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A visible QCD axion from an enlarged color group
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We consider the possibility of an enlarged QCD color group, SU(3 + N’) spontaneously broken to
SU(3), x SU(N') with extra vectorlike quarks transforming in the fundamental representation. When the
heavy quarks are integrated out below the PQ-breaking scale, they generate an axion coupling which
simultaneously solves the strong CP problem for both gauge groups. However, the axion mass now
receives a new nonperturbative contribution from the SU(N’) confinement scale, which can be substantially
larger than the QCD scale. This can increase the axion mass to be at or above the electroweak scale. This
visible axion can then decay into gluons and photons giving rise to observable signals at run II of the LHC.
In particular, if the mass is identified with the 750 GeV diphoton resonance, then the new confinement scale
is ~TeV and the PQ-breaking scale is ~10 TeV. This predicts vectorlike quarks and a PQ scalar resonance
in the multi-TeV range, with the possibility that dark matter is an SU(N’) baryon.

DOI: 10.1103/PhysRevD.93.115010

I. INTRODUCTION

It has long been known that a nonzero € angle in QCD
leads to large CP-violating effects which are not observed,
such as a neutron electric dipole moment [1,2]. A simple
way to address this strong CP problem is to introduce a
global Peccei-Quinn (PQ) symmetry [3,4] which is sponta-
neously broken at a scale f, and gives rise to a Nambu-
Goldstone (NG) boson, the axion [5,6]. Nonperturbative
effects then generate an axion potential with a minimum
that occurs at an axion vacuum expectation value (VEV)
that cancels a nonzero 6 angle, thereby dynamically solving
the strong CP problem. The axion can be considered to
be part of a complex scalar field ®, which couples to
vectorlike quarks in the fundamental representation of the
QCD color group SU(3),, and is charged under the PQ
symmetry [7,8]. When ® obtains a VEV, (®) = f,//2, the
PQ symmetry is spontaneously broken and the vectorlike
quarks obtain a mass. After these quarks are integrated out,
they generate an axion coupling to the gluon field strength,
giving a simple realization of the PQ mechanism.

The QCD axion solution relates the axion mass m, to the
PQ-breaking scale f,. For example, in the KSVZ model
[7,8], the relation, assuming two light quarks, is given by

1 dm,m
202 _ — 2,0 TTuTd
mafa 8f7tmﬂ (mu+md)2

: (1)
implying that
1
mafE ~ g AL 2)
Here A, is the QCD confinement scale, and we have used

the experimental values of the quark masses, the pion decay
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constant f,=130MeV and the pion mass m, = 135 MeV.
Note that the right-hand side of Eq. (1), which is given by
the topological susceptibility [8]

1
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(3)

3272

tends to zero in the chiral limit, where Gy, is the gluon
field-strength tensor and G,‘jy = %eﬂyng”P" with e the
totally antisymmetric tensor (e°'? = +41). The fact that
fam, ~ A2 is a numerical coincidence. In the absence of
light quarks, the topological susceptibility is of order A [8]
and, therefore, m2f2 ~ A%.

The electroweak scale would be a natural choice for the
value of f,, as was first considered in Refs. [5,6]. However,
the Weinberg-Wilczek axion was ruled out almost immedi-
ately, while the current astrophysical and cosmological
constraints on invisible axions [7,8] restrict f, to lie in the
narrow range 10° GeV < f, <102 GeV (although the
upper bound, due to dark matter overclosure, can be
relaxed if the initial misalignment angle is tuned). These
bounds result from the fact that using Eq. (1) with A, ~
250 MeV makes the axion sufficiently light (107> eV <
m, <1072 eV) that it can be produced in stars. For
instance, a stringent constraint comes from the observation
of supernova (SN)1987A. The axion emission must not
shorten the burst duration implying f, > 4 x 10% GeV
(see, e.g., Refs. [9-11]). Moreover, in the center of the
Sun, keV axions (which were originally predicted with
fa = electroweak scale) can be produced through the
axion-photon conversion in the presence of the solar
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magnetic field. Negative results from searches for such
axions lead to a similar albeit less stringent bound. Clearly
to invalidate current astrophysical and cosmological con-
straints and allow heavier axion masses with electroweak
values of f,, the relation (1) must therefore be modified.

To untie the relation (2) between m, and A., we will
entertain the possibility that above some ultraviolet (UV)
unification scale, My, there is an enlarged QCD gauge
group SU(3 4+ N'), which is then spontaneously broken as

SU(3 + N') - SU(3), x SU(N'). (4)

The 6 angle from the SU(3 4+ N’) group descends down to
the SU(3),. and SU(N’) subgroups intact. The quark fields
at short distances belong to the fundamental representation
of SU(3+ N'), and can be decomposed with regards to
SU(3), and SU(N’), according to Eq. (4).

As in the KSVZ model, extra vectorlike quarks are
charged under a PQ symmetry but now they transform
in the fundamental representation of both SU(3), and
SU(N'). The PQ symmetry is spontaneously broken by
a complex scalar field ® with the axion identified as the NG
boson. The extra vectorlike quarks ¥ obtain a mass, Af,
where / is a Yukawa coupling. When they are integrated
out, they generate an axion coupling to both gauge field
strengths. Since both SU(3), and SU(N’) originate from a
unified color group SU(3 + N’), they have the same 6
angle, which is not renormalized at low energies. The axion
coupling to the topological charge in these subgroups will
be the same too. In addition, since the physical theta
parameter is @ = 0 + arg(det M), where M is a complex
mass matrix, unification guarantees the same Yukawa terms
and, therefore, the same phase arg(detM) in the two
sectors. This assumes that no new phases are introduced
when the unified partners of the Standard Model quarks are
decoupled, and a possible UV framework which sequesters
the SU(3 + N')-preserving CP violation from the sym-
metry breaking is given in Appendix A. Thus, when
nonperturbative effects generate an axion potential, the
axion VEV will simultaneously solve both strong CP
problems.

Since the colored matter content of the two groups is not
necessarily the same (and N’ is not necessarily equal to 3),
the SU(N’) group can confine at a scale A’ > A.. This gives
a new contribution to the axion mass relation which now
becomes

1
MG~ g A A, 5

where we have assumed that there are no light quarks in the
SU(N’) sector. A dramatic consequence of the modification
(5) is that the axion can now have an electroweak scale mass.

An electroweak scale axion can be searched for at
the LHC and future colliders since the generic signal
decays to photons, gluons, and possibly W and Z bosons
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and Standard Model quarks and leptons. Not only is this
experimentally accessible but it is also theoretically appeal-
ing because the global PQ symmetry is known to be
explicitly violated by gravitational effects. In order not
to spoil the PQ mechanism, these gravitational effects must
also be suppressed to a very high order in the case of
invisible axion models [12-14]; this difficulty results from
the fact that the PQ-symmetry-breaking scale is very high
in these models, and thus the effects of Planck-suppressed
operators are sizable compared to the QCD effects on the
generation of the axion potential. An axion at the electro-
weak scale helps to suppress the gravitational violations,
without any need for further sequestering mechanisms.

In particular, the electroweak axion can be identified with
the recent 750 GeV diphoton resonance [15-18]. This
requires a confinement scale A’ ~ 1 TeV and a PQ-breaking
scale f, ~ 10 TeV. With these values, the PQ scalar radial
mode and vectorlike quarks have masses in the multi-TeV
range. Furthermore, the required cross section for the
diphoton excess can be fit if the vectorlike quarks have
O(1) hypercharges. Thus, an electroweak axion gives a
simple picture of the putative signal.

The idea of extending the color group to raise the axion
mass was first considered in Refs. [19,20], where unlike in
our case, the unified quark partners remain below the
symmetry-breaking scale. A modified axion mass relation
(5) was also proposed by Rubakov [21], who considered a
mirror copy of the Standard Model with gauge group
SU(5) x SU(5). For subsequent work, see Refs. [22-26].
More recently this mirror version was studied in Ref. [27]
in order to obtain a visible QCD axion, which was then
used to explain the recent diphoton excess where the PQ
scalar radial mode was identified with the 750 GeV
resonance. The difference with our approach is that we
do not require a mirror copy of the Standard Model.
Instead, in our model, the two colored sectors are related
by a unified gauge group with a minimal particle content.
This means that we do not have mirror copies of Standard
Model quarks and leptons which leads to extra collider and
cosmological constraints on the axion sector that results
from the more complicated phenomenology. Furthermore,
we identify the 750 GeV resonance with an axion which
directly decays to two photons, as opposed to the PQ scalar
radial mode whose decay via a pair of axions produces a
four-photon signal [27].

II. ENLARGING QCD COLOR

A. Gauge couplings and vacuum angles

We will assume that the QCD color group SU(3), is a
subgroup of SU(3 + N’). In the UV, the Lagrangian is
given by
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where F/ ws g, O are the field strength tensor, gauge
coupling, and 6 parameter of the SU(3 + N’) gauge theory,
respectively, and A is the adjoint color index of
SUB+N'), A=1,2,...,(3+N')? = 1. At a scale My,
this group is spontaneously broken down to SU(3), x
SU(N’) where SU(N’) is the hidden color gauge group.
This occurs via the VEV of an adjoint Higgs field X:

() = Vdiag{N'.N'.N',-3,=3,....=3}.  (7)
NI

In addition, we require that the U(1) subgroup of
SU(3 4+ N') is broken at approximately the same scale
V, by the SU(3),. x SU(N’) singlet component VEV of a
scalar field transforming as a three-index antisymmetric
tensor of SU(3 + N’) with zero hypercharge. After this
combined symmetry breaking, the gauge bosons not
belonging to SU(3), x SU(N’) acquire masses propor-
tional to gV and can be dropped from the sum in
Eq. (6). Thus, below the scale gV, the Lagrangian becomes

N2—1
|:Z Ga Gam/ + Z G;Z/Glaﬂy]
a=1
N"2-1

s [Z G, G + Z Gl /a,w] (8)

where G, and G, denote the field strength tensors of the
SU(3), and SU(N’) gauge theories, respectively; a =
1,...8 is the SU(3), color index while @ = 1,...N”? — 1
is the SU(N’) hidden color index. Consequently, at the
scale My, the gauge couplings g¢,,g,/ and the theta
parameters 6,0, of the two gauge groups satisfy

In order to generate axion couplings at a lower scale
compatible with assuming that the PQ symmetry is broken
at 10 TeV, we require that the strong coupling scale A’ of
the hidden gauge group satisfy 1 TeV < A’ < 10 TeV. This
requirement gives a strong constraint on the numbers of
hidden colors N’ and hidden quark flavors n/.. To see this,
we first note that at the one-loop level the strong coupling
constant at the scale M, is given by

L —ﬁm(@) (10)

a;(My)  ay(my) 2x

where o, = gs/(4zr) my is the Z-boson mass, a,(my) =

0.1185(6) [28],' and b = =7 + 2 < np with six quark flavors
assumed. As we will see in more detail in Sec. II B, the
number of extra quark flavors is equal to that of the hidden

"The uncertainty in the input value of a,(m;) causes less than
10% errors for the resultant values of My given in Table I.
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TABLE 1. The values of My (in GeV) for various N', nl,
and A’
N n N =1TeV AN =10 TeV
1 2.5 x 1010 9.7 x 1012
2 1.7 x 100 4.4 x 10'2
3 3 1.1 x 100 2.0 x 10!2
4 7.6 x 10° 9.3 x 10'!
5 5.1 x 10° 4.2 x 10!
1 7.3 x 10° 4.9 x 108
2 5.9 x 10° 3.2 x 108
4 3 4.8 x 10° 2.2 x 108
4 3.9 x 10° 1.4 x 108
5 3.2 x 10° 9.5 x 107

quark flavor n}. in our setup since they originate from
fundamental representations of SU(3 4+ N’). On the other
hand, the hidden coupling at M,; is given by

o =5 (%) an

with b’ = LN + %n}z Here we assume that there are no
mirror Standard Model quarks and leptons at low energies.
By requiring a,(My) = o, (M), we can express M, as a
function of n, N’, and A’.

In Table I, we summarize the values of My, (in GeV) for
various N', nlp, and A’. It turns out that the N’ = 2 cases do
not yield any reasonable value for M. For a larger N', we
obtain a lower M. From this table, we find that this setup
accommodates multiflavors for extra quarks while keeping
M ; sufficiently high. The more vectorlike quarks we add to
the theory, the larger the beta function of the hidden strong
interaction becomes, which results in a smaller coupling
constant at low energies. On the other hand, these extra
quarks make the strong coupling constant larger at high
scales, and thus the unified coupling g also becomes large.
As these two effects compensate each other, the resultant
M ; is rather insensitive to the number of extra quarks. This
feature is actually desirable for the explanation of the
750 GeV diphoton anomaly in our model, as we discuss in
Sec. III B.

In Fig. 1, we show the running of @, and &, with orange
and blue lines for representative values, N’ =3 and
My =3 x 10" GeV. The solid and dashed lines corre-
spond to the cases of n}. = 1 and 5, respectively. Here, we
have used the two-loop renormalization group equations,
and neglected threshold corrections at M;. The masses of
the vectorlike quarks are set to be 1 TeV. As can be seen, A’
is less sensitive to n), which allows us to introduce a

2Strictly speaking, the coefficients b and b’ should be modified
below each extra-quark mass threshold. However, since the extra
quark masses (1-10 TeV) are not far from the electroweak scale,
we expect that one-step matching adopted here does not cause
significant uncertainty in this estimation.
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FIG. 1. The running of a;, and o), where N'=3 and
My =3 x 109 GeV. The solid and dashed lines correspond
to the cases of nj, = 1 and 5, respectively.

number of vectorlike quarks at low energies. We note in
passing that our model does not suffer from a domain
wall problem [29,30] even though n), > 2. As we will see
in Sec. II D, we can introduce the PQ-symmetry-violating
Planck-suppressed operators without spoiling the PQ
mechanism. These operators explicitly break a discrete
symmetry, and thus destabilize domain walls.

B. Axion couplings and mass

We will assume that there are new Dirac quarks, W in the
fundamental representation of the unified color group
SU(3 + N'). After this group is spontaneously broken at
the scale My, these quarks split into a fundamental
representation of SU(3),, denoted y, and a fundamental
representation of the hidden color group SU(N'), denoted
w'. In addition, we assume that there is a complex scalar
field @ that couples to the new Dirac fermions. As in the
KSVZ model we assume that these fields are charged under
a Peccei-Quinn U(1) global symmetry,

U — eldvars\, O — 02 P, (12)
where « is an arbitrary parameter and gy ¢ are the PQ
charges. We will assume g4 = 1 and gy = %for simplicity.
This symmetry forbids a Dirac mass term but allows the
Yukawa couplings

AL = h;®Vp Wy ; 4+ H.e. = hy®(pry; + WrWL;)

+ H.c., (13)
where h;; are dimensionless couplings and i,j = 1,...n}
denotes the flavor index. As one can see, the number of
extra quarks is equal to that of extra hidden quarks. The
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spontaneous breaking of the PQ symmetry then occurs when
the scalar field obtains a VEV, which is parametrized as

1 ;a
O=—(f,+peTa,

where f, is the PQ breaking scale, p is the radial mode and a
is the axion field. The radial mode obtains a mass of order
VsS4, Where Ag is the quartic coupling in the scalar
potential. The PQ current becomes

(14)

i = iqe(®°0,8 — 90,") + quiFr,ysv + qui'1sv
1 1
- _faaya+§¢/7My5w+§l/7/7MYSW/' (15)
Under a PQ transformation the axion will shift as
a — a+ f,a, giving rise to an anomalous term that matches
the axial anomaly from (12). Since the axion couples to the
divergence of the PQ current, we see from Eq. (15) that the
axion couples to the new quarks v, y’, which obtain a mass
of order my, ~ hf, after the PQ symmetry is broken.
At low scales, these heavy quarks are integrated out
(assuming mg = A’) and generate a coupling of the axion
field (and the radial field p) to the QCD gluons, the hidden

sector gluons, and possibly photons (provided the heavy
fermions also carry hypercharge). In particular,

1 a ~
L,=—|—+0)G"G*,
¢ 327r2< a+ ) e

1 .
( 4 9) Gla G,

a :Tﬂ_z (16)

where we have used (9) and € nonrenormalization. Note
that the triangle graphs which generate (16) are saturated at
virtual momenta my, ~ h(®) ~ hf,.

The axion mass-squared is determined by the two-point
function

i / dx(FA F (x), FB 0 (0))
~i / d*x(G4,G™ (x), G5, G (0))
+i / d*x(GiG'™ (x), GG (0),  (17)

where the latter correlation function is saturated in the IR
and reduces to ~3 A¢ + A". Since we deal with a single
combination a + 6, the axion Lagrangian takes the form

1 1 a 2

‘Ca = zaﬂdaﬂ(l —§T<E + 9) s

and thus the 8 term is eliminated in the vacuum. Here, 7

is the sum of the topological susceptibilities for the two

Yang-Mills theories, QCD and the hidden color group. It is
given by

(18)
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T = A+ (V) (19)

see Eq. (1) for the first term and the subsequent discussion
for the second. A dual interpretation of this mechanism is
given in Appendix B.

The axion mass relation then becomes

fam =T~ A (V) (20)

The second term on the right-hand side of (20) can be
arbitrarily large compared to the first term from QCD and,
therefore, can give the dominant contribution to the axion
mass. This destroys the standard KSVZ relation between
m, and A, allowing for much larger values of the axion
mass. For example, for A’ ~1 TeV and f, ~ 10 TeV, the
axion mass m, can be as large as O(100) GeV. This then
invalidates the standard axion limits from astrophysics.

C. Unified symmetry-breaking effects

After the spontaneous breaking of SU(3 + N'), there
could be possible sources of CP violation that spoil the
equation 6, = &, at low energies, since the physical theta
parameter is given by

0 = 0 + arg(det M), (21)

where M is a complex mass matrix for quarks. These
include threshold effects and renormalization group
effects caused by visible and hidden quarks, and higher-
dimensional operators that contain the SU(3 + N’) break-
ing field X.

Firstly, we consider the effects of vectorlike quarks on
the vacuum angles. Above M, the vectorlike quarks form
the fundamental representation of SU(3 + N’), and they
have Yukawa couplings with the scalar field ® as in
Eq. (13). Below My, the Yukawa interaction splits into
two parts as shown in the right-hand side of Eq. (13), but
the coefficients of the two parts, /;;, are identical. For this
reason, after @ develops a VEV, the resultant mass matrices

for y and y’' also become identical, if,/+/2. Therefore,
these mass terms contribute to the € angles with the same
amount, arg{det(hf,/+/2)}, and do not spoil the relation
0, =0,

Secondly, we consider the contribution of the Standard
Model quarks, Q;, u%, and d%, and their SU(3 + N')
partners, O}, uj, and dJ, respectively. These fields form
fundamental representations of SU(3 + N'), ¥y, ¥, and
\113.3 The leptons are irrelevant for the present discussion

This assumes that there is an anomaly-free UV completion,
where the local SU(3 + N’) gauge anomalies cancel. This
requires extra UV states which can be decoupled at M, without
affecting our arguments.
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and thus we will neglect them in what follows. As we will
see, there are subtleties in this case since the low-energy
spectrum of our model does not contain the partner quarks,
and thus the SU(3 + N’) symmetry is explicitly broken in
this sector.

These fields have Yukawa interactions with the Standard
Model Higgs boson in order to reproduce the ordinary
Standard Model Yukawa couplings. In the SU(3 + N')
gauge theory, these Yukawa interactions are written as

_\IIQi<yu)ij\I}ﬁjH_HT\IIQi<yd)ij\ijij
+ H.c., (22)

'CYukawa =

where i, j = 1, 2, 3 is the generation index, ), and ), are
3 x 3 matrices, and H is the Standard Model Higgs field.
Since the values of the theta terms are basis dependent, we
first specify the basis for the following discussion. Of
course, the derived consequences do not depend on the
choice of the basis.

Using the possible field redefinitions, the Yukawa
matrices can be transformed to the following form,

Vo = diag(y,. ye. 1)
Ya = Vikm - diag(ya. ys. ys). (23)

where Vi is the ordinary CKM matrix. As discussed in
Sec. ITA, we have 6, = 0 below the SU(3 + N’) sym-
metry-breaking scale. On the other hand, the Yukawa
interactions lead to

ﬁYukawa = _QLyuufeH - HTQLydd;e - Q/L uu;gH
_HQLY,df + He. (24)

Now let us examine the physical 6 terms of both sectors. In
the SU(3),. sector,

0 =0, + arg(det),) + arg(det ),)
= 0, — arg(det Vegm) = 6, (25)

where we have used det(Vgy) = 1.

On the other hand, the physical vacuum angle in the
SU(N’) sector depends on the mass splitting mechanism for
Q. /, and d'. If the mass splitting mechanism does not
introduce new CP phases, which can be naturally realized
with, e.g., a warped extra dimension compactified on an
orbifold (see Appendix A), then again we have 6 = ¢,
Thus, we conclude that

0=2, (26)
in the unified model, assuming that the SU(3 + N')-

preserving CP violation is sufficiently sequestered from
the symmetry breaking. Once this relation holds at M, it is
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not spoiled at low energies since the physical theta terms
are invariant under renormalization group flow.

Finally, we consider the effects of higher-dimensional
CP-odd operators including the SU(3 + N’)-breaking field
%, which are expected to be induced at the Planck scale M p
(e.g., by virtual black holes). Among them, the following
dimension-five operator gives the dominant effect,

c v
M—PTr(ZFﬂDFM ), (27)

where F,, = F4,T* with T* the generators of SU(3 4+ N')
and ¢ a dimensionless constant. This operator reduces to a
theta term after X gets a VEV [see Eq. (7)], and thus could
spoil the relation 6, = ;. This, however, causes no
problem if |c(Z)| < 1071°Mp =2 x 10% GeV. This can
be naturally realized for N’ =4, as can be seen in
Table 1. For N’ =3, the above limit gives |c| < 1072
Thus, we see that the theta relation in Eq. (9) can be well
maintained in the IR, so that the axion can cancel both
theta terms.

D. Gravitational violations of PQ symmetry

An immediate consequence of an electroweak scale axion
is that gravitational violations of the PQ global symmetry
become naturally suppressed [22]. Below the Planck scale,
the effective PQ-violating terms are described by the
Planck-scale-suppressed higher-dimensional operators,4

L= MZM —|®[2"d" + Hec., (28)

where « is a dimensionless constant and m, n are integers
satisfying n > 1 and 2m 4 n > 5. Such an operator induces
an effective # angle [12-14],

(& (L)

where we have omitted an O(1) factor for brevity. In
particular, dimension-five operators (2m + n = 5) generate
an effective @ angle of

_ fa \? (750 GeV\?2
Heff ~ 10 12 X |K'| . (10 TeV " . (30)

This value is sufficiently suppressed for the electroweak
scale axion that it does not spoil the axion mechanism. This
contrasts with the usual invisible axion models where since

*Here we assume that the PQ symmetry is broken only through
higher-dimensional operators, though renormalizable operators
can also be present if, for instance, wormhole effects are
sizable [13].
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. > 10° GeV, gravitational PQ-symmetry-violating terms
to very high order (n 2 10) must be suppressed [12—-14].

However, in the presence of extra Higgs fields which
develop large VEVs, such as the SU(3 4+ N’) breaking
Higgs field Z, there could be other PQ-violating operators
like |Z>"®"/M%" "4, which may spoil the PQ mecha-
nism. We thus assume that such operators are sufficiently
suppressed. Note however, that the SU(3 + N’) gauge
group can be broken without the X field if we consider
unification with an extra dimension compactified on an
orbifold. In this case, the above problem can be avoided.

ITII. PHENOMENOLOGICAL CONSEQUENCES

A. The electroweak axion

Intriguingly, in our model, the value of the axion mass
can be in the several hundred GeV range for a confinement
scale, A’ ~TeV and a PQ breaking scale, f, ~ 10 TeV.
This axion is therefore quite “visible” and can be searched
for in collider experiments. As shown in Table I, such a
confinement scale is obtained with N’ =3,4,.... For
concreteness, we choose N’ =3 and assume that the
QCD color group is embedded into SU(6) in what follows.
Including the electroweak sector, the complete gauge
group is SU(6) x SU(2), x U(1),.

We consider a set of vectorlike quarks, ¥ transforming in
the 6 @ 6 of SU(6). They are supposed to be singlets under
the SU(2), gauge interaction. After SU(6) is broken to
SU(3), x SU(3’) we obtain a pair of QCD Dirac fermions,
w transforming as (3,1), @ (3,1)_y, and a pair, y’ trans-
forming as (1,3),, @ (1,3)_,, of the hidden color group,
where Y and Y’ are the Standard Model hypercharges.’
When integrated out, these fermions generate the effective
axion couplings to gluons and photons:

Lo=nlpos L.Go,G™ 4+ 6nlp(Y? + Y2) oL

Ay a
—B B’w
87rfa

8z fa ™
(31)

where a; = g2/(4n), ay = g3/(4x) with gy the coupling
constant of the U(1), gauge interaction, and B,, the
hypercharge field strength tensor. Note that we have moved
to the basis where the gauge fields are canonically
normalized. Only y contributes to the first term on the
right-hand side of (31), while both yw and y' generate
the second term. We also note that in the electroweak
symmetry-breaking basis,

’Note that even though Y = Y’ when the U(1) subgroup of
SU(6) is broken in the way described after (7), we allow the more
general possibility that ¥ # Y’ which can occur when a linear
combination of the U(1) subgroup of SU(6) and an additional
U(1) is broken to give the usual U(1), hypercharge below the
unification scale. For example, this occurs when the scalar of the
three-index antisymmetric tensor is charged under the additional
u().
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ayBWB”” = OpM [FﬂDFﬂD — 2tan GWFWZ”U

+ tan’ Oy Z,, 2", (32)

where agy; denotes the fine-structure constant, 6y, is the
weak-mixing angle, and F,,,Z,, are the field strength
tensors for the photon and Z-boson, respectively.

An electroweak scale axion, a is produced at the LHC
via the gluon fusion process. The production cross section

is given by

k
o(pp - a) = m—gSngF(a - g9), (33)

a

where m, is the axion mass, /s is the center-of-mass
energy of the pp collision, and Cy, is the gluon luminosity
factor defined by

T

2
Co="g / dxydxy8(xyxy = mg/s)g(x1)g(xz),  (34)

with g(x) the gluon parton distribution function (PDF).
The so-called k factor, k, is a multiplicative factor that
parametrizes higher-order QCD corrections. The partial
decay width of the axion into a pair of gluons, I'(a — g¢g) is
given by

o n'tm
F(a - gg) = ﬁl}—z (35)

Notice that I'(a — gg), and thus the production cross
section is inversely proportional to the square of f,/n’.

Once produced, the axion decays into gg, yy, Zy, or ZZ.
The partial decay widths of yy, Zy, and ZZ are

90!2 n/2m3
r _ 20%m (y2  yyp M 36
(a - }/7/) 64753 ( + ) f% ( )
['(a — Zy) =2tan? OyT(a — yy), (37)
I'(a —» ZZ) = tan* Oy T (a = yy), (38)

respectively. Note that these decay widths are related to
each other via tan 6y = 0.55. In particular, the ZZ decay
mode is significantly suppressed by a factor of tan* @y,
compared to the diphoton decay channel.

In our minimal model, we have assumed that the
electroweak axion has no coupling to W bosons.
However W-boson couplings can be generated by intro-
ducing vectorlike fermions charged under SU(2),.
Furthermore, since the Standard Model quarks and leptons
are not charged under the PQ symmetry, as in the original
KSVZ model, there are no tree-level axion couplings to
Standard Model fermions. These couplings are instead
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induced at higher-loop level compared with the photon and
gluon couplings, and thus negligible in the present analysis.

Besides the axion, the model also predicts colored
vectorlike fermions at a mass scale ~hf,, where h is a
Yukawa coupling. Depending on the value of 4, these
fermions may be near the TeV scale. Furthermore, the
radial scalar mode, p will obtain a mass of order /g f
where Ag is the quartic coupling of the complex scalar, ®
potential. Thus our model has quite minimal predictions,
which can be probed at run II of the LHC.

B. The 750 GeV diphoton resonance

Recently, the ATLAS [15,17] and CMS [16,18] collab-
orations announced an excess of events around 750 GeV
in the diphoton resonance searches at the 13 TeV LHC
run. These excesses can be explained if the production
cross section of the 750 GeV resonance times its decay
branching fraction to diphotons is 5-10 fb. After the
announcement, many possible explanations have been
proposed [31-50].

Obviously the electroweak axion in our model can be a
candidate for the 750 GeV resonance.’ Identifying the
visible axion with the 750 GeV resonance requires that

N 2
my ~ (&) ~ 750 GeV, (39)
or equivalently
N~ fo ) x 870 GeV (40)
1 TeV )

The 750 GeV axion is produced at the LHC via the gluon
fusion process.” The production cross section can be
calculated using (33) where the numerical value of C,,
is evaluated using the MSTW2008NLO PDF data set [58] in
Ref. [39] as C,, = 2137 (174) for \/s = 13 TeV (8 TeV),
and the k factor is taken to be k, =2 [59].

In Fig. 2(a), we show the axion production cross section
as a function of f,/n}, assuming m, = 750 GeV. Given
that the observed diphoton rate implies a signal cross
section of 5-10 fb, we see that the 750 GeV axion can
explain the diphoton excess if f,/nj ~1 TeV and the
branching fraction of the axion into diphotons is sizable.

In Fig. 2(b), we show the axion branching ratios as
functions of Y2 4 ¥”> where black, red, blue, and green
lines (from top to bottom) represent the branching fractions
into dijet (a pair of gluons), diphoton, Zy, and ZZ channels,
respectively. From this figure, we find that a sizable rate

®For other models which consider the interplay between the
750 GeV resonance and a solution to the strong CP problem (or
axion), see Refs. [27,38,41,51-57].

7Photo—production is negligible unless the hypercharges Y and
Y’ are very large.
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FIG. 2. The production cross section and branching ratios of the axion a, assuming m, = 750 GeV. (a) Production cross section
o(pp — a) as a function of f,/n}. (b) Branching ratios of a as functions of Y2 + Y.

into diphotons can be easily realized in our model; for
instance, ¥ = Y’ = 1 gives BR(a — yy) = 7%. Note, how-
ever that if hypercharges Y and Y’ are very large (or have
(unusual) irrational values), stable charged particles (such
as the lightest baryon composed of three y’s) may appear,
which are cosmologically problematic. These charged
particles can decay into Standard Model particles via
interactions described by effective higher-dimensional
operators. If Y and Y’ are very large, such operators
containing Standard Model fields must have correspond-
ingly large dimensions since the hypercharges of the
Standard Model particles are <1. Therefore, in order for
the charged particles to have a sufficiently short lifetime,
there must be a new scale below the unification scale, M,
at which these operators can be generated. Instead, the fact
that Y, Y’ ~ 1 gives rise to a sizable diphoton branching
ratio suggests that there exists a simple UV model with
operators generated at or above the UV scale which does
not have charged stable particles and can explain the
750 GeV diphoton events.

For example, consider a set of vectorlike quarks yfg) and
1;/51') which have hypercharges Y() = % and — %, respectively.
If z//E,/ ) is heavier than l//El/), the lightest baryon is composed

of one 1;/5,’ ) and two wg)s, which is electrically neutral and

thus can be a dark matter candidate, assuming it is stable.

The heavier charged baryon, which is composed of two

1//,(,/) s and one z//g), can decay if we introduce, for instance, a

charged scalar ¢ with a PQ charge +1. This charged
scalar can have a Yukawa coupling 1/7%1//51)‘(]5* as well as a
coupling to the Standard Model sector via a dimension-five
operator like ¢p™ ®*iigdg, which can be induced at M, via a
trilinear coupling ¢+ ¢~ ®* and a Yukawa coupling ¢ iigdy
where @F are charged scalars with zero PQ charge and
mass of O(My). The introduction of these fields and

interactions does not spoil the relation & = @' as they do

not induce mass terms for fermions.® An alternative
possibility is to embed our model into an SU(2), gauge
theory above M by putting 1//5,/) and y/g) into a funda-
mental representation of SU(2), with the Standard Model
fields also embedded into SU(2), representations in the
usual manner. In this case, 1//5,') can decay into 1//2') plus the
Standard Model particles via the exchange of a SU(2)g
gauge boson with an O(M ;) mass. Thus, we see that there
are various possible ways to incorporate dark matter in a
UV completion.

Next we evaluate the cross sections of the diphoton
resonance events predicted in this model. We plot them as
functions of f,/n}, in Fig. 3. This figure shows that the
diphoton excess can be explained if f,/n}. ~ 1 TeV and the
hypercharges are O(1). For example, when ¥ =Y’ = 1,
the best-fit cross section is achieved with f,/nj =
1-1.5 TeV. This corresponds to a total width T =
3-6 MeV and predicts the Zy cross section =1.5-3 fb
and the dijet cross section =32-65 tb. Notice that n, > 1
is possible as discussed in Sec. II. Thus, f, can be as large
as 10 TeV if one introduces a sufficient number of extra
vectorlike fermions. This means that vectorlike quarks and
the radial scalar mode p will have masses in the multi-TeV
range depending on the values of the Yukawa coupling A
and quartic coupling Ag, respectively. If the vectorlike
quarks are heavier than the CP-even scalar p, then it can
only decay to axion pairs, otherwise the p will decay into
(possibly) long-lived vectorlike quarks as well. If a glueball
made of the SU(N’) gluons has a mass smaller than half the
p mass, then p can also decay into a pair of hidden glueballs
at the one-loop level.

¥*Note that the unprimed fields will form visible baryons as
well as R-hadron-like states with Standard Model quarks. These
heavy bound states (ZTeV) can be made to decay promptly, and
could eventually be detected at a future collider.
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FIG. 3. Cross sections of the diphoton resonance events as

functions of f,/n}, where the black solid, dashed, and dotted
lines show the cases of Y2 + Y2 = 1, 2, and 3, respectively. The
red (blue) shaded area reproduces the number of events observed
by the ATLAS [15] (CMS [16]) collaboration. The gray-shaded
region is disfavored by the 8 TeV results [60,61]. The green
shaded region corresponds to the best fit cross section obtained in
Ref. [62].

Visible vectorlike quarks can also be directly produced
via strong interactions, and thus can be a good target at the
LHC. They are observed as long-lived heavy hadrons,
which may have an exotic electromagnetic charge depend-
ing on their hypercharge. Hidden vectorlike quarks’ are, on
the other hand, produced only through the U(1), gauge
interaction, and thus their production cross sections are
rather small. Nevertheless, they may be probed at run II of
the LHC since they yield quite distinct signatures. As soon
as hidden vectorlike quarks are pair-produced, they anni-
hilate promptly, and can be observed as dilepton, dijet, and
diphoton resonances. They can also annihilate into hidden
glueballs leading to a similar phenomenology as that
considered in Ref. [71].

IV. CONCLUSION

In this paper, we have generalized the existing axion
solution to allow for the possibility of a much heavier,
visible axion. This is done by enlarging the QCD color
group, SU(3).. to be SU(3 + N’) which is then broken to
SU(3), x SU(N’) at a UV scale, generating equal theta
terms for the two gauge groups. Moreover due to the

9Phenomenological aspects of such particles were first dis-
cussed by Okun in Refs. [63,64], where these particles were
dubbed “theta-leptons.” More recently their collider phenom-
enology was discussed in Ref. [65], where they are referred to as
“quirks” (see Refs. [66,67] for earlier work). Quirks have also
recently been discussed in connection with the 750 GeV anomaly;
see, for instance, Refs. [68-70].
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unified structure, the CP-violating contributions from
complex mass matrices are identical in the two sectors.
This requires that the SU(3 + N’)-preserving CP violation
is sufficiently sequestered from symmetry-breaking effects
and no new phases are introduced when the unified partners
of the Standard Model quarks are decoupled. In addition to
the Standard Model quarks, there are extra vectorlike
quarks charged under a global PQ symmetry. After the
PQ symmetry is spontaneously broken at a scale f,, the
extra vectorlike quarks can be integrated out, generating a
dimension-five axion coupling to gluons and, possibly
photons. The unified origin of the theta and Yukawa terms
then guarantees that after nonperturbative effects generate
an axion potential, the two theta parameters can both be
cancelled by a single axion.

Since the quark matter content is different between the
two sectors, the SU(N’) group can confine at a scale, A’
much larger than in QCD. This then gives the dominant
contribution to the axion mass, thereby untying the usual
dependence between the axion mass m, and the QCD
confinement scale A.. This gives rise to a model more
flexible than the KSVZ invisible axion with regards to
accommodating experimental data. For example, if A’ ~
TeV and the PQ breaking scale f, ~ 10 TeV, then the
axion obtains an electroweak scale mass. Thus, our model
describes a “visible” axion which can be (or perhaps,
already was) detected in experiments.

Although it is true that the construction we develop is
more complicated and less elegant than the classical
invisible axion it may open a window into a new corner
of “beyond the Standard Model” physics. First of all, an
electroweak axion is theoretically aesthetic because it helps
to suppress gravitational violations of the global PQ
symmetry. Secondly, it changes the pattern of expectation
established from cosmology and astrophysics, completely
opening up the axion “window.” Finally, it is irresistible not
to identify our visible axion as a candidate for the
explanation of the 750 GeV diphoton peak at the LHC,
assuming it survives with more experimental data. In the
minimal model, it predicts decays to dijets, Zy and ZZ, as
well as new states such as vectorlike quarks and a CP-even
scalar mode with masses in the multi-TeV scale. Otherwise,
if the signal disappears, the electroweak axion can still be
searched for in future experiments together with the
vectorlike quarks and the PQ scalar mode, in order to
establish whether or not Nature prefers this more unified
solution of the strong CP problem.
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APPENDIX A: A POSSIBLE UV DESCRIPTION

Our low-energy model crucially depends on not intro-
ducing CP phases when the unified partners of the
Standard Model quarks are decoupled. A UV framework
to address this issue is to consider a warped extra dimension
compactified on a Z, orbifold, where the SU(3 + N’)
gauge fields as well as the Standard Model quarks and
their partners propagate in a CP-preserving bulk (with the
SU(2), x U(1) symmetry implicitly assumed). The UV
brane (identified with a scale near the Planck scale) is also
assumed to be SU(3 + N’) symmetric, but CP is not
conserved. It provides the source of CP violation including
terms like in (6) and (27), as well as in the Higgs Yukawa
coupling (24) to Standard Model quarks and their partners.
Furthermore, the PQ-charged vectorlike quarks ¥ and the
PQ scalar field ®, are confined to the UV brane with the
SU(3 + N’)-symmetric Yukawa coupling (13).

Boundary conditions are then chosen to break the bulk
gauge symmetry to SU(3) x SU(N’) on the IR brane
(identified with the M, scale), so that only the SU(3) x
SU(N') gauge fields and the Standard Model quarks have
massless zero modes. This is similar to orbifold grand-
unified models where only the Standard Model gauge
bosons and the electroweak Higgs fields have massless zero
modes [74-78]. We further assume that the IR brane
preserves the CP symmetry so that the quark partner
fields are projected out without introducing extra CP
phases.'” Thus, the SU(3 + N’)-symmetric CP violation
on the UV brane is ‘“shined” onto the CP-preserving
SU(3) x SU(N') IR brane, realizing the condition (26) at
the scale M.

The warped dimension also admits a dual four-dimen-
sional interpretation via the AdS/CFT correspondence. The
source of CP violation is confined to an elementary sector
containing SU(3 + N’) gauge fields, vectorlike fermions W
and the PQ complex scalar field ®. The SU(3 + N')
elementary gauge fields weakly gauge the SU(3 + N’)
global symmetry of some (unknown) strong “technicolor”
dynamics. The strong dynamics preserves CP (via possibly
massless “techniquarks”) and spontaneously breaks the
global symmetry to SU(3) x SU(N’). The corresponding
gauge fields remain massless and the Standard Model quark
partners obtain a mass of order the confinement scale of the
strong dynamics. The source of CP violation is again
SU(3 + N') symmetric, realizing the initial conditions at
M, for our visible axion model.

""Note that on the IR brane the boundary gauge couplings can
be different, but we assume that the bulk contribution dominates.
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1. A field theory example of decoupling quarks

The orbifold decoupling of the partner quarks can be
mimicked with the ordinary Higgs mechanism in field
theory. We use the two-component notation in what
follows. Suppose that at M the gauge group becomes
SU(3+ N') x SU(N') (besides SU(2), x U(1)), where
QO and Q) ;, ug; and uf,, dg; and dj; are embedded into
fundamental representations of SU(3 + N'), ¥, ¥,;, ¥,
respectively, with i the generation index. We also introduce
anti-fundamental representations of SU(N'), Q},, itk;,
and dy;, and a Higgs field, A which transforms as anti-
fundamental and fundamental representations under
SU(3 + N’) and SU(N’), respectively. Then, these fields
have the following Yukawa terms'":

Lyuawa = K0ij (1) aA% (W 0,)* + Kyij (k) J A% (¥, )
+ Kdij(a;%i)uAaa(\Ildj)a +H.c., (A1)

wherea =1,...,(3+ N')and a = 1,..., N'. We first note
that via field redefinitions of Q ., itk;, d;, and A, it is only
possible to make arg(detx,), arg(detx,), and arg(detx,)
be zero, while the theta angle of SU(N’) is in general
nonzero. A zero SU(N') theta angle requires further UV
assumptions (that mimic the CP invariance of the
IR brane).

Next, working in this basis, we assume that the Higgs
field, A develops the following VEV:

o0 o001 0 .. 0
S0 1 :

(A) =Vpl ' . (A2)
oo .0
00 0 0 ... 0 1

where V, can always be taken to be real by using an
SU(3 4+ N’) gauge transformation. In the dual CFT picture,
this VEV corresponds to a condensate of “techniquarks,”
and since the strong “technicolor” dynamics preserves CP,
no new phases are introduced. This VEV breaks the gauge
group into SU(3) x SU(N’). The upper three components
of Wy ua» O, g, and dg, do not obtain a mass from the
VEYV, while the lower N’ components, Q}, uy, dy, form
vectorlike mass terms together with Q’L i, and c_l}e,
respectively. Since arg(detx,, ) = 0, these mass terms
do not contribute to the physical theta term. As a result, we
can decouple the SU(3 + N’) partner fields of quarks
without spoiling the relation 6 = &'.

""Note that we have omitted couplings of the barred fields with
the Standard Model Higgs because these couplings are absent in
the five-dimensional orbifold model.
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APPENDIX B: DUAL INTERPRETATION

The PQ mechanism in four dimensions can also be
understood in terms of the nondynamical Chern-Simons
three-form in QCD and the screening of the corresponding
background “‘electric” field. In this section, we reinterpret
our model setup based on this dual description. However it
is instructive to first consider a simpler two-dimensional
model which has one U(1) gauge field. After that, it will
become clear how U(1)p is broken, and the axion gets a
mass, in the presence of two gauge fields. The generali-
zation to the four-dimensional dual theory will then become
apparent.

The standard Schwinger model [79] in two dimensions
plus the axion, a has the Lagrangian

1 2 |
L= _@FﬂvFW + ?(aﬂa)(ﬁﬂa) + Eae"”Fm,,

(B1)
where the 0 term has been absorbed in the axion field and e
is the U(1) coupling. A crucial point is that the gauge field
has no physical propagating degree of freedom in two
dimensions, and therefore there is only an instantaneous
Coulomb interaction. The only physical degree of freedom
is that described by a, which is massless at the Lagrangian
level (due to the U(1)pq shift symmetry), but it obtains a
mass quantum-mechanically. Simultaneously the Coulomb
long-range potential (which grows linearly at large dis-
tances in two dimensions) gets screened.

First, note that one can always choose the gauge A; = 0,
and then the only remaining component of the gauge field
is Ag, which enters in the Lagrangian without a time
derivative,

1 2 1
Lo 22—62(311‘\0)2 +%(8ﬂa)(a"a) —;a(ale)- (B2)

In this case, one can immediately eliminate A, through the
classical equation of motion:

Ay =—07'a, B3
0= % a (B3)
f2 62
L:Al:() = ? (81461) (a”a) - ﬁaz. (B4)
Hence, the axion mass becomes
e
=—. B5
=7 (85)
The constraint (B3) can also be written as
1/1 e \?2
5 (E 81A0 - ;CZ) = 0 (B6)
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Note that A is an auxiliary field and does not represent any
physical degree of freedom in (B2), nor does it becomes a
degree of freedom after elimination, as in (B3).

Next we consider adding a second gauge field, B,. The
Lagrangian (B2) now becomes

La—0=551(01A0)* + (01Bo)?] +f?2(8ua)(3””)

1

)
1
7

[\

al(0149) + (91By)]. (B7)
The most crucial point is that the couplings of the both
gauge fields A, and B, are the same. This is chosen to
mimic the unified origin of the separate U(1) fields. The
equations of motion for the auxiliary fields are now

&2 2
Ay =—07!a, (B3)
T

In fact, Eq. (B8) has an ambiguity which is sometimes
formulated in terms of a constant electric field background
in the vacuum. Such fields would require electric charges at
the spatial boundary. If one has two distinct U(1) theories
and assumes two distinct electric charges at the spatial
infinities for two U(1)’s, then, effectively, this would
correspond to different “primordial” 0’s in two U(1)’s.
Then, of course, our axion will not be able to “screen’ both.
An analogous situation in four dimensions will be to have
different &’s in SU(3) and SU(N’) if we ignore their
unification. We cannot model a unifying non-Abelian
group in the Schwinger two-dimensional model because,
for non-Abelian groups, there is no 8 in two dimensions. In
this case, to model unification we can impose a Z,
symmetry in the original Lagrangian. Then the boundary
conditions at infinity should be Z, symmetric as well,
implying that the electric background field in the bulk is
one and the same for both U(1)’s.

Both auxiliary fields in Eq. (B8) are expressed in terms
of one and the same physical field a, but there is no
problem with this since A, and B, are auxiliary to begin
with. Note that this is not the Higgs mechanism in which, if
A, eats up a there is nothing left for B to eat up.

Substituting Eq. (B8) in Eq. (B7), the axion mass-
squared m2 becomes twice as large, and Eq. (B6) is
replaced by

2
1/1 e \?
5 (EalBO__a> =0 (B9)

If we introduce probe electric charges, Q it is not difficult
to see that both are screened at distances larger than 1/m,,.

Finally, it is instructive to comment on the four-
dimensional Yang-Mills theory and interpret the axion
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mechanism with an enlarged color group in the dual
formulation introduced in Ref. [72]. We will focus on
one aspect, namely, the integration constant ambiguities
[73]. The essence of the effective low-energy dual formu-
lation of Refs. [72,73] is as follows. One introduces a three-
form gauge field,

Caﬂy & ga/inyﬂ’ (BIO)
where K* is the conventional Chern—Simons current.
Unlike the Schwinger model, the field C,g, is composite.
However, in the effective low-energy description one can
build the corresponding fully antisymmetric field tensor
analogous to F,, in the Schwinger model, and, add its
kinetic term. An analog of Eq. (B7) will take the form
(symbolically)

3[MC,,/;},] X 8{1/;”461. (B] 1)
Using the gauge in which C,z, with the zero value of one of
the subscripts vanishes, we obviously conclude that Cg, is
nondynamical (much in the same way as A, in (B7)), and
the solution of Eq. (B11) contains an integration constant.
Note that nondynamical three-form C fields are sourced by
domain walls.'? In Refs. [72,73], it is argued that, since at
low energies we deal with two gauge groups, SU(3) and
SU(N'), there are two independent integration constants.
This is equivalent to having two distinct € angles which
would imply, in turn, that a single axion under consid-
eration is unable to solve the CP problem.
To our mind the above argument does not take into
account that both low-energy gauge groups are unified at
high energies into an SU(3 + N’) gauge group. This

letrictly speaking, in pure Yang-Mills there are no static
domain walls since the vacuum is unique. However, if N is large,
there are of order N quasivacua [80], which are split from the
unique genuine vacuum by a small amount proportional to N°,
while the vacuum energy density per se is proportional to N2 (see
Refs. [81,82] and references therein). The decay rate of the false
vacua is exponentially suppressed.
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provides us with a unified initial condition for the 6
angle evolution. In the effective low-energy language of
three-form fields, this would amount to equality of two
integration constants. We do not know at the moment
whether this equality is derivable in the effective descrip-
tion [72,73] per se.

The fact that the overall structure of the 6 parameters
(and the associated physical € periodicity, related to the
vacuum structure) depends on the topology in the space of
fields at all energy-momentum scales, including arbitrarily
high, was emphasized in [8,19]. In [19], it was explicitly
noted that in the case of two group factors G and G, (in
our model, SU(3) and SU(N’)) obtained from a unifying
group G, i.e.,, G| x G, C G at a high scale, the number of
independent 6 angles is one rather than two because the G,
and G, instantons can be deformed into one another by
passing through configurations of arbitrarily large but finite
action.

A very pedagogical example suggested in Ref. [19] is as
follows. Consider the quantum-mechanical problem of a
single particle on a circle S| assuming that the motion on
the circle is free. The boundary conditions on the wave
functions need not be periodic. They can be periodic up to a
Bloch phase, provided that one and the same phase enters
in the boundary conditions for all wave functions. This
gives rise to the 6 parameter.

Now, consider instead a particle on a sphere S, in a
potential (defined on S,) such that it has a deep and steep
minimum along the sphere’s equator. The depth of the
trough can be arbitrarily large (but finite) so that one might
naively say that the low-energy motion of the particle is
equivalent to that on Sj.

However, this would be the wrong answer, since no
matter how high the barrier, the topology of the configu-
rational space changes, and the Bloch boundary condition
is impossible. Tails of the wave functions of the system
“feel” that there is a continuous path from an effective S; to
S,. The 8 angle no longer exists. Therefore, considering
only the low-energy limit tells us nothing about the
disappearance of the Bloch boundary condition and the
0 angle.
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