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Mechanisms of the isospin-breaking decay f;(1285) — f,(980)z — z*n~z°
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Estimated are the contributions of the following mechanisms responsible for the decay f(1285) —
£0(980)7° — 77~ 2% (1) the contribution of the a)(980) — f(980) mixing, f,(1285) — ay(980)7° —
(KK~ + K°K%) 7% — £,(980)7° — z+ 7~ 7°, (2) the contribution of the transition f,(1285) — (KTK~+
KK 7% - £4(980)7° — 2"z~ x°, arising due to the pointlike decay f,(1285) — KKz’ (3) the con-
tribution of the transition f(1285) — (K*K + K*K) — (K"K~ + K°K%)z° — f((980)7° —» "z~ 2",
where K* = K*(892), and (4) the contribution of the transition f(1285) — (K;K + KjK) — (K"K~ +
K°K%7" - £4(980) — n* 77", where K}, = K;;(800) (or k) and K;(1430). These mechanisms break the
conservation of the isospin due to the nonzero mass difference of the K+ and K° mesons. They result in the
appearance of the narrow resonance structure in the z*7z~ mass spectrum in the region of the KK
thresholds, with the width 2mgo — 2mg+ ~ 8 MeV. The observation of such a structure in experiment is
the direct indication on the KK loop mechanism of the breaking of the isotopic invariance. We point out
that existing data should be more precise, and it is difficult to explain them using the single specific
mechanism from those listed above. Taking the decay f(1285) — £(980)7° — z 7~z as the example,
we discuss the general approach to the description of the KK loop mechanism of the breaking of isotopic

invariance.
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I. INTRODUCTION

At the end of the 1970s, a threshold phenomenon known
as the mixing of aJ(980) and f((980) resonances
that breaks the isotopic invariance was theoretically dis-
covered in Ref. [1]; see also Ref. [2]. Since that time many
new proposals appeared, concerning both searching it and
estimating the effects related with this phenomenon [3-26].
Recently, the results of the first experiments on its discov-
ery in the reactions
(@) 7~N—>a f1(1285)N—> 7" f((980)2°N— =zt~ 2N

[27,28],

(0) J/w — hfo(980) — ¢hag(980) — dna® [29],

©) xe1 = a9(980)7° = £4(980)7° — nt 22" [29],

(d) J/w — yn(1405) = y£,(980)z° — y3x [30],

) J/w — ¢fo(980)7° — ¢p3x [31],

(O J/y — ¢f1(1285) = ¢f(980)7° — $3z [31]

have been obtained with the help of detectors VES in
Protvino [27,28] and BESIII in Beijing [29-31]. The
theoretical considerations concerning the BESIII data
[30] on the reaction (d), that is, on the decay 7(1405) —
£0(980)7° — 37, were presented in [32-35].

Interest in the a(980) — f,(980) mixing [1-35] is
primarily due to the fact that the amplitude of the isospin
breaking transition a9(980) — (K"K~ + K°K?) — f(980),
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caused by the mass difference of the K*K~ and K°K°
intermediate states, in the region between KK thresholds
turns out to be of the order of \/(mgo — my-+)/mgo [1] [i.e.
of the order of the modulus of difference of the phase space
volumes of the K*K~ and K°K° intermediate states:

i k- (5) = progo(s)], where pyig-(s) = /1 —4m%. /s,
Propo(s)=4/1 —4m§(0 /s, s stands for the square the invari-

ant mass of KK system], but not (mgo —mg+)/mgo, i.€., by
the order of magnitude greater than it could be expected
from the naive considerations. It is natural to expect the
relative magnitude of the isospin violation to be suppressed
outside the KK threshold region, i.e., at the level of
(mygo — mg+)/mgo. To the first approximation, one can
neglect these not really calculable contributions. Thus, in
corresponding reactions the aJ(980) — £,(980) mixing has
to manifest itself in the form of the narrow peaks (with the
width of about 10 MeV) in the mass spectra of the final
atn~ or nz° mesons.

The narrow resonancelike structure breaking of the
isotopic invariance have been observed in the z*z~ and
nn° mass spectra in all the above reactions (a)—(f). At the
same time, the very large isospin breaking effects discov-
ered in the decays f,(1285) — f(980)7z° — 7+~ 2" and
n(1405) = £,(980)7° — z* 7~ z" in the reactions (a), (d),
and (f) are indicative of the more general KK loop
mechanism of the isospin breaking in these decays. Of
course, the data need further confirmation.

© 2016 American Physical Society
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In the present work, we study the mechanisms which
could be responsible for the isospin breaking decay
£1(1285) = £4(980)7° — n+ 7~ x°. The paper is organized
as follows. The experimental data on this decay are
presented in Sec. II. In Sec. III, the estimates are given
of the coupling constants squared of the f;(980) and
a9(980) resonances, g; .-, G5 x+x-s Gagyms A0 G5 i g
obtained by us using the data on the intensities of the
ag(980) — f(980) mixing, &, and &,;, measured in the
reactions (b) and (c), respectively. These estimates are used
in the subsequent analysis. The contribution of the tran-
sition £ (1285) = a((980)z° — (KTK~ + K°K%)2" —
f0(980)7° —» 722" arising due to the af(980)—
f0(980) mixing is discussed in Sec. IV. The contributions
of the following transitions, f,(1285) - (KTK™~ +
K°K%)7° - £((980)7° — 2Tz~ 2% arising due to the
pointlike decay f(1285) — KKz f,(1285)— (K*K+
K*K)— (KTK=+K°K%)7° > £((980)7° - 2t 7~ 2", where
K* = K*(892), and f(1285) = (K;K+K;K) > (KK~ +
K°K?)7% - £,(980) - 2t z~2°, where K} = K;(800) (or
) and K;;(1430), are scrutinized in Secs. V, VI, and VII,
respectively. Note that here we consider the effect of the
isospin violation in the decay f;(1285) — f,(980)z° —
atn~7° as being due solely to the mass difference of the
stable charged and neutral K mesons. In Sec. VIII, the
general approach to the description of the KK loop
mechanism of the violation of the isotopic invariance is
discussed. Some general comments about our estimates are
given in Sec. IX. The conclusions concerning the role of the
considered mechanisms of the decay f,(1285) — zt 7z~ x°
and the discussion of the further studies are presented
in Sec. X.

II. THE DATA ON f(1285) - n*n~ 2"

In the VES experiment [28] on reaction (a), the isotopic

symmetry breaking decay f(1285) — 2tz 2" was
observed, and the ratio
BR(f(1285) = £((980)2° — 7t 7z~ )
BR(f(1285) - natn™)
= (0.86 £ 0.16 £ 0.20)% (2.1)

was measured. From this ratio, taking into account the
Particle Data Group (PDG) data [36] on BR(f;(1285) —
nat ), it was found in Ref. [28] (see also [37]) that

BR(f,(1285) = £((980)7° — n* 2~ 2")

= (0.30 £ 0.09)%. (2.2)

Taking into account the PDG data [37] on BR(f(1285) —
al(980)7° — nz°zY), this results in
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BR(f,(1285) = £,(980)7° — n* 7z~ 2°)
BR(f(1285) — a)(980)z° — nz°z°)

=(25+09)%.
(2.3)
The decay f(1285) — "z~ z° was also observed in the

BESIII experiment [31] on reaction (f), and the ratio of the
branching fractions

BR(f,(1285) = £,(980)7° — n* 72~ 2°)
BR(f(1285) — a)(980)z° — nz°z%)

= (3.6 +1.4)%
(2.4)

was obtained.

One more indication on the decay f(1285)/17(1295) —
atx 7% was obtained in the BESII experiment [30],
together with the data on reaction (d). If one attributes it
solely to the f(1285) resonance then the following ratio of
intensities will be obtained:

BR(f,(1285) = £,(980)7° — n* 2~ 2°)
BR(f(1285) — a)(980)7° — nz°z%)

= (134+0.7)%.
(2.5)

So, according to the data of the first experiments, the
portion of the isospin-forbidden decay f;(1285) —
£0(980)7° — nt 7~ a0 relative to the isospin-allowed decay
£1(1285) — af(980)7° — nz°z° could amount to the quan-
tity from one to four percent. This is large for the quantity
which, at the first sight, could be naturally expected to have
the magnitude at the level of 107*. The data indicate
undoubtedly on the existence of the mechanisms that
enhance the intensity of the decay f(1285) — z*z~x".
Also, the characteristic feature of this decay is the dominance
of the narrow resonance structure in the 7z~ mass spectrum
in the vicinity of the KK thresholds [28,31]. Notice that the
enhancement of the decay f(1285) - ztz~z" and the
narrow structure in the z7z~ mass spectrum were expected
as being due to the isospin breaking mechanism of the
al(980) — £¢(980) mixing [1,2].

To be specific, when comparing below the theoretical
estimates with the experimental data, we will base
our treatment on the VES data considering them as
average.

III. THE COUPLINGS OF THE f,,(980) AND a,(980)
FROM THEIR MIXING

When calculating the f,(1285) — z* 2~ z° decay prob-
ability, we need the values of the coupling constants of the
£0(980)) and a,(980)) resonances with the zz, KK, and
nz channels. Here, we evaluate these coupling constants
using the data on the a)(980) — f,(980) mixing [29].
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Such estimation is of interest because earlier it was not
realized.

The BESIII collaboration [29] made the measurements
of the intensity of the a(980) — f(980) mixing in the
decays J/w — ¢fy(980) — ¢ay(980) — gbr];r and y' —
Y1 = 7a0(980)7° = 7 £(980)7° >yt~ 2". As a result,
the intensities &, and &, of the transitions f,(980)—
ad(980) and ad(980)— f((980), respectively,
obtained:

were

BR(J/y = ¢£0(980) — $ag(980) — ¢a’)

S0 =T BRIy — $/0(980) — dun)
= (0.60 = 0.20(stat) £ 0.12(sys) & 0.26(para)) %,
(3.1)
. BR(y.; — a{(980)7° — f(980)z° — zt7~2%)
af —

BR(y.; — a)(980)7° — nz°z%)
= (0.31 £ 0.16(stat) £ 0.14(sys) £ 0.03(para))%.
(3.2)
The information concerning the denominators of Egs. (3.1)
and (3.2) was taken in Ref. [29] from the works [38] and
[36], respectively. Since the a)(980) — f(980) mixing is

determined mainly by the contribution of the KK loops
[1,2,17], we take in what follows [39]

BR(f((980) — KK — a3(980) — nz°)

Sfa = BR(f,(980) — z7) CE)
_ BR(a)(980) — KK — £((980) —» n'n")
Saf = BR(a)(980) — nx°) - (34
where
BR(f((980) - KK — a$(980) — 5z°)
o \/EMagf'()(S) ZSFaU—mﬂ ( )
B / ‘ Do(s)Dy,(s) = sMiOfO (s) T avs,
(3.5)
BR(a)(980) —» KK — f((980) — ztz")
o \/EMano (S) g zsrfo—ﬂr*lt‘ (S)
-/ ‘Dag@)Dfo(s) meTou e
(3.6)

9Okt K-9foK K-

Prik-(5) 1n1 + Pk k-(5) | progo(s) lnl + progo(s)
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ZSFfO—mﬂ(S)

BR(f,(980) — x7) — / s 6
2SFa0_,nﬂ
BR(a0(980) — ) — / T()i)d\/i (3.8)

In the above expressions, D,(s) is the inverse propagator of
the unmixed resonance r [r = a)(980), f((980)] with the
mass m,,

D,(s) = m? —s+ZReH“” m2) —T1%(s)], (3.9

ab = (na°, K"K~ K°K®,/'2°) for r=al(980) and
ab = (zt7~,7%7°, K* K=, K°K°, nyy) for r = f,(980); s
is the square of the invariant mass of the system ab;
[19(s) stands for the diagonal matrix element of the
polarization operator of the resonance r corresponding to
the contribution of the ab intermediate state [40]; at
s> (ma + mb)z’

Trab

ImI1® (s) v

= \/Err—mb( ) ( ) (310)

where g¢,,, is the coupling constant of r with ab,

Pap(s)= \/s—m((;)z\/s—m(;)z/s and mg) =m, £ my,.
The expressions for [1¢(s) in different domains of s are
given in Appendix A. The propagators of the scalar
resonances 1/ Dag(s) and 1/Dy, (s) constructed with

taking into account the finite width corrections [see
Egs. (3.9), (3.10), (Al1)-(A4)] satisty the Kaillén-
Lehman representation and, due to this fact, provide
the normalization of the total decay probability to unity:
> wBR(r — ab) =1 [41].

The amplitude of a)(980) — f((980) mixing,
\/EMagfo(s), in Egs. (3.5) and (3.6) is determined by the
sum of the one-loop diagrams a(980) - K*K~ —
£0(980) and a(980) — K°K° — £((980) and, by taking
into account the isotopic symmetry for the coupling
constants, can be written in the form [1,2,17]

\/EMang(S) = [i[PKﬂ(- (s) = progo(s)] =

167

. (3.11)

T 1—pgeg-(s) r 1 = pyogo(s)
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where pgg(s) = /1 —4m% /s at \/s > 2my; if /s < 2myg
then pgg (s) should be replaced by i|pgg (s)|. In the energy
domain with the width of about 8 MeV between K™ K~ and

K°K? thresholds one has

2
9okt K- 9foKTK | [Myo

167

V/5M g, (5)]

9a)k K- 9foK* K~

~0.127
167

(3.12)

When +/s > 2mygo and when /s < 2mpg+ the quantity
[V/sM7,(s)| drops sharply, so that the integrands in
Egs. (3.5) and (3.6) become the narrow resonance peaks
located near the KK thresholds.

Upon inserting the central values of &, and &,; from
Egs. (3.1) and (3.2), respectively, to the left-hand side of the
expressions (3.3) and (3.2) one obtains some equations for
the coupling constants of the a{(980) and f,(980) reso-
nances which can be solved numerically. When doing this
in such a way, we have obtained the following estimates:

2 2
Yfonrn _ %gfon*ﬂ‘

= — 0.098 GeV? 3.13
167 2 167 o8 GeV7, (3.13)
2
9y KK 9]% KK~
=)0 =0.4 GeV?, 3.14
167 167 ¢ ( )
iyt 0.2 GeV? 3.15
16r o (3.15)
gzOKI_( 920K+K7
DT =% = 0.5 GeV2. 1
167 lor 09 Ge (3.16)

When so doing, we fix the masses of the a8 and f
resonances to be m,o = 0.985 GeV and m, = 0.985 GeV,

while the relations of the ¢*>g*> model, g%, , , = g% , and
agn'n agnn

g%m = g%o k- See, e.g., Refs. [2,42], are invoked for the
estimates of their couplings with the #'z° and 57 channels.
The integration in Egs. (3.5) and (3.6) is made over the
region from 0.9 to 1.05 GeV, while the corresponding
integration interval in Egs. (3.7) and (3.8) is from the 7z
and nz° thresholds, respectively, to 1.3 GeV.

Using Egs. (3.12), (3.14), and (3.16), one obtains
that the “mass” of the ay(980) — f((980) transition
|Ma8f0 (4m%)| ~28 MeV. The mass spectra for the iso-
spin-violating and isospin-conserving decays of the
£0(980) and a)(980) resonances evaluated as the functions
of /s at the earlier found magnitudes of coupling constants
are shown in Figs. 1 and 2. The curves in Fig. 1 correspond
to the integrands in Egs. (3.5) and (3.6). The curves in
Fig. 2 correspond to the integrands in Eqs. (3.7) and (3.8),
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FIG. 1. Mass spectra in the isospin-violating decays f(,(980) —
na° and ay(980) — znx~, caused by the aJ(980) — f,(980)
mixing. The solid and dashed lines are generally similar to each
other. The dotted vertical lines show the locations of the K+ K~
and K°K° thresholds.

and to the analogous expressions for the mass spectra of the
decays into KK. The shown spectra look rather usual.

There are a sizable number of works devoted to the
evaluation, estimation, and determination from the fits of
the square of the coupling constants of the f,(980) and
ay(980) resonances with the 7z, KK and nz channels, see,
e.g., Refs. [1,2,19,20,40-48] (this list does not pretend on
completeness). The spectrum of their possible values is
rather wide, so that the magnitudes of couplings determined
from different reactions by different methods agree within
the factor of 2 or greater. The values (3.13)—(3.16) occupy
some average position among those cited in the literature,
so it seems to us to be natural to use them as the guide in the
subsequent analysis.

7 f0(980)—>nr

----- f0(980)>KK

61 - a%980)nr

L5l a5(980)-KK
Q
S
o
3
[0
Q.
2]
2
©
=

o f
0.8 085 09 0.95 1 1.05 11 1.15
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FIG. 2. Mass spectra in the isospin conserving decays of the
£0(980) and a$(980) resonances.
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FIG. 3. The phase of the a)(980)
My, (s) [See Eq. (3.11)].

— f0(980) mixing amplitude

Notice that the phase of the amplitude of the a3(980) —
f0(980) mixing, Magfo(s), in the region between K™K~
and K°K? thresholds changes by about 90° [see Eq. (3.11)
and Fig. 3]. This fact is crucial for the observation of the
al(980) — £,(980) mixing effect in polarization experi-
ments [17,18]. A similar sharp and large variation of the
phase of the amplitude f,(1285) — (K*K~ + K°K%)z° —
£0(980)7° in the f((980) channel takes place for all
mechanisms of the decay f,(1285) = £((980)z° —
atn~7° considered below. This fact should be also taken
into account in suitable polarization and interference
experiments.

IV. a)(980) — f(980) MIXING IN THE
f1(1285) —» z*n~2° DECAY

Let us calculate the widths of the decays f;(1285) —
a(980)7° — na°z%, f1(1285) - a¢(980)7r - KKx and
the width of the decay f(1285) — a)(980)z" —
£0(980)7° > 7770 caused by the ad(980) — £,(980)
mixing [49].

Let us write the f(1285) — a)(980)z° — nz°z° decay
width in the form

1

Ff] —>a 70 —na’x° 3Ff]—>a0n—n1zm

_gflagn"gagnno/("’fl —m,)?
(

N 19271'3m3rl my+m,)?
4.1
where (4.1)
2
p(s) p(s)p(t)cosd
T (s, 1) = |Da8(s)|2 +Re D ($)D5y(0) (4.2)
1, 2 2
a.(s)= E(mf +my; +2my —s)
(2, —m)(m =) 2,
: / 4.
¥ 2 L plals). (43)

a.(s)
ds/ drT (s,1),
a_(s)
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= \Jmt = 2m2 (s + mi2) + (5 = m2)2/ (2my,),

(4.4)
)= \Jm}, =23 (1 m2) + (1= 2P/ (2my,),
(4.5)
g(s) = /5> = 2s(m + m2) + (mF = m2 P/ (25),  (4.6)
p(s)p(t)cosd = % (s+1— m}%l —m;})
(mf| +m2— S)<2m]%' +m2—1) e
4ms,

s is the square of the invariant mass of the state 777:? and ¢
stands for the square of the invariant mass of the state 773 in
the decay f(1285) — nalz5. The expression Vit ia0a
9f a0 (€, Ppo = pag) is used for the effective vertex of the
f1(1285)ay(980)x° interaction, where €, is the four-
vector of the f(1285) polarization while p, and Pag
are the four-momenta of 7z° and a(980), respectively.
The width of the f(1285) — a(980)z° — KKz decay
in the approximation of isotopic symmetry is written in the
following form:

Ff] —agn—KKr — 61—‘fl —alr’ K"K~ x°

2
gf]agrro My T 4
= m p (S)
i 2mye

The width of the decay f(1285) — a)(980)z° —
f0(980)7° — zt7~ 2" caused by the af(980) — £, (980)
mixing is represented by the expression

25T g0k k- ()

—————d\/s.
D VS

(4.8)

Ffl —an’— for®—rxta=a’

_ gjzflagﬂo /1405 GeV VSM 7, (s) 2
67[7’11}%[ 0.9 GeV Dag(S)Dfo (S) - SMflgfo (S)
25T Lo pm (S
% p3(s)Md\/§. (4.9)

T

The form of z* z~ mass spectrum given by the integrand in
Eq. (4.9) is practically indistinguishable from the curves
shown in Fig. 1.

As a result of numerical integration Egs. (4.1), (4.8),
and (4.9) we obtain
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Ffl_,aoﬂ.o 0

—for’—atra

Ffl—m” 0

70 —nr0x°
_ BR(f; = a)(980)7° — f((980)z° — 7tz 2")
N BR(f| — a$(980)7° — nn°z°)

~0.29%, (4.10)
| e o _ BR(f, = a¢(980)7r — KKr) ~O11
Ff|—>aoﬂ—>i7ﬂﬂ' BR(fl - 00(980)7[ - 77”7[)

(4.11)

The magnitude of the ratio (4.10) is close to the central
value of £, from Eq. (3.2) but approximately by an order of
magnitude lower than that resulting from the VES data, see
Eq. (2.3); see also Egs. (2.4) and (2.5). Hence, it is difficult
to explain the VES data by the a3(980) — £((980) mixing
mechanism only. In due turn, the PDG data [37] for the
ratio

BR(f, — KKn)

~0.25 £0.05
BR(f| — a((980)7 — nzxn)

(4.12)

do not contradict Eq. (4.11) but indicate that the mechanism
£1(1285) = a(x(980)7r — KKz could be a nonunique
source of the decay f(1285) - KKr.

It is interesting to reveal at what coupling constants of
the a$(980) and f,(980) resonances the ratio

BR(f, — ad(980)7° — £¢(980)7° — z "z~ x")
BR(f, — a)(980)z° — nn°z°) '

calculated for the a(980) — f,(980) mixing mechanism,
can be compatible with the VES data shown in Eq. (2.3),
i.e., #0.025. Using Egs. (3.9), (3.10), (4.1)—(4.7), and (4.9)
we find that the relation

BR(f, — ad(980)7° — £¢(980)7° — z "z~ 2")

=0.025
BR(f, — a)(980)7° — nx°z°)
(4.13)
is fulfilled if
2 2
Ifonn 3gf071’+777 2
=2 = 0.46 GeV2, 4.14
16z 2 16z ¢ (4.14)
2 2
9r.kk _ 5 9rk K-
=2 =2.87 GeV? 4.15
167 167 evio (1Y)
2
Jabor _ .43 GeV2, (4.16)
167 '
2 2
9okk 9ok k-
=20 =497 GeV?, 4.17
167z 167z ¢ ( )
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i.e., at rather exotic (large) values of the coupling constants.
The values of gi.om—(/(l&r) and gigm-(/(l&z) in Egs. (4.15)

and (4.17) are by the factors of 7 and 10 greater than in
Egs. (3.14) and (3.16), respectively. In this connection, the
parameter &, evaluated according to Eq. (3.4), turns out to
be 9 times larger than its central experimental value in
Eq. (3.2). Due to the very strong coupling of a{(980) with
the KK channel, the width of the aJ(980) peak in the 5z°
mass spectrum turns out to be near 15 MeV in all, and
BR(ad(980) — nz°) evaluated over the interval from the
nr° threshold to 1.3 GeV, reduces to the magnitude of 6.5%
only. The magnitude of BR(f(980) — zx) evaluated over
the region from the zz threshold to 1.3 GeV reduces to
approximately 12%.

Since the experimental situation is far from being clear,
these estimates, despite the obtained not-too-satisfactory
resonance characteristics, allow one to guess the possible
role of the a)(980) — f(980) mixing mechanism in the
decay f(1285) = £(980)7° — 7"z~ 2", In what follows,
we will not base our considerations on the values
(4.14)—(4.17).

V. POINTLIKE DECAY f,(1285) — KKn

Let us consider the pointlike mechanism of the
f1(1285) decay into the z meson and the S wave KK
system. Let us write the corresponding effective vertex of
the f,(1285)K* K~ z" interaction in the form V; g+ -0 =

g,k k- (€7,» Ppo). One has, assuming the isotopic
symmetry,
Ff,—»KI_(n = 6Ff1—>1<+1<-n0
2
_ Irkrk=a® [Mmmo P (s)pxk-(s )2\/_
=J2 27 d\/s
4n 2 167rmf
T kg0
=LK KT 01,46 x 1076 GeV3. (5.1)
47
For the width of the isospin-breaking transition

£1(1285) = (K*K~ 4+ K°KN 7" — £,(980)2° — 272"
caused by the pointlike decay f,(1285) — KKz° one gets
[see Eq. (3.11)] the expression

Ffl—>(K*K’+K01_(0)7r°—>f0ﬂ0—>7r+ﬂ’7r0
2
_gfl,(ﬂ(_,,ol/l.os GeV | /M 0, (s)
4z 6 Joo Gev 9K+ K-

3($) 28T L pipm
p (ZS) S fo gs) d\/E
my, z|Dy, (s)]

2

2
o gf]KJrK—ﬂO

x 3.28 x 107 GeV?.
47

(5.2)

The comparison of Eq. (5.2) with (5.1) gives
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Ffl (K"K +K°K) "> fon' =zt z

L 0224x102. (5.3)

Ff1—>K1—<iT

This value is by approximately 15 times lower than the
corresponding central experimental value

BR(f(1285) = £((980)7° — n* 2~ 2°)

- = 0.033+0.010
BR(f,(1285) — KKx)

(5.4)

resulted from the VES [28], see Eq. (2.2), and PDG
[37] data.

The #*z~ mass spectrum in the decay f(1285)—
(K*K=+K°K°)7° - £((980)7° - 2t 2~ 2" whose expres-
sion is given by the integrand in Eq. (5.2), looks similar to
the curves in Fig. 1. However, it is clear that the pointlike
mechanism of the decay f,(1285) — KKz cannot by itself
provide the considerable probability of the f,(1285) —
£0(980)7° — 7t 2~ 2° transition.

VL. DECAY f,(1285) —» (KK + K'K) — (K"K~ +
K°K%) 7 — £,(980)7° — xtx~n®

If the meson f(1285) decays into (K*K + K*K) —
KK, then, due to the final state interaction of the K and K
mesons, i.e., due to the transitions K*K~ — f,(980) —
atn~ and K°K® — £,(980) — n" ™, the isospin-breaking
decay f,(1285)— (K*K+K*K)— (KK~ +K°K?)2" —
£0(980)7° = 2t 2~ 2" is induced (see Fig. 4). This occurs
because the contributions from the K*K~ and K°K° pair
production are not compensated entirely. Naturally, the
compensation is less pronounced in the region m,+,- (/s)
between the K* K~ and K°K® thresholds. Below we shall
obtain the estimate for the ratio of the branching fractions
of the decays f(1285) — n* 2~z and f,(1285) - KK,
caused by the mechanisms graphically represented by
Figs. 4 and 5, respectively.

The f,(1285) — K*K decay amplitude is determined, in
general, by the two independent effective coupling con-
stants. However, at the present state of experimental data
the general form of this amplitude is in fact unknown.

K*(K*) > 7T07 p3
Yy K(K) 5+

f0(980), ps

T

FIG. 4. The diagram of the decay f;(1285) — £(980)z° —

a7~ 7" via the K*K + K*K intermediate states; p;, p,, p5 stand

for the four-momenta of particles participating in the reaction,

pi=mj, p5=s=m.. _is the invariant mass squared of the
2

f0(980) or of the final z*z~ system, p3 = m2,.
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FIG. 5. The decay  f(1285) —»

diagram  of the
(K*K + K*K) — KKz. The four-momenta of = f(1285), K,
K, and 7 are, respectively, py, px, Px» and p,; the four-momenta
of the intermediate K* and K* are k; and k,, respectively.

Hence, for the sake of definiteness we restrict ourselves
with the particular expression for it (in the spirit of the
effective chiral Lagrangian approach [50-52]) of the form

( )(F(K*)/,w)*’

Vixk =95k kFi (6.1)

where Fl%l) =P1uu€riv—P1€rps FI(III/< ) :klyeK*u_klueK*w
ek~ stands for the polarization four-vector of the K* meson.
Notice that the K* produced in the result of such transverse
interaction carries the unit spin off the mass shell. The
K* — Kz decay amplitude is written as
Vikx = 9k kx(€k s Px = Pk): (6.2)

where gg ki = —Gr0g050> Gk k0gt = V 20k g+ q0- The
analogous expressions are valid for the f,(1285) — K*K
and K* — Kz decays. According to Egs. (6.1) and (6.2),
the product of the vertices in the amplitude of the diagram
shown in Fig. 4 turns out to be of the third order in
momenta. But two momenta out of three refer to the
momenta of external particles, so that the diagram is
convergent (see Appendix B).

The width of the decay f,(1285) - (K*K + K*K) —
KK (see Fig. 5) to all charged modes under assumption of
the isotopic invariance is written in the form

Uy ok R+ K)—KKn

2 2
. gfl K*tK~ gK*+K+n0

4mim3,
(g, —mx )2 i (&)
x / e / CARF (3R, (6.3)
(mg-+mg)? a-(k7)
where
_Q% _(Ql’QZ)
F212) = +Re 22 (64)
U D (R)P Dy (ki) Di- (k3)
- 1
ai (k) = E(mffl +m2 +2m% — k3)
(m7 —mg)(mg —mz)  2my o
+ £ L R (R),
1 1
(6.5)
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PUG) = \Jmt =202 (18 + i) + (& — )2/ (2my,),
(6.6)

4(3) = [kt =203} + m2) + (. — w2/ (24/3).
(6.7)

1/Dg- (k%(z)) stands for the propagator of the K*(K*),

Qly = (pl’pK)pﬂ/l - (plﬂpn)pl(;u Q2/4 = (pl’pl_()pzm -
(P1.Px) Pk, the functions QF and (Q;, Q,) are given in
Appendix B.

The invariant mass of the Kx pair, \/P in the decay
f1(1285) - KKn variates in the interval from 629 to
788 MeV. Since my- ~ 895 MeV and 'y =~ 50 [37], then,
it is easy to convince, the influence of the width of the
virtual intermediate K* resonance in Eqgs. (6.3) and (6.4)
turns out to be negligible. So, we set in what follows that
1/Dg(Kjy)) = 1/(mi. = ki (y), ie., we neglect the width
of the K*(K*) in its propagator.

The numerical integration in Eq. (6.3) gives

2 2
F o o gf]K*JrK*gK*JrKJrﬂO
N=(KR+KK)=KKz == -5

x 0.976 x 1072 GeV?.  (6.8)

The width of the decay f(1285) — f,(980)z° —
atx~ 7% in the case of the mechanism shown in Fig. 4 is
represented in the form

Iy,

—for =tz a°

:/1-05 GeV |Gy 10 (8)1 P (8) 25Ty i o (5) dy/s
0 671'm}1 71'|Df0(S)|2 ’

.9 GeV

(6.9)

where G/ 0(s) is the invariant amplitude which deter-
mines the effective vertex of the f,f,z° interaction,

Vifor® = Gf,fono(s)(ef'] . D3 = D2)- (6.10)
The detailed calculation of Gy 0(s) is give in
Appendix B. The function in the integrand in
Eq. (6.9) gives the mass spectrum of the z"z~ pair,
dUf foad—ntaa0(8)/dy/s. Tts sharp enhancement in the
region of the KK thresholds (see Fig. 6) is determined by
the corresponding behavior of the amplitude G ; ,(s). Let
us turn attention to the fact that the shape of the ztz~
spectrum in Fig. 6 practically coincides with the corre-
sponding spectrum shown in Fig. 1, caused by the
a(980) — £¢(980) mixing. The integration in Eq. (6.9)
gives

PHYSICAL REVIEW D 93, 114027 (2016)
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=
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o
0.94 096 0.98 1 1.02  1.04
Vs (GeV)

FIG. 6. The n#"z~ mass spectrum in the decay f(1285) —
(K*K + K'K) » (KK~ + K°K%)7° — £((980)7° —» n* 7z ="

2 2

Itk k- Ik ka0

0 o ——
473

rf]—>fuﬂo—>ﬂ+ﬂ_7[
x 0.277 x 107 GeV?3.

(6.11)
Comparing Eq. (6.11) with Eq. (6.8) we obtain

Iy,

—for' =t a2’

Ffl—>(K*I_(+I_(*K)—>KI_(ﬂ
_ BR(f; - for® = ntaa°)
BR(f; = (K*K + K*K) — KKr)
=0.284 x 1072

(6.12)

Assuming that the whole decay branching BR(f, —
KKr) = (9.0 & 0.4)% [37] results from the f; — (K*K +
K*K) — KKn decay mode, the following estimate for
BR(f, = forn° — a7z~ 2°) follows from Eq. (6.12):

BR(f, = for’ = nt7n2°) #0255 x 1073, (6.13)
This value is approximately 12 times lower than the central
experimental value in Eq. (2.2) obtained by VES. If, in
addition, one takes into account the relations (4.11) and
(4.12), then the estimate Eq. (6.13) should be further
divided by approximately 1.8. So, the £ (1285) — (K*K +
K*K)— (K"K~ +K°K%)n° — £((980)7° - 2tz 2" tran-
sition mechanism alone is also insufficient to understand
the experimental data.

VIL DECAY f,(1285) —» (K;K + K;K) - (K*K~ +
KK 7’ — £,(980)7" — xtx~n®
Let us try to reveal the possible role of the decay
mechanism f1(1285) —» (K{K + K{K) — (KTK~ +
K°RN7" — £4(980)7° — 2t2~2" with the participation
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of the scalar meson Kj. The variant with the K{(800)
resonance (or k) [37] should be rejected. The fact is that
for the x resonance with the mass m, which is approx-
imately equal or less than 800 MeV and the width I', ~
(400-550) MeV [37], the shapes of the Kz and KK
spectra in the decay f(1285) — (xK + kK) — KKz are
literally opposite to those observed in the experiment
[53-55]. According to the data on the f(1285) — KK«
decay [37,53-55], there is considerable enhancement in
the KK spectrum near the KK threshold, while in the Kx
mass spectrum one observes the large enhancement near
the wupper border of the spectrum, i.e., near
my —mg ~ 788 MeV. Such a picture agrees well with
the f1(1285) — a¢(980)z — KKz decay mechanism and
does not contradict to the mechanism f(1285) —
(K*K + K*K) — KKz. On the contrary, the f,(1285) —
(kK + kK) —» KKz mechanism results in the sharp
enhancement near the upper border of the KK spectrum,
1.e., near m My N 1147 MeV, and to the enhancement
of the Kz spectrum close to its threshold. Clearly, such a
mechanism cannot be responsible for a sizable portion of
the decay f(1285) — KKxz. Also, we cannot point to
some special enhancement of the decay f,(1285) —
£0(980)7° - 272~ 2° due to this mechanism.

Increasing the mass of the K resonance (pushing it
from the Kz threshold, myg + m, = 0.629 GeV) makes
the disagreement with the data on the KK and Kz mass
spectra less pronounced. The resonance K;j(1430) with
the mass m Ky R 1425 MeV and the width FKS ~
270 MeV [37] could be considered as the candidate
responsible for the decay f(1285)— (K{K+K;K)—
(K*K=+K°K%)7° - £(980)7° - nt 2= 2",

Along the lines similar to Sec. VI, first let us calculate
the width of the decay f(1285) — (K;K + K;K) —
KKr to all charge modes [see Fig. 5, where the
resonance Kj(Kj) should be inserted instead of
K*(K*)]. The amplitude of the f;(1285) - KjK tran-
sition looks as Vi g = gflK;;I'((eprl? —p,(;;) [analo-
gously for the f(1285) — KjK one]. One has, assuming
the isotopic symmetry,

Uy (ks k+RyK)~KRx

2 2
gfl K(*)+ K- gK6+K+”0

16753m}1
(my, —mg)? a, (k3) ~
x/ e dk%[ dIBF(K.K3).  (7.1)
(mm? Ja )
where
> p(kD)[? p(K})p(K3) cos 6
F2 ) = +Re Jeost - (7)
U Dk () Dy, (ki) Di. (k3)

PHYSICAL REVIEW D 93, 114027 (2016)
- - ~ 1
PURIPR) cosd = 3 (6 + 13— m, —m)

(m3, + mi — k3)(m3, + mi — k3)

2
4mf1

’

(7.3)

and 1/DK6(k%(2)) is the propagator of the Kj(Kj). In
what follows we set 1/Dka(k%(2)) :_1/(m%<3 - kf(z)), ie.,
we neglect the width of the K((K{;) resonance in its
propagator. This is a good approximation for the
f1(1285) » (KyK + K;K) —» KKn decay that consider-
ably simplifies the calculations. The numerical integration
in Eq. (7.1) gives

2 2
9rky k9K K420
U (kiR tkeK)KRe = 773

1673
x 0.971 x 107* GeV~!.  (7.4)

Notice that the strong destructive interference occurs
between the KK and KjK intermediate state contributions
in the decay f(1285) — (KK + K;K) — KKx. Namely,
the second interfering term in Eq. (7.2) turns out to be large
in magnitude and negative in practically the entire physical
region of the variables k? and k3. As a result, the
interference reduces the result obtained without interfer-
ence taking into account by approximately 74%.

The  f£,(1285) = £,(980)z° — ztz~z°  transition
width for the mechanism f(1285) — (KK + K;K) —
(KTK~ + K°K%)7° — £,(980)7° - zt 72~ 2" [see Fig. 4 in
which K} (K;) should be substituted instead of K*(K*)] can
be represented in the form
s,

—for’ =t 2’

_ /1.05 GeV |G s, 1 a0 (8)12 PP (5) 25T, g g (5)
0 671mj2£1 7Dy (5)?

dv/s.

(7.5)

.9 GeV

where G # o0 (8) is the invariant amplitude that determines
the effective vertex of the ffz° interaction,

‘7f1f0;z° = Gflfono(s)(efl’pE» - Pa). (7.6)
The evaluations of Gf]fo,,o(s) and T 70 040 are
analogous to those made in Sec. VI and Appendix B.
We will not dwell on them here. We restrict ourselves only
by pointing out that the z"z~ mass spectrum in the
decay f,(1285)— (K{K+K;K)— (K*K~+K°K%)z’ -
£0(980)7° - 2t 2~ 2° looks similar to the z*z~ mass

spectra in Figs. 1 and 6 and cite the final result of the
U L pondmntzq0 €valuation:
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2 2
r 9rkyk-Ik k420
f1 —>f0ﬂ0—>7fﬂ’n'0 - 1 671'3

x 0.263 x 107 GeV~'.  (7.7)
The comparison of (7.7) with (7.4) gives
Uti=fortmnta s
Uy (ki k+ Ky K)~KRn
__ BRU = o o) 02,
BR(f, — (K;K + K;K) - KKx)
(7.8)

Since the estimate (7.8) practically coincides with
Eq. (6.12), then the statements made about BR(f; —
for® — nta~2°) after Eq. (6.12) are valid in the present
case, t00. So, the mechanism of the f,(1285) — (K;K +
K;K) > (K"K~ + K°K%)2° — f,(980)7z° — #ntz=2°
transition cannot by itself explain the experimental data.

VIII. GENERAL APPROACH TO DESCRIPTION
OF THE KK LOOP BREAKING OF
ISOTOPIC INVARIANCE

Let us write the #"z~ mass spectrum in the decay
f£1(1285) = £4(980)7° — z* 2~ 2" in the form

drfl = for?—=at 0 (S) _ L |M
d\/s 167

2sr‘f0_>” = (S)
z|Dy, (s)|?

f1—>f0ﬂ°(s)|2p3(s)

(8.1)

The isospin breaking amplitude M _, o(s) can be
expanded near the KK threshold into the series in

pr&(s) = /1= 4mi/s:

M~ fo(8) = gk x-{A(s) X ilpgk-(5) = progo(s)]
+ B(s) %{ﬂf(s) _p%(()ko(s ]
]

+ Olpyig-(8) = progo(s)] +---3. (8.2)

The character of the behavior of the functions [p% - (s) —
Plogo(s)] near the KK threshold is shown in Fig. 7.

Let us restrict ourselves in Eq. (8.2) by the dominant
term proportional to i[pg+x-(s) — pgogo(s)], i.e., let us set

Mfl—’foﬂ'o (s) = 9foktk= X A(s)ilpg+k-(s) — progo(s)].
(8.3)
The amplitude A(s) contains the information about all

possible mechanisms of production of the KK system with
isospin I = 1 in S wave in the process f,(1285) — KKx.

PHYSICAL REVIEW D 93, 114027 (2016)
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FIG. 7. The functions [p}. - (5) = phogo(s)| for n =1, 2, 3,
and 4 near the KK thresholds.

From the data on the decay f;(1285) — f((980)7z° —
nta~7° one can extract the information about |A(s)|? in
the region above the K°K° threshold, between the K+ K~
and K°K° thresholds, and below the K+ K~ threshold. A
simplest variant of the description of the data on
dUs om0 (5)/dy/s with the help of Eqgs. (8.1) and
(8.3) can be realized by setting |A(s)|? to be constant, for
instance, upon setting |A(s)[* = |A(4m%.)[*). Then result-
ing from this fit of the z*z~ mass spectrum will be
determination of this constant.

The information about |A(s)> at /s > 2mg can be
obtained from the data on the KK mass spectra measured
in the decays f,(1285) — KKz. Unfortunately, the data
on these spectra are poor as yet [53-55]. However,
possessing the high statistics and good resolution in the
invariant mass of KK (y/s), the simple scheme of
obtaining the information about |A(s)|* at /s above the
KK, or K°KY, or K*KY thresholds could be consisted in
the following.

The KK system, due to the essential restriction of the
admissible phase space in the decay f;(1285) - KK«
Qmg < /s < 2mg + 150 MeV), should be produced pre-
dominantly in S wave. Then, for instance, the K*K~
spectrum in the decay f;(1285) — K*K~z" can be rep-
resented in the form

drfl_,K+K7ﬂ.o

NG

_ s

Pk ()P (s)[A(s) %

(8.4)

Fitting the data on dI'y, _, g+ -0 /d+/s, one can construct the
function |A(s)|?>. Using its value at the K* K~ threshold,
|A(4m%..)|* (which, for granted, corresponds to the con-
tribution of the § wave) and Egs. (8.1) and (8.3), one can
obtain the estimate for the quantity
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r dr 0 o(S)
fi1=for—ata a0 / 1 O(”i\/g = d\/g

_ / |A@dm2)Plpke x-(5) = progo(s)P

gjz"ol(*l(‘ zsrfo—ﬂr*ﬂ' (S)
16z z|Dy, (s)]?

Vs,

(8.5)

x p3(s)

Its comparison with the data on the decay f;(1285) —
a7~ 7° permits one to verify their consistence with the
data on the decay f,(1285) — KKz and with the idea of
the breaking of isotopic invariance caused by the mass
difference of K* and K° mesons.

Upon using the coupling constants found by us, the
integration in Eq. (8.5) over the interval from 0.9 to
1.05 GeV gives
Uf o podmptaad = [A(4m.)[72.59 x 1070 GeV>.  (8.6)

The proposed approach is applicable to the estimates of
other decays of similar sort.

If the isospin-violating amplitude contains in the physi-
cal region of kinematic variables (in the region of the KK
thresholds) the logarithmic (triangle) singularities, as
in the case of the 7(1405) —» (K*K + K*K) — (K*K~ +
KK 7% — £,(980)7° — nt 22" decay, then its structure
near the KK thresholds becomes more sophisticated and
the consistency condition of the type of Eq. (8.5) cannot be
obtained.

IX. SOME COMMENTS ABOUT ESTIMATES

The effect under consideration is caused by the K meson
mass difference and manifests itself in the vicinity of the
KTK~ and K°K° thresholds, where kaons are near their
mass shells. All resonance contributions taken into account
by us in the intermediate states of the tree diagrams and in
the imaginary parts of the triangle loop diagrams appear
also near the mass shells, that is, at s ~ mrzes, etc. It means
that the vertex form factors, usually suppressing the
hadronic amplitudes, do not play an essential role in the
present case. As for the real parts of the triangle loop
diagrams, the insertion of the form factor for obtaining their
numerical estimate would have some meaning in the case of
the divergent diagrams. In our case, the triangle diagrams
with the charged and neutral intermediate kaon states are
convergent separately, hence their estimates are possible
without introduction of any phenomenological form fac-
tors. Moreover, the result of compensation of the charged
and neutral intermediate states in the channels f(1285) -
(K*K+K*K)— (KTK~+K°K?)7° - £,(980)72° -7+ 7~ 2°
and f(1285) - (K;K + K}K) — (K*K~ + K°K%)z° —
£0(980) = n 220 (i.e., the shape of the basic contribution
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near the KK thresholds) turns out to be practically
insensitive to the form factor behavior off the mass shell.

It should be also emphasized that the convergence or
divergence of the triangle diagrams as well as of the KK
loops in the case of the a)(980) — (K"K~ + K°K°) —
f0(980) transition is not related with the effect under
discussion. The sum of the subtraction constants for the
contributions of the charged and neutral intermediate states
in the dispersion representation for the isospin breaking
amplitude should have the natural order of smallness
~(mgo —mg+), and it cannot be responsible for the
enhancement of the symmetry violation in the vicinity of
the K*K~ and K°K? thresholds neither in the magnitude
nor in the shape.

Let us call attention to the fact that the estimates obtained
for the ratios (4.10), (5.3), (6.12), and (7.8), which
characterize the isospin breaking for different mechanisms,
do not depend on the magnitudes of the coupling constants
9f " 9f K K20 9F KK and gy, Kt K> respectively. By
themselves, these constants are either ill defined or simply
unknown. Hence, in order to combine meaningfully the
different theoretical mechanisms of the decay f(1285) —
£0(980)7° = 7z~ 2°, the considerably improved quality
of the data on the main decay channels f(1285) — nzzn
and f,(1285) - KKx is necessary. The partial wave
analysis of the three-particle events is required for the
clarification of the relative role of the specific mechanisms
in the above channels. In this route, we would persuade the
experimenters to measure in the first place the decays
£1(1285) = zt7~ 2% and f,(1285) - K*K~ 2" simulta-
neously (at the same facility and in the same experiment)
and to obtain the z*z~- and K"K~ mass spectra. As it is
explained in Sec. VIII, this would give the possibility of
checking the consistency of the data on the z"z~ and
KTK~ mass spectra before the detailed partial-wave
analysis.

X. CONCLUSION AND OUTLOOK

The phenomenon of the a)(980) — f,(980) mixing [1]
gave the impetus to doing experiments on reactions (a)—(f)
which were made by the collaborations VES [27,28] and
BESII [29-31]. In the present work, we show the principal
possibility of the estimate of coupling constants of the
a(980) and f((980) resonances using the BESIII data [29]
on the a((980) — f(980) mixing. Notice that the relations
among the couplings found in Sec. III agree well with the
predictions of the ¢g?g> model. Interesting for physics and a
promising problem is the task of making more precise the
BESIII data [29] on reactions (b) and (c) [see Egs. (3.1)
and (3.2)].

We have analyzed in detail four possible mechanisms for
the isospin-breaking decay f,(1285) — z" 7~ 2"

(1) £1(1285) = a((980)7° — (K*K~ + K°K%)z° —

£0(980)7° — 222",
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(2) f1(1285) - (KK~ + K°K%)2% - £((980)7° —

atnad,
(3) f1(1285)— (K*K+K*K) —
£0(980)7° - 7t 22",
@) f1(1285) - (K}K + KyK) —
£0(980)7° = 7t 2~ 2°.
Our conclusions from the estimates are the following. The
experimental data are difficult to explain by the single
specific mechanism from those listed above. On the other
hand, these mechanisms are united by the fact that for each
of them the z*z~ mass spectrum in the decay f;(1285) —
atn~ 2% turns out to be located between the K*K~ and
KYK?" thresholds in view of the KK loop mechanism of the
isospin breaking. It is clear that the considered mechanisms
of the decay f(1285) — "z~ 2" underlie the observable
isospin breaking phenomenon. It is apparent also that con-
siderable experimental efforts are yet required to eliminate
the uncertainties in the available data [for example, it is
desirable to measure the various decay modes of f;(1285)
simultaneously at the same experimental setup].

Taking the decay f(1285) — £¢(980)z° —» ztz~7° as
an example we have discussed also the general approach to
the description of the KK loop mechanism of the breaking of
isotopic invariance in the absence of logarithmic singularities.

Since the existing data on the f;(1285) — 2"z 2"
decay probability have a rather large spread [see
Egs. (2.3)=(2.5)], the task of making them to be precise
is an extremely interesting and important problem.

Among the numerous production reactions of the
f1(1285) resonance we want to call attention to the reaction
of the f,(1285) production in the central region via the
two-pomeron exchange, and to the possibility of the study
in this reaction the decay f,(1285) — ztz 7’

(KTK~+K°K®)n" -

(KTK~+K°K°)n° -

pp = prf1(1285)ps — py(ata 2% p;.

It is interesting also to study the related reaction
pp = psf1(1420)p, — py(z*a=a%)p;.
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APPENDIX A: POLARIZATION OPERATORS

The polarization operator I1%(s) [see Egs. (3.9) and
(3.10)] can be written as

H?b(s) = gfa;,f?o(s;ma,mb)- (A1)

PHYSICAL REVIEW D 93, 114027 (2016)

(+ )

The function By(s;m,.m,) at s > m,,”~ looks as

. L me

m,’m m,
BO(S;ma’mb):16ﬂ_ %1 m +ﬂab(5)
1 \/s—miz)z—l-\/s—mflz)z
X | i——In ,
SR P

Where pah(s) e \/S — mgz)z\/s _ mi;)Z/s’ méi) — ma Zl:

my, and m, > my,. At mg;ﬂ <s< mg}:)z
N 1 1 mDm
By(s: . - ab ""ab ln—b
(83 ma,mp) 167 s m,
R
—pap(s) | 1 = —arctan ~——— | |,
z o= 2
ab

(A3)

where p (s \/m - S\/S - m(a;)z/s. Ats < mi;)z

N 1 m(z)m(—b) m,
By(s;mg,, my) = = 42 __ab - a lnm—
a
\/m -5+ \/m -5
+ﬂab ab ab

\/me —s—\/th -
(A4)
\/me —S\/m —5/s.

APPENDIX B: TRIANGLE DIAGRAM

The functions Q% and (Q,,Q,) in Eq. (6.4) look as
follows:

where p,(

1
Of = 7 lma(mi, +mi —13)* + m (K + 13
—2my)* = (m}, + mg — k3) (ki + k3 — 2my)

x (ki = mz = mi)]. (BI)

114027-12



MECHANISMS OF THE ISOSPIN-BREAKING DECAY ...

1
(01, 0y) = ¢ [2mz(m} + mg — k3)(mF + mg —k7)

8
+ (B4 = 2mE 2 (m2 + mE = 1= 13)

(mj%1 +m% — k3)(k? + k3 — 2m%)
x (k3 —mg —mg) — (m3, + mg — k)
X (k3 4 k3 —2m%) (k3 — m2 — m%)]. (B2)

The invariant amplitude Gy ; ,0(s) introduced in
Egs. (6.9) and (6.10) is represented as the sum of the
amplitudes corresponding to the charged (c¢) and neutral
(n) intermediate states in the kaon triangle loop in Fig. 4,

Gflfoﬂo(s) — G(C) ( ) + G( )

Sifor® S1for® ( ) (B3)

In the approximation of the isotopic invariance for coupling
constants of the f(1285), K*, and f;(980) resonances and

at my-+ = mywo, the amplitude Gf)f o(s) and Gf Ford o(s)

differ by only the overall sign and by the masses of the
K*(K~) and K°(K?) mesons.

Using Eqgs. (6.1) and (6.2), let us write the amplitude of
the triangle diagram in Fig. 4 for the charged intermediate
kaon states in the following way:

Vi o= 3G (g, )P — (P P3)er, ). (B4)
where gflf()n'o = 2(29]('1K*+K—2gK*+K+]T()gf0K+K—) and
o / k,d*k
@)t ) (2 = mi)(pr = k)F = m.)
1
X . (B5)

((k = p3)* = mi-)

()

Expanding the amplitude C,;’ in the momenta of external

particles, Cﬁ,c) = plﬂCﬁ) + p3ﬂC562> [56], we can rewrite
Eq. (B4) in the form

vl =gl

(
fifor® T A <B6)

) o()(ef, 3 = )

and determine Gj(f o(s) in Eq. (B3) as
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(c)

Gflfoﬁ'o(s) = m]%]gflfoﬂocgcl)/z’ (B7)

where the amplitude

_
4mfp()

x [mg —mz(m3 4 s+ mg. —mg,)

Cgcl) = {CO(S Mg, Mg+, mK‘)

+ (m%. — m%ﬁ)(mj%1 —s)]

- 2’”;2[[30(’"72:; My, Mg+ ) — Bo(s5mg+, mg-)]

+ [Bo(m7 s mge,mg+) — Bo(ss my+, mg-)]

x (m7, 4 mz —s)}. (B8)

Here, Cy(s; mg+, my+, mg-) is the amplitude of the triangle
loop (see Fig. 4) in the case of the scalar particles, in which
as the arguments shown are the square of the virtual
invariant mass of the produced f(980) resonance (s)
and the masses of the particles inside the loop,
By(pisma.my) —Bo(pjsme.my) are the differences of the
amplitudes of the two-point diagrams also for the case of
the scalar particles; these differences are related with the
functions By (p?;m,.m,), given in Appendix A, by the rela-
tions  Bo(pisma,my) = Bo(pisme,mq) = Bo(pismg,my) —
Bo(pjime.mg) = [In(mgmy/m.mg)}/(167%); 4m3 p(s)=
m} —2m7 (s+mz)+(s—mz)>. At points where 1/p*(s)

goes to infinity, the function C§1> is finite. The numerical

evaluation of the amplitude Cy(s;mg-, mg+, mg-) was
fulfilled along the lines suggested in Ref. [57]. Notice that
the amplitude for the diagram in Fig. 4 does not contain the
logarithmic (triangle) singularity in the physical region of
the decay f,(1285) — £((980)z° — "z~ z", contrary to
the case of the decay 7(1405) — £((980)z° — z* 77",
where it is important to take into account the finite width of
the K*(892) meson when calculating [35].

Analogously, for the neutral intermediate states we have
G;T;O,EU(S) = —m3 Gs, o0 ¢\ /2, where C\? is obtained

from C(lcl) upon the substitution mg+g-y by mgo(goy.
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