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The rare kaon decays K — zvv are strongly suppressed in the standard model and widely regarded as

processes in which new phenomena, not predicted by the standard model, may be observed. Recognizing

such new phenomena requires a precise standard model prediction for the branching ratio of K — zvv with

controlled uncertainty for both short-distance and long-distance contributions. In this work we demonstrate
the feasibility of lattice QCD calculation of the long-distance contribution to rare kaon decays with the
emphasis on K™ — z7vp. Our methodology covers the calculation of both W-W and Z-exchange
diagrams. We discuss the estimation of the power-law, finite-volume corrections and two methods to
consistently combine the long-distance contribution determined by the lattice methods outlined here with
the short-distance parts that can be reliably determined using perturbation theory. It is a subsequent work of
our first methodology paper on K — z£¢~, where the focus was made on the y-exchange diagrams.
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I. INTRODUCTION

The ultrarare kaon decays K — zvv have attracted
increasing interest in recent decades. As flavor changing
neutral current processes, these decays are highly sup-
pressed in the standard model (SM) and thus provide ideal
probes for the observation of new physics effects. In
addition, the dominant, standard model contribution from
the top quark loop to K — mvr decays makes these
processes very sensitive to the Cabibbo-Kobayashi-
Maskawa (CKM) quark mixing matrix elements, V,; and
V,4- Therefore these decays can be used to determine V; in
particular in a complementary and independent manner to
B decays.

Experimentally K — zvi decays represent a very sub-
stantial challenge. The first upper limit on the K+ — zuvp
branching ratio was set by the heavy-liquid bubble chamber
experiment in 1969 [1]. It then took almost 30 years to
actually observe the first K™ — ztvb event in the E787
experiment at the Brookhaven National Laboratory (BNL)
in 1997 [2]. The current value for the branching ratio [3],

Br(K* — 7)oy, = 1.731] 32 x 10710, (1)

exp

is a combined result based on the seven events collected by
BNL E787 [2,4-6] and its successor E949 [3,7]. The new
experiment, NA62 at CERN [8], aims at an observation of

*Corresponding author.
pkufengxu @ gmail.com

2470-0010/2016,/93(11)/114517(23)

114517-1

O(100) events and a 10%-precision measurement of
Br(K™ — ztwp). In the coming decades K™ — ztwi
decays are therefore likely to lead to precision determi-
nations of the SM parameters and stringent tests of possible
effects of new physics.

The search for the decays K; — z’vv, with only neutral
particles in the initial and final states, is even more
challenging experimentally. Indeed, K; — 70i events
have never been observed and currently there is only the
upper bound for the branching ratio,

0

Br(K; — 7n%0) <2.6x107* at90%confidence level, (2)

set by the E391a experiment at the 12 GeV proton
synchrotron at KEK in 2010 [9]. This bound is 3 orders
of magnitude larger than a recent SM prediction [10],

Br(K; — n'ub)gy = (3.00 £0.30) x 10711, (3)

The new KOTO experiment at J-PARC [11] will be
sensitive to much lower branching ratios than that given
by the bound in Eq. (2), indeed to ones also below the
Grossman-Nir model-independent upper bound [12],
Br(K; — n°v0) < 4.4Br(K* — ztvp). KOTO will thus
explore much of the parameter space of theories beyond the
standard model (BSM).

On the theoretical side, K — zvv decays are known to be
short-distance (SD) dominated. The required hadronic
matrix elements can be obtained from measurements of

© 2016 American Physical Society
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charged-current semileptonic kaon decays, such as K+ —
n%e*v decays. We will explain in more detail in the next
section that the long-distance (LD) contributions, i.e.
contributions from distances on the order of, or larger
than, the inverse of the mass of the charm quark, are safely
neglected in K; — 7% decays and are expected to be
small in Kt — ztvp decays. However, a lattice QCD
calculation of these effects may be required to convincingly
establish their size and will become necessary when a
precise comparison between the SM prediction and the
NAG62 or future measurements is required. The purpose of
this paper is to set out the framework necessary for the
lattice computation of long-distance effects in K™ — # v
decays.

In our earlier paper [13] we had proposed a method for
the computation of K — z£+ ¢~ decay amplitudes (where ¢
is a charged lepton) using lattice QCD and focusing on the
dominant y-exchange diagrams. In this work we extend the
discussion to K — zvw decays which requires us to include
the W —W and Z-exchange diagrams. In addition to
Ref. [13], our work builds on several other earlier studies.
In Ref. [14] it had been first proposed to use lattice QCD to
calculate the LD contributions to rare kaon decay ampli-
tudes, including those for K — zvi decays. That paper
focused on the ultraviolet divergences which appear in the
integral over the separation of the two operators (two weak
operators in the case of K — zvv decays) as the two
operators approach each other. For the y-exchange dia-
grams which give the dominant contribution to K —
gfT¢~ decays, the authors stressed the importance of
using the conserved electromagnetic current to reduce
the degree of divergence and to control this short-distance
divergence. For the axial current, necessarily present when
calculating K — nvv decay amplitudes, this is a more
involved problem, particularly with the use of Wilson
fermions considered in Ref. [14]. Below we explain how
to deal with the corresponding SD divergences when using
domain wall fermions, a formulation which respects chiral
symmetry to good precision. We have also benefited from
the methods developed by the RBC-UKQCD collaboration
in their computations of long-distance effects in second-
order electroweak processes [15,16]; methods which have
been successfully applied to the lattice calculation of the
K; — K5 mass difference [17,18] and are currently being
applied to the evaluation of the long-distance contribution
to the indirect CP-violating parameter ex [19].

The paper is organized as follows: We first introduce the
phenomenological background for K — zvv decay with an
emphasis on the LD contributions in Sec. II. Then, in
Sec. III, we describe the detailed methodology proposed to
calculate this long-distance part using lattice QCD, spe-
cifically for the case of K+ — z"v. The technical issue of
how to use the standard, perturbative, short-distance result
for K™ — nup to determine the new low-energy constant
that appears in the second-order effective theory used in our
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lattice calculation is described in Sec. IV. In Sec. V we
discuss the power-law, finite-volume effects which must be
subtracted in order to obtain the physical, infinite volume
result with sufficient precision. A summary and conclu-
sions are presented in Sec. VI. Finally, Appendixes A, B, C
and D describe the relation between the Minkowski- and
Euclidean-space amplitudes used in this paper, the con-
ventions adopted for the mesonic and leptonic states, the
extraction of the scalar amplitude Fyw(pg, p,,py) char-
acterizing the W — W exchange diagrams and the method
used to remove the unphysical contribution of intermediate
states with energy below My, respectively.

II. PHENOMENOLOGICAL BACKGROUND

In the SM K — zvv decays are second-order electroweak
processes, involving W-W exchange diagrams (diagrams
which contain two W-boson exchanges) and Z-exchange
diagrams (diagrams which contain a W- and Z-boson or a
W-W-Z vertex). As explained below, the dominant contri-
bution comes from diagrams in which a top quark propagator
explicitly appears. The corresponding contribution from the
propagation of the charm quark is suppressed by a factor of
(m./My,)? through the Glashow-Iliopoulos-Maiani (GIM)
mechanism but is enhanced by a factor of log My, /m,.. Here
m,. and My, are the masses of the charm quark and W-boson
respectively. In the CP-violating decay K; — 7’vi, the
amplitude depends on the imaginary parts of the CKM
matrix elements and this provides a further suppression of the
charm-quark contribution. As a result of the strong suppres-
sion of the charm quark contribution, this decay is completely
SD dominated and is one of the theoretically cleanest places
to search for the effects of new physics. The absence of LD
contributions implies that a lattice QCD calculation of
K, — 7% decays is unnecessary.

The situation is different however, for the CP-conserving
decays K¢ — 7% and K+ — 27 vi. For these decays the
real parts of the CKM matrix elements enhance the charm
quark contribution (estimated to be about ~29% of the total
amplitude [20]) and even the contribution of the up quark is
not completely negligible (~3% of the total amplitude [20]).

The decay length of the Ky meson is so short that
K¢ — 7% decays are currently unobservable experimen-
tally. The CERN NAG62 experiment, with its higher energy
beam, could in principle place the detector close enough to
the target but studies are still required to see whether it
could withstand the high intensities which would be present
[21]. KOTO instead has a low-energy beam which results in
a decay length which is too short to be observed. We
therefore concentrate our investigation on the K™ — 7t vp
decays which are already being studied by the NA62
experiment, with data taking having started in the summer
of 2015 [8].

In contrast to the K; — K¢ mass difference, where the
charm quark contribution has a large nonperturbative
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component [17,18,22], for KT — z"vb decays the contri-
bution of the charm quark is expected to be
predominantly perturbative and come from SD effects. A
one-loop perturbative calculation of the electroweak inter-
actions performed by Inami and Lim [23] shows that the
charm quark contribution to the decay amplitude is propor-
tional to —3 x, log x. — 1 x,., where x. = m2/M3,. Here, the
logarithmic term x.logx, is the largest part of the charm
contribution, which suggests that the dominant energy scale
lies between My, and m.. However, when the leading-log
QCD corrections, which sum those terms of the form
x.aIn"*x, to all orders in a;, are included it is found that
the SD, charm-quark contribution is suppressed by 35%
[24-26], relative to the leading-order, Inami-Lim result.
This large suppression has two consequences. First it
|

Br(K* — ztwb)gy = k(1 + Agy) - [(

In Eq. (5), Agy is the electromagnetic correction, A = |V
and 4, = ViV, are CKM (or products of CKM) matrix
elements, X,(x,) is the top-quark contribution (with
x, = m?/M3,) and P, is the total charm quark contribution.
More precisely, we have included the up quark contribution
in both X; and P,, eliminating 1, by using the unitarity
relation 4, + 4. + 4, = 0. We distinguish two contributions
to P,

Pc = P§D + 5Pc,u’ (6)

where PSP is the SD contribution coming from energy
scales above the charm quark mass. The remaining LD
contribution, denoted as 6P, ,, includes contributions from
both the charm and up quark loops. The parameter k. in
Eq. (5) contains the remaining factors, including the
hadronic matrix element from semileptonic K+ decay.

The dominant uncertainty in Eq. (4) arises from the SM
input parameters, especially the CKM matrix elements.
Because of the dominance of the top quark contribution
X,(x,), the CKM matrix elements in 4, associated with the
top quark have a large impact on the branching ratio. In
order to make a more precise SM prediction it is therefore
necessary to know these CKM matrix elements more
accurately. On the other hand, as a result of higher-order
perturbative calculations, especially the next-to-leading
order QCD [31,32] and the two-loop electroweak correc-
tions [30] to the top quark contribution X,(x,), as well as
the next-to-next-to leading order QCD [28,29] and the
NLO electroweak corrections [33] to the charm quark
contribution PSP, the omitted, higher-order perturbative
effects in the top and SD charm quark contributions are no
longer the main source of theoretical uncertainty.

Im/,
/15
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motivates the work to include the SD QCD effects to
higher orders in perturbation theory [27-29]. Second it
gives increased importance to the LD QCD contributions
coming from energy scales at or below the charm quark
mass. This makes the first-principles, lattice calculation of
these LD QCD effects increasingly necessary for the
comparison between SM predictions and future experi-
mental results for this decay.

A very recent SM prediction for the K* — zfwvp
branching ratio is given by [10]

Br(Kt — afub)gy = (9.11 £0.72) x 10711, (4)

To understand the origin of the uncertainty in Eq. (4), we
write the branching ratio as in Eq. (4.5) of Ref. [30]:

x,(x,)>2 + (Re’lc P+ Reﬂ’x,mﬂ . (s)

A 2

Although the size of the LD contribution is estimated to
be small, it now contributes a significant, if still subdomi-
nant, source for the SM uncertainty. Reference [34] gives a
phenomenological estimate of this LD effect based on
chiral perturbation theory and the operator production
expansion. The resulting estimate of the LD contribution,
OP., =0.04£0.02, enhances the branching ratio
Br(K™ — ztuwb)gy by 6%, which is comparable to the
8% total SM parametric error given in Eq. (4). Here the
quoted +0.02 error is necessarily a rough estimate which
cannot easily be systematically improved. This quoted error
translates into a 3% uncertainty for the branching ratio, but
it is possible that the LD contribution might be somewhat
larger or even much smaller than this estimate. We do not
have a clear answer at present and this provides the
motivation for the development of lattice techniques to
compute these LD contributions.

Lattice QCD can provide a first-principles determination
of the LD contribution with controlled errors. Therefore it
was proposed in Ref. [14] and endorsed in Ref. [29] to
perform a direct lattice QCD calculation of the LD
contribution to KT — zTvp  decay amplitudes.
Recognizing that the SM predictions will be confronted
with new NA62 measurements in the near future, it is
timely to have a lattice QCD calculation of these LD
effects.

III. METHOD

Since the dominant contribution to the K+ — zTup
amplitude comes from the top quark loop and the sub-
leading charm quark contribution is also SD dominated, it
is natural to write these contributions in terms of the matrix
element of a low-energy effective Hamiltonian,
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Ag(K* = awo) = (2 vD|Hegr o|[KT), (7)

where H,( is given in terms of the dimension-six local
operator Qo = (5d)y_a(Devy)y_s 127,31]:

GF a

_ 4
Heff,() - \/§27zsin29W fz [/Ith(xt) +/1¢Xc (xc)]QO’ (8)

=e,u,t

and x, = m2/M3,. Here Gy is the Fermi constant, a is the
fine-structure constant and 6y is the Weinberg weak
mixing angle. The Inami-Lim functions X,(x,) and
X%(x,) are the Wilson coefficients, representing the con-
tributions of the internal top quark and charm quark to the
operator Q. They were first calculated by Inami and Lim in
1980 at one-loop order [23]. As in Sec. II, we eliminate 4,
by using the unitarity relation 14, = —4,. — 4, and absorbing
the contribution from the u-quark in X, and X%, in which
we set x, = 0. In Eq. (8) the top and charm quark degrees
of freedom have both been integrated out. The remaining
hadronic effects are contained in the matrix element
(m"|(5d)y_,|K™), which, in the isospin-symmetric limit,
is the same matrix element as that containing the non-
perturbative QCD effects in K3 decays.
The XZ in Eq. (8) are related to PSP in Eq. (6) by

1 XE(x,) + XE(x,) + XE(x,)
s 3 ’

©)

where the factor of 3 in the denominator performs the
conventional average of X% over the three lepton flavors.
The subscript £ on X, is not included since the lepton mass
dependence is suppressed by a factor of (m,/m,)> which
can be neglected even for the z-lepton. For the charm quark
contribution the lepton mass dependence cannot be
neglected, particularly for the z-lepton, and hence the
superscript ¢ is introduced for this case.

The contribution Ay(K™ — zvp) in Eq. (7), obtained
using the local effective Hamiltonian H.y( in Eq. (8),
accurately reproduces the contribution from the top quark
and the SD component of the charm quark contribution. Of
course it does not contain the LD component of the charm
quark contribution which is intrinsically bilocal. The
evaluation of this long-distance contribution is the main
subject of this paper and we now begin our discussion
of this.

To explore the bilocal structure of the up quark and
charm quark contributions, we begin with the first-order
effective field theory, where the W and Z bosons have been
integrated out. The bilocal contributions are constructed
from two insertions of the first-order effective Hamiltonian.
The four-Fermi, effective weak Hamiltonian relevant for
the K™ — n"vw decay amplitudes can be written as [14,35]
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G G
H]edo _JF (szoAS=1 S V4 d0AS=O) +_F 20V
ff \/5; 95 qt 94> qt \@Zq: 974

Gr— s
+E;0 , (10)

where the sums over the quarks ¢ run over ¢ = u, ¢ and
those over the leptons £ run over £ = e, u, .

The first term on the right-hand side of Eq. (10) results
from the W-W diagrams, in which the W-boson exchanges
have been replaced by two effective operators,

5l

085" = O3 ()[(59)y-n (@8 )y_a]"S (1),
0850 = XS (W) [(Zve)y_a(@d)y_a]MS(w).  (11)

where for fermion fields f;, (i = 1-4)

(fif2)voa(f3fa)v-a
= (fir,(1 =) f2) (Far (1 =) fa).  (12)

We absorb the Wilson coefficients CXS_, (u) and CN$_(u)
into the definition of the operators 027=" and 077=°. Here
and below we will find it convenient to use the letter O to
represent an operator which incorporates a Wilson coef-
ficient and the letter Q for an operator which does not
include such a coefficient. These coefficients account for
the contributions from SD physics and are conventionally
and conveniently calculated in the MS scheme. For
the particular operators appearing in Eq. (11), the Ward-
Takahashi identity implies CMS | (u) = CYS_(u) = 1.
The quark current operators renormalized in the MS
scheme can be related to the bare lattice operators by

(a9 )y al™ = Zv/al(3q')v/al™. Here Zy and Z, are the
renormalization constants for vector and axial-vector cur-
rents. They are quark-mass and renormalization scale
independent up to lattice artifacts. If the conserved lattice
current operators are used in a (almost) chirally symmetric
formulation of lattice QCD, such as domain wall fermions,
then Zy, = Z, = 1. For simplicity in the remainder of the
paper we will neglect the O(a?) effects which distinguish
Z, from Zy, and replace Z, with Zy,, which will be assumed
to be quark-mass and scale independent.

The second and third terms on the right-hand side of
Eq. (10) are relevant for the Z-exchange diagrams.
Note that these diagrams include the exchanges of both
a W- and Z-boson. The W-boson exchange is described by
the four-quark operator OV,

0l = CYS ()OS () + CFS (W)Y (), (13)

where Qg (1) (i =1, 2) are conventional current-current
operators renormalized in the MS scheme. They can be
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related to the bare lattice operators by a matrix of
renormalization constants Z}*~MS (au),

O (u) = D244 (au) Q¥ (a),
J

i,j=1,2, where (14)

lat

g = (5aqp)v-a(@pda)y_a
QIZH,tq = (ana)V—A (Z]bdh)V-A’ (15)

and a, b are color indices. The detailed procedure to
compute the renormalization matrix Zt-f‘;"m(ay) can be
found in Refs. [17,36,37]. Note that the p-scale dependence
in the Wilson coefficients Ci-\’l_s(,u) and the renormalized
operators Q@(ﬂ) cancels, leaving the operator Og‘/ scale

independent. The exchange of the Z-boson propagator has
been replaced by a two-quark-two-neutrino operator 0%,

0% = O (W) [T20,7" (1 = 75w ™S (w),  (16)

where the neutral current Jf is given by

JZ=>" (T447,(1-75)q = 20em sin*Owqy,q).  (17)

q=u,c.d,s

The weak isospin T4 and the electric charge Qe , take the
values —|—% and +% respectively for ¢ = u and ¢ and the
values —% and —% for ¢ = d and s. As described above, we
have C?(,u) = 1. The quark current operators renormal-
ized in the MS scheme can be related to the bare lattice
operator by [JZMS =z, [JZ]%.

As the next step we work to second order in the standard,
nonrenormalizable, effective field theory of the weak
interactions and construct the bilocal product of two

first-order, four-fermi effective operators from Eq. (10)
as follows:

Gr a 7
= —7—1
B(y) \/i Zﬂsinzew M%V Cfge’”’T(BWW(y) + BZ (y))’

(18)
where

Byw(y) = / FT(0857 (x)055=0(y)] — {u — ¢} (19)

and

B,(y) = / IOV (x)0%(3)] — {u — ¢}, (20)
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For compactness of notation we have suppressed the label #
in Byw(y) and B,(y), but the reader should note that there
is such a dependence. We should also point out that in
Eq. (19) we have made an arbitrary choice of which of the
two operators is integrated over space-time and which is
evaluated at the fixed position y. The bilocal product B(y)
has been separated into two parts, By (v) and B,(y), the
first associated with W-W diagrams and the second with
Z-exchange diagrams. The minus sign in Egs. (19) and (20)
comes from the GIM mechanism under the approximation
of 1, ~ —A.. Here the bilocal product B(y) is defined in
Euclidean space to favor a lattice QCD calculation. Its
Minkowski-space definition can be found in Ref. [27].

In infinite-volume calculations of matrix elements,
performing an integral over y in Egs. (19) and (20) would
introduce a four-dimensional, momentum-conserving delta
function. In computations using lattice QCD, which are
necessarily performed in a finite volume, this delta function
is replaced by a factor of the space-time volume. As will be
described in greater detail below, for the K™ — ztvp decay
amplitude discussed in this paper we propose to integrate y
over the full spatial volume and to integrate the times at
which each of the operators are evaluated over a fixed
interval [-T,,T,], chosen to lie sufficiently far from the
initial kaon and final pion to suppress possible excited
hadronic-state contamination. This follows closely the
procedure used earlier in the calculation of the K; — Ky
mass difference [17].

The second-order K™ — n"vi decay amplitude can be
obtained by evaluating matrix elements of the bilocal

operators By and B and a third (local) operator C,, QOM_S:

AKT - ntwp) « (a7t vp|Byw(0) + B2 (0)|[KT)
+ (2t up|Co0NS (0)[K ), (21)

where C, is a Wilson coefficient and QOM_S =

(5d)y_,(2v)MS, a local operator renormalized in the MS

scheme. Here CyO}> is a regulator-dependent counterterm
which removes the new ultraviolet singularities in By, and
B, that arise when two of the dimension-six, four-fermi
operators which appear in the same diagram approach each
other. The need for such added counterterms is a standard
feature of a nonrenormalizable effective theory and is
discussed at length in Sec. IV.

The presence of this COQOMS counterterm reflects a new
renormalization constant that must be introduced when the
effective theory is evaluated at second order and that must
be determined using some additional physical input. For the
case of the weak interactions, this new renormalization
constant C, must be determined by requiring that the
effective theory, evaluated at second order, agrees with the
second-order predictions of the underlying SM. A conven-
ient way to formulate such a requirement is to impose
“Rome-Southampton™ conditions on the second-order
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5d-bv Green’s function, which corresponds to the K+ —
#tvb decay, demanding that this Green’s function, evalu-
ated at a momentum scale y,, agrees when evaluated in
both the effective theory and the SM. If infrared safe,
nonexceptional momenta are chosen when applying the
Rome-Southampton condition, as described in Sec. IV, and
the scale pg is chosen much larger than the scale of QCD,
Mo > Agep, then the required SM calculation can be
accurately performed using perturbation theory. When
the effective theory is formulated as a lattice theory, the
corresponding lattice Green’s function is most easily
evaluated nonperturbatively. In the following we will refer
to this procedure as matching the lattice and SM theories
and pq as the matching scale.

Before we go into the details of the lattice-SM matching,
we start by introducing the lattice methodology used to
compute the local and the bilocal matrix elements. The
evaluation of the W-W diagrams will be described in detail
as this is a new type of calculation. For the Z-exchange
diagrams, we mainly focus on their difference from the
y-exchange diagrams which dominate K — z£" £~ decays
and which have already been discussed in detail in our
previous paper [13].

A. Evaluation of the matrix element
of the local operator Q,
In this subsection we discuss the evaluation of Ty =

('t vp|OMS(0)|K ), i.e. the matrix element of the local
operator Q. The amplitude T, can be written as a product
of a hadronic matrix element and neutrino spinor wave
functions:

)v(ps)]-
(22)

TO = ZV<7T+|§7/4(1 - }/S)d(o)|K+>[ﬁ(pu>Yy(l —-7s

The charge-conserving hadronic factor can be related by an
isospin rotation to the charge-changing matrix element
(n°[57,,(1 = ys)u|K™) which contains the hadronic effects
in K,3 decay amplitudes. It can therefore be determined
accurately using precise measurements of K+ — 7%ty
semileptonic decay amplitudes as input. In lattice QCD, the
matrix element (z*|5y,(1—ys)d(0)|K*) can be deter-
mined by computing a three-point Euclidean correlation
function. The matrix element of the axial-vector current
vanishes because of parity symmetry and it is conventional
to write the matrix element of the vector current in terms of
two invariant form factors:

Zy(n"[57,d(0)|KT) =i (f1(=4*)(pk + Px),
+ f-(=¢*) (Px — Px),)- (23)

where ¢ = px — p,. For negligible neutrino masses only
the f.,(—q?*) form factor contributes to T, so that
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To=2i- f(=¢*)[a(p.)rx(l —rs)v(ps)l.  (24)

The ¢* dependence of the form factor f. (—g?) can either
be determined by a lattice QCD calculation or provided by
experimental measurement or indeed a combination of the
two. For a recent lattice study and references to the original
literature see Ref. [38].

In lattice calculations, physical quantities are determined
from the computation of multilocal correlation functions in
Euclidean space. In this and the following sections of this
paper, we use Euclidean conventions for the y-matrices
and momenta. Thus for an on-shell particle with mass m,
the Euclidean four-momentum p = (pg, p) is written as

p (iE, p p ) where E = \/m? + p?. Using this convention,
g*> > 0(g* < 0) represents a spacelike (timelike) momentum
transfer. The physical matrix elements are obtained from
those defined using these Euclidean conventions by multi-
plying by the appropriate factors of i as explained in detail in
Appendix A. This Appendix also contains a full explanation
of the notation we use for Euclidean quantities and the
relations to the corresponding physical (Minkowski) ones.
The invariant form factors introduced in this paper, such as the
f. and f_ introduced in Eq. (23), will be defined consistently
in both Euclidean and Minkowski space conventions. This
requires that minus signs be introduced when their arguments
are expressed in terms of Euclidean four-vector dot products.

B. W-W diagrams

In this subsection we discuss elements of the calculation
of the W-W diagrams. We start in Sec. III B 1 by showing
that the hadronic effects are contained in an invariant
amplitude Fyy. In Sec. III B 2 we discuss the unphysical
terms which increase exponentially in the length of the time
integration range and how to subtract them. Such terms are
generically present when evaluating the matrix elements of
bilocal operators in Euclidean space whenever there are
possible intermediate states of lower energy than the energy
of the external states.

1. Extracting the scalar amplitude F

The hadronic effects in the contributions from W-W
diagrams to the decay amplitude are contained in the
following matrix element of a bilocal operator:

Ty = / e uB|T{OA3 (x)083-0(0)} K )
—{u - c}. (25)

The space-time location of O25=9(y) defined in Eq. (19)
has been set at y = 0 without loss of generality. The quark
and lepton contractions for Ty are shown in Fig. 1. The
contraction between the two operators O43=! and 0430
produces an internal lepton propagator and the neutrino and
antineutrino are emitted from the two different operators;
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FIG. 1. Quark and lepton contractions for W-W diagrams.

the neutrino is emitted from O*5=! at x and the antineutrino
from O*5=Y at the origin. A Euclidean-space quantity such
as that shown in Eq. (25) would normally be expressed
directly as a Euclidean path integral. Here we exploit the
more compact Hilbert space notation for such a quantity.
It should be kept in mind that the time ordering represented
by T{---} is required and that the time dependence
of the operators is introduced by conjugation with the
Euclidean time development operator e~/" as described in
Appendix A.

In Appendix C we show that Ty can be written in the
form

Tww=i-Fyw(pk,pupo)a(p,)px(1=vs)v(ps)]l,  (26)

where Fyww(pk, Py, py) is a scalar amplitude, which
depends on three of the independent external momenta
P> Prs Pu» Pi- Since Fyw(pk, py, py) is Lorentz invariant,
it can be written as a function of invariants:

t=—(px—p.)*
u=—(px— Pz:)z’ (27)

where s+t +u=m% +m2 In a general K;; decay,

it is convenient to study the differential decay rate
d*T'/(dsd cos 0) [39], where @ is the angle between pion
and one of the neutrinos in the neutrino-pair rest frame.
Following this convention, we choose the two independent
variables as s and A = u — t. The former is the square of
the invariant mass of the neutrino pair and the latter is
proportional to cos 6.

To guarantee that the external particles are on shell, s and
A must be bounded by [40]

s>0 and A%< (m% +m?—s)?—4mim:.  (28)

The physical range for {A, s} is shown in the Dalitz plot of
Fig. 2. Note that in K — #vv decays it is not practical
to measure cos @ experimentally. Therefore a differential
decay rate dI'/ds is of more interest in phenomenology.
Once the A dependence of Ty is determined, one can
integrate A over the physical phase space.

PHYSICAL REVIEW D 93, 114517 (2016)
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FIG. 2. Dalitz plot for K — avi.

2. Unphysical terms growing exponentially with the
Euclidean time integration range

In this subsection we study the terms which grow
exponentially as the time integration range is increased.
Such exponentially growing terms are a generic feature in the
evaluation of integrals of matrix elements of bilocal oper-
ators over a large, but finite Euclidean time interval. We note
that this is the only unphysical consequence of evaluating
such a bilocal operator in Euclidean space. Here we consider
specifically [ d*x(f|T[0*5=!(x)0*5=9(0)]|K). We insert a
complete set of states between the two operators and
integrate over the Euclidean time region —7', < xy < T,
where T, and T, are both positive:

[ an [ @stsinox ook

_ SO )OS s,
ng En.x - Ef

AS=0 AS=1
_ Z {(flo E|‘n> <”£0 K) (1 — eEx-ETa) (29)
K = En

n

The two terms on the right-hand side of Eq. (29) come from
the region xy > 0 and xy < O respectively. The states |n) and
|ny) represent nonstrange and strangeness S = 1 intermedi-
ate states respectively and include leptons as illustrated in
Fig. 1. For the K™ — n"ww decay, the final state is given by
(f| = (z"vp|. Since |n;) are strange states, their energies E,,
are larger than E; = Eg. Thus the exponential term
eEr=Ew)Ts vanishes at large T),. However, the second term
in Eq. (29) still suffers from an exponentially growing
contamination at large 7, if E, < Ex. The lowest two
intermediate states for |n) are given by a purely leptonic state
|£*v) and a semileptonic state [z°/ ). As the energies of
these intermediate states are lower than the energy of the
initial state, the unphysical exponentially growing contami-
nation must be removed from the Euclidean lattice

114517-7



CHRIST, FENG, PORTELLI, and SACHRAJDA

calculation. In Appendix D we give a detailed discussion on
the removal of the exponentially growing contamination.
The remaining contamination from other intermediate states,
such as |zz¢"v) and |3z v) are significantly suppressed
by a phase-space factor as discussed in Sec. V. They can
therefore be neglected.

C. Z-exchange diagrams

In this subsection we discuss the evaluation of the Z-
exchange diagrams. For these the neutrino and antineutrino
are emitted from the same vertex and there is no internal
lepton propagator. Examples of such diagrams for the four-
point correlation function are given in Fig. 3. We write the
bilocal matrix element in the form

T, = [ disla | TIOY () OZO)IK ) ~ {u = ¢}

= TZ[a(p, )y, (1 —ys)v(py)]. (30)

where the hadronic part is defined as

Z _
T; =

/d4x<7r+|T[0uW(x)Jf(0)}|K+> —{u - c}. (31)
The weak neutral current J E has been defined in Eq. (17).
We separate T7 into two parts: T7 = T}, + T/*, corre-
sponding to the vector (V) and axial-vector (A) components
of J,{ . The K — nZ* form factors are defined by

T0 =i (F2(=*)(pk + Pa)y + FZ1(=4%)q,).

i=V,A,

(32)

with ¢ = px — p,. Because the only possible Lorentz
vectors are px and p,, the matrix element Tf’i must
transform as a vector, not an axial-vector, under parity.
This means that when calculating T4, we either keep the
vector component of J 5 with the parity-even component of
O} or the axial-vector component of J# with the parity-odd
component of OY. The form factors F%(—¢*) depend only
on a single Lorentz invariant ¢.

-V
7
7

of

O

PHYSICAL REVIEW D 93, 114517 (2016)

Since the spinor product i#(p,)g (1 —ys)v(p;) vanishes
for massless neutrinos, FZ%V(—g*) and FZ4(—¢?)
do not contribute to the amplitude. Only the form
factors F%'(—q?) are of interest. For the vector
current, the Ward-Takahashi identity guarantees
(my —m2)F2" (=q*) = ¢*F%Y(—q?), so that there is only
one independent form factor. For the axial-vector
current, to separate F%*(¢?) from T4*, we can compute
the amplitude TE’A for different Lorentz indices u. This
would require that either the kaon in the initial state or the
pion in the final state should carry nonzero spatial
momentum.

As in the case of Ty a complete set of intermediate
states can be inserted between 0, and JZ in Eq. (31). We
need to remove the exponentially growing contamination
for those intermediate states whose energies are lower than
that of the initial kaon. A detailed discussion of this
subtraction for the case of the insertion of a vector current
is given in Ref. [13]. In that case the parity-odd inter-
mediate states |z") and |37) will lead to exponentially
growing contamination which needs to be removed. For the
axial-vector current insertion, the parity-even state |27) will
produce an exponentially growing contamination that also
must be removed. Since we are only interested in K™ decay,
the intermediate vacuum state does not contribute and the
contribution of the |2z£v) (K,4) state is suppressed by
phase space.

IV. RENORMALIZATION AND SHORT-DISTANCE
CORRECTION

In this section we discuss the renormalization of the
ultraviolet divergences which appear in the calculation of
the matrix elements of the bilocal operators introduced in
Sec. III. This includes the standard renormalization of
local composite operators which is discussed in the brief
Sec. IVA. Less standard is the presence of additional SD
divergences which appear when the two local components
of the bilocal operator approach each other. These addi-
tional ultraviolet divergences and their subtraction is
discussed in detail in Sec. IV B which unsurprisingly
makes up most of the section.

-V —U
- OZZ/ -
-
_ ~ u,d,s,c - - _
—_ - = —
w,e Oﬂ,é

W
O’I

W
Oq

7 —U
7 -
A -
~N 9L~ @
S S
K oy it KT )
w U

connected diag.

FIG. 3.

self-loop diag.

.7T+ K *@)

disconnected diag.

Samples of contractions contributing to Z-exchange diagrams. There are three different contraction structures: connected, self-

loop and disconnected diagrams. For each case we show one example. A complete set of contractions can be found in our previous

publication [13].
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A. Local operator renormalization

To produce the correct matrix element in the continuum
limit, it is necessary (but not sufficient) for the lattice
operators  {053=', 0050} for W-W diagrams and
{0OY, 0%} for Z-exchange diagrams to be renormalized.

We start by considering 05=!, 022=" and 07 which are

two-quark-two-lepton operators. The leptonic current does
not require renormalization and so we only need to deal
with the hadronic component which consists of vector and
axial-vector currents. In the massless quark limit, if the
conserved vector and axial-vector currents (in case of chiral
lattice fermions, i.e. domain wall or overlap fermions) are
used, the Ward-Takahashi identity implies that the renorm-
alization constants Zy and Z, are equal to 1. If instead,
local currents are used then one needs to evaluate Z; and
Z4. The renormalization of the operators Q; , and O, , (as
well as OZ") has been discussed in our previous work [13].
A more detailed description of the renormalization pro-
cedure can be found in Refs. [17,36,37].

B. Biocal operator renormalization

In addition to the renormalization of the individual
operators  {055=', 0950} for W-W diagrams and
{OY.0%} for Z-exchange diagrams, we need to consider
possible new divergences which arise as the two operators
approach each other, as shown in Fig. 4. Dimensional
counting would allow for a potential quadratic divergence.
In W-W diagrams, the V — A structure of the weak current
and the GIM mechanism reduce the degree of divergence
from quadratic to logarithmic since the leading divergence
is independent of the quark mass. In Z-exchange diagrams,
we imagine that Jf, carries momentum p = p; — p, =
P4 — p3 (see Fig. 4) and recall that it contains both a vector
and an axial-vector component. For the vector current
insertion, if a conserved current is used, then the loop
diagram is convergent and no lattice to continuum match-
ing is required. This is explained in Ref. [14] and in our
previous paper [13]. The situation is different for the
insertion of the axial-vector current because the quark
masses m,, and m, break the chiral symmetry explicitly. As
a result, in addition to terms proportional to the tensors
pzéﬂy and p,p,, there are now terms proportional to mgéﬂy.

FIG. 4. Left: SD divergent loop in W-W diagrams. Right: SD
divergent loop in Z-exchange diagrams.

PHYSICAL REVIEW D 93, 114517 (2016)

In all of these terms the degree of divergence is reduced by
2, but now the remaining logarithmic divergence is not
removed by the GIM mechanism since it contains terms
proportional to mé. Therefore, even if a conserved axial-
vector current is used, the loop diagram shown in Fig. 4 is
still logarithmically divergent. This is the case for chiral
lattice fermions for which the chiral symmetry is protected.
For Wilson fermions instead, where the chiral symmetry is
violated by the Wilson term, then the GIM cancellation
would lead to a linear divergence. We therefore propose
to perform a lattice calculation of the KT — zvp decay
amplitude using domain wall fermions. As discussed
above, whether a conserved or local axial-vector current
is used, we will need to deal with the logarithmic
divergence remaining after the GIM cancellation from
the SD region where O% and O}/ approach each other.

In the following subsections we present our proposed
treatment of this additional SD divergence and the intro-
duction of the counterterm necessary to subtract it. We start
however, with a description of the conventional approach,
based on the perturbative evolution of the operators in the
effective Hamiltonian to momentum scales below the mass
of the charm quark and the nonperturbative evaluation of
the matrix element of the remaining local operator(s).
In this subsection we also explain why this is not the
procedure which we propose to employ to determine the
amplitudes for rare kaon decays.

1. Perturbation theory calculations in the MS scheme

We start by briefly reviewing perturbation theory calcu-
lations of the charm quark contribution to K+ — zuvw
decays [27-29]. This is illustrated schematically by the
diagram in Fig. 5. These considerations apply to each of the
bilocal operators Byy and 5 given in Egs. (19) and (20).
We will adopt a slightly generalized notation to allow us to
discuss both cases at the same time. Since the issues of
operator renormalization and scale dependence are impor-
tant, we also wish to explicitly show the Wilson coef-
ficients, including their renormalization scale and scheme.
Thus, we will use the Wilson coefficient operator product
C, Q4 to represent either the operator 035:1 (W-W case) or

O;V (Z-exchange case). As is shown in Eq. (13), for this
second case we should actually write the sum of the product
of two Wilson coefficients multiplying two operators. In
order to simplify our discussion we will ignore this familiar
2 x 2 operator mixing complication (which is not difficult
to treat) and use a single (coefficient) x (operator) product
in both cases. Similarly we will use the product CzQp to
represent either the operator O5=" (W-W case) or
0% (Z-exchange case). Here A and B are generic labels
for the four-fermion operators as indicated. The label A
should not be confused with the axial current. In both cases
the local counterterm that must be introduced involves the
same operator Q. Thus we represent this local counterterm
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continuum SM

/\
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[CF(MW)Q (M) CNS (Miy) QS (My) . CYS (M)

OPE /

— g matching
[ SweFw  f————

Schematic illustration of the steps in the treatment of the SD effects in perturbation theory.

FIG. 5.

by the product CyQ,, where we should keep in mind that
the Wilson coefficient C,, will be different in the W-W and
Z-exchange cases. We now describe each of the four steps
in turn.

Step 1.—The heavy W and Z bosons are integrated out and
the second-order weak interaction is written in a combination

of a bilocal operator [ d*xT[Q,(x)Q5(0)]MS

operator Q S(,u) Here Q, p are local, four-fermion oper-
ators renormalized in the MS scheme. By setting up
matching conditions at g = O(My) and requiring the
amplitude in the effective field theory to be the same as
that in the full theory, one determines the coefficients
CY¥S(u), CMS(u) and CYS(u) at u = O(My). The local
operator OMS () [and its Wilson coefficient C}'S (4)] can be
thought of as serving two closely related purposes. The first
and most familiar is to represent phenomena, such as those
that involve the top quark, which appear local below the
scale of My,. The second purpose is to act as a counterterm
removing the ultraviolet divergence from the SD region
x ~ 0, where Q,(x) and Qp(0) approach each other.
Step 2.—As the next step the renormalization group

(1) and a local

equations are used to evolve the Wilson coefficients CF (1),

CMS (1) and CYS () from the scale y = My, to lower scales.
The evolution includes a mixing of the singular part of the

bilocal operator [ d*xT[Q4(x)Q0p (0)]MS(4) into the local

operator Qg’ls (1). The corresponding renormalization group
equations are an extension of those which govern the
evolution of a set of local operators and are discussed in
detail in Ref. [35]. The specific application to the rare kaon
decays being studied here are described in Sec. XI.B
of [35].

Step 3.—At the scale y = O(m,) we can perform a
second operator product expansion (OPE) and integrate
out the active charm quark field. This can be done by
evaluating the matrix element of the bilocal operator

T[Q4(x)Q5(0)]MS (1) and relating it to the matrix element
of the local operator (OMS(u)),

7kt |

/ d'x(T]Q, (x) 05 (0)]"S (1)

= S () (OYS (x = 0.1)).

Following Refs. [35,41], we use the term “matrix element”
to mean ‘“amputated Green’s functions of renormalized
operators.” Note that the corresponding LD contribution
from the up quarks is suppressed by factors of m2/m?2
(or AéCD /m?2 from nonperturbative effects) relative to the

(33)

terms that we are examining here at the energy scale
O(m,). Of course, we must neglect such Ag,/mZ terms if
Eq. (33) is to reflect an underlying operator identity and the
coefficient r,p to be independent of the amputated Green’s
functions of renormalized operators used to determine it.

Step 4.—Finally, after integrating out the charm quark
fields, the only remaining operator in the effective

Hamiltonian is Cl\/[_s(,u)QOMS (1), where the Wilson coeffi-
cient is given by

CYS () = CYS () CYS ()5 (k) + CYS (). (34)

At this stage the conventional approach is to calculate the

K" — n"vp matrix element of the local operator an_s (u).
This can be done by starting with a lattice computation of
the matrix element of O™ (a) and then calculating the

renormalization constant Z@(au) to obtain the matrix

element of OMS (11). The renormalization constant ZMS (au)
can either be calculated directly in perturbation theory or, as
is now standard and generally more precise, to use non-
perturbative renormalization to obtain the operator in a
scheme for which the renormalization conditions can be
applied in a lattice calculation [36,42,43] and then perform-
ing a continuum, perturbative matching calculation to
obtain the operator in the MS scheme.

In this paper we propose an alternative approach in
which steps 3 and 4 described above are not performed. The
motivation for this is twofold. First, we avoid using QCD
perturbation theory at the charm quark scale where studies
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of the K; — K¢ mass difference suggest poor convergence
[22]. Second, we avoid relying on an effective theory in
which the charm quark has been integrated out, which has
further difficulties. Once the charm quark has been inte-
grated out, the higher-order corrections in the OPE are
typically suppressed by powers of u?/m?2. At this stage we
are squeezed. On the one hand we would like to evolve to
lower values of u so that these omitted higher-order
corrections are negligible and do not contribute large
systematic uncertainties; on the other hand we cannot
evolve the scale y down to much lower values, e.g.
# = O(Aqep), because perturbation theory surely fails at
such low momentum scales. We propose instead, not to
perform the second OPE (i.e. not to integrate out the charm
quark) but to calculate directly the matrix elements of the

bilocal operator [ d*xT[Q, (x)QB(O)]M_S(,u) and the local

operator OMS () and combine them together to obtain the
physical amplitude.

This is the same approach that we have proposed to
compute the LD contribution to the indirect CP violation
parameter ¢x [17,19]. In contrast to the K; — K¢ mass
difference, for both ¢x and K™ — zvp the second-order
effective theory appropriate at the lattice scale of a few GeV
contains logarithmic, ultraviolet divergences, requiring
regulator-dependent counterterms. In the case where a
lattice regulator is to be used, extra steps are needed to
determine these counterterms from those that are conven-
tionally defined in the MS scheme. In the following
subsections, we will give a detailed description of our
method in the current context.

2. The bilocal operator in the RI/SMOM scheme

To determine the matrix elements of bilocal and local
operators renormalized in the MS scheme, we need first to
adopt an intermediate scheme, which can be used in both
nonperturbative lattice QCD calculations as well as in
continuum perturbation theory. Here we choose to use the
RI/SMOM scheme. We consider the off-shell Green’s
functions with the four external legs carrying momenta:
5(p1), d(p>), U(p3) and v(p,), as shown by Fig. 4. Since
this Green’s function is not a gauge-invariant observable,
the quark fields must be fixed in a particular gauge, e.g. the
Landau gauge. The “nonexceptional” external momenta
p1» are chosen to satisfy the condition p? = pi=
(P1 = p2)* > Ajcp, Which substantially suppresses the
infrared contamination in the computation of the Green’s
function and hence improves the reliability of perturbation
theory. A simple choice of {py, p,} is p; = (,&,0,0) and
P> = (£,0,&,0). We define the RISMOM renormalization
scale ug by ,u% = p%yz = 2£%. We emphasize that we have
now introduced two distinct renormalization scales: the
RI/SMOM renormalization scale y, and the MS scale p.
While we could choose y = , for generality and clarity of
presentation we distinguish them here and below.

PHYSICAL REVIEW D 93, 114517 (2016)

Although the choice of neutrino momenta p; and p, is
irrelevant for the suppression of infrared effects since no
gluons connect to the neutrino lines, it does affect the
momentum p)q,, flowing into the internal loop (see Fig. 4):

B {pl + p3 = py+ p4, forthe W-W diagram,
Ploop = p1— P> =p4—p3, fortheZ-exchangediagram.
(35)

For the Z-exchange diagram pj, = pg. For the W-W
diagram we can choose p3 = (0,-¢,0,—¢) and p, =
(0,0, =¢, =¢) which also leads to pf,,, = ug. Other choices
of {ps, ps} are also possible. For example if we inter-
change the definitions of ps and py, then pf,,, = 2u5. What
is required is that the neutrino momenta p; and p, are
chosen such that py,, is of the order of (or larger than) the
renormalization scale yg (pi,,, 2 #5) 5o that the contribu-

tions to the momentum integrals [ d* p from regions of low
momenta (p? < AéCD) are suppressed by one or more
powers of Adep/ P In this way, we ensure SD domi-
nance of the off-shell Green’s function.

Given the choice of external momenta {p;} described
above, we can impose the RI/SMOM renormalization
condition for the local operators Q4, Qp and Q,. Here
we use the operator Q4 to illustrate the procedure:

(081 (00) -4z, = (251285 (o) (05 a)
= (0. (36)
where (OR!) is the amputated Green’s function of the
renormalized operator OR!(u), (Q%) is the amputated
Green’s function of the bare lattice operator Q%(a) and
(04)©) is the tree-level amputated Green’s function. The
subscripts p? = u3 in Eq. (36) indicate that the Green’s
functions are evaluated with the choice of momenta
described above, i.e. with p? = p3 = (p; — p,)* = uj.
Z, is the quark’s wave function renormalization constant;
see Ref. [43] for the detailed definitions to be used in the
RI-SMOM schemes and 7 is the number of external quark
lines. For the rare kaon decays being studied here n = 2
and below we shall simply replace n by 2. The renorm-
alization constant Z{'~R(au,) relates the renormalized
operator OR!(u) and the bare operator Q%(a) through
the relation Q' (ug) = Z{§' N (ap) 0}f' (a). It can be deter-
mined nonperturbatively by evaluating (Q%!) with the
given external momentum { p,} and imposing the condition
in Eq. (36).
As the next step, one can calculate the conversion
factor Z§=MS (u/py) perturbatively, relating the renormal-
ized operators in the RI/SMOM and MS schemes

through NS (1) = Z&MS (u1/pg) O (o).  Using  the
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conversion factor ZZL"M—S(;;/ Uo) and the renormalization
constant Z§R(ap,), the MS operator can be related

to the bare lattice operator through Qm( ) =

28 (/o) 287 (o) 05 (@) = Z () 0 (a).

Next we extend the RI/SMOM scheme to provide a
regularization-independent definition of the bilocal product
of O, and Qp. Here will we use the notation

(0305} () = / dT{05(00())5. (37)

where S indicates the scheme used to define the local
operators O, and Oy while S’ labels the method used to
define the singularity when x = y. Here the labels S and '
can be a combination of the three choices MS, lat or RI. For
simplicity we will usually choose y = 0 and not show this
argument explicitly. While the choices S’ = MS and lat are
defined by standard conventions, the case S’ =RI is
defined by imposing the condition
({0303 }) =2 = O (38)

where the subscript p? = p2 indicates the amputated, four-
Fermi Green’s function evaluated for the nonexceptional
external momenta described above. The subscript i added
to the bilocal operator itself indicates the scale dependence
that this RI operator has acquired because of the condition
used to define it.

To relate the bilocal operators {QF QF'}RI and
{ORORIMat e can write

= { 0% (1) O (o) "
— Xap(Ho> a) Rl(ﬂo)v (39)

{of'OF" i

where the last term on the right-hand side is introduced to
compensate for the different treatment of the singularity in
the product Q,(x)Qz(0) as x — 0 in the two different
schemes. Although each of the renormalized local oper-
ators O}, ORI and Q]! individually are independent of the
ultraviolet cutoff a, the additional SD divergence in
{ONORIat §s regulated using the lattice cutoff. The
coefficient X 5(ug, a) therefore has a dependence on a
and is defined by the subtraction condition in Eq. (38):

{OR Q5 ) pme = ({OR' QB o
— Xap(Ho, a><QoRI(ﬂo)>p,?:yg =0.

These Green’s functions are calculated by computing
the corresponding Green’s functions for the bare lattice
operators and multiplying by the Z'®~Rl renormalization
constant for each of the local operators. Using the

PHYSICAL REVIEW D 93, 114517 (2016)

renormalization condition (40) we can determine the
coefficient X ,p(pg, @) nonperturbatively and hence can
define the RI/SMOM bilocal operator {Q4Qp}R! through
Eq. (40) with no ambiguity and no dependence on a.

Finally we can express the MS bilocal operator in terms
of the RI/SMOM bilocal and an additional local operator by
using the analogous equation to Eq. (39),

(NS QYIS = 285 o) 2 (O 'Y

+ Y ap (. 1) OF (o). (41)

Green’s functions of the bilocal operator { QY QMS}
evaluated using dimensional regularization of all the ultra—
violet divergences and their subtraction following the
standard procedure to define the MS scheme. The u-
dependence of such Green’s functions has contributions
not only from the anomalous dimensions of Q4 and Qp
[and reproduced by the first term on the left-hand side of
Eq. (41)] but also from the SD region and contained in the
coefficient Y45 (u, o). To determine Y45 (u, uy) we calcu-
late the amputated Green’s functions for both sides of
Eq. (41) at p? =y} and impose the renormalization
condition Eq. (38) so that

<{QMS MS}MS> -

;ﬁ’fﬁ 285 1) 25 o) (L QIO V)
+ Y up (1. 1o) <Q§l>p%:”(2)}

~ Zg (o)

ZMS ) \OVIVATY <Qo> : (42)

where the superscript (0) denotes tree-level, and reminds
us that the RI/SMOM renormalization condition is

0 . .
Q8 pry = <Q°>;?)=u§‘ In this way we can determine
the coefficient Y,5(u,uy) and hence, using Eq. (41),
JVS

express the bilocal operator {Q,0p
operators that are defined in lattice QCD.

() in terms of

3. Numerical strategy for bilocal
operator renormalization

As reviewed in Sec. IVB 1, electroweak and QCD
perturbation theory can be used to determine a combination
of bilocal and local operators, defined in the MS scheme at
a scale u, whose matrix element between K+ and z*vi
states will accurately determine the rare K™ — zvp decay
amplitude, provided the scale u is sufficiently large that
QCD perturbation is accurate. Following Eq. (21) we can
write this second-order weak operator, before the final
integral over space time, as the combination
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BYS, (v) + BYS(y) + CYS O} (y). (43)

II. K - mvv ...

When the MS scale y is below the bottom quark mass, one
expects that the largest contribution come from the second,

Cg’[_ng’[_s term in this operator since it contains a
In(My/my) factor which the bilocal operators BY3,(v)

and BYS(y) do not. The contribution of this local term to
the K™ — n"vb decay rate can be accurately computed and
the achieved accuracy of this computation underlies the
experimental and theoretical interest in this process.

In this paper we wish to augment this capability with a
first-principles calculation of the matrix elements of the
bilocal operators in Eq. (43). To the extent that this term is
relatively small, our methods do not need to be as precise as
those used to determine the matrix element of the local
operator. For example, we may be able to obtain a useful

|

BYS = {(C ()™ QY + C, ()™ O3S

where we have considered the case of the operator O,VIV
defined in Eq. (13) and included the required operator
mixing but examined only the hadronic axial current
component of the current Jf given in Eq. (17).

V. FINITE-VOLUME EFFECTS

When second-order weak amplitudes that involve multi-
particle intermediate states are computed in finite volume,
potentially significant finite-volume corrections can appear.
References [15,44,45] give detailed formulas which deter-
mine the finite-volume (FV) correction for the case of the
two-pion intermediate state that appears in a calculation of
the K; -K ¢ mass difference. The same approach can be used
to determine FV effects in rare kaon decay amplitudes.
The finite volume effects discussed in this section and in the
above references are those which fall as powers of the
lattice size and arise from the degeneracy between possible
intermediate states and the initial and final states in the
process being considered. Here we do not address the
presumably smaller FV effects which fall exponentially as
the volume increases.

As is well known, power-law, FV corrections are related
to the on-shell amplitudes A(K — {n}), where {n} repre-
sents an intermediate state made up of n particles. As more
particles are included in {n}, we expect that the FV
correction will be increasingly suppressed by the resulting
reduced phase space. In Table I we list the relevant
branching ratios of K — {n} from the Particle Data
Group [46]. Since the K,, decay is helicity suppressed,

)(Jport (1 =p)v) =

{ (,] ) p)MS ZRI-MS RI>(J;}D}/"(1 - W) —{u— C}}
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result if we employ only leading-order formulas for the
perturbative coefficients Y (u,uy) which relate the MS-
normalized bilocal operators appearing in Eq. (43) and the
RI-normalized bilocal operators which can be evaluated
nonperturbatively using lattice methods. As we increase the
scale y appearing in Eq. (43), the use of QCD perturbation
theory to determine the Wilson coefficients appearing in
that equation will become more reliable. However, this will
also cause the contribution of the bilocal operator to
increase, requiring a higher precision from the lattice
calculation if the overall error is to decrease.

We will make the preceding discussion concrete by
writing out an explicit example expressing the perturba-
tively determined operator BYS(y) in terms of operators
and coefficients that can be determined directly from a
lattice QCD calculation:

{u—c}}i®
+ > VS (u

Ho i=1,2

YQ JA(:“ Ho) oRI(ﬂo)’ (44)

|

we can compare the other entries in Table I with that for K
to estimate the effect of this phase-space suppression. As
the number of daughter particles increases, the branching
ratios are significantly suppressed. The only exception is
seen in the comparison between the decay modes K™ —
7t7° and K* — 3z, where the branching ratio is only 3
times smaller in K™ — 37 decay. However, this is because
only the I = 2 pion-pion state contributes to the K™ —
#*7° mode and the corresponding decay amplitude is

TABLE 1. Branching ratios and decay widths for K — {n}
decays. The third column gives the relevant diagrams to which the
K — {n} amplitudes contribute. As n increases, a large sup-
pression can be observed in the K™ — {n} branching ratio. The
only exceptions to this trend (K* — z72° and K™ — 37 decays)
can be explained by the A/ = 1/2 rule. In the neutral kaon decay,
we show the suppression of the decay width from Ky — 27 to
K; — 3r decay. Here the decay width is given in units of eV.

K> {n} Branching ratio Relevant diagrams
K = pty, 6.355(11) x 107! .
K* = 2mity, 4254(32)x 105 VW diagram
+ 0,+ i)
K' o aletn, 3353(4)x 102

Kt - 3rety,
Kt = atal

<35x%x10°°

2.066(8) x 107! JEA

Z-exchange diagram,

Kt — 3n 7.35(5) x 1072 Z-exchange diagram, J%"
K — {n} Decay width [eV] Relevant diagrams

Ks - 27 7.343(13) x 10™°  Z-exchange diagram, J5*
K; - 3=x 4.125(30) x 10™  Z-exchange diagram, J%"
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highly suppressed because of the Al =1/2 rule as
explained in Ref. [47]. If we consider instead the neutral
kaon decays, to which the I =0 pion-pion state also
contributes, and compare the decay width between
Kg — 27 and K; — 37z, a large phase-space suppression
can be observed in Table 1.

From Table I, we conclude that for the W-W diagrams,
we may neglect the FV effects associated with on-shell
Kt = 2nf*"v, and Kt — 326" v, amplitudes, which are
highly phase-space suppressed. We need to consider only
the FV corrections related to K™ — #*v, and K+ - 2%/ "1,
amplitudes. Here, the four-momentum of the intermediate
neutrino is completely determined by the (z" v/ final state.
Therefore, no power-law, FV effects exist for the |£Tv,)
intermediate state. For the state |z°¢*1,), the correspond-
ing FV correction, ThHY, = Tyw(L) — Tyw(c0), can be
expressed as

e (o5 )
x {Aff“”o(p k)
<{atp -7

1 07t
K+ m 2A (k pn)}

(ﬂf’k’j%m r)(pn) |

(45)

where k is the momentum carried by the intermediate 7°
and P = pg — p, is the total momentum flowing into the
7 — £+ loop. The second line of Eq. (45) corresponds to
the sequence of hadronic transitions K+ — 7z° — z*. The
K* — 7% and z° — #* transition amplitudes are given by

(k) [s7au(0) K" (pk))-
V(T (pa)lirpd(0)|z°(k)).  (46)

0

AKX =7 (pg. k) = Zy(a®
AT (ko pa) = Z

Though the intermediate 7° can carry an off-shell momen-
tum, only the on-shell K* — 7° and 7z° — #+ amplitudes
can contribute to ThY,. Therefore in Eq. (46) we simply
define AKX ="' (pg. k) and AZO_’”+ (k, p,;) using the on-shell

pion state |z°). To estimate the FV correction, we need to
evaluate these transition amplitudes in our lattice calcu-
lation. Once available, these amplitudes can also be used to
remove the exponentially growing contamination since the
|7%¢* 1) state possibly has a lower energy than the initial
kaon. The third line of Eq. (45) gives the leptonic
contribution which involves a lepton propagator.

Although the expression in Eq. (45) is complicated, we
can write it in a simpler but more general form as

PHYSICAL REVIEW D 93, 114517 (2016)

Iry =1(L) = I(c0)
NN
Flko. %)

X . 47
ke

For the case P = 0, this expression can be evaluated using

formulas given in Ref. [45], simplified by the vanishing of

the 7°-#+ scattering phase shift, since we are not including

electromagnetic effects. However, for P # 0 this discussion
must be generalized following the treatment given by Kim,
Sachrajda and Sharpe in Ref. [48] for the case m; = m,,
boosting the system into the center-of-mass frame. For
my # m,, a similar result is given in Ref [49]. We conclude
that if the hadronic transition amplitudes AX =" (pg. k)
and A”O"”+ (k, p,) have been determined, one can evaluate

the FV correction ThY, using known methods.

For the Z-exchange diagrams, the FV effect resulting
from the transition K™ — 3z is significantly suppressed by
a phase-space factor, and that related to K+ — 7720 is
suppressed by Al = 1/2 rule. Therefore, we can choose to
neglect both of these sources of finite volume error in a
near-term lattice calculation. If we wish to have a more
accurate understanding of how small these FV corrections
may be, we can evaluate the larger FV piece coming from
the 777" intermediate state. Since the momenta for three
noninteracting particles in the (z"vp| final state are
assigned explicitly, no power-law, FV effect of the sort
identified by Lellouch and Liischer [50] is present for this
rare kaon decay. We can then treat (zup| as a single-
particle state (7'| and again extend the FV correction
formula derived for the case of the K; — K¢ mass differ-
ence [45] to the rare kaon decay. In this way, we obtain the
FV correction,

(@H0Z7|m)™ " (n|Og'|K™)

2
Z mg — En

n

s o (@|0%|a E)*=(a. E|OY|K™)
P 2my dEza: f K E
= cot(¢p(E) + 5<E))w B

x (7T OZ|at a2, mg)TVEV (T2, mg|OV|KT).  (48)

Here we use the notation of Ref. [45]. Making the
replacement (77|0% — (z*|J% in Eq. (48), we obtain
the FV correction formula for 7.

VI. CONCLUSION

With the development of new methods [15-18,44,45], it
is now possible to calculate the long-distance contributions
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to second-order weak amplitudes, such as the K; — K
mass difference AMg and ek, directly using lattice QCD.
These methods have now been extended in Ref. [13] to
address the long-distance contributions to the rare kaon
decay K — n£"¢~. The present paper is a companion to
Ref. [13], focusing here on developing lattice methods that
can be used to compute the long-distance corrections to the
rare kaon decay K — zvi. In each of these treatments,
those contributions which are identified as long distance
and targeted by the proposed lattice methods include all
energy scales at or below an energy that is conservatively
chosen to exceed the charm quark mass. Thus, these
methods will allow calculations in which QCD perturbation
theory is used only at energy scales which lie above the
charm quark mass.

Since the NA62 experiment at CERN is now collecting
data for K™ — ztvp and the KOTO experiment at J-PARC
in Japan is designed to search for the K; — z'vi decay,
these two rare kaon decays become important parts of the
search for an understanding of physics beyond the SM. In
both channels the decay amplitudes are dominated by SD
contributions. For K; decay, the LD contribution can be
safely neglected. For K decay, the LD effects are expected
to be of a few percent, assuming that QCD perturbation
theory is accurate at the charm scale. Although possibly
small, this long-distance correction is now the dominate
source of theoretical uncertainty in the SM prediction for
the K™ — zvp branching ratio. It is therefore timely for
lattice QCD to provide the LD contribution to K™ — 7z vp
with controlled uncertainty.

In this paper we present a method in which lattice QCD can
be used to compute the LD contribution to the K — zvv
decay amplitude. As explained in the body of this paper, the
calculation requires the computation of nonstandard corre-
lation functions, the control of SD singularities, the sub-
traction of unphysical, exponentially growing contributions
as the range of the integration over the time separation of the
two weak operators is increased and control of finite-volume
effects. The principal aim of this paper is to demonstrate that
all these challenges can be overcome. The computation of the
W-W and Z-exchange diagrams is discussed in Sec. IIL
Because of the nonlocal neutrino structure in the W-W
diagrams, we must include the neutrino and antineutrino
explicitly in the final state. In addition, we also need to
include a lepton propagator in the lattice calculation. In
Sec. III B and Appendix C, we show in some detail how to
deal with the complicated, nonlocal neutrino structure. The
procedure needed to remove the exponentially growing
contamination that accompanies the proposed Euclidean-
space lattice methods, from the W-W diagrams is discussed
in detail in Appendix D. For both the W-W and Z-exchange
diagrams, the lattice amplitudes will have ultraviolet, loga-
rithmic divergences, which are cut off by the lattice spacing.

We discuss in Sec. IV how to perform the necessary SD
correction using an extension of the Rome-Southampton
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method. Power-law, FV corrections are discussed in Sec. V
with an emphasis on their natural phase-space suppression.
For the W-W diagram, to evaluate the FV correction one
needs to compute the K+ — 7z° and 7z° — z* transition
amplitudes. For the Z-exchange diagram, the FV effects are
suppressed significantly either by limited phase space or by
the Al = 1/2 rule. Only after reaching subpercent preci-
sion, might one need to include the FV corrections from the
#t7° intermediate state. As we show above, it is straight-
forward to extend the FV correction formula needed for the
K;-Kg mass difference [45] to the present case of rare
kaon decay.

Using the methods developed in Ref. [13] and this paper,
it is now possible to undertake exploratory numerical
calculations of the LD contributions to both the K —
xT¢~ [51] and K — #vp [52] decay amplitudes. This is
important not only for providing needed LD information to
the SM prediction for these rare kaon decays but also for
extending our ability to compute a wider array of important
physical observables using the methods of lattice QCD.
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APPENDIX A: CONNECTION BETWEEN
EUCLIDEAN AND MINKOWSKI AMPLITUDES

As the methods of lattice QCD are applied to more
complex quantities the issue of the formalism used to
present the results becomes more important. The targets of
a lattice QCD calculation, such as that presented here, are
physical amplitudes which can be compared with other
experimental and theoretical work and would naturally be
presented as Minkowski space quantities in which the
operators involved have a conventional, physical time
dependence and Lorentz symmetry is manifest. However,
a lattice QCD calculation requires the introduction of an
unphysical, Euclidean time and a resulting formalism that
has a Euclidean O(4) symmetry.

Both descriptions of relativistic quantum field theory can
be viewed as based on the same Schrodinger quantum
mechanics, described by the same quantum mechanical
Hilbert space and the same QCD Hamiltonian. This makes
it possible to establish that certain quantities computed
using Euclidean-space lattice methods are identical to those
of physical interest described using Minkowski time
dependence. However, a given physical quantity will often
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be expressed using different conventions depending on
which approach is adopted, creating a dilemma for a paper
such as this. While we would like to present results in a
standard notation immediately accessible to those familiar
with Minkowski field theory, we also wish to present a
record of our calculation without a translation into a second
formalism.

As a compromise we have presented the details of our
method in the O(4)-invariant, Euclidean formalism used
for the calculation but also give important formulas in a
conventional, Minkowski language. In this Appendix we
discuss the relation between these two descriptions so that
the reader can interpret our Euclidean-space formulas in
terms of Minkowski quantities. This Appendix is divided
into two sections. The first, included for completeness,
recalls the standard relationship between time-independent
quantities computed using Euclidean and Minkowski
conventions. In the second section we specialize these
considerations to the quantities computed in this paper
and provide the Minkowski-space definitions of those
quantities.

1. General considerations
Starting with the same Schrodinger operator Og the
Minkowski and Euclidean approaches define two different
time-dependent generalizations:

OM(I) = eiHZOSe_iHI (Al)

Og(xg) = el Oge~H*, (A2)
where H is the QCD Hamiltonian, the subscripts M and E
identify Minkowski and Euclidean operators and we use
different variables ¢t and x, to represent Minkowski and
Euclidean time.
When expressed as a Feynman path integral the time-
ordered product of N time-dependent operators,
(0|7 (Ox, (x1)Ox, (x2)...Ox, (xy))|0), (A3)
can be written as manifestly Lorentz- or O(4)-invariant
quantities when X = M or E, respectively. While such
Green’s functions can be viewed as a single analytic
function of the space time coordinates {x,x,,...,xy},
for numerical work the possibility of performing an
analytic continuation is rarely of direct value. Instead
special constructions are employed for the Euclidean-space
lattice QCD calculation to extract quantities with direct
physical meaning. Masses of low-lying states can be
obtained from the exponential dependence on the time
separation of the operators appearing in the Euclidean time-
ordered product in Eq. (A3) for the case N = 2. Likewise
the matrix element of a Schrodinger operator Og between
physical, energy eigenstates can be obtained from the time-
ordered product in Eq. (A3) for the case N = 3 where large
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time separations are used to project onto the desired energy
eigenstates. For the more complex, bilocal operators
considered in this paper, more effort must be expended
to extract quantities of physical interest from time integrals
of Euclidean time ordered products of the sort shown in
Eq. (A3) for the case N = 4.

However, we do not conventionally work with the
underlying Schrodinger operators, which typically
contain conjugate field variables z(x) and the Dirac
creation operators ' (x). Instead, these noncovariant,
Hamiltonian quantities are replaced by 0¢(x)/0x, or
O¢(x)/0t and w(x) using conventions that differ between
the Minkowski- and Euclidean-space formalisms. While
the treatment of spatial variables should be the same in
these two approaches, our use of a (1,—1,—1,-1)
signature for the Minkowski space metric introduces an
additional minus sign discrepancy with Euclidean quan-
tities which use a metric with the (1,1,1,1) signature. [For
Minkowski space, we follow the conventions of Peskin and
Schroeder [53] and view the combination (z, x', x?, x?) as a
raised-index, Minkowski-space vector.]

For a scalar operator ¢y (0, X) at x, = r = 0 there is no
difference between the Euclidean and Minkowski versions
which implies that V;¢,,(0,%) = V,¢(0,X), 1 <i < 3.
However, as implied by Egs. (Al) and (A2), their time
derivatives will differ:

Oy (1. X)

_ i8¢E(x0,})
ot

A4
=0 0x ( )

x0=0

For example, if ¢;(x) is the ith component of the three-
component, isovector pion field operator we can compare
the Minkowski and Euclidean space expressions:

0 - - -y -
o O 0.9l 5) = =i(y/m3 + 5. =)

X Z,8; e Pt (A5)

Ol (s Dl ) = (— i + 5.5 ) 2,507
axI;; B0, 5P 7T DP7ID ) £70ij >
(A6)

where the state |z(j, p)) describes a physical pion with
isospin index j and three momentum p, m,, is the pion mass
and Z, is a normalization factor appropriate for the pion
interpolating operator ¢;(x). The Minkowski and Euclidean
four-momentum associated with this on-shell, pion state are
given by
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For fermions a similar translation between ), and g is needed. Recall that Dirac’s original notation uses the

Hamiltonian operator

Hp = / Pryl(E) @ (V) + pm)ys(E).

(A9)

where the Schrodinger operators y(X) and its Hermitian conjugate ' (X) are time independent and obey the usual
anticommutation relation, {y(X),w(y)} = &*(x —y) while the four, 4 x 4, Hermitian, Dirac matrices @ and 3 are
anticommuting and each has a square which is the identity matrix.

If the time evolution operator for the Hamiltonian Hp, in Eq. (A9) is written as a Grassmann path integral following the

usual textbook derivation [54], one finds

Ty O @) = [ dildly exp{ [ w(—w( >+ﬁm)w}w<y>;z<z>,

where to be concrete we consider the case of a two-point
function. The fermion field operators y and y/il have been
replaced by the Grassmann integration variables y(x) and
7(x) and the Minkowski case can be obtained by inserting a
factor of 7 in front of the Hamiltonian on the left- and right-
hand sides of Eq. (A10) and replacing the Euclidean time
variable x;, by # In each case, we redefine auxiliary
Grassmann field jy to give the mass term its standard form
and introduce y matrices chosen to make the underlying
Lorentz or O(4) symmetry manifest.

|

Te{Tle Ty (y)wiy(z

Tr{T[e

Thus, the relation between fermionic quantities
expressed in the Euclidean and Minkowski formalisms is
also straightforward. When evaluated at zero time, the
Grassmann spinor variables ,,(0, X)$ and (0, X)A both
correspond to the Schrodinger operator 1//}(}) the same
relation which connects (0, X),, and y(0, X); and y¢(X).
The Euclidean and Minkowski y matrices are related by

=1 rE=-ivi. (A15)

With these rules we can easily relate operators which are
expressed in these two formalisms as will be done below.

'We have used the operator y# to represent the Euclidean time
evolution of the operator ' which must be distinguished from
the Hermitian conjugate of the Euclidean time evolution of the
operator .

(A10)

This can be accomplished by the following choices:

vu =P Yw=B  Tu=Pa (All)

With these conventions Eq. (A10) and its Minkowski
counterpart become

0 = [ awdavdexs{i [ @x [ awma(vi = Yo funmatan @13)

weowk(@D) = [ awsduilee{ = [ @x [ awm (v g m v fueoimetas

(A14)

First we examine the isovector current, normalized
so that the integral of the time component generates
isospin transformations. In the case of a scalar field

we have
co iy 1[(0- - 0 -
<VS4,VM>=;<E¢><¢ Wﬁxrp) (Al6)
20 = o - - -
(V. Vi) = (8—¢»x¢, xi¢x¢) (A17)

where the explicit vector arrows represent the isospin
degree freedom. Thus, the Minkowski and Euclidean
current operators are related by

Vi, = iVk.

Vi = Vo, (A18)
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We find the same relation if we consider the vector current
constructed from fermions which are assumed to form an
isodoublet:

Vi = wxrktyy (A19)
for X = M or E and 7 is a vector formed from the standard
Pauli matrices 7z'. That the relation in Eq. (A19) holds in
this case as well can be deduced from the relation between
the Euclidean and Minkowski gamma matrices given in
Eq. (A15). The same relation will connect the Euclidean
and Minkowski axial currents since in both cases we use
the same y° Dirac matrix: ys = iyy}, 737

Finally we consider the relation between the four-
fermion operators expressed in Euclidean or Minkowski
notation. This is particularly simple because these have the
form WXF)(WXWXF)(WCJ where X = M or E, the I'y are
combinations of spinor and flavor matrices and the coef-

ficients C;{ are chosen so that the resulting operator is a
scalar under the proper Lorentz group or O(4). Such a
quantity is the same for either Minkowski or Euclidean
conventions because the four-vector indices of all internal
gamma matrices must be contracted in pairs of the form
y’,’(~~yxﬂ, a combination which is the same for X = E
or X = M.

2. Minkowski-space definitions

Using the above results we will now discuss some
specific matrix elements and invariant functions used in
this paper and the form in which they appear in both the
Euclidean and Minkowski space formalisms. We use the
usual relativistic normalization for single-particle energy
eigenstates |p) with mass m carrying momentum p:

(P'1p) =2/ P* + m*(22)*5*(p' - p).

For spin-1/2 particles, we will introduce the usual positive
and negative energy spinor eigenstates of the free Dirac
Hamiltonian @ - p + fm, u(p, s) and v(—p, s) correspond-
ing to particle and antiparticle states with spin s, normal-
ized so that the projection operators P onto states of both
spins with positive or negative energy take the form

(A20)

P = u(p)u(p)t =a-p+pm+E
s=+1
= (YPmu +m)p = (=iygpe, + m)p  (A21)
P_= zi;v(fr?)v(ﬁ)T =a-p—pm+E
= (7’54sz,, —m)p = (=iygpg, —m)p,  (A22)

where E = /p*> + m?. These same two 4 x 4 projection
operators can be used to compute polarization sums from
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products of matrix elements that were computed using
either Minkowski or Euclidean conventions. Of course, the
covariant Euclidean and Minkowski expressions in these
equations require that the appropriate on-shell momentum
given in Eqgs. (A8) and (A7) be used.

The most familiar matrix element to describe is that
defining the pseudoscalar decay constant f, for which we
can write both Euclidean- and Minkowski-space expres-
sions as dictated by Eq. (A19):

i(E t—p-X)

(Olfdy*ysuly (x)lz* (P)) = (A23)

<O|[‘_17ﬂ75”]E<xE)|”+<Z’)>

ipu"fre”
= pi'fre PP (A24)

A second example is the matrix element of the vector
current between charged kaon and pion states:

(" (Px)[573d(0)| K" (Pk))

~(f(@i) (Px + P+ f-(a3) (P = Pa)h)  (A25)

(7 (Px)|57Ed(0)|K*(Pk))
=i(fi(~ap) (P +Po)e+f-(=ap)(Px = P2)E). (A26)
Here the minus signs in the arguments of f(g?) in the

Euclidean expression ensure that precisely the same form
factors enter both expressions, compensating for the differ-
ent signs in the inner product that result when equivalent
momenta are used in our Euclidean and Minkowski
conventions.

Finally we examine the matrix elements of the bilinear
operators which are the primary topic of this paper. In such
four-point correlation functions, the individual four-fermion
operators {0, 0'} = {02!, 053="} for the W-W diagram
and {0}, 0%} for the 7- exchange diagram are all scalar
operators and hence the same in both Euclidean and
Minkowski conventions. In Ref. [27], the Minkowski expres-
sion for the bilocal operator product has been defined as

By =i / d*xyT[0y(x4) 04 (0)] = {u = c}.  (A27)

The physical, Minkowski-space transition amplitude
Ay = (f|By|i) with initial state |i) and final state |f)
can be written as

A =1 [ arS S (110ulm) nl 0} iy B

0 .
i / 413 (Ol ) (m| OpgliYe o — {1 c}
2

Oy |n)(n|O),|i O}y |m)(m|Oy|i
:_Z<f| ) (n] |>+Z<f| |m) (m|Opi)

— E;—E,+ie E, —E, —ie
—{u—cl. (A28)
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The corresponding Euclidean expression is given by

Bg = /d4xET[OE(xE)O’E(0)] —{u—>c}
= /_:’ dXQ/d3xT[0E(xE)O%(O)] —{u — c}. (A29)

The transition amplitude A = (f|Bg|i) is then given by

.

. ‘Z <f|02|:> <2| Ol (| _ ot-£0m2)
+Z |O£|?m n;|0E| >(1_e(Ei_Em>Tﬂ)—{u_)C}-
(A30)

The equality of the matrix elements (f|Og|n) and
(f|Op|n) then guarantees that Ay is equal to A, once
we have removed the exponentially growing contamination
inA E-

APPENDIX B: MESONIC
AND LEPTONIC STATES

The mesonic states used in this paper are defined as the
lowest energy component of the state that results from
applying the following combinations of quark and anti-
quark operators to the QCD vacuum state. (Here we are
only concerned with the flavor and sign conventions so
detailed questions of the spatial structure of the combina-
tion of quark and antiquark operators are not addressed.)

|7+) = ifiysd]0),
% (itysu — dysd)|0)
K+ = ifiyss|0),
IK) = idyss|0),

|77) = —idysul0),
%) =
[K™) = —iSysul0),

IR?) = —isysd0). (B1)

In an analogous fashion, leptonic states can be annihilated
by the corresponding leptonic field operators, leaving the
usual Dirac plane-wave spinors

v(x)v(p,)) = u(p,)e'’*|0),

U(x)[o(pg)) = v(pp)e?|0)

£(x)|€(pe)) = u(pr)e'e(0),

£(x)|(pz)) = v(pz)e?*|0), (B2)

where the spinors u(p) and v(p) are the conventional
positive- and negative-energy eigenvectors of the Dirac
Hamiltonian introduced in Appendix A. Note the spinor u
in Eq. (B2) should not be confused with the up quark
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operator appearing in Eq. (B1). For simplicity we have not
shown the spin index.

APPENDIX C: EXTRACTION OF THE SCALAR
AMPLITUDE FROM W-W DIAGRAMS

We write the integrand in the bilocal matrix element 7y, y,
defined in Eq. (25) in terms of two factors:

Tuny = / 4 xH oy () [a(p)Top (D) 0(ps)]. (C1)

The hadronic factor H,z(x) and the leptonic factor
it(p,)Top(x)v(p;) are defined by

Hoy(x) = Z3(at (pa) | T[574(1 = vs)u(x)ays(1 = y5)d(0)]]
X K+(pk)> —
Lap(x) = 7a(l = 75)Se(x, 0)rp(1 = ys)e™P.

{u—-c}

(C2)

Here S,(x,0) = f (‘2’;’)14 _q’ijmf e'%* is a free Euclidean lepton

propagator.
The left-handed nature of neutrinos allows us to write
Tww in the form
Tww = T,u4(p,)v,(1 —r5)v(ps), (C3)
where with three independent momenta p, p, and p;, T,
can be written as

T/l = PKMGl + pUﬂGZ + pl_/[lG3

+ gyaﬁppKapvﬂprG4- (C4)

Neglecting the masses of the neutrinos, the terms propor-
tional to p,, and p;, vanish because of the Dirac equation
obeyed by the neutrino wave function.

We now consider the term proportional to G, in Eq. (C4).
Using the identity 7,757, =0457 )+ 0p,Ya—Oap¥ p T+ Euapp¥ u's
we can write

gpaﬁppKapuﬂprYy(l - 7/5)
—pxp.#5 — (Pk - )P —
+ (px - Po)P(1 —75).

(py - Po)Px
(Cs5)

Since the right-hand side of Eq. (C5) is sandwiched
between the neutrino spinors #(p,) and v(p;) in
Eq. (C3), only the third term in Eq. (C5) survives. Thus,
when 7', is combined with the product of neutrino spinors
in Eq. (C3), the term proportional to G4 in Eq. (C4) is also
effectively proportional to Pk, Therefore, we can write
Tww in terms of a single invariant amplitude Fyyy:
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/ d*xH 1 (x) [ p, )T oy (x)0( ;)]

=i+ Fww(pk. po- Po)[i(p,)p(1 —vs)v(ps)l.  (C6)

We now derive an expression for the scalar amplitude
Fww(pg, p,» Py). This might be most naturally done by
following the steps that are taken when evaluating the
K™ — n"vp decay rate. Thus, we multiply both sides of
Eq. (C6) by the 2 x2 spin matrix vpx(l —ys)u and
perform the spin sums in order to project out Fyyy
obtaining

FWW(P@PmPD)

— _ifd4XHaﬁ(x)Tr[ aﬁ( )ﬁwp/l((l - YS)ﬁy]
Trlpk (1 = v5)popk (1 = 1s)p.) '

(C7)

For lattice calculations it is useful to simplify the
expression on the right-hand side of Eq. (C7). The gamma
matrix factor pypi(1 —ys)p,, which appears in both the
traces in the numerator and the denominator, can be
rewritten in the form

Pkl —7s)p, Zbﬂ” +75), (C8)
where the coefficient b, is given by
b, = %Tr[yﬂﬁf/ﬂk(l —75)7.)]
= Pou(Pk - Pu) + Puu(Px - Po) = Pyu(Pu - Po)
+ €uappPraPipPKp- (C9)

This allows us to rewrite Fyw(pk, py, pp) in the form
Fww(pgs Pvs Pp)

_ / dcH () S e, T (9,1 + 7)), (C10)

where the four-vector ¢, is given by

bﬂ
: Cl1
b pr (C11)

1
C > = g
Given the momenta pg, p, and p;, the coefficients ¢, can
readily be evaluated so we need to compute only the four
integrals [ d*xH ,5(x)Tr[T,5(x)y, (1 4 7s)] for u =0, 1, 2
and 3.

In a lattice calculation, the hadronic matrix element
H,z5(x) can be calculated by evaluating a four-point
correlation function. The leptonic propagator S,(x,0) in
[,5(x) can be implemented using a free-field lattice
fermion formulation, e.g. domain wall or overlap fermion.
Following the steps described above one can determine the
scalar amplitude Fyw(pk, P, Ps)-
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APPENDIX D: LOW-LYING INTERMEDIATE
STATES FOR W-W DIAGRAMS

As indicated in Sec. III B 2, if the energy of a given
intermediate state is smaller than the energy of initial/final
state, then in Euclidean space-time, the nonlocal matrix
element [ dt{(z"vp|T[053=! (1)O53= 0( )]|KT) will include
an exponentially growing contamination. Here we study
what we expect will be the largest exponentially growing
contamination from the low-lying intermediate states.

For t < 0, the nonlocal matrix element is dominated by
the intermediate ground state |£). Its time dependence can
be written as

(15 08570 (0)| 7)) ——

(ev]03~ (1K)

2Ef2E
= Zy(#" |y, (1 =75)d(0)]0)Zy 0[5y, (1 = ys)u(0)|K™)
xu(p,)r, (1= Ys)iﬁg%yﬂ(l —y5)0(py) - eEeEER)
13
==2fxf4(p,)Pk piﬂ (1—y5)v(p;) - elEetEEx)t
=c,- e\EtEEx) (D1)

where fy and f, are the kaon and pion decay constants.
Here we have used the definition Zy (0[5y,ysu(0)|K*) =
pKny and ZV <”+|ayﬂ}/5d(0)|0> = _pﬂyfﬂ' The four-
momenta for initial-, intermediate- and final-state particles
are given by

pi = (iE;. p;),

E; = \/m} + P},

Three-momenta conservation requires p; = pgx — p, =
Py + Py (See Fig. 1)

For 7> 0, due to the exchange of the operators 042!
and 04579, the leptonic part of the intermediate state is now
given by fz‘/. To guarantee the flavor and charge conserva-
tion, the hadronic part must be a strange state with electric
charge Q, = +2. In this case, the lowest energy inter-
mediate state is given by |[K Tz £D). This four-particle state
has an energy larger than that of the kaon and hence will not
contribute a growing exponential term. Note that for this
intermediate state, only the three-momentum of v is fixed.
For the purposes of this analytic treatment we will include
the special case in which this intermediate state contains a
K* and z" which do not scatter and carry the same three-
momenta as those of the initial-state kaon and final-state
pion respectively. (Examining this case allows us to show
how the nonscattering part of the Ktz intermediate state
contributes to give the usual covariant charged lepton
propagator when the two time orderings are combined.)
Including this component of the intermediate K-z,
we have

i=K,n,uv0t. (D2)
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1 1 1 1
+47 OAS:I KTt £D Ktntéu OAS:O 0)|IK+
(|03 K7 0) 5o o (K £0]03 0
< + 15 = —ipy +my (E,~E;—Ex)t
= Zy(0[57,(1 = r5)u(0)|[K*)Zy(x*|ay, (1 = y5)d(0)[0)a(p,)y,(1 = 1s) 2E, r(L=ys)v(py) - etf=Fetx

—i
= _2foﬂﬁ(pv)p/KFﬂ;ﬁﬂ(l - yS)”(l)D) : e(Eb_Ef_EKﬁ

— E,—E,—Eg)t
:ct>0.€< v 4 K)’

(D3)

where p, = (iE,, 5/)’ Pr= —(131( - l3y) and E, = \/ m% =+ ﬁ%

Combining the contributions given by Egs. (D1) and (D3) and performing the time integral in a window [T, T,],

we have

0 T,
/ dtct<0 . e(E?+Eb_EK)t + / ! dtct>0 . e(Ep_Et’_EK)T

T(l O
= &(1 _ e—(E;,+E,—EK)Ta) _ Cr>0 (1 _ e(Ev_Ef_EK)Tb) (D4)
E; +E,—Eg E,—E,—Eg
= 2fxfLu(p,)p iiqp (1 =ys)v(p;) —_ CG<0 - (EE~EQ)T,
KJ n v qu_i_m% V3 U E,}-l—ED—EK
G0 (EEEQ)T, DS
+ EI./ - Ef - EK ¢ ’ ( )

with the four-momentum ¢ = pg — p,. The top term on the
right-hand side of Eq. (D4) corresponds to the simplest
graph contributing to diagrams of type 1, where the process
of kaon leptonic decay and (inverse) pion leptonic decay
are joined by a lepton propagator. (See Fig. 1.) The
expression in this term can be further simplified to

2

The second term in Eq. (D5) gives the exponentially
growing contamination, which can be removed once
we evaluate the coefficient ¢, q defined in Eq. (D1). The
third term in Eq. (D5) vanishes exponentially because
E, < E, + Eg and thus requires no special treatment.

Next, let us look at the second lowest intermediate state.
For t < 0, it is given by |7z°Zv) and we have

(Si)fsfx 3y g H PRI =13)0(p0). (D)
4
|
B, | ae . 1
/(277:)3 <”+UV|O$;70(O)|7[OKU>ETE?E<HOKV|O$;71([)|K+>

1

&*p o _ <
— [ G zula (1 = )dO)l) 3 Zo{alsn 1 = UK

n)
] 7y + m;
1 =79 T

where p,o is the three-momentum of the intermediate
neutral pion. Momentum conservation implies that the
antilepton carries the three-momentum p;=pg—p,— P 0.
Exponentially growing contamination is then associated
with those intermediate states whose energies satisfy
E; + Eo+ E, < Eg. This constraint results in a phase-
space suppression, which substantially reduces the expo-
nential contamination.

7,(1=75)v(py) - el

2E,

E;+E”0+ED—EK)1’ (D7)

In a lattice QCD calculation with a finite volume L3, the
three-momentum integral in Eq. (D7) is replaced by a sum

&Ppo 1
/ (21)} *F;}

(D8)

The scale of a typical lattice momentum is around
2z/L ~2x/(4/m,) ~ 220 MeV. Therefore, in the kaon
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rest frame, the energies of only a few |[z%7v) states will
lie below the energy Ex = mg. For each such state, one
can evaluate the hadronic matrix elements (7" |iiy,d(0)|7")
and (n°|5y,u(0)|K*). Thus, the exponentially growing
contamination for type 2 diagrams can be removed if
observed.

PHYSICAL REVIEW D 93, 114517 (2016)

It is possible that higher energy intermediate states such
as |zxfv) and [37fv) may have energies below Ej.
However, because of an even more suppressed phase space,
the exponentially growing contamination from these states
will be negligibly small. We therefore do not discuss these
states in detail.

[1] U. Camerini, D. Ljung, M. Sheaff, and D. Cline, Phys. Rev.
Lett. 23, 326 (1969).

[2] S. Adler et al. (E787 Collaboration), Phys. Rev. Lett. 79,
2204 (1997).

[3] A. Artamonov et al. (E949 Collaboration), Phys. Rev. Lett.
101, 191802 (2008).

[4] S. Adler et al. (E787 Collaboration), Phys. Rev. Lett. 84,
3768 (2000).

[51 S. Adler et al. (E787 Collaboration), Phys. Rev. Lett. 88,
041803 (2002).

[6] S.S. Adler et al. (E787 Collaboration), Phys. Lett. B 537,
211 (2002).

[7]1 V. Anisimovsky et al. (E949 Collaboration), Phys. Rev.
Lett. 93, 031801 (2004).

[8] M. Moulson (NA62 Collaboration), arXiv:1310.7816.

[9] J. Ahn et al. (E391a Collaboration), Phys. Rev. D 81,
072004 (2010).

[10] A.J. Buras, D. Buttazzo, J. Girrbach-Noe, and R. Knegjens,
J. High Energy Phys. 11 (2015) 033.

[11] E. Iwai (KOTO Collaboration), Nucl. Phys. B, Proc. Suppl.
233, 279 (2012).

[12] Y. Grossman and Y. Nir, Phys. Lett. B 398, 163 (1997).

[13] N.H. Christ, X. Feng, A. Portelli, and C.T. Sachrajda
(RBC and UKQCD Collaborations), Phys. Rev. D 92,
094512 (2015).

[14] G. Isidori, G. Martinelli, and P. Turchetti, Phys. Lett. B 633,
75 (2006).

[15] N.H. Christ (RBC
arXiv:1012.6034.

[16] N.H. Christ, Proc. Sci.
[arXiv:1201.2065].

[17] N. Christ, T. Izubuchi, C. Sachrajda, A. Soni, and J. Yu
(RBC and UKQCD Collaborations), Phys. Rev. D 88,
014508 (2013).

[18] Z. Bai, N. Christ, T. Izubuchi, C. Sachrajda, A. Soni, and
J. Yu, Phys. Rev. Lett. 113, 112003 (2014).

[19] Z. Bai and N. Christ, Proc. Sci. Lattice2015 (2016) 342.

[20] V. Cirigliano, G. Ecker, H. Neufeld, A. Pich, and J. Portoles,
Rev. Mod. Phys. 84, 399 (2012).

[21] A. Cecucci and C. Lazzeroni (private communication).

[22] J. Brod and M. Gorbahn, Phys. Rev. Lett. 108, 121801
(2012).

[23] T. Inami and C. Lim, Prog. Theor. Phys. 65, 297 (1981).

[24] J.R. Ellis and J.S. Hagelin, Nucl. Phys. B217, 189
(1983).

[25] C. Dib, I. Dunietz, and F. J. Gilman, Mod. Phys. Lett. A 06,
3573 (1991).

and UKQCD Collaborations),

LATTICE2011 (2011) 277

[26] G. Buchalla, A.J. Buras, and M. K. Harlander, Nucl. Phys.
B349, 1 (1991).

[27] G. Buchalla and A.J. Buras, Nucl. Phys. B412, 106
(1994).

[28] A. Buras, M. Gorbahn, U. Haisch, and U. Nierste, Phys.
Rev. Lett. 95, 261805 (2005).

[29] A.J. Buras, M. Gorbahn, U. Haisch, and U. Nierste, J. High
Energy Phys. 11 (2006) 002.

[30] J. Brod, M. Gorbahn, and E. Stamou, Phys. Rev. D 83,
034030 (2011).

[31] G. Buchalla and A. J. Buras, Nucl. Phys. B548, 309 (1999).

[32] M. Misiak and J. Urban, Phys. Lett. B 451, 161 (1999).

[33] J. Brod and M. Gorbahn, Phys. Rev. D 78, 034006
(2008).

[34] G. Isidori, F. Mescia, and C. Smith, Nucl. Phys. B718, 319
(2005).

[35] G. Buchalla, A.J. Buras, and M. E. Lautenbacher, Rev.
Mod. Phys. 68, 1125 (1996).

[36] T. Blum et al. (RBC Collaboration), Phys. Rev. D 68,
114506 (2003).

[37] T. Blum, P. Boyle, N. Christ, N. Garron, E. Goode et al.,
Phys. Rev. D 84, 114503 (2011).

[38] P.A. Boyle et al. (RBC and UKQCD Collaborations),
J. High Energy Phys. 06 (2015) 164.

[39] J. S. Bell, Quantum Mechanics, High Energy Physics and
Accelerators: Selected Papers of John S. Bell, with
Commentary (World Scientific, Singapore, 1995), Vol. 9.

[40] L. Sehgal, Phys. Rev. D 6, 2014 (1972).

[41] A.J. Buras, in Probing the standard model of particle
interactions, in Proceedings of the Summer School in
Theoretical Physics, NATO Advanced Study Institute,
68th session, Les Houches, France, 1997 (1998),
pp- 281-539.

[42] G. Martinelli, C. Pittori, C. T. Sachrajda, M. Testa, and A.
Vladikas, Nucl. Phys. B445, 81 (1995).

[43] C. Sturm, Y. Aoki, N.H. Christ, T. Izubuchi, C.T.C.
Sachrajda, and A. Soni, Phys. Rev. D 80, 014501 (2009).

[44] N. Christ, G. Martinelli, and C. Sachrajda, Proc. Sci.
LATTICE2013 (2014) 399 [arXiv:1401.1362].

[45] N. H. Christ, X. Feng, G. Martinelli, and C. T. Sachrajda,
Phys. Rev. D 91, 114510 (2015).

[46] K. Olive et al. (Particle Data Group), Chin. Phys. C 38,
090001 (2014).

[47] P. Boyle et al. (RBC and UKQCD Collaborations), Phys.
Rev. Lett. 110, 152001 (2013).

[48] C. Kim, C. Sachrajda, and S. R. Sharpe, Nucl. Phys. B727,
218 (2005).

114517-22


http://dx.doi.org/10.1103/PhysRevLett.23.326
http://dx.doi.org/10.1103/PhysRevLett.23.326
http://dx.doi.org/10.1103/PhysRevLett.79.2204
http://dx.doi.org/10.1103/PhysRevLett.79.2204
http://dx.doi.org/10.1103/PhysRevLett.101.191802
http://dx.doi.org/10.1103/PhysRevLett.101.191802
http://dx.doi.org/10.1103/PhysRevLett.84.3768
http://dx.doi.org/10.1103/PhysRevLett.84.3768
http://dx.doi.org/10.1103/PhysRevLett.88.041803
http://dx.doi.org/10.1103/PhysRevLett.88.041803
http://dx.doi.org/10.1016/S0370-2693(02)01911-1
http://dx.doi.org/10.1016/S0370-2693(02)01911-1
http://dx.doi.org/10.1103/PhysRevLett.93.031801
http://dx.doi.org/10.1103/PhysRevLett.93.031801
http://arXiv.org/abs/1310.7816
http://dx.doi.org/10.1103/PhysRevD.81.072004
http://dx.doi.org/10.1103/PhysRevD.81.072004
http://dx.doi.org/10.1007/JHEP11(2015)033
http://dx.doi.org/10.1016/j.nuclphysbps.2012.12.090
http://dx.doi.org/10.1016/j.nuclphysbps.2012.12.090
http://dx.doi.org/10.1016/S0370-2693(97)00210-4
http://dx.doi.org/10.1103/PhysRevD.92.094512
http://dx.doi.org/10.1103/PhysRevD.92.094512
http://dx.doi.org/10.1016/j.physletb.2005.11.044
http://dx.doi.org/10.1016/j.physletb.2005.11.044
http://arXiv.org/abs/1012.6034
http://arXiv.org/abs/1201.2065
http://dx.doi.org/10.1103/PhysRevD.88.014508
http://dx.doi.org/10.1103/PhysRevD.88.014508
http://dx.doi.org/10.1103/PhysRevLett.113.112003
http://dx.doi.org/10.1103/RevModPhys.84.399
http://dx.doi.org/10.1103/PhysRevLett.108.121801
http://dx.doi.org/10.1103/PhysRevLett.108.121801
http://dx.doi.org/10.1143/PTP.65.297
http://dx.doi.org/10.1016/0550-3213(83)90084-6
http://dx.doi.org/10.1016/0550-3213(83)90084-6
http://dx.doi.org/10.1142/S0217732391004127
http://dx.doi.org/10.1142/S0217732391004127
http://dx.doi.org/10.1016/0550-3213(91)90186-2
http://dx.doi.org/10.1016/0550-3213(91)90186-2
http://dx.doi.org/10.1016/0550-3213(94)90496-0
http://dx.doi.org/10.1016/0550-3213(94)90496-0
http://dx.doi.org/10.1103/PhysRevLett.95.261805
http://dx.doi.org/10.1103/PhysRevLett.95.261805
http://dx.doi.org/10.1088/1126-6708/2006/11/002
http://dx.doi.org/10.1088/1126-6708/2006/11/002
http://dx.doi.org/10.1103/PhysRevD.83.034030
http://dx.doi.org/10.1103/PhysRevD.83.034030
http://dx.doi.org/10.1016/S0550-3213(99)00149-2
http://dx.doi.org/10.1016/S0370-2693(99)00150-1
http://dx.doi.org/10.1103/PhysRevD.78.034006
http://dx.doi.org/10.1103/PhysRevD.78.034006
http://dx.doi.org/10.1016/j.nuclphysb.2005.04.008
http://dx.doi.org/10.1016/j.nuclphysb.2005.04.008
http://dx.doi.org/10.1103/RevModPhys.68.1125
http://dx.doi.org/10.1103/RevModPhys.68.1125
http://dx.doi.org/10.1103/PhysRevD.68.114506
http://dx.doi.org/10.1103/PhysRevD.68.114506
http://dx.doi.org/10.1103/PhysRevD.84.114503
http://dx.doi.org/10.1007/JHEP06(2015)164
http://dx.doi.org/10.1103/PhysRevD.6.2014
http://dx.doi.org/10.1016/0550-3213(95)00126-D
http://dx.doi.org/10.1103/PhysRevD.80.014501
http://arXiv.org/abs/1401.1362
http://dx.doi.org/10.1103/PhysRevD.91.114510
http://dx.doi.org/10.1088/1674-1137/38/9/090001
http://dx.doi.org/10.1088/1674-1137/38/9/090001
http://dx.doi.org/10.1103/PhysRevLett.110.152001
http://dx.doi.org/10.1103/PhysRevLett.110.152001
http://dx.doi.org/10.1016/j.nuclphysb.2005.08.029
http://dx.doi.org/10.1016/j.nuclphysb.2005.08.029

PROSPECTS FOR A .... II. K = 7wy ...

[49] M. T. Hansen and S.R. Sharpe, Phys. Rev. D 86, 016007
(2012).

[50] L. Lellouch and M. Luscher, Commun. Math. Phys. 219, 31
(2001).

[51] N. Christ, X. Feng, A. Juttner, A. Lawson, A. Portelli,
and C. Sachrajda, Proc. Sci. Lattice2015 (2015) 340.

PHYSICAL REVIEW D 93, 114517 (2016)

[52] N. Christ, X. Feng, A. Juettner, A. Lawson, A. Portelli, and
C. Sachrajda, Proc. Sci. CD15 (2016) 033.

[53] M.E. Peskin and D.V. Schroeder, An Introduction
to Quantum Field Theory, 1st ed. (Westview Press,
1995).

[54] J. Zinn-Justin, Int. Ser. Monogr. Phys. 113, 1 (2002).

114517-23


http://dx.doi.org/10.1103/PhysRevD.86.016007
http://dx.doi.org/10.1103/PhysRevD.86.016007
http://dx.doi.org/10.1007/s002200100410
http://dx.doi.org/10.1007/s002200100410

