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We construct the free field representation of irregular vertex operators of arbitrary rank which generates
simultaneous eigenstates of positive modes of Virasoro and W symmetry generators. The irregular vertex
operators turn out to be the exponentials of combinations of derivatives of Liouville or Toda fields, creating
irregular coherent states. We compute examples of correlation functions of these operators and study their

operator algebra.
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I. INTRODUCTION

Primary vertex operators in two-dimensional conformal
field theory are the objects playing a crucial role in the
Alday-Gaiotto-Tachikawa (AGT) conjecture [1], connect-
ing regular Liouville conformal blocks to Nekrasov’s
partition function [2] on the Coulomb branch of N = 2
supersymmetric gauge theories in four dimensions. Among
the interplay between the four dimensional gauge theory
and two dimensional conformal field theory (CFT), there
appears a nontrivial IR fixed point, Argyres-Douglas type
theory [3,4]. This class of theories does not allow marginal
deformations and is described in terms of colliding limit of
the primary vertex operators. The operator of rank g,
obtained from the colliding limit [5,6], generates an
irregular state of rank ¢ when applied to the vacuum.
The irregular state is annihilated by L; with k > 2g but
becomes a simultaneous eigenstate of positive Virasoro
generators L; with ¢ < k < 2¢. This irregular state is called
Gaiotto state [7] or Whittaker state [8]. The usual regular
primary state corresponds to the rank O state

One obvious try to construct the irregular vertex oper-
ators (IVO) or the irregular conformal states was the
construction of the state as the combination of the primary
state and its descendents [7—11]. However, the attempt to
find the irregular state beyond the rank 1 has met a serious
difficulty to fix the coefficient if one uses the fact that the
state is the simultaneous eigenstate of the positive Virasoro
generators only. The state thus constructed has undeter-
mined parameters which should be further fixed by the
consistency condition with the lower mode L., [12].

In this paper we reconsider the irregular vertex operator
directly in terms of free bosonic field representation. To get an
idea, we notes that the two-point conformal block, one
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primary vertex operator at infinity and one irregular vertex
operator at the origin, is given as the irregular matrix model
(IMM) [5,13] which has the form of Penner-type matrix
models

N
Z= / [Tarn TT (y—a) et
i=1

1<j<k<N

(1.1)

where the potential has the logarithmic term together with the
inverse powerlike contributions

Cj

J:)

V(4;) = colog(4;) — i (1.2)

Seiberg-Witten curve obtained from the loop equation of
IMM has the quadratic form and IMM is expected to
reproduce the instanton contributions to the partition func-
tions in the Argyres-Douglas theories according to AGT. The
irregular conformal blocks (ICB) are in general not simple
objects to explore, even though the IMM approach to the ICB
provides arelatively simple procedure but needs tedious steps
to find ICB working with loop equations. Therefore, it is
desirable to find IVO directly from the eigenvalue constraints
using the (Liouville) free fields and provide ICB in terms of
IVO directly.

The general feature of the potential term of IMM is that
IVO can be represented in terms of modified vertex
operators which contains finite number of derivatives of
the Liouville fields [14]. However, it is yet to be checked if
the modified primary operator indeed represents the irregu-
lar vertex operator. In this paper we construct the free field
representation of IVO explicitly without resorting to the
ICB or IMM but only using the fact that IVO produces
the simultaneous eigenstates of positive generators. For the
Virasoro IVO, one has the conditions:
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[Lk’lq] :Pqu(q3k32Q)é [Lkalq] :0(k>2q>

(1.3)

where [, is the IVO of rank g and py is the eigenvalue of the
positive mode Virasoro generator L;.

In case of two or more copies of the Liouville fields as in
the Toda field theories, IVO can have more constraints to
incorporate the higher spin symmetry in addition to (1.3).
For example, with two fields, IVO subjects to the W)
symmetry constraints:

3 3
[W,E ’,zq} = 01,2 < k < 3q);

0(k > 3q) (1.4)

where W,(j) is the kth mode of the spin 3 W-current and a),(f)
is its eigenvalue. The corresponding irregular matrix
models can be obtained from the colliding limit of the
A, Toda field theory, whose loop equation provides the
cubic form of the Seiberg-Witten curve and flow equations
corresponding to W®) symmetry [14,15]. It is generally
expected that IMM obtained from the colliding limit of A,
Toda field theory results in the Seiberg-Witten curve with
the (r + 1)th power term and flow equations of W(+1)
symmetry. The corresponding IVO can be determined by
the generalized constraints due to W(*+!) symmetry:

[WirH),Iq} = w,(f)lq(rq <k<(r+1)q);
WU 1) =0k > (r+1)q)

This paper is organized as follows. In Sec. II, we
consider the case with one free bosonic field which has
Virasoro symmetry. We first develop the free field repre-
sentation of the Virasoro IVO of rank 1 by solving the
Virasoro constraint, reproducing the deformed Penner-type
potential of the matrix model approach. We then extend this
construction to higher ranks and present the general
structure of IVO of arbitrary ranks. The explicit coordinate
dependence of ICB constructed from N-point IVO corre-
lator is given in free field formalism.

In Sec. III, we extend this construction to the system of
two bosonic fields so that IVO obeys the W) symmetry.
We explicitly check that IVO of lower rank has the similar
free field representation as in the Virasoro case. The
eigenvalues fix IVO with algebraic polynomial equations.

Section IV is the conclusion where IVO of arbitrary rank
g with WU+ _symmetry is given and its eigenvalues are
|

N

H (Zkl )_a” (@) Z

em?(zy)...e™ (zy) =
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presented explicitly in terms of the coefficients of IVO for
WO case. In addition, some of physical implications of
IVO are speculated.

II. IRREGULAR VERTEX OPERATOR WITH
VIRASORO SYMMETRY

In this section we demonstrate the explicit construction
for IVO in terms of one free bosonic field. Before we
demonstrate the explicit ansatz, it is useful to comment on
the structure of the answer that we expect and its relation to
the colliding limit.

The irregular blocks of rank ¢ essentially emerge as a
result of the normal ordering g+ 1 Liouville vertex
operators colliding at the same point. Let us consider the
example of two vertex operators first. The operator product
between two exponential operators at points z; and z,
around z, is given by

0

(22)™ Y (z1a)": B (e« (w)

n=0

ea¢(21)eﬂ¢(22) =
(2.1)

where 7, = z; — 2. BY" are the normalized Bell poly-
nomial of the derivatives of ¢ and are defined as [16]

B((,n) = Zn:al’ Z

p=l nlk..k, kit Qk

k.0
_ 2.2
g (2:2)

Here the sum is taken over the ordered length p partitions
of n (1§p§n):n:k1+---+kp;k1 <k,... <k, and
gy, is the multiplicity of an element k; in the partition. The
operator product for three operators at z;, z», 3 colliding at
z; 18 similarly given by

™ (z1)e (z)e" (z3)
(22 = 21)™ (23 = 21) 7P
Z Z Z 2= )" (2 —z)
F(—ﬁy +1)

(n.—k)Bgnz)eanﬂ*"i (z1)-

KT(—py +1—k) P (2.3)

One may have in general, for N vertices at zj,...zy
around z;

Z Z (ZZI)nl(Z31)”2_k1"_(ZNl)anl—kaz

p=2 Myenny ny_y kyy.oky_o G- gn-2

(nj=a; (ks
XHﬂ{nkq} Bu,),”

'kN’l))e(al+"'+aN)¢ : (Zl )

(2.4)
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with the g-numbers satisfying

=

-2

=

-2

ki=) a;
1 j=1

(2.5)

~.
I

and Ay, 4y are some constants which are straightforward to
evaluate but whose explicit form is of no importance to us.
IVO is then obtained by taking the operator product (2.4)
inside correlators and taking the simultaneous limits
7; > Z15j = 2,...,N maintaining Zaizé‘ finite for
k=0,1,....,n. All the operators appearing on the right-
hand side of the operator product (2.4) shall appear in the
expression for IVO; thus, IVO of any rank ¢ must contain
infinite number of terms, having the general form

[Se]

I‘IN Z /111]...11 ez/ ! /¢B((zr|l])...Br<lr;q) (26)

where the A-coefficients must be determined from the
Virasoro constraints (1.3). It is noteworthy that the objects
similar to that type appear in string field theory as analytic
solutions of the equations of motion, presumably describ-
ing the collective higher spin vacuum state [16].

However, taking the colliding limits directly for the
expansion in (2.4) is obviously a tedious procedure and
technically seems to be beyond control in an arbitrary case.
In addition, the products of Bell polynomial operators,
generally lead to tedious recursion relations, and are hard to
solve analytically. Therefore, it shall be better to work in a
different operator basis, namely, a field derivative basis so
that we can apply the Virasoro constraints (1.3) directly to
the operator basis.

To start, we look for the solution IVO of rank one in the
form

(&9

I = Z Anyn, @ (O)N>

N, .N,=0

(2.7)

Second and higher derivatives are not allowed since [;
should be annihilated by all the L;-generators with k > 2:
Note that L, = § 42 K717 (z) and the stress-energy tensor
with background charge Q

T(z) = (34)) + 324)

(2.8)
will have the leading operator product expansion (OPE)
singularity of the order ~(z; —z,)™ with I, since we
are using the free field normalization (¢(z)p(w)) =
—log(z —w).

The solution is obtained if one finds the generating
function F(x,y) of two variables with the same Ay y,:

x,y) = Zle,Nsz'yNz

N.N,

(2.9)
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The eigenvalue constraint

(L. 1] = pal (2.10)
leads to the relation
P2 Z Ann, @Y ()N
Ni.N=
=- Z N>(Ny = 1) Ay, n, "1 (9gp) V272 (2.11)
N, =0,N,=2

It is easy to see that this equation is equivalent to a simple
partial differential equation on the generating function

F(x,y):

OF (x,y) = —paF(x,y) (2.12)
whose general solution is
F(x,y) = eV f(x). (2.13)
Similarly, the second eigenvalue problem:
(L1, L] = pi1, (2.14)
leads to the second recursion relation for A:
P1 i Ay, @V (0p)N
N{,N,=0
z‘x’: NNyAy,n, "1~ (Op)N>7!
Ny=1,N,=1
+0 i Nody,n, @™ (9p)N! (2.15)

Ny=1.N,=1
leading to the second order differential equation on F:

—0,0,F + QO,F = p|F. (2.16)
Substituting the general solution of the first equation and
identifying f(x) we find the generating function to be given
by

(\//,—+Q x+t\/_y

F(x,y) = (2.17)

Accordingly, substituting for Ay y, we find that the
expression for IVO of the rank 1

The contribution to the Penner type potential is given by
the log of the leading order OPE term of 7,(z;) with a
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regular vertex e*”(z,). Expanding I, in terms of ¢ and d¢
and exponentiating one easily finds

V(zia) ~ <i\;;;_2+ Q> log(z12) + i\z/—loz_z (2.19)

reproducing the known result from the matrix model
approach, which leads to the identification of the potential
coefficients with the eigenvalues.

Next, let us consider the rank 2 case. The eigenvalue
constraints for the rank 2 are

Ly, 1] = pila; (k=23.4)
Accordingly, the ansatz for the rank 2 will be
D N1 (09N (PN (2.21)

Ni,Ny,N3

since I, is by construction annihilated by all L, for k > 5.
With the generating function

Ny N2 N3
E /IN|N2N3x yoeaoe.
N1.Ny.N;

F(x,y,2) =

the eigenvalue constraints for k = 2, 3 and 4 lead, in turn to
the characteristic 3 PDE’s

—40’F = p,F
—20,0.F = p3F
—20,0.F — O3F + %@F = p,F. (2.22)
The solution of the system is
F = R0t ()
leading to IVO:
I, = PR ROHEIATTS () 5

with the corresponding contributions to the Penner’s
potential:

V(z12) N\/% <<,02 ,04> +5 Q) log(z12)

. P3 - _
+i——=zn l+§\/!)_4212 2.

N

It is not difficult to extend the same pattern to the higher
ranks. For the rank 3, the IVO ansatz will include the third
derivatives of the Liouville field:

(2.25)
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z AN s, N (D) (P P)N (D )N

Ny.Ny.N3,Ny

12 -
(2.26)

The generating function will have 4 variables and satisfy
the system of 4 linear second order differential equations.
The computation similar to the above gives the answer for
the rank 3 irregular block in terms of the irregular vertex
operator:

ﬁ{ @3_%+_—2’Q\//’_6 )+ 4——)a¢+/’_502¢+/7682¢}
e

13 - "o (227)

with the related contribution to the Penner’s potential

P4Ps

V3(z12) ~ \/Lp? { (P3 T e + p—i - 2iQ\/P_6> log(z12)
6

2
+ P4—& 217! +&212_2+@212_3 .
Pe 2 6
(2.28)

It is now not difficult to guess the general structure of the
answer for an arbitrary rank g: IVO of the rank ¢ is given by

I, = e2ia®d. (2.29)

with the related Penner type potential contribution

Vy(z12) ~ aplog(z1z) + Z%(le)_ (2.30)

k=1

where

DY

J=1 2m+1)q+klq, ...

qu(q+ l)Q
‘]1--~‘ijl]1"’p‘]j - 2 56

—k—

. Py+k
—U\/P2q% = —7:, Z o
! = Py

Xn

. P2
—i\/PrgQy = q_'q (2.31)

with 0 <k<gqg-1. n4 ,
)
second sum in the expression ), 1), .

are positive integers and the

7 is taken
1y

over all possible length j ordered partitions of

such that ¢ < g, <... <gq; <2¢q with the subsequent
summation over the lengths. Irregular conformal state
obtained by IVO of the form (2.29) has the simultaneous
eigenvalues p; of Li(k = ¢, ..., 2g) whose relation with a-
coefficients are given in terms of g + 1 algebraic equations.
The objects of the type (2.29) were also considered in [17]
in a different context, as well as in [18].

In addition, IVO of the form (2.29) provides the N-point
ICB:
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N 11[)

<1q] (Zl)...IqN(ZN>>:<H: e k, =0 Al

P () > (2.32)
I=1
where ¢,(I =1,...,N) are the ranks of IVO. Below we
shall compute this correlator in the limit of zero Liouville
cosmological constant, i.e. in the free field limit. This
calculation still holds at nonzero constant as long as long

as the neutrality condition ) -, . Nao = Q holds. Despite
that, the free field calculation still makes sense even when
the neutrality condition is not satisfied, since the irregular
blocks are the objects essentially appearing in the process
of perturbative expansion in the screening operator, and, as
such, get inserted inside the free field correlators.

To compute the holomorphic correlator, consider the
functional integral

(g, (21). gy (2n))
/D¢H Ek, -0 k, ‘)k1¢( —ﬁfdzzaqbéqb.
(2.33)

This integral can be written as

<Iq|(zl)"'IqN<ZN>>
— 6%27,:1 ZZ:I ZZZ: ZZZ*O /:Z]

= H (21, = 21,) ™™

L, L=11#1,

1N
(1) (1) 721 =1
a, 1
o % e
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<1111 (Zl)---IqN(ZN)>
N / quef PLopdpre> Y

ey Ak,
0 a (=1)0f 6% (=)

(2.34)

where we took the exponential insertions at z; inside the z-
integral by using the -functions 6(?)(z — z;) and integrated
k; times by parts for each derivative field 9% ¢. This integral
is now the Gaussian integral with the linear source term

ZZa

I=1 k=0

8ol (z—z)  (2.35)

and its value simply equals to that of the generating
functional

W(j) = e €2 [ dvitaimmal

|z==wl)

(2.36)

with G(|z —w|) = —log |z — w|* Substituting for j(z, %),
integrating again by parts for each termin the sum to bring the
derivatives of the delta-functions into the delta-functions—
and finally integrating out the delta-functions, we obtain:

&k
qlz fd’z fdzwﬁ - 2,1)5@ (w—z,z)(?zll 3,2 G(|z—w|)

' (ky, +k12—l)!a/(:”]) (@1,)

N a1 iy I ‘17
=Ll #l E :Allfn E :k,z—o K, i,

(211 —212)

(2.37)

This is the general answer. For example, applied to the three-point function of the rank 2 blocks, it gives:

(Ir(z21)12(22)2(z3)) = [(z1 — 22)(z1 — 23) (22 = 23)]”4

where p, 3 4 are the eigenvalues of L, 5 4 respectively. Note
that the exponent only contains the even powers of the
inverse z;;, as it should be (otherwise the answer would
have been unphysical since for close z; and z; interchang-
ing points would e.g. make an infinitely large exponent out
of infinitely small).

II1. TODA GENERALIZATIONS AND W,
SYMMETRIES FOR IRREGULAR
CONFORMAL BLOCKS

There was an insightful observation made in [10,14,15]
that, when the Liouville theory is extended to A, Toda
model containing two copies of the scalar field, the

(Pz,;*)

”%( T R
e’ -2t (-3 (-

(2.38)

|

irregular conformal block of such a model possesses
additional symmetries related to W) algebra. Therefore,
irregular state will be the eigenstate not only of Virasoro
generators L, with ¢ < n < 2qg but also of eigenvalues of

the W,(,3) generators with 2¢ < n < 3¢q. This property has
been demonstrated explicitly in the random matrix model
approach. However, its generalization to higher W
symmetry remain somewhat uncontrollable, As we shall
demonstrate below, the whole construction and its gen-
eralizations become much more simple and transparent in
the vertex operator formalism using the manifest free-
field representation. The free-field representation for
irregular rank ¢ conformal blocks involving r scalar

106002-5
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fields, leading to irregular vertex operators of the type
(2.29), is given by

= (NN
Lyr Z /?'N(ll)...Nfll)|N(12>4..N512)|4..|N(1r)..ANEI')(¢ )

M N0
Ny'.NS=0

. (01N x L x (N (9 )NG
(3.1)

For simplicity, let us start from the most elementary
nontrivial case g = r = 2, relevant to the w®) IVO, whose
emergence was already observed in the matrix model
approach [14,15]. We shall look for the free field realization
of this block in the form:

o0

bp = AN\ NyN; P PoPs -
N{,N,,N3=0;P,P,,P3=0

]1V] (O )N (D py )N

Xy (042)" (D pa)": (3.2)
with the stress-energy tensor
2/ 1 1.
= ; (‘5 (3(/’:’)2 T3 Q'62¢i> (3.3)
and the W;-current
2
Jw = ijzk;l(l/ia3¢i + yij32¢i3¢j + 1000 ;0¢py) (3.4)

where the v-coefficients will be determined below from the
condition that j,, is a dimension 3 primary field.

The generating function F(x;, x,, X3]y1, y2,¥3) for I is
thus the function of 6 variables that is to be determined
from 3 Virasoro constraints and 3 W(®) constraints. We start
from the Virasoro constraints first. As in the case of a single
field, I,, is the eigenvalue of L,, L3 and L4 and, since it
does not contain higher than second derivatives of the Toda
fields, it is by construction annihilated by all higher L,’s.
As before, consider the L,-eigenvalue problem first. As
|

1

F(xy, %2, x3[y1, 52, ¥3) = eXP{Z [,02 —iQia—iQ,f - s
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before, by simple straightforward calculation the eigen-
value problem leads to the recursion.
The constraint [Ly, Irp] = pal,); results in the relation

-4 z (N3(N3—1)
Nl.NZZOVN3:2;P1-P2:0’P3:2

+ P3(P3 = 1) Ay, nons Py pops -
V(01N (021 V25 (Opo) ™2 (0P hy) P52

= P4 AN\ NoN,| Py PyPs -
NNy .N3=0;P,,Py,P3=0

11\,] (Opy )N (32¢1)N3¢§1 (Dh2)"2(D¢py) "5 :

which is equivalent to the second order PDE for the
generating function:

(3.5)

(81%3 + agg)F('xl’x2’ x3|)’17)’27 y3)

P
:—fF(xl»xz,x3|ylv)’27)’3)- (3-6)

The general solution is given as

F(x1, X2, X3]y1, y2, y3) = €5 F P FO (x) x]y1,y2) (3.7)

with a and f coefficients satisfying

a2+ﬁ2:&.

: (3.8)

Similarly, the second eigenvalue problem, [Ls, /] =
p3ly), leads to the second PDE

<axzax3 + aJ’za}’3)F = _%F' (39)

Finally, the third eigenvalue constraint, [L,, I55] = p2lp
leads to the third PDE on F:

2<8X1 axs + ayla}‘s)F + <a)262 + a%z)F
- (Qlax3 + Q28y3)F = —sz

The general solution of the three PDE’s (3.6), (3.9),
(3.10) is given in terms of the generating function

(3.10)

AL L

p? a
. P3 42 &_12
+A—:{Pz—ina—iQ2ﬂ—(4 :2 ) _(4ﬁ2) _g]yl
P3 Py _
+i[(4tj)x2+ 4 ﬂﬂ)y2+ax3 +ﬁy3” (3.11)

and, accordingly, IVO is given as

106002-6
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g ) P B2 (B nop,
ez{ﬂz—lQla—leﬂ 4a2 4//2 1§}¢1+» A

Fiad ¢, |
12|2 =: .

< ef{ﬂz—ina—inﬂ
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P3 Pr3_,
G? G-
2 72

B-dopy
L R TS

where 3 constants: 4, £ and one of a or f [related by (3.8)] are not yet fixed and must be determined from the remaining

Ws-current constraints.

To apply the W constraint, we need to fix the coefficients in j,, current (3.4) first. To make W3, j,, the dimension 3
primary field, Generically, the OPE of T(z;) with j,(z,) has the form:

T(21)ju(22) ~ 233 (120,07 = 20) + 23306, (—607 = 3 +30,7)

+ 7P (=60 + 17 Q1) + 00, (=207 + 37 Q,)}

(all the upper and lower indices are equivalent, distin-
guished merely for the convenience of the notations) To
make the Ws-current dimension 3 we have four relations

61,0/ — 1/l = 0
—2u = 4 Qi =0
—607 + 1710, = 0

-0 4 307k Q, = 0. (3.14)
Note that v;j is symmetric by construction; a priori v;; is
not necessarily symmetric, however, the last equation in
(3.14) imposes the symmetry condition on v;;. The system
(3.14) is thus consistent, being the system of 8§ linear
equations for 9 variables (an extra variable corresponds to
the overall normalization of j,, that is fixed by the
normalization of W()-algebra). The j,, current (3.4) is
thus completely fixed by (3.14).

|

(31/1118523 + 21/1128)2‘38},3 + 21/122(9)(3653 + 31/222833 +

For the eigenvalue problem

[W?), Lp] = wslyp;

we have

(3.13)

The final step to construct the rank 2 IVO with W©)-
symmetry is to solve the eigenvalue problems for 15, with

respect to j,, modes: j,,(z) = an'”'SW,(f). Namely, I,

must be the simultaneous eigenvector of W,(f) with k = 4,
5, 6 and annihilated by higher modes. As in the Virasoro
case, the annihilation constraint is automatically ensured by
the manifest form of the ansatz (3.2). The W-constraints on
I, lead to extra 3 linear partial differential equations of the
third order on the generating function F, allowing us to fix
the remaining unknown constants in (3.11). Namely,
applying (3.4) to (3.2) and proceeding precisely as
explained above, we obtain the system of 3 extra differ-
ential equations on F. For the eigenvalue problem

{Vlll (68,%30x1 + 38,%28X3) + V112(28x3 8}’30x1 + 8,2(28y3 + 8x28x38y2 + 28%38y1)

+ Vi (26X3 ay@ aY] + 632 ax} + 8)’2 aY} axz + 2851 axl )

()]
+v20(605,0,, +303,0,,) + _S}F(xl»x25x3|ylvy2’y3) =0.

4

And finally, for the eigenvalue problem

3
Wy, Iyp] = o41y);

W, L] = wslo; (3.15)
we have
We
K} F(x1, %2, x3|y1, y2.y3) = 0. (3.16)
(3.17)
(3.18)
(3.19)

106002-7
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we have
{I/l] 1 (68,%38)51 + 3a§26x3) + y112(2ax16x3ay3 + axzax3ay2 + 26)2636)1) + 1/122(26)638)'1 83’3 + ax3 832 + 2ax1 agg)
.
+ 1/222<68§38y1 + 38326))3) + 31/118)2‘3 + 6v12(9x3(9y3 + 31/22633 + f}F(X], X7, X3|y1, Yo, y3) =0. (320)

From the 3 PDE with the form F in (3.11) give the following algebraic constraints on the remaining constants:

lCO6

Buina@ + 3uaf? + 111202 + vipaf* + 16 0 (3.21)
P p: p B (p P i
31/111“(134‘/1)"‘3’/222,5( >+U112<ﬂ (f >+ﬁ<f+ﬂ>>+l/122<a <43+/1> (f—/l))+?5—0
(3.22)

(Pz —iQ1a—i0,f -

il
5

This system of cubic algebraic equations fixes the remain-
ing coefficients and fully defines the Virasoro and Wj
irregular vertex operator.

L (ps 2 1 (ps
L) e k(2

a
2
1

+

[\S)
ENIISI NS

[38)

IV. CONCLUSION

In this paper we have constructed an explicit form of the
irregular vertex operator with Virasoro and W-symmetry.
Given the irregular vertex operators, constructed in this
work, it is straightforward to read off the associate Penner
type potentials whose random matrix model has the
Seiberg-Witten curves corresponding to the 4d gauge
theories. Although in the text we limited the explicit
examples to the Virasoro cases and to the W5-case of rank
2, it is not difficult to see the pattern for the general W)
with arbitrary rank g. The vertex operators would generally
contain N — 1 Toda fields and involve the derivatives of
orders up to g:

IN\q = eza 1 ZA 0““\*3 P (4.])

L (ps 2 1 (ps
-——|—=+4 —|—==4

# () s

P3

P

1p3 2 1
-——|—=+4

2 (50)

>2> +3ﬂ<%+/1> +§>
) )
G et

14 az
2 1 2 2
)Z%w&ﬂ)w%HW%O@Gr@w@%—%ﬂ)
g

-2
3 - /1) g)) + 31/11&2 + 31/22ﬂ2 + 6l/lzaﬁ + la)_4 =0.

(3.23)

This TVO again generates the simultaneous eigenstate
of L, for ¢ <n <2q with eigenvalues p, (annihilated

by the higher L,’s) and of the expansion modes W,(f) for

(s —1)g < n < sq with eigenvalues A

higher W,, ). The W current with the integer spin 3<s <N
has the form

(annihilated by

(5
() =D o

—Z D2 D Ul

s|prepedar,... a}

apl ¢<a1) B .3p,¢(ar)

(4.2)

where the sum is taken over the ordered partitions of
s=p1+--+ps1<p... < p, with the lengths 1 <
r<Nand1<a; £a,....<a, <N — 1. The coefficients

I/Ef) are determined by N —2 systems of linear
l"'ar‘pl"'Pr
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algebraic equations (one per each s) stemming from

the primary field constraints for each ij). Once the
v-coefficients are fixed, the a,; coefficients are related
to 1/51) alpr. by the
system (N — 1)(q—|— 1) algebraic (nonlinear) equations,
exactly matching the number of the coefficients.

These algebraic constraints altogether (for v and for a)
fully determine the W, irregular blocks related to the
degree N Seiberg-Witten curves in Argyres-Douglas the-
ories. Given the coefficients in the irregular vertex oper-
ators, it is straightforward to establish their relation to
eigenvalues of Virasoro generators and W generators. For
simplicity, we shall demonstrate it for the W) irregular
vertex operator of an arbitrary rank. However, the compu-
tation below is straightforward to establish for the arbitrary
n case. Let us consider the irregular vertex operator (4.1)
for the W) -case and expand it in series of ¢ and its
derivatives:

and the eigenvalues p, and /1513)

¥l
DY

mi+p;=r0<m;,p;<q—1

where ¢'/* is the symmetric factor, symmetric in the i, j, k
and o' = 6222 = 3!, 6112 = 5'22 = 2!. The relations (4.4)
and (4.5) reproduce those obtained earlier in [18] using a
different approach, by direct application of the operator
product expansion to the colliding limit of regular vertex
operators.

It is straightforward to check that the irregular states
created by the irregular vertex operators are coherent, i.e.
are the eigenstates of the spin 1 conserving current d¢ (note
that, just as spin 2 conserving current 7'(z), conserving spin
1 is not a primary field if Q # 0). Indeed, expanding the
general irregular operator (4.1) in series similarly to (4.3)
and reexponentiating, it is easy to verify the OPE

regular (4.6)

k!
Z -t INM w) +

k=0

a¢( )( IN\q

from which the coherent state property follows.

The exponents for the irregular vertices of the type (4.3),
whose explicit examples have been constructed in our
work, can of course be expanded in powers of the

derivatives of ¢@, leading to combinations of these

L . (@)
derivatives acting on regular vertex operators e2a%io?
in Toda theories. These terms can be classified according to
total conformal dimensions & carried by the derivatives

mi+p+q=r0<m;,p;.qi<q

m;!(p; + 1)!ai‘miaj|pj + (r+2) !v"ai,}

PHYSICAL REVIEW D 93, 106002 (2016)

I3|ﬂl =: eZi:n ZZ:O @0
ﬁ i (au‘kaakaqsu)]va‘k“

(4.3
Nap,! )

Applying the stress-energy tensor to (4.3) and reexponen-
tiating we obtain for [L,,I3,] = p,I3, with ¢ <r<2q
where

DY

I pat+q,=ri0=p4.q.5q

(Pa)!(qa) g, Aalq,

+ (pa + 1)!aa‘p05pﬂ|q. (44)
Finally, applying [W@, I3 = w, I3, we have
oV m p ity g,
(4.5)

[

acting on the regular vertex. Each dimension /’s contri-
bution to the expansion can be cast as some combination of
products of the negative Virasoro and W-current modes

(1) pplse)
~Loy, ... Loy W2 W2

il
where h;;k=1...p + q are the elements of the length
p + g partitions of A.

This generalizes the expansion of the irregular states in
terms of the Virasoro descendants of the primaries
created by regular vertex operators, discussed in
[10,14,15] to W™ _case. Note that, in this descendent
expansion approach, the expansion coefficients were not
completely fixed even in the rank 2 Virasoro case from
the eigenvalue constraint. One needs further consistency
conditions with the lower Virasoro mode [12]. As seen in
this free field approach, the expansion coefficients for the
irregular vertex operators should be determined com-
pletely without resorting to other conditions. The diffi-
culty simply is related with the fact that if the descendent
decomposition has more variables than the number of
eigenvalue constraints.

The irregular vertex operators and the irregular blocks,
studied in this paper, appear to be quite fascinating objects
by themselves, and may be of interest far beyond AGT
conjecture and Liouville/Toda theories. First of all, from the
AdS/CFT point of view it seems plausible that the irregular
blocks may be string-theoretic duals of some important

acting on the regular vertex.
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classes of local composite operators on the gauge/CFT side,
e.g.suchas~T, , ...T, , . On the other hand, the operators
of this sort must correspond to higher spin modes in AdS
with mixed symmetries. As T, is the CFT dual of the
graviton vertex operator [19], the operators like ~7" can be
understood as the colliding limit of n gravitons, i.e. a rank n
irregular block, generalized to string theory. Being non-
primaries, these objects are of course not in the Becchi-
Rouet-Stora-Tyutin (BRST) cohomology and therefore are
essentially off-shell. On the other hand, they constitute a
subclass of operators which is far richer than the subspace
of primaries, but appear to have very nice and controllable
behavior under global conformal transformations. As such,
they may play an important role in string field theory (SFT),
being crucial elements for finding new classes of analytic
solutions. Given that SFT is currently our best hope to
advance toward background independent formulation of
string theory, and that analytic solutions constitute a crucial
ingredient in such a formulation, one can anticipate that the
irregular blocks may be of importance and interest in

PHYSICAL REVIEW D 93, 106002 (2016)

describing various nonperturbative backgrounds in string
theory (such as collective higher spin vacuum states).
Ultimately, the deeper understanding of the irregular blocks
may be an important step toward understanding the inter-
plays between two-dimensional and four-dimensional the-
ories which at the moment still largely retain the status of
conjectures.
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