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In this work, we study the motion of charged test particles in Kerr-Newman-Taub-NUT spacetime. We
analyze the angular and the radial parts of the orbit equations and examine the possible orbit types. We also
investigate the spherical orbits and their stabilities. Furthermore, we obtain the analytical solutions of the
equations of motion and express them in terms of Jacobian and Weierstrass elliptic functions. Finally, we
discuss the observables of the bound motion and calculate the perihelion shift and Lense-Thirring effect for

the bound orbits.
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I. INTRODUCTION

The Kerr-Newman-Taub-NUT spacetime is known as a
stationary axially symmetric solution of Einstein-Maxwell
field equations. The spacetime represents a rotating electri-
cally charged source equipped with a gravitomagnetic
monopole moment which is also identified as the NUT
charge [1,2]. The solution contains four physical param-
eters: The gravitational mass, which is also called gravito-
electric charge; the gravitomagnetic mass (also known as
the NUT charge); the rotation parameter that is the angular
speed per unit mass; and the electric charge associated with
the Maxwell field. As is well known, the NUT charge
produces an asymptotically nonflat spacetime in contrast to
Kerr geometry that is asymptotically flat [3]. Although the
Kerr-Newman-Taub-NUT spacetime has no curvature sin-
gularities, there exist conical singularities on the axis of
symmetry as in its uncharged version (namely the Kerr-
Taub-NUT spacetime) [4]. One can get rid of conical
singularities by taking a periodicity condition over the time
coordinate. But this leads to the emergence of closed
timelike curves in the spacetime as in its uncharged version.
It means that, in contrast to Kerr and Kerr-Newman
solutions interpreted as regular rotating black holes, the
Kerr-Newman-Taub-NUT solution cannot be identified as a
regular black hole solution due to its singularity structure.
Although charged and uncharged spacetimes with the NUT
parameter have unpleasing physical properties, it is worth-
while to investigate such spacetimes in general relativity
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due to their asymptotically nonflat spacetime structures. To
explore their various physical phenomena the spacetimes
with NUT charge have been vastly studied in the works
[5-12] where in [5] an alternative physical interpretation of
the NUT parameter is also illustrated.

One way to explore the properties of Kerr-Newman-Taub-
NUT spacetime is to study the motion of (charged) test
particles in this background. In fact, the geodesic equations
have been investigated in the spacetimes with the Taub-NUT
charge in the works [13—17]. Especially in [13,14] dynamical
symmetries of the geodesic motion in the spacetime with
the NUT parameter (which describes four-dimensional
Bogomol’'nyi-Prasad-Sommerfield (BPS) monopoles and
five-dimensional Kaluza-Klein monopoles, respectively)
have been illustrated. In this sense, our aim is to obtain the
analytical solutions of the equations of motion for a charged
test particle in the background of Kerr-Newman-Taub-NUT
spacetime and examine the effect of the NUT parameter and
the charge of the test particle. Moreover, by integrating
equations of motion for bound orbits, one can also calculate
the precession of the orbital motion and Lense-Thirring effect.

The geodesic motion of test particles was first examined
analytically in Schwarzchild spacetime in [18]. Later on, the
motion of test particles was extensively investigated in Kerr
spacetimes where the circular geodesics has also been
examined [19-22]. Recently, in [23], analytic solutions of
the bound timelike geodesics of test particles in Kerr
spacetime have been presented in terms of elliptic integrals
using Mino time. In [24] and [25], the geodesic equations are
analytically solved in the background of Schwarzschild—
(anti-)de Sitter spacetimes, where the solutions are expres-
sed in terms of Kleinian sigma functions. In [26], the
investigation of the analytic solutions has been extended
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to Kerr—(anti-)de Sitter spacetimes where in this case the
solutions are presented in terms of Weierstrass elliptic
functions. In a similar fashion, geodesic equations are solved
in the spacetime of Kerr black hole pierced by a cosmic string
[27], where the perihelion shift and the Lense-Thirring effect
have also been investigated for bound orbits. In [28], the
geodesic equations are analytically examined in the back-
ground of Einstein-Maxwell-dilaton-axion black hole, where
the effect of dilaton charge is investigated. Similarly, the
analytic solutions of geodesic equations are given in higher
dimensional static spherically symmetric spacetimes [29].
Likewise, in [30] and [31], the equations of geodesic motion
have been examined in singly and doubly spinning black ring
spacetimes, respectively. In addition, the orbital motion of
electrically and magnetically charged test particles have been
studied in the background of Reissner-Nordstrom [32] and
Kerr-Newman spacetimes [33], where the effect of the charge
of the test particle has been observed.

In this work, using the Hamilton-Jacobi method, we
derive the equations of motion for a charged test particle in
the background of Kerr-Newman-Taub-NUT spacetime.
By making a transformation on the time variable, we
decouple the radial and angular (0) part of the equations
of motion and express all the differential equations in terms
of Mino time [34]. We analyze the angular and radial
parts of the orbit equations and examine the possible orbit
types including the special spherical orbits. Furthermore,
we obtain the energy and the orbital angular momentum of
the test particle for a spherical orbit. We also examine the
stability of spherical orbits with respect to the NUT
parameter. Next, we present the analytical solutions of
the equations of motion by expressing them in terms of
Weierstrass @, o, and ¢ functions. Additionally, we calcu-
late the angular frequencies for the bounded radial and
angular motions and examine the perihelion precision and
the Lense-Thirring effect.

Organization of the paper is as follows: In Sec. II, we
introduce Kerr-Newman-Taub-NUT spacetime. In Sec. 111,
we derive the equations of motion of the test particles by
expressing them in terms of Mino time as well. In Sec. 1V,
we make a comprehensive analysis of the angular and radial
motion where we also examine the spherical orbits as a
subsection. In Sec. V, we give detailed analytical solutions
of all the equations that describe the orbital motion. Next,
using the analytical solutions, we illustrate the plots of
some orbit types for fixed spacetime parameters, the
charge, the energy, and the orbital angular momentum of
the test particle. We also calculate and examine perihelion
precision and the Lense-Thirring effect for the bound
orbits. We end up with some comments and conclusions.

II. KERR-NEWMAN-TAUB-NUT SPACETIME

The Kerr-Newman-Taub-NUT spacetime is a stationary
solution of the Einstein-Maxwell field equations that is
asymptotically nonflat. The metric describes a rotating
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electrically charged source that also includes a NUT charge
which is also known as the gravitomagnetic monopole
moment. In Boyer-Lindquist coordinates, Kerr-Newman-
Taub-NUT spacetime can be described by the metric with
asymptotically nonflat structure,

A dr?
— S (dt—ydp)? + [ + do?
g Z( xde)” + (A+ >

. 29
n S‘“z (adt — (©* + €% + a®)dgp)>,  (2.1)
where
T =72+ (£ +acosh)?,
A=7r>—2Mr+a®>— ¢+ Q2
x = asin®@ — 2¢ cos 6. (2.2)

Here, M is a parameter related to the physical mass of the
gravitational source, a is associated with its angular
momentum per unit mass, and ¢ denotes the gravitomag-
netic monopole moment of the source which is also
identified as the NUT charge. Q is the electric charge.
The electromagnetic field of the source can be given by the
potential 1-form

QOr
A=A dxt = -5 (dt — ydo). (2.3)

Interestingly, although the spacetime cannot be identified
as a black hole, it has metric singularities at the locations

re =M+ M —a + % - Q2 (2.4)

where A = 0. It can also be seen that the spacetime allows a
family of locally nonrotating observers which rotate with
coordinate angular velocity given by

Gp Ay —asin?0(r + 2 +a?)

Q= = .
Gpp  Dx* —sin?0(r* + % + a?)?

(2.5)

This can be identified as the frame dragging effect which
arises due to the presence of the off-diagonal component
sy Of the metric where at the outermost singularity r, the
angular velocity can be calculated as

Q, =-— <ﬂ>

9o
It is also obvious that the Killing vectors &) and &)
generate two constants of motion, namely the energy and
the angular momentum. It can be shown that the Killing

vector & = &) + Q&) becomes null at the metric singu-
larity where r = r,..

a

= 2.6
— TRHO+A 20
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III. THE MOTION OF CHARGED TEST
PARTICLES

In this section, we examine the motion of the charged test
particle in Kerr-Newman-Taub-NUT spacetime. To this
end, we introduce the Hamilton-Jacobi equation for a
charged particle

BN BN as
— =" — — —
25, =9 (EM qAﬂ> ( o qu>, (3.1)

where 7 is an affine parameter and ¢ is the charge of the
particle. Since the spacetime (2.1) admits the timelike
Killing vector &) and spacelike Killing vector &), the

solution of the Hamilton-Jacobi equation can be written as

1
S:—EmZT—Et—i—L(p—i—f(r,Q), (3.2)

where f(r,0) is a function of the variables r and 6, and the
constants of motion m, E, and L denote the mass, the
energy, and the angular momentum of the particle, respec-
tively. Furthermore, the separability of the Hamilton-Jacobi
equation [35-37] in Kerr-Newman-Taub-NUT spacetime
implies that the function f(r, 8) can be expressed as a sum
of two different functions which only depend on r and 6
independently, i.e.

f(r.0) =S,.(r) + S4(0). (3.3)
The substitution of (3.3) together with the metric compo-
nents ¢*¥ and (3.2) into Hamilton-Jacobi equation (3.1)
results in two differential equations,

2
<d5r> :i{_K_mZ},Z +%[(r2+a2+l/ﬂ2)E

dr A
—al — qu]z} (3.4)
and
ng 2 )(E—L 2
it —K— 2 2 .
<d€> m=(¢ + acos ) < oy > , (3.5

where K can be identified as the Carter separability
constant. Using the expression for the canonical momenta
P, such that

oS dx?
u = w = mgle + qA” (36)
and identifying
P, =—FE, P,=1L, (3.7)

we obtain the following equations of motion:
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dr 1 . — K
o E\/[(r2+f2+a2)E—aL—qu]2—A(W—i—rz),

(3.8)

o 1 [k E—L\>
—:F—\/—z—(f+acose)2—<" > (3.9)
m

dr X sin @
dt 1

— = [L(Ay — : 29 2 fz 2
&~ Tasinip LA —asin0(r + 27 4 a%))

+ E(—Ay? + sin?0(r* + £% + a?)?)

— gQrsin®0(r* + 2 + a?)], (3.10)
do 1 - .
DL E(—A 29 2 f2 2
dr ~ Sasintg LAt asint O 65 7))
+ L(A — a*sin?0) — gQrasin®6)], (3.11)
where we define
3 - L
E:i=—, Li=—, Z]::g (3.12)
m m

To this end, introducing a new time parameter A (the so-
called Mino time) as in [34] such that

dr 1
—_—=—, 3.13
dr X ( )

we can express the equations of motion in terms of Mino
time,

dr
=3P, (3.14)
do
— = .1
dt —_ y(L—Ey) dé
dA sin?@+/ Py (0) dA
_ - 2+ a’+ %) dr
E(rr+a*+ %) —al — gQr (r—_’
(3.16)
dp _ (L—Ey) do
da sin? 0/ Py(0) dA
alE(r* + a*> +¢*) — La — gQr| dr (3.17)
AP, () a >
where
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P.(r)=[(rP+¢*+a*)E—al —qQr* — A <% + r2>

and

sin 6

Py(0) = %— (¢ + acosf)? — (IE — I:>2. (3.19)

IV. ANALYSIS OF THE MOTION

In this section, we make an analysis of the angular and
the radial motion and examine the possible orbit types as
well. We also investigate the stability of spherical orbits.

A. Analysis of the angular motion (0 motion)

Writing the angular equation as

we see that Py(0) > 0 for the possibility of the motion
where Py(6) can also be interpreted as the potential
associated with the angular motion. Obviously, it depends
on the relation between spacetime parameters a, M, £ and
the energy and the angular momentum of the test particle.
Associated with these parameters, either the motion is not
possible (i.e. Py(@) < 0) or it is confined to an angular
interval where 6, <6 <6, (i.e. the angular motion is
bound). We should also comment that depending on the
values of the parameters, 6 =7 can be included in that
angular interval or not. It means that the particle can cross
or cannot cross the equatorial plane depending on the
spacetime parameters. From the expression of Py(0), one
can easily see that if the condition

(4.1)

K - -

) > %+ (L —aE)? (4.2)
is satisfied, the test particle can cross the equatorial plane
(0 =%). Otherwise, the particle cannot pass through the
equatorial plane but its motion is restricted to 6, < 8 < 6,
0 = 7 being outside of this interval. We further remark that
the physical restriction on Py(6) (Py(0) > 0) requires that
when the spacetime parameters (NUT parameter, rotation
parameter) are fixed, a constraint relation between the
energy and the angular momentum of the test particle can
be developed as is also illustrated in [27]. Nevertheless, for
our case, because of the presence of NUT parameter 7, it is
very cumbersome to get such a relation between the energy
and the angular momentum for nonvanishing spacetime
parameters. It is obvious from the expression of P,(6) that
the particle cannot pass through the poles (i.e. € = 0 and
0 = = are not reached) since Py(0) becomes singular at the

PHYSICAL REVIEW D 93, 104031 (2016)

poles for arbitrary nonzero NUT parameter £. However, in
the limiting cases where L = —2/E and L = 2/E, the
particle can approach the North Pole (8 = 0) and the South
Pole (0 = n), respectively.

In Figs. 1(a), 1(b), and 1(c), the angular potential Py(6)
is plotted with respect to angular variable € where it can be
seen that there may exist one or two angular bound orbits or
no motion. The physical parameters are chosen such that
we get a physically acceptable angular motion for the
charged test particle. It is seen that in Fig. 1(a), there exist
two angular intervals for which Py(0) > 0. In Fig. 1(b),
however, only one physical interval seems to exist for the
given spacetime parameters. In both plots, it is also
understood that the test particle can cross the equatorial
plane [since when 6 =%, Py(6) > 0]. On the other hand,
there exists no angular motion in Fig. 1(c) since the
condition Py(6) > 0 is not satisfied for the given spacetime
parameters.

In addition, it is also obvious that when

Pe(e)‘azeo =0 (4-3)
and
dPy(0)
=0 4.4
B s, (44)

are simultaneously fulfilled, the motion is confined to
6 = 0, plane (i.e. the particle moves over a conical section).
These conditions lead to the following equations:

K E—-L\*> K
— = (£ + acosfy)? + (L> = —g, (4.5)
m=|g_g, sin @ m
E-L
a(? + acosby) sin 6 — M
sin 6,
_  2¢E+ Lcosb,
X |:a COS 90E + W] = 0, (46)
where
Yo = asin® @y — 2¢ cos 6. (4.7)

By an analytic calculation, it can be seen that € = 7 is not
the solution of these equations for arbitrary values of the
parameters 7, a, E, and L. This means that for arbitrary
values of the gravitomagnetic monopole moment Z (¢ # 0),
there exist no equatorial plane orbits (also called equatorial
geodesics for the motion of uncharged test particle) as is
also clearly stated in [6]. On the other hand, for Z = 0,
0 = 7 solves the above equations provided that the Carter
constant becomes

(4.8)
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The graphs of the angular potential Py(6) with different physical parameters. The physical parameters are chosen to obtain

physically viable angular motion for the charged test particle. (a) There exist two physically acceptable regions for the angular motion
with parameters M = 1,a =0.9,7=0.1,0=04,3=03,m=1, L =—04, K =10, and E = 3. (b) There exists only one region
with parameters M = 1,a =09,7=0.1,0=04,g=03, m =1, L =0.5, K =10, and E = 0.96, where the angular € motion is
possible. (c) There is no physically viable angular motion for the parameters M =1, a=0.9, £ =0.1, 0 =04, =03, m =1,

L=05K=0.5,and E =5.

It can be seen that, in the vanishing of the gravitomagnetic
monopole moment, equatorial plane orbits can exist for
arbitrary values of the parameters a, E, and L. Interestingly,
Egs. (4.5) and (4.6) also admit the solution 6, = 7, if the

constraint relation

a(2E? —1)
2F

L= (4.9)

is imposed between the angular momentum and the energy
of the test particle for the arbitrary NUT parameter,

a?

provided that the Carter constant becomes % =%+ P
in that case. It means that equatorial orbits can also exist for
the arbitrary NUT parameter if the constraint relation (4.9)
holds between the angular momentum and the energy of the
test particle as well as the spacetime rotation parameter. To
our knowledge, this is a new result that has not been
mentioned in previous works. Furthermore, it would be
interesting to investigate the stability of the angular motion
at the equatorial plane. It can be seen that, in addition to
expressions given in (4.3) and (4.4), if the condition

d*Py(6)

—a| <0 (4.10)

0=0,

is satisfied, the angular motion is stable at 6 = 6,. A
straightforward calculation yields

d2P9<9) - a2
—_— =—(4/2E* +— ) <0, 4.11
d92 oz + 4E2 ( )
.7 a(2E’-1)
where the constraint L = 5 has been used. It con-

cludes that the angular motion is stable at the equato-
rial plane.

Before closing this section, it would also be remarkable
to examine the case with vanishing rotation parameter a for
¢ # 0. It can be algebraically seen that when a = 0, the
motion of the charged particle is restricted to a cone with

the opening angle determined by either cos 6, = or

L
y T2%E
cosfy = —2E It implies that in the vanishing of the
rotation parameter, the equatorial orbit may also exist

either for the interesting case L =0 (and # # 0) or for
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the case Z = 0 (and L # 0) which is also discussed in [6]
for the uncharged particle motion. As a further remark, we
should also point out that the presence of the charge Q
associated with the electromagnetic field and the charge g
of the test particle does not affect the angular motion.

B. Analysis of the radial motion (» motion)

First, we express the radial equation (3.8) in the form

(5) =2

where P,(r) is a fourth order polynomial in r with real
coefficients. As in the angular case, the possibility of the
motion requires that P,(r) > 0. Then for  motion, accord-
ing to the roots of the polynomial P,(r), one can identify
the following orbit types [22]:

(1) Bound orbit: If the particle moves in a region
ry < r < ry, then the motion is bound. This can
happen if P,(r) has four positive real roots or two
positive real roots (with two complex roots) or two
positive double roots or one triple positive root and
one real positive root. In such a case, there may exist
one or two bound regions.

(i1) Fly-by orbit: If the particle starts from F-co, comes to
a point r = ry, and goes back to infinity, then the
orbit is fly-by. Likewise, fly-by orbits can be seen
when P,(r) has four positive real roots or two
positive real roots (with two complex roots) or
two positive double roots or one triple positive root
and one real positive root. Similarly, for this case,
there may exist one or two fly-by orbits.

(iii) Transit orbit: If the particle starts from Foo, crosses
r = 0, and goes to +o0, then the orbit is transit. This
is possible if P,(r) has no real roots.

(iv) Spherical orbit: This is a special type of orbit, such
that P,(r) has a real double root at r = r,.
Depending on the value of the energy of the test particle,

one can further examine the possible orbit types:

(1) For E < 1: In that case, for physically acceptable
motion P,(r) can have two or four real zeros since as
r — Foo, P,(r) — —oo. Then, there exist either one
bound orbit or two bound orbits.

(2) For E > 1: For this case, possible types of orbits can
be classified according to whether P,(r) has four
real zeros, two real zeros, or no real zeros. When
P.(r) has no real zeros (in other words, all the roots
are complex), then only the transit orbit is possible
since in that case as r — Foo, P.(r) — oo. On the
other hand, if P,(r) has two different real zeros (and
two complex conjugate roots), one can get two fly-
by orbits. Moreover, if P,(r) has four different real
zeros, there may exist two bound orbits or one
bound, two fly-by orbits, or even two bound, two
fly-by orbits.

(4.12)
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(3) For E = 1: For this special case, P,(r) can possess
either three real roots or one real root (with two
complex conjugate roots). When P,.(r) has three real
roots, one can get bound and fly-by orbits. In the
case that P,(r) has only one real root, the possible
orbit type is fly-by.

In Figs. 2(a), 2(b), and 2(c), we give plots of the radial
function P,(r) illustrating some possible orbit types for
some particular values of the orbit parameters. As in the
angular case, the parameters can be chosen to obtain a
physically acceptable radial motion [i.e. P,.(r > 0)]. For
Fig. 2(a), P.(r) has no real roots so that the orbit is transit
type. In Figs. 2(b) and 2(c), there exist one and two bound
regions, respectively.

Alternatively, one can express Eq. (4.12) as

(j—;)z — (P + 24+ P(E-V () E-V_(r),

(4.13)
where
L4 a0rE\[ARE TR
Vi(r,L,a,t,q,0) = P+
(4.14)

can be identified as the effective radial potentials. When
P.(r) =0, the r motion has turning points determined by

E = vi(r’ l_‘v a, f? q’ Q)|r:r(,

Al +qQry+ \/Aro) (& + 13) 4.15)

r%+f2+a2 ’

where r(’s denote turning points of the motion. In Fig. 3,
we give some examples of the graphs of effective potentials
V. for two different values of the NUT parameter where
in these graphs, the grey area shows the physically
forbidden zone.

It would also be interesting to examine the variation of
the effective radial potential by obtaining potential curves
(for V) for different values of NUT parameter £ (the other
parameters are fixed) and the charge g of the test particle.
These are depicted in Figs. 4(a) and 4(b), respectively. As
can be seen from these potential curves, the potentials have
some local maxima and minima recalling that V — 1 as
r — oo. From Fig. 4(a), for the fixed parameters M = 1,
a=09,0=04,5=03,L=05 K=10,and m = 1,
one can realize that as the value of NUT parameter ¢
increases, the peaks (local maxima) tend to disappear. On
the other hand, one can see from Fig. 4(b) that for the same
parameter values (except that we take £ = 0.1 for this case)
as the charge g of the test particle decreases in that case, the
peaks have a similar behavior. Physically, one can conclude

104031-6
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1000f
% ;
(b)
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150[-
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50l
7 2 r

()

FIG. 2. Examples of some different orbits with respect to the graph of P,.(r). The parameters are chosen to illustrate the examples of
transit, one bound, and two bound orbits. (a) There exists a transit orbit with parameters M =1, a =0.9, K =10, 0 = 0.4, g = 0.3,
L=05 m=1,¢=04, and E = 10. (b) There exists only one bound orbit with parameters M = 1, a = 0.9, K = 10, Q = 0.4,
g =023, L=05m=1,¢=04,and E = 0.94. (c) There are two bound orbits with parameters M = 1,a =0.9, K =10, Q =04,
g=03,L=05m=1,¢=0.1,and E = 0.96.

Veff Veff
- 2-
1F 1F
0 > 4 6 8 10 12 s 'O 2 4 6 8 10"
-1F -1k
-2t ol
(a) (b)

FIG. 3. Examples of effective potentials for different values of spacetime parameters and the angular momentum. In (a) we take
M=1,m=1,a=09,/=0.1,0=04,¢g=0.3,L =05, K =40, whilein (b) wetake M = 1,m=1,a=09,7 =1, Q = 04,
g =0.3,L = 0.5, K = 40. In both graphs, the blue line represents V. while the yellow line corresponds to V_, and the grey area shows
the physically forbidden zone.
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0.92[ i
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1.00}

E=0.96

0.96 VAN

————— E=0.955
0.941

0.92r

0.90 L L L o r

(©

FIG. 4. (a) The effective potential curves for different values of
the NUT parameter by taking M = 1,a = 0.9, 0 = 04,3 = 0.3,
L =0.5, K =10, and m = 1. (b) The effective potential curves
are plotted for different values of the charged test particle by
taking M = 1,a =09, =0.1,0 =0.4,L = 0.5, K = 10, and
m = 1. (c) The existence of bound orbits are revealed for r > r .
For two different energy levels, there exist four turning points.
The grey area shows the physically forbidden region. Here we
take M=1, a=09, £=0.1, =04, §=03, L =05,
K =10, and m = 1.

that the effective potential can form potential well as the
value of the gravitomagnetic monopole moment decreases
(while fixing the other parameters). The similar behavior is
seen as the value of the charge of test particle increases in
that case (again fixing the other parameters). This illustrates
the existence of bound orbits in the region where potential
well exists. In Fig. 4(c), the existence of bound orbits is
illustrated where the effective potential is crossed at four
turning points as is also discussed in [19].
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C. The spherical orbits and stability

The spherical orbits are special orbits that satisfy

P.(r=r,) =0, (4.16)
dpP

- =0 4.17

dr r=ry ( )

at r = r,. These require that

(E —1)r} +2(M — gQE)ri + (2(1/”2 +a®)E? + g7 Q?

- K
—2aE,Li—— — (a* — * + Q2)> r?
m

KM - i
+ 2(? +agQL, — qQ(¢* + az)E5> T
+ (£ + a*)’E? + a®L? — 2a(¢* + a®)E, L
K
_W(a2_f2+Q2):0 (4.18)

and
4E2—1)r} +6(M—gQE,)r?+2 <2(f2 +a®)E?

_ K
+q2Q2_2aEsLs_W_( 2_f2+Q2)>rs

KM _ _
+ 2(—2 +agQL, — gQ(¢* + az)E5> =0. (4.19)
m
Considering that P,(r) can also be written in the form
P.(r)=(r=r ) (E> = 1) +mr+m),  (4.20)

the relations (4.18) and (4.19) can be equivalently
expressed in the following forms:

[Bri +2r2(£? + a®) — (% + a®)*|E* — a*L?
+2a(£* +a*> — r2)E; L, —4rgQE;

He =+ o) (=)

=

m

-7 <3r§—4rsM—(}2Q2 +%) =0 (4.21)
and
2r (> + a* + r)E? + a(gO — 2r(E) L
— (3r2 + % + a*)gQE, +3r’M
- (nlszraz—fz +Q2—92Q2+2V%)rs +I;—A24:0.
(4.22)
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The analytic solutions of Egs. (4.21) and (4.22) for the
energy and angular momentum of the particle in spherical
orbit yield

- qQ VD
EFf=1=14+ 423
s 2r, 8r§A(rS)(% +72) (423)
and
- go (a®> + %+ r2)/D;
Lt="=(®>+—-r})+
N 2ar, (a” + 75 8(% +1r2)A(ry)ar?
1 K
:F;\/A(rs) (W—l- r%), (4.24)
where
K K
D, = 167r2A(ry) (W + r%) {(”s - M) (? + r?)
2
+ rsA(rs)] . (4.25)

From the expression obtained for the energy, one can
identify the first term as electrostatic interaction between
the charge of the test particle and the charge of the source of
the spacetime.

To get a deeper insight of the analytical expressions of
energy and angular momentum, we plot them as a function
of gravitomagnetic monopole moment ¢ and the spherical
radius 7. In both plots, we concentrate on L] and E . First,
looking at the graph of L] vs # for the parameter values
given in Fig. 5(a), it can be seen that as the gravitomagnetic
monopole moment increases, the angular momentum also
increases becoming zero at some specific value of the NUT
parameter, i.e. at £ = £,. It is also interesting to see that
L, <0when0 <7 <?,,while L, > 0 when ¢ > #,. This
can be physically interpreted as such that one obtains
retrograde (ZS < 0) spherical orbits for 0 <7 < 7, while
for > ¢, the orbits are seen to be direct spherical orbits. In

Ls
8o}
60}
40t

20}

(a)

FIG. 5.
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addition, we should point out that the analytical expression
of L, restricts the value of the NUT parameter # since in the
expression (4.24), D, > 0 should also be imposed.

For the second plot L] vs r, [Fig. 5(b)], it can be seen
that L, decreases to a certain extremal value and then it
again increases. It can also be understood that L, = 0 at
some particular values of spherical radius rg, i.e. when r, =
rs, and rg=rg assuming that r, <r,. The graph
similarly illustrates that one has direct spherical orbits
for the radial intervals where r; < ry, and rg > r, while
one obtains retrograde orbits for the interval r,, < rg <y, .

For the plot of Ef vs £ [Fig. 6(a)], one can see that the
energy of the test particle increases while ¢ also increases. It
is also interesting to understand that the increase of energy
starts from a value where E < 1, and then it continues to
increase to values where E > 1, the energy becoming unity
at some specific value of NUT parameter Z. It should also be
added that the value of # should again be restricted since the
analytic expression (4.23) of E; also suggests that D, > 0.

Finally the plot of E, vs r, [Fig. 6(b)] shows that, as the
value of r, increases, the energy of the test particle starts to
decrease from a certain value having an extremum at some
specific value of the spherical radius, and then it continues
to increase approaching unity (i.e. E; — 1) as r, — oo.

Now we examine the stability of spherical orbits for
arbitrary spacetime parameters. The stability of such orbits
implies that [19,38]

&P, (1)
dr?

<o0. (4.26)

This further leads to the inequality
2312 + % + d®)E? +2(gQ — aL)E
K
— (5ry+4M)ry — A(ry) —— + g*0* <0. (4.27)
m

This means that the spherical orbits are stable if the energy
of the particle falls into the interval

Ls

5 10 15 20

(b)

(a) The orbital angular momentum of the test particle in spherical orbit is plotted as a function of gravitomagnetic monopole

moment £ with parameters M = 1, a =04, Q =0.4, g = 0.3, K =20, m = 1, ry = 10. (b) The angular momentum is plotted as a
function of spherical radius r, by taking the parameters M =1, a =04, £ =04, 0 =04, g=0.3, K =20, m = 1.
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FIG. 6.
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m
(2}

1.01f

1.00¢

0.99¢

0.98}

0.97¢

20 40 60 80 100'S
(b)

(a) The energy of the test particle in spherical orbit is plotted as a function of gravitomagnetic monopole moment # with

parameters M = 1,a =04, 0 =04, = 0.3, K =20, m = 1, r, = 10. (b) The energy is plotted as a function of spherical radius r, by
taking the parameters M =1, a=04,7=04,0=04,3=03, K=20, m = 1.

E_<E<E,, (4.28)
where
£ (aL —qQ) £ VDg
E. = 4.29
* 203r2 + % +d?) (4.29)
and

Dg = (aL — qQ)* +2(3r; + £ + a?)

K
x <5r§ +4Mr+ A(ry) +— — 512Q2>. (4.30)
m

Otherwise, we have an unstable spherical orbit. In
Tables I and II, we investigate the stability with respect

TABLEL a=04M,Q=04M, r,=10M, M =1, =0.3,
m =1, and K = 20.

13 Ef Lt Stability of the orbit
0.1 0.965109 —6.73569 Stable
0.2 0.965135 —6.61086 Stable
0.4 0.965241 —6.1113 Stable
0.8 0.965672 —4.1093 Stable
1.2 0.966415 —0.758978 Stable
2 0.969014 10.0825 Stable
4 0.986713 63.9055 Stable
TABLEIl. a=04M,Q =04M,¢ =04M, M = 1,5 = 0.3,

m =1, and K = 20.

ry Ef Ly Stability of the orbit
5 0.991365 —4.04398 Stable
10 0.965241 —6.1113 Stable
12 0.96844 —5.13413 Stable
13 0.970084 —4.49053 Stable
15 0.973125 —3.0001 Stable
20 0.978958 1.41363 Stable

to the change of the NUT parameter # and the spherical
radius r,. For the values of the spacetime parameters
given in the tables, we have found the examples of
stable orbits as the parameters ¢ and r, increase.
However, looking at Table I, as the NUT parameter
increases, stable spherical orbits change their class from
retrograde orbits (where the rotational angular momen-
tum L of the test particle about the axis of symmetry is
in the opposite sense to that of the intrinsic angular
momentum a of the spacetime, i.e. a > 0, L<0) to
direct ones (where in that case the rotational angular
momentum of the test particle about the axis of
symmetry is in the same sense to that of the intrinsic
angular momentum of the spacetime, i.e. a > 0, L > 0).
One can see a similar effect in Table II, when the radius
of the spherical orbit is increased. At this stage, we are
unable to obtain examples of unstable spherical orbits
although it is clear that there may exist unstable one(s)
for the spacetime parameters that do not satisfy the
inequality (4.27).

V. ANALYTICAL SOLUTIONS

In this section we present analytical solutions of
the equations of motion (3.14)—(3.17). We see that
the solutions can be expressed in terms of Jacobian
elliptic functions F(y,k) and Weierstrass p, o, and (
functions.

A. 0 motion

Making a transformation x = cos @, (3.15) can be cast
into the following form:

dx\?2
(d—z) = C() + Clx + C2X2 + C3x3 + C4x4 = Pg(x),

(5.1)

where
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Co=X 2 (L—aBp (5.2)
m
C, =2¢a(2E*—1) —4¢EL, (5.3)
C,=—Cy—4*E* +a*(E* - 1) - L%,  (54)
C; = 2¢a(1 —2E?), (5.5)
and
Cy = a*(1 — E?). (5.6)

We also recall that —1 < x < 1. In general, the solution of
the fourth order polynomial equation (5.1) can be expressed
in terms of elliptic functions. We see that the transformation
(for E# 1)

a3

x=—a+x
(4y—%)  7°

brings the polynomial equation (5.1) into the standard
Weierstrass form of the differential equation

dy\ 2
<d/1) =4y’ — gy — 03

(5.7)

(5.8)

whose solution can be given by Weierstrass g function

where A describes the initial Mino time. Here the constants
read

ay = C3 + 4C4)C9, (510)
a, = C2 + 3C3X9 + 6C4X§, (511)
a3 = Cl + 2C2X9 + 3C3x5 + 4C4X2, (512)
1/
92 _Z<?2_ala3>’ (5.13)
and

1 (aqyay  Cib &
=— ————=. 5.14
B3 < 6 2 27 (5.14)

Hence the solution of the € equation can be obtained as

a3
4p(A— 20392 93) —

0(4) = arccos ( 7t x9> (5.15)

For that solution, one can assume that there exists at least
one real root (in fact, there can exist at least two real roots
for a fourth order polynomial).

PHYSICAL REVIEW D 93, 104031 (2016)

Alternatively, there may exist orbits for which the
polynomial P,(x) has four real roots. For the orbits £? <
1 (C4 > 0), one can assume Py(x) has real roots x;, x,, x3,
x4 ordered as x; < x3 < x, < x;. In this case, there exist
three intervals, namely x < x4, x3 <x <x, and x > x,
where Py(x) > 0 [39]. For the intervals x < x4 or x > xi,
one can consider the transformation'

X—XI_XI—X4 >

¥3. (5.16)

X — Xy Xy — Xy

Then with this transformation, the solution yields

(A= 4)

F(yg, ko) = \/C4 1 —X3) (% — xg) (5.17)

with

(21 = x4) (2 — x3)
(1 — x3) (2 — x4) '

2 = (5.18)

Here F(yy, kg) describes the incomplete Jacobian elliptic
function of the first kind.

For the orbits where E> > 1 (C, < 0), as for the case
E? <1, we can still assume four real roots for the
polynomial Py(x) ordered as X; < X3 < X, < X; (obvi-
ously, the roots Xx;’s are different from the roots x;’s,
i=1, 2, 3, 4). In this case, there exist two intervals
X <x<Xx and x; <x<Xx3; for which Py(x)>0.
Concentrating on the interval X, < x < X;, one may con-
sider the transformation’

X—X X1 —X
—2=¥y§, (5.19)

x—)'c3 )_Cl—.i3

leading to the solution

=/ —Cy(X) — X3)(%, — %) & _2/10) ;

F(yg, ko) (5.20)

with

(X1 — %) (%3 — Xy)

ka B (X1 — X3) (X, — X4)

(5.21)

For E = 1, Py(x) becomes a third order polynomial such
that the transformation

1Equivalently, one can apply a similar transformation on the
variables such that === = 2 y% and obtain the same analytical
result for the solutlon of the angular equation where in that case
the transformation is valid when x3 < x < x,.

Equivalently, one can apply a similar transformation on the
variables such that == ;‘ =5 y and obtain the same analytical
result for the solution of the angular equation where the trans-
formation is valid when x4 < x < X3.
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1 (o
= == 4 _—
* C3<y 3)

obviously brings Eq. (5.1) into standard Weierstrass form

(5.22)

dy\? o
(d—A) =4y’ — 5y — s, (5.23)
where in that case
.1/ L.
92 =7 <?2— C1C3>7 (5.24)
R W et oXe: M
=- —_2 = 5.25
% 8( 6 227 (525)

whose solution can similarly be expressed in terms of
Weierstrass g function as

y(4) = (4 —120: 92, 33), (5.26)

leading to the € solution

0(2) = arccos (Ci (4p(z 20058 — %) ) C(527)

3
We further remark that here

Co = Colp—1
Cy = Colpy.

C, = Cilpy,

Cs = Gyl (5.28)

In addition, one can also consider the special case where
E =1 and a = 0 (which corresponds to the Taub-NUT

Reissner-Nordstrom spacetime) for which the angular
solution reads

2¢L = | K
0(1)= — Csi —+3%(A—A ,
(1) arccosl%+3fz+\/_sm< m2+ ( 0))1
(5.29)

where we identify

~ 1 K - K -

(5.30)

provided that C > 0.

B. r motion

On the other hand, the transformation (3.13) on the time
variable brings the radial equation (3.8) into

PHYSICAL REVIEW D 93, 104031 (2016)

dr\? 2 3 4
E :N0+NIV+N27" +N3I"‘+N47‘ =1Pr(l">,

(5.31)

where
Ny =E>—1, (5.32)
N;=2(M—-EgQ), (5.33)

Ny =—Cy+a*(E* = 1) +2°E* + Q*(g* — 1) — L2,

(5.34)
_ - 2MK
N =2¢Q(aL — (¢* + a*)E) + ——, (5.35)
and
2 N\ F 72 2 _ 0 2y K
No=((¢*+a*)E—alL)*— (a*— ¢+ Q )W (5.36)
If one performs the transformation (for £? # 1)
b3
r= + ry, 5.37
(41) _ %> 1 ( )
Eq. (5.31) can be brought into the standard Weierstrass
form
dv\ 2
(ﬂ) = 47]3 — I’le — ]’l3, (538)
where
P = N3+ 4Nyry, (5.39)
ﬂ2:N2+3N37‘1 +6N41’%, (540)
B3 = N| +2Nyr; +3N3r3 +4N,ri,  (5.41)
with
1 L(B\paPs  NuB3 B3
hy=—(p3-3 , =22 T2
e N G e
(5.42)

whose solution can again be given by Weierstrass ¢
function
v(4) = (4 — A ha, ), (5.43)

so that the solution for r can be written as
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_ P
r= 7 +ry,
(4(4 = Aos ha, h3) —iz)

(5.44)

where we have assumed that P,(r) has at least two real
roots (Here ry is assumed to be one real root of P,(r)).

As in the angular motion, if one considers that the radial
polynomial P,(r) has four distinct real roots ry, ry, r3, r4
(for E*> > 1) ordered as ry < r3 < r, < ry, one can alter-
natively express the solutions in terms of Jacobian elliptic
functions. If one performs the similar transformations done
in the angular case, one can end up with the following
solutions:

For the orbits where EZ > 1, the solution reads

(A—4)

F(y, k) = \/N4(r1 —r3)(ra —r4) 7 (5.45)
where we have affected the transformation
TR h TRy (5.46)
Fr—ry Ty— 1y
with
k%:(rl—r4)(r2—r3)’ (5.47)

(ry —r3)(ry —r4)

while for the orbits where E% < 1, the solution can be
similarly expressed as

- — (1 —4
F(y,. k) = /=Ny(F; — 73)(F2 — r4)( 2 0)» (5.48)
where in that case, the transformation
r=h _hZhy (5.49)
r—r3 ry—r3
is valid with
(F1=73)(Fa— 74

Here 7, 75, 73, and 74 correspond to real roots of the
polynomial P,(r) with E? < 1, and it is assumed to be
ordered as 7y, < 73 < 7y < 7q.

Interestingly, for the special case where P,(r) has a
double real root such that r; = r, = r,, the radial poly-
nomial can be put into the form (with E? # 1) [21]

) = (r— rs>2{(1§2 SR 42, <E2 1

u-i0)  Na}

r I’%

+ (5.51)

N

PHYSICAL REVIEW D 93, 104031 (2016)

At this stage, we can affect the transformation

1
p:r—r,’ (5.52)
to obtain (5.31) in the following form:
dp\? )
— = , 5.53
(CM) a+pp+yp (5.53)
where
a=N,=FE—1, (5.54)
p=4r(E*—1)+2(M—-EgQ), (5.55)
and
2(E2 = No
y=3r(E —1)+2rS(M—EqQ)+7. (5.56)

The solution of Eq. (5.53) can be obtained for three
different cases, namely for the cases y > 0, y =0, and
y < 0. For y = 0, the solution can be expressed as

2/
A_AOZ;M’ (5.57)
p
for y > 0, the solution can be given by
1 p p a
A=dog=F—7In|p+—+[pP?+"p+-|, (558
’ VT 2y vy (3:58)

while for y < 0, the solution reads

A= Jo = F—arcsin (M> (5.59)
N

7"\

Interestingly for £ = 1, P,(r) turns into a third order
polynomial such that the transformation
N3

(40 =)

(5.60)

r =

brings the radial equation into standard Weierstrass-¢ form

dv\? _ _
(E) :41}3—]’12’[}—]13, (561)
where in that case we identify
_ 1 /N2 _ _
221<?2—N1N3>, (562)
- 1 (N\N,N3 NoyN; N3
hy == ——= 5.63
T8 < 6 2 27 (5.63)

with
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No = Nolz—1. Ny = Nylg—.
Ny = Ns|p_i. N3 = N3|z_;. (5.64)
Then, for E = 1, the solution reads
N
r() = > (5.65)

4@(/1 — o3 ;12, }_13) -3
C. t motion

To obtain the solution of Eq. (3.16), we recall that it can
be written in differential form as (taking the + sign only)

dt = dly) + dly) + 1", (5.66)
where the integration yields
t—tg =14, + 145 + 1), (5.67)
Here
O : /9(1) a -
I, = al ————=al(l—1y), 5.68
=l | s allid). (569

- - 2xy0
1(9?2 = <a2E2(x(3 —1) +4afExy — 1x_9%

PHYSICAL REVIEW D 93, 104031 (2016)
where we have integrated (3.15), taking the + sign only.

The second expression [ 21)2

_ o)
15, = —2¢L /
O

0(2)

O

can be written as

0
cos 40

Py(0)

sin%6
sin%0

NZOM

0(4) cos@ €SO apf

N

+ 4a?E
cos20

/9(4)
X
0, sin’0\/Py(0

The integration Ig’)z can be accomplished first by taking

x = cos @ and next by making further transformation

— d*F

9(]

(5.69)

_ 03
y—%)

where x, is one real root of the polynomial equation (5.1)
and a, and a3 are defined as in (5.11) and (5.12), respec-
tively. With the additional transformation p(s) =y, inte-
grations with respect to variable s yield

+x (5.70)

9>

(20Exy + L)> (A= Ao)

LI (LG, —|—21/”EG) o(s —ay;)
21,”;; <g(a,.j)(/1—zo) In s aij)>
2
(@0 ! ols — by)
tak <7 " fa3> ; o' (b1;) (éy(bli)(/1 o)+ lnf’(so - bli)>
PEG 1 ( p”(bh))
- A=A b
16 ;p’z(b“)( 0) ( 11) p/(bll)
PEG G 1 ( ¢ (b1), o(s —by) @)
_ : b 1 — . 5.71
16 Z o (blz) « 1)+ ¢ (by;) ! o(so — by;) o ( )
[
Here we identify p(a;;) = a; and p(by;) = by =35 (i, j = a (1-3x2) 1
1,2) with j S 6 =52 () 3G ). 574
c c
a ay = — (5.72)
4(1 — xp) 4(1 + xg) R (1-3x3) 1
0 0 G2 = 8(1 _x%.) ((1 +x9) 3z (3(13Xg 2) y (575)
where
=~ 24} Xg 1
=03 +% (1 - xé)) (573) Gl - 4(1 _ xz) <(1 _ x0) + § (x9a2 - 053)) ’ (576)
Also we define and
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Xg 1

<(1+x9)_§

Next, we consider the radial integral

Gzz

a3
4(1 —x3)

(xgar — a3)>. (5.77)

0

=

r(d) _ _
/ (E(r* + a® + ¢?) —aL — gQr)
To

(r* +a> + ¢?)

PHYSICAL REVIEW D 93, 104031 (2016)

The radial integrals can be evaluated by a similar trans-
formation such that

b3

y = —F
(40-5)

+ rl, (579)

where r; is again assumed to be one real root of
P.(r) and B, and f; are introduced in (5.40) and

(5.78)  (5.41), respectively. Next taking v = p(s), the integra-
Ay/P.(r) tion yields
|
(1) B2 2 2\2 _ =0 (42 2 2 72 (A=)
I =[E(ri+¢*+a*)* —qQ(ri + "+ a*)ry —aL(r; + 1)]m
1
3 = o
(Ew; — gQw;) ( N =2 1 O'(S—Uij))
+ ; ; p/(,Uij) g(vl])( 0) + nO'(S() _ vij)
CEBRS | 1—2 ( _ @"(03;)) 9" (v3) | ols —v3)) D
16 ;@,2(”3j> {( 0) p(v&,) + @,(Uj/‘) + p/(1]31‘) nU(S() — U3j) + C(S U3j) CO }
SIS o(s — vjj)
VA= 2) 4 1 2N T Vi)
i ; ; o' (v;;) (C(UU)( o) (50— Uij))
x [QE(£? + a*) — al)a; — gQ(¢* + a®)@; + (€% + a®)(E(¢* + a®) — al)d;). (5.80)
Here p(v;;) = v; and p(vs;) = v3 =% (i,j = 1,2) with
1 A
0= gagy (S = Mgy = = Mg = AR (5.81)
and
1 A
=gy (S M+l = M = 0B (5.82)

We also identify

[r1(ry —Mps3) — 3 A(ry) +2r 1 A(ry) (v — v)]*
16A3 () (v — 1) [y = MB35 +2A(r ) (v, — )]
(5.83)

1=

_ [r1(ry — MP3) — B3 A(ry) —2r1A(ry) (vs —vl)}“

= 164 (r)(vy — v1) [y — M3 — 2A(ry) (v — vy)]*
(5.84)
B, = [ri(ry — MpB3) — B3 A(ry) 4 2r1A(ry) (v, — 0y)]?

T 16A3(r1) (03 — 01)[ry — MPs + 2A(r,) (03 — )]
(5.85)

104031-

|
B = [ri(ri — MB3) — p3A(ry) — 2r A(ry) (0, — vy)?
21647 (r ) (03 — 0))[r1 — MBy — 2A(ry) (v, — )]

(5.86)

(ry — Mps)

5 , (5.87)

w3 = f3r — @322,
_[ri(r = MB3) = psA(r) +2r1A(ry) (03 — 01)
16A%(ry)(vy — 1) ’

(5.88)

_ri(r = MBs) = B3A(ry) = 2rA(ry) (v — vy)]?
16A°(ry)(vy — 1) ’

(5.89)

15
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o =5 (1) (1 (0 1) %)

(5.90)
&’ZIA(rl)(iz—vl)(”z fz)( <‘f2>+/i>
(5.91)
o= (0 B) 6
and
= g () - 6

D. @ motion

Similarly, Eq. (3.17) can be written in differential form as
(again taking the + sign only)

do = dIy + dI?” (5.94)
upon integration which yields
o—o =1 + 1. (5.95)
The angular integral
Ig’)) :/(I_,—E(fzszinze—2fcos9))d6 (5.96)
sin” 04/ Py(0)

can be accomplished by making the transformation

as

cos = —————~+x (5.97)
(dp(s)-%) "
such that it produces the solution
({/,> (i + leﬂEXg) _
1y =|——FF—aE |(A—4
P (S ek
2 2
(LG, + 2fEG)
£y oy o)
i=1 j=1 aij
Clayy) (A= Ao) + 1025 %) (5.98)
X .. — R .
i ’ nf’(so —ajj) ’

where G; and G, are defined through (5.74)—(5.77). On the
other hand, the radial integral

19 _ / "W a(E(r + @+ )
' o A Pr(r)

al —40r) , (5.99)
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can be calculated by affecting the transformation

b3

r=————+4r 5.100
(4o(s) —5) 100
that gives
) _a(E(ri+d+¢%)—qQr —al)

Y = AGy (4= 2o)

2, . alEip, — g0, + (B(a® + £) — al)v)
+ /
2.2 )

« 0. ) — HU(S—UU)
((( i) (A=) +1 G(SO_UU)), (5.101)

where @;, @;, and ®; are identified through (5.88)—(5.93).

VI. DISCUSSION OF THE ORBITS AND
OBSERVABLES

In this part, using the analytical solutions of the equations
of motion that we have obtained in the previous section, we
plot some possible orbit types for fixed energy, angular
momentum, and spacetime parameters. Furthermore, at the
end of the section, we calculate the observables of the bound
orbits and express them in terms of the elliptic functions.

First, we examine the possible orbit types with respect to
the value of the energy parameter as well as the value of the
NUT parameter. In Figs. 7 and 8, orbits are plotted for
E < 1. It can be seen that for E < 1, there may exist one
bound or two bound orbits. In Fig. 7, for the value of NUT
parameter ¢ = 0.1, we obtain two bound orbits [P,(r) has
four real zeros ordered as ry < r3 < r, < r;], while in
Fig. 8, for # = 0.3 (i.e. the NUT parameter is slightly
increased) there exists one bound orbit [P, (r) has two real
zeros]. A further investigation of the bound orbits in Fig. 7
illustrates that there exist two bound regions for r, < r <
ry and ry <r <ry; where in the region r, <r < ry,
r, < ry < ry;ie. the bound orbit exists outside the outer
singularity at r = r,. On the other hand, looking at the
bound region r4 < r < r3, one can see that 0 < ry < r_
while r3 > r,. Meanwhile, in Fig. 8, there exist only one
bound region0 < r, < r <r;wherer, <r_andr; > r,.
The bound region of Fig. 8 is identical to the second bound
region of Fig. 7 in the sense that in both regions, r;, < r_
and ry. > .. (Here, ry;, and rp,, correspond to mini-
mum and maximum values of the r coordinate for the
bound region.) This can be further interpreted as follows: if
the test particle starts its motion at r(4 = 0) = ri;, > rin
(where r;, describes the initial radial position of the
particle), it can pass through the spacetime singularities
at r=r_ and r =r, and can enter the region where
ry < r < rpax- It can also be seen from the graphs of Py(6)
in Figs. 7 and 8 that the test particle can cross the equatorial
plane where at 8 =5, Py(6) > 0.

104031-16



MOTION OF THE CHARGED TEST PARTICLES IN KERR- ... PHYSICAL REVIEW D 93, 104031 (2016)
P,

P,

10

150t 5

100+ -5

50+

o
2 7 6 8 10 12 14 \ E ’ 1 2 3‘ "
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(e) Projection onto xy-plane

FIG. 7. The plots are obtained for the parameters M = 1, a = 0.9, K =10, Q = 0.4, =03, L = 0.5, E = 0.96, # = 0.1, and
m = 1. Here p> = x? + y%. There exist two bound orbits. (a) The graph of P,.(r), (b) The graph of P,(6), (c) 3D-bound orbit with E < 1,
(d) The orbit in r — @ plane, and (e) Projection of the orbit onto xy-plane.
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FIG. 8. The plots are obtained for the parameters M =1, a = 0.9, K =10, Q = 0.4, g = 0.3, L =05, E=096, #=0.3, and

m = 1. Here p> = x> + y2. There exists one bound orbit. (a) The graph of P,(r), (b) The graph of Py(6), (c) 3D-bound orbit with £ < 1,
(d) The orbit in r — @ plane, and (e) Projection of the orbit onto xy-plane
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On the other hand, for £ > 1, one can get one bound and
two fly-by orbits [P,(r) has four real zeros] or two fly-by
orbits [P, (r) has two real zeros] or transit orbits [P,(r) has
no real zeros]. Looking at the P,(r) graph of Fig. 9, it can
be seen that there exist one bound and two fly-by orbits. A
close investigation illustrates that fly-by orbits exist in the
region where r > ry > r, and r < rqy < 0 < r_ [here ry is
the largest real root of P,.(r) while r4 is the smallest real
root of P,.(r)] while a bound orbit can exist in the region
0 <r3 <r<r, where r; < r_ and r, > r,. The exami-
nation of the fly-by orbits illustrates that the particle can
escape to 4-oo if it starts at r = rp;, > r; > r while it can
escape to —oo if it starts at r = ry;, where rp;, <0 < r_
for this case. In Fig. 9, the plot of the three-dimensional
(3D)—fly-by orbit is obtained for a specific value of the
NUT parameter for the region where r >r; > r, [r
corresponds to the largest root of P,(r)]. In this plot, it
is also obvious from the graph of Py(0) that the particle can
cross the equatorial plane.

Meanwhile in Fig. 10, a 3D-bound orbit (with E > 1)
can be obtained similarly for a specific value of gravito-
magnetic monopole moment #. In this figure, the bound
orbit exists in the region 7, < r < . Where in that case
Fmin < 0 < r_ and ry,, > r,. However, for this plot, it is
also clear from the graph of Py(6) that the test particle
cannot cross the equatorial plane.

Finally, for £ = 1 the possible orbit types can be one
bound and one fly-by [P,.(r) has three real zeros] or one fly-
by orbit [P,(r) has only one real zero]. In Fig. 11, we give
an example of the fly-by orbit, while in Fig. 12 we exhibit
the 3D-bound orbit for E = 1 (for the fixed value of the
NUT parameter but different values of charge g of the test
particle). We should also remark that in both plots the
equatorial plane is crossed.

We should further point out that in all the plots except
Fig. 10, the angular motion of the particle is confined to the
interval 6, <0 < 0, where 0 < 8, <7 while 7 < 0, <.
However, in Fig. 10, looking at the graph of Py(6) and also
the projection on the r — @ plane, one can deduce that the
particle is similarly restricted to move in the angular region
6, < 0 <6, where in that case both 8; and 6, lie in the
interval 2 < 0; <z (i =1, 2).

Observables of the bound orbit:

Here, to obtain the observables for a charged particle in
Kerr-Newman-Taub-NUT spacetime, we assume that the
particle makes a bound motion in r and 0 coordinates.
Considering that motion in the r coordinate is bounded in
the interval r, < r < r;, one can calculate the fundamental
period A, for the radial motion as

Ar:2/rl dr :2/°° dv ’
r Pr(r) Vg P3(U)

where P5(v) = 4v3 — hyv — hs with h, and h3 introduced
in (5.42). The integral can be accomplished via the trans-
formation

(6.1)
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1 €y — €3 1/2

5" = ( ) ’
K, \V—e3

where e, e, and e3 correspond to the roots of the

polynomial Ps(v) =0 with k2 = % We also choose

vy = e;. Then one obtains the radial period as

(6.2)

2

AN =——+
Vel — €3

K(x;). (6.3)

where K(x,) denotes the complete elliptic function with
modulus x,.

Similarly, if one considers that the angular motion is also
bounded in the angular interval 6, <6 < 6,, one can
evaluate the fundamental period A, for the angular motion
in the form

o do 2
0, \/Pa(g) \/él —é3

K(kg),  (64)

where in this case e, &,, €3 correspond to roots of the
polynomial P5(y) = 4y* — g,y — g5. Here, ¢, and g5 are

expressed in (5.14) and (5.9), respectively, and Kg = %
Similarly K(x,) describes the complete elliptic function
with modulus xg. Then one can also evaluate the corre-

sponding angular frequencies

T, = n_myer—es (6.5)
AT KK
and
27[ ﬂ'\/él — é3
Ty=—=""F_~—_~- 6.6
"=% " Kixg) (6.6)

for the radial and # motions, respectively.

Furthermore, one can obtain the angular frequencies T,
and T, for the ¢ motion and ¢ motion, respectively from the
solutions of ¢(4) and #(41). By using the arguments outlined
in [40], one notices that the solutions ¢(4) and #(1) can both
be expressed in the following forms:

P(A) =T, (A=2) + (1) +99(2)  (6.7)

and
t(A) = T, (A —Ag) + (1) + 19)(2), (6.8)

where T, and T, correspond to frequencies in Mino time
for ¢ motion and f motion, respectively. From the solutions,
one can obtain
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FIG. 9. The plots are obtained for the parameters M =1,a = 0.9, K = 50,0 = 04,5 = 03,L=15,E=1.1,£/=0.1,andm = 1.Here
p?=x>+y>and r; =10.768 (r; > r,)is one real root of P,(r). There exists one bound orbit and two fly-by orbits. (a) The graph of P,.(r), (b)
The graph of Py(0), (c) 3D-flyby orbit for r > r; > r, with E > 1, (d) The orbit in » — & plane, and (e) Projection of the orbit onto xy-plane.
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FIG. 10. The plots are obtained for the parameters M = 1,a =09, K = 10,0 =0.1,§ =03, L =4, E=1.02,/=1,and m = 1.

Here p? = x? + y%. There exist one bound orbit and two fly-by orbits. (a) The graph of P,(r), (b) The graph of Py(6), (c) 3D-bound orbit
with £ > 1, (d) The orbit in r — @ plane, and (e) Projection of the orbit onto xy-plane.
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FIG. 11. The plots are obtained for the parameters M = 1,a =09, K =1,0=04,§=03,L=05E=1,7#=0.1,and m = 1.

Here p> = x? + y2. There exists one fly-by orbit. (a) The graph of P,.(r), (b) The graph of P, (6), (c) 3D-flyby orbit with £ = 1, (d) The
orbit in » — @ plane, and (e) Projection of the orbit onto xy-plane.
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_(L+20Ex) o a(B(+@ +¢%) —g0r —al)
L= T A(rn)
2 2 LG, +2¢EG, Ea; — qQa,; + (E(a® + ¢*) —aL
+ZZ<§(aij)(l—,’——”l)+€(Uij)a[ ©i— 306 + (/ 177 —al)i ]> (6.9)
— ¢ (ai;) ¢/ (v;)
and
T, = 1" 4 1®) (6.10)
where
TO B2 L2 — a0+ 2+ a2 I(r2 ohy (Ewi — §0a;)
) =E(ri+ ¢ +a*)*—qQ(ri +¢* +a*)r; —aL(r; + 1)] p(v Sy
i=1 j=1 ij
_E_ﬂ% 2 1 (p(vy) +M) T ii[(zE(KZ +a2) _al_,)&),
16 = ©%(v3)) T (vy) i=1
—qQ(fz—l—a )a) + (52_’_612)( (1/”2—|—a ) Z)d)l] Z.:/(Uij) (6.11)
@(Uij)
and
5 _ _
YO = al + ®E*(x2 — 1) + 4alExy — ngz (2fEx9+£)—2fZZ(LG"7LﬂC(%)
— Xg =1 = @(Clij)
. B2 2. 1 o' (b1)
E(Z0 f) by;) — 3 ( by; h)- 6.12
- ( e ;W(bu)g( u) 16 ;@/z(bli) ol 1)+p/(b1i) (12

Finally, as illustrated in [40], the angular frequencies
obtained using Mino time A can be related to the angular
frequencies €,, Qp, and Q, calculated with respect to a
distant observer time as

(6.13)

Considering that these frequencies are not equal, it enables
us to evaluate the precession of the orbital ellipse and
Lense-Thirring effect for angular motions ¢ and 6. These
can be given by

Q =Q,—Q

perihelion ) r Qr = Qq) — Q. (614)
Although we could not provide a numerical value for
perihelion precision and Lense-Thirring effect, we can
deduce that the NUT parameter and the charge of the test

particle definitely influence these observables.

VII. CONCLUSION

In this work, we have examined the motion of a charged
test particle in Kerr-Newman-Taub-NUT spacetime. We

have analyzed the angular and radial parts of the orbital
motion by discussing possible orbit types that may be
observed. In the analysis of the angular part, we can see that
the NUT parameter has a significant effect for the existence
of equatorial orbits such that unlike in the background of
Kerr and Kerr-Newman spacetimes where equatorial orbits
exist for any spacetime parameter, one cannot obtain
equatorial orbits in Kerr-Taub-NUT and Kerr-Newman-
Taub-NUT spacetimes for arbitrary spacetime parameters,
the energy and the angular momentum of the test particle.
Meanwhile, equatorial orbits can exist either if there is the
vanishing NUT parameter (£ = 0) or if the specific relation
(4.9) is imposed between the energy and the orbital angular
momentum of the test particle for the case of the non-
vanishing NUT parameter. Next by making an analysis of
the radial part of the motion, we have classified the orbit
types according to the number of real roots of the radial
polynomial as well as the value of the energy of the test
particle (whether it is smaller or greater than unity or equal
to unity). One can conclude that for £ < 1 either one bound
or two bound regions can be seen. It means that the particle
cannot escape to infinity for the energy value E < 1. For
E > 1 and E = 1, one can observe bound and fly-by orbits
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with respect to the change in the values of the spacetime
parameters and the orbital angular momentum of the test
particle. In the radial part of the motion, we have also
discussed the effective potential. In the plots of the effective
potential, we have seen that the existence of the NUT
parameter and the charge of the test particle affects the
existence of the bound orbits such that as the value of the
NUT parameter decreases and the value of the charge of
the test particle increases, potential well occurs which
further leads to the formation of bound orbits. Furthermore,
we have discussed spherical orbits by calculating the
energy and angular momentum of the test particle in such
an orbit by also investigating the stability. We have
observed that, as the NUT parameter varies, the stable
spherical orbits change their class from retrograde orbits
(where a > 0, L < 0) to direct ones (where a > 0, L > 0).

Next, we have obtained the analytical solutions of the
orbit equations in terms of Weierstrass @, o, and (
functions. The results that we have obtained reduce to
the solutions given in [27] for the case £ = 0 and Q = O (of
course by taking the cosmic string parameter to be unity in
their paper). Furthermore, our solutions go over into the
results presented in [32] and [33] for the cases Z =0,
a =0, and Z = 0, respectively (in the vanishing of mag-
netic charge in their work).

Using the analytical solutions of the equations of motion,
we have obtained the plots of some orbit types in the region
where r > r, for fixed spacetime parameters as well as the
energy and the angular momentum of the test particle. We
remark that as the values of the NUT parameter and the
charge of the test particle vary, one can observe different

PHYSICAL REVIEW D 93, 104031 (2016)

orbit types as can be seen from the plots of the orbits. In all
the plots, we have seen that a bound orbit may exist for all
possible values of the energy of the test particle (i.e. for
E < 1,E > 1,and E = 1) for some particular values of the
spacetime parameters. We have also observed that the test
particle may or may not cross the equatorial plane depend-
ing on the spacetime parameters, the energy, and the
angular momentum of the particle.

In addition, we have theoretically calculated the peri-
helion precision and Lense-Thirring effect for a bound orbit
which has the paramount importance for the detection of
the NUT parameter in astrophysical observations. It can be
seen from the relations of the observables that the NUT
parameter and the charge of the test particle do strictly
affect the perihelion precision and Lense-Thirring
phenomena.

For future work, it would also be remarkable to examine
the equatorial orbits of the charged test particles in the Kerr-
Newman-Taub-NUT background with the relation (4.9)
imposed. Furthermore, one can similarly investigate the
effect of the cosmological constant on the orbital motion of a
test particle in a spacetime where both the NUT and rotation
parameters exist [8]. In addition, a numerical investigation of
the observables for the bound orbits can be made to expose
the existence of the NUT parameter in astrophysical phe-
nomena. These are devoted to future research.
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