. As for the vector sector,
we found that all relevant momentum integrals are con-
vergent only for αm2 > nH2. We performed the mode-sum
construction with this assumption and found that the
resulting vector sector of the two-point function is well
defined for any value of m2 > 0 (with α > 0) if this sector
is analytically continued in m2. The tensor sector, which
contains the contribution from the transverse-traceless-
synchronous modes, was found to be IR finite as long
asm2 > 0. We then added together the tensor sector and the
(analytically-continued) vector sector and found that the
m → 0 limit, i.e., the limit in which the IR regulator is
removed, is finite. In this manner, we obtained a de Sitter
invariant two-parameter family of graviton two-point
function in the Poincaré patch of de Sitter space by the
mode-sum method. We also verified that our result in four
dimensions agrees with the two-point function obtained by
analytic continuation from the sphere [27,28] (see also
Ref. [38]). We verified that the resulting two-point function
grows for large (time- or spacelike) separation but noted
that this growth does not affect local gauge-invariant
observables in linearized gravity as was shown in Ref. [28].
We also considered the procedure of setting m ¼ 0 from

the start and regularizing the IR divergences by an IR
momentum cutoff as is usually done in the literature. We
found that the graviton two-point function will be
IR-divergent for a general value of α because the IR
divergences do not cancel between the vector and tensor
sector in this case. This conclusion is in agreement with the
results of Refs. [50–52] obtained for the gauge parameter
α ¼ 0 (theLandauor exact gauge) although there is disagree-
ment in the exact value of the IR-divergent term. However,
since the IR divergence of the vector sector is proportional to
α, there is one special value of α where these divergences
cancel exactly, namely α ¼ ðnþ 1Þ=ðn − 1Þ in n dimen-
sions. For this value of α, one encounters no IR problems at
all. (We note, however, that some authors object to the gauge
with nonzero α [68].) If α is greater than this value, the IR
divergences coming from the vector sector are not large
enough to cancel the ones coming from the tensor sector,
while for smaller α they are too large. In particular, for the
Landau gauge α ¼ 0 the IR-divergent contribution coming
from the vector sector and the spatial vector and spatial scalar
parts of the tensor sector were found to overcompensate the
“physical” IR divergence coming from the spatial transverse-
traceless tensor part of the tensor sector and changes the
overall sign of the IR divergence.
In Ref. [23], it was explicitly shown that these diver-

gences are of gauge form, and can be transformed away by
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a “large” gauge transformation, at least in noninteracting
linearized gravity (see also Refs. [22,66]). If one considers
these IR divergences to be unphysical and expects them not
to contribute to correlation functions of gauge-invariant
observables, the change of sign in the IR divergence does
not matter (and in fact, one can then use the de Sitter–
invariant two-point function from the outset). On the other
hand, if one is skeptical of large gauge transformations and
attributes physical reality to the IR divergences, this change
of sign appears to cause difficulties because, then, one
would obtain different answers depending on whether one
uses the covariant two-point function with a gauge-fixing
term or that corresponding to just the physical, spatial
transverse-traceless metric perturbations.
Although it was shown in Ref. [37] that, as far as the

computation of the correlation functions corresponding to
compactly supported gauge-invariant quantities goes, the
covariant graviton two-point function we have derived is
physically equivalent at tree level to the de Sitter–breaking
ones, the same result may not be true for noncompactly
supported observables. Especially, we find it plausible that a
naive calculation of observables whose support extends to
spatial infinity can give different results using our two-point
function versus the de Sitter–breaking two-point functions
of, e.g., Refs. [50–52]. Such observables must be defined
carefully (e.g., by taking their support to be contained in a
sphere of radiusR and showing that the limitR → ∞ is well
defined), and while studies of this sort have been undertaken
in both anti–de Sitter and Minkowski spacetimes (see, e.g.,
Refs. [69–73]), leading to the discovery of asymptotic
symmetries and conserved charges at infinity, we are not
aware of a similar analysis for the de Sitter case.
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APPENDIX: FORMULAS FOR n= 4

Here we present the explicit form of the coefficient
functions in the massless two-point function (167) in
dimension n ¼ 4.
The functions IðkÞðnþ1Þ=2 with k ≥ 2 present in the

tensor-sector coefficients FðT;div;kÞðZÞ, Eq. (158), can be
directly evaluated for n ¼ 4 from the definition (67). For the
coefficientsFðT;fin;kÞðZÞ, given byEq. (165),we also need the
functions IðkÞðn−1Þ=2 with k ≥ 1, which can also be evaluated

directly from the definition (67), the function Πð0Þ
ðn−1Þ=2ðZÞ,

which can be calculated from its definition (161), and the

functions ~IðkÞðn−1Þ=2 with k ≥ 1, which were defined by

Eq. (69). For the evaluation of ~IðkÞðn−1Þ=2 for n ¼ 4, we first

write the relevant hypergeometric function as a series in four
dimensions and then differentiate term by term since the
series is absolutely convergent. This results in

~Ið1Þ3=2ðZÞ ¼ −
1

6
lim

μ→3=2

∂
∂μ

X∞
l¼0

Γð5
2
þ μþ lÞΓð5

2
− μþ lÞ

Γð3þ lÞl!

×

�
1þ Z
2

�
l

¼ −
1

6

X∞
l¼0

3l2 þ 12lþ 11

ðlþ 1Þðlþ 2Þ
�
1þ Z
2

�
l

¼ −
2ð1þ 2ZÞ

3ð1 − ZÞð1þ ZÞ þ
2ð2þ ZÞ
3ð1þ ZÞ2 ln

�
1 − Z
2

�
;

ðA1Þ

and the ~IðkÞ3=2ðZÞ with k > 1 can be obtained by simple
differentiation of this expression. For the vector-sector
coefficients FðV;fin;kÞðZÞ, Eq. (164), we need the functions

IðkÞðnþ1Þ=2 with k ≥ 2, which can be evaluated directly from the

definition (67), the function Πð1Þ
ðnþ1Þ=2ðZÞ, which can also be

calculated from its definition (162), and the functions ~IðkÞðnþ1Þ=2
with k ≥ 2, for which a similar calculation as in Eq. (A1)
shows

~Ið2Þ5=2ðZÞ ¼
2ð8Z3 þ 3Z2 − 15Z − 6Þ

5ð1 − ZÞ2ð1þ ZÞ2

þ 2ð3Z2 þ 9Z þ 8Þ
5ð1þ ZÞ3 ln

�
1 − Z
2

�
: ðA2Þ

Finally, for the scalar-sector coefficients FðS;kÞðZÞ given by
Eq. (75) the four-dimensional limit is straightforward for
general β > 0. However, the limit β → 0 exists for the
coefficients as we have

IðkÞS ðZÞ → IðkÞ3=2ðZÞ; ðA3aÞ

~IðkÞS ðZÞ → ~IðkÞ3=2ðZÞ ðA3bÞ
for k ≥ 1. Simple expressions are also found for the case
β ¼ 2=3, where we obtain by a similar reasoning as above

Ið1ÞS ðZÞ ¼ 2

ð1 − ZÞ2 ; ðA4aÞ

~Ið1ÞS ðZÞ ¼ −
2

ð1 − ZÞ2 −
2

ð1þ ZÞ2 ln
�
1 − Z
2

�
; ðA4bÞ

and for k > 1 we again simply take derivatives. The greatest
simplification occurs in the limit β → ∞, for which it was

shown in Ref. [62] that IðkÞS ðZÞ tends to zero exponentially

fast, and the same is seen to be true for ~IðkÞS ðZÞ.

MODE-SUM CONSTRUCTION OF THE COVARIANT … PHYSICAL REVIEW D 93, 124006 (2016)

124006-25



By combining the calculations described above, in four dimensions the scalar-sector coefficients FðS;kÞ are given for
β ¼ 0 by

FðS;1Þ ¼ −
4Zð5Z4 − 5Z3 − 24Z2 þ 7Z þ 5Þ

9ð1 − ZÞ3ð1þ ZÞ2 − α
4Z

9ð1 − ZÞ3 þ
16Z

9ð1þ ZÞ3 ln
�
1 − Z
2

�
; ðA5aÞ

FðS;2Þ ¼ 2ð7Z5 − 7Z4 − 104Z3 þ 8Z2 − 71Z þ 23Þ
9ð1 − ZÞ4ð1þ ZÞ3 þ α

4

3ð1 − ZÞ4 þ
16

3ð1þ ZÞ4 ln
�
1 − Z
2

�
; ðA5bÞ

FðS;3Þ ¼ 4ð7Z5 − 19Z4 − 386Z3 þ 98Z2 − 293Z þ 17Þ
9ð1 − ZÞ5ð1þ ZÞ4 − α

4ð5 − ZÞ
3ð1 − ZÞ5 −

16ð5þ ZÞ
3ð1þ ZÞ5 ln

�
1 − Z
2

�
; ðA5cÞ

FðS;4Þ ¼ −
4ðZ4 − 5Z3 − 69Z2 þ 17Z − 16Þ

9ð1 − ZÞ4ð1þ ZÞ3 − α
4ð4 − ZÞ
9ð1 − ZÞ4 þ

16ð4þ ZÞ
9ð1þ ZÞ4 ln

�
1 − Z
2

�
; ðA5dÞ

FðS;5Þ ¼ 2ðZ3 þ 3Z2 þ 27Z − 7Þ
9ð1 − ZÞ3ð1þ ZÞ2 − α

2ð3 − ZÞ
9ð1 − ZÞ3 −

8ð3þ ZÞ
9ð1þ ZÞ3 ln

�
1 − Z
2

�
; ðA5eÞ

and for β ¼ 2=3 by

FðS;1Þ ¼ −
8Z

3ð1 − ZÞ3 þ ð9 − αÞ
�
2Zð5Z3 − 3Z2 þ 7Z − 1Þ

9ð1 − ZÞ3ð1þ ZÞ2 −
4ð1 − ZÞZ
9ð1þ ZÞ3 ln

�
1 − Z
2

��
; ðA6aÞ

FðS;2Þ ¼ 4ð5þ ZÞ
3ð1 − ZÞ4 − ð9 − αÞ

�
8ð3Z4 − 3Z3 þ 13Z2 − 3Z þ 2Þ

9ð1 − ZÞ4ð1þ ZÞ3 þ 8ð2 − ZÞ
9ð1þ ZÞ4 ln

�
1 − Z
2

��
; ðA6bÞ

FðS;3Þ ¼ −
32

ð1 − ZÞ5 þ ð9 − αÞ
�
8ð7Z4 − 66Z3 þ 16Z2 − 54Z þ 1Þ

9ð1 − ZÞ5ð1þ ZÞ4 þ 32

3ð1þ ZÞ5 ln
�
1 − Z
2

��
; ðA6cÞ

FðS;4Þ ¼ −
8

ð1 − ZÞ4 þ ð9 − αÞ
�
8ð−3þ Z − 11Z2 þ Z3Þ

9ð1 − ZÞ4ð1þ ZÞ3 −
8

3ð1þ ZÞ4 ln
�
1 − Z
2

��
; ðA6dÞ

FðS;5Þ ¼ −
8

3ð1 − ZÞ3 − ð9 − αÞ
�

16Z
9ð1 − ZÞ3ð1þ ZÞ2 −

8

9ð1þ ZÞ3 ln
�
1 − Z
2

��
; ðA6eÞ

while they vanish in the limit β → ∞. For the vector- and tensor-sector coefficients FðTV;kÞ ≡ FðkÞðZÞ − FðS;kÞðZÞ, we
obtain

FðTV;1ÞðZÞ ¼ −
2ð−27þ 89Z − 81Z2 þ 27Z3Þ

27ð1 − ZÞ3 þ ð5 − 3αÞ 2Zð−4þ 19Z − 73Z2 − 15Z3 þ 33Z4Þ
135ð1 − ZÞ3ð1þ ZÞ2

− ð5 − 3αÞ 4Zð8þ 9Z þ 3Z2Þ
45ð1þ ZÞ3 ln

�
1 − Z
2

�
; ðA7aÞ

FðTV;2ÞðZÞ ¼ 2ð17 − 12Z þ 3Z2Þ
9ð1 − ZÞ4 − ð5 − 3αÞ 2ð21 − 79Z − 14Z2 − 14Z3 þ Z4 þ 5Z5Þ

45ð1 − ZÞ4ð1þ ZÞ3

− ð5 − 3αÞ 4ð5þ 4Z þ Z2Þ
15ð1þ ZÞ4 ln

�
1 − Z
2

�
; ðA7bÞ

FðTV;3ÞðZÞ ¼ 2ð−121þ 149Z − 75Z2 þ 15Z3Þ
9ð1 − ZÞ5 þ ð5 − 3αÞ 4ð25þ 29Z þ 15Z2 þ 3Z3Þ

15ð1þ ZÞ5 ln
�
1 − Z
2

�

− ð5 − 3αÞ 2ð−105þ 483Z þ 39Z2 þ 295Z3 þ 5Z4 − 95Z5 − 3Z6 þ 21Z7Þ
45ð1 − ZÞ5ð1þ ZÞ4 ; ðA7cÞ
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FðTV;4ÞðZÞ ¼ 8ð−5þ 3ZÞð7 − 7Z þ 3Z2Þ
27ð1 − ZÞ4 − ð5 − 3αÞ 2ð70 − 58Z þ 297Z2 þ 52Z3 − 148Z4 − 18Z5 þ 45Z6Þ

135ð1 − ZÞ4ð1þ ZÞ3

− ð5 − 3αÞ 2ð40þ 55Z þ 36Z2 þ 9Z3Þ
45ð1þ ZÞ4 ln

�
1 − Z
2

�
; ðA7dÞ

FðTV;5ÞðZÞ ¼ ð−159þ 341Z − 297Z2 þ 99Z3Þ
27ð1 − ZÞ3 − ð5 − 3αÞ ð−63þ 221Z þ 118Z2 − 250Z3 − 63Z4 þ 117Z5Þ

135ð1 − ZÞ3ð1þ ZÞ2

þ ð5 − 3αÞ 2ð5þ 3ZÞð3þ 4Z þ 3Z2Þ
45ð1þ ZÞ3 ln

�
1 − Z
2

�
; ðA7eÞ

and we see that the logarithmic terms are absent for α ¼ 5=3, which is exactly the value of α (in four dimensions) for which
the potential IR divergences in the momentum integrals cancel if one sets m ¼ 0 before the momentum integration is
performed, as explained in Sec. IV B.
In order to compare the results above with those of Ref. [28], we need to switch to the Allen-Jacobson basis [67] and use

the bitensor set defined by Eqs. (172). Using the relations (174) to convert the coefficients, we obtain for the scalar-sector
coefficients GðS;kÞ for β ¼ 0

GðS;1ÞðZÞ ¼ −
4Zð5Z4 − 5Z3 − 24Z2 þ 7Z þ 5Þ

9ð1 − ZÞ3ð1þ ZÞ2 − α
4Z

9ð1 − ZÞ3 þ
16Z

9ð1þ ZÞ3 ln
�
1 − Z
2

�
; ðA8aÞ

GðS;2ÞðZÞ ¼ 2ð7Z5 − 7Z4 − 104Z3 þ 8Z2 − 71Z þ 23Þ
9ð1 − ZÞ3ð1þ ZÞ2 þ α

4ð1þ ZÞ
3ð1 − ZÞ3 þ

16ð1 − ZÞ
3ð1þ ZÞ3 ln

�
1 − Z
2

�
; ðA8bÞ

GðS;3ÞðZÞ ¼ 8ð37 − 192Z þ 192Z2 − 310Z3 − 21Z4 þ 6Z5Þ
9ð1 − ZÞ3ð1þ ZÞ2 þ α

8ð−17 − 8Z þ Z2Þ
9ð1 − ZÞ3 −

32ð1 − ZÞ2
9ð1þ ZÞ3 ln

�
1 − Z
2

�
; ðA8cÞ

GðS;4ÞðZÞ ¼ −
2ð5þ ZÞð−5þ Z − 23Z2 þ 3Z3Þ

9ð1 − ZÞ3ð1þ ZÞ2 þ α
2ð−11 − 2Z þ Z2Þ

9ð1 − ZÞ3 þ 8ð5þ ZÞð1 − ZÞ
9ð1þ ZÞ3 ln

�
1 − Z
2

�
; ðA8dÞ

GðS;5ÞðZÞ ¼ 2ðZ3 þ 3Z2 þ 27Z − 7Þ
9ð1 − ZÞ3ð1þ ZÞ2 − α

2ð3 − ZÞ
9ð1 − ZÞ3 −

8ð3þ ZÞ
9ð1þ ZÞ3 ln

�
1 − Z
2

�
; ðA8eÞ

and for β ¼ 2=3

GðS;1ÞðZÞ ¼ −
8Z

3ð1 − ZÞ3 þ ð9 − αÞ
�
2Zð5Z3 − 3Z2 þ 7Z − 1Þ

9ð1 − ZÞ3ð1þ ZÞ2 −
4ð1 − ZÞZ
9ð1þ ZÞ3 ln

�
1 − Z
2

��
; ðA9aÞ

GðS;2ÞðZÞ ¼ 4ð1þ ZÞð5þ ZÞ
3ð1 − ZÞ3 − ð9 − αÞ

�
8ð3Z4 − 3Z3 þ 13Z2 − 3Z þ 2Þ

9ð1 − ZÞ3ð1þ ZÞ2 þ 8ð2 − ZÞð1 − ZÞ
9ð1þ ZÞ3 ln

�
1 − Z
2

��
; ðA9bÞ

GðS;3ÞðZÞ ¼ −
16ð13þ 10Z þ Z2Þ

3ð1 − ZÞ3 þ ð9 − αÞ
�
8ð−11 − 42Z − 24Z2 − 22Z3 þ 3Z4Þ

9ð1 − ZÞ3ð1þ ZÞ2 þ 16ð1 − ZÞ2
9ð1þ ZÞ3 ln

�
1 − Z
2

��
; ðA9cÞ

GðS;4ÞðZÞ ¼ −
16ð2þ ZÞ
3ð1 − ZÞ3 þ ð9 − αÞ

�
8ð−3 − Z − 9Z2 þ Z3Þ
9ð1 − ZÞ3ð1þ ZÞ2 −

16ð1 − ZÞ
9ð1þ ZÞ3 ln

�
1 − Z
2

��
; ðA9dÞ

GðS;5ÞðZÞ ¼ −
8

3ð1 − ZÞ3 − ð9 − αÞ
�

16Z
9ð1 − ZÞ3ð1þ ZÞ2 −

8

9ð1þ ZÞ3 ln
�
1 − Z
2

��
: ðA9eÞ

As for the vector- and tensor-sector coefficients GðTV;kÞ, we find
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GðTV;1ÞðZÞ ¼ −
2ð−27þ 89Z − 81Z2 þ 27Z3Þ

27ð1 − ZÞ3 þ ð5 − 3αÞ 2Zð−4þ 19Z − 73Z2 − 15Z3 þ 33Z4Þ
135ð1 − ZÞ3ð1þ ZÞ2

− ð5 − 3αÞ 4Zð8þ 9Z þ 3Z2Þ
45ð1þ ZÞ3 ln

�
1 − Z
2

�
; ðA10aÞ

GðTV;2ÞðZÞ ¼ 2ð1þ ZÞð17 − 12Z þ 3Z2Þ
9ð1 − ZÞ3 − ð5 − 3αÞ 2ð21 − 79Z − 14Z2 − 14Z3 þ Z4 þ 5Z5Þ

45ð1 − ZÞ3ð1þ ZÞ2

− ð5 − 3αÞ 4ð1 − ZÞð5þ 4Z þ Z2Þ
15ð1þ ZÞ3 ln

�
1 − Z
2

�
; ðA10bÞ

GðTV;3ÞðZÞ ¼ 4GðTV;4ÞðZÞ − 4GðTV;2ÞðZÞ; ðA10cÞ

GðTV;4ÞðZÞ ¼ −439þ 668Z − 478Z2 þ 180Z3 − 27Z4

27ð1 − ZÞ3 − ð5 − 3αÞ 2ð1 − ZÞð25þ 26Z þ 9Z2Þ
45ð1þ ZÞ3 ln

�
1 − Z
2

�

− ð5 − 3αÞ 77þ 168Z þ 491Z2 − 264Z3 − 109Z4 þ 144Z5 − 27Z6

135ð1 − ZÞ3ð1þ ZÞ2 ; ðA10dÞ

GðTV;5ÞðZÞ ¼ −2GðTV;1ÞðZÞ − 1

2
GðTV;2ÞðZÞ: ðA10eÞ

The results of Ref. [28] are given by coefficients fðTV;kÞ

and fðS;kÞ multiplying certain linear combinations of the
bitensor set (172). Hence, the split between the scalar and
the vector and tensor sectors in the Euclidean approach
used in Ref. [28] is different from ours. This is expected
because each of our scalar, vector and tensor sectors satisfy
the field equations separately whereas those in the
Euclidean approach do not.
Converting their expression into the bitensor set (172),

we obtain

GðTV;1Þ þ GðS;1Þ ¼ 1

16
fðTV;1Þ −

1

2
fðTV;2Þ þ 1

16
fðS;1Þ

−
1

2
fðS;2Þ −

1

2
fðS;4Þ þ fðS;5Þ; ðA11aÞ

GðTV;2Þ þ GðS;2Þ ¼ −
1

4
fðTV;1Þ −

1

4
fðS;1Þ þ fðS;4Þ; ðA11bÞ

GðTV;3Þ þ GðS;3Þ ¼ fðTV;1Þ þ 4fðTV;3Þ þ fðS;1Þ þ 4fðS;3Þ;

ðA11cÞ

GðTV;4Þ þ GðS;4Þ ¼ fðTV;3Þ þ fðS;3Þ; ðA11dÞ

GðTV;5Þ þ GðS;5Þ ¼ fðTV;2Þ þ fðS;2Þ; ðA11eÞ
and using that their z is related to Z by z ¼ ð1þ ZÞ=2, we
find full agreement for the case β ¼ 2=3 where explicit
expressions were presented. Furthermore, since only the
scalar-sector two-point function depends on β, one readily
finds from Eq. (59) that there is also agreement for all other
values of β > 0.
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