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In this paper, we study the expectation values of the induced charge and current densities for a massive
bosonic field with nonzero chemical potential in the geometry of a higher-dimensional compactified
cosmic string with magnetic fluxes along the string core and also enclosed by the compactified direction in
thermal equilibrium at finite temperature T. These densities are calculated by decomposing them into the
vacuum expectation values and finite temperature contributions coming from the particles and antiparticles.
The only nonzero components correspond to the charge, azimuthal, and axial current densities. By using
the Abel-Plana formula, we decompose the components of the densities into the part induced by the cosmic
string and the one by the compactification. The charge density is an odd function of the chemical potential
and even periodic function of the magnetic flux with a period equal to the quantum flux. Moreover, the
azimuthal (axial) current density is an even function of the chemical potential and an odd (even) periodic
function of the magnetic flux with the same period. In this paper, our main concern is the thermal effect on
the charge and current densities, including some limiting cases, the low- and high-temperature
approximations. We show that in all cases, the temperature enhances the induced densities.
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I. INTRODUCTION

The existence of a magnetic flux tube penetrating a
type II superconductor named “vortex” was first demon-
strated by Abrikosov [1] by using the Ginzburg-Landau
theory of superconductivity. A few years later, Nielsen and
Olesen [2] proposed a relativistic theoretical model con-
sisting of Higgs and gauge fields, which possesses a static
vortex solution. In this model, the Higgs field plays the role
of the superconductivity order parameter. The influence of
the vortex from the Nielsen-Olesen model on the geometry
of the spacetime was investigated by Garfinkle [3]. The
author showed that the spacetime around the vortex is
asymptotically a Minkowski one minus a wedge. The core
of the vortex has a nonzero thickness and a magnetic flux
through it. A few years later, Linet [4] showed that under a
specific condition, the structure of the respective spacetime
corresponds to a conical one, with the conicity parameter
being expressed in terms of the energy per unit length of the
vortex. Meanwhile, Kibble [5] introduced the mechanisms
of symmetry breaking, phase transitions, and the topologi-
cal defects into the modern cosmology.
Accepting the validity of grand unified theories, one can

conclude that in the earliest stages, the Universe was hotter
and in a more symmetric state. Thus, in its expansion
process, the Universe cooled down and underwent a series
of phase transitions accompanied by spontaneous break-
down of symmetries which could result in topological

defects. Cosmic strings are lines of trapped energy density
analogous to defects such as vortex lines in superconduc-
tors and superfluids. An enormous number of string-type
solutions have been found in many different field theoretic
models, including electroweak strings in the Weinberg-
Salam model and strings in grand unified theories [6]. They
can curve spacetime and be of cosmological and astro-
nomical significance in a large number of phenomena, such
as producing cosmic microwave background anisotropies,
non-Gaussianity and B-mode polarization, sourcing gravi-
tational waves, generation of high energy cosmic rays,
and gravitationally lensing astrophysical objects [7]. The
dimensionless parameter that characterizes the strength of
gravitational interactions of strings with matter is its
“tension” in Planck units Gμ0, where G is Newton’s
constant, and μ0 is the mass per unit length proportional
to the square of the symmetry breaking scale.
Many authors have considered quantum fields on space-

times containing conical singularities. These kinds of
manifolds are relevant for studying fields in the presence
of real conical singularities, namely, existing in the
Lorentzian section of the manifold as in the case of
idealized cosmic strings. Moreover, the presence of the
string allows effects such as particle-antiparticle pair
production by a single photon and bremsstrahlung radiation
from charged particles which are not possible in empty
Minkowski space due to the conservation of linear
momentum [8].
Another type of topological effect that is considered in

the literature is induced by the compactification of the
spatial dimension. The compact spatial dimensions are an
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inherent feature of most high energy theories of funda-
mental physics, including supergravity and superstring
theories. An interesting application of the field theoretical
models with compact dimensions is in nanophysics. The
long wavelength description of the electronic states in
graphene can be formulated in terms of the Dirac-like
theory in three-dimensional spacetime with the Fermi
velocity playing the role of the speed of light [9]. In
addition to the fermionic field, the scalar and gauge fields
originating from the elastic properties and describing
disorder phenomena, like the distortion of graphene lattice
and structure defects, should be taken into consideration
[10,11]. In graphene-made structures, like cylindrical and
toroidal carbon nanotubes, the background geometry for
the corresponding field theory contains one or two compact
dimensions. In quantum field theory, the periodicity con-
ditions imposed on the field operator along compact
dimensions modify the spectrum for the normal modes,
and, as a result, the vacuum expectation values of physical
observables are changed. In particular, many authors
have investigated the vacuum energy and stresses induced
by the presence of compact dimensions (for reviews, see
Refs. [12,13]). This effect known as the topological
Casimir effect is a physical example of the connection
between global properties of the spacetime and quantum
phenomena.
Cosmic strings also polarize the vacuum around it in a

way similar to the distortion of the vacuum leading to the
Casimir effect between two conducting planes forming a
wedge. The analysis of the vacuum polarization by a
magnetic flux tube at finite temperature in the cosmic
string spacetime has been developed in [14]. In [15], we
have analyzed the fermionic charge and current densities at
finite temperature in a (3þ 1)-dimensional cosmic string
spacetime considering the presence of a magnetic flux
running along its axis. Here we have decided to continue
in the same line of investigation considering a charged
scalar field in a more general situation, in arbitrary
dimensions and compactification along the z axis, for
the bosonic field. In condensed matter, in the context of
topological insulators, there have been efforts to study the
effects of interactions on the properties of the insulators
and bind bosons to topological defects including a vortex
and monopole analogous to the electronic topological
insulators [16]. In these systems, bosonic currents as well
as defect currents have been studied in detail. Also, the
bosonic charge carriers can play roles in the standard
Landau model for multiconstituent finite temperature
superfluids as well in some cosmic string models includ-
ing superconducting cosmic strings [17]. Bosonic super-
conductivity can happen if a charged bosonic field
condensates in the core of the string.
The plan of the paper is as follows: In the next section,

we introduce the background geometry and describe the
thermal Hadamard function for the massive charged

bosonic quantum field in a higher-dimensional cosmic
string spacetime presenting a magnetic flux along its axis.
Moreover, we consider that the z axis along the string is
compactified to a circle and carries an extra magnetic flux.
Also, in Sec. III, we calculate the thermal average of the
charge density in this spacetime. We investigate various
asymptotic limits in detail, including the low- and high-
temperature limits and the limit when there is no compac-
tification. In this paper, we mainly explore the thermal
effects on the average of the current density. The only
nonzero components of the thermal average of the current
densities correspond to the azimuthal and axial ones. These
quantities are investigated in Secs. IV and V. We show that
the expectation value of the current densities can be
decomposed into the vacuum expectation value and the
contributions from particles and antiparticles. The behavior
of the current densities in the asymptotic regions of the
parameters are discussed in detail. Finally, in Sec. VI, we
give a brief conclusion about the results.

II. FORMALISM

In the general relativity framework, the background
geometry of the (Dþ 1)-dimensional flat spacetime cor-
responding to a generalized cosmic string lying along the z
axis can be described by the line element

ds2 ¼ dt2 − dr2 − r2dϕ2 − dz2 − dz∥2; ð2:1Þ

where r ≥ 0, 0 ≤ ϕ ≤ ϕ0 ¼ 2π=q, −∞ < t < þ∞, dz∥2 ¼P
D
i¼4ðdxiÞ2, and −∞ < xi < þ∞. The parameter q codi-

fies the planar angle deficit, where in the case of D ¼ 3 is
related to the linear mass density of the string μ0 by
q−1 ¼ 1 − 4μ0. In the presence of a gauge field Aμ, the field
equation governing the quantum dynamics of the charged
massive scalar field is

ðD2 þm2ÞφðxÞ ¼ 0; ð2:2Þ

where the differential operator in the field equation reads

D2 ¼ 1ffiffiffiffiffijgjp Dμð
ffiffiffiffiffi
jgj

p
gμνDνÞ; Dμ ¼ ∂μ þ ieAμ: ð2:3Þ

We assume that the direction along the z axis is compacti-
fied to a circle with length L, 0 ≤ z ≤ L, and the field obeys
the quasiperiodic boundary condition

φðt; r;ϕ; zþ L; z∥Þ ¼ e2πiηφðt; r;ϕ; z; z∥Þ; ð2:4Þ

with the constant phase η in the region [0, 1]. We shall
consider a constant vector potential as

Aμ ¼ ð0; 0; Aϕ; Az; 0;…; 0Þ: ð2:5Þ
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The azimuthal component Aϕ is related to an infinitesimally
thin magnetic flux Φϕ running along the string as
Aϕ ¼ −qΦϕ=ð2πÞ, and the axial component Az is related
to the magnetic flux Φz enclosed by the z axis given by
Az ¼ −Φz=L. It is easy to show that in the presence of
nonzero constant vector potential components Az∥ , the
physical parameters do not change and the results will
remain intact. Therefore, without loss of generality, we
shall consider Az∥ ¼ 0. As it is shown in [18], the general
normalized solution in this system takes the form

φσðxÞ ¼
�

qλ
2ð2πÞD−2ElL

�
1=2
JqjnþαjðλrÞe−iEltþiqnϕþiklzþik∥:z∥ ;

ð2:6Þ

where σ represents the set of quantum numbers
ðn;λ;kl;k∥Þ, JνðxÞ the Bessel function, n¼0;�1;�2;…,

λ ≥ 0, kl ¼ 2πðlþ ηÞ=L with l ¼ 0;�1;�2;…, −∞ <

kj∥ < ∞ with j ¼ 4;…; D, and

α ¼ eAϕ=q ¼ −Φϕ=Φ0; ð2:7Þ

Φ0 ¼ 2π=e being the quantum flux. The energy is
expressed in terms of λ and l by the relation

El ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ ~k2l þ k2

∥ þm2

q
;

~kl ¼ 2πðlþ ~ηÞ=L;
l ¼ 0;�1;�2;…; ð2:8Þ

where

~η ¼ ηþ eAzL=ð2πÞ ¼ η − Φz=Φ0: ð2:9Þ

Before continuing our analysis, we would like to com-
ment about the quantum numbers defined above: The
momentum along the string axis kl is discrete due to the
compactification along its axis. As for the momenta along
extra dimensions, they have no restrictions. The quantum
number λ can be understood as the modulo of the
momentum in the two-surface orthogonal to the z axis.
In order to understand this point, we have to develop the
summation over the quantum number n for the solution
Eq. (2.6) multiplied by a specific phase, as shown
below1:

X
n

e−iqjnþαjπ=2φσðxÞ: ð2:10Þ

In the above summation, only the Bessel function and the
exponential in the angular variable are relevant. By
performing a rotation λr ¼ iz and by using the relation
JνðizÞ ¼ eiνπ=2IνðzÞ, it is possible to develop the sum
using an integral representation for the modified Bessel
function.2 As a consequence, it can be shown by using
the result of [19] and returning to the original variable λr
that the summation provides an incident plane wave with

moment ~λ plus a scattering wave.
In order to obtain the expectation values of the charge

and current densities for the above bosonic field at finite
temperature T, we shall use the thermal Hadamard function

Gð1Þðx; x0Þ ¼ Tr½ρ̂ðφ�ðx0ÞφðxÞ þ φðxÞφ�ðx0ÞÞ�; ð2:11Þ

where ρ̂ is the density matrix

ρ̂ ¼ Z−1e−βðĤ−μ0Q̂Þ; β ¼ 1=T: ð2:12Þ

In this equation, Ĥ is the Hamiltonian operator, Q̂ a
conserved charge, μ0 the corresponding chemical potential,
and

Z ¼ tr½e−βðĤ−μ0Q̂Þ� ð2:13Þ

is the grand canonical partition function. Expanding the
field operator over a complete set of solutions as

φðxÞ ¼
X
σ

½âσφðþÞ
σ ðxÞ þ b̂þσ φ

ð−Þ
σ ðxÞ�; ð2:14Þ

and using the following relations

tr½ρ̂âþσ âσ0 � ¼
δσσ0

eβðEl−~μÞ − 1
;

tr½ρ̂b̂þσ b̂σ0 � ¼
δσσ0

eβðElþ ~μÞ − 1
; ð2:15Þ

where ~μ ¼ eμ0 and fφðþÞ
σ ;φð−Þ

σ g a complete set of normal-
ized positive and negative energy solutions of Eq. (2.2), one
can obtain the expectation value in Eq. (2.11).
The bosonic current density operator is given by

jν ¼ ie½φ�ðxÞDνφðxÞ − φðxÞðDνφðxÞÞ��: ð2:16Þ

The thermal average of the above current density can be
obtained in terms of the thermal Hadamard function as

1In fact, there is some arbitrariness in the determination of the
normalization constant for the wave function Eq. (2.6). Only its
modulo is unequivocally determined.

2In fact, this procedure has been adopted in the Appendix A
of [19] to construct a closed expression for summationP

ne
iqnϕIqjnþαjðzÞ.
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hjνi ¼ ieLimx0→x½ð∂ν − ∂ 0
ν þ 2ieAνÞGð1Þðx; x0Þ�: ð2:17Þ

Substituting the bosonic field operator in Eq. (2.11) by
the expansion (2.14), and using the relations in Eq. (2.15),
we can separate the zero-temperature Hadamard function
and the one related to particles and antiparticles, as shown
below

Gð1Þðx; x0Þ ¼ Gð1Þ
0 ðx; x0Þ þ Gð1Þ

T ðx; x0Þ; ð2:18Þ

where Gð1Þ
0 ðx; x0Þ is the zero-temperature Hadamard func-

tion and given by

Gð1Þ
0 ðx; x0Þ ¼

X
σ

X
χ¼þ;−

φðχÞ
σ ðxÞφðχÞ�

σ ðx0Þ

¼ q
2ð2πÞD−2L

X
σ

λJqjnþαjðλrÞJqjnþαjðλr0Þ

×
eiqnΔϕþi~klΔzþik∥:Δz∥

El
fe−iElΔt þ eiElΔtg;

ð2:19Þ

and the one related to the particles and antiparticles, which
is given as follows:

Gð1Þ
T ðx; x0Þ ¼ 2

X
σ

X
χ¼þ;−

φðχÞ
σ ðxÞφðχÞ�

σ ðx0Þ
eβðEl−χ ~μÞ − 1

¼ q
ð2πÞD−2L

X
σ

λJqjnþαjðλrÞJqjnþαjðλr0Þ

×
eiqnΔϕþi~klΔzþik∥:Δz∥

El

�
e−iElΔt

eβðEl− ~μÞ − 1

þ eiElΔt

eβðElþ ~μÞ − 1

�
: ð2:20Þ

Because of this separation for thermal Hadamard function,
the same will happen for the vacuum expectation value of
the current density

hjνi ¼ hjνi0 þ hjνiT; ð2:21Þ

where hjνiT ¼ P
χ¼þ;−hjνiχ is sum of contributions of

particles and antiparticles in the current density originating
from the nonzero temperature. The bosonic charge and
current densities at zero temperature have been investigated
in [18] for zero chemical potential. Therefore, we are
mainly concerned with the contributions from particles and
antiparticles provided by the second term in the right-hand
side of (2.21). In the limit T → 0, we expect this term
vanishes and only the first term, the zero-temperature
contribution, survives.

III. CHARGE DENSITY

First, we consider the charge density corresponding to
the ν ¼ 0 component of Eq. (2.17). Substituting the thermal
Hadamard function in this equation and concerning just the
contributions from particles and antiparticles, we have

hj0iT ¼ eq
ð2πÞD−2L

X
σ

λJ2qjnþαjðλrÞ

×

�
1

eβðEl− ~μÞ − 1
−

1

eβðElþ~μÞ − 1

�
; ð3:1Þ

with the notation

X
σ

¼
Z

dk∥

Z
∞

0

dλ
Xþ∞

l¼−∞

Xþ∞

n¼−∞
: ð3:2Þ

It has been shown in [18] that the formal expression for the
vacuum expectation value of the charge density hj0i0 is
given in terms of a divergent integral. However, in order
to obtain a finite and well-defined result, a cutoff function
was introduced. So, the integral could be evaluated. Finally,
by subtracting the Minkowskian contribution (α ¼ 0
and q ¼ 1) from the regularized expression, the cutoff
function could be safely removed, and, as a consequence, a
vanishing renormalized charge density was obtained,
i.e., hj0i0ðrenÞ ¼ 0.
As can be seen from (3.1), the thermal charge density is

an odd function of ~μ. When the chemical potential ~μ is
zero, the contributions from the particles and antiparticles
cancel each other, and the total charge density vanishes.
The presence of the nonzero chemical potential imbalances
the particle-antiparticle contributions and creates nonzero
charge density. In Eq. (3.1), the charge density is an even
periodic function of the parameter α with the period equal
to 1, which means that it is a periodic function of the
magnetic flux with a period equal to the quantum flux.
Presenting the parameter α as

α ¼ n0 þ α0; ð3:3Þ

where n0 is the integer part and α0 the fractional part of α,
choosing jα0j ≤ 1=2, it will be shown shortly that the
bosonic charge and current densities are only dependent on
the fractional part α0 which resembles the Aharonov-Bohm
effect.
Notice that the bosonic chemical potential, in contrast to

the fermionic one, which can have any value in principle, is
restricted by j ~μj ≤ ϵ0, ϵ0 being the minimum of energy.
Therefore, El � ~μ is always positive, and we can simply use
the following series expansion

ðey − 1Þ−1 ¼
X∞
j¼1

e−jy ð3:4Þ
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in our analysis. Using the above expansion in (3.1), we
have

hj0iT ¼ 2eq
ð2πÞD−2L

Z
dk∥

Z
∞

0

dλ
Xþ∞

l¼−∞

Xþ∞

n¼−∞
λJ2qjnþαjðλrÞ

×
X∞
j¼1

e−jβEl sinhðjβ ~μÞ: ð3:5Þ

In order to develop the summation over l, we apply the
Abel-Plana summation formula in the form [20,21]

X∞
l¼−∞

gðlþ ~ηÞfðjlþ ~ηjÞ

¼
Z

∞

0

du½gðuÞ þ gð−uÞ�fðuÞ

þ i
Z

∞

0

du½fðiuÞ − fð−iuÞ�
X
λ¼�1

gðiλuÞ
e2πðuþiλ~ηÞ − 1

;

ð3:6Þ

which helps to separate the part in the charge density
induced by the compactification. Taking gðuÞ ¼ 1 and

fðuÞ ¼ e−jβ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2þð2πu=LÞ2þk2

∥þm2
p

; ð3:7Þ

by using (3.6), we can write the charge density as

hj0iT ¼ hj0iTs þ hj0iTc; ð3:8Þ

with

hj0iTs¼
eq

ð2πÞD−2π

Z
dk∥

Z
∞

0

dλ
Z þ∞

−∞
dk

Xþ∞

n¼−∞
λJ2qjnþαjðλrÞ

×
X∞
j¼1

e−jβEl sinhðjβ ~μÞ ð3:9Þ

being the contribution induced by the string and

hj0iTc ¼
2eq

ð2πÞD−2π

Z
dk∥

Z
∞

0

dλ
Z

∞ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2þk2

∥þm2
p dk

Xþ∞

n¼−∞
λJ2qjnþαjðλrÞ

×
X∞
j¼1

sinhðjβ ~μÞ sin
�
jβ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − k2

∥ − λ2 −m2
q ��

1

eLkþ2πi~η − 1
þ 1

eLk−2πi~η − 1

�
ð3:10Þ

due to the compactification. As we shall see, this contri-
bution goes to zero in the limit L → ∞.
Let us first calculate the string part. In order to make it

workable, we use the integral representation below

e−jβ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2þk2þk2

∥þm2
p
¼ jβffiffiffi

π
p

Z
∞

0

dss−2e−ðλ
2þk2þk2

∥þm2Þs2−j2β2=4s2 : ð3:11Þ

So, we can calculate the integral over λ by using [22]

Z
∞

0

dλλe−ηλ
2

J2νðλrÞ ¼
e−r

2=ð2ηÞ

2η
Iνðr2=ð2ηÞÞ: ð3:12Þ

The integral over k∥ is easily done as

Z
dk∥e

−s2k2
∥ ¼ ðπ=s2ÞðD−3Þ=2: ð3:13Þ

Therefore, we obtain the following result for the string
contribution of the charge density

hj0iTs ¼
4eqβ

ð4πÞðDþ1Þ=2

Z
∞

0

dss−D−2Fðq; α0; r2=2s2Þ

×
X∞
j¼1

j sinhðjβ ~μÞe−m2s2−ðj2β2=4þr2=2Þs−2 ; ð3:14Þ

where we have introduced [18]

Fðq; α0; zÞ ¼
Xþ∞

n¼−∞
IqjnþαjðzÞ

¼ 1

q

�
ez −

q
π

Z
∞

0

dy
e−z coshðyÞhðq; α0; yÞ
coshðqyÞ − cosðqπÞ

þ 2
X0
½q=2�

k¼1

cos ð2πkα0Þez cosð2πk=qÞ
�
; ð3:15Þ

with the notation

hðq; α0; yÞ ¼ sin ½ð1 − jα0jÞqπ� coshðjα0jqyÞ
þ sin ðjα0jqπÞ cosh ½ð1 − jα0jÞqy�: ð3:16Þ
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Note that ½q=2� stands for the integer part of q=2 and the
prime on the summation in (3.15) and hereafter means that
the term k ¼ q=2 should be taken with the coefficient 1=2
when q is an even number. For q < 2, the summation on k
does not contribute.
Substituting the expression found for Fðq; α0; r2=2s2Þ

into (3.14) and integrating over parameter s, using the
following relation

Z
∞

0

dss−de−as
2−bs−2 ¼

�
a
b

�ðd−1Þ=4
Kðd−1Þ=2ð2

ffiffiffiffiffiffi
ab

p
Þ

ð3:17Þ

leads to the final result for the thermal average of the charge
density as

hj0iTs ¼
4eβmDþ1

ð2πÞðDþ1Þ=2
X∞
j¼1

j sinhðjβ ~μÞ
(
fðDþ1Þ=2ðjmβÞ þ 2

X0
½q=2�

k¼1

cos ð2πkα0ÞfðDþ1Þ=2ð2mcj;kðβ; qÞÞ

−
q
π

Z
∞

0

dy
hðq; α0; yÞ

coshðqyÞ − cosðqπÞ fðDþ1Þ=2ð2msjðβ; yÞÞ
)
: ð3:18Þ

In the above relation, we have introduced the following
notations

fνðxÞ ¼
KνðxÞ
xν

;

cj;kðβ; qÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2β2=4þ r2sin2ðπk=qÞ

q
;

sjðβ; yÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2β2=4þ r2cosh2ðy=2Þ

q
; ð3:19Þ

KνðxÞ being the MacDonald function. The first term in
(3.18) corresponds to the Minkowskian part in the
absence of the conical defect and magnetic flux (q ¼ 1
and α0 ¼ 0).
Now, let us calculate the induced charge density

originating from the compactification. By making a

change of variable as p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − k2

∥ − λ2 −m2
q

in

(3.10), we obtain

hj0iTc ¼
4eq

ð2πÞD−2π

X∞
l¼1

cosð2πl~ηÞ
Z

dk∥

Z
∞

0

dλλ
Z

∞

0

dpp
e−lL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þk2

∥þλ2þm2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ k2

∥ þ λ2 þm2
q Xþ∞

n¼−∞
J2qjnþαjðλrÞ

X∞
j¼1

sinhðjβ ~μÞ sinðjβpÞ:

ð3:20Þ

The following integral representation

e−lL
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2þp2þk2

∥þm2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2þp2þk2

∥þm2
q ¼ 2ffiffiffi

π
p

Z
∞

0

dse−ðλ
2þp2þk2

∥þm2Þs2−l2L2=4s2 ð3:21Þ

makes it possible to integrate over p, λ, and k∥ analytically. The integration over p is given below

Z
∞

0

dppe−p
2s2 sinðjβpÞ ¼ jβ

ffiffiffi
π

p
4s3

e−j
2β2=4s2 : ð3:22Þ

Integration over λ and k∥ will be the same as (3.12) and (3.13), respectively. Therefore, using the expression (3.15), the
contribution of the compactification in the thermal charge density is

hj0iTc ¼
8eβmDþ1

ð2πÞðDþ1Þ=2
X∞
l¼1

cosð2πl~ηÞ
X∞
j¼1

j sinhðjβ ~μÞ
(
fðDþ1Þ=2ðmρj;lðβÞÞ þ 2

X0
½q=2�

k¼1

cos ð2πkα0ÞfðDþ1Þ=2ð2mσj;l;kðβ; qÞÞ

−
q
π

Z
∞

0

dy
hðq; α0; yÞ

coshðqyÞ − cosðqπÞ fðDþ1Þ=2ð2mδj;lðβ; yÞÞ
)
; ð3:23Þ
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where we have introduced the following notations:

ρj;lðβÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2β2þ l2L2

q
; σj;l;kðβ;qÞ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2β2=4þ l2L2=4þr2sin2ðπk=qÞ

q
; δj;lðβ;yÞ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2β2=4þ l2L2=4þr2cosh2ðy=2Þ

q
:

ð3:24Þ

In the limit L → ∞, using the asymptotic expansion for the MacDonald function for large arguments, we obtain

hj0iTc≍ 4eβmDþ1

ð2πÞD=2

X∞
l¼1

cosð2πl~ηÞ e−mlL

ðmlLÞðDþ2Þ=2
X∞
j¼1

j sinhðjβ ~μÞ
(
1þ 2

X0
½q=2�

k¼1

cos ð2πkα0Þ −
q
π

Z
∞

0

dy
hðq; α0; yÞ

coshðqyÞ − cosðqπÞ

)
:

ð3:25Þ

As can be seen, the above expression goes exponentially to zero at this limit.
The total charge density at thermal equilibrium with temperature T reads

hj0i ¼ hj0iM þ 8eβmDþ1

ð2πÞðDþ1Þ=2
X0∞

l¼0

cosð2πl~ηÞ
X∞
j¼1

j sinhðjβ ~μÞ
(
2
X0
½q=2�

k¼1

cos ð2πkα0ÞfðDþ1Þ=2ð2mσj;l;kðβ; qÞÞ

−
q
π

Z
∞

0

dy
hðq; α0; yÞ

coshðqyÞ − cosðqπÞ fðDþ1Þ=2ð2mδj;lðβ; yÞÞ
)
; ð3:26Þ

where the Minkowskian part (q ¼ 1 and α0 ¼ 0) is as follows:

hj0iM ¼ 8eβmDþ1

ð2πÞðDþ1Þ=2
X0∞

l¼0

cosð2πl~ηÞ
X∞
j¼1

j sinhðjβ ~μÞfðDþ1Þ=2ðmρj;lðβÞÞ; ð3:27Þ

and the prime on the summation over lmeans that we should take the term l ¼ 0with a factor of 1=2. This term corresponds
to the charge density when there is no compactification. Note that the Minkowskian contribution is independent of the
distance from the string and, therefore, is homogeneous in space.
In the massless case, the chemical potential ~μ is also zero because of the condition j ~μj ≤ m, and, therefore, the charge

density vanishes.
In the absence of the conical defect q ¼ 1, we have

hj0i ¼ 8eβmDþ1

ð2πÞðDþ1Þ=2
X0∞

l¼0

cosð2πl~ηÞ
X∞
j¼1

j sinhðjβ ~μÞ
(
fðDþ1Þ=2ðmρj;lðβÞÞ −

1

2π

Z
∞

0

dy
hð1; α0; yÞ
cosh2ðy=2Þ fðDþ1Þ=2ð2mδj;lðβ; yÞÞ

)
;

ð3:28Þ

with hð1; α0; yÞ ¼ sin ðjα0jπÞ½cosh ðjα0jyÞ þ cosh ðð1 − jα0jÞyÞ�.
Now, let us consider the behavior of the charge density in different asymptotic regions of the parameters. First, we

investigate the region near the string. In contrast with the fermionic case, which may present a divergent result [15], the
charge density is finite on the string. This can be easily obtained by analyzing the integral of the last term in (3.26) taking
r ¼ 0. The result is

hj0i ¼ 8eβmDþ1

ð2πÞðDþ1Þ=2
X0∞

l¼0

cosð2πl~ηÞ
X∞
j¼1

j sinhðjβ ~μÞfðDþ1Þ=2ðmρj;lðβÞÞ

×

(
1þ 2

X0
½q=2�

k¼1

cos ð2πkα0Þ −
q
π

Z
∞

0

dy
hðq; α0; yÞ

coshðqyÞ − cosðqπÞ

)
: ð3:29Þ
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At low temperatures T ≪ m; r−1, the dominant contribution comes from the term j ¼ 1, which leads to

hj0i ≈ βemDþ1eβ ~μ

ð2πÞðD−2Þ=2
X0∞

l¼0

cosð2πl~ηÞ
	
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 þ l2L2

q 
−1=2
e−ðm

ffiffiffiffiffiffiffiffiffiffiffiffi
β2þl2L2

p
Þ

×

(
1þ 2

X0
½q=2�

k¼1

cos ð2πkα0Þ −
q
π

Z
∞

0

dy
hðq; α0; yÞ

coshðqyÞ − cosðqπÞ

)
; ð3:30Þ

where we have used the asymptotic expansion for large arguments for the MacDonald function as KνðzÞ ≈
ffiffiffiffi
π
2z

p
e−z. Since

j ~μj ≤ m, the above equation tends to zero at the zero-temperature limit which is the expected result, as we discussed before.
When the temperature goes to zero, we should retrieve the result obtained in [18] at zero temperature, which is zero.
At high temperatures or large distances from the string, the main contribution to the charge density in (3.26) comes from

large j and, consequently, this representation is not convenient for these limiting cases. In order to find a more convenient
representation in this limit, first we make the replacement

βj sinhðjβ ~μÞ ¼ ∂ ~μ cos½ijβ ~μÞ� ð3:31Þ

in the part induced by the cosmic string and magnetic flux and then use the relation [23]

Xþ∞

j¼−∞
cosðjbÞfν

	
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2j2 þ a2

q 

¼ ð2πÞ1=2

βm2ν

Xþ∞

j¼−∞
½ð2πjþ bÞ2=β2 þm2�ν−1=2fν−1=2

	
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2πjþ bÞ2=β2 þm2

q 

; ð3:32Þ

with b ¼ iβ ~μ and ν ¼ ðDþ 1Þ=2. Using the relation ½x2νfνðxÞ�0 ¼ −x2ν−1fν−1ðxÞ, we obtain

hj0i ¼ hj0iM −
4e

ð2πÞD=2β

X0∞

l¼0

cosð2πl~ηÞ
X∞
j¼−∞

ð− ~μþ 2iπj=βÞbD−2
j ðβÞ

×

(
2
X0
½q=2�

k¼1

cos ð2πkα0ÞfD=2−1

	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2L2 þ 4r2 sin ðπk=qÞ

q
bjðβÞ




−
q
π

Z
∞

0

dy
hðq; α0; yÞ

coshðqyÞ − cosðqπÞ fD=2−1

	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2L2 þ 4r2cosh2ðy=2Þ

q
bjðβÞ


)
; ð3:33Þ

where bjðβÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2πjþ iβ ~μÞ2=β2 þm2

p
and the Minkowskinan contribution is given in (3.27). In both limiting cases, high

temperatures or large distances from the string, the dominant contribution comes from the terms with j ¼ −1 and j ¼ 1.
The main focus of this paper is to investigate the thermal effect on the charge and current densities. In Fig. 1, we plot the

charge density, ignoring the Minkowskian part, as a function of the parameter ~η for three different values of temperature

T m
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3

FIG. 1. The charge density induced by the string and magnetic flux as a function of the parameter ~η for two different values α0 ¼ 0 (left
panel) and α0 ¼ 0.25 (right panel). The graphs are plotted for T=m ¼ 0.1, 1, 3, mr ¼ 0.5, q ¼ 1.5, mL ¼ 1.0, D ¼ 3, and μ=m ¼ 0.5.
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T=m ¼ 0.1, 1, and 3. The left panel corresponds to α0 ¼ 0
(in the absence of the magnetic flux) and the right one to
α0 ¼ 0.25. As can be seen, the absolute value of the charge
density increases with the temperature. Therefore, the
temperature intensifies the induced charge density. If the
contribution of particles (antiparticles) is greater than
antiparticles (particles), it will be even greater if one
increases the temperature. Comparing the left and right
graphs shows that depending on the value of α0, which is a
measure for the magnetic flux, the relative contribution of
the particle and antiparticles may reverse. Also, these
graphs confirm that the charge density is an even function
of ~η.
Figure 2 shows the total charge density as a function of

the distance from the string for three different values of
temperature T=m ¼ 0.1, 1, and 3. The left panel corre-
sponds to ~η ¼ 0.1 and the right one to ~η ¼ 0.7. Also, here
we can see that increasing the temperature from zero
creates nonzero charge density which originates from
nonzero chemical potential, and as much as the temper-
ature is higher, the effect on the charge density is higher
too. At large distances from the string, the effect of the
string and the magnetic flux running through it is
negligible, and the charge density tends to the
Minkowskian contribution at temperature T, which is
constant in space. This can be seen in all curves in this
figure, which converged to specific values depending on
the temperature. Comparing the left and right graphs, it is
clear that different values of ~η can reverse the importance
of the particle and antiparticle contributions in the charge
density. This behavior depends on the value of ~η being less
or greater than 0.5.

IV. AZIMUTHAL CURRENT DENSITY

It is not difficult to show that the radial current density
hj1i and the ones in the extra dimensions hjii for i ≥ 4
vanish. So, the azimuthal and axial current densities are the
only ones that are nonzero. First, we calculate the induced

azimuthal current density considering the ν ¼ 2 component
in (2.17). In this case, we have

hj2iT ¼ −
eq2

ð2πÞD−2L

X
σ

λ

El
ðnþ αÞJ2qjnþαjðλrÞ

×

�
1

eβðEl−~μÞ − 1
þ 1

eβðElþ ~μÞ − 1

�
: ð4:1Þ

The corresponding analysis for the vacuum induced azi-
muthal current was given in [18]. Here, we shall analyze the
thermal contribution. Note that the azimuthal current
density is an odd periodic function of the parameter α,
which means that in the absence of the magnetic flux along
the string, it vanishes. Also, it is an even function of the
chemical potential ~μ. In the absence of the chemical
potential, the contribution of the particles and antiparticles
coincide.
By using the series representation (3.4), the equation for

the azimuthal current density reduces to

hj2iT ¼ −
2eq2

ð2πÞD−2L

Z
dk∥

×
Z

∞

0

dλ
Xþ∞

l¼−∞

λ

El

Xþ∞

n¼−∞
ðnþ αÞJ2qjnþαjðλrÞ

×
X∞
j¼1

e−jβEl coshðjβ ~μÞ: ð4:2Þ

Using again the Abel-Plana summation formula, it is
possible to separate the string and compactification con-
tributions so as in the previous section. Choosing gðuÞ ¼ 1
and taking

fðuÞ ¼ e−jβ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2þð2πu=LÞ2þk2

∥þm2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ ð2πu=LÞ2 þ k2

∥ þm2
q ; ð4:3Þ
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FIG. 2. The total charge density as a function of the parameter mr for two different values ~η ¼ 0.1 (left panel) and ~η ¼ 0.7
(right panel). The graphs are plotted for T=m ¼ 0.1, 1, 3, mr ¼ 0.5, q ¼ 2.5, α0 ¼ 0.25, mL ¼ 1.0, D ¼ 3, and μ=m ¼ 0.5.
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the azimuthal current density can be written as

hj2iT ¼ hj2iTs þ hj2iTc; ð4:4Þ

where the string induced part is given by

hj2iTs ¼ −
2eq2

πð2πÞD−2

Z
dk∥

Z
∞

0

dλλ
Z

∞

0

dk
Xþ∞

n¼−∞
ðnþ αÞJ2qjnþαjðλrÞ

X∞
j¼1

e−jβ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2þk2þk2

∥þm2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ k2 þ k2

∥ þm2
q coshðjβ ~μÞ; ð4:5Þ

and the compactification induced one as

hj2iTc ¼ −
2eq2

πð2πÞD−2

Z
dk∥

Z
∞

0

dλλ
Z

∞ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2þk2

∥þm2
p dk

Xþ∞

n¼−∞
ðnþ αÞJ2qjnþαjðλrÞ

×
X∞
j¼1

coshðjβ ~μÞ
cos

	
jβ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − k2

∥ − λ2 −m2
q 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − k2

∥ − λ2 −m2
q �

1

eLkþ2πi~η − 1
þ 1

eLk−2πi~η − 1

�
: ð4:6Þ

Let us first consider the string contribution in the azimuthal current density. Using the integral representation (3.21) and
then integrating over λ and k∥ in the same way as in (3.12) and (3.13), we obtain

hj2iTs ¼ −
8eq2

ð4πÞðDþ1Þ=2

Z
∞

0

dss−DGðq; α0; r2=2s2Þ
X∞
j¼1

e−m
2s2−ðj2β2=4þr2=2Þs−2 coshðjβ ~μÞ; ð4:7Þ

where we have introduced the notation [18]

Gðq; α0; zÞ ¼
Xþ∞

n¼−∞
ðnþ αÞIqjnþαjðzÞ

¼ z
qπ

Z
∞

0

dy
sinhðyÞe−z coshðyÞgðq; α0; yÞ

coshðqyÞ − cosðqπÞ þ 2z
q2

X0
½q
2
�

k¼1

sin ð2πk=qÞ sin ð2πkα0Þez cosð2πk=qÞ; ð4:8Þ

with

gðq; α0; xÞ ¼ sin ðqπα0Þ sinh ½ð1 − jα0jÞqy� − sinh ðqyα0Þ sin ½ð1 − jα0jÞqπ�: ð4:9Þ

Substituting the above result into (4.7), we can integrate over s and obtain the following result

hj2iTs ¼
8emDþ1

ð2πÞðDþ1Þ=2
X∞
j¼1

coshðjβ ~μÞ
"X0
½q=2�

k¼1

sin ð2πk=qÞ sin ð2πkα0ÞfðDþ1Þ=2ð2mcj;kðβ; qÞÞ

þ q
2π

Z
∞

0

dy
sinhðyÞgðq; α0; yÞ
coshðqyÞ − cosðqπÞ fðDþ1Þ=2ð2msjðβ; yÞÞ

#
; ð4:10Þ

where cj;kðβ; qÞ and sjðβ; yÞ are given in (3.19).
Now, we turn to the part induced by the compactification of the string along its axis. To calculate this part, we start with

the change of variable as p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − k2

∥ − λ2 −m2
q

in Eq. (4.6), which gives
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hj2iTc ¼ −
4eq2

πð2πÞD−2

X∞
l¼1

cosð2πl~ηÞ
Z

dk∥

Z
∞

0

dλλ
Z

∞

0

dp
e−lL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þk2

∥þλ2þm2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ k2

∥ þ λ2 þm2
q

×
Xþ∞

n¼−∞
ðnþ αÞJ2qjnþαjðλrÞ

X∞
j¼1

coshðjβ ~μÞ cosðjβpÞ: ð4:11Þ

Using the integral representation (3.21) and then performing the integration over λ and k∥ with the help of (3.12) and (3.13),
besides the integration over p given below

Z
∞

0

dpe−p
2s2 cosðjβpÞ ¼

ffiffiffi
π

p
2s

e−j
2β2=4s2 ; ð4:12Þ

we obtain the following general expression

hj2iTc ¼
16emDþ1

ð2πÞðDþ1Þ=2
X∞
l¼1

cosð2πl~ηÞ
X∞
j¼1

coshðjβ ~μÞ
(X0

½q=2�

k¼1

sin ð2πk=qÞ sin ð2πkα0ÞfðDþ1Þ=2ð2mσj;l;kðβ; qÞÞ

þ q
2π

Z
∞

0

dy
sinhðyÞgðq; α0; yÞ
coshðqyÞ − cosðqπÞ fðDþ1Þ=2ð2mδj;lðβ; yÞÞ

)
; ð4:13Þ

which tends to zero in the limit L → ∞.
The total azimuthal current density at temperature T is given by

hj2i ¼ 16emDþ1

ð2πÞðDþ1Þ=2
X0∞

l¼0

cosð2πl~ηÞ
X0∞

j¼0

coshðjβ ~μÞ
(X0

½q=2�

k¼1

sin ð2πk=qÞ sin ð2πkα0ÞfðDþ1Þ=2ð2mσj;l;kðβ; qÞÞ

þ q
2π

Z
∞

0

dy
sinhðyÞgðq; α0; yÞ
coshðqyÞ − cosðqπÞ fðDþ1Þ=2ð2mδj;lðβ; yÞÞ

)
; ð4:14Þ

where the parameters σj;l;kðβ; qÞ and δj;lðβ; yÞ are the ones introduced in (3.24). Also, the prime on the summation over j
means the term j ¼ 0 should be taken by a factor 1=2. This term corresponds to the charge density at zero temperature. As
mentioned in the previous section, the term l ¼ 0 gives the azimuthal current density in the absence of the compactification,
hj2iTs. In the absence of the magnetic flux, the azimuthal current density vanishes, which means that the Minkowkian part
is zero.
In what follows, we shall provide some limiting cases for the total azimuthal current density. In the absence of the conical

defect q ¼ 1, the azimuthal current density reduces to

hj2i ¼ 8emDþ1

ð2πÞðDþ3Þ=2
X0∞

l¼0

cosð2πl~ηÞ
X0∞

j¼0

coshðjβ ~μÞ
Z

∞

0

dy
sinhðyÞgð1; α0; yÞ

cosh2ðy=2Þ fðDþ1Þ=2ð2mδj;lðβ; yÞÞ; ð4:15Þ

with gð1; α0; xÞ ¼ sin ðπα0Þ sinh ½ð1 − jα0jÞy� − sinh ðyα0Þ sin ðjα0jπÞ.
For the massless boson3 using the MacDonald function for small arguments, we have

hj2i ≈ 8eΓðDþ1
2
Þ

ð2πÞðDþ1Þ=2
X0∞

l¼0

cosð2πl~ηÞ
X0∞

j¼0

(X0
½q=2�

k¼1

sin ð2πk=qÞ sin ð2πkα0Þ½2σ2j;l;kðβ; qÞ�−ðDþ1Þ=2

þ q
2π

Z
∞

0

dy
sinhðyÞgðq; α0; yÞ
coshðqyÞ − cosðqπÞ ½2δ

2
j;lðβ; yÞ�−ðDþ1Þ=2

)
: ð4:16Þ

3Massless boson implies μ ¼ 0.

FINITE TEMPERATURE BOSONIC CHARGE AND CURRENT … PHYSICAL REVIEW D 93, 123521 (2016)

123521-11



In the limit r → 0, discarding the zero-temperature part, which is divergent in this limit (see the discussion in [18]), the
nonzero-temperature azimuthal current density is finite when jα0j ≥ 1=q. Knowing jα0j ≤ 1=2, the only possibility is q ≥ 2.
In this case, we can simply take r ¼ 0, which results in

hj2iT ¼ 16emDþ1

ð2πÞðDþ1Þ=2
X0∞

l¼0

cosð2πl~ηÞ
X∞
j¼1

coshðjβ ~μÞfðDþ1Þ=2ðmρj;lðβÞÞ
�X0
½q=2�

k¼1

sin ð2πk=qÞ sin ð2πkα0Þ

þ q
2π

Z
∞

0

dy
sinhðyÞgðq; α0; yÞ
coshðqyÞ − cosðqπÞ

�
: ð4:17Þ

For the case jα0j < 1=q, the dominant contribution to the integral over y comes from large values of y. Replacing the
integrand by its asymptotic form, one obtains

hj2iT ≈
16eqmDþ1ðmrÞ−2ð1−jα0jqÞ

ð2πÞðDþ3Þ=2
X0∞

l¼0

cosð2πl~ηÞ
X∞
j¼1

coshðjβ ~μÞ þ ½2−jα0jq sinðqα0πÞΓ½1 − jα0jq�fðDþ1Þ=2þjα0jq−1ðmρj;lðβÞÞ

− 2−ð1−jα0jÞqðmrÞ2qð1−2jα0jÞsignðα0Þ sinðqπð1 − jα0jÞÞΓ½1 − ð1 − jα0jÞq�×fðDþ1Þ=2þð1−jα0jÞq−1ðmρj;lðβÞÞ�: ð4:18Þ

At low temperatures T ≪ m; r−1, the contributions of j ¼ 0, zero-temperature contribution, and j ¼ 1 are dominant.
Using the large argument asymptotic expansion of the MacDonald function, (4.14) reduces to

hj2i≍ 2emDþ1

ð2πÞðD−2Þ=2
X0∞

l¼0

cosð2πl~ηÞ
h
ðmlLÞ−1=2e−mlL þ

	
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 þ l2L2

q 
−1=2
eð−m

ffiffiffiffiffiffiffiffiffiffiffiffi
β2þl2L2

p
þβ ~μÞ

i

×

(
2
X0
½q=2�

k¼1

sin ð2πk=qÞ sin ð2πkα0Þ þ
q
2π

Z
∞

0

dy
sinhðyÞgðq; α0; yÞ
coshðqyÞ − cosðqπÞ

)
; ð4:19Þ

in which, since j ~μj ≤ m, the second term in the square brackets goes to zero at the zero-temperature limit, as expected, and
the total current is dominated by the zero-temperature contribution hj2i0.
To investigate the behavior of the total azimuthal current density at high temperatures or large distances from the string,

we need again to find a more suitable representation. In order to do that, we make the replacement cosh ðjβ ~μÞ ¼ cos ðijβ ~μÞ.
Following the same procedure as in the case of the charge density, we obtain

hj2i ¼ 8e

ð2πÞD=2β

X0∞

l¼0

cosð2πl~ηÞ
X∞
j¼−∞

bDj ðβÞ
(X0

½q=2�

k¼1

sin ð2πk=qÞ sin ð2πkα0ÞfD=2

	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2L2 þ 4r2 sin ðπk=qÞ

q
bjðβÞ




þ q
2π

Z
∞

0

dy
sinhðyÞgðq; α0; yÞ
coshðqyÞ − cosðqπÞ fD=2

	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2L2 þ 4r2cosh2ðy=2Þ

q
bjðβÞ


)
; ð4:20Þ

with bjðβÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2πjþ iβ ~μÞ2=β2 þm2

p
. In the aforemen-

tioned limits, the contributions of j ¼ −1 and j ¼ 1 are
dominant.
In Fig. 3, we exhibit the behavior of the azimuthal

current density in the absence of compactification, i.e.,
considering only the l ¼ 0 term in (4.14), as a function of
the parameter α0 for three different values of temperature,
T=m ¼ 0, 1, and 3. The thermal effect shows the same
feature as in the charge density. Increasing the temperature
intensifies the current. The value of the current density to be
positive or negative is just related to the direction of the
current. This graph also confirms that the azimuthal current
density is an odd function of α0.

Figure 4 shows the compactification part of the azimu-
thal current density as a function of the parameter α0 for
three different values of temperature, T=m ¼ 0, 1, and 3. In
the left and right panels, ~η ¼ 0.1 and ~η ¼ 0.7 are consid-
ered, respectively. As before, increasing the temperature
leads to a greater current density. Also, depending on the
value of ~η being smaller or greater than 0.5, the direction of
the current is inverted. Also, we observe that the intensity of
the current increases with T. In Fig. 5, we plot the total
azimuthal current density as a function of the distance
from the string for three different values of temperature,
T=m ¼ 0, 1, and 3. Again, increasing the temperature
creates greater current density. Also, comparing the left and

A. MOHAMMADI and E. R. BEZERRA DE MELLO PHYSICAL REVIEW D 93, 123521 (2016)

123521-12



right graphs, which are plotted for two different values of
~η ¼ 0.0 and ~η ¼ 0.7, shows different behavior of the
current density. As can be seen in the figure, the value
of the azimuthal current density goes to the Minkowskian
contribution, which is zero in this case.

V. AXIAL CURRENT DENSITY

Now we shall investigate the axial current density, which
is the ν ¼ 3 component in (2.17). In this case, we have

hj3iT ¼ −
eq

ð2πÞD−2L

X
σ

λ ~kl
El

J2qjnþαjðλrÞ

×

�
1

eβðEl− ~μÞ − 1
þ 1

eβðElþμÞ − 1

�
; ð5:1Þ

where ~kl is given in (2.8). With the help of the series
expansion (3.4), it results in
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FIG. 4. The compactification part of the azimuthal current density as a function of the parameter α0 for two different values ~η ¼ 0.1
(left panel) and ~η ¼ 0.7 (right panel). The graphs are plotted for T=m ¼ 0, 1, 3, mr ¼ 0.5, q ¼ 1.5, mL ¼ 1.0, D ¼ 3, and μ=m ¼ 0.5.
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FIG. 5. The total azimuthal current density as a function of the parameter mr for two different values ~η ¼ 0.0 (left panel) and ~η ¼ 0.7
(right panel). The graphs are plotted for T=m ¼ 0, 1, 3, mr ¼ 0.5, q ¼ 2.5, α0 ¼ 0.25, mL ¼ 0.1, D ¼ 3, and μ=m ¼ 0.5.
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FIG. 3. The azimuthal current density in the absence of
compactification as a function of the parameter α0. The graphs
are plotted for T=m ¼ 0, 1, 3, mr ¼ 0.5, q ¼ 1.5, mL ¼ 1.0,
D ¼ 3, and μ=m ¼ 0.5.
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hj3iT ¼ −
2eq

ð2πÞD−2L

Z
dk∥

Z
∞

0

dλ
Xþ∞

l¼−∞

λ ~kl
El

Xþ∞

n¼−∞
J2qjnþαjðλrÞ

X∞
j¼1

e−jβEl coshðjβ ~μÞ: ð5:2Þ

Again, the summation on the quantum number l can be developed by using the Abel-Plana formula. For this case, we take
gðuÞ ¼ 2πu=L and fðuÞ as in (4.3). One can show that hj3iTs vanishes, which is the consequence of the function gðuÞ being
an odd function. So, the only nonzero term is the one induced by the compactification. Therefore, we have

hj3iTc ¼ −
ieq

πð2πÞD−2

Z
dk∥

Z
∞

0

dλλ
Z

∞ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2þk2

∥þm2
p dkk

Xþ∞

n¼−∞
J2qjnþαjðλrÞ

×
X∞
j¼1

coshðjβ ~μÞ
cos

	
jβ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − k2

∥ − λ2 −m2
q 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − k2

∥ − λ2 −m2
q �

1

eLkþ2πi~η − 1
−

1

eLk−2πi~η − 1

�
: ð5:3Þ

After some intermediate steps, following the same procedure as in the previous sections, the total axial current density at
temperature T is presented in the form

hj3i ¼ 8eLmDþ1

ð2πÞðDþ1Þ=2
X∞
l¼1

l sinð2πl~ηÞ
X0∞

j¼0

coshðjβ ~μÞ
(
fðDþ1Þ=2ðmρj;lðβÞÞ þ 2

X0
½q=2�

k¼1

cos ð2πkα0ÞfðDþ1Þ=2ð2mσj;l;kðβ; qÞÞ

−
q
π

Z
∞

0

dy
hðq; α0; yÞ

coshðqyÞ − cosðqπÞ fðDþ1Þ=2ð2mδj;lðβ; yÞÞ
)
; ð5:4Þ

where hðq; α0; yÞ is the one introduced in (3.16). Because this current density is induced due to the compactification, in the
limit L → ∞, it vanishes. Also, we can see that this current density is an even function of the chemical potential ~μ. In the
absence of the chemical potential, the particles and antiparticles have the same contributions. The equation for the thermal
axial current density reduces to the following expression in the absence of conical defect, i.e., q ¼ 1,

hj3i ¼ 8eLmDþ1

ð2πÞðDþ1Þ=2
X∞
l¼1

l sinð2πl~ηÞ
X0∞

j¼0

coshðjβ ~μÞ
(
fðDþ1Þ=2ðmρj;lðβÞÞ−

1

2π

Z
∞

0

dy
hð1; α0; yÞ
cosh2ðy=2Þ fðDþ1Þ=2ð2mδj;lðβ; yÞÞ

)
:

ð5:5Þ
Now, we shall analyze the axial current in some specific limits. Let us start with the massless field. So, takingm ¼ 0, the

expression (5.4) reduces to

hj3i ¼ 4eLΓðDþ1
2
Þ

ð2πÞðDþ1Þ=2
X∞
l¼1

l sinð2πl~ηÞ
X0∞

j¼0

(
ðρ2j;lðβÞ=2Þ−ðDþ1Þ=2 þ 2

X0
½q=2�

k¼1

cos ð2πkα0Þ½2σ2j;l;kðβ; qÞ�−ðDþ1Þ=2

−
q
π

Z
∞

0

dy
hðq; α0; yÞ

coshðqyÞ − cosðqπÞ ½2δ
2
j;lðβ; yÞ�−ðDþ1Þ=2

)
: ð5:6Þ

By analyzing the integral of the last term in (5.4), we can see that the axial current density is finite on the string core. The
corresponding expression can be obtained by taking r ¼ 0. The result is

hj3i ¼ 8eLmDþ1

ð2πÞðDþ1Þ=2
X∞
l¼1

l sinð2πl~ηÞ
X0∞

j¼0

coshðjβ ~μÞfðDþ1Þ=2ðmρj;lðβÞÞ

×

(
1þ 2

X0
½q=2�

k¼1

cos ð2πkα0Þ −
q
π

Z
∞

0

dy
hðq; α0; yÞ

coshðqyÞ − cosðqπÞ

)
: ð5:7Þ

Another interesting analysis is related to the behavior of the axial current in the low- and high-temperature limits. At low
temperatures T ≪ m; r−1, the induced axial current density reduces to
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hj3i ≈ LemDþ1

ð2πÞðD−2Þ=2
X∞
l¼1

l sinð2πl~ηÞ
h
ðmlLÞ−1=2e−mlL þ

	
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 þ l2L2

q 
−1=2
eðβ ~μ−m

ffiffiffiffiffiffiffiffiffiffiffiffi
β2þl2L2

p
Þ
i

×

(
1þ 2

X0
½q=2�

k¼1

cos ð2πkα0Þ −
q
π

Z
∞

0

dy
hðq; α0; yÞ

coshðqyÞ − cosðqπÞ

)
; ð5:8Þ

where the second term in the square brackets tends to zero in the limit T → 0.
Now, let us investigate the behavior of the axial current density at high temperatures or large distances from the string. As

before, we need again to find a better representation. In order to do that, we make the replacement cosh ðjβ ~μÞ ¼ cos ðijβ ~μÞ
as in the case of the azimuthal current density. Following the same procedure, we obtain

hj3i ¼ hj3iM þ 4eL

ð2πÞD=2β

X∞
l¼1

l sinð2πl~ηÞ
X∞
j¼−∞

bDj ðβÞ
(
2
X0
½q=2�

k¼1

sin ð2πk=qÞ sin ð2πkα0ÞfD=2

	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2L2 þ 4r2 sin ðπk=qÞ

q
bjðβÞ




−
q
π

Z
∞

0

dy
hðq; α0; yÞ

coshðqyÞ − cosðqπÞ fD=2

	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2L2 þ 4r2cosh2ðy=2Þ

q
bjðβÞ


)
; ð5:9Þ

where the Minkowskian part (q ¼ 1 and α0 ¼ 0) is
given by

hj3iM ¼ 8eLmDþ1

ð2πÞðDþ1Þ=2
X∞
l¼1

l sinð2πl~ηÞ

×
X0∞

j¼0

coshðjβ ~μÞfðDþ1Þ=2ðmρj;lðβÞÞ; ð5:10Þ

and the second contribution is induced by the string and
magnetic flux. Figure 6 exhibits the axial current density
induced by the string and magnetic flux as a function of the
parameter ~η for three different values of temperature,
T=m ¼ 0, 1, and 3. We plot this current density for two
different values of α0: α0 ¼ 0 and α0 ¼ 0.25. They show
that the behavior of the current is different in the presence
and absence of the magnetic flux. Moreover, the absence or

presence of the magnetic flux inverts the direction of the
axial current density. In this case, also the higher temper-
ature provides greater current density. Furthermore, these
figures confirm that the axial current density is an odd
function of ~η.
Figure 7 shows the total axial current density as a

function of the distance from the string for three
different values of temperature, T=m ¼ 0, 1, and 3.
The current density is plotted for two different values
of ~η ¼ 0.1 and ~η ¼ 0.7, which are shown in the left
and right panels, respectively. As in all other cases,
increasing the temperature induces greater current
density. All curves in this figure tend to the
Minkowskian contribution, which is independent of
the distance, with the corresponding temperature.
Also, depending on the value of the parameter ~η being
smaller or greater than 0.5, the direction of the axial
current can be inverted.

T m

0

1.0

3.0

0 0.25 0.5 0.75 1.

0.1

0.05

0.

0.1

0.05

j3
j3

M
e

m
3

T m

0

1.0

3.0

0 0.25 0.5 0.75 1.

0.1

0.05

0.

0.1

0.05

j3
j3

M
e

m
3

FIG. 6. The axial current density induced by the string and magnetic flux as a function of the parameter ~η for two different
values α0 ¼ 0 (left panel) and α0 ¼ 0.25 (right panel). The graphs are plotted for T=m ¼ 0, 1, 3, mr ¼ 0.5, q ¼ 1.5, mL ¼ 1.0,
D ¼ 3, and μ=m ¼ 0.5.
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VI. CONCLUSION

In this paper, we have investigated the finite temperature
expectation values of the charge and current densities for a
massive bosonic field with nonzero chemical potential in
the geometry of a higher-dimensional compactified cosmic
string with magnetic fluxes, one along the string core and
the other enclosed by the compact dimension. In contrast to
the fermionic chemical potential, which, in general, can
have any value, the bosonic one is restricted by j ~μj ≤ ϵ0, ϵ0
being the minimum of energy. In order to calculate the
thermal expectation value of these densities at temperature
T, we had to calculate the thermal Hadamard function.
Working with the grand canonical ensemble and also
expanding the field operator over a complete set of
normalized positive and negative energy solutions, we
have decomposed the thermal Hadamard function and,
consequently, the densities to the vacuum expectation
values hjνi0 and finite temperature contributions from
the particles and antiparticles hjνiT . In the limit T → 0,
the latter goes to zero. The charge density is an even
periodic function of the magnetic flux with a period equal
to the quantum flux and odd function of the chemical
potential. Moreover, the azimuthal (axial) current density is
an odd (even) periodic function of the magnetic flux with
the same period and even function of the chemical
potential. We have shown that the bosonic charge and
current densities depend only on the fractional part of the
ratio of the magnetic flux by the quantum one, α0, which is
an Aharonov-Bohm-like effect. Also, we have shown that
although the components of the current densities along the
extra dimensions are zero, the charge, azimuthal, and axial
current densities are affected by the higher dimensions.
Thanks to the Abel-Plana formula, we could decompose the
densities to the part induced by the string and the one by the
compactification. In the limit L →;∞ the latter vanishes.
For the charge density, the zero-temperature expectation

value vanishes and the finite temperature contribution is

given by (3.26). When the chemical potential is zero, the
contributions from the particles and antiparticles cancel
each other, and, therefore, the total charge density vanishes.
For the case where the bosonic field is massless, the
chemical potential is zero, and, consequently, the total
charge density vanishes. When the chemical potential is
nonzero, the particle-antiparticle contributions are not
balanced, which creates nonzero charge density. In contrast
with the fermionic case, which may present a divergent
result at the core of the string, the charge density for the
bosonic field is finite on the string and has been given in
(3.29). The behavior of the charge density at low temper-
ature can be obtained directly from (3.26) by keeping the
terms with j ¼ 1. The corresponding result is given in
(3.30). To investigate the high temperature and large
distances from the string, an alternative expression for
the charge density, convenient for these limiting cases, is
provided in (3.33). Increasing the temperature from zero
creates nonzero charge density, which originates from
nonzero chemical potential. If the contribution of particles
(antiparticles) is greater than the antiparticles (particles), it
will be even greater by increasing the temperature. This
means that the temperature intensifies the magnitude of the
induced charge density. Depending on the value of α0, the
relative contribution of the particle and antiparticles may
reverse. This result is exhibited in Fig. 1. At large distances
from the string, the effect of the string and the magnetic
flux running through it is negligible, and the charge density
tends to the Minkowskian contribution at temperature T
which is homogeneous in space. Also, we have shown that
different values of ~η can reverse the relevance of the particle
and antiparticle contributions in the charge density. This
behavior depends on the value of ~η being less or greater
than 1=2. This behavior is displayed in Fig. 2.
The total azimuthal current density, which is given by

(4.14), vanishes in the absence of the magnetic flux. In the
limit r → 0, the zero-temperature contribution diverges.
However, the finite temperature contribution converges
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FIG. 7. The total axial current density as a function of the parametermr for two different values ~η ¼ 0.1 (left panel) and ~η ¼ 0.7 (right
panel). The graphs are plotted for T=m ¼ 0, 1, 3, α0 ¼ 0.25, q ¼ 1.5, mL ¼ 1.0, D ¼ 3, and μ=m ¼ 0.5.
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when jα0j ≥ 1=q. In this case, we have obtained this
contribution of the current density on the string which is
given in (4.17). For a massless bosonic field, the general
expression is simplified to (4.16). As in the case of the
charge density, to investigate the high temperature and large
distances from the string, a more convenient expression for
the azimuthal current density is provided by (4.20). As
before, increasing the temperature leads to a higher current
density. Also, it has been explicitly shown in Fig. 4 that
depending on the value of ~η being smaller or greater than
1=2 can invert the direction of the current. We have shown
that the value of the azimuthal current density at large
distances from the string goes to the Minkowskian con-
tribution, which is zero in this case.
The axial current induced by the string is zero, and the

only nonzero contribution is the one induced by the
compactification, which is given by (5.4). For the massless
bosonic field, it reduces to (5.6). The axial current is finite
on the string and can be easily obtained as shown in (5.7),
taking r ¼ 0. Again, we have provided a more convenient
representation given by (5.9) to study the high-temperature
and large distances approximations. As in the other cases,
the axial current density increases with the temperature.

We have also shown that the behavior of the system is
different in the presence and absence of the magnetic flux.
The presence of the magnetic flux can invert the direction
of the axial current density, as shown in Fig. 6. As before,
the axial current density at large distances from the string
tends to the Minkowskian contribution with the corre-
sponding temperature, which is independent of the dis-
tance. Also, depending on the value of the parameter ~η
being lower or greater than 1=2, the direction of the axial
current can be inverted.
Finally, we would like to highlight the fact that all the

induced charge and current densities present a strong
dependence with the temperature. In fact, these quantities
are amplified by thermal effects. We can say that this is one
of the most important results presented in this paper.
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