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We consider nonspherically symmetric perturbations of the uncharged black string/flat black brane in the
large dimension (D) limit of general relativity. We express the perturbations in a simplified form using
variables introduced by Ishibashi and Kodama. We apply the large D limit to the equations and show that
this leads to decoupling of the equations in the near-horizon and asymptotic regions. It also enables use of
matched asymptotic expansions to obtain approximate analytical solutions and to analyze stability of the
black string/brane. For a large class of nonspherically symmetric perturbations, we prove that there are no
instabilities in the large D limit. For the rest, we provide additional matching arguments that indicate that
the black string/brane is stable. In the static limit, we show that for all nonspherically symmetric
perturbations, there is no instability. This is proof that the Gross-Perry-Yaffe mode for semiclassical black
hole perturbations is the unique unstable mode even in the large D limit. This work is also a direct analytical
indication that the only instability of the black string is the Gregory-Laflamme instability.
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I. INTRODUCTION

Perturbative stability of black strings and black branes is
an important issue in gravitation and string theory. Since
the discovery of the instability of the black string in
dimensions greater than four by Gregory and Laflamme
(GL) [1,2], research has focused on understanding ques-
tions such as the end point of the GL instability (an account
of this can be found in [3]). The GL instability for the five-
dimensional black string is related to the semiclassical
instability found by Gross, Perry and Yaffe (GPY) [4] of the
four-dimensional Schwarzschild instanton after a suitable
gauge choice [5]. Similar instabilities have been found in
the analysis of perturbations of black branes (see [6] and
references therein). Much of this work has centered on
spherically symmetric perturbations of black strings and
black branes, as the equations are more tractable, and the
GL instability falls in this category (for a review, see [7]).
The perturbation equations for nonspherically symmetric
perturbations are coupled and it is not possible to solve
them analytically in general. Due to a study of the link
between local thermodynamic instability and classical
instability of extended objects [5,8—12], it is expected that
nonspherically symmetric perturbations do not cause insta-
bilities (see Sec. VI in Ref. [6] for a review of the correlated
stability Conjecture).1 However, there exists no fully
analytical proof of this even for the asymptotically
flat black string in general dimensions, due to the difficulty
in analyzing the coupled nonspherically symmetric
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'An analogy of the GL instability to the Rayleigh-Plateau
instability of fluids has also been used to argue this [13].

2470-0010/2016/93(12)/124002(20)

124002-1

perturbations. Furthermore, the study of the evolution of
stable nonspherically symmetric perturbations, particularly
quasinormal modes, is also of interest in physics.

In this paper, we obtain the first breakthrough in the
analysis of the coupled equations corresponding to non-
spherically symmetric perturbations of black strings and
branes. This is achieved in the large dimension (D) limit
of general relativity which was first employed in [14] to
study the spherically symmetric GPY mode for the
Schwarzschild instanton. A bigger framework for the large
dimension limit, with applications to perturbations of black
holes/branes has been developed by Emparan, Suzuki and
Tanabe [15]. We apply this limit, for the first time, to the
nonspherically symmetric perturbations of the black string/
flat black brane. Using this, we provide the first analytical
proof of the stability of the black string/flat black brane
under a vast class of nonspherically symmetric perturba-
tions. Classifying perturbations based on their decompo-
sition in terms of scalar, vector and tensor spherical
harmonics, the evolution of the tensor mode is the easiest
to analyze as it can be reduced to a single ordinary
differential equation (ODE). It has been shown by
Kodama to not lead to instabilities [16].2 It is the vector
and scalar modes which are difficult to analyze analytically,
since each set of perturbations involves many coupled
equations. To analyze these modes, we choose a gauge such
that perturbations with an index on the brane/extra dimen-
sion vanish (this was used by Reall [5] to prove equivalence

*Kudoh [17] has partly analyzed nonspherically symmetric
perturbations of the black string. However the analysis has
incorrect equations and claims that do not agree both with our
results and related work of Kodama [16] (see also [18]) and
Gibbons and Hartnoll [19]. This is discussed in Appendix A.
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of the GL and GPY modes). The perturbations are then
expressed in terms of variables introduced by Ishibashi and
Kodama [20,21]. The vector perturbations reduce to a set of
two coupled ODEs, and the nonspherically symmetric
scalar perturbations are a set of three coupled ODEs.
Both sets of equations do not decouple even in the large
D limit. However, they decouple in the near-horizon and
asymptotic regions. By using matched asymptotic expan-
sions, we prove that the vector equations and part of the
scalar equations do not lead to instabilities. We perform an
additional matching procedure to argue that the rest of the
scalar perturbations are also not likely to lead to insta-
bilities. In the static limit, we show that for all classes of
nonspherically symmetric perturbations, there is no insta-
bility. This is a proof that the GPY mode is the unique
unstable mode of semiclassical perturbations of the
Schwarzschild-Tangherlini black hole in the large D limit.
It is also direct evidence that the Gregory-Laflamme
instability is the unique instability for the uncharged black
string. Furthermore, these techniques provide approximate
analytical solutions to the perturbation equations and can
also be used to obtain quasinormal modes corresponding to
nonspherically symmetric perturbations.

In the case of spherically symmetric perturbations,
quasinormal modes of black strings have been analyzed
in [22]. In the context of anti—de Sitter holography,
quasinormal modes corresponding to scalar field perturba-
tions and nonspherically symmetric perturbations of branes
in anti—de Sitter spacetime have been discussed in [23,24].
The large D limit has been used to discuss quasinormal
modes and instabilities of black holes in [25-28]. Other
applications of the large D limit to the dynamics of black
holes, black rings and black branes include [29-36]. An
effective description of black holes in the large D limit by
surfaces has been explored in [37]. An interesting direction
is the study of nonlinear evolution of perturbations of black
strings/branes in the large D limit [38—41].

The outline of the paper is as follows: in Sec. II, we
outline the methodology. We discuss the gauge-fixing
procedure employed, the perturbation equations, certain
perturbation variables defined by Ishibashi and Kodama, as
well as their application to our problem. In Sec. III, we
discuss vector perturbations. We derive the vector pertur-
bation equations in a simplified form and analyze them in a
large n limit, where 7 is the dimension of the n-sphere part
of the metric. We discuss matching of solutions from the
near-horizon and the asymptotic regions. In Sec. IV, we do
this procedure to the nonspherically symmetric scalar
perturbations. Section V is a summary of our results,
and Sec. VI is a brief discussion of future projects.
There are four appendixes with lengthy calculations used
in the paper: Appendix A discusses tensor perturbations.
Appendix B discusses how source terms in some of the
equations are handled. Appendix C derives in great detail, a
very crucial part of our paper: the simplified nonspherically
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symmetric scalar equations. Appendix D discusses a certain
asymptotic expansion of modified Bessel functions which
is used in many places.

II. NONSPHERICALLY SYMMETRIC
PERTURBATIONS OF THE BLACK
STRING: METHODOLOGY

In this section, we will outline the strategy for the
analysis of the nonspherically symmetric perturbations of
the black string/flat black brane. We will also summarize
the tools required. For simplicity of notation, we will
discuss the black string—the same computation extends to
the flat black brane as well.

The (uncharged) black string metric is D =n+3
dimensions, obtained by adding a flat extra dimension to
an n + 2-dimensional Schwarzschild-Tangherlini metric is

Gudxtdx’ = —f(r)dt* + ' (r)dr* + r?dQ} + dz?,
(2.1)

where f(r) = (1 - ’;n:,') and r > b (r = b is the location of
the horizon). In the case of a flat black brane of dimension
D = n+ 2+ p, the flat metric corresponding to p extra
dimensions is added.

We will use capital roman indices A, B, ... to denote
coordinates on the black string (or brane). Greek indices
u,v,... will be used to denote indices only in the
Schwarzschild-Tangherlini part of the metric, and coordi-
nates in this part of the metric will be denoted collectively
by y. We consider perturbations of the metric (2.1), with the
perturbed metric gs5 = gap + hap, in linearized perturba-
tion theory. We first make a gauge choice used by Reall [5]
that allows us to set 4. = 0. Similarly, for the flat black
brane, this can be used to set all metric perturbations with
an index on the brane to zero. Reall used this gauge to study
scalar s-wave perturbations, but it can be used for all black
brane perturbations, and the only nonzero perturbations left
after gauge-fixing are thus the ones with indices in the
Schwarzschild part of the metric. Furthermore, as showed
in [5], some of the linearized Einstein equations then imply
that these perturbations have to be transverse and traceless.
The linearized Einstein equation for the black string
perturbations is

The linearized Ricci tensor OR,y is expressed in terms of the
Lichnerowicz Laplacian A; acting on the perturbations as

25RMN = ALEMN - vaN]jl + VMVSITZ§ + VNVS}_I}S;/[
(2.3)

Aphyy==VEV by + Ry b+ Ryl — 2Ry nsh®S.
(2.4)
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All curvature tensors are those of the black string metric
.1). h=g""hyy. For this background metric, the
Laplacian acting on symmetric tensors splits in the form

VLV, = VIV, + 2. (2.5)

For the metric (2.1), the gauge choice &,,, = 0 reduces
(2.2) to

ASMh,, =V N, h+V N0 +V V0 = 8h,  (2.6)

A§"h,, denotes the Lichnerowicz Laplacian of the
Schwarzschild-Tangherlini metric acting on perturbations
of this metric. Following Gregory and Laflamme, we
choose the ansatz for f,,(y, z)

h(v.2) = €%h,,(y). (2.7)

(2.6) then becomes
A{Chhﬂ,, -V,V,h +V,V h +V, V, hj = —ﬂzhﬂy. (2.8)

Here, h = ¢"“h,,. As emphasized by Reall [5], we have
already fixed gauge, but now the other Einstein equations
with indices on the brane can be used to show that /2, must
be transverse and traceless. Putting this back in (2.8), we
get

Af"h,, = —22hy,. (2.9)
Thus, we finally obtain an eigenvalue equation for the
Lichnerowicz Laplacian in the Schwarzschild-Tangherlini
background. Negative eigenvalues corresponding to nor-
malizable eigentensors (normalizable with respect to the
volume form of the background) are relevant for perturba-
tions of the black string. For the black brane, the gener-
alization of the ansatz (2.7) is f,, = ¢ h,,(y) where k
runs from 1 to p (the number of extra dimensions) and
22 =3%P_,22. Setting 2 = 0 gives the equation for classical
perturbations of the Schwarzschild-Tangherlini black holes,
and Ishibashi and Kodama have already proved their
stability [20]. To explore stability of black strings/branes,
the nontrivial case to analyze is solutions to (2.9) with
A # 0. For future reference, we note that for a transverse,

traceless h,,, (2.9) is equivalent to

1
6le = — Eﬂ’zhﬂy;

(2.10)
where 6G,, is the first variation of the Einstein tensor
evaluated for the transverse traceless perturbation £, on
the Schwarzschild-Tangherlini background. Equivalently,
we could have set the linearized Einstein tensor for the
brane to zero and obtained (2.10).
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Equations (2.10) is a set of many coupled equations for
the perturbations h,,. The perturbations can be decom-
posed in terms of scalar, vector and tensor (for n > 2)
spherical harmonics on the n-sphere with metric dQ2—
each class (which we call scalar, vector and tensor
perturbations, respectively) decouples and can be studied
separately. Tensor perturbations have already been dis-
cussed in [16]—they do not lead to instability. The vector
and scalar perturbations are each solutions of intricately
coupled equations.

To analyze the vector and scalar perturbation equations,
we will adapt a formalism due to Ishibashi and Kodama
(IK) originally developed for studying classical gravita-
tional perturbations of Schwarzschild-Tangherlini space-
times [20]. Since the linearized Ricci tensor is invariant
under a gauge transformation, for 4 = 0, (2.10) is invariant.
Ishibashi and Kodama introduced manifestly gauge-
invariant variables by taking suitable combinations of
metric perturbations of the Schwarzschild spacetime. The
linearized Ricci tensor can be written entirely in terms of
these variables. We will use their variables even for A # 0,
and take appropriate combinations of the various equations
to obtain equations for the black string perturbations
written entirely in terms of the IK variables. This is done
mainly for computational simplicity. However, both in the
vector and scalar case, we are still left with coupled ODEs,
and in subsequent sections, we will employ the large D
limit, as well as the method of matched asymptotic
expansions to analyze them.

A. The Ishibashi-Kodama variables

We will set up the notation for our paper by quickly
stating the perturbation variables proposed by Ishibashi and
Kodama in ([20,21]) for doing gravitational perturbation
theory. Their variables are useful for studying perturbations
of the Schwarzschild-Tangherlini metric

Gudy*dy* = gap(x)dxdx? + r?(x)dQ7;

= —f(r)d’® + f~'(r)dr* + r’dQ}.  (2.11)

Since, after gauge-fixing, we also work with perturba-
tions of the metric (2.11), we will use the IK variables. Here
Gap(x) is the r —  part of the metric and dQ; = y;;dy'dy’ is
the metric of an n-dimensional sphere of unit radius with
Ricci tensor given by Rij = (n— 1)y

We use indices a, b to denote indices from the set r, t and
indices i, j of coordinates on sphere. Indices 4, v denote any
coordinate in the spacetime with metric (2.11). Covariant
derivatives and Ricci tensors on each space are denoted as

g/u/ - v;uR/u/
Gab = Dm mRab
Vij = DiaRij‘
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We consider perturbations of the metric (2.11) with the
perturbed metric denoted by g, = G + hy, in linearized
perturbation theory, where £, is defined in terms of the
original black string perturbation by (2.7). The scalar,
vector and tensor components of /,, are defined as those
that are decomposed in terms of scalar, vector and tensor
spherical harmonics on the n-sphere, respectively. The
components /1, are scalars with respect to transformations
on the n-sphere. The other components can be written as
follows:

hai = Dihy + hY (2.12)

hi; :h(Tz)ij+2D(i)h(T])j+hL7ij+ﬁijh(TO)' (2.13)
where

DR =h =0 (2.14)

bnl) =0,  Dny);=o. (2.15)

Here h(T2 )i ; is the ‘tensor’ part, the “vector’ set is (h(T1 ) i h,(lll)),

and the ‘scalar’ set is (hyp, hy, hy, hg) >). The eigenvalue
equations for the linearized Ricci tensor decouple for these
three classes, and they can be studied separately.
Ishibashi and Kodama consider combinations of pertur-
bations in each set which are gauge invariant. To do this, the
generator of a gauge transformation &, is also decomposed
into a ‘vector’ part and a gradient of a scalar. We recall that
under a gauge transformation generated by any infinitesi-
mal vector &, the perturbation transforms as
h;w = h/w - v;téy -

V.6, (2.16)

B. Vector perturbations

We use the notation of [20,21] to describe the vector
perturbations,3
hab =0

— vector _ 2 pyvector
hai = rfiV; hij = 2r°HFV ;.

(2.17)

Here fye€°", H}*“°" are functions of r, 7. Vector harmonics
V; and V;; are defined by

(A+K2)Vv,=0, DV =0 (2.18)

1

V.. = —
LTS

(D;V;+D;v,). (2.19)

3Ishibashi and Kodama use the notation f. and Hy to denote
distinct quantities in the vector and scalar case. Here we add a
superscript vector in the vector case to avoid confusion.
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K=Il+n-1)—1 ad [=2,... We
A =y'D,D;. Gauge-invariant variables in the class of
vector perturbations are given by the combination

denote

Fa — fzector + kLDaH¥ector (220)

v

C. Scalar perturbations

Similarly, one can construct gauge-invariant variables for
scalar perturbations. Scalar perturbations are given by
[20,21]

hay = fapS — hai =1faSi  hyj = 2"2(HL7ijS + HrS;)
(2.21)
S, §; and §;; are scalar harmonics satisfying
A 14 A
(A+K)S=0 S, = —%DiS D;S' = kS
| A 1 ;

kK= I(l+n—-1)and I =0,1,2.... We will not consider
[ = 0 which corresponds to spherically symmetric pertur-
bations, since this case has already been extensively
analyzed by Gregory and Laflamme and the GL instabil-
ities fall in this class. The modes with k2 = n (i.e, [ = 1)
are exceptional modes, in the sense that the construction of
gauge-invariant variables is not possible in this case (for
details, see [21]). We will eventually work in a large n
approximation where it is not possible to consider the
exceptional mode. Therefore, for the discussion that fol-
lows on scalar modes, we will consider only / > 2. Gauge
invariant variables for scalar perturbations (not defined for
[ = 0 and [ = 1)are constructed as follows: First we define

r r
X, =~ -D,H 2.22
a k (fa + k a T> ( )
In terms of X, the gauge invariant variables are

Fo=fu + DX, +D,X, (2.23)

1 1
F=H;, +-Hy+-D‘X, (2.24)

n r

In the next two sections, we will consider the equations
for the vector and scalar perturbations arising from (2.10),
written using IK variables. To analyze the coupled equa-
tions in each case, we will use the large n approximation.

III. VECTOR PERTURBATIONS

In this section, we will look at solutions to (2.10) for the
class of vector perturbations (2.17). Our goals are twofold:
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(i) to prove that the black string (brane) is stable under this
class of perturbations and (ii) to develop approximate
solutions for vector perturbations.

We can write the equations (2.10) in terms of the IK
variables F, defined in the previous section (2.20). For the
expression of the variation of the Einstein tensor in terms of
these variables, we refer the reader to [20,21]. Upon using
these results, the equations 6G,; = —%/Izha,- and 6G;; =

—%/lzhi ; are written in terms of the IK variables as

1 F F
}”Hl Db |:}""+2 |:Db <Ta> _Da <Tb>i|:| _%Fa :/IZfzector

%Da(rn—lFa) — /12H¥ector;

(3.1)

where a = k2 — (n—1).
We can use the equations (3.1) to obtain second-order
differential equations for the variables F', (i.e., F, and F,):

D'rDyF, _,D'rD,F,

DFa — DbDan + DanFb + n

,
Or (Dr)? D’rD,r

—TFa—nTFa—(n—Z) r2 Fb
DD D Db

T e, (1) er—%Fa:/lea.

(3.2)

Explicitly evaluating the covariant derivatives, we get a
system of coupled equations for F, and F:

FORF, — }8$F, n ga,Ft - [’Z + Z} F,
+|:f’—27f:|8tF,:/12F, (3.3)
fOPF, — }8?F, + [2 f+ @} o,F,
+ [f// + (n _rz)f/ _z(n;zl)f_%:| F,
+L/a F,=2F (3.4)
f2 ttr re .

The equations (3.3) and (3.4) match those of Kodama
[16]. Kodama has an additional equation owing to the fact
that [16] employs gauge-invariant variables in the entire
black brane, while we work with gauge-fixed variables in
the black hole spacetime. We first do a modal decom-
position of F, and F,:

F, = A(r)e! F,= @ei“”. (3.5)
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The resulting equations for A(r) and B(r) are

d*A ndA
—2 + -
dr rdr

4B (n=2)dB ([ 20n-1) a X, 0%\,
dr? rodr r? P f f?
_ n—1
:—%:@A. (3.7)
.

In order to analyze the coupled equations (3.6) and (3.7),
it is necessary to resort to the large n limit, where n is the
number of dimensions of the sphere part of the metric. The
various motivations for the large n limit are discussed in
[15]. Here, we will only summarize the main steps of the
method in [15] and what we hope to achieve in our analysis
of the coupled equations.

The function f = (1 — lr’:ll) which appears in the back-
ground metric (2.1) is an increasing function and f(r) — 1
as r — oo. In the large n limit, this function increases
steeply from zero in the interval b <r < b —|—§ and is

almost constant for r > %. The appearance of distinct
regions with a steep change in f(r) in this limit is suited
to the application of the method of matched asymptotic
expansions. First we define a near-horizon region and far

region as follows:

Near region r—b <b

b
Far region r—b> T

n—
The definition of the near region is standard. The
definition of the far region as done here is made possible
by the large n limit, in which f(r) is almost constant in the
far region. The two regions overlap in % Kr—b<xb.
The next step is to define a new coordinate R = (§)"~".
In terms of this coordinate, the near and far regions are

Near region InR<«n—1

Far region InR> 1.

In the near-region approximation, r can be written in
terms of R as

(3.8)

InR
r~b[1—|— 1 ]

n—1

We will now look at the coupled equations (3.6) and (3.7)
in the near and far regions. The equations decouple in the
large n approximation in both these regions and can be
solved. Then the far limit of the near-region solution
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satisfying appropriate boundary conditions at the horizon
and the near limit of an appropriate far region solution are
compared in the overlap region to see if they can be
matched. For discussions on stability, we need to inves-
tigate if there are normalizable solutions to the set of
coupled equations that are regular at the horizon, with
w = —i€ and Q real (so that the solution grows in time).
We will show that there are no such solutions, indicating the
stability of the black string (brane) under vector perturba-
tions. The same analysis can be applied for other choices of
boundary conditions, such as those corresponding to
quasinormal modes.

A. The equations in the near region, large n
approximation

We wish to analyze (3.6) and (3.7) in the near region. We
also substitute iw = € in order to study black string (brane)
stability. Among like terms in these equations, we only
keep pieces which are of leading order in n. We assume k,,,
A and @ to be at least of order n. We use the notation
K2/n* =k, 2/n? =22 io=Q and Q?/n? = Q% To
study solutions where they are of lower order in n, we can
simply set them to zero. As @ = k2 — (n — 1), we replace it
by k2 for large n. We then rewrite the equations in terms of
the variable R = (4)"~". To write functions of 7 in terms of
the variable R in the equations, we use the approximate
relation (3.8) which is valid in the near region. We also
implicitly assume an expansion of A and B as

B.
B:Zn—;.

i>0

(3.9)

i>0

Thus, in the near region, large n approximation, the
equations obeyed by A and B are

A 2dA i b2 Q22
e + - S| A
dR® " RdR |R(R—1) R(R-1) (R-1)
B Qb 5 2Qb 3
~ R(R-1?*" nR(R-1)"
d2_B+ 2dB i b2 Qb2 5
dR*> RdR |R(R-1) R(R-1) (R-1)
Qb
=——— A 3.10
R(R—1)? (3.10)

We notice that the right-hand side of the first equation in
(3.10) contains a term of the form %B, which seems
72,5212
%&A_f) Aon
the left-hand side. This statement is true if the leading-order
behavior in n of A and B in (3.9) is similar. Indeed, this is
the likely scenario in such systems of coupled equations. In
such a case, this term on the right can be dropped. If on the
other hand, A is subleading in n in comparison with B, the

subleading in 7 in comparison to a similar term
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term must be retained. We will analyze both cases (while
discussing the second case, we will also discuss the
possibility of B being subleading in comparison with A).

Case I: Leading-order behavior in n of A and B is
similar.

We can take A=Ay+A,;/n+--- and B= B+
By/n+ ---, where Ay, By # 0. In what follows, we will
drop the subscripts of the leading terms in 7 in A and B. In
this case, in the large n limit, (3.10) reduces to

@Jrg@ i 222 Qb2 s
dR*> RdR |R(R-1) R(R-1) (R-1)
Qb
ey ) 3.11
RR—1) (3-11a)
czz_B+gd_B i 222 Qb2 5
dR*> RdR [R(R-1) R(R-1) (R-1)
Qb
e 3.11b
R(R—1)? ( )

It is clear from the form of (3.11a) that a simple sum and
difference of the two equations decouples them. We define

E=(R-1)A+B) (=R-1)%A-B).
The equation obeyed by & is

R(1 —R)%—I— [2- (2f2b+2)R]%

—[Qb — (2 + 22p?))E = 0. (3.12)

This is an hypergeometric equation whose solutions, for
2Qb not an integer are

E= ClF(p,q,ZQb; 1 —R)+ Cy(R - 1)1—zfzb
x F(2=p.2~q.2-2Qb;1 - R), (3.13)

where

1 A - —
p=3 [1 +20b + \/1 40 1 4R +/12b2)}

1 . - —
q:§[1+29b—\/1+492b2+4(ki+/12b2)]

Physical considerations require A, B to be, at the very least,
finite at the horizon. For Qb > 1, this implies C, = 0. For
Qb < 1, both linearly independent solutions for (A + B)
approach zero as R — 1. However, in fact, we need
finiteness of the perturbation variables F; and F, at the
horizon, which are related to A, B by (3.5). This requires
Qb > 1. Henceforth, we shall assume this. We will impose
the boundary condition C, = 0. The solution for (A + B) is
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(A+B) = (R-1)*C,F(p,q.20b;1 —R). (3.14)
The equation and general solution for { can be obtained by
replacing Qb by —Qb in (3.12) and (3.13) respectively.
Since (A—B) = (R — 1)‘Qhé’ , the solution (A — B) that is
regular at the horizon is now given by C; = 0.

For Qb = N a positive integer, and p # 1,2, ...,2N — 1,
the general solution for & is now

&= CF(p,q.2Qb;1 —R)
+ C,In(R = 1)F(p,q.2Qb;1 —R).

Finiteness of the perturbation at the horizon implies
C, =0. If p is one of the integers 1,2,...,2N — 1, then
the general solution for £ is given by (3.13). We will not
discuss these cases further as the finite solution in all cases
is the same.

Case 2: A is subleading in n in comparison to B (or
vice-versa).

If A is subleading in 7, then in the expansion (3.9), where
A=Ay+A/n+---,and B=By+ B;/n—+---), we set
Ay = 0. The equations (3.10) then imply By = 0 which
brings us back to Case I. A similar analysis follows
when B, = 0.

B. The far region in the large n approximation

The far region is defined by r > b + Z Therefore, in this
limit f — 1 as (b"~'/r""1) ~ e7"I"" is a small quantity for
large n and large r. We can neglect terms that have f’ (or
/") in (3.6) and (3.7) because they fall off at least as
b"~!/r" and are negligible compared to other terms that fall
off as 1/r2. We then use the large n approximation to retain
only the leading n parts in like terms. To consider the most
general case, we have assumed k2, Q%> = —? and A2 are of
order n%. To consider the case when these quantities are of
lower order in n, we can take them to zero in our final
answer.

We observe, that, for example, the term on the right-hand
side of (3.7) is, in this limit, — <"_1rlbnil QA. Decaying terms
we consider in this approximation on the left-hand side are
of the form % B. For the two to be comparable, we need at

least A ~ ¥""2B. If this were true, we could neglect the
right-hand side of the equation for A (3.6) in this limit. If
this were not true, then the right-hand side of the equation
for B (3.7) can be neglected in this limit. In either case, one
of the equations will have the right-hand side zero—one
could solve this and substitute the solution in the other
equation as a source term. We also note that in either
situation, we additionally require normalizability of both
sets of perturbations. We will assume that the right-hand
side of equation (3.7) can be neglected. The other case
neglecting the right-hand side of the equation (3.6) is
almost identical computationally. This is due to the fact that
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in the large n approximation, noting that A2, for example, is
at least of order 2, the left-hand side of (3.7) is identical to
that of (3.6) with the replacement of A by B. The only
difference between the two cases is in the type of source
term in each of the equations.

Neglecting the right-hand side of (3.7), we have, in the
large n far region,

Koo, 2
+(-5-2-Q*|A=(Z)QB (3.15)
r r

d’B L dB K2
dr?  rdr r2

d?A n ndA
dr®  rdr

—/12—92>B—O. (3.16)

The general solution for B is given in terms of modified

n—1)2
(n=1) 4) + k2 as

B = r?[D\1,(V 72 + Q%) + DK, (V12 + Q%r)).

Bessel functions of order v =

(3.17)

We note that the large n limit implies the limit of large
order and large argument for the modified Bessel functions,

due to v~O0(n) and VA*+Q>~0(n).

/22 QZ
V22 + Qr = vz where z = /1+ r, we use standard

expansions for large order and large argument for the
modified Bessel functions. /,(vz) ~e¥ — o0 as r — o,
whereas K, (vz) ~ e — 0. Normalizability thus implies
in (3.17) that D, = 0.

We now need to match the solutions in the near region
and the far region in the overlap region n%] Kr—-b<b.
To do this, first we use the asymptotic expansion for large
order and large argument of the modified Bessel functions
in B to obtain

Rewriting

/ I\ U
B = Dzr? ;e‘”m (—1 * Zl te ) (1+ Zz)_%

12

1
X [1 +0 (—)} .

n
The form of (3.18) in the overlap region suitable for
matching is given by changing variables from r to R in

(3.18) using the approximate formula (3.8) valid in the
overlap region. In the large n approximation, this is

(3.18)

1449262 +4(R2 +7202)

B =D R 2

(3.19)

The relevant asymptotic expansion of the modified Bessel
function used here is given in Appendix D.

We need to substitute the expression for B from (3.18)
and (3.19) in the right-hand side of the first equation in
(3.15) to get A. As can be checked (for details of handling
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source terms, we refer to Appendix B), A has the

same behavior as B as r — co. Further, in the overlap

region, we have the same power law behavior,
. 1440252 +4(k2+122)

A = (const)R™2 2

have the same behavior.

. Thus A+B and A—B

1. Matching of solutions

For matching, we need to extend the near-region solution
to the overlap region. In order to do this, we use the
transformation properties of hypergeometric functions
relating functions of argument (1 — R) to those of argument
1/R. We will first consider the variable A+ B in
subsection III. 1.

A+B=(R-1)CF(p.q.2Qb;1 - R)
= (R=1D)™C\[(,RPF(p.p~1.p~q+1:1/R)
+ GRF(q,q 1,9 = p + 1;1/R)],
where constants ¢;, ¢, depend on p, g. To extend the
solution to the overlap region, we put (R — 1) =~ R as we are
sufficiently far from horizon and take the limit R — oo in

hypergeometric function. After this extension, explicitly
putting the values of ¢} and ¢,, we get

A+B
— Cl F(p +q—c+ 1>F(q - p) R ! 1+4Q2b22+4(]}%+}12b2)
I'(g)r(g—c+1)
- — 0252 1 4(k2 43252
+C1F(P+q C+1>F(p q>R i’ l+4Qb24(kL+)b)

F(p)l(p—-c+1)
(3.20)
Here ¢ is a constant from the original hypergeometric

equations and ¢ = 2. As we are looking for stable solutions
for A, Q positive, for such values

L1400 4R+ 220

(3.21)

hence, we get a growing solution in R with pieces R~!/>+¢
and R~1/2-4 where d = Y1420 ;40{”” %) Note that this
1/2+d

solution will always have the growing piece R~ since

its coefficient does not vanish for any Q > 0. This can be
seen as follows:
The coefficient of the growing piece is

I(p+qg—c+1)I'(p—q)
C(p)l(p—c+1)

’

and the gamma function is nonzero. The coefficient can go
to zero only at the poles of gamma functions in the
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denominator. This can only occur when either p or
p — ¢ + 1 is anonpositive integer. These two quantities are

| . - —
P=3 [1 +20b + \/1 402D + AR HZbZ)}

\/1 +40%b% + 4(K2 + 1°b?)

| I
- 1=—-+Qb
p—c+ 2+ + )

It is easy to see that for our situation when Q>0 and
k, > 0 these quantities can never be nonpositive integers.
Thus the solution from the near region will always have the
growing piece. But the normalizable solution in the far
region is

144022 +4(R2+1252)

A+ B = (const)R™z 2 ,

(3.22)

which is a decaying solution. Therefore, we cannot match
the solutions from near and far region. There are no
unstable solutions for 4, € positive. A similar statement
holds for (A — B). Its expansion in the overlap region is
similar to (3.20) in that it has both pieces R~'/?>*¢ and
R~'/2=4_ The normalizable solution in the far region
extended to the overlap region has only the decaying term
R~1/2=4_Hence, a match is not possible.

So far, we have considered k,, Q, 1 ~ O(n) at least. We
could consider Q, 1 of lower order by setting them to be
zero. The match is still not possible unless we additionally
set k, = 0. Since the IK variables are not defined for
k, = 0, we cannot set it to be zero. In particular, in the static
limit, with Q = 0, we have no instability.

Thus we conclude that for Q real and non-negative, there
are no normalizable solutions to the vector perturbation
equations, and the black string/brane is stable.

By considering @ = —iQ2 and looking for oscillatory
solutions, we find that in the asymptotic region, the
modified Bessel functions are replaced by Bessel functions.
Both the linearly independent Bessel functions have similar
behavior asymptotically, and can be considered. Hence, the
solution from the far region will be any arbitrary linear
combination of the pieces R~'/>*¢ and R~'/?>~¢ with the
replacement @ = —iQ in d. It can be matched to a solution
from the near region obeying suitable boundary conditions
at the horizon. This can be used to construct approximate
solutions to the perturbation equations. One can also
consider boundary conditions suitable for quasinormal
modes, such as ingoing at the horizon and outgoing at
infinity, and use the matching procedure to evaluate the
quasinormal modes.

IV. NONSPHERICALLY SYMMETRIC SCALAR
PERTURBATIONS

The IK variables defined for scalar perturbations, F,
and F, are (2.23)
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Fop = fap + DX, + DpX,

HT D%
F=H +=-

X,
,

Our goal is to write eigenvalue equations 26G,, =
—Azhﬂb in terms of the IK variables to make them more
tractable, where 6G,,, is the linearized Einstein tensor of the
Schwarzschild-Tangherlini black hole metric. This involves
a lengthy computation for which we outline the steps. We
first use [21] to express 26G,, in terms of F,;, and F. We
note that the right-hand side of the eigenvalue equations is
not expressed in terms of either F,;, of F. There are four IK
variables (F,,, F,,, Fy, F). To simplify the equations fur-
ther, following IK [42], we construct three functions from
F ab» F 5
W = r""%(F! = 2F)

Y = r2(FL—2F) Z=r"2F.

(4.1)

The goal is to take appropriate combinations of the
eigenvalue equations for 6G,, so that they can be expressed
entirely in terms of just three perturbation variables W, Y
and Z. To accomplish this, we can invert the relations (4.1)
to obtain F¢ and F in terms of W, Y and Z. For this, we
need the traceless part of the equation 26G;; = —/12h,~j
(written partly in terms of the new variables):

2
W+ Y +2nF = 2/12%HT. (4.2)

We can write F in terms of W, Y and H using this relation.
Subsequently, using (4.2) and (4.1), we get

W+Y A2
F=—— rPH 4.3
2nr2 e nk> (rHr) (4.32)
V4
r
w 1 Y 242
Fi = (”7)2 o (PHy) (4.3¢)
2nr"
Y(n—1)—W 22
Fﬁ:W—i—?( 2HT). (4.3d)

Our choice of variables is motivated by those of Ishibashi
and Kodama who studied the linearized Einstein equation
—their variables therefore correspond to (4.1) with 4 is
zero. Hence, their expressions of F4, F in terms of W, ¥
and Z do not have the factors of Hy that ours have.

Substituting our new variables in the eigenvalue equa-
tions, we obtain six equations (C1)—(C6) which are given in
Appendix C. Due to the H factors in (4.3), these equations
have terms containing derivatives of H; in addition to
components of /.
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Our goal is to get the final equations completely in terms
of W, Y and Z by taking suitable combinations of the
eigenvalue equations, in analogy with the work of Ishibashi
and Kodama, and despite the extra H factors present in our
expressions. After a lengthy calculation, we have suc-
ceeded in obtaining the final equations completely in terms
of these variables, and all the H; factors cancel out. These
equations and the relevant details are given in (C7)—(C9) in
Appendix C. The important fact for us in the subsequent
analysis is that the scalar perturbation equations can be
reduced to three coupled second-order partial differential
equations for W, Y and Z. Our later computations are made
simpler by the further change of variables:

e N

V= "Tman W ¢= n/2 nm= Fn=2)/2 4172 Z,
(4.4)

where f = (1 — = l) We can assume a time dependence of

the form (r, ) = ey (r) for all three variables. Finally,
the three coupled perturbation equations are

LS w4
4nr? 4f2 2n fr

dy [nP-2n2+8n-8 f? n?
T

f// Z(I’l—l) kZ /12 6()2 B 4 2f/r '

C2f  nrf +f_r2+7_ﬁ]w_[7_7](m))’7
2(n—=1) 2 n+2rf £2f 22

+[ nf +;_ n 7_ f +2f2}¢ (4.5)

(n*+2n—4) f'

Jl¢+ {n3—2n2+8n—8 ik

dr 4nr? 47 2n fr
2= B2 W), 2f
S gt = i
2(n—1) 2(n-1) 2-nf" " f?
+[nr4f oat nP f RS 2f22]
(4.6)
_dn [n —2n_(n—|—2)f’+3f'2_3f”
dr? 4r? 2rf 42 2f
LA P A 1 U0 P A CO)
et i [ e
(4.7)

Although we have described the details in Appendix C,
we will state the eigenvalue equations that have been used
to obtain these coupled equations. The equation for ¢ is
obtained by combining the eigenvalue equations corre-
sponding to 6G,,, trace of 6G;;, 6G,; and 6G,;. Similarly,
the equation for y is obtained by taking suitable combi-

nations of equations corresponding to 6G,,, trace of 6G;j,
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0G,; and 6G,;. The equation for 7 is obtained by combining
5Grt’ 5G”' and 5G”'.

The equations (4.5)—(4.7) cannot be solved analytically.
In order to solve them, we have to take the large n limit of
the equations. The equations do not decouple, but as we
did for the vector case, we analyze the large n limit of
(4.5)—(4.7) in the near-horizon and far regions. We then
investigate, using matched asymptotic expansions, if the
two solutions match in the overlap region.

A. Far region

The far region is defined, as before, by r > b + %. In this
limit, we will take f — 1 and use the large n limit as well,
to neglect terms that have f’, f” in the equations for v, ¢
and 7. Further, we retain only leading order in n pieces in
like terms. We have assumed k2, w? and A% are at least of
order n? as it is the most general case. We can recover cases
where these quantities are of lesser order by putting them to
zero in our final answer (with some minor modifications),
except for k = 0 (which would correspond to the s-mode).
In the far limit, the equations (4.6)—(4.7) are (replacing
Q = iw since we want to do a stability analysis):

d? n> kK
—d—r"z’+ {PJFFJ“P +92]y/: 2¢+4Qn  (4.8)
J2¢ n2 k2 _f// 2f/
- SR FQ P = —Q
dr2+ [4r2+r2+ + ]¢ fr2W+f2r
(4.9)
&y 2k /
-1 = 2 Q = —2Q0 — Z—Qup.
dr2Jr [41’2+r2Jr + }1 ¢ f*r v
(4.10)

We first consider the ¢ equation. We have listed terms on
the left-hand side of the type (¢/r*). We note that terms
on the right-hand side are of the type (y/r"*3), (n/r"*).
For any of these terms to be considered—for example,
(n/r**!)—the magnitude of  must be at least  ~ ¢r"~!.
The same argument also holds for y—its magnitude must
be at least y ~ ¢pr**! for the term proportional to it on the
right to be considered. As we will discuss later, there is no
solution to the equations (4.5)—(4.7) in the large n limit,
corresponding to this situation. Hence, in what follows, we
will assume that # and y are comparable in magnitude to ¢
in the large n limit so that the right-hand side of (4.9) can be
neglected.

We can solve for ¢ and subsequently solve the equation
for y and n:

dZ 2 k2
LA T L
4r r

02 (4.11)
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Lety =

in terms of modified Bessel functions as

$ = DIV (VP + Q1) + Dyv/rK, (V72 + QPr).
(4.12)

\/"5L + k2. The general solution of (4.11) is given

The order v of the modified Bessel functions is propor-
tional to n. As we have 4, Q of order n, the large n limit
implies the large order and argument limit of the modified
Bessel functions. In this limit, 7,(vz) ~ €** is a growing
solution and for normalizability, we need to choose
D, = 0. Hence,

¢ = Do\/TK, (V12 + Q%r).

As in the vector case, we need to find the expansion of
this solution in the overlap region next. We use the large
argument and order expansion of K, (V4> + Q?r) and
retain terms to leading order in n. We then change
coordinates from r to R using (3.8) which is valid in the
overlap region. The outline of this calculation is given in
Appendix D. In terms of R, the leading order far solution
for ¢ in the overlap region becomes

(4.13)

1+4(k2+12p2) 4402 b2

¢ = DyR™ 2 (4.14)

We, henceforth, denote scaled k, A as k*/n* = k*> and
22/n? = J2. To solve the equations for y and 5, we will
use (4.13). The 5 equation (4.10) is tackled first. In this
equation, the term proportional to y on the right can be
neglected, due to the f' term. —2Q¢, with ¢ given by
(4.13) appears as a source on the right in this equation.
We can find a particular solution to this equation by
the method of variation of parameters exactly as we
did in the vector case (detailed in Appendix B). The
computation is similar, and the relevant facts are:
the particular solution will decay exponentially as

r — oo, and will have the power law behavior n =

1+4(R2+1262)+402p2 . o
(const)R™ 2 in the overlap region. A similar
statement can be made for .

B. Near region

For the near-region behavior, it is convenient to
analyze equations (4.5)—(4.7) in the R variable given in
the near region by (3.8). We also expand ¢, y and 7 in terms
of n as

"’:Z@ ¢:Z@ nzzmi—f).

i20 i>0 i>0

(4.15)

124002-10



NONSPHERICALLY SYMMETRIC BLACK STRING ...
Taking the large n limit of (4.5)—(4.7), we obtain

PHYSICAL REVIEW D 93, 124002 (2016)

Py ldy [ 1 1 1 R4+2 O
dRZ "RdR ™ |4R2 T 4R-17R’ nRXR-1) RR-1)  ®R-172]"
2 2 1 1 4 2 7.
S b2 — - Qb 4.16
{nz(R—1)R+n3R2+R2(R—1)+2R2(R—1)2}45 {nR(R—l) R(R—l)z} o (416)
2o 1dp [ 1 1 1 1€2+22b2+ 02> ’
AR RAR ™ |4R2 T 4(R—1PR’ nR(R—1) R(R—1)  (R—1)
2 2 1 1 w 2 7.
S - v_ O 4.17
[n2(R—1)R n2R2+R2(R—1)+2R2(R—1)2} b2 [R(R—l)z} 1 (4.17)
&Py ldp [ 1 3 Lo +1€2+?12b2+ O2p?
dRZTRAR ™ [4R AR 1R TR(R-1) RER-1) "®R-12)"
1 .
- - Qpp? +—— . 4.18
[(R—1)2R n(R—l)R] Pt RV (4.18)
[
Our | notation s B/n? =12, 2/ =7, io=Q  pM=CF(p.ql+20b1-R)+C(1—-R)2¥
27,2 O
and &'/n” = Q . X F(3=p.3—q.1-2Qb.1-R), (4.22)

We have implicitly used the expansion (4.15) in these
equations. In fact, we are solving for the leading term in the
expansion of ¢, y and 5 in the large n limit. From the
equations (4.16)—(4.18), it is clear that the leading terms ¢,
yo and 7, in the expansion (4.15) all have to be nonzero.
Hence, we will not use the subscripts in the following
equations.

Taking linear combinations of ¢ and y simplifies the
system to a great extent. Denote nb® = 7j and ¢b* = ¢,
define

H=y+¢ and G=y—¢. (4.19)

The equation for H decouples as 7 terms cancel out.

d’H N 1 dH 1 1 1
dR?> RdR |4R> 4R*(R-1)*> R} R-1)
P+ Q2
(k +47b) S|H=0 (4.20)
R(R-1) (R-1)

This equation can be written as an hypergeometric
equation with regular singular points at 0,1 and co by

making the ansatz H = R(R — 1):*% M

d*M N
dR?
+ [(k* + 22b?) — 3Qb — 2]M = 0.

am

R(1—R) [3 - (4+2Qb)R]d—R

(4.21)

If 14+2Qb+#m where m is a positive integer, the
solution of this equation is of the form

where

1 . PO "
P=3 [3 +2Qb — \/1 +4(k* + 22p?) +492b2}

1 . PO "
4=5 [3 +2Qb + \/1 +4(F° +2°0%) + 492192} . (4.23)

In this case, for Qb > %, there is an unambiguous way
to choose the behavior of the solution at the horizon.
Finiteness of H implies that in the general solution for

M, we must set C, =0. For Qb < %, both linearly
independent solutions for H are finite. Thus there seems
to be some ambiguity in the choice of boundary
condition at the horizon. As in the vector case, we
argue that it is the original perturbation variables that
need to be finite at the horizon. Consulting (4.4) for the
definitions of the variables ¢, v, 17 in terms of W, Y, Z,
we see that finiteness of W, Y, Z at the horizon implies
that C, = 0 even in this case.

We thus set C, = 0. Therefore, in the near region,

H=CRR-1)"®F(p,q.1,1—R). (4.24)

Even in the case 1 4+ 2Qb = m, (4.24) is the appropriate
solution for finiteness of the perturbation at the horizon. For
matching, we need to write the asymptotic expansion of the
near-region solution in the overlap region. In order to do
this, we use the standard transformation formula:

H=R(R-1)"%C F(p,q.1+2Qb;1 —R) (4.25)
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= R(R = 1)5C,[6,RPF(p, p —2Qb.p — g+ 1;1/R)
+ 6RF(q,q —2Qb. g — p + 1;1/R)), (4.26)

where constants ¢, ¢, depend on p, g. The asymptotic
expansion for H in the overlap region is obtained by putting
(R—1)~ R and evaluating the hypergeometric functions
in the large R approximation.

The asymptotic expansion of the near-region solution for
H in the overlap region is

PHYSICAL REVIEW D 93, 124002 (2016)

\ / 1+492b2+4 2432p2)

+ &R

1+4§22b2+4(1?2+22b2)j|

H=clé [
(4.27)

By the same reasoning as employed in vector case (3.20),
it can be argued that for Q > 0 and k > 0, the coefficient of
the growing piece ¢; is never zero for any value of Q.

We would like to do a similar procedure for the other
perturbation equations for G and 5. The equations for G and
n in the near region are

PG 1dG [ 1 3 1 (2 +22p%) Qb2
———+— — S+ = - + 5| G
dR® "RdR |4R*> " 4R*(R—1)> 'R* (R-1) R(R-1) ' (R-1)
40
- 4.28
RR—172" (4.28)
P 1dip [ 1 3 PR B+ O 7.
dR2 TR4R ™ 4R TARPR-17 R(R-1) RER-1)  ®R-172)"
Qb2
= G. 4.29
(R—1)? (4.29)

Unfortunately, they are coupled. We cannot solve these
equations analytically in the near region as we did for H.
First, let us consider the special case when either one of G
or 7 is zero. Since the left-hand sides of both (4.28) and
(4.29) have the same differential operator, the two pos-
sibilities are computationally identical. Let us take the case
n = 0. Then we obtain the following general solution for G
(with 7 = 0):

G=D,(R-1)VIHEYE(p 41421+ 0% 1 —R)
+ DZ(R _ 1)%—\/ 1+02p?

XxF(1=p.1-g.1-2V1+Q**1-R). (4.30)
Here,

1 : \/1 + 407D + 4k + 1*b?)
p=5+ 1+ Q%% + 5

and

\/1 +40%p% + 4(K% + 12b?)
5 .

1 -
=5+ V1+Q% -

Finiteness at the horizon implies we must set D, = 0.
This solution can be written in the overlap region
using the asymptotic expansion of the hypergeometric
function as with H. In the overlap region, the form of G

|

is nearly identical to (4.27)—the only difference is in
the numerical values of the constants ¢; and ¢,. As
before coefficient of the growing piece is never zero.
The solution for G in the static limit is given by
plugging Q=0 and D, =0 in (4.30), since in the
static limit, the equations for G and 7 decouple. The
solution for 7 is identical to that of G in this limit. What
is relevant is that in the asymptotic region, we are still
left with an expansion for either of these functions, of
the form (4.27) with Q = 0, and the coefficient of the
growing piece nonzero.

Let us now consider the equations for G and 7 in the
general case when they are both coupled. We split the
near region into the very near horizon region and the far
limit of the near region. In the very near horizon region,
we use the approximation R — 1 < 1 so that R~ 1 and
keep only the dominant terms with highest powers of
(R — 1) in the denominator in (4.28) and (4.29). This is
the region 1 < R <« 2. The far limit of the near region is
defined by the regime where R > 1, so that (R— 1) ® R,
which can be applied to the coupled equations (4.28)
and (4.29). We will evaluate the solutions to the coupled
equations in both regimes and present a matching
argument between these two regimes in the ‘overlap’
region 1 < R < 2. We note that the definition of the
overlap region here is not as precise as the overlap
region between the near and far region in the large
n limit.

In the very near horizon region approximation, the
equations (4.28) and (4.29) reduce to
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&G dG 3. 1 4Q

R P 0 0/ G= 7

dR2+dR+[ 4 }(R—nz ®=1)"
(4.31a)

d*n  di 3 ., 1. Qb?

Rl T S (Yo 22 = :

aR TR |7 a ®R-12"" ®R=12¢
(4.31b)

These equations are still coupled. To simplify them further,
we rewrite (4.31) in terms of the new coordinate
y =In(R —1). Also we write G and 7 as

ﬁ:ey/zp G:ey/zQ‘
In the very near horizon limit y - —co, we now obtain

coupled differential equations with constant coefficients
which can be solved analytically,

& R R

d—yg = (1 +Q*p?)Q + 4QP

d’p A A

=+ Q)P + Qb*Q.
Y

In the case Qb # 1, the general solutions for 77 and G are

1

G = C,(4Q)(R — 1) 4 Cy(40)(R — 1)+
+ C3(4Q) (R = 1) 4+ C,(4Q) (R — 1)
(4.32)

i = C1(2Qb) (R — 17 + C,(2Qb)(R — 1)+
+ C3(=20b) (R — 1) 4 €y (—29) (R — 1),
(4.33)

As expected, four arbitrary constants characterize the
general solutions for these two coupled ordinary differ-
ential equations. Let us now discuss the boundary con-
ditions. A natural choice is finiteness of G and 7 at the
horizon. However, we recall that it is the original pertur-
bations variables W, Y, Z that need to be finite at the
horizon for consistency of linearized perturbation theory. If
we again refer back to (4.4) for the definitions of the
variables ¢, y, 77 in terms of W, Y, Z, we see that finiteness
of W, Y, Z at the horizon makes the choice of boundary
conditions very simple. W, Y are related to G by a factor
(R —1)™2. This implies the following: Regardless of the
value of Qb, we must set C, =0.For0 < Qb < 1, ;=0
and C;, C, # 0. For Qb > 1, C,=0and C{,C3 #0.

A special case is Qb = 1. The solutions for G and 7 for
which the original perturbation variables are finite at the
horizon, are

PHYSICAL REVIEW D 93, 124002 (2016)
G=C(R-1)+C,(4Q)VR - 1;

b )
7=C=(R-1}-2C,VR—-1. (4.34)

Let us now look at (4.28), (4.29) in the far limit of the
near region where we consider R to be large. In this limit,
(R-1)~R:

G 1dG 1 o sy ay o]l 4Q .
WjLﬁﬁ_{Z—i_k +/1b +Qb:|FG—F7’]
(4.35)
Eio o Ldip (1 s a s oano] 1L Qb
a’W—I_RdR_L—l_k +lb +Qb:|R2?7—R3G.
(4.36)

To analyze this equation, we first consider G and 7 to
have a similar R dependence in the large R limit. In this
case, we can neglect the right-hand side of both the
equations as it will be subleading for large R. The resulting
equations are decoupled and are Euler differential equa-
tions with solution

14402 b2 +4(R2+32b2)

G:ﬁ:[llR 2

1440252 +4(k2+32b2)

=+ azR 2 B
(4.37)

and similarly for 7.

An alternative scenario in the far limit of the near region
is one where G has a higher power of R than 7 in the far
region. We can then neglect the right-hand side in (4.35).
The solution for G will be same as (4.37). We can solve for
7 using this solution as a source term in (4.36). By doing
this using standard Green’s function methods, we obtain a
solution for 77 which does not tally with the form of the
solution for 7 from the far region. This indicates we cannot
have this alternative scenario. The possibility of 77 having a
higher power of R than G can be ruled out in a similar way.

C. Matching of Solutions

We are investigating if the black string is unstable under
scalar perturbations (4, Q > 0). In the overlap region, the
solution from the near region for H is a growing solution

14402 b2 +4(R2 +12p2)

with both exponents of R, R~z  and

144022 +4(R2 +72b7)
—— 2z present and the coefficient of the grow-
ing piece always nonzero.

However, the normalizable solution from the far region is
of the following form in the overlap region:

\/ 140202 +4(k2 +72p2)
p=DR™ T

(4.38)
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with the same exponent for y and 7 as well. Since G, H and
n are sums, differences or scalar multiples of ¢, v, 5, the
form of H from the far region has only the decaying piece

\/ 1440202 +4(R2 +22p2)

P . Thus there are no unstable modes of the
type H for the black string/brane for scalar perturbations
with angular momentum / # 0.

Further, in the static limit Q= 0, the same matching
argument can be used to conclude from (4.30) with D, =0
that there are no unstable modes of any type (H, G or 7).
The same statement can also be made in the nonstatic case
when either one of G or 7 is zero.

Let us now consider the general case when both G and
n are nonzero. In the far limit of the near region, G is of
the form (4.37), and a similar expression holds for 7
since the equations decouple. In the overlap region
1 <R <2, the far region (decoupled) solution is of
the form (4.30) with arbitrary constants D; and D,.
The solution for G from the far limit of the near region,
in the overlap region is

G =D (R—-1VIHECE(B G 1+42V1 + Q%% 1 —R)
+ Dz(R _ 1)%—\/ 1+Q%b?

x F(1=p,1=q,1-2V1+0**1-R). (4.39)
The hypergeometric functions in this expression for G in
the overlap region are expanded as a series in R — 1.
Now, from the very near horizon region, the solutions for
G and 5 are given by (4.33), with finiteness of the
perturbation required at the horizon. For example, let us

consider Qb > 1. In the very near horizon region,
G = C,(4Q)(R = 13+ 4 C5(4Q) (R — 1)H%_ (4.40)

= C (2Qb)(R — 1772 4 C5(=2Qb) (R — 1)+,
(4.41)

If we consider Cy, C3 > 0, then in the very near horizon
region, both G and G’ are positive. Similarly, if both
C,C5 <0 then both G and G’ are negative. If C; > 0,
C; <0, then both # and 7 are positive. If C; <0,
C; > 0, then both 7 and 7 are negative. Thus, irrespec-
tive of the sign of the constants, either one of the two
functions, G or 7 will be such that the function and its
derivative are of the same sign in the very near horizon
region. For example, let this function be G. It needs to
match with the expression for G from the far limit of the
near region (4.30) in the overlap region for some D; and
D,. We cannot match exact powers of (R — 1) from both
sides, as this overlap region is not very precisely defined.
The exponents coming from the very near horizon region
depend crucially on the coupling terms, whereas in the
far limit of the near region, the solutions are decoupled.
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However, if Q is large and b > 1, the coupling terms will
not be significant in the overlap region. This can be seen
from the equation for G, (4.28) for example, where the

coupling term is ﬁﬁ. A comparable term on the left
(Rﬁi—lf)zG which in the overlap region could be larger

than the coupling term for sufficiently large Q. We can
match features of the solutions from both sides. Let G
and G’ have the same sign from the very near horizon
region. Then at leading order in (R —1), in order to
match this feature with (4.30), we need D; # 0, since a
solution with D; =0 will have a sign opposite to its
derivative. If D, # 0, then in the far limit of the near
region, we will have an expansion containing a piece

1440252 +4(R2 +72b2) . . . .
7 which will not match with the solution

from the asymptotic region. Thus, G must be the trivial
solution. Plugging this in the equation for 7, we can
conclude the same for it.

This heuristic argument is not as water-tight as the case
of the perturbation H due to the overlap region between the
very near horizon region and the far limit of the near region
not being very precisely defined. However, since the
problematic coupling terms are not significant for Q large,
we do not believe there are any unstable modes of the form
G or 7 at least in that case.

We can discuss the case of 4 and Q being lower order in n
by setting them to zero. This is still no match between the
near and far region solutions. We cannot set k = 0 since we
are considering nonspherically symmetric modes.

If we wish to study stable oscillatory modes with real
@ = —i€2, then in the far region, modified Bessel functions
are replaced by Bessel functions. In this case, normal-
izability of the perturbation allows for both the linearly
independent Bessel functions. Thus, in the overlap region,
the far region solution is an arbitrary linear combination of

144022 44 (12 +72b2) 14402p2 1 4(R2 472 b2)

both R~ = and R~ 2 . This can be
matched to any solution from the near region, such as one
obeying quasinormal mode boundary conditions. The
technique of matched asymptotic expansions yields an
approximate solution.

V. SUMMARY

In this paper, we report on substantial progress in the
analysis of nonspherically symmetric perturbations of the
black string/flat black brane. The perturbations are decom-
posed in terms of the scalar, vector and tensor spherical
harmonics on the n-sphere part of the brane metric. By an
appropriate choice of gauge, and by generalizing pertur-
bation variables introduced by Ishibashi and Kodama for
black hole perturbation theory, we have rewritten the brane
perturbation equations in a vastly simplified form. The
tensor perturbations which reduce to an ODE for a single
function have already been discussed in [16] and do not
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lead to instabilities. It is the vector and scalar perturbations
that have eluded analysis before. In our formulation, the
vector perturbations reduce to a system of two coupled
ODEs. The scalar perturbations reduce to three coupled
ODEs. To analyze stability of the black string/brane, we
have assumed a time behavior ¢ for the perturbations, and
investigated if there are normalizable solutions to the
perturbation equations with Q real and positive.

A breakthrough in the analysis of the vector and scalar
perturbations comes from the use of the large n limit of
general relativity [14,15]. The vector equations decouple
in the near-horizon region and the asymptotic region. Due
to the large n limit, these regions are well defined, and
we employ the technique of matched asymptotic expan-
sions to rule out instabilities. We require finiteness of the
perturbations at the horizon for consistency of perturba-
tion theory and normalizability asymptotically. One minor
detail in the vector perturbations is that defining Q = ng,
for 0 < Qb < 1 (r = b being the horizon location), both
linearly independent solutions to each equation are not
finite at the horizon. We, therefore, need Qb > 1. We do
not understand if this is of any significance in the large n
limit. Static perturbations with Q=0 do not lead to
instabilities.

Of the three scalar perturbation equations, one decou-
ples in the near-horizon and asymptotic regions. As in
the vector case, we show this does not lead to insta-
bilities. The other two perturbations remain coupled in
the near-horizon region, although they can be solved
asymptotically. If any one of them is zero, the other
does not lead to instabilities. In the case when both are
nonzero, we employ a two step matching procedure. We
split the near-horizon region into two regions with an
overlap, solve the two coupled equations in the two
regions, and match their features in the overlap region.
We then argue that this solution does not match with the
asymptotic solution, and that these perturbations cannot
also lead to instability. The split of the near-horizon
region into two, and the overlap region of the two is not
as neat as the large n split of the spacetime into a near-
horizon and far region. However, for reasons outlined at
the end of Sec. IV, we believe these perturbations do not
lead to instability. In the static limit Q = 0, we can show
that none of the three scalar perturbations leads to an
instability.

Taken together, these results in the large n limit provide
direct evidence from the analysis of the equations them-
selves that the Gregory-Laflamme instability is the only
instability of the flat black brane. We have also shown that
the corresponding Gross-Perry-Yaffe mode for semiclass-
ical black hole perturbations is the unigue unstable mode in
the large n limit. The above analysis can also be used to
study stable perturbations with time dependence e/, such
as quasinormal modes. In this case, the matching procedure
we have outlined can be used to obtain the quasinormal
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mode frequencies and approximate analytical solutions for
the perturbations.

VI. DISCUSSION

The results of this paper have demonstrated the power
of the large D limit of general relativity in tackling
difficult problems in black brane perturbation theory. This
has many immediate applications. As a natural next step,
we are working on the nonspherically symmetric quasi-
normal modes of the black string in this limit. Computing
the leading-order quasinormal modes is very simple given
the results of our paper. However, we need an under-
standing of the effect of 1/D corrections on the modes
computed by matching the near-region and far-region
solutions at leading order. We have not considered these
corrections in our paper because we have done a stability
analysis for which there are no unstable modes at the
leading order and no match between the near region and
asymptotic solutions.

Other projects we hope to address immediately are a
study of brane perturbations with a nonzero cosmological
constant, as well as an analysis of the perturbations of
charged black p-branes considered by Gregory and
Laflamme in [2]. It was found in [2] that the GL instability
disappears for the extremal black p-brane. It would be
interesting to know how the perturbation analysis of non-
spherically symmetric perturbations of extremal black p-
branes differs from the nonextremal ones.

Our simplified perturbation equations are amenable to a
numerical study to investigate several aspects of stable
black brane perturbations. We hope this work also serves as
a pointer for tackling more difficult problems such as a
direct study of nonspherically symmetric perturbations of
curved black branes.

APPENDIX A: TENSOR PERTURBATIONS

For n > 3, we consider metric perturbations proportional
to the tensor spherical harmonics 7;; on S", which are
symmetric tensors defined by

(An + k%’)Tu =0;

K=IIl+n-1)-2; (A1)
These metric perturbations satisfy  hg, = h,; = 0;
h;j = 2r4="/2@T,;. For these perturbations of the black
string, we assume the ansatz ®(z,r,z) = ®(r)e® ez,
Unstable (normalizable) modes of the string correspond
to imaginary values of . The equation for ® follows from
the Einstein equations. This was derived in [18] for static
perturbations with @ = 0, and the time dependence adds
only one extra term. Defining the coordinate r, by

dr, = dr/f, the equation for ® is of the form
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d? ~ )z
{— a2t V} P =’ ®; (A2)
where
fl (n*=10n+38) n? (b\"!
V(r)—r2 k7 +2n + 1 —|-4 p

+ 431

As can be seen, this potential is positive, and thus there are
no normalizable solutions to (A2) with @ pure imaginary.
The black string is stable under this class of perturbations,
and with @ = 0, this also proves the semi-classical stability
of the Schwarzschild-Tangherlini black holes under tensor
perturbations without the need to resort to a large n limit.
This analysis has been done by H Kodama [16] and in the
context of stability of the Schwarzschild-Tangherlini metric
under Ricci flow, in [18].

Kudoh [17] has analyzed the tensor and vector pertur-
bations of the black string, and a numerical analysis of
scalar perturbations in an approximation. This has been
done using the IK variables. However, the work suffers
from serious errors. For example, a cross-check is that the
eigenvalue equation (A2) must reduce to the linearized
Einstein equations on Schwarzschild-Tangherlini black
holes for 4 = 0, given in Ishibashi and Kodama’s paper
[20] as well as older work of Gibbons and Hartnoll [19].
It indeed does. However, Kudoh’s equation for tensor
perturbations, given by equation (39) in [17], does not
match (A2) and does not reduce to the relevant equations of
Ishibashi and Kodama, or Gibbons and Hartnoll upon
setting A = 0. We believe the likely errors are typos in
the coefficients of the f and f’ terms in equation (39) in
[17]. Similarly for the vector case, it is claimed in [17] that
the equations for (F,, F,) completely decouple. We explic-
itly show that the same equations do not decouple even in
the large n limit. Our equations in the vector case match
those of H Kodama in [16]—Kodama uses gauge invariant
variables on the brane, and we use a gauge-fixed formalism.
However, this only results in an extra constraint and
equation in Kodama’s case. Thus we believe that there
are errors in the analysis of Kudoh [17] that invalidate many
of the claims in that paper.

APPENDIX B: HANDLING SOURCE TERMS

Here, we take as an example, the first of the equa-
tions (3.15), which is given by

d’A  ndA K2 2
Tt (—?—AZ—Q2>A:<—>QB. (B1)

r

In subsection (III.2), B was evaluated and found to be

r‘<”_1>/2K,,(I/z) Zzi‘wr. Let us take

v

where
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A = r~("=1/25_Then the equation (B1) becomes a modi-
fied Bessel equation with source terms. This is

20
A2+ Q2

The Wronskian of the two linearly independent solutions
to the homogeneous equation W[I,(vz), K, (vz)] = 1. We
use the method of variation of parameters to write the
solution to (B2). This takes the form (replacing

dz =V )

2 K, (v2).
dz? +zdz o(v2)

d*s 1dS [ (B2)

2
1+ 5=
zz]

20

S = —le(uz) /(Ky(vz))zdr

A

+?K,/(vz)/Ky(l/Z)1y(l/Z)dr- (B3)

Inserting the asymptotic expansions for modified
Bessel equations for large argument and order, we note
that as r - oo, S — 0 exponentially as e ™. In the
overlap region, we can change variables from r to R
using (3.8) and K, (vz)I,(vz) ~[1+ (’lzj—zgz)bz]_lﬂ. We
have dr~dR/R, and from Appendix D we observe
that in the large n approximation in the overlap region,
K,(vz) =cR™¥ where ¢ is a constant and d=

1-+402 D2 +-4(I2+22D%)

2

. By a similar computation, 1,(vz) =
CRY. Using this, we evaluate (B3) in the overlap
region to obtain S = (const)R™¢, and A = r~(""1/2§ =
(const)R™1/274,

APPENDIX C: EQUATIONS FOR SCALAR
PERTURBATIONS

In this section, we give an outline of the procedure to get
equations in terms of W, Y, Z variables. We first write
equations 26G,, = —/Izh,w in terms of these.

Equation for 6G,;:

1
OW +0,Z = 122 [X, + Pa,(ﬂHT)] . (c1)

Equation for 6G,,:

f/ " 1 5
OY +55Y =35 W fza,z

= 22 {X + klzar(rZHT)} . (C2)

Equation for 6G7:
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{——f” f}Z%—f&‘aY—k(—f—ﬂ)aY%—faaW <( r)f f/)aw 22 fr

2 /
-2 |oosern - Lo ). (©3)

Equation for 6G;:

182W—£8W+ Y (f/ ”f>aY+["r_1(f—1)+W+%W

f f 2
+ |:1 ;Qf _ 3”2: f/ _ n ; lf” + k ;ZHK:| Y + %atz _ —,lzr"—zf;
2/12 k2 / 2
- |- ) = o)+ 0,°tr) + L 0,2t (4

Equation for 5G:

f 3 f (n=D(=2)(f=1)  (n=4=nr)f" "
—fazw+ aw-iafY <4+r>8rY+{ 52 + iy Zn]
(n=Dn=2)(f=1) (=n*+2n=4)f" (n—1)f"
+[ 2nr? * 4nr  n }Y

1y - 2 [(n-1)k
+<rf 2f2>az+f332——/12 2I{ —W[T(H'rrz)

= f O H) + 508 Hy) =y 0,7Hy) =" 0, )| (©5)

Equation for 6G!:

—f82W+<4f—f/>8W fO2Y — </ f)a,y
2

_[rz—l @n-3)f , f, lf,,_k]W
’,.2

= =
n—1 n-=3 2) ! 11
- [ 2 - 2 f+ 4 2r)f _%}Y:_ﬂzrn_zﬂ
22 nk?, . nf' oo, n’f oo
—W —7(HT7' )+nf8r(r HT)+78r<r HT)—’_Tar(r HT) ° (C6)

As discussed before, the right-hand side of these equations has components of (f,,, X,, H;, Hr). To get them in terms of
W, Y, Z, we have to combine these equations. Let us expand our variables in terms of these components:

w 2 2H
WZfi——&XnL( ' f> X,-2H, -—*

f n
—f£+2f6,X,+< " — f) —2HL—2nﬁ

:ftr+farxt+fatxr_flxt

=

The final W, Y and Z equations are as follows: Looking at the expression of Z, we see that adding (C3) and derivatives of
(C1) and (C2) with appropriate coefficients will give the right-hand side of the resulting equation in terms of the Z variable:
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_ 2) k2 f// l’lfl
82Z——82Z L —10,Z- |-—-"——-—|Z
poiz= (Mo o
2 f/ f/ /12
——=10Y-=0W=—2Z C7
-(2-Far-Law-7 )
Similarly adding (C4), the derivative of (C2) and (C5) will give us the equation for Y.
! 2(n—1) -n*+2n-2 (2- 2
o2y - Loy - (” f)ay { 1) wtam-2,@-m, S f2+ }Y
f r f nref nr nrf f 2 2 rf
2(n—1) 2n—-2 2— - s 2f Y
- |- W+—%5027Z=—Y. C8
T T LA ()
To obtain the equation for W, we add (C6), the derivative of (C1), (C5) and (C2):
—4) f’ 2(n— 1) n*-2 (2-3n) P
82W - 82 (n— o,W — )
gt (U7 g T g
2(n—1 2 2 " 2 2 4 22
- —Jiyl——7+ e Sy (A2 Vo=t (C9)
nrof nr nrf f2f f°oorf f
I
We see that the extra H; terms automatically vanish ~ where
and the equations are coupled. In the static limit, the Z
equation decouples and we get coupled equations N 1
for (W.Y). =V1+7Z? —I—ln{ ] t=
or (W.) PRV =

APPENDIX D: EXPANSION OF MODIFIED
BESSEL FUNCTIONS

In this section, we write the expansion of
K, (V2> +Q?r) in terms of R. In the modified Bessel
function K, (v/2? + Q?r), both the Bessel function order v

and argument v/A? + Q?r are of the same order in n. As we
are working in the large n approximation, we have to use
expansions for modified Bessel functions of large order and
large argument.

Let us denote k = VA> + Q2. For simplicity of calcu-
lation, we define a new coordinate z = kr/v. Here,

gV1+4%.

The far region solution (4.13) can now be written as

(D1)

b = D= VK, (v2).

The large order and large argument expansion of this
expression is

) = g )

(D2)

and u,,(7) are polynomials in 7. We are only considering
terms to highest order in n. We ignore the polynomial terms
as they are divided by v. Substituting for 7 we get, up to a
constant,

VK ) w112

Z (1+22)74

x exp[-vV 1+ 2%].

In order to express K,(vz) in the overlap region, we
write this expression in terms of R. Here, R = l’;,—:]l. To
expand the expression in orders of n, we use the
following definition of r in terms of R, valid in the

overlap region,

(D3)

r:b[l—l— 1nR}

n—
We will now look at each term in (D3) individually. For

z", the term is directly proportional to 7. Hence, we use the
definition r" = b"R for large n:

(e 3
r K xb

(D4)
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The next term becomes

1+ V1+22)

ool (H%(HZ“‘—R))” i

2D 1+£8
—<1+ 1+ )exp[ 22lnR}
+ b

(D5)

k and v are of order n. Hence, the constant multiplying
InR is of order 1. Similarly, substituting for z, we get

212\ -v/2
exp[-vV'1+2%] = (1 + K7>

_ 2b2
X exp | —=——=InR|.

nm/l+"i—lz’2

The coefficient of InR is of order 1 in this term. The
remaining term in (D3) becomes

Vi (1+V—> .

(1+ 22/ 22

2 2\ -1
X exp mezbz (1 + K2b2> In R]. (D7)

(Do)
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Here, the constant multiplying InR is of order 1/n.
Therefore, this term is subleading in comparison with the
other terms in expansion. We are interested in terms that are
leading order in n. In the final expression, we neglect this
term. Substituting all the expressions in R back in (D3), we
get the following expression for ¢ (we have absorbed all the
constants in Dy):

1440262 +4(k2+322)

¢ =DyR— = (D8)

Notice that in the final expression, we have neglected

terms coming from ,/z as they are subleading. Hence, we
can write

14402 b2 +4(k2 +72b2)
K, (vz) = (const)yR— =2 (D9)
Expansion for the modified Bessel function of first kind

I,(vz) for large order and large argument is

Gt [ 2

We can obtain expansion of /,(vz) in the overlap region
in the large n approximation by replacing (—v) by v in the
expansion of K, (vz). The final expression for 7, is

1,(vz) (D10)

1440252 +4(k2 +7252)

I1,(vz) = (const)R 7 (DI11)
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