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We present electric-magnetic (EM)-duality formulations for non-Abelian gauge groups with N ¼ 1

supersymmetry in D ¼ 3þ 3 and 5þ 5 space-time dimensions. We show that these systems generate
self-dual N ¼ 1 supersymmetric Yang-Mills (SDSYM) theory in D ¼ 2þ 2. For a N ¼ 2 supersymmetric
EM-dual system in D ¼ 3þ 3, we have the Yang-Mills multiplet ðAμ

I ; λAIÞ and a Hodge-dual multiplet

ðBμνρ
I ; χAIÞ, with an auxiliary tensors Cμνρσ

I and Kμν. Here, I is the adjoint index, while A is for the doublet

of Spð1Þ. The EM-duality conditions are Fμν
I ¼ ð1=4!ÞϵμνρστλGρστλ

I with its superpartner duality condition

λA
I ¼ −χAI . Upon appropriate dimensional reduction, this system generates SDSYM in D ¼ 2þ 2. This

system is further generalized to D ¼ 5þ 5 with the EM-duality condition Fμν
I ¼ ð1=8!Þϵμνρ1���ρ8Gρ1���ρ8

I

with its superpartner condition λI ¼ −χI . Upon appropriate dimensional reduction, this theory also
generates SDSYM in D ¼ 2þ 2. As long as we maintain Lorentz covariance, D ¼ 5þ 5 dimensions
seems to be the maximal space-time dimensions that generate SDSYM in D ¼ 2þ 2. Namely, EM-dual
system in D ¼ 5þ 5 serves as the Master Theory of all supersymmetric integrable models in dimensions
1 ≤ D ≤ 3.

DOI: 10.1103/PhysRevD.93.105041

I. INTRODUCTION

In our recent paper [1], we have presented electric-
magnetic (EM) duality for non-Abelian gauge groups in
D ¼ 3þ 1 and D ¼ 9þ 1 space-time dimensions. These
formulations are based on the recently developed “tensor-
hierarchy” formulation for non-Abelian tensors [2–4]. The
EM-duality conditions are such that Fμν

I ¼ ð1=2ÞϵμνρσGρσ
I

inD¼ 3þ1 or Fμν
I ¼ð1=8!Þϵμνρ1���ρ8Gρ1���ρ8

I inD ¼ 9þ 1,
where Gρσ

I or Gρ1���ρ8
I is a new field strength dual to

the original Yang-Mills (YM)-field strength Fμν
I, with the

adjoint-representation index I. Before the discovery of
tensor hierarchy [2] and its elaborations [3,4], such for-
mulations with non-Abelian tensors were problematic
because the naive definition of the field strengths Gμν

I ≡
2D½μBν�I or Gμ1���μ8

I ≡ 8D½μ1Bμ2���μ8�
I with the adjoint index

I led to inconsistencies [5].
The tensor-hierarchy formulation was first discovered in

Ref. [2], as the generalization of E6ð6Þ symmetry for D ¼
4þ 1 maximal supergravity. Afterward, tensor hierarchies
more elaborated in Ref. [3]. For our purpose, the approach
of our recent paper [4] in four dimensions is of special
relevance. New ingredients in Ref. [4] compared with
the previous works in Refs. [2] and [3] can be sum-
marized as follows. First, the tensor-hierarchy formations
originally presented in Refs. [2] and [3] were either for

nonsupersymmetric general bosonic systems, or super-
symmetric theories in dimensions such as D ¼ 2þ 1,
D ¼ 4þ 1 or D ¼ 5þ 1, different from D ¼ 3þ 1 of
Ref. [4]. Second, in our paper [4], we presented an explicit
formulation for the supersymmetric non-Abelian tensor in
four dimensions,with the sophisticated combination of three
multiplets: (i) vector multiplet ðAμ

I;λIÞ, (ii) non-Abelian
tensor multiplet ðBμν

I; χI;φIÞ, and (iii) compensator vector
multiplet ðCμ

I; ρIÞ. Even though our system in Ref. [4] is
covered as a special case of more general (but not
necessarily supersymmetric) formulations in Refs. [2]
and [3], we stress that the nontrivial feature of our system
emerges for its supersymmetrization. This is because fixing
an actually working supersymmetric system is a highly
nontrivial procedure in practice. We have carried it out in
Ref. [4] by an explicit supersymmetric non-Abelian system
in four dimensions with the combination of the aforemen-
tioned nontrivial three multiplets.
We emphasize the importance of non-Abelian tensors in

these duality relationships. There has already been con-
siderable research since the 1990s on Abelian duality
symmetries in the case that the relevant tensors carry no
adjoint indices. (cf. Refs. [6,7], and [8]) For example,
Ref. [6] discusses the duality symmetries between the
conventional flux tensor fields and its Hodge duals in
supergravities in D ¼ 9þ 1 and D ¼ 10þ 1. In Ref. [7],
the so-called democratic formulation of equal treatments
among tensor fields of different ranks in D8-O8 domain
walls is presented. Reference [8] deals with Hodge dualities
of various forms in (half-)maximal supergravities in diverse
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dimensions. However, the works [6,7], and [8] are all based
on Abelian-type duality symmetries between tensors with-
out adjoint indices. Note that the realization of duality
symmetries among non-Abelian tensors became possible,
only after the consistent formulation of tensor hierarchy
was discovered in Ref. [2] and elaborated upon in Refs. [3]
and [4]. In other words, tensor-hierarchy formulation in
Refs. [2,3], and [4] motivates us to study the duality
symmetries among non-Abelian tensors, as the next natural
and important step.
Independent of tensor-hierarchy formulations [2–4],

considerable development for self-dual supersymmetric
Yang-Mills (SDSYM) theories in D ¼ 2þ 2 space-time
dimensions was accomplished in Refs. [9,10], and [11].
This research direction is traced back to the original
conjecture by M. Atiyah [12] that self-dual Yang-Mills
theory in D ¼ 2þ 2 generates all bosonic integrable
models in 1 ≤ D ≤ 3 as the Master Theory. This original
conjecture for purely bosonic systems [12] was further
supersymmetrized in D ¼ 2þ 2 in the mid-1990s [9,10].
SDSYM in D ¼ 2þ 2 was also investigated from the

viewpoint that SDSYM in D ¼ 2þ 2 is nothing but the
consistent background [13] for the N ¼ 2 superstring [14].
Thus, SDSYM in D ¼ 2þ 2 [9,10] was motivated by two
important concepts: (i) Master Theory of all supersym-
metric integrable models in 1 ≤ D ≤ 3 and (ii) consistent
backgrounds for N ¼ 2 superstring theory.
The self-duality Fμν

I ¼ ð1=2ÞϵμνρσFρσ
I in D ¼ 2þ 2

was further generalized to higher space-time dimensions,
such as six, seven, and eight dimensions with reduced
holonomies SUð3Þ; G2, and SOð7Þ [15,16]. These reduced
holonomies are required, due to the absence of the ϵ tensor
with only four indices in these higher space-time dimen-
sions. By introducing reduced holonomies, self-dual con-
ditions are modified to Fμν

I ¼ ð1=2Þψμν
ρσFρσ

I in eight
dimensions, where the ϵ tensor inD ¼ 2þ 2 is replaced by
the octonion structure constant ψμν

ρσ with only four
indices. These formulations were further supersymmetrized
in our paper [17], as SDSYM multiplets in 6 ≤ D ≤ 8. It is
not surprising that the quest for the Master Theory of
supersymmetric integrable models is reaching out to higher
and higher space-time dimensions.
On the other hand, our recent paper [1] has shown

that the non-Abelian EM duality works not only in D ¼
3þ 1 but also in D ¼ 9þ 1 space-time dimensions [1].
Considering these new developments in the last 20 years,

the next natural step is to consider EM duality in higher
dimensions such as D ¼ 5þ 5 that generates SDSYM in
D ¼ 2þ 2. In other words, it is imperative to seek EM-
duality formulations in higher dimensions with the aim of
establishing the more fundamental Master Theory yielding
SDSYM in D ¼ 2þ 2 or supersymmetric integrable mod-
els in 1 ≤ D ≤ 3. The important point here is that the space-
time signature D ¼ 5þ 5 is different from D ¼ 9þ 1,
which has been already studied in Ref. [1].
In this paper, we take the initial first step in the direction

of supersymmetric EM duality in diverse dimensions
with space-time with nonconventional signatures, such
as D¼ 3þ3 or D ¼ 5þ 5. We first construct N ¼ ð1; 0Þ
supersymmetric EM-duality formulation in D ¼ 3þ 3
space-time dimensions. Our field content consists of the
usual supersymmetric YM multiplet (SYM) ðÂμ̂

I; λ̂A
IÞ,1

a Hodge-dual multiplet (HDM) ðB̂μ̂ ν̂ ρ̂
I; χ̂AIÞ, in addition

to auxiliary tensors Ĉμ̂ ν̂ ρ̂ σ̂
I and K̂μ̂ ν̂. The (bosonic) EM-

duality condition is F̂μ̂ ν̂
I ¼� þ ð1=4!Þϵ̂μ̂ ν̂ρ̂ σ̂ τ̂ λ̂Ĝρ̂ σ̂ τ̂ λ̂

I,2 with

its superpartner condition λ̂A
I ¼� − χ̂A

I . We show that by
imposing a set of dimensional-reduction conditions [18]
relating the SYM and HDM the usual N ¼ 1 SYM in D ¼
2þ 2 space-time dimensions emerges.
We next generalize this result to EM-duality formulation

in D¼5þ5¼10. Our field content is a SYM ðÂμ̂
I; λ̂IÞ, a

HDM ðB̂μ̂1���μ7
I; χ̂IÞ, in addition to the auxiliary tensors

Ĉμ̂1���μ̂8
I and K̂μ̂1���μ̂6 . The (bosonic) EM-duality condition is

F̂μ̂ ν̂
I ¼� þ ð1=8!Þϵ̂μ̂ ν̂ρ̂1���ρ̂8Ĝρ̂1���ρ̂8

I with its superpartner con-

dition λ̂I ¼� − χ̂I. Upon imposing appropriate dimensional-
reduction rules, this system again yields N ¼ 1 super-
symmetric SDSYM in D ¼ 2þ 2. The field contents in
D ¼ 3þ 3 and D ¼ 5þ 5 space-time dimensions are
summarized in Table 1 below.
This paper is organized as follows. In the next section,

we present the EM-duality formulation in D ¼ 3þ 3. In
Sec. III, we perform the dimensional reduction of this
EM-duality formulation from D ¼ 3þ 3 into SDSYM in
D ¼ 2þ 2. In Sec. IV, we present the EM-duality

TABLE I. Field content of EM-duality formulations. The symbol ½n� is for the totally antisymmetric space-time
indices to save space. The symbol ¼� is for an equality associated with duality.

Space-time SYM HDM Auxiliary tensors Bosonic EM duality

D ¼ 3þ 3 ðÂμ̂
I ; λ̂A

IÞ ðB̂μ̂ ν̂ ρ̂
I ; χ̂AIÞ Ĉμ̂ ν̂ ρ̂ σ̂

I , K̂μ̂ ν̂ F̂μ̂ ν̂
I ¼� þ 1

4!
ϵ̂μ̂ ν̂

b½4�Ĝ b½4�I
D ¼ 5þ 5 ðÂμ̂

I ; λ̂IÞ ðB̂ ˆ½7�
I; χ̂IÞ Ĉ b½8�I , K̂ b½6� F̂μ̂ ν̂

I ¼� þ 1
8!
ϵμ̂ ν̂

b½8�Ĝ b½8�I

1We use the hat symbols for fields and indices associated with
higher space-time dimensions, in order to distinguish them from
the corresponding ones in D ¼ 2þ 2. This is the same con-
vention as in Ref. [18].

2We use the symbol ¼� for an equality related to dualities.
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formulation in D ¼ 5þ 5. In Sec. V, we perform its
dimensional reduction into SDSYM in D ¼ 2þ 2. The
concluding remarks are given in Sec. VI. Appendix A is
devoted to the notational clarifications in D ¼ 2þ 2, D ¼
3þ 3 and D ¼ 5þ 5 space-time dimensions. Appendix B
is presented for establishing the notation for D ¼ 4þ 2
and D ¼ 8þ 2.

II. EM-DUALITY FORMULATION IN
D= 3þ 3 SPACE-TIME DIMENSIONS

We first present our EM duality inD ¼ 3þ 3 space-time
dimensions. Our field content is the SYM ðÂμ̂

I; λ̂A
IÞ and

HDM ðB̂μ̂ ν̂ ρ̂
I; χ̂AIÞ, with auxiliary tensors Ĉμ̂ ν̂ ρ̂ σ̂

I and K̂μ̂ ν̂.
These auxiliary tensor fields are needed for the tensor-
hierarchy formulation [2–4]. The “hat” symbols are used
for fields and indices in D ¼ 3þ 3, distinguished
from those in D ¼ 2þ 2 space-time dimensions.3 The
indices I; J;… ¼ 1; 2;…; dimG are for the adjoint repre-
sentation of the YM gauge groupG. The indices A;B;… ¼
ð1Þ; ð2Þ are for the 2 of Spð1Þ, and they are contracted
by the Spð1Þ metric ϵAB, where ϵð1Þð2Þ ¼−ϵð2Þð1Þ ¼ ϵð1Þð2Þ ¼
−ϵð2Þð1Þ ¼þ1. The fermions λ̂A

I and χ̂AI are both Majorana-
Weyl spinors with the chiralities γ̂7ðλ̂AI; χ̂AIÞ ¼
ðþλ̂A

I;þχ̂A
IÞ.

Our N ¼ 2 supersymmetry transformation rule is4

δQÂμ̂
I ¼ þð ¯̂ϵAγ̂μ̂λ̂AIÞ≡þð ¯̂ϵγ̂μ̂λ̂IÞ; ð2:1aÞ

δQλ̂A
I ¼ −

1

2
ðγ̂μ̂ ν̂ϵ̂AÞF̂μ̂ ν̂

I; ð2:1bÞ

δQB̂μ̂ ν̂ ρ̂
I ¼ þð ¯̂ϵγ̂μ̂ ν̂ ρ̂χ̂IÞ þ 3K̂½μ̂ ν̂ð ¯̂ϵγ̂ρ̂�λ̂IÞ; ð2:1cÞ

δQχ̂A
I ¼ þ 1

24
ðγ̂μ̂ ν̂ ρ̂ σ̂ ϵ̂AÞĜμ̂ ν̂ ρ̂ σ̂

I; ð2:1dÞ

δQĈμ̂ ν̂ ρ̂ σ̂
I ¼ −4fIJKð ¯̂ϵγ̂½μ̂λ̂JÞB̂ν̂ ρ̂ σ̂�K; ð2:1eÞ

δQK̂μ̂ ν̂ ¼ 0: ð2:1fÞ

As in Eq. (2.1a), the contracted Spð1Þ indices are omitted
for simplicity. Our field strengths F̂; Ĝ; Ĥ, and L̂ are
defined by

F̂μ̂ ν̂
I ≡þ2∂̂ ½μ̂Âν̂�

I þmfIJKÂμ̂
JÂν̂

K ð2:2aÞ

Ĝμ̂ ν̂ ρ̂ σ̂
I ≡þ4D̂½μ̂B̂ν̂ ρ̂ σ̂�I þmĈμ̂ ν̂ ρ̂ σ̂

I − 6K̂½μ̂ ν̂F̂ρ̂ σ̂�I;

ð2:2bÞ

Ĥμ̂ ν̂ ρ̂ σ̂ τ̂
I ≡þ5D̂½μ̂Ĉν̂ ρ̂ σ̂ τ̂�Iþ10fIJKF̂½μ̂ ν̂JB̂ρ̂ σ̂ τ̂�K; ð2:2cÞ

L̂μ̂ ν̂ ρ̂ ≡þ3∂̂ ½μ̂K̂ν̂ ρ̂�: ð2:2dÞ

These field strengths satisfy their proper Bianchi identities
(BIds):

D̂½μ̂F̂ν̂ ρ̂�I ≡ 0; ð2:3aÞ

D̂½μ̂Ĝν̂ ρ̂ σ̂ τ̂�I ≡þ 1

5
mĤμ̂ ν̂ ρ̂ σ̂ τ̂

I − 2L̂μ̂ ν̂ ρ̂F̂σ̂ τ̂�I ð2:3bÞ

D̂½μ̂Ĥν̂ ρ̂ σ̂ τ̂ λ̂�
I ≡þ 5

2
fIJKF̂½μ̂ ν̂JĜρ̂ σ̂ τ̂ λ̂�

K: ð2:3cÞ

Note that the right side of Eq. (2.3c) vanishes upon the use
of EM duality in Eq. (2.9a) below. The arbitrary variations
of our field strengths are

δF̂μ̂ ν̂
I ¼ þ2D̂½μ̂ðδÂν̂�

IÞ; ð2:4aÞ

δĜμ̂ ν̂ ρ̂ σ̂
I ¼ þ4D̂½μ̂ð~δB̂ν̂ ρ̂ σ̂�IÞ þmð~δĈμ̂ ν̂ ρ̂ σ̂

IÞ
− 6ðδK̂½μ̂ ν̂ÞF̂ρ̂ σ̂�I − 4ðδÂ½μ̂

IÞL̂ν̂ ρ̂ σ̂�; ð2:4bÞ

δĤμ̂ ν̂ ρ̂ σ̂ τ̂
I ¼ þ5D̂½μ̂ð~δĈν̂ ρ̂ σ̂ τ̂�IÞ − 10fIJKð~δB̂½μ̂ ν̂ ρ̂JÞF̂σ̂ τ̂�K

þ 5fIJKðδÂ½μ̂
JÞĜν̂ ρ̂ σ̂ τ̂�K; ð2:4cÞ

δL̂μ̂ ν̂ ρ̂
I ¼ þ3∂̂ ½μ̂ðδK̂ν̂ ρ̂�Þ; ð2:4dÞ

where

~δB̂μ̂ ν̂ ρ̂
I ≡ δB̂μ̂ ν̂ ρ̂

I − 3ðδÂ½μ̂
IÞK̂ν̂ ρ̂�; ð2:5aÞ

~δĈμ̂ ν̂ ρ̂ σ̂
I ≡ δĈμ̂ ν̂ ρ̂ σ̂

I þ 4fIJKðδÂ½μ̂
JÞB̂ν̂ ρ̂ σ̂�K: ð2:5bÞ

Accordingly, the δQ transformations of our field strengths
are

δQF̂μ̂ ν̂
I ¼ −2ð ¯̂ϵγ̂½μ̂D̂ν̂�λ̂

IÞ; ð2:6aÞ

δQĜμ̂ ν̂ ρ̂ σ̂
I ¼� − 4ð ¯̂ϵγ̂½μ̂ ν̂ ρ̂D̂σ̂�χ̂IÞ; ð2:6bÞ

δQĤμ̂ ν̂ ρ̂ σ̂ τ̂
I ¼ −10fIJKð ¯̂ϵγ̂½μ̂ ν̂ ρ̂λ̂JÞF̂σ̂ τ̂�K

þ 5fIJKð ¯̂ϵγ̂½μ̂λ̂JÞĜν̂ ρ̂ σ̂ τ̂�K: ð2:6cÞ

Note that Eq. (2.1e) leads to ~δQĈμ̂ ν̂ ρ̂ σ̂
I ¼ 0 so that the m-

linear term in δQĜμ̂ ν̂ ρ̂ σ̂
I is absent. Also, the ðδQK̂ÞF̂ and

ðδQÂÞL̂ terms in Eq. (2.6b) vanish, when the duality-related

3We repeat the same hat symbols also in D ¼ 5þ 5 in Sec. IV.
4Our conventions are ðη̂μ̂ ν̂Þ ¼ diagðþ;þ;−;−;þ;−Þ, where

μ̂; ν̂;… ¼ 1; 2;…; 6. For other relationships, see Appendix A.
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equations (2.9) below are used. Eventually, only one term
with D̂ χ̂ remains.
Following the general tensor-hierarchy formulations

[2–4], the YM-gauge and proper gauge transformations
for Â; B̂; Ĉ, and K̂ fields are

δTÂμ̂
I ¼ D̂μ̂α̂

I;

δTðB̂μ̂ ν̂ ρ̂
I; Ĉμ̂ ν̂ ρ̂

I; K̂μ̂ ν̂Þ ¼ −mfIJKα̂JðB̂μ̂ ν̂ ρ̂
K; Ĉμ̂ ν̂ ρ̂

K; 0Þ;
ð2:7aÞ

δUðÂμ̂
I; B̂μ̂ ν̂ ρ̂

I; Ĉμ̂ ν̂ ρ̂ σ̂
I; K̂μ̂ ν̂Þ

¼ ð0; 3D̂½μ̂β̂ν̂ ρ̂�
I;−6fIJKF̂½μ̂ ν̂Jβ̂ρ̂ σ̂�

K; 0Þ; ð2:7bÞ

δVðÂμ̂
I; B̂μ̂ ν̂ ρ̂

I; Ĉμ̂ ν̂ ρ̂ σ̂
I; K̂μ̂ ν̂Þ¼ ð0;−mγ̂μ̂ ν̂ ρ̂

I;4D̂½μ̂γ̂ν̂ ρ̂ σ̂�I;0Þ;
ð2:7cÞ

δKðÂμ̂
I; B̂μ̂ ν̂ ρ̂

I; Ĉμ̂ ν̂ ρ̂ σ̂
I; K̂μ̂ ν̂Þ ¼ ð0; 3κ̂½μ̂F̂ν̂ ρ̂�I; 0; 2∂̂ ½μ̂κ̂ν̂�Þ:

ð2:7dÞ

Note that δKB̂μ̂ ν̂ ρ̂
I ≠ 0. It is straightforward to confirm by

Eq. (2.4) that all the field strengths F̂, Ĝ, Ĥ, and L̂ are
invariant under δU, δV , and δK .
The closure among δQ, δT , δU, δV , and δK are

confirmed as

½δQ1
; δQ2

� ¼ δP3
þ δT3

þ δU3
þ δV3

þ δK3
;

ξμ3 ≡þ2ð ¯̂ϵ2γ̂μ̂ϵ̂1Þ; αI3 ≡ −ξ̂μ3Âμ̂
I;

β̂3μ̂ ν̂
I ≡ −ξ̂ρ̂3B̂ρ̂ μ̂ ν̂

I; γ̂3μ̂ ν̂ ρ̂
I ≡ −ξ̂σ̂3Ĉσ̂ μ̂ ν̂ ρ̂

I;

κ̂3μ̂ ≡ −ξ̂ν3K̂ν̂ μ̂ þ ξ̂μ3; ð2:8aÞ

½δQ;δU� ¼ δV; γ̂μ̂ ν̂ ρ̂
I ≡−3fIJKð ¯̂ϵγ̂½μ̂λ̂JÞβ̂ν̂ ρ̂�K; ð2:8bÞ

½δQ; δK� ¼ δU; β̂μ̂ ν̂
I ≡þ2ð ¯̂ϵγ½μ̂λ̂IÞκ̂ν̂�; ð2:8cÞ

½δT1
; δT2

� ¼ δT3
; α̂I3 ≡ −fIJKα̂J1α̂K2 ; ð2:8dÞ

½δQ; δT � ¼ ½δQ; δV � ¼ ½δT; δU� ¼ ½δT; δV � ¼ ½δU; δV �
¼ ½δU1

; δU2
� ¼ ½δV1

; δV2
� ¼ ½δK1

; δK2
�

¼ ½δT; δK� ¼ ½δU; δK� ¼ ½δV; δK� ¼ 0: ð2:8eÞ

These are just parallel to the EM duality in D ¼ 3þ 1
and D ¼ 9þ 1 in Ref. [1].
The most important supersymmetric EM-duality con-

ditions and field equations in D ¼ 3þ 3 are5

F̂μ̂ ν̂
I ¼� þ 1

4!
ϵ̂μ̂ ν̂

ρ̂ σ̂ τ̂ λ̂Ĝρ̂ σ̂ τ̂ λ̂
I;

Ĝμ̂ ν̂ ρ̂ σ̂
I ¼� −

1

2
ϵ̂μ̂ ν̂ ρ̂ σ̂

ρ̂ σ̂F̂ρ̂ σ̂
I;

ð2:9aÞ

λ̂A
I ¼� − χ̂A

I; ð2:9bÞ

D̂ν̂F̂μ̂
ν̂I ≐ þ 1

2
mfIJKð ¯̂λJ γ̂μ̂λ̂KÞ; ð2:9cÞ

D̂λ̂I ≐ 0; D̂χ̂I ≐ 0; ð2:9dÞ

Ĥμνρστ
I ¼� þ 1

2
fIJKð ¯̂λJ γ̂μ̂ ν̂ ρ̂ σ̂ τ̂ λ̂KÞ; ð2:9eÞ

L̂μνρ ¼� 0: ð2:9fÞ

The consistency of Eq. (2.9) with N ¼ 2 supersymmetry
(2.1) is easily confirmed by varying the former under the
latter transformation. A typical nontrivial case is Eq. (2.9e):

0¼? δQ

�
Ĥμ̂ ν̂ ρ̂ σ̂ τ̂

I −
1

2
fIJKð ¯̂λJ γ̂μ̂ ν̂ ρ̂ σ̂ τ̂ λ̂KÞ

�
¼ þ10fIJKð ¯̂ϵγ̂½μ̂ ν̂ ρ̂λ̂JÞF̂σ̂ τ̂�K þ 5fIJKð ¯̂ϵγ̂½μ̂λ̂JÞGν̂ ρ̂ σ̂ τ̂�K̂

− fIJK
�
1

2
ð ¯̂ϵγ̂λ̂ ω̂ÞF̂λ̂ ω̂

J

�
γμ̂ ν̂ ρ̂ σ̂ τ̂ λ̂

K

¼ þ10fIJKð ¯̂ϵγ̂½μ̂ ν̂ ρ̂λ̂JÞF̂σ̂ τ̂�K þ 5fIJKð ¯̂ϵγ̂λ̂½μ̂ ν̂ ρ̂ σ̂ λ̂JÞF̂τ̂�λ̂
I

þ½−5fIJKð ¯̂ϵγ̂λ̂½μ̂ ν̂ ρ̂ σ̂ λ̂JÞF̂τ̂�λ̂
K − 10fIJKð ¯̂ϵγ̂½μ̂ ν̂ ρ̂λ̂JÞF̂σ̂ τ̂�K�

¼ 0 ðQ:E:D:Þ: ð2:10Þ

As is easily seen, the duality-associated relations and field
equations in Eq. (2.9) are similar to our EM duality in
Minkowskian D ¼ 5þ 1 dimensions [1].
Some of the duality-related equations in Eq. (2.9) are

also used for the closure of gauge algebra. For example, in
the commutator ½δQ1

; δQ2
�Cμ̂ ν̂ ρ̂ σ̂

I, we need a sophisticated
relationship,

½−4fIJKð ¯̂ϵ2γ̂½μ̂λ̂JÞð ¯̂ϵ1γν̂ ρ̂ σ̂�χ̂KÞ� − ð1 ↔ 2Þ

¼� þ 1

2
fIJK ξ̂τð ¯̂λJ γ̂τ̂ μ̂ ν̂ ρ̂ σ̂ λ̂KÞ ¼� þ ξ̂τĤτ̂ μ̂ ν̂ ρ̂ σ̂

I; ð2:11Þ

where use is made of the duality-related Eqs. (2.9b) and
(2.9e). Relevantly, we have also used the nontrivial gamma
identities,

ðγ̂μ̂ ν̂½ρ̂Þâ b̂ðγ̂μ̂ ν̂σ̂�Þĉ d̂ ≡ 0; ð2:12Þ

where the spinorial indices â, b̂, ĉ, d̂ carry the same
chirality in D ¼ 3þ 3. Equation (2.12) is confirmed by
multiplying it by two independent matrices for the indices
b̂ ĉ, namely, ðγ̂λ̂Þb̂ ĉ and ðγ̂λ̂ ω̂ ψ̂ Þb̂ ĉ.5We use the symbol ≐ for a field equation.
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III. DIMENSIONAL REDUCTION FROM
D= 3þ 3 TO D= 2þ 2

Our dimensional-reduction rule from D ¼ 3þ 3 into
D ¼ 2þ 2 is summarized as

Âμ
I ¼� Aμ

I; Âα
I ¼ 0 ðα ¼ 5; 6Þ; ð3:1aÞ

λ̂A
I ¼�

�
λ↑A

I

λ↓A
I

�
; χ̂A

I ¼�
�
χ↑A

I

χ↓A
I

�
;

ϵ̂A ¼�
�
ϵ↑A

ϵ↓A

�
; ðA;B; � � � ¼ ð1Þ; ð2ÞÞ; ð3:1bÞ

λ̂↑ð1Þ
I ¼� λ̂↓ð2Þ

I ≡ 1ffiffiffi
2

p λI;

χ↑ð1ÞI ¼� χ↓ð2ÞI ≡ 1ffiffiffi
2

p χI ¼� −
1ffiffiffi
2

p λI; ð3:1cÞ

ϵ↑ð1Þ ¼� ϵ↓ð2Þ ¼�
1ffiffiffi
2

p ϵ; γ5ðλI;χIÞ¼ ð−λI;−χIÞ; ð3:1dÞ

λ↑ð2ÞI ¼� λ↓ð1ÞI ¼� χ↑ð2ÞI ¼� χ↓ð1ÞI ¼� ϵ↑ð2Þ ¼� ϵ↓ð1Þ¼� 0;
ð3:1eÞ

ðγ̂μ̂Þâb̂ ¼�
8>><
>>:

ðγ̂μÞâb̂ ¼ ðγμÞabδij ði; j ¼ ↑;↓Þ
ðγ̂5Þâb̂ ¼ ðγ5Þabðσ1Þij;
ðγ̂6Þâb̂ ¼ iðγ5Þabðσ2Þij;

ð3:1fÞ

ðγ̂7Þâb̂ ≡ ðγ̂123456Þâb̂ ¼ −ðγ5Þabðσ3Þij;
Ĉâ b̂ ¼ Cabðσ2Þij ¼ þĈb̂ â; ð3:1gÞ

ðγ̂μ̂Þâ b̂≡ ðγ̂μ̂ÞâĉĈĉ b̂ ¼�
8>><
>>:
ðγ̂μÞâ b̂ ¼ðγμÞabðσ2Þij¼−ðγ̂μ̂Þb̂ â;
ðγ̂5Þâ b̂ ¼−iðγ5Þabðσ3Þij¼−ðγ̂5Þb̂ â;
ðγ̂6Þâ b̂ ¼−iðγ5Þabδij¼−ðγ̂6Þb̂ â;

ð3:1hÞ

B̂μ56
I ¼� Aμ

I; B̂μνα
I ¼� 0; B̂μνρ

I ¼� Bμνρ
I; ð3:1iÞ

Ĉμν56
I ¼� 2m−1∂ ½μAν�I; Ĉμνρα

I ¼� Ĉμνρσ
I ¼� 0; ð3:1jÞ

K̂μν ¼� K̂μα ¼� 0; K̂56 ¼� þ 1; ð3:1kÞ

δQBμνρ
I ¼� þ iðϵ̄γμνρχIÞ ¼� þ ϵμνρ

σðδQAσ
IÞ: ð3:1lÞ

For space-time indices, we use μ̂ ¼ ðμ; αÞ; ν̂ ¼ ðν; βÞ; � � �,
where μ; ν; � � � ¼ 1, 2, 3, 4, and α; β; � � � ¼ 5, 6. For
fermionic indices, we use â≡ ða; iÞ; b̂≡ ðb; jÞ; � � �,
a; b; � � � ¼ 1; 2;…; 4, and i; j; � � � ¼ ↑;↓. The equality with
¼� is associatedwith dimensional reductions, EM, orHodge
dualities. The charge-conjugation matrix Ĉâ b̂ inD ¼ 3þ 3

is symmetric, consistent with the flipping property (A4a).
The charge-conjugation matrix in D ¼ 2þ 2 is antisym-
metric: Cab ¼ −Cba. Accordingly, we also have6

Ĝμν56
I ¼� þ 1

2
ϵμν

ρσFρσ
I ¼� Fμν

I; ð3:2aÞ

F̂μα
I ¼� F̂αβ

I ¼� 0; ð3:2bÞ

Ĝμνρσ
I ¼� 0; Ĥμνρσα

I ¼� Ĥμνρ56
I ¼� 0; ð3:2cÞ

L̂μνρ ¼� L̂μνα ¼� L̂μ56 ¼� 0; ð3:2dÞ

DλI ≐ 0; DχI ≐ 0: ð3:2eÞ

In particular, the SDSYM conditions in D ¼ 2þ 2 [10] are
satisfied,

Fμν
I ¼� þ1

2
ϵμν

ρσFρσ
I; γ5ðλI;χIÞ ¼� − ðλI;χIÞ; ð3:3Þ

with N ¼ 1 supersymmetry

δQAμ
I ¼ −iðϵ̄γμλIÞ; ð3:4aÞ

δQλ
I ¼ −

1

2
ðγμνϵÞFμν

I: ð3:4bÞ

As a typical example of our dimensional reduction, consider
δQÂμ

I7:

δQAμ
I ¼? δQÂμ

I ¼ ð ¯̂ϵAγ̂μ̂λ̂AIÞ ¼ −ϵ̂âAðγ̂μÞâ b̂λ̂b̂AI

¼� − ðϵ̂↑A; ϵ̂↓AÞγμ
�

0 −i
þi 0

��
λ↑A

I

λ↓A
I

�
¼ þiðϵ̄↑Aγμλ↓AIÞ − iðϵ̄↓Aγμλ↑AIÞ
¼� − iðϵ̄↑ð1Þγμλ↓ð2ÞIÞ − iðϵ̄↓ð2Þγμλ↑ð1ÞIÞ

¼ −i
�

1ffiffiffi
2

p ϵ̄

�
γμ

�
1ffiffiffi
2

p λI
�
− i

�
1ffiffiffi
2

p ϵ̄

�
γμ

�
1ffiffiffi
2

p λI
�

¼� − iðϵ̄γμλIÞ ðQ:E:D:Þ: ð3:5Þ

A nontrivial example is Eq (3.1i) confirmed as

6The symbol ≐ is used for field equations.
7The symbol ¼? is used for equalities under question.
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δQB̂μνρ
I¼þð ¯̂ϵAγ̂μνρχ̂AIÞþ3K̂½μνjð ¯̂ϵAγ̂jρ�λ̂AIÞ

¼� þðϵ̄↑A;ϵ̄↓AÞγμνρ
�

0 −i
þi 0

��
χ↑A

I

χ↓A
I

�
¼þiðϵ̄↑ð1Þγμνρχ↓ð2ÞIÞþiðϵ̄↓ð2Þγμνρχ↑ð1ÞIÞ

¼� þi

�
1ffiffiffi
2

p ϵ̄

�
γμνρ

�
1ffiffiffi
2

p χI
�
þi

�
1ffiffiffi
2

p ϵ̄

�
γμνρ

�
1ffiffiffi
2

p χI
�

¼þiðϵ̄γμνρχIÞ¼þϵμνρ
σðδQAσ

IÞ ðQ:E:D:Þ:
ð3:6Þ

The consistency of this with Ĝμνρσ
I ¼� 0 in Eq. (3.2c) is also

confirmed as

0¼? δQĜμνρσ
I ¼ þ4D̂½μjð~δQB̂jνρσ�IÞ þmð~δQĈμνρσ

IÞ
− 6ðδQK̂½μνÞF̂ρσ�I − 4ð ¯̂ϵγ½μjλ̂IÞL̂jνρσ�

¼ þ4D½μ½þiðϵ̄γνρσ�χIÞ�
¼ þiϵμνρσðϵ̄DχIÞ ≐ 0 ðQ:E:D:Þ:; ð3:7Þ

where the χ̂-field equation (3.2e) has been used.
The crucial role by the nonzero value K̂56 ¼ þ1 (3.1k) is

played in Ĝμν56
I:

Fμν
I ¼? Ĝμν56

I ¼� þ 2∂ ½μB̂ν�56I þ 2mfIJKÂμ
JÂν

K

þmĈμν56
I − K̂56F̂μν

I ð3:8aÞ

¼ þ2∂ ½μAν�I þ 2mfIJKAμ
JAν

K þ 2∂ ½μAν�I − Fμν
I

¼ Fμν
I ðQ:E:D:Þ: ð3:8bÞ

In particular, K̂56 ¼ þ1 contributes to the last term in
Eq. (3.8a). It is also interesting that the rank 2 of K̂μ̂ ν̂

coincides with that of the two extra dimensions accom-
modating K̂αβ ¼ ϵαβ.
As for Ĥμ̂1���μ̂9

I, all of its components become zero as in
Eq. (3.2c), despite the λ̂-bilinear term (2.9e) in the original
D ¼ 3þ 3. This is because there is no λ-bilinear term
sandwiching an odd number of γ matrices by λI with the
negative chirality in D ¼ 2þ 2.
The dimensional reduction for the fermionic fields λ̂I and

χ̂I ¼� − χ̂I also works,

δQλ̂
I ¼ δQ

�
λ↑A

I

λ↓A
I

�

¼−
1

2
ðγ̂μνϵ̂AÞF̂μν

I − ðγ̂μαϵ̂AÞF̂μα
I − ðγ̂56ϵ̂AÞF̂μα

I

¼−
1

2
γμν

�
ϵ↑A

ϵ↓A

�
Fμν

I ¼
�−1

2
ðγμνϵ↑AÞFμν

I

−1
2
ðγμνϵ↓AÞFμν

I

�
: ð3:9Þ

The nonzero components are δQλ↑ð1ÞI ¼ ð1= ffiffiffi
2

p ÞδQλI and
δQλ↓ð2ÞI ¼ ð1= ffiffiffi

2
p ÞδQλI , so that both of them consistently

yield (3.4b), as desired. As for δQχ̂I, it is just parallel to
δQλ̂

I because δQχ̂
I in Eq. (2.1d) already is equivalent to

−δQλ̂I in Eq. (2.1b) by the use of the duality (2.9a). So, its
confirmation is skipped here.

IV. EM-DUALITY FORMULATION IN D= 5þ 5

We can generalize the field-content pattern inD ¼ 3þ 3
to D ¼ 5þ 5 space-time dimensions, based on general
tensor-hierarchy formulation [2–4]. Our field content is the
SYM ðÂμ̂

I; λ̂IÞ and HDM ðB̂ b½7�I; χ̂IÞ, with auxiliary tensors

Ĉ b½8�I and K̂ b½6�. The fermions have the positive chirality:

γ11ðλI; χIÞ ¼ þðλI; χIÞ. Note that the rank 6 of the K̂ field is
the same as the number of extra dimensions, six out of ten
dimensions.
Our supersymmetry transformation rule is

δQÂμ̂
I ¼ þð ¯̂ϵγ̂μ̂λ̂IÞ; ð4:1aÞ

δQλ̂
I ¼ þ 1

2
ðγ̂μ̂ ν̂ϵ̂ÞF̂μν

I; ð4:1bÞ

δQB̂μ̂1���μ̂7
I ¼ þð ¯̂ϵγ̂μ̂1���μ̂7 χ̂IÞ þ 7K̂½μ̂1���μ̂6ð ¯̂ϵγ̂μ̂7�λ̂IÞ; ð4:1cÞ

δQχ̂
I ¼ −

1

8!
ðγ̂ b½8�ϵ̂ÞĜ b½8�I ¼� −

1

2
ðγ̂μ̂ ν̂ϵ̂ÞF̂μ̂ ν̂

I; ð4:1dÞ

δQĈμ̂1���μ̂8
I ¼ −8fIJKð ¯̂ϵγ̂½μ̂1 λ̂JÞB̂μ̂2���μ̂8�

K; ð~δQĈ b½8�I ¼ 0Þ;
ð4:1eÞ

δQK̂μ̂1���μ̂6 ¼ 0: ð4:1fÞ

Similar toD ¼ 3þ 3, the field strengths F̂, Ĝ, Ĥ, and L̂ are
defined by

F̂μ̂ ν̂
I ≡þ2∂̂ ½μ̂Âν̂�

I þmfIJKÂμ̂
JÂν̂

K; ð4:2aÞ

Ĝμ̂1���μ̂8
I ≡þ8D̂½μ1B̂μ̂2���μ̂8�

I þmĈμ̂1���μ̂8
I − 28K̂½μ̂1���μ̂6F̂μ̂7μ̂8�

I;

ð4:2bÞ
Ĥμ̂1���μ̂9

I ≡þ9D̂½μ̂1Ĉμ̂2���μ̂9�
I þ 36fIJKF̂½μ̂1μ̂2

IB̂μ̂3���μ̂9�
K;

ð4:2cÞ

L̂μ̂1���μ̂7 ≡þ7∂̂ ½μ̂1K̂μ̂2���μ̂7�: ð4:2dÞ

These field strengths satisfy their proper BIds:

D̂½μ̂F̂ν̂ ρ̂�I ≡ 0; ð4:3aÞ
D̂½μ̂1Ĝμ̂2���μ̂9�

I ≡þ 1

9
mĤμ̂1���μ̂9

I − 4L̂½μ̂1���μ̂7F̂μ̂8μ̂9�
I; ð4:3bÞ
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D̂½μ̂1Ĥμ̂2���μ̂10�
I ≡þ 9

2
fIJKF̂½μ̂1μ̂2

JĜμ̂3���μ̂10�
K: ð4:3cÞ

Note that the right side of Eq. (4.3c) vanishes under the EM
duality (4.9a) below.
Compared with D ¼ 3þ 3, there are differences as well

as similarities. Similarities are such as the number of
multiplets: SYM and HDM, in addition to the auxiliary
fields C and K. The difference is that the rank of the B̂, Ĉ,
and K̂ fields are increased. Other features are parallel to the
D ¼ 3þ 3 case, such as the general variations of our field
strengths,

δF̂μ̂ ν̂
I ¼ þ2D̂½μ̂ðδÂν̂�

IÞ; ð4:4aÞ

δĜμ̂1���μ̂8
I ¼ þ8D̂½μ̂1ð~δB̂μ̂2���μ̂8�

IÞ þmð~δĈμ̂1���μ̂8
IÞ

− 28ðδK̂½μ̂1���μ̂6ÞF̂μ̂7μ̂8�
I − 8ðδÂ½μ̂1

IÞL̂μ̂2���μ̂8�;

ð4:4bÞ

δĤμ̂1���μ̂9
I ¼ þ9D̂½μ̂1ð~δĈμ̂2���μ̂9�

IÞ − 36fIJKð~δB̂½μ̂1���μ̂7
JÞF̂μ̂8μ̂9�

K

þ 9fIJKðδÂ½μ̂1
JÞĜμ̂2���μ̂9�

K; ð4:4cÞ

δL̂μ̂1���μ̂7 ¼ þ7∂̂ ½μ̂1ðδK̂μ̂2���μ̂7�Þ; ð4:4dÞ

where

~δB̂μ̂1���μ̂7
I ≡ δB̂μ̂1���μ̂7

I − 7ðδÂ½μ̂1
IÞK̂μ̂2���μ̂7�; ð4:5aÞ

~δĈμ̂1���μ̂8
I ≡ δĈμ̂1���μ̂8

I þ 8fIJKðδÂ½μ̂1
JÞB̂μ̂2���μ̂8�

K: ð4:5bÞ

Their δQ transformations are

δQF̂μ̂ ν̂
I ¼ −2ð ¯̂ϵγ̂½μ̂D̂ν̂�λ̂

IÞ; ð4:6aÞ

δQĜμ̂1���μ̂8
I ¼� − 8ð ¯̂ϵγ̂½μ̂1���μ̂7D̂μ̂8�λ̂

IÞ; ð4:6bÞ

δQĤμ̂1���μ̂9
I ¼ −36fIJKð ¯̂ϵγ̂½μ̂1���μ̂7 χ̂JÞF̂μ̂8μ̂9�

K

þ 9fIJKð ¯̂ϵγ½μ̂1 λ̂JÞĜμ̂2���μ̂9�
K;

δQL̂ b½7� ¼ 0: ð4:6cÞ

As inD ¼ 3þ 3, themδQĈ, ðδQK̂ÞF̂, and ðδQÂÞL̂ terms in
Eq. (4.6b) all vanish, when the duality-related equa-
tions (4.9) below have been used, leaving only one term.
Similarly, the YM-gauge and proper gauge transforma-

tions for Â, B̂, Ĉ, and K̂ fields are

δTÂμ̂
I ¼ D̂μ̂α

I;

δTðB̂ b½7�I; Ĉ b½8�I; K̂ b½6�Þ ¼ −mfIJKα̂JðB̂ b½7�K; Ĉ b½8�K; 0Þ; ð4:7aÞ

δUB̂μ̂1���μ̂7
I ¼ þ7D̂½μ̂1 β̂μ̂2���μ̂7�

I;

δUĈμ̂1���μ̂8
I ¼ −28fIJKF̂½μ̂1μ̂2

Jβ̂μ̂3���μ̂8�
K; ð4:7bÞ

δVĈμ̂1���μ̂8
I ¼ þ8D̂½μ̂1γμ̂2���μ̂8�

I;

δVB̂μ̂1���μ̂7
I ¼ −mγ̂μ̂1���μ̂7

I; ð4:7cÞ

δKK̂μ̂1���μ̂6 ¼ þ6∂̂ ½μ̂1 κ̂μ̂2���μ̂6�;

δKB̂μ̂1���μ̂7
I ¼ þ21κ̂½μ̂1���μ̂5F̂μ̂6μ̂7�

I: ð4:7dÞ

To save space, we skipped other invariants, such as
δUÂμ̂

I ¼ 0. As in D ¼ 3þ 3, it is straightforward to
confirm that all of our field strengths are invariant under
δU, δV , and δK .
As in the previous D ¼ 3þ 3 case, the closure of gauge

algebra is confirmed as

½δQ1
; δQ2

� ¼ δP3
þ δT3

þ δU3
þ δV3

þ δK3
;

ξ̂μ3 ≡þ2ð ¯̂ϵ1γ̂μ̂ϵ̂2Þ; α̂I3 ≡ −ξ̂μ̂3Âμ̂
I;

β̂3μ̂1���μ̂6
I ≡ −ξ̂ν̂3B̂ν̂μ̂1���μ̂6

I; γ̂3μ̂1���μ̂7
I ≡ −ξ̂ν̂3Ĉν̂μ̂1���μ̂7

I;

κ̂3μ̂1���μ̂5 ≡ −ξ̂ν̂3K̂ν̂μ̂1���μ̂5 þ 2ð ¯̂ϵ1γ̂μ̂1���μ̂5 ϵ̂2Þ; ð4:8aÞ

½δQ; δU� ¼ δV; γ̂μ̂1���μ̂7
I ≡ −7fIJKð ¯̂ϵγ̂½μ̂1 λ̂JÞβ̂μ̂2���μ̂7�K;

ð4:8bÞ

½δQ;δK� ¼ δU; β̂μ̂1���μ̂6
I ≡−6κ̂½μ̂1���μ̂5ð ¯̂ϵγ̂μ̂6�λ̂IÞ; ð4:8cÞ

½δT1
; δT2

� ¼ δT3
; α̂I3 ≡ −fIJKα̂J1α̂K2 ; ð4:8dÞ

½δQ; δT � ¼ ½δQ; δV � ¼ ½δT; δU� ¼ ½δT; δV � ¼ ½δU; δV �
¼ ½δU1

; δU2
� ¼ ½δV1

; δV2
� ¼ ½δK1

; δK2
�

¼ ½δT; δK� ¼ ½δU; δK� ¼ ½δV; δK� ¼ 0: ð4:8eÞ

These are just parallel to the EM duality in D ¼ 3þ 1 and
D ¼ 9þ 1 in Ref. [1].
The most crucial supersymmetric EM-duality conditions

and field equations in D ¼ 5þ 5 are

F̂μ̂ ν̂
I ¼� þ 1

8!
ϵ̂μ̂ ν̂

ρ̂1���ρ̂8Ĝρ̂1���ρ̂8
I; Ĝ b½8�I ¼� −

1

2
ϵ̂ b½8�μ̂ ν̂F̂μ̂ ν̂

I;

ð4:9aÞ

λ̂I ¼� − χ̂I; ð4:9bÞ

D̂ν̂F̂μ̂
ν̂I ≐ þ 1

2
mfIJKð ¯̂λJ γ̂μ̂λ̂KÞ; ð4:9cÞ

Dλ̂I ≐ 0; Dχ̂I ≐ 0; ð4:9dÞ

Ĥ b½9�I ¼� þ 1

2
fIJKð ¯̂λJ γ̂ b½9�λ̂KÞ; ð4:9eÞ
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L̂μ̂1���μ̂7 ¼
�
0: ð4:9fÞ

The consistency of these equations with N ¼ ð1; 0Þ super-
symmetry is confirmed, just as in D ¼ 3þ 3. Especially,
the variation of Eq. (4.9e) under Eq. (4.1) is parallel to
D ¼ 3þ 3, which we skip here. The duality and field
equations in Eq. (4.9) are just parallel to the Minkowskian
case in D ¼ 9þ 1 [1].

V. DIMENSIONAL REDUCTION FROM
D= 5þ 5 TO D= 2þ 2

Our dimensional reduction and truncation rule from
D ¼ 5þ 5 into D ¼ 2þ 2 is summarized as

Âμ
I ¼� Aμ

I; Âα
I ¼ 0 ðα ¼ 5;…; 10Þ; ð5:1aÞ

λ̂I ≡
�
λ↑

I

λ↓
I

�
¼�
�

λ↑
I

β3λ↑
I

�
;

χ̂I ≡
�
χ↑

I

χ↓
I

�
¼�
�

χ↑
I

β3χ↑
I

�
; ð5:1bÞ

α1 ≡ i

�
σ1 O

O σ1

�
; α2 ≡ i

�
σ2 O

O σ2

�
;

α3 ≡ i

�
σ3 O

O σ3

�
; ð5:1cÞ

β1 ≡ i

�
O I2
I2 O

�
; β2 ≡ i

�
O −iI2
iI2 O

�
;

β3 ≡ i

�
I2 O

O −I2
�
; ð5:1dÞ

αpαq ¼ −δpqI4 − ϵpqrαr;

βpβq ¼ −δpqI4 − ϵpqrβr; ðp; q; r ¼ 1; 2; 3Þ; ð5:1eÞ

λ↑
I ¼� 1

2

0
BBB@
λI

0

0

λI

1
CCCA¼� −χ↑

I ¼� −
1

2

0
BBB@
χI

0

0

χI

1
CCCA; ϵ↑ ¼�

1

2

0
BBB@

ϵ

0

0

ϵ

1
CCCA;

ð5:1fÞ

ϵ̄↑ ¼�
1

2
ðϵ̄; 0; 0; ϵ̄Þ; γ5ðλI; χIÞ ¼ −ðλI; χIÞ;

ϵ̄γ5 ¼ þϵ̄; γ5ϵ ¼ −ϵ; ð5:1gÞ

ðγ̂μ̂Þâb̂ ¼�

8>>>>><
>>>>>:

ðγ̂μÞâb̂ ¼ γμ ⊗ σ3 ⊗ I4;

ðγ̂4þmÞâb̂ ¼ I4 ⊗ σ1 ⊗ β3αm; ðm ¼ 1; 2; 3Þ
ðγ̂7þnÞâb̂ ¼ γ5 ⊗ I2 ⊗ βn; ðn ¼ 1; 2Þ
ðγ̂10Þâb̂ ¼ −γ5 ⊗ σ3 ⊗ β3;

ð5:1hÞ

ðγ̂11Þâb̂ ≡ γ̂123456789;10 ¼ −iI4 ⊗ σ2 ⊗ β3;

Ĉâ b̂ ¼ C ⊗ σ3 ⊗ α2β2; ð5:1iÞ

ðγ̂μ̂Þâ b̂ ≡ Ĉâ ĉðγ̂μ̂Þĉâ ¼

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ðγ̂μÞâ b̂ ¼ γμ ⊗ I2 ⊗ α2β2;

ðγ̂5Þâ b̂ ¼ iC ⊗ σ2 ⊗ α3β1;

ðγ̂6Þâ b̂ ¼ −iC ⊗ σ2 ⊗ I4;

ðγ̂7Þâ b̂ ¼ −iC ⊗ σ2 ⊗ α1β1;

ðγ̂8Þâ b̂ ¼ γ5 ⊗ σ3 ⊗ α2β3;

ðγ̂9Þâ b̂ ¼ −γ5 ⊗ σ3 ⊗ α2;

ðγ̂10Þâ b̂ ¼ γ5 ⊗ I2 ⊗ α2β1;

ð5:1jÞ

B̂μ56789;10
I ¼� Aμ

I; ~̂Bμνα
I ¼� 0;

~̂Bμνρ
I ¼� ~Bμνρ

I ≡ −ϵμνρσAσ
I; ð5:1kÞ

Ĉμν56789;10
I ¼� 2m−1∂ ½μAν�I;

~̂Cμα
I ¼� ~̂Cαβ

I ¼� 0; ð5:1lÞ

K̂56789;10 ¼� þ1; ð5:1mÞ

δQ
~̂Bμνρ

I ¼� − ϵμνρ
σðϵ̄γσλIÞ;

δQ
~̂Bμ58

I ¼� − δQ
~̂Bμ69

I ¼� − ðϵ̄γμλIÞ; ð5:1nÞ

while all other components of K̂μ̂1���μ̂6 and δQ
~̂Bμ̂ ν̂ ρ̂

I
are zero.

The ~̂Bμ̂ ν̂ ρ̂
I≡ ð1=7!Þϵ̂μ̂ ν̂ ρ̂ b½7�B̂ b½7�I and ~̂Cμ̂ ν̂

I ≡ ð1=8!Þϵ̂μ̂ ν̂ b½8�Ĉ b½8�I
are the Hodge duals of B̂ b½7�I and Ĉ b½8�I , respectively. For
space-time indices, we use μ̂ ¼ ðμ; αÞ, ν̂ ¼ ðν; βÞ; � � �,
where μ; ν; � � � ¼ 1, 2, 3, 4, and α; β; � � � ¼ 5, 6, 7, 8, 9,
10. The matrix In stands for an n × n unit matrix. The
charge-conjugation matrix Ĉâ b̂ in D ¼ 5þ 5 is antisym-
metric, consistent with the flipping property (A9a).
Relevantly, all the matrix components in Eq. (5.1j) are
symmetric, consistent with Eq. (A9a). The matrices αp and
βp (p ¼ 1, 2, 3) are 4 × 4 matrices. The specification of λ̂I

and χ̂I in Eq. (5.1b) is to satisfy the Weyl-spinor con-
ditions γ̂11ðλ̂I; χ̂IÞ ¼ ðþλ̂I;þχ̂IÞ.
Our objective now is to reproduce the N ¼ 1 SDSYM

system in D ¼ 2þ 2 [10],
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Fμν
I ¼� þ1

2
ϵμν

ρσFρσ
I; γ5ðλI;χIÞ ¼� − ðλI;χIÞ; ð5:2aÞ

δQAμ
I ¼ −ðϵ̄γμλIÞ; ð5:2bÞ

δQλ
I ¼ þ 1

2
ðγμνϵÞFμν

I: ð5:2cÞ

As a representative example of our dimensional reduction,
we consider δQÂμ

I:

δQAμ
I ¼? δQÂμ

I ¼þð ¯̂ϵγ̂μλ̂IÞ

¼−ðϵ̄↑; ϵ̄↑β3Þðγμσ3Þðσ3α2β2Þ
�

λ↑
I

β3λ↑
I

�
¼−ðϵ̄↑γμα2β2λ↑IÞ−ðϵ̄↑γμβ3α2β2β3λ↑IÞ

¼þ2 ·
1

2
ðϵ̄;0;0; ϵ̄Þγμ

�
O −iσ2

þiσ2 O

�
1

2

0
BBB@
λI

0

0

λI

1
CCCA

¼−
1

2
ðϵ̄;0;0; ϵ̄ÞγμλI−

1

2
ðϵ̄;0;0; ϵ̄ÞγμλI

¼−ðϵ̄γμλIÞ ðQ:E:D:Þ: ð5:3Þ

Similar to D ¼ 3þ 3, the δQ
~̂Bμνρ

I
in Eq. (5.1n) is

nontrivial:

δQ
~̂Bμνρ

I ¼ þð ¯̂ϵγ̂μνρχ̂IÞ þ K̂μνρ
σ̂ð ¯̂ϵγ̂σ̂ λ̂IÞ

¼� − ½ ¯̂ϵðγμνρσ3Þðσ3α2β2Þχ̂I�

¼ −ðϵ̄↑; ϵ̄↑β3Þγμνρα2β2
�

χ↑
I

β3χ↑
I

�

¼ −2
1

2
ðϵ̄; 0; 0; ϵ̄Þγμνρ

�
o −iσ2
iσ2 O

�
1

2

0
BBB@

χI

0

0

χI

1
CCCA

¼ þðϵ̄γμνρχIÞ ¼� − ϵμνρ
σðϵ̄γσλIÞ: ð5:4Þ

Needless to say, this is Hodge dual to

δQB̂μ56789;10
I ¼ −ðϵ̄γμλIÞ; ð5:5Þ

consistent with δQAμ
I ¼ δQB̂μ56789;10

I in Eq. (5.1k).

As the next nontrivial example, we compute δQ
~̂Bμ58

I8:

δQ
~̂Bμ58

I ¼þð ¯̂ϵγ̂μγ̂5γ̂8χ̂IÞ
¼−½ ¯̂ϵðγμσ3Þðσ1β3α1Þðγ5β1Þðσ3α2β2Þχ̂I�

¼−ðϵ̄↑; ϵ̄↑β3Þγμ
�
0 1

1 0

�
α3

�
χ↑

I

β3χ↑
I

�
¼−2ðϵ̄↑γμβ3α3χ↑IÞ

¼þ1

2
ðϵ̄;0;0; ϵ̄Þγμ

�
σ3 O

O −σ3
�
0
BBBB@
χI

0

0

χI

1
CCCCA¼þðϵ̄γμχIÞ:

ð5:6Þ

We skip the parallel case for δQ
~̂Bμ69

I
. The δQB̂μνρ679;10

I is
obtained by the Hodge duality:

δQB̂μνρ679;10
I ¼ −ϵ̂μνρ679;10σ58δQ

~̂Bσ58
I ¼ þðϵ̄γμνρχIÞ:

ð5:7Þ

This is used to confirm δQĜμνρσ679;10
I ¼� 0:

0¼? δQĜμνρσ679;10
I ¼þ4D̂½μjð~δQB̂jνρσ�679;10IÞ

þmð~δĈμνρσ679;10
IÞ

¼� þ4D̂½μjðϵ̄γjνρσ�χIÞ
¼þϵμνρσðϵ̄DχIÞ≐ 0 ðQ:E:D:Þ: ð5:8Þ

As in D ¼ 3þ 3, we perform the dimensional reduction
on Ĝμν56789;10

I, as the last crucial confirmation:

Fμν
I ¼? Ĝμν56789;10

I ¼ 2∂ ½μB̂ν�56789;10I

þ 2mfIJKÂ½μ
JB̂ν�56789;10K

− K̂56789;10F̂μν
K þmĈμν56789;10

I

¼� 2∂ ½μAν�I þ 2mfIJKAμ
JAν

K

− ð2∂ ½μAν�I þmfIJKAμ
JAν

KÞ
þmð2m−1∂ ½μAν�IÞ

¼� Fμν
I ðQ:E:D:Þ: ð5:9Þ

As for the dimensional reduction for fermion λ̂I, it is just
parallel to the D ¼ 3þ 3 case:

8Since there are many indices in B̂μ̂1���μ̂7
I , we use its Hodge-

dual components.
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δQλ̂
I ¼ δQ

�
λ̂↑

I

β3λ̂↑
I

�
¼ 1

2
ðγ̂μ̂ ν̂ϵ̂ÞF̂μ̂ ν̂

I ¼ 1

2
ðγ̂μνϵ̂ÞFμν

I

¼ 1

2
ðγμσ3Þðγνσ3Þ

�
ϵ↑

β3ϵ↑

�
Fμν

I ¼ 1

2

�
γμνϵ↑Fμν

I

γμνβ3ϵ↑Fμν
I

�
:

ð5:10Þ

As desired, this yields the λ-transformation rule,

VI. CONCLUDING REMARKS

In this paper, we have presented supersymmetric EM-
duality formulations in D ¼ 3þ 3 and D ¼ 5þ 5. We
have shown that both these formulations generate N ¼ 1
SDSYM in D ¼ 2þ 2, after appropriate dimensional
reductions.
Our results indicate that self-dual YM and SDSYM

systems or supersymmetric integrable models in 1 ≤ D ≤ 3
form merely the subsets of EM-duality systems in D ¼
3þ 3 or D ¼ 5þ 5. Furthermore, if we maintain Lorentz
covariance,9 D ¼ 10 is the maximal space-time dimension
for the SYM multiplet. Therefore, D ¼ 5þ 5 seems to be
the maximal space-time dimension for EM duality. In
this sense, the D ¼ 5þ 5 EM-duality system may well
serve as the Master Theory of SDSYM in D ¼ 2þ 2
[9,10], generating all supersymmetric integrable models
in 1 ≤ D ≤ 3.
All our results are based on the recently developed

tensor-hierarchy formulation [2–4]. Before this formu-
lation, the formulation of the dual tensor in the adjoint
representations, such as our Ĝμ̂ ν̂ ρ̂ σ̂

I or Ĝ b½8�I had incon-

sistencies [5]. Because of this problem, one way to proceed
was to use the so-called reduced holonomies, such as
SOð7Þ, G2, SUð3Þ, and SUð2Þ, respectively, in eight,
seven, six, and four dimensions [15–17]. The self-duality
relationships in these formulations are of the type
F̂μ̂ ν̂

I ¼� ð1=2Þψ̂ μ̂ ν̂
ρ̂ σ̂F̂ρ̂ σ̂

I , where ψ̂ μ̂ ν̂
ρ̂ σ̂ is a certain tensor

invariant under the reduced holonomies, such as the
octonion structure constant in the case of SOð7Þ or G2.
After the discovery [2] of tensor-hierarchy and sub-

sequent elaborations [3,4], it is no longer necessary to
restrict oneself only to the second-rank field strength
Fμν

I, as one can use more general tensor field strength
with adjoint indices, such as Ĝμ̂ ν̂ ρ̂ σ̂

I or Ĝ b½8�I, so that the

EM duality is F̂μ̂ ν̂
I ¼ ð1=4!Þϵ̂μ̂ ν̂ b½4�Ĝ b½4�I in D ¼ 3þ 3 or

F̂μ̂ ν̂
I ¼ ð1=8!Þϵ̂μ̂ ν̂ b½8�Ĝ b½8�I in D ¼ 5þ 5. Also, one does

not need reduced holonomies or sophisticated octonion
structure constants [20] any longer. Our EM dualities in

higher dimensions respect full Lorentz covariance,
which can be easily established with straightforward
manipulations.
Some readers might wonder why we have to go to higher

space-time dimensions, by regarding the D ¼ 5þ 5 theory
as more fundamental theory than the D ¼ 2þ 2 SDSYM
theory. To answer this question, we stress the following
points. First, in conventional SYM theories, it has already
been well known that the D ¼ 9þ 1 SYM is more
fundamental than SYM in D ¼ 3þ 1. Second, we note
the parallel structures between D ¼ 9þ 1 and D ¼ 5þ 5
or between D ¼ 3þ 1 and D ¼ 2þ 2. By combining the
first and second points, it is natural to regard the D ¼
5þ 5 EM-duality-symmetric theory as the more funda-
mental theory than the D ¼ 2þ 2 SDSYM theory. Even
though we have not presented any “new” integrable
models in dimensions 4 ≤ D ≤ 9 generated by our theory
in D ¼ 5þ 5, examples such as these may well help us
find some integrable sectors of the hypothetical non-
Abelian D ¼ 5þ 1 superconformal field theory [21]
describing multiple M5 brane. From these viewpoints,
we claim our theory may well be the Grand Master Theory
in D ¼ 5þ 5, which generates the Master Theory in
D ¼ 2þ 2. In other words, Grand Master Theory in D ¼
5þ 5 may well be more fundamental than the Master
Theory in D ¼ 2þ 2.
When Atiyah and Ward presented their first works in

Ref. [12], there was no SDSYM known even inD ¼ 2þ 2,
but only nonsupersymmetric self-dual YM theory was
known. Therefore, there was no motivation to consider
going to higher dimensions such as D ¼ 5þ 5. It is the
parallel structure between the D ¼ 9þ 1 (or D ¼ 3þ 1)
and D ¼ 5þ 5 (or D ¼ 2þ 2) combined with supersym-
metries that strongly motivates the studies of these higher-
dimensional duality-symmetric and supersymmetric
theories.
As careful readers may have noticed, it is not mere

coincidence that the ranks of our K̂-tensor fields are the
same as the numbers of extra space-time dimensions, i.e, 2
(or 6) for D ¼ 3þ 3 (or D ¼ 5þ 5). This is because the
nonzero value for K̂56 (or K̂56789;10) plays an important role
for establishing the consistency of our dimensional reduc-
tions in the resulting SDSYM in D ¼ 2þ 2 dimensions.
These features may well be closely related to supergravity
[22], or a superstring, such as the N ¼ 2 superstring [23],
extended objects, and M theory [24]. From these view-
points, we expect deeper significance of our EM formu-
lations in these higher dimensions associated with SDSYM
in D ¼ 2þ 2.

APPENDIX A: NOTATIONS IN
D= 2þ 2, D= 3þ 3, AND D= 5þ 5

In this Appendix, we clarify our notations in D ¼ 2þ 2,
D ¼ 3þ 3, and D ¼ 5þ 5.

9If we give up Lorentz covariance, we can go even to D ≥ 11
by introducing null vectors [19].

HITOSHI NISHINO and SUBHASH RAJPOOT PHYSICAL REVIEW D 93, 105041 (2016)

105041-10



1. Notation in D= 2þ 2

Our metric forD ¼ 2þ 2 is ðημνÞ ¼ diagðþ;þ;−;−Þ so
that ϵ1234 ¼ þ1 and γ5 ≡ γ1γ2γ3γ4 [10]. Relevantly, we
have

1

n!
ϵμ1���μ4−n

½n�ϵ½n�ν1���ν4−n ¼ þð−1Þnð4 − nÞ!δ½μ1ν1 � � � δμ4−n�ν4−n ;
ðA1aÞ

γ½n� ¼ þ ð−1Þnðn−1Þ=2
ð4 − nÞ! ϵ½n�½4−n�γ½4−n�γ5: ðA1bÞ

The flipping and Hermitian-conjugate properties for two
Majorana-Weyl spinors ψ and ρ in D ¼ 2þ 2 are

ðψ̄γ½n�ρÞ ¼ þð−1Þnðnþ1Þ=2ðρ̄γ½n�ψÞ
¼ −ð−1Þðn−1Þðn−2Þ=2ðρ̄γ½n�ψÞ; ðA2aÞ

ðψ̄γ½n�ρÞ† ¼ þðψ̄γ½n�ρÞ: ðA2bÞ

Typical examples are ðψ̄ρÞ¼þðρ̄ψÞ¼þðψ̄ρÞ†; ðψ̄γμρÞ¼
−ðρ̄γμψÞ¼þðψ̄γμρÞ†, etc. Especially, any fermion bilinear
is Hermitian needing no imaginary unit i in its front.

2. Notation in D= 3þ 3

Our convention in D ¼ 3þ 3 with the metric ðη̂μ̂ ν̂Þ ¼
diagðþ;þ;−;−;þ;−Þ is like ϵ̂123456 ¼ þ1 with γ̂6 ≡
γ̂1γ̂2γ̂3γ̂4γ̂5γ̂6 ≡ γ̂123456 so that

1

n!
ϵ̂μ̂1���μ̂6−n

½n�ϵ̂½n�ν̂1���ν6−n ¼ −ð−1Þnð6 − nÞ!δ̂½μ̂1 ν̂1 � � � δ̂μ̂6−n�ν̂6−n ;
ðA3aÞ

γ̂ b½n� ¼ ð−1Þnðn−1Þ=2
ð6 − nÞ! ϵ̂ b½n�d½6−n�γ̂d½6−n�γ̂7: ðA3bÞ

According to the general categorizations in arbitrary space-
time dimensions (s space and t time coordinates) [25,26],
the spinors in s ¼ t ¼ 3 ⇒ s − t ¼ 8 ðmod 8Þ are either
Majorana (or pseudo-Majorana) spinors with the parame-
ters ϵ ¼ þ1, η ¼ þ1 (or ϵ ¼ þ1, η ¼ −1), following
the notation in Ref. [26]. For our objective in this paper,
we choose Majorana spinors with ϵ ¼ þ1, η ¼ þ1.
Accordingly, the flipping and Hermitian-conjugate proper-
ties for two Majorana spinors ψ and ρ are

ð ¯̂ψγ ˆ½n�ρÞ ¼ −ϵηtþnð−1Þðt−nÞðt−nþ1Þ=2ð ¯̂ργ̂ b½n�ψ̂Þ
¼ −ð−1Þnðnþ1Þ=2ð ¯̂ργ̂ b½n�ψ̂Þ; ðA4aÞ

ð ¯̂ψγ̂ b½n�ρ̂Þ† ¼ þϵηtþnð ¯̂ψγ̂ b½n�ρ̂Þ ¼ þð ¯̂ψγ̂ b½n�ρ̂Þ; ðA4bÞ

where the middle sides are the expressions for the general
ϵ, η, t, and n. The typical examples of Eq (A4a) are

ð ¯̂ψ ρ̂Þ ¼ −ð ¯̂ρ ψ̂Þ and ð ¯̂ψγ̂μ̂ρ̂Þ ¼ þð ¯̂ργ̂μ̂ψ̂Þ, while Eq. (A4b)
means that any fermionic bilinears are Hermitian so that we
need no imaginary unit i in front.
For our system of N ¼ ð2; 0Þ supersymmetry, we need to

impose the Weyl conditions on our fermions,

γ̂7ðλ̂I; χ̂IÞ ¼ ðþλ̂I;þχ̂IÞ; ðA5Þ

and double the number of fermions. This is very similar to
the conventional case of Yang-Mills multiplet inD ¼ 5þ 1
[27,28]. Equation (A4a) yields the flipping property
ð ¯̂ϵ1γ̂μ̂ϵ̂2Þ ¼ þð ¯̂ϵ2γ̂μ̂ϵ̂1Þ which is not acceptable for the
closure of supersymmetry because it should be antisym-
metric under ϵ1 ↔ ϵ2. This is accomplished by introducing
the Spð1Þ indices A;B; � � � such that

ð ¯̂ψAγ̂
b½n�ρ̂AÞ≡ ϵABð ¯̂ψBγ̂

b½n�ρ̂AÞ; ðA6Þ

where ϵAB is the Spð1Þ metric: ϵð1Þð2Þ¼−ϵð2Þð1Þ¼þϵð1Þð2Þ¼
−ϵð2Þð1Þ¼þ1. In this paper, we omit the contracted Spð1Þ
indices, e.g., ð ¯̂ψγ̂½n�ρ̂Þ≡ ð ¯̂ψAγ̂½n�ρ̂AÞ to save space. In other
words, after the Spð1Þ contractions, Eq. (A4) is modified to

ð ¯̂ψAγ
b½n�ρ̂AÞ ¼ þϵηtþnð−1Þðt−nÞðt−nþ1Þ=2ð ¯̂ρAγ̂ b½n�ψ̂AÞ

¼ þð−1Þnðnþ1Þ=2ð ¯̂ρAγ̂ b½n�ψ̂AÞ; ðA7aÞ

ð ¯̂ψAγ̂
b½n�ρ̂AÞ† ¼þϵηtþnð ¯̂ψAγ̂

b½n�ρ̂AÞ¼þð ¯̂ψAγ̂
b½n�ρ̂AÞ: ðA7bÞ

In particular, Eq. (A7a) guarantees the antisymmetry
ð ¯̂ϵ1Aγ̂μ̂ϵ̂2AÞ ¼ −ð ¯̂ϵ2Aγ̂μ̂ϵ̂1AÞ for the closure of supersym-
metry, as desired.

3. Notation in D= 5þ 5

Our D¼ 5þ5 has the metric ðη̂μ̂ ν̂Þ ¼ diagðþ;
þ;−;−;þ;þ;þ;−;−;−Þ, with ϵ̂123456789;10 ¼ þ1, and
γ̂11 ≡ γ̂1γ̂2γ̂3γ̂4γ̂5γ̂6γ̂7γ̂8γ̂9γ̂10 ≡ γ̂123456789;10, so that

1

n!
ϵ̂μ̂1���μ̂10−n

b½n�ϵ̂ b½n�ν̂1���ν̂10−n
¼ −ð10 − nÞ!ð−1Þnδ̂½μ̂1 ν̂1 � � � δ̂μ̂10−n�ν̂10−n ; ðA8aÞ

γ̂½n� ¼
ð−1Þnðn−1Þ=2
ð10 − nÞ! ϵ̂ b½n� d½10−n�γ̂ d½10−n�γ̂11: ðA8bÞ

InD¼ 5þ5, we have s¼ t¼ 5⇒ s− t¼ 8 ðmod 8Þ⇒ ϵ¼
η¼þ1 (or ϵ ¼ þ1, η ¼ −1) for Majorana (or pseudo-
Majorana) spinors. For our purpose, we choose Majorana
spinors with ϵ ¼ η ¼ þ1. Accordingly, the flipping and
Hermitian-conjugate properties are similar to Eq. (A4),
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ð ¯̂ψγ̂ b½n�ρ̂Þ ¼ −ϵηtþnð−1Þðt−nÞðt−nþ1Þ=2ð ¯̂ργ̂ b½n�ψ̂Þ
¼ þð−1Þnðnþ1Þ=2ð ¯̂ργ̂ b½n�ψ̂Þ; ðA9aÞ

ð ¯̂ψγ̂ b½n�ρ̂Þ† ¼ þϵηtþnð ¯̂ψγ̂ b½n�ρ̂Þ ¼ þð ¯̂ψγ̂ b½n�ρ̂Þ; ðA9bÞ
for Majorana spinors. The difference in signature between
Eqs. (A9a) and (A4a) is caused by the difference in t. The
typical examples of Eq. (A9a) are ð ¯̂ψ ρ̂Þ ¼ þð ¯̂ρ ψ̂Þ and
ð ¯̂ψγ̂μ̂ρ̂Þ ¼ −ð ¯̂ργ̂μ̂ψ̂Þ, while Eq. (A9b) necessitates no imagi-
nary unit in front of fermionic bilinears. For our purpose of
N ¼ ð1; 0Þ supersymmetry in D ¼ 5þ 5, we impose the
Weyl conditions on our fermions:

γ̂11ðλ̂I; χ̂IÞ ¼ ðþλ̂I;þχ̂IÞ: ðA10Þ

APPENDIX B: OTHER SIGNATURES
D= 4þ 2 AND D= 8þ 2

In the main text, we have studied the cases of D ¼ 3þ 3
and D ¼ 5þ 5 with the same number of the þ and −
signatures (s ¼ t). However, we mention other possible
options for space-time signatures for EM dualities, in
particular, in D ¼ 4þ 2 and D ¼ 8þ 2.

1. Example of D= 4þ 2

For example, the case of D ¼ 4þ 2 gives s ¼ 4, t ¼
2 ⇒ s − t ¼ 2 ⇒ ϵ ¼ η ¼ −1 for pseudo-symplectic
Majorana spinors [26]. The flipping and Hermitian proper-
ties are

ð ¯̂ψAγ
ˆ½n�ρ̂BÞ ¼ −ϵηtþnð−1Þðt−nÞðt−nþ1Þ=2ð ¯̂ρBγ̂ ˆ½n�ψ̂AÞ

¼ −ð−1Þnðnþ1Þ=2ð ¯̂ρBγ̂ ˆ½n�ψ̂AÞ; ðB1aÞ

ð ¯̂ψAγ̂
ˆ½n�ρ̂BÞ† ¼ þϵηtþnð ¯̂ψAγ̂

ˆ½n�ρ̂BÞ ¼ −ð−1Þnð ¯̂ψAγ̂
ˆ½n�ρ̂BÞ:
ðB1bÞ

Therefore, compared with the D ¼ 3þ 3 case in Eq. (A7),
we get

ð ¯̂ψAγ̂
ˆ½n�ρ̂AÞ ¼ þϵηtþnð−1Þðt−nÞðt−nþ1Þ=2ð ¯̂ρAγ̂ ˆ½n�ψ̂AÞ

¼ þð−1Þnðnþ1Þ=2ð ¯̂ρAγ̂ ˆ½n�ψ̂AÞ; ðB2aÞ

ð ¯̂ψAγ̂
ˆ½n�ρ̂AÞ† ¼ þϵηtþnð ¯̂ψAγ̂

ˆ½n�ρ̂AÞ ¼ −ð−1Þnð ¯̂ψAγ̂
ˆ½n�ρ̂AÞ:
ðB2bÞ

In other words, only the Hermitian conjugate has different
signs. Since the flipping property is equally valid for the
closure ð ¯̂ϵ1Aγ̂μ̂ϵ̂2AÞ ¼ −ð ¯̂ϵ2Aγ̂μ̂ϵ̂1AÞ, the EM duality in D ¼
4þ 2 is an alternative possible Master Theory for SDSYM
in D ¼ 2þ 2 dimensions.

2. Example of D= 8þ 2

Another example is D¼ 8þ2 with s¼ 8, t¼ 2⇒
s− t¼ 6⇒ ϵ¼þ1, η ¼ −1 for pseudo-Majorana spinors
[26]. Accordingly, we get

ð ¯̂ψγ̂ ˆ½n�ρ̂Þ ¼ −ϵηtþnð−1Þðt−nÞðt−nþ1Þ=2ð ¯̂ργ̂ ˆ½n�ψ̂Þ
¼ þð−1Þnðnþ1Þ=2ð ¯̂ργ̂ ˆ½n�ψ̂Þ; ðB3aÞ

ð ¯̂ψγ̂ ˆ½n�ρ̂Þ† ¼ þϵηtþnð ¯̂ψγ̂ ˆ½n�ρ̂Þ ¼ þð−1Þnð ¯̂ψγ̂ ˆ½n�ρ̂Þ: ðB3bÞ
Equation (B3a) is exactly the same as Eq. (A9a), while
Eq. (B3b) is equivalent to Eq. (A9b) by replacing γμ by iγμ.
This is simply equivalent to the switch from the signature
8þ 2 to 2þ 8. Therefore, the EM duality in D ¼ 8þ 2 is
equally important as the possible Master Theory for
supersymmetric integrable models in 1 ≤ D ≤ 3.
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