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We find new spontaneously generated fuzzy extra dimensions emerging from a certain deformation
of N =4 supersymmetric Yang-Mills theory with cubic soft supersymmetry breaking and mass
deformation terms. First, we determine a particular four-dimensional fuzzy vacuum that may be
expressed in terms of a direct sum of product of two fuzzy spheres, and denote it in short as
SHnt x §2Int The direct sum structure of the vacuum is clearly revealed by a suitable splitting of the
scalar fields in the model in a manner that generalizes our approach in [Phys. Rev. D 92, 025022
(2015)]. Fluctuations around this vacuum have the structure of gauge fields over S2™ x SZ and this
enables us to conjecture the spontaneous broken model as an effective U(n) (n < N) gauge theory on
the product manifold M* x S2 x SHC. We support this interpretation by examining the U(4) theory
and determining all of the SU(2) x SU(2) equivariant fields in the model, characterizing its low energy
degrees of freedom. Monopole sectors with winding numbers (+1,0), (0,£1), (1, £1) are accessed
from S2" x SZN after suitable projections, and subsequently equivariant fields in these sectors are
obtained. We indicate how Abelian Higgs type models with vortex solutions emerge after dimensionally
reducing over the fuzzy monopole sectors as well. A family of fuzzy vacua is determined by giving a
systematic treatment for the splitting of the scalar fields, and it is made manifest that suitable
projections of these vacuum solutions yield all higher winding number fuzzy monopole sectors. We
observe that the vacuum configuration S#" x S2" identifies with the bosonic part of the product of two
fuzzy superspheres with OSP(2,2) x OSP(2,2) supersymmetry and elaborate on this unexpected and

intriguing feature.
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I. INTRODUCTION

N = 4 supersymmetric Yang Mills (SYM) theory in
four dimensions with the SU(N') gauge symmetry group
appears to have a special standing in bridging string
theory to quantum field theory (QFT). As a QFT it has
several appealing properties, among which its conformal
invariance and UV finiteness may be indicated at first
glance. It is invariant under S-duality, interchanging the
coupling constants gyy; and q‘i—’;, and it plays a central

role in gauge/gravity duality as it is the most prominent
example on the conformal field theory (CFT) side for
AdS/CFT correspondence [1,2]. However, it is generally
considered that this theory is not realistic as it has too
much symmetry.

One possible route for accessing phenomenologically
viable models from N =4 SYM is to consider its
deformations, which supplement the purely quartic
potential of the scalar field sector of the theory with
cubic soft supersymmetry breaking (SSB) and quadratic
mass deformation terms in the scalar fields [3-9]. The
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latter break some or all of the supersymmetry as well
as some of the global SU(4), symmetry. These theories
as well as the closely related YM matrix models
[7,10,11] possess fuzzy vacuum solutions, which are
generically given as direct sums of fuzzy spheres
S%(:=@ S%), or that of products of fuzzy spheres S% x
S§% (=@ S% x §%). N =1* models [3-5] are examples
of models falling into this category with fuzzy sphere
vacua S%, while the model given in [6] serves as an
example with the S% x &% type vacuum. A broader
perspective is gained by first noting that the N =4
SYM may be obtained by dimensionally reducing the
N =1 SYM in ten dimensions to four dimensions (see,
for instance, [12]), while the dimensional reduction of
the latter to O+ 1 dimensions leads to the Banks-
Fischler-Shenker-Susskind (BFSS) matrix model [13]
description of M-theory on flat backgrounds and the
fuzzy sphere vacua S2 also emerge from the massive
deformations of the BFSS theory, so-called the
Berenstein- Maldacena-Nastase (BMN) matrix model,
which is proposed to give a nonperturbative description
of the M-theory on maximally supersymmetric pp-
wave backgrounds [14,15]. Thus, evidently, a detailed
study of the vacua and low energy structure of the
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aforementioned deformed models is quite central to
assess their potential value from a phenomenological
point of view. With this being one of our intentions, in
the present paper, we determine a family of vacuum
solutions of the form &% xS%, including all the
monopole sectors, and investigate the low energy
physics in these vacua for the model introduced in
[6]. In order to clearly state our further motivations and
purpose for doing so, we would like to briefly discuss
how such fuzzy vacua may be interpreted as extra
dimensions of an effective gauge theory emerging from
the deformed N =4 SYM.

In [16] it was shown that the SU(N) YM theory in
Minkowski space M*, coupled to a triplet of scalar
fields in the adjoint representation of the gauge group,
dynamically develop extra dimensions in the form of a
fuzzy sphere S%. To be more precise, the potential
term in the Lagrangian of this model spontaneously
breaks the gauge symmetry, and the vacuum expect-
ation values of the scalar fields form the fuzzy sphere
52 while the fluctuations around this vacuum turn out
to be the gauge fields over S2%. Thus, after symmetry
breaking, an effective gauge theory on the manifold
M* x S2 with a gauge group which is a subgroup of
SU(N) is conjectured to emerge. Construction of the
tower of Kaluza-Klein modes of the gauge fields and
an inspection of its low lying modes supports this
interpretation. Nevertheless, there is another comple-
mentary approach in developing the effective gauge
theory interpretation and understanding the low energy
limit in this and a range of other models, which one of
us (S.K.) has recently been engaged in investigating
[17-20]. This, so-called, equivariant parametrization
technique entails imposing proper symmetry conditions
on the fields of the model so that they transform
covariantly under the action of the symmetry group of
the extra dimensions up to gauge transformations of
the emergent model. This simply transcribes, in the
case of U(2) gauge theory over M x S%, as determin-
ing the gauge fields which remain covariant under
rotations of S% up to U(2) gauge transformations.
Following this approach endows us with the explicit
equivariant parametrizations of all the fields in the
model and provides evidence for the interpretation of
such models as effective gauge theories, since, sub-
sequently, an effective low energy action may be
obtained by integrating out (i.e., tracing over) the
fuzzy extra dimensions and dimensionally reducing
the theory. The latter leads to Abelian Higgs type
models with new vortex solutions. It is necessary to
note here that what we have just described is essen-
tially an adaptation and application of the coset space
dimensional reduction techniques discussed in [21-23]
(see also [24] in this context). As this has been
discussed thoroughly in our previous work, we refrain
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here from rehashing and refer the reader to the referen-
ces [17—20].l For other related results on equivariant
dimensional reduction [31-37] may be consulted.
Aforementioned deformations of N =4 SYM may be
viewed to constitute a set of other examples in this context.
In fact, [6] focuses on a particular deformation of N = 4
SYM with both SSB and mass deformation terms, which
completely breaks the supersymmetry and the SU(4) R-
symmetry down to a global SU(2) x SU(2). This model
has vacuum solutions of the form* S% x 8%, and to our
knowledge, it was the only example, until very recently,’ in
which a four-dimensional fuzzy vacuum emerges from
deformed N = 4 SYM models. In [6] it was shown that the
8% x 2 type vacuum with background monopole fluxes
leads to fermionic zero modes and mirror fermions are
found to emerge in the low energy limit. In [20], one of us
inspected the low energy structure of the effective gauge
theory on M* x §% x S2 with U(4) gauge symmetry using
the equivariant parametrization techniques and found, after
tracing over the fuzzy extra dimension, Abelian Higgs type
models with three independent complex and several real
scalar fields with new generalized vortex solutions. A
complete treatment of the vacuum solutions of this model
with background monopole fluxes and the low energy
physics around such vacua is still missing in the literature,
and this is intended as one of the aims of our present work.
Here we extend the novel approach recently introduced by
one of us in [17], which not only gives us access to all the
fuzzy monopole sectors but also reveals a whole family of
fuzzy vacua with additional novel properties in the low
energy structure. From a geometrical point of view, these
vacua may be viewed as stacks of concentric fuzzy D-
branes carrying magnetic monopole fluxes, although not all

'"The results obtained in the context of Aharony-Bergman-
Jafferis-Maldacena (ABJM) models [25,26] appear to have
similarities with those of ours in [17,18,20]. ABJM models
are N =6 supersymmetric (SUSY), U(N) x U(N) Chern-
Simons gauge theories at the level (k, —k) that come together
with scalar and spinor fields in the bifundamental and funda-
mental representation, respectively, of its SU(4) R-symmetry
group. In [27,28], a massive deformation of this model, which
preserves the N =6 SUSY but breaks the R-symmetry to
SU2)x SU2) x U(1)4, x U(l)g x Z,, was investigated. It
turns out that this deformed model has vacuum solutions which
are fuzzy sphere(s) in the bifundamental formulation realized in
terms of the Gomis-Rodriguez-Gomez-Van Raamsdonk-Verlinde
matrices [27]. In [29,30], a certain parametrization for the fields
in the bosonic sector of this model has been suggested, and it was
shown to yield a low energy model in which four complex scalar
fields interact with a sextic potential.

’In fact, to access all possible vacuum configurations as we do
in the present work, one has to refrain from adding a constraint
term to the Lagrangian as encountered in [6], which essentially
forces one to select the vacuum S% x S% (see also [17] in this
context).

“In a recent article [7], new four- and six-dimensional fuzzy
vacuum configurations in SSB deformed N = 4 SYM have been
reported.
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the string theoretic aspects [38] may be captured within the
current framework, as already noted in [6]. Thus, it is
possible to view the equivariant gauge field modes that we
obtain in Sec. III (see the ensuing paragraph for a brief
description) as the modes of the gauge fields living on the
world volume of these D-branes, which may perhaps
provide us with a good link to relate the effective gauge
theory and the string theoretic perspectives. Also, we find it
worthwhile to remark that our results apply just as well to
the scalar sector of YM 6-matrix models [7,10,11] whose
global SO(6) symmetry could be broken to SU(2) x
SU(2) by SSB and/or mass deformation terms, making
our work well connected to the ongoing research in such
string related matrix models.

Having stated our motivations and purpose, we would
like to briefly state how our work is organized and
summarize our essential findings. In Sec. II, we determine
a vacuum solution of the deformed N = 4 SYM model that
may be expressed in terms of a particular direct sum of
product of fuzzy spheres. For brevity we denote this
solution as S#n x $2. The bosonic part of this model
has six scalars (®%, ®R) (a = 1, 2, 3) transforming under
the adjoint representation of SU(N') and the (1,0) & (0, 1)
of SU(2) x SU(2). In the same vein to the technique
introduced in [17], we show that the structure of S%Im X
S2nt may be clearly revealed by splitting the scalar fields as
OL = pL +-TL, ®F = pR + TR where the constituents
(TL,TR) are defined by utilizing the four scalar fields
WL WR (@ =1, 2) and their Hermitian conjugates, which
are still in the adjoint of the SU(N'), but transforming under
the (3.0) @ (0.1) of the global symmetry group. Certain
bilinear composites of 2 transforming in the (1,0) @
(0, 1) representation of SU(2) x SU(2) give the definition
of (TL,T®). In this section we also show that the fluctua-
tions about this vacuum have the structure of gauge fields
over S2Mtx §2nt and enables us to conjecture that the
spontaneous broken model is an effective U(n) (n < N)
gauge theory on the product manifold M* x SHnt x SHnt In
Sec. III, we support our conjecture by examining the
U(4) theory and determining all of the SU(2) x SU(2)-
equivariant fields in the model, which constitute the low
energy degrees of freedom corroborating with the effective
gauge theory interpretation. At this stage, from a purely
group theoretical analysis we encounter the equivariant
spinor modes over S x S2M We explicitly construct
these modes by utilizing the four component multiplet in
the representation (5,0) @ (0,) of the global symmetry
group. Clearly, these spinorial modes do not constitute
independent dynamical degrees of freedom in the U(4)
effective gauge theory, but it is readily conceived that their
suitable bilinears shall yield the equivariant gauge field
modes on S x §2Mt. We access the monopole sectors
with winding numbers (+1,0),(0,£1),(£1,+1) from
S2nt 5 S2Int after suitable projections and obtain the
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equivariant fields in these sectors as a subset of those of
the parent model. The latter characterizes the low energy
modes of the theory, and making contact with the results of
[20], we show that tracing over the fuzzy monopole sectors
is bound to yield two decoupled Abelian Higgs type
models, each with a U(1)® gauge symmetry and static
multivortex solutions characterized by three winding num-
bers. In Sec. IV, by examining the splitting of the fields
(®L, ®R) with the composite part involving k; + k, com-
ponent multiplets transforming under the representation
(k‘; L 0) & (0, kzz_ 1) of the global symmetry, we determine
a family of fuzzy vacuum solutions. It is manifestly seen
from our results that suitable projections of these vacuum
solutions yield all higher winding number monopole
sectors.

An unexpected feature of the vacuum configuration
§2Int 5 S2Int that we determine is that it identifies with
the bosonic part of the product of two fuzzy superspheres
with OSP(2,2) x OSP(2,2) supersymmetry. This is espe-
cially interesting and deserves special attention, as it is
completely unintended. In Sec. V we present it by
examining the decomposition of typical superspin irreduc-
ible representations (IRRs) of OSP(2,2) x OSP(2,2)
under SU(2) x SU(2) IRR and how a particular typical
IRR of this group matches with the SU(2) x SU(2) IRR
content of SH x §2n In addition, we also give a con-
struction of the generators of OSP(2,2) x OSP(2,2) in its
nine-dimensional fundamental atypical representation, by
projecting a relevant set of 16 x 16 matrices, which appear
in our model as building blocks in the construction of the
matrix algebra of the composite fields. We feel that further
research is necessary to uncover whether there is a deeper
physical reason for the appearance of this structure or it is
simply accidental.

A considerable number of the details of the analyses
of Secs. Il and IV are relegated to Appendixes A and B.
In Appendix C, we discuss another vacuum solution to
the model, i.e., an attempt to use 4 x4 matrices as
building blocks to construct I'; and T'? instead of the
16 x 16 matrices used in Sec. II. Although the structure
we encounter looks superficially similar to the one we
obtained in Sec. II, we find that there is in fact a crucial
difference; namely, the objects whose bilinears are I'k
and I'? do not transform as the (3.0) @ (0.3) repre-
sentation of SU(2) x SU(2). Nevertheless, treating this
model as one in its own right we examine it in some
detail. In particular, we find that the effective U(4)
gauge theory contains no equivariant spinor field modes
at all. This is indeed what we expect, and it corroborates
very well with the fact indicated above, since, reversing
the line of reasoning, the absence of equivariant spinor
field modes implies that the introduction of the
composite fields I's and I'® with the desired symmetry
properties is not possible. If the latter was possible, it
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would have contradicted the absence of the equivariant
spinor field modes and vice versa.

There are a number of recent interesting articles within
this general setting that we do not want to pass without
mention [39-43]. In [39], for instance, an orbifold projec-
tion of N =4 SYM theory has been introduced, and extra
dimensions which are twisted fuzzy spheres consistent with
this orbifolding were found to emerge due to the presence
of SSB terms in the model. Authors of [39] have also
discussed what these results may possibly entail for the
standard model as well as the minimal supersymmetric
standard model. A higher dimensional SU(N') Yang-Mills
matrix model, similar in vein to the Ishibashi-Kawai-
Kitazawa-Tsuchiya model [44] for type IIB string theory,
was studied in [40]. After an analysis of the spontaneous
symmetry breaking patterns mediated by the appearance of
fuzzy spheres, it was shown that remaining gauge sym-
metry SU(3), x SU(2), x U(1),, couples to all fields of
the standard model and the resulting low energy model is an
extension of the latter. Models involving matrix valued
fields in the adjoint of SU(N') have been proposed for
inflation models in [41,42].

II. GAUGE THEORY OVER M x S2Int x

A. The model and some preliminaries

We consider a deformed N =4 SYM theory with
SU(N) gauge symmetry. This model has six anti-
Hermitian scalar fields ®; (i =1,...,6) transforming in
the adjoint representation of SU(N),

2Int
SF

o, - UTQ,U, UeSUWN). (2.1)
With the SSB and mass deformation terms the action in the

bosonic sector is given as [6,20]

S:/d4xTrN(—

1 .
T Fh - (0,8 <Dﬂ<1>i>)

1 1 1
— S V(BL) — = V(DR) — — V(DLR), (2.2)
gL 9r 9JLr
where F,, = 0,A, — 0,A, + [A,. A,] is the curvature of the

su(N') valued anti-Hermitian gauge fields A,, D,®; =
0,®; +[A,, ®,;] is the covariant derivative of ®,, Try =
N~Tr is the normalized trace, and

V(oL

= Tr/\/FégFéb’ Féb = [‘I’é

) f] ~ €anc®
V(®F) =Tr nglFfb’ Fay = [ @fﬂ — €apc P
V(@HR) = Ty Fo ™ F " = (& @ﬁ],

¢gzz¢a, @5::¢M3@1:1,l3) (2.3)

Let us note that if we replace the potential terms in (2.2)
with the purely quartic potential
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1 6

Vy=a(®) = _ZQZYM Z[(b ik
i.j

then the action in (2.2) reduces to the bosonic sector of the
N =4 SYM, which possesses a global SU(4), symmetry
in addition to the local SU(N) [1,2].

The model in (2.2) breaks the supersymmetry com-
pletely and the global SU(4), down to a global
SU(2) x SU(2). We observe that the scalar fields ®; =
(®L, ®F) transform under the (1, 0) & (0, 1) representation
of this global symmetry.

Following and generalizing the developments in [17], in
this article, we are going to consider that ®Z and ®¥ are
split in the form

(2.4)

= g5 +T%, = ¢f + T8, (2.5)
with the definitions
Ik = —%\I/Lf%aqﬂ, IR = —%xIJRT%apr,
T, =7, ® 1y, 7, . Pauli matrices, (2.6)

where the scalar fields ¥* and WX are doublets of the global
SU(2), x SU(2), transforming under its IRRs (},0) and

(0,%), respectively. Thus, we may form the 4-component
multiplet

v

m_(%)_ vk
wR ok

12

(2.7)

transforming under the representation (5,0) @ (0.,3) of the
global symmetry group. We have that all the components
(UL, OB (@ = 1, 2) of U are scalar fields; they are N x N/
matrices, transforming adjointly (UER 5 UtWLRU) under
SU(N). Clearly, (T'%, ') are bilinears of ¥’s transforming
under the (1,0) @ (0,1) of SU(2), x SU(2)g and under
the SU(N') gauge symmetry they transform adjointly
LR - UTTERU) as expected.

The doublets WX and WX have 4N? real degrees of
freedom each, which in total appears to exceed the 6/
real degrees of freedom in (®%, ®%). Could this mean that
there is something inconsistent about Egs. (2.5) and (2.6)?
The answer is no. To see why, let us recall that the adjoint
action of SU(N') is composed of its left and the right
actions. It is readily observed that, under the right action,
Ul - wly, R - URU, we have (I, TR) transforming
adjointly, while under the left action Wi — UWL,
YR VR with U,V e SUWN), we have (I'L TF)
remaining invariant. In other words, both (¥, UR) and
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(UYL, VUR) Jead to the same (I'L,TX). Thus, what
essentially enters into the definition of (T'4, %) are the
equivalence classes (UL, UR) ~ (UWE, VIR). Since each
of the unitary matrices U,V € SU(N) have N? real
degrees of freedom, this means that each of I'; and I'?
has 4N? — N2 = 3N? real degrees of freedom, which
yields exactly the same 6N real degrees of freedom in
(TE TR as in (®L, ).

In fact, it can also be shown in a straightforward

manner that the variations with respect to ¢§’R, \II(ET,

and UK simply reproduce the same equations of
motion as those that emerge from the variations® of
®LR indicating that no new degrees of freedom are
introduced into the model by (2.5). This splitting is
rather premature as it lacks any physical motivation at
the present stage, but our reasons will become clear as
we move forward and show that the model sponta-
neously develops fuzzy extra dimensions, which may
be written as direct sums of the products S% x S% as
we shall now demonstrate.

B. The vacuum configuration

The potential terms in (2.2) are positive definite, and
therefore the minimum of the potential is given by the
following equations:

FL, =0, FR =0 FLE=0 (28
Solutions of these types of equations have been discussed
in the literature [6,14,20]. In general, they are given by
N x N matrices carrying reducible representations of
SU(2) x SU(2) that decompose into direct sums of its
IRRs. We want to consider such a solution to Eqgs. (2.8) in
which we can take advantage of the splitting of the fields
indicated in (2.5) and (2.6) in its construction. Let us
emphasize that, the particular vacuum solution we want to
construct this way exists regardless of our use of relations
given in (2.5) and (2.6) as it is clear from our initial remark.
Keeping these in mind, we can proceed to observe that the
requirements in (2.5) and (2.6) naturally restrict the
possible SU(2), x SU(2), representation that (IS, TX)
may carry to the one for which (U4, UR) exists. In other
words, ('L, TR) may not be in some arbitrary representa-
tion of SU(2) x SU(2), since then the corresponding
(UL, WR) will not exist in general. Here we consider the
only possible solution for which both (g%, %) and
(L, TR) are nonzero matrices.

We are going to show that the solution fulfilling
Egs. (2.8) with the structure given in (2.5) and (2.6)
may be written, assuming that A factors in the form
N =026, +1)x (26 +1)x 16 X n, as

*See Appendix A for details.
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oL = (X7 @104 @ 1, ® 1,)
+ (1(2fL+1) ® l(ZfR+l) ® l"gL ® ln)’
R = (100 @ X7 @1,,®1,)

+ (1(2f,‘+1) ® 1(2fR+]) ® FgR ® ln)’ (29)
up to gauge transformations ®;, — UT®,U.

In (2.9), (X5,2"ﬂL+l),XgMRJrl ) are the anti-Hermitian
generators of SU(2); x SU(2) in the IRR (¢, ¢y) and
with the commutation relations

[X22KL+1),X§72KL+1)] _ abCX£2fL+1)’

[Xa2fR+l)’X§;2fR+l)] _ eabCX(szRH)

’

[0t x 20y 2 g, (2.10)

(T9E, TOR) are conceived, for reasons that will become
clear shortly, as 16 x 16 anti-Hermitian matrices which
satisfy the SU(2), x SU(2)r commutation relations

[FgL’FgL] - €abcr(c)La

et %] =0,

[FBR’ F(;R] = €abcr‘8Rv
(2.11)

and form a reducible representation of SU(2); x SU(2)g.

We will now see that I'9% and T'9® can be written as
bilinears of spinors carrying the IRRs (3,0) and (0,3),
respectively. For this purpose, let us introduce four sets of
fermionic annihilation-creation operators (b,, bl, Cos CZ,)
with the anticommutation relations

{bavb;’} = Oap» {ca C}}} = Oap> (2.12)

and all other anticommutators vanishing. They span the 16-
dimensional Hilbert space H with the basis vectors

1.y, 3, mg) = (b)) (b3)™ (c])™ (c3)"]0.0.0,0),
(2.13)

with ny, ny, n3,ny =0, 1.
We can now take

i . 1
oL = —EV/LITHI//L, OR = —EWRTTa‘//R’ (2.14)

where

b, &
L': R:: .
v <b2>’ v (02>

It is easy to see that ([9L, T9F) fulfill the SU(2), x
SU(2)g commutation relations in (2.11). We furthermore
have that

(2.15)
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i i
Wk T = _E(Ta)aﬂl///%7 e T0M = 5 (T
i, ToF] =
WETOR) = =S (gl WiF TR = 2 ().
lwi. Tk =0, (2.16)
and therefore y” and y® carry the (3,0) and (0.}) IRRs

of SU(2); x SU(2)g, respectively.
The quadratic Casimir of the representation spanned by
(T9L, T9R) may be straightforwardly calculated to give

0, 0 0
Cy= (M2 +(MR2 =] 0 -3 0 [, (217)
0 0 —%14
where we have used
3 3
(Fah)? = =3 NE+ S NTNG,
O0R\2 3R 3 NRNR
(Fa ) :—ZN +§N1N2, (218)

with the number operators on the Hilbert space H given as
il
N {‘ — bl bl 5

R __ T
NT = ccy,

Nk =bib,, N =N+ N

NE =cle,,  NR=NER4HNE  (2.19)
and we have taken the basis vectors of H oriented in
the order [0000), ) ) ), ). |1111),
[1101), |1110), |0100), |0111), |0101), |0110), |1000),
[1011), ) ).

We infer from (2.17) and the symmetry of (2.16) under
the exchange of L <> R that (I'%Y, T9R) has the IRR content
expressed as the following direct sum of IRRs of
SU(2), x SU(2),:

4(0.0) 692(%,0) @2<0,%) ® G%) (2.20)

It is also possible to express (I'9L, TOR) as

N=1Y®1,, =119 (221

where

' d
s <W1> = < 1>, (2.22)
2 v d,

where d,, df,(a = 1,2) are fermionic annihilation and
creation operators spanning the Hilbert space H,; with
the basis vectors |m;,m,) = (d})™ (d})"2(0,0). We have
N = djd,, and also that [[9, N] = 0. ' carries a reducible
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representation of SU (2) which decomposes into IRRs of
SU(2) as 0y & 0, @ 1 [where the subscripts 0 and 2 in 0,
and 0, are the elgenvalues of the number operator N for the
SU(2) singlets] [17]. Since T fulfill the SU(2) commu-
tation relations, it is clear that (I'%L, T9R) as defined in
(2.21) fulfill the commutation relations in (2.11). It is easily
observed that (2.14) and (2.21) describe unitarily equiv-
alent representations and (2.21) indeed yields identically
the same set of (T9F, T9%) as in Eq. (2.14) if the basis

vectors of H, are taken in the order |0,0),]|1,1),
s >7 El >'
Let us first give the two projectors
(ro)* +
Py = f— 1 —N+2N{N,,
ry
ro)?
1

where P projects to the smglets and P, projects to the
doublet of I, and N, = d\d,, N, = d} dz, N =N, +N,.
It is also possible to dlstlngulsh between the two inequi-
valent singlets, Oy and 0,, using the projectors

1
Poo - —E(N—2>PO == 1 —N—N1N2,
1 1 1
POZZENP0:N1N22_5N+§P%‘ (224)
We can now consider the SU(2); x SU(2); IRR rep-

resentation content of (2.9). Clebsch-Gordan decomposi-
tion gives

(F1-00) ® (4(0’0> @2@’0) @2<0’%> ¢ 69)
1

1
=4(7,. k) 692(&——,51%) @2<5L +§,5R>

@2<KL’ZR__)®2<KLJ€R 1)
1 1 1 1
GB(fL—EfR—§>®<fL 2,5 5)
D7 lf ! 4 lf ! 2.25
L=5 R"’E b |7+ R+2 (2.25)

For convenience, we introduce the shorthand notation
DL = XL + 9L, DR := XR 4 TOR for the vacuum solu-
tions (2.9).

In accordance with the decomposition in (2.25), a unitary
transformation puts (D%, DR) into the block diagonal form
(DL, DR) = (U'DLU,U'DRU) whose entries can be
inferred from the Casimir of IRRs appearing in (2.25)
and their multiplicities (see Appendix A). Therefore, we
may interpret the vacuum configuration of the gauge theory
(2.2) in terms of direct sums of S% x S% given as
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1
SR s =436 x She) @ 2341 - 5) 53 )

@ 2(5% (fL + %) X S%(KR)> ® 2<S%(KL) x §2 (fR _ %))

© 2(5%(&) x Sk (fR +%)) D (S% <fL —%) x S2 (fR _%>>

o (5(3) 5 (e-) o (9(-3) 5 (e+3))

® (S% <£L ! %> < S (fR " %)) (2.26)

Alluding to our initial remarks after Eq. (2.8), it is necessary to stress once again that the vacuum solution given in (2.26)
exists, independent of the steps taken to construct it in this section, although it appears to be rather cumbersome to predict it
without the given considerations. Conversely, we can state that the existence of the vacuum solution (2.26) may be used to
motivate the splitting of the fields as given in Egs. (2.5), (2.6) and (2.14), (2.15). In fact, this argument only indicates that
such WL and WR are available’ to define (F{; 'k ). However, there is another important fact that ensues from our results in
Sec. I1I.1, which makes the introduction of W’ and WX a natural as well as a necessary one, and we will see this shortly.

To each summand occurring in (2.26) there corresponds a projection given in the form

I —(Xg +T9")° = (XG + 105 — &y (4 + 1) =25 (45 + 1)

H — )
% ALQE+ 1)+ AB0E + 1) = 2L (AL + 1) - AR(E + 1)

(2.27)
r#a6Fp

where a,8,7,6 = 0, +, — and A%, AR take on the values #;,  where
== %, Cr.CrE %, respectively. This gives nine projectors.
Note that IT,; does not resolve the repeated summands in XLTOL _ 1ft XRTOR _ % Ik
(2.26). For instance, Iy, projects to the sector 4(S% (¢ )x Qb =j——— % R =fj——— 2
2 : o T, +h) 1 Tfrth)

St(¢x)). We will see how the projection to each repeated 2\¢L T3 2R T3
summand is accomplished as we proceed. (2.30)

It is important to note that these projectors may be
expressed, after a unitary transformation, in terms of the . . - ® X
products of the projectors IT4 and H;; , which are given as and IT;- = IT% + I1Z, T17 = IT5 + TIZ.

2 2
As Tl,; and TIGTI project to the same subspaces,

o — H —(XE4+TOE)?2 =LA +1) they are unitarily equivalent, I,z = U'TIZIIEU, for
“ e (A +1)=2LGE+1) 7 some unitary matrix U. Using the notation Il =
. —(X§+1'8R)2—A§(/1§+ 1) UﬁHg to. de.note this equlva.lle.nce, we ca.n list these

I = H FOF+ 1) —ROE£1) (2.28) nine projections onto the distinct IRRs in (2.25) as

s#p TPNTP o\ given in Table I.

It is possible to split ITf to the projectors I1§ , 1§ and TI§
From (2.28), we may find that I15, 18, 114, 11X take the form ¢, IR TR as
0 2
I =100 10 ) @ Py @1, ® 1,

N =100 @ 1M @ 1L, ® Py ® 1, TABLE L. Projections I1
. a/j.

L/ . 1/ .
Hli = ) <ilQ1L + H%L > ’ Hi = 2 <i1Qf + H?)’ Projector To the representation
— TLTIR
(229) HOO = HOLHOR 4(L0L, LpR)l
HOiEHOHi z(fL,ij:E)
., =40 2(6, +4.2x)
*We also note that it is not always possible to introduce W% and ~ I1,, = ITLTIX (TETRTES)
UR carrying the required symmetry properties. In Appendix C we M. =MLk (TEIRTE: %)

discuss a situation of this sort.
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TABLE II.  Projections to all fuzzy subspaces in the right hand
side of (2.26).

Projector To the representation
I15, 115, (€1.¢x)

I 11 (€0, C8)

15 T1; (€1, CR)

116, 11§, (¢L.CR)
H&.HR GRTES))

g, It (1. fR 2)

T TG, (L £5.x)
l'[il'[g2 (f :l: )
nins . i%,fR F %)

H&. — 100+ @ 104+ @ Py, ®1,®1,,
f =124 @ 1) @ Py, @ 1, ® 1,,,
M =10470 @ 1%H) @ 1, @ Py, ® 1,.,

nf =104+ @ 1) @ 1, @ Py, @ 1,,, (2.31)
where Py, Py, are given in (2.24). Taking the above
splitting of IT§ and II¥ into account, we can resolve
Iy, ITy4, [T, into the projections, which project onto
subspaces carrying a single IRR as given in Table II.
These constitute the 16 projectors onto the fuzzy subspaces
appearing in the right hand side of Eq. (2.26).

2Int 2Int
Sp™ x Sg

We may now turn our attention back to the vacuum
configuration (2.9). The latter breaks the SU(N') gauge
symmetry to a U(n). Clearly, this is the commutant of
(®L, ®R) given in (2.9). In addition, the global symmetry is
totally broken by the vacuum. As a side remark, we note
that it is still possible to combine a global rotation with a
gauge transformation which leaves the vacuum invariant.

We may introduce the fluctuations (AL, AX) about the
vacuum as

C. Gauge theory over M* x

(I)L XL+FOL —|—A1‘
q)R XR+FOR +AR

D§ + Ag,

DE 4 AR, (2.32)

where AL AR eu2¢;, +1) @u(2tr+1) @ u(4) ®
u(4) ® u(n).

Evaluating F%,, FR,FLR we find

Fﬁb - [DL AL} [DII;’AIJ] + [Af;’Ai‘] - eabcAg»
FI;b = [DR AR] - [D§’A§] + [A§7A§] - eabcAgv
Fgi = [DG. AF] — D AL + [AL. AF]. (2.33)

This suggests that we can think of AL and A% as the six
components of a U(n) gauge field living on S x 2t

PHYSICAL REVIEW D 93, 105019 (2016)

including the two normal components. As it is well known,
in fuzzy gauge theories, it is not possible to completely
eliminate the normal components of the gauge fields
[45—-47]. However, it is possible to impose gauge invariant
conditions on the fields which eliminate these normal
components in the commutative limit, £;,¢x — oo.
Following the approaches in [45-47], we introduce the
conditions

(XG +To8 +A¢)? = (Xg +T9")? = =(¢1 +7)

X (0 + 7+ Dag, 49)11) @260+ 1))
(Xa +TQ% +A7)? = (Xg +T5%)* = =(Zr +7)

X (g + 7+ D azgip)+1) @26, 4 1))

(2.34)

where y = 0,41 In the commutative limit, £,, ¢ — oo,
(2.34) yields the transversality condition on I + AL and
% + AR to be

kg(Toh +AQ) = -y, H(TER+AD) - -y, (235)
as long as AL are smooth and bounded for £, £z —

and converge to AL(x),AR(x) in this limit. Here we have

. xLR ~L.R
[ = = Xq'

as ¢;,fr > oo, with (&5,2F) being the
coordinates of % x S2.

To summarize, we have a U(n) gauge theory on
M x St St Writing Ay, = (A,.A,), the field strength

L pR pL pR pL.R
tensor takes the form Fyy = (F . Fyg. Fua Fop Fay Fliy)

with
FL, =D, 05 = 0,AL — [XE +TOF A ] + [A,, AL],
FR, =D, =0, AR — [XR + TR A, | + [A,. AR],

(2.36)

and the rest is already given after (2.2) and in (2.33).

1. THE SU(2) x SU(2)-EQUIVARIANT U (4)
GAUGE THEORY

A. Symmetries and construction of the
equivariant fields

In this section, we investigate the U(4) gauge theory on
M* x SHnt x 2t In order to construct the SU(2) x
SU(2)-equivariant gauge fields, we introduce SU(2) x
SU(2) = SO(4) symmetry generators under which A, is
a scalar, AL, AR are SU(2),,SU(2)y vectors, and WL, WX
are SU(2),,SU(2)p spinors, respectively, up to U(4)
gauge transformations [20]. Our anti-Hermitian symmetry
generators are
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Cl)é‘ _ (ngfL+1)

® 1(2fk+1) ® 116 ® 14) + (I(ZfLJrl) ® 1(2fR+1) ® r‘gL ® 14)
L
_ (1(2fL+l) ® 1(2fR+l) ® 116 ® l% ,
w§ ( 12¢.+1) ® X, (25 +1) 1, ® 14) + (1(2fL+1) ® 12¢k+1) ® FgR ® 14)

LR
_ (1(2fL+1) ® 1%+ @ 1,4 ® l-?a . (3.1)

and wf = X5 +T0F +LLE, f = X5 +TOR + L LR for short. L and LY are chosen so that % and »f satisfy
L oL L R R _ R L R _
(05, 0] = €,pc0F, [0, 0F] = €,4p.08, [z, 0] = 0. (3.2)

(LE,LR) carry the (3,1) IRR of SU(2) x SU(2). These six antisymmetric SU(4) matrices generate a SU(2) x SU(2)
subalgebra in U(4). The remaining nine symmetric generators of SU(4) may be taken as L% LK. Together with the identity
matrix 14, these 16 matrices form a basis for the fundamental representation of U(4). In a suitable basis, L: and LR may be
written to satisfy [20]

LéLi = ieabch + 5ab14’ L§L§ = ieabch + 5ab14’ (33)

so that they can be viewed as two sets of 4 x 4 “Pauli matrices.”
From these facts, it is readily seen that the symmetry generators (w4, @f) have the SU(2) x SU(2) representation content

1 1 11 11
=47 ! 14 ! 4 l 4 ! 4 !
= L+§’ R+5 @ L+ R~ 7 L5 R~
[ 1 1 1
@2 (fL—l,fR—§>®<fL lfR‘F >:| ®4|:<{L,KR+ >®<KL7KR_§>:|
: 1 1 1
®2 (fL+19fR_2> @<KL+1yfR+2>:| @2[<fL—2,fR—1> @<KL+27KR_1>:|
r 1 1 1 1
@4 (fL—E,fR>®<fL+E,fR>] GBZ[(L”L—E,/R—&—l)@(KL—FE,fR—l-l)}

O (€L —1.rg=1) @2, - 1,6,) @2, Cr—1) DAL, CR) B (£ + 1.6~ 1)
D2, +1,60) @ (£ —1,0x+1) ®2L0. la+1) @ (£ + 1,65+ 1), (3.4)

The adjoint action of (w4, k) implies the following SU(2) x SU(2)-equivariance conditions:

i

[wg’A/J =0, [thz’Aﬂ = €abcA£7 [wa’ ‘IJL] 5( a)aﬂqj/%’
@R AL =0, 0f AR = AR [0 U] = 1 (5), U
[wh, AR] = 0 = [0k, AL], [k, U] = 0 = [0k, VL] (3.5)

I
For the U(4) theory under investigation, we list the  TIZIIf project to the subspaces as listed in Table III,
projectors and the subspaces to which they project in  while in the absence of the gauge symmetry generators

Table III. In order to avoid the possibility of any  (LL, LK), H{.;Hg project to the subspaces as listed in

notational confusion, we note that the representation  Typle IL
content of (%, w®) includes the tensor product with We can find the dimension of solution space for

the IRR (3.1) as seen in the left hand side of (3.4) and A, AL, A® and W5 UE wusing the Clebsch-Gordan
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TABLE III. Projections to representations in Eq. (3.4).

Projector To the representation

15, T, (CL+5.Cr+D) @ (L +5.0r—3) & (FL -3, fR+2)€B(fL 3.k —3)
105, 11, (CL+5.Cr+3) (L +5.0r—5) B (CL—5.0r+3) ® (L —5.0r—3)
HSZHOR., (fL‘f‘z,fR‘f‘ e (7 +2v”ﬂR__)@("ﬁL_%va+2)®(fL %fR—%)
115, T, (CL+35.Cr+3 )®(£L+Iva DO (L —3.Cr+5) D (L —-5.0r—%)
H(%OHQ (CL+5.0r )@ (6L —5.CrE£1) @ (£ +35.08) ® (€1 —5. k)
HSZHQ (CL4+5.rE)® (L —5.CrE ) D (L1 +5.08) ® (£1—5.Ck)
nLng (£, £1,65 41 )EB(L"Lj:I Cr=—2@® (Cr.lr+Y) @ (€. 0r—1)
nLmg (L1 lr+) @ (L £, 6r—2) D (€. 6k +3) D (FL.Cr—3)
ik (Ll )@ (CL £ 1L.0g) @ (Fr. 1) @ (£L.CR)

i nk (CLELr)® (L £,k F1)®(CL,0r) B (FL.Cr F 1)

decomposition of the adjoint action of (wh,wX). The
relevant part of this decomposition gives

196(0,0) 69336@ > ® 336< 1) @ 420(1,0)

@ 4200, 1).... (3.6)

This means that there are 196 equivariant scalars [i.e.,
rotational invariants under (a)ﬁwff)] 336 equivariant
spinors in each of the IRRs (3,0) and (0,1) and 420
vectors in each of the IRRs (1,0) and (0,1). Employing the

matrices

St =L ® Ly ®5; ® L ® L.
S{e = 12fL+1 ® 12fR+1 ® 14 ® Si ® 14’

i 0
si:(g 02), i=1,2, (3.7)
2 2
XLLL I
Oh=—7 1 Oh=ThOk O =TT05
1
L= TE((2¢, + 1)20% + i)IIL,
(Ot 3,0+ 1) (2, +1)°05 +1)
1
L= ————N5((2¢, +1)*Qf — i)IIE,
0 42,0, 1) (2L +1)°05—1)
1
QF =To"Li - iiﬂf,
XLTOLLL 1 1
L . €abe L : L
= —jaxCa b ¢ ok +i-TI,
QH fL(fL—{—l) 2QBI 2 %
o (60 +5){Q5. 0} + 311
=1 .
Bl 20, (6, + 1)
L XgSiLLé_%SiL
QS[:T, (38)
2

and L — R in (3.8) for the right constituents, a judicious
choice of a basis for the equivariant scalars can be made so

that they are “idempotents” in the subspace they live in, and
they can be listed as

MOF, TESF, I e

oimE,  QisE. ot 040k .

L R L QR L HR L HR

Qg IT; S CAYE 595,

SéHf, SkSK, Sk St 05 (3.9)

where i runs over 0y, 0,,4,—; j runs over 0y,0,,+,—, H, F;
and k takes on the values 1,2 and no sum over repeated
indices is implied. Full lists of the equivariant spinors and
vectors are not our immediate corcern in what follows, and
therefore they are relegated to Appendix A.

We note that the index a (a =1, 2) of WL and WA
implying the transformation properties of these fields under
the global symmetry SU(2), x SU(2)g, becomes, after
symmetry breaking, the spinor index on SZ™ x SZ™ just as
the index a (a = 1, 2, 3) of (®L, ) becomes the vector
index. We stress that the pure group theoretical result in
Eq. (3.6) predicts the presence of equivariant spinor fields
in the IRRs (1,0) and (0,]) of the symmetry group
SU(2), x SU(2)g of the fuzzy extra dimensions SEnt x
St Their explicit construction, as listed in (A6), is only
facilitated by the splittings of ®* and ® in (2.5) and (2.6).
As it should already be clear from our discussions in
Secs. IT A and II B, these spinorial modes do not constitute
independent dynamical degrees of freedom in the U(4)
effective gauge theory. Taking suitable bilinears of these
spinors, we may construct all the equivariant gauge field
modes on 2 x S2M In other words, it is in principle
possible to express the “‘square roots” of the equivariant gauge
field modes through these equivariant spinorial modes.

B. Projection to the monopole sectors

We gain much insight on the structure of the model by
examining projections to its subsectors. We observe that
St x Sp2t may be projected down to the monopole
sectors
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i x St = (S3(41) x SE(¢r))

® (s% (fL i%) « S%(ZR)), (3.10)
S x SF = (SE(£1) x Si(ZR))
® (S%(KL) X §% (fR + %)) (3.11)
S x Sp?t = (Sp(€1) x Si(¢k))
® (S,%(fL i%) x S%(fR i%))
(3.12)

with the winding numbers (+1,0),(0,%1), (1, +1),
respectively. This is indeed what we have been aiming
at as indicated in the Introduction. We can now probe the
low energy structure of the U(4) model in these monopole
sectors by writing down their equivariant gauge field
modes. In the next section, we will see how to systemati-
cally access all higher winding number monopole sectors.
Let us inspect each of the sectors briefly.

1. S% x 2
The projection (3.13) to this sector is not unique, in the
sense that there is in fact a set of projections which give the
same monopole sector. We may consider, for instance,
the projection
Héol'lg0 + Hngﬂ. (3.13)
We infer from (3.10) to which IRRs the projection (3.13)
restricts the direct sum given in the right hand side of
(2.25). After this projection, the number of equivariant
fields is greatly reduced, and they can most easily be found
by working out the adjoint action of (w%, ), which in this
subspace takes the simple form

(s (st o 13

— 8(0,0) @ 12@,0) ® 16(1.0) ® 16(0, 1)....

®2

(3.14)
Thus, there are 8 invariants which we read from (3.9) as
I IE |
Q(Iiongo’

LYIR
I TG,

LTIR
110, -

L HR
HOO QOO ’

L HR
QOO QOO ’

% Qg
Q:0),.  (3.15)

16 vectors carrying the (1,0) IRR

PHYSICAL REVIEW D 93, 105019 (2016)
0§ 05, [D5. 05, ). 11§ {DZ. O, }
0f 06, [DE. 0f).  Of {Dh. 0, },
0§ 04 [Dg. 0%, TI§ {D. 0%}
of 0%[D, 0%, Of {Di. 04},

MMw;, 0§ w;.  Of Miwg.

(3.16)

1§ [DE, 0,1,
0§ (D% 0F ],
1§ [DE, 0%,
of [Df, 0],

RYIL ol
I, I, @g

and 16 vectors in the (0,1) IRR are

115, [DF, O ],
0, (DX, Of ],
N%[DE, OF 1.
0L [DE, OF .

L TR 4R
I, I, @q ,

115, O [DE, OF ],
05,08 [DE, OF ],
N5 0f [DF. O ). TE{DE. Of ).
0%0f [Df. 0], O%{DE. Of }.
MR R, QLTIEWR,  QLTIR wf.

(3.17)

Héo{Dg’ ng}’
Q6,{Ds. 05, }-

We see that there are 12 equivariant spinors in the IRR
(3-0)
I15, 115, P 0%

R 11L L HL
Qo, o, Pa 0%

15, Q6 AL,
o, 06, BEI1L,

R nL gL NHL
I, Qo,a O

R NL pL NHL
Q()OQO0 a4

G IEAeSy.  TGIEAZQG.  TIF Q565 05,
oL pLSy, O IEG0L.  Of QLBLOL.  (3.18)

and due to the form of this monopole sector, we find no
equivariant spinors in the IRR (0,1).

One, rather trivial alternative to (3.13) is to change l'[ff0
with ng in (3.13); this simply amounts to taking
l'[{f0 - l'[{fz, ng - ng in (3.15), (3.16), (3.17), and
(3.18). Another choice is the projector

ngongo + Hingz. (3.19)

Equivariant fields in this case can be obtained in a similar
fashion.

2. 82 x Sk
We observe that the only change in (3.14) is the
replacement of (5,0) with (0, 1). Bearing this fact in mind,
results in (3.15) to (3.19) apply with the exchange L <> R.

3. §%F x St

To obtain this monopole sector we can use any one of the
projections
LTIR LTIR
I I + TS TS,

i,j - 00, 02. (320)
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of) yields the

e

We immediately observe that equivariant spinors are
completely absent in this sector. Taking, for instance,
i,j = 0 we find that 8 scalars can be written as

In this case, the adjoint action of (@i
representation content

K(fL,fR) ® <fL :F%,KR ;%)) ® (1 1

2°2
=8(0,0) ® 16(1,0) ® 16(0,1) @ - --

(3.21)

L 1R
HOOHOO’
L 1R
Qg, 1,

ML IR,
QL1IE,

L HR
115, 9o,

L NHR
Q()0 Q()0 )

I Of,
Lok, (322

and 16 vectors carrying the (1,0) IRR are

PHYSICAL REVIEW D 93, 105019 (2016)

while the vectors carrying the (0,1) representation follow
from (3.23) by the exchange L <> R.

C. Parametrization of fields and comments
on the dimensional reduced action

In all cases that we have discussed in this sub-
section, each summand of the projectors [given in
(3.13), (3.19), (3.20), etc.] splits the equivariant fields
into mutually orthogonal subsectors under the matrix
product. For concreteness, let us briefly discuss the
consequences of this fact for the sector given by the
projection in (3.13). We may write the parametrization
of the fields A, as

A 1HR Q 2HL Q BHL HR
u = 5 a4l &o 0
MG [DG.Of ). T 05, [DL.OF]. T {D. 0F,}. 2" P "
ITIR OL + - p211E
00, [D%. O, ). 04, 96, [D%. O, ). 05, {Dz. 05, }. _mﬂQooQOo b T, O b 1 QOo
RipL L R oL L R
MEDs, 5], Toglls, 0zl TE{Ds, O} +§b;H§EH§O+Eib§QiQ§O, (3.24)
OR[DL. 0%, O OL[DE, O], O {DL. 0%},
MATIE Wb, TIRIL ol R 11 ok, RYTL ol . A
0000 * Qo,Mo, Q1 where a!, and b, (i = 1,...,4) are Abelian gauge fields.
u p
(3:23)  For AL we may write
|
1 1 o1
AL = 5()(1 + )15, [Dg. OF, ] +§()(2 + x5 = DI 05, Dz, O, | + 1E13H§0{D5, 05,
1 1 , 1 .
+7)(4H60H§00’5 +—()(1 —)(ll)ngo (D%, 06 +§()(2 - 25)i0¢ 0F [DE, O |
4{ )(3’Q00{D Q00}+ )(41Q00H(§0 Wy
1 l 1
+5 (1 + @015, (DG, O%] + 5 (92 + ¢ — DTG 0L[DG, 0%] + v — o315 {D§, 0% }
1 1 . 1 .
+ Ffmngoniwg + 5(901 - ¢))iQf [D%, 0%] +§(€02 — ¢,)i0f 0% [DE, O%]

1
+ l— 3’Q00{ LY + (P4’Q§0H

isxi @i @), (i =1,...,4) are real scalar fields over M*,
Parametrization of AR may be written by taking L <> R
and replacing the scalars (y;,x, @;, @) with the set
(A A;, 94, 9%) in (3.25).

In A, the first and second four terms are mutually
orthogonal under matrix multiplication as they fall into
two distinct projection sectors. Borrowing from the results
of [20], we see that the low energy effective action of this
model consists of two decoupled set of Abelian Higgs type
models with U(1)? gauge symmetry. In each subspace, we
have three Abelian gauge fields coupled to four complex

(3.25)

[

scalars which are y =y, +iy,, ¥ = x| + ixh, A = A + ildo,
A =2 +i2, in the first sector and ¢ = ¢ + i@,
¢ =@ +iph, =9, +i9,, 9 = 9| + i, in the second
sector. Gauge fields ai and b;34 do not interact with any of
the complex fields, and they entirely decouple from the
model in the 7}, ¢y — oo limit. The remaining eight real
scalar fields in each sector interact only with the complex
scalars in the respective sector they belong to. From the
results of [20] in the limit £}, — oo, the interaction
potential in the first sector is given by the sum of the
three terms
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1 12 1
ve= (P gt =) + (P40 -)
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1\? 1
- 5) 20 AP 20 PP+ 505+

1 1\2 1 1\2 1
Ve = 4P st 2 =) (P43 =2 =)+ 200+ B PP+ 200 = PP+ 500+ ).

VER =2 =247 + 1 =2 XPP) +

N[ =

while in the second sector, we have the potential given in
the form (3.26) with the substitutions y; — ¢;, ¥ — ¢} and
Ai = 8, A= 9L

Each sector possesses static multivortex solutions
characterized by three winding numbers [20].

IV. GENERALIZATION OF THE MODEL
WITH k-COMPONENT MULTIPLETS

It is possible to search for other vacuum solutions for the
action (2.2). We may generalize the construction of Sec. II
by replacing the doublets W' and WX in Eq. (2.6) with k-,
k,-component multiplets of the global SU(2) x SU(2) as

oy oy
vy 24 oL
oL = . UR= . U= ( )
: : R
\If’,;l \Ilfz

(4.1)

transforming in its (klz_ L. 0) and (0, kzz_ 1) IRR, respectively.
Then, U is the k; + k,-component multiplet in the repre-
sentation (“51,0) @ (0,%5). Components W%, Ui e
Mat(N), (@ =1,....k;),(B=1,....k;) of ¥ are scalar
fields transforming in the adjoint representation of
SU(N) as WE* - UTWERU. Bilinears Ik and I'X in ¥F
and WK are defined similarly as before in the form

R LA SN YRR L 2

AR =R e 1y, (4.2)
where now A5® are the generators of the spin (k“;_l)
representation of SU(2).

In Sec. II, we have seen that the vacuum configuration of
our model can be written as the direct sum of products of
fuzzy spheres whose structure is determined by the repre-
sentation content of (%L, T9R) with the corresponding
doublet scalar fields taking the form given in (2.15). In
order to generalize the latter, we need k = k; + k, sets of
annihilation-creation operators which satisfy

{bav b‘}ﬁ} = 5{1/% a,p=1,..
{cp,cj;}:('ip(,, po=1,...

7k17

’ k2’ (4'3)

(W + W) (452 + 25%) + (1417 + I P) 05 + 242)),

(3.26)

|
with all other anticommutators vanishing. Thus, these

operators span the 251+%_dimensional Hilbert space with
the basis vectors

|n1,...,nkl,m1,...,mk2>

= (b])" (b)™...(bL )™ (c])™ (c])™...(c},)™=[0.0...,0),

(4.4)
where  n;,m; =0,1(i=1,....k;,j=1,....k;).  For
Ul =yl and WR = yR with

by ¢
A I (45)
bkl Ck2
It is straightforward to show that I')F = —iy’%1,y" and

ToR = — Ly R R satisfy the SU(2) x SU(2) commuta-
tion relations and in addition fulfill

i
wa.Ta"] = =5 Ga)apws  lva Ta"] =0,
i
[1/15, FSR] = ) (lu)aﬁwg’ [1//5, FBL} =0, (4.6)

implying that y% and X indeed carry the (%O) and
(0, k22_ 1) IRRs, respectively.

In order to obtain the vacuum configuration in the
present case, we have to first find out the SU(2) x
SU(2) IRR content of (IY%, TYR). Number operators N =
bib, and NR = clc, commute with T and TOF. This
means that the number of states in a given sector with
eigenvalues (n, n®) [nt = (0,...,k;),n® = (0, ..., k)] of
N and N® is equal to the dimension of one of the SU(2) x
SU(2) IRR sectors occurring in the decomposition of the
representation of (I'9%, T9R) into the irreducibles of
SU(2) x SU(2). Therefore, the IRRs of SU(2) x SU(2)
that appear in (I'%Y, T9%) may be labeled as

(el ) = ((';)2-1’(';3)2_ 1>,

(4.7)

and the reducible representation carried by (I9F TYR)
decomposes into the direct sum
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Lk .= ii @ (£, %)

n=0 m=0

(4.8)

Since (*) = (), we see that = f’,ﬁi_n. As a conse-
quence, not all the summands in (4.8) are distinct IRRs.

Noting also that ff{," occurs only once for k; even, we may

2
rewrite (4.8) as the direct sum of distinct IRRs together with
its multiplicities as

kl ky
-1
7

LklevenkZeven — fl ) @ ZZ Z ” s
n=0 m=|
kl k2 )
82 Z (. 6)
n=0 m=
Aok
= (£ 02) @4) > (L. 6)
n=0 m=0
31 21
®2) (4.4 @ 22 (4.20).  (49)
n=0
S%"Imklodd X Slzvlmkzodd = 422[5%(4 + fﬁl) X SE(Cr + fﬁ%) S RRE

n=0 m=0
SH(EL + &0

®:
® Sr(171

The remaining two cases are worked out explicitly in
Appendix B.

We easily see from (4.13) and (B1), (B2) that all higher
winding number monopole sectors may be obtained from
suitable projections of SF™, x SF™, in a systematic
manner. As a quick example, let us cons1der the case with
|

— A x S2(lr+ ) @ -

PHYSICAL REVIEW D 93, 105019 (2016)

k]k2

LKtoaak20da — 422 P (410)
n=0 m=
kl lkz "ZT*‘
LFkievenk20aa —422 fﬁ‘,f @ZZ(fﬁ',fﬁf). (4.11)
n=0 m= m=0 2

LFkiosakoeven can be obtained by taking k; <> k, in Eq. (4.11).

With the assumption N = 257%(2¢, + 1)(2¢; + 1)n,
the vacuum configuration of our SU(N') gauge theory can
be written as

(Dg _ ( (2¢,+1) ®1 (2¢3+1) ® 12k|+k2 ®1 )
4 ( ZflfH ® 1 (2¢5+1) ® r‘gL ® ln)’
R = (1044 @ X% @ 1,00, @ 1,)

+ (1 (2¢,+1) ®1 (2¢+1) ® FSR ® 111)’ (412)

up to SU(N') gauge transformations.

The Clebsch-Gordan decomposition of the tensor prod-
ucts (fL’ KR) ® Lklcvcnk20dd, (LﬂL, KR) ® LklcvcnkZ(:vcn, and
(¢1,€r) ® Lf1oukaoas reveal the vacuum configurations in
terms of direct sums of % x S%. For instance, we have

@ SL(£y +£8) x S2(|6x — £5))

— 1) X SR+ E3) @ - @ SHEL+ L — 1) x S}(|£r — £33))

® SH(I£L = 2a'l) x SE(r = 43i))]- (4.13)

[
k] = kz =3. Then,
content

(TOL, T9R) has the representation

4[(0,0) @& (0,1) & (1,0) & (1,1)], (4.14)

and the vacuum configuration takes the form

1) @25%(¢,) x S:(£r+1) @ 2SE(£, — 1) x S2(¢R)

©25H(CL +1) X SE(¢r) @ 283(£, = 1) X Sp(Cr = 1) @ 283(£, = 1) x Sp(Cr + 1)

S:zvlmk, X S 3 = 4[4SE(£1) X SE(CR) ® 28F(£1) X SE(Ck
@ 253/, +1) x SE(¢
|
Monopole sectors with winding numbers (0, £2),

(£2,0), (£2,£2), (+2,F 2) are all available through
projections of S2™¢, k=3 X S2FI“‘,(2:3. Sectors with winding

numbers, such as (n, n — 1), appear through projections of

S%I“‘kl X S%Imkz for ki # k.
Before closing this section, let us also remark that for the
P g X SFM 5 there are no

U(4) gauge theory over Sg™; _;
equivariant spinors. This is quite expected, since, for

(4.15)

ky =k, =3, UL and UR transform under the IRRs (1,0)
and (0,1), respectively, and under the adjoint action of the
symmetry generators we have

L
- €abc\Il

L)

(j’a)bcmf = €abc \IIR

[z, Uy] =

(R, UR] = (4.16)

l\)\ ~. l\)l
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since (,)p, = —2i€up. in the adjoint representation of
SU(2). Thus these equivariant field modes are one and
the same as those obtained from the equivariance con-
ditions on ®% and ®X. From our results, we infer that the
equivariant spinor fields over left and right fuzzy extra
dimensions do exist only for both k; and k, even integers,
while only left (right) spinor modes exist for k; (k,) even
only, and these modes do not exist at all for k; and k,
both odd.

V. RELATION BETWEEN S x §2int AND

FUZZY SUPERSPACE S{*? x §{2?

It is possible to identify the vacuum configuration given
in Eq. (2.26) as the bosonic (even) part of the fuzzy space
S$ x §% with OSP(2,2) x OSP(2,2) symmetry. This
observation makes the vacuum configuration S?‘z) X SEVM)
especially interesting since it simply comes out naturally
and we have in no way intended for it to emerge.

In order to reveal this relation, we have to write down the
decomposition of IRRs of OSP(2,2) x OSP(2,2) under
the SU(2) x SU(2) IRRs. Irreducible representations of
OSP(2,1) x OSP(2, 1) are characterized by two integer or
half-integer numbers (71, J2)osp(2.1)x0sp(2,1) and it has
the decomposition under the SU(2) x SU(2) IRRs as

(mezﬁjwm@<m j> @m@_a

2’
ofr-bad], e

Irreducible representations of OSP(2,2) x OSP(2,2)
can be divided into two parts. These are the typical
(J1,TJ2)r and the atypical (J,,J,), representations.
Typical representations (7, J,); are reducible under
the OSP(2,1) x OSP(2,1) IRRs as

1 1
(-.711«72)T:(k717k72)@<k71_27\72>®<~.719\7 )

273
1 1
> jz——),

> T3 (5.2)

o (-

whereas the atypical ones are irreducible with respect to the
OSP(2,1) x OSP(2,1) group and in fact (J,J5), is
equivalent to the IRR (7, J,) of OSP(2,1) x OSP(2,1).
All these facts follow from the generalization of the
representation theory of OSP(2,2) and OSP(2, 1), which
is extensively discussed in [47-49]. With the help of
Egs. (5.1) and (5.2), we see that (7|, J»); of OSP(2,2) x
OSP(2,2) has the decomposition in terms of the IRRs of
SU(2) x SU(2) as

PHYSICAL REVIEW D 93, 105019 (2016)

(JT1.T2)r = [(‘7"‘72) @2<j]7j2_%)

2(]1—§,j2> ®4<j1—§,j2_5)
1
@(Jl—l,Jz)en(jl_l,jz_z)

1
@2<‘.71—§n72_1) & (J1.J,-1)

@(j1—1,j2—1)] )

SU(2)xSU(2)

T T2 21, (5.3)

while the representation (},1); decomposes as

() el e oo
K%é)u(oé)ea2(%,0)@4(0,0)] .

(5.4)

It is now easy to see that, for (J,,J,);=
(¢r + % JCR + %)T we obtain precisely the same IRR
content from (5.3) as the one that appears for the
vacuum configuration given in (2.25). This means that
St x §2nt can be identified with the bosonic part of the
OSP(2,2) x OSP(2,2) fuzzy space S?‘z) X SEVM) at the
level (£, +%.€r +3)7.

We further observe that (71,7,) = (£, +3%.Cr +3)
IRR of OSP(2,1) x OSP(2,1) matches with a particular
sector of the representation given in (2.25) and allows us to
identify

(s5(rur3) <si(ee3)
® (S%(fL) x 3 (fR n %))

® (53(41+3) x53)) @ (531) x S}ew)
(5.5)

with the bosonic part of OSP(2,1) x OSP(2,1) fuzzy

space Sf‘l) X S(Fz’”. The subsector given in (5.5) may be
seen as the direct sum of two winding number (1,0)
monopole sectors as in (3.10) where one monopole
sector differs from the other by the level of the right fuzzy
spheres.

The superalgebra osp(2,2) x osp(2,2) has 16 gener-
ators Ay, = (AL, AL, Ay), i = L, R which satisfy the graded
commutation relations
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o 1 ‘
[AiuAl] lgabcAlc’ [A;,AL]——( a)yMAll/’ [Al Al]:
= Al i Ai i1z i
[Aé,A,’,] ::*;wAw {A ’AD}:E(CZG)/H/AG +Z(‘:C)m/A8’
(5.6)
where
(5 a) () =)
3, = , C= , == ,
0 o, 0 —-C L 0
(5.7)

and C is the two-dimensional Levi-Civita symbol and all
the other graded commutations are zero. The reality
condition implemented by the graded dagger operation
on the generators reads

A=A =A, A =-C

;u/Aw Ag = A; - A87 (58)
for both the left and the right generators.

Using the representation theory of osp(2,1) and
osp(2,2), it is rather straightforward to construct the
nine-dimensional fundamental representation (3,1), of
0osp(2,2) x osp(2,2) which is at the same time the
(3.3) IRR of osp(2,1) x osp(2,1). Generators of the
three-dimensional representation of osp(2,2) may be

written as

0 0 -1
0 O 1
A, = . == -1 0 o],
0 EO'a 2
00 O
| 010 | 0 0 -1
A5 == 0 0 0 =
5=5 . do=511 0 01
-1 0 0 00 O
| 0 1 0 2 00
=z |00 0 ) Jg={0 10 (5.9)
1 0 0 0 0 1

Construction of these generators and a detailed exposition
of the properties of the osp(2,2) and osp(2,1) super-
algebras can be found in [17,47]. The 16 generators
(AL A%) in the IRR (3.3), can be given as

A=y ®1;,
Ag7 = -0 ® )“6,7’

A§ = 13 ® ﬂa,
Ag == —13 ® /18,

Af.s =a®ys.
(5.10)

where a = 315 — 24;. o

The matrices 0%, T9% b, c,. by, ch, N*, NR constitute a
basis for the 16 x 16 matrices acting on the 16-dimensional
module corresponding to the representation space in (2.20)
and coincide with that of (5.4). We can make use of these

matrices to construct generators of the representation (3.1),

PHYSICAL REVIEW D 93, 105019 (2016)

given in (5.10). To do so, we should restrict to one of the
nine-dimensional submodules with the representation con-
tent (3,1) @ (0.1) & (3.0) & (0,0). Clearly, there exists a
set of projectors which yield the same representation, and a
particular projector from this set is

P = PGPS, + PG, PE+ PLPE+PEPE. (5.11)

where we have Pj =1, ® Py,, PI =1, ® Py, P§ =
2
Py, ® 1,, Pf = P, ® 1,. Using P, we can restrict to the
2

nine-dimensional submodule and subsequently get
A{‘ = —{PIrYL, = PriL, Ag‘ = —{ProL,
1 -~ =

l - 7 F
Aél{ :=_§(bl+b§)’ Aé‘: :E(bl—bz),

1 - - 1o~ -
Ag=5(bi=b),  Ap=5(bi+b),  Af=PN,
(5.12)
and
AR = —iPTIR AR =iPI9R  AR:=iPIIR,
1 . - 1 .. .
A§==§(61+C§), Aglz—i(ci—cz),
1 1. -
AR = E(Cl - cz) AR ==§(CI +&), AR=-PM,
(5.13)
where
by=Pb,P, bl =TPbP,
Gy =Pc,P. &y =PcP. (5.14)

We note in passing that the graded dagger operation on the
matrices given in (5.14) reads

Bi—b. (=B,

ch=cl, (@ =-¢, (5.15)

Finally, in (5.12) and (5.13), it is understood that the
columns and rows of zero are deleted after the projection,
and therefore, we have 9 x 9 matrices (A}, AK ) as intended.

VI. CONCLUSIONS

In this paper we have studied a particular deformation
of the N =4 SYM theory with cubic SSB and mass
deformation terms. We have determined a family of
fuzzy vacua which are expressed in terms of direct sums
of the product of two fuzzy spheres. The structure of
these vacuum configurations is revealed by permitting
splittings of the scalar fields that involve the introduction
of k; + k, component multiplets transforming under the
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representation (“1,0) @ (0,"27%) of the global sym-
metry, and it is found that all fuzzy monopole sectors
over % x S% are systematically accessed thorough pro-
jections of these vacua. Focusing on the simplest
member S x St of this family, we have demon-
strated that the fluctuations about this vacuum have
precisely the form of gauge fields, which allowed us
to conjecture that the emerging model is an effective
U(n) (n<N) gauge theory on M* x SHt x S2nt. To
support this interpretation, we have studied the U(4)
model and obtained all the SU(2) x SU(2)-equivariant
fields, which characterized its low energy degrees of
freedom and also examined the monopole sectors with
winding numbers (£1,0),(0,£1), (£1,£1) in some
detail. We have noted that spinorial modes that naturally
come out of this analysis do not comprise independent
degrees of freedom in the effective theory, but they may
be used to find the “square roots” of the equivariant
gauge field modes. Finally, we have seen that S2™ x
S2nt jdentifies with the bosonic part of the product of
two fuzzy superspheres with OSP(2,2) x OSP(2,2)
supersymmetry and discussed how it appears. We would
like to stress that our results apply just as well to Yang
Mills matrix models with the same type of vacua, and
the methods are quite versatile to investigate other
fuzzy vacuum configurations, which may be of physical
interest.

DLDL + DEDE =
1 1
-((a-3)(e+3)
1 3

(e, +=) ¢ +=
(3)(43)

+
0| =

+
= oW

+
N W
N~ — ~ —

1)+<fR—
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APPENDIX A: SOME DETAILS
FOR SECS. II AND III

Variation of the action (2.2) with respect to ®* gives
o . .
D, D+PiE +g—2(2fij,(<1>{, FM— e FILY =0,  (Al)
L
while the variation with respect to WL" yields

o . .
<DuD”‘I’ZL + 7 (2f i@y Flpy = SachZLc)>
L

X ylmi(%aqlmL)(l = 0’ (AZ)
where ®L = &L}, WL = WiL). with the anti-Hermitian
SU(N) generators 4; (i =1,...,N? = 1) fulfilling 4;4; =
—%51']' + (diji + fijk)A and y;j = d;j + fijx for short.
Clearly, these equations imply each other. Variation with

respect to PR and WX yield analogous expressions
with L — R.

The block diagonal form (DL, DR) indicated shortly
after (2.25) is given as

(‘(?/”L(?/”L + 1) + r(€r + 1)Lz, +1) 205 +1)4n>

+r(Cr + 1)) Y20,y 2004 1)205

+Cr(Cr + 1)) Loz, 12) (225 +1)205

1 1
3) (cot

+
/N
=
|
~——
/N
=
+

I(ZZL)(sz)”’

_I_
+

Lo, 12)204)n

N
)
=

+

+
= N = =

+
W N = N —

(98]
N N INGANG”

L2e,) 200420

_|_

/@
=

_I_
+

N =

~_

N

=

~ — N

1o, +2)(2fR+2)n> : (A3)

105019-17



S. KURKCUOGLU and G. UNAL PHYSICAL REVIEW D 93, 105019 (2016)
The matrices in (3.7) and (3.8) square as

(05)* = —Lag, 1) (20 + 1164 (08)* = =12z, +1) 204+ 1064 (0%)* = -1k,

(0f)? = -Inf, (05,)* = 11§, (0f)* = -IIf, . (04,)* = -1, (04,) = -1

(is7)? =T, (iS9)? =-MG,  (Q5)*=-TG,  (05)° =-T§,  (QF)® =-TI,

QPP =M. (QhP—-TE.  (QFP—-TE.  (Qh)—-TE. (0§ T\

(07) = —H%L’ (0F) = —Hf’ (A4)

justifying that they are “idempotents” in the subspace they belong to.
Using the equivariant invariants in (3.9), vectors in the (1,0) IRR may be listed as

nf[pL, of),  nfetDLof,  THDLOFY.  SEIDE. 0%, SROYIDL, 0f],

Si{De. 05y QfIDe. Q] QFQfIDa.Qfl.  Qf{Da. 07} 05 [Dq. 0fl.

§05DE 0F, 0§ {DE.0f}y, TMEDL0f). TOfQEDE. 0f), TOf{DL 0%},

SFIDE 05).  SfofIph 0%, SHDL. 0%} OF[DL.og).  0FOf[DL. 0% .

of{DL. 05}, § DL og), 08 0fIDE, 0% ], §AD6. 05}, IfMfeg,

Sl QFMFol  QFTFwh,  TIRSEwk,  SESwh  QFSEwl QR Staf, (AS)

where Qf = Qéo + Qéz. Equivariant vectors in the (0,1) IRR are obtained from (AS5) simply by the exchange L <> R.
The 336 equivariant spinors in the IRR (5, 0) parametrized as

nrLphob,  mRILpLQL,  mRQLpink,  mRQLpLmL,  TIRQLBLOL,  TIRQLBLOL,
nfsgpEny,  OFOEpESy,  TFQEpENE,  OFNLpLOS .  TIRQ§ RO, TIRQLALOS,
SROLLOE,  SRLpLOL.  SRoLpimb,  SRoLpimL,  SRQLpLOL.  SRQLBLOL,

SESEpETIy.  SETpRGSy.  SROS BN, SRTDBRO5.  S{Osfa L, SEOLBL

ofmiphor.  OfILpLof.  ofoppinl,  ofolpimy.  Ofoppiol.  QFOLALOL.
QRSLﬂLHL, OFTLpLSy.  QFOSpTy.  OFILBLOG.  OFQLpL Qy, 0F0LpL

ofmipiob,  O§MipLoL. O oppiNL, § 0L pEI, § 0L 0L § OLBLOy,
skswé v OSTLBESE, § 05 pELL, QS TILALOS . §OspLOr,  OFOIPLOS.  (A6)

where L = 12111 @ 1*x ' @ b, @ 14, pR =121 @ 12071 @ ¢, ® 14, 1 = 09,05, v = +,—, p =1, 2, and where
Héo, Q(L)o, Sk, Qél on the leftmost and Héz, Q(L)z, Sk, QI§2 on the rightmost sides in any of these expressions are excluded. For
the equivariant spinors carrying (0, %) representation, it is enough to take L <> R in (A0).

APPENDIX B: SOME DETAILS FOR SEC. IV

The vacuum configuration with (k,, k,) component multiplets can be calculated for the cases k; = even, k, = even and
k; = even, k, = odd as follows:
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S x SE™ ~—S%(fL+fQ)XS%(waLff_f)€B"'®S%(fL+fﬁ)XS%(IfR—ff_fl)
2 2 2 2

F  kjeven F  kyeven

@ :
@ S3(|£, — £0]) x SH(¢r + ka> @ @ SH(|eL — 8 |) x SH(|er — £2))
2 2 2

B4 D [SHLL+ ) X SHER+ ) B -+ © SH(EL + E0') x (|6 — £13))
n=0 m=0

@ :

© 26, =60 ) x SH(lr+ ) ® - ® S(|€ — €0']) x SH(|¢k
A] 1

© 2357537, + A4 X SHER+EE) @+ @ SHEL+ A1) x Sk~ 22
n=0

— )]

@ :
® SH(2L = On') x SHCr +62) @ - @ SE(L = £0'|) x SH(|ek = £2])]

k
2-1

® 2 [SHEL + ) X SHEx+ ) @ - @ SHOL +04) x SH(Ig -
m=0 2 2

)

@
® SE(|6L =60 ) x SH(lr+ ) ® - ® SE(|6L = £0]) x SH(|k — Ot ))]. (B1)

k] lkz

S%‘Imkleven SFI tk odd = 422 S2 fL + fkl) X S%’(l’ﬁR + sz) S St (fL + fkl) X S2(|I/ﬂR |)
n=0 m=0

® SHEL+ 60 = 1) X SH(Cr+ 1) @ - @ SHEL + 44! = 1) x Sp(|£r = £37])
oF
@ SH(|€L — W) X SH(ER+ ) ® - ® SH(|EL — 60 ]) x SH(|Ek — £0i)]

kp—1

D2 [SH(CL +£4) X SHlr+ £5) @ - @ S}(e + ) x SH(IEn = £5])
m=0 2

G
SR —ff;|) X SH(Er+E0) ® - @ Sp(|EL - ¢ 1) x SH(¢r = i), (B2)

APPENDIX C: ANOTHER VACUUM SOLUTION

It is worthwhile to ask whether it is possible to find solutions to equations given in (2.8) in the form

q)é, _ ( (2fL+1 ®1 (2r+1) ® 14 ®1 ) ( (2fL+1) ® 1(2fR‘H) Q ]:2L ® ln)v
®L®1,)+ (1% @1+ @ @ 1,), (C1)

(I)R ( 1220+1) ®X2fR+1
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with the factorization N' = (2£; + 1) x (26 +1) x4 xn

and where 10" and T0" are 4 x 4 matrices instead of the
16 x 16 matrices determined in Sec. II B, satisfying the
relations in (2.11). The answer to this quesuon is only

superficially affirmative as such FO and 1"0 exist, but
against the Very premise of our initial requirement that

19" and 19" are bilinears of the doublets U and TR of
SU(2) x SU(2) transforming under its (.0) and (0,%)
IRRs. To be more concrete, it turns out that it is possible
to express 10" and %% in terms of bilinears of some
matrices y* and y®, which, however, do not transform as
(3,0) and (0,) under SU(2) x SU(2). This fact suggests
that we should expect to find no equivariant spinor field
modes at all for the emerging effective U(4) gauge
theory. It appears instructive to examine this case in
some detail.

If we start with two sets of fermionic annihilation-
creation operators d,, dj, with

{dom dﬁ} =0, {dlu d};} =0,
{dpdj} =65,  afp=12 (C2)
which span the four-dimensional Hilbert space,
Iy, ny) = (d})"1(d})™]0,0),  njny,=0,1, (C3)
and choose the two-component objects
= ()= (&)
)(é dy
R T
d
= (%)= (9. (c4)
Ve) d,
then 10" = =TT, TOR = —LyRT7 R satisfy
[l:gL9 1:2L] = €ubcf(c)'L’ [l:ng I:ER} = €ath:9'R’
ry". ry =o. (C5)
However, we find that
oL [ R
& ] = E(Ta)aﬂ}(‘é’ g’rg ] #0,
R i oL
T = S . ETY£O. (o)

Thus, because of the two nonvanishing commutators in
(C6), x* and y® are not transforming in the IRRs (3, 0) and
(0.3) of SU(2) x SU(2), respectively. Bearing this fact in
mind, we can nevertheless continue to work with the
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matrices T9" and TO° satisfying (C5), and investigate
the structure of the emerging model in its own right.
Using the identities

~ L 3 3

(re )2:—1N+§N1N2,

- 3 3 3

2 =2 N-2NNy, -2, C7

(Fa')* =7 N=5NiN, — (C7)
where N =N, +N,, N, =bib;, N,=bhbb,, the

quadratic Casimir operator can be evaluated and we simply
find

3

"L R
C,= (97 +(I9) = —114- (C8)

This means that (l:gL, I:SR) carry the direct sum represen-
tation (3,0) @ (0.1).
The Hilbert space in (C3) has four states: |0,0),
1), [1,0),[1,1). l'gL is reducible with respect to
SU(2), and has two inequivalent singlets, |0,0), )
and a doublet, spanned by |0, 1),]1,0). Slmllarly, FO i
reducible with respect to SU(2), and has two 1nequ1valent

singlets, |0, 1), |1, 0), ,0),
11, 1),

~ 1
19" = (05,0) @ (0,.0) @ <§,o>,

1% 5 (0,0) @ (0,0,) & (0, ;) (C9)

Two inequivalent singlets of I:SL can be distinguished by

the eigenvalues 0,2 of N, since [I:,';L N] = 0. Likewise, the
eigenvalues 0,2 of the operator (1, — (N; — N,)) distin-

. . . . R
guishes the two inequivalent singlets of T

since
00", 1, — (N, = N)| =0.
Let us define the two projectors
oL R
e ) +3_ @)
P(): 3 4_—<§):1_N+2N1N2,
4 4
0?2 +]
P%——( 1) = 3 4= N —-2N,|N,, (C10)
4 4

where P projects to the singlets of FO and to the doublet
of T9%, and P, projects to the doublet of I') 9% and to the

singlet of F2 . Projections to the inequivalent singlets and
spin up and down components of doublets read
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1 1
PéﬂI—E(N—2)P0:1—N+N1N2, PSZZENP0:N1N2,
P{,=P\N;=N,=-N|N,;, Pl =PN,=N,-NN,,

2 2

PE =Pt

L. PR =PL, PR=Pf, PE=Pf. (ClI)

The Clebsch-Gordan decomposition of the vacuum
configuration proposed in Eq. (C1) is determined as

(¢1.08) ® (GO> ® (%0»
=(arban)e(c-ba)o(aad)
o (fL,fR—%) (C12)

This means that the vacuum configuration can be written as
the direct sum

Saint ¢ g2t — (st (fL + %) « s%(z@)
® (53(c-3) xspen)
® (S%(&) x S} (fR " %))
® (S%(&) x (fR —%))

Projections to each summand in (C13) can be obtained by
adapting the formula in (2.27) to the present case. This
yields the projectors Il,; = {I1,(.T1_(,ITy, . ITy_} [see
Eq. (C16) below] which, upon using the suitably adapted
version of (2.28), are unitarily equivalent to the product
TILTTS, which we write as T1,; = TICTIS.

For the projectors IT5, TIX, T4, TIX, we have the explicit
forms

(C13)

Hé =100+ @124+ g Py®1,,
Hg =120+) @12+ @ P ® 1,,
3

1 . 1 .
Hi:§<izQ§+l‘[§>, ni:i(ifo+H§), (C14)
where

RTOR
» _Xara T3
or =i

W. (C15)

L
XLTo™ — j—LHf
O =i———1
3L +3)
In observation of the relations given in (C11), we see that
H:EO = HI;HOR = Hi,

Moy = I = TIL.  (Cl6)
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while all other products vanish. Therefore, IT%, 1L are
simply the required four projectors. For convenience, we
list them in the table below.

Projector To the representation
Hi:%(iiQf‘JrH;) (£L+5.¢x)
Hiz%(iiQfﬁ-l’[?) (¢1.¢r £3)

At this stage we can consider the fluctuations about the
vacuum configuration (C1)

Ok = XL 4T + AL == DL + AL,

®F = XB 1T + AR := DE + AR, (C17)
where AL AR e u(2¢;, +1) Q@ u(26x +1) @ u(4) @ u(n).

We can view AL and AR (a=1, 2, 3) as the six
components of a U(n) gauge field on SH x S2 since
FL FRF él;R take the form of the curvature tensor

Fj, = [Di. A}] = [Df, AL] + [AG A] = eancAL,
Ffb = [Dg’Ag] - [DE,A(IS] + [Ag,Af] - €abcA§9

Fg' = (D, Af] - [DF. AL + [AL Af). (C18)
Adapting the discussion, starting with Eq. (2.34), it can be
seen that only four of these six gauge fields constitute
independent degrees of freedom in the commutative
limit, £, Cr — 0.

The emerging model has the structure of a U(n) gauge
theory on M x $2t x §2Int with the gauge fields A =
(A,.A,) and corresponding field strength tensor Fyy =
(Fy. FLy FR . FL R F5F). We can quickly glance over
some of the essential features of the U(4) gauge theory
on M x SHnt x g2t

For the U(4) theory, taking the symmetry generators w
and R,

(2¢,+1

Cl)g — (Xa ) ® 1(2fk+1) ® 14 ® 14)

+ (1(2K’L+1) ® 122&+1) ® l:gL 0%} 14)
LL
_ (1(2‘1“) R1%+) @1, ® ,é‘) (C19)
of = (144D @ xPe @ 1, ®1,)
(10 @ 1%+ @ TOR @ 1)

R
_ (1(2KL+1) R 1% @1, ® i%), (C20)

with (L%, LR) the same as before, we can construct the

SU(2) x SU(2)-equivariant fields. The SU(2) x SU(2)

representation content of (w%,wR) follows from the
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Clebsch-Gordan expansion

1 1 11 1 1 1
e ((30)e(30)) 8 (3:3) =2 ser3) o2 sez) o230
1 1 1
@2<ZL—2,5R) @ <f+ l,fR—2> ® <f+1,fk +2)

1 1 1
&) <f—1,fR—§> &) <f—1,fR+§> ©® <fL—§,L”R—1>

1 1
&) <fL —|—§,fR—1> &) (sz —I—E,KR—I—l)

1
@ <fL —— lr+ 1)
2
=1, (C21)

L, TIR € Mat((2¢; + 1) x (26 + 1) x 4 x 4) project to the representations in the decomposition (C21) as given in the
table below.

Projector To the representation
ML =3 (+iQf +11}) (CLlr+3) ®(CL.lr—2) @ (L 1.0, +7) @ (FL 1.0~
1 :%(iiQf+Hf) (CL+5.CR)® (CL+3. £ 1) ® (£ —5.0k) ® (£ 5.6 £ 1)

The SU(2) x SU(2)-equivariance conditions indicate that A,, AL, A satisfy the relevant adapted version of (3.5). As
before, we can determine the dimensions of solution spaces for A, AL and A% using the Clebsch-Gordan decomposition of
the adjoint action of (wk, ®®X). We find

1®1=24(0,0) ®52(1,0) ©52(0,1) @ - --. (C22)

This means that there are 24-invariants. The solution space for each of AL, AR is 52-dimensional. We further see that there

are no spinor representations (% ,0) or (0, %) occurring in (C22). This corroborates perfectly with our initial expectations, in

view of the fact that (T'9F, T9R) cannot be expressed through a bilinear of fields with the desired symmetry properties. If the
latter was possible, it would have contradicted the absence of the equivariant spinor field modes and vice versa.
A suitable set of 24 invariants is given by the following matrices:

Hg:? 5‘»’ ]‘—IE’ QE’ Hﬁ’ §»7 H§7 Q§7 %7 Q%—I? §7 Q§7 Hng’ H£Q§7
nmtoy,.  mfoy,  0hof. QL0 0rOF. 00K, 0f0h  0f0p  0FQh. 0F0h  (C23)

where Q%, QL, QL, Q% are in same formal form as (3.8) and likewise for the set of matrices Q.
A set of 52 linearly matrices transforming under the (1,0) representation may be provided as

DLOH.  OHDEOH.  (DROL  QFDEOY.  OOMDEQH.  OF(DE.OL).

DLOH.  QLDE.QY.  {DL.QL).  QIDL.QH.  QFQLIDL.QM.  QF{DE.0L).

DLOH.  OHDLOH.  (DhOF.  OfIDLOH.  OJOHDEOH.  Of{DE.0%).

DEOR. OhIDL.OF.  (Dh.Oh).  OFIDL.OR.  OFQHIDL.OL  OH(DLO).

DL OF).  MEQHDL.OY.  ME(DL.O).  ONDLOF.  QFQhDE.0f)

OF(DL.Of).  TEIDEOF.  MFQHDLOf.  MHDLORL.  OFIDL.Of)

OROYDLOF.  OMDLOG).  OFIDL.QF.  OFOGIDL.OY.  OF(DE.0f).

OBIDLOF).  OFOHDEOF.  Of(DLO).  Mh Mal  Ofiif.

Ofitof.  Miof. b Ofef.  Qff.  Ofel. Ok (c24)

while a linearly independent set transforming as (0,1) is obtained from (C24) by taking L <> R.
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Monopole sectors exist in this case too and they can be
accessed by projecting from S2™ x SZt. We have, for
instance,

. 1
S x §p2RE = (Szp(fL) x S (fR + 5))

o (53(viy)xshew).  ©9

1
Spt? x §p2R0 = <S12r <fL + E) X S%(*x”R))

® (S% (fL —%) x S%(fla), (C26)

1
SFZL'O X SF2R’2 = <S%:<KL) X S%: (fR +5>>
1
® (S0 xs(ea-3)). (cn)

with  the numbers (£1,+£1),(2,0), (0,2),
respectively.

We can project to the (1, £1) sector using

winding

PHYSICAL REVIEW D 93, 105019 (2016)

and 16 vectors carrying the (1,0) representation,

[Dg. Q%) QL[Dg. Q%] {Dz. 0%}

Qj[Dg. Q%] QF0L[DG. Q%]  OF{Dg. 0L}
ni[pg. Qpl.  MEQR(DG. Qp.  TE{Dz. Qf}.
0%[Dg. Q5. QEQK([Dg. Q. £{Da. 0%}
Moz,  QfMiwg,  Miwg,  Qfwg,  (C30)

and another 16 carrying the (0,1) IRR which are obtained
from (C30) by L <> R.

For the winding number sector (2,0) in Eq. (C26), we can
use the projection operator

(1 -TIR)(1 - IIR). (C31)

In this case, the relevant part of the Clebsch-Gordan
expansion gives the result 12(0,0) & 28(1,0) & 24(0,1).
Equivariant scalars may be given as the following subset of
those in (C23):

(1 -1&%)(1 - 1E). (€28) mi, mk Q. QL 0k 0Ok
This projection leaves us with 8 equivariant scalars QFIIL, QFIIL, 050" Q50"
05 0%, 05 0% (C32)
ng, i, i £, B
Qj0%. BIIL. Q5 0k, (C29) " The 28 vectors which carry the (1,0) IRR can be given as
|
(D%, 0], 0% [Dg, 04, {Di, 0%}, Of[Ds, 0], 030%([Dg, 0], OF{Ds, 0%},
(D%, 04, 0L[Dg, 01, {Dg, 0%}, Of[DL, 0%, OFQL[DE, OF], OF{Ds. O},
(D%, OFl, 0x(D%, OF, {Dg, 0%}, Of[DL, OF, 03 0F[DE, OF], OF{DL. Ok},
[DG. 0. 0ulDZ.0hl.  {Dz.Qp}.  Qf[D¢. Q. QFQLID:.0Hl.  QF{Dz. 0}
4 ok, Mtwk, Ok Wk, oML Wk, (C33)
while there are 24 matrices which carry the (0,1) IRR, and they may be listed as
DS Qf.  TEOEDE.OF.  ML{DE.OF).  OLDE.Of.  OhoIDE.0f)
L{D%, 0%}, L [Df, Of, ntQg[DE, OF], n:{Dg, 0F}, 0L[Df, Of,
QLOFIDE. 0Fl.  OH{D{.0F}. QDL QFl.  OrOF(DE. QFl.  Op{Di. 0%},
OHDL.OF.  OhORIDE.OF.  Oh(DL.OF).  Miaf el Olof.
Lof, Qfof. Qo (€34)

To describe the monopole sectors with the winding number (0,2), it is sufficient to make the exchange L <> R.
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