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Domain decomposition, multilevel integration, and exponential noise
reduction in lattice QCD
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We explore the possibility of computing fermionic correlators on the lattice by combining a domain
decomposition with a multilevel integration scheme. The quark propagator is expanded in series of terms
with a well-defined hierarchical structure. The higher the order of a term, the (exponentially) smaller its
magnitude, the less local is its dependence on the gauge field. Once inserted in a Wick contraction, the
gauge-field dependence of the terms in the resulting series can be factorized so that it is suitable for
multilevel Monte Carlo integration. We test the strategy in quenched QCD by computing the disconnected
correlator of two flavor-diagonal pseudoscalar densities, and a nucleon two-point function. In either case
we observe a significant exponential increase of the signal-to-noise ratio.
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I. INTRODUCTION

With state of the art techniques, the numerical compu-
tation of hadronic correlation functions in lattice quantum
chromodynamics (QCD) suffers from signal-to-noise ratios
which decrease exponentially with the time separation of
the sources, notable exceptions being the propagators of
nonsinglet pseudoscalar mesons. For connected Wick
contractions, the problem can be traced back to the fact
that, on a typical gauge configuration, the quark propagator
decreases approximately as exp {—M |y — x|/2} at asymp-
totically large distances |y — x|, while the expectation value
of a generic hadron correlator decays much faster [1,2]. For
a nucleon two-point function at zero momentum, for
instance, the signal-to-noise ratio decreases proportionally
to exp {—(My —3M,/2)|yo — xo|}, where |yy — x| is the
time-distance of the sources and (M — 3M,,/2) is as big as
3.7 fm~! at the physical point. The number of configura-
tions needed to reach a given statistical precision thus
increases with the square of that exponential factor. For
disconnected contractions, the problem is even worse due
to vacuum contributions to the variance.

Analogous severe problems afflict the computation of
correlators in a large variety of quantum systems, from the
harmonic oscillator to Yang—Mills theory. In some cases,
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multilevel algorithms have been proposed which lead to an
impressive acceleration of the simulations [3-8] (for a
recent application see Ref. [9]). They take advantage of the
fact that, when the action and the observables depend
locally on the integration variables, the signal-to-noise
problem can be solved by independent measurements of
the local building blocks of the observables. So far, these
ideas have been restricted to bosonic theories.

It is not straightforward to formulate multilevel algo-
rithms for systems with fermions. Once they have been
analytically integrated out in the path integral, the manifest
locality of the action and of the observables is lost. The
fermion determinant and propagator are nonlocal func-
tionals of the background gauge field. In order to make
lattice computations with fermions amenable for multilevel
algorithms, factorizations of fermionic correlation func-
tions have to be found, where the individual terms depend
only on gauge links confined to certain lattice domains.
This cannot be achieved with the exact inverse of the Dirac
operator, because each of its elements depends on the gauge
field over the all lattice. As we will see, however, a series of
approximations can be found which exhibit the various
degrees of nonlocality in the propagator.

In this paper we will pursue two strategies, adapted to
different types of correlation functions, both based on
domain decomposition techniques [10,11]. In the first,
which we will show to lead to an efficient algorithm for
disconnected correlation functions, we define a succession
of domains I'y C I'y C I',, ... which are larger and larger
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and which contain the two endpoints x and y of the
propagator. The latter can then be expanded in series as

S(y.x) = SO (y.x) + [SV) - SO](y,x)

4 [S® — sW](y, x) 4 - -, (1.1)
where S()(y,x) is the inverse of the Dirac operator
restricted to the ith domain, and depends on the values
of the gauge field in I'; only. The larger the domain I';, the
smaller the corresponding term [S(+1) — S()], the less local
is its dependence on the gauge field. By inserting S*) in the
Wick contraction of the disconnected contribution of two
pseudoscalar densities located in different domains, it is
clear that the gauge-field dependence in the product of the
two traces is factorized. The average can then be computed
by a two-level Monte Carlo integration scheme.

The second approach leads one step further, and dem-
onstrates that also connected hadron correlation functions
can be factorized such that multilevel algorithms can be
used. The propagator is approximated by a product of
matrices which depend on the gauge field belonging to
different domains of the lattice. This in turn leads to
factorized correlations and thus to local averaging of them.

In the following sections we present the details of the
proposed computational strategy for the correlation func-
tion of two different flavor-diagonal pseudoscalar densities,
and for the nucleon two-point correlation function. We then
show numerical evidence of the effectiveness of the
strategy in quenched QCD, where only the Wick contrac-
tions need to be reorganized in a factorized form. An
analogous factorization of the fermion determinant is left
for a future publication.

II. QUARK PROPAGATOR AND LOCALITY

Let us take a lattice I' with open boundary conditions in
the time direction [12], and define the domains
FOCF1CF2C"'CF. (21)
We adopt here the same block terminology as in Ref. [11].
We choose the I'; to be a hypercubic domain of lattice
points. Its exterior boundary OT’; is defined to be the set of
all points that have distance 1 from I';. Each exterior
boundary point has a closest “partner” point in the block.
The interior boundary OI'; of I'; consists of all these points.
The set of points that are not in the block is denoted by
It =TI\l (2.2)
For a given domain decomposition of the lattice, the
Wilson-Dirac operator defined in Appendix A, being a

sparse matrix in position space, assumes the block-diagonal
form
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Dr,  Dyr,
D= : .

(Dar:f Dr:
The operator Dy, acts on quark fields on I'; in the same way
as D, except that all terms involving the exterior boundary
points JI'; are set to zero (which is equivalent to imposing
Dirichlet boundary conditions on OJI';). By using the

decomposition in Eq. (B11), the exact quark propagator
between the points x,y € I'; is given by

(2.3)

S(y.x) =S (y.x) + SO (y, wy)

wi W €00

X[DariD_lDarj](Wl,Wz)S(”(Wz’x)’ (2.4)

where

SO (y,x) = Dr) (v.x) (2.5)
depends on the values of the gauge field in the block T
only. Tt is rather clear at this point that we can generate a
succession of approximations S() which, by construction,
converges to the exact propagator when I'; gets larger and
larger. For a typical gauge configuration, when the sink and
the source of the two S() in the sum on the r.h.s. of Eq. (2.4)
are at asymptotically large distances, it holds

tr{SO(y, x)SW (y, x) /2 ~ r{S(y, x)S(y, x) T}/
—iM|y—x]

~e (2.6)
with M, the mass of the corresponding pseudoscalar
meson made of degenerate quarks. A rough estimate of
the distance between the exact and the approximated
propagator is

tr{(S(y,x) — S (3. X)) (S(r.x) = (i) (y,x)T)}1/2 ~ =M,
(2.7)

with d; the average of the distances of x and y from the
interior boundaries of T';.

III. MULTILEVEL INTEGRATION OF THE
DISCONNECTED PSEUDOSCALAR
PROPAGATOR

The decomposition in Eq. (2.4) calls for a multilevel
integration of disconnected contributions to correlation
functions. We test the idea in SU(3) Yang—Mills theory
with open boundary conditions [12] supplemented with a
doublet of quenched quarks, u and d, degenerate in mass.
Both fermions are discretized with the Wilson—Dirac
operator, so that isospin symmetry is exactly preserved.
We compute the correlator of two different flavor-diagonal
pseudoscalar densities (the generalization to other cases
being straightforward)
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FIG. 1.
propagators, red (double) ones are those within a domain.

de Yo, Xo) V)rsd(y)a(x)ysu(x))

N
= W, (3,)
Xy

where Wp (y,x) indicates the Wick contraction of the
fermion fields, and L is the length of the lattice in the spatial
directions.! In a standard Monte Carlo simulation, the
statistical error of Cp,(yo.X() is constant as a function of
|vo — xo| while its expectation value decreases proportion-
ally to exp {—M,|yo — xo|} at large time separations. The
number of configurations n, required to reach a given
relative statistical error thus grows exponentially with the
time distance of the densities, i.e. ng o« exp {2M,|yq — xo|}-

The depletion of the signal-to-noise ratio is particularly
severe at large time-distances. To take advantage of the
locality of the theory, it is therefore natural to divide the
lattice I" in two nonoverlapping thick time-slices I'y and I';).
The first time coordinate of I'j, x{", is chosen approx-
imately in the middle between the two densities (see Fig. 1).
The propagator can then be decomposed using the first and
the second diagonal elements in Eqs. (B11) and Eqgs. (B10),
respectively, furthermore exploiting the fact that in these
equations SK;.O is the exact propagator D~! restricted to

(3.1)

block A, and analogously for A;. The Wick contraction can
therefore be decomposed as

Wp, (y.x) = W) (y.x) + Wil(y.x),  (3.2)
where
W) (v,%) = tr{ysDf! (x,0)} x tr{ysDpl (v, )}, (3.3)

x €'y, and y € I';. The rest of the contraction is given by

W5 (v.x) = Wy (.2) + (To.x) < (T, 7))
+ Wg?(y, x) (3.4)
with

'"Throughout the paper dimensionful quantities are always
expressed in units of the lattice spacing a unless explicitly
specified.

0

The three types of contributions to the disconnected pseudoscalar propagator in Eqgs. (3.3)—(3.6). Black (single) lines are full
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Wi (v.2) = te{ysDf (x.) [Dor, D™ Doy ()

x Dp) (-.x)} > te{ysDp! (v, 3) (35)

W2 (v.x) = te{ys D5} (x.) [Dor, D~ Dor (- )DF! (- x)}
X tr{YsDFgl (v )[Dar; D~ Do, ] (-, ')Dl:(*)l (>}
(3.6)

When the spatial gauge links at x{** are kept frozen, the

dependence of the action and of W't )( y, x) on the remaining
link variables is factorized, while the full propagator enters

the expressions of ng‘) (y,x) and ng)(y,x) only.

A. Two-level integration

When an observable depends only on the link variables
in a given sublattice and the action of the theory is local, it
is useful to define its expectation value restricted to that
domain. This is a function of the link variables at the
boundary of the sublattice only, and do not depend on the
gauge field values elsewhere. For the trace of the Wilson—
Dirac operator that we are interested in, it reads

1

e{rsDF) ()} = -

/Dumg“wwq%Daua»
(3.7)

where D[U], and S[U]r, are the invariant Haar measure
and the action restricted to the domain I, and the sublattice
partition function is fixed by requiring that [1] = 1. By
following the standard line of argumentation in multilevel
integration technique [3-8], it follows that

(tr{ysDr, (x.x)}r{ysDg! (y.y)})

= ([tr{rsDF, (x.x)}] [tr{VsDrgl (v 3)3])-
This suggests that the mean value of ng (y,x) can be
computed with a two-level algorithm. First, we use n
level-0 gauge field configurations to define the boundary
fields, i.e. the spatial components of the gauge field on time
slice x(c)“t which are kept fixed. For each of them, the two
traces are carried out independently on n; level-1 configu-
rations generated independently in the two thick time
slices. Then the average over the level-0 configurations

(3.8)
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FIG. 2. Domain decomposition of the lattice in thick time slices, with the sink and the source of the quark propagator belonging to

blocks distant in time.

of the product of the two means is performed by updating
the gauge links over the entire lattice. The crucial question,
to be answered numerically in Sec. VI, is whether one can
choose n; large enough to profit from the level-1 averaging,
or if instead the variance of the factorized contribution is
dominated by the fluctuations of the spatial components of
the gauge field at the boundary. If n; can be taken large
enough such that the product of the (level-1) mean values is
proportional to exp {—M ,|yy — Xy}, then a good statistical
precision is reached with a number of updates (ng - ny) o
exp {M,|yo — xo|}. Notice that the factor in the exponent is
halved with respect to the standard Monte Carlo.

The contribution from Wg;) (y,x) is expected to be
suppressed, for a typical configuration, by a factor
exp{—M,|xo —x{"|} at large time separations.
Measuring it over the n - n; configurations generated in
the two-level update, by blocking the results and averaging

over the n, of them, may be enough to reduce the error at

the same level of the one of WED? (v, x) (up to a prefactor that

has to be quantified numerically). The last contribution,
Wg >(y,x), is expected to be already proportional to

a
exp{—M,|yo — xo|}. This is of the same order of the
expected signal, and therefore the standard level-0 average

is adequate.

IV. FACTORIZATION OF THE APPROXIMATED
QUARK PROPAGATOR

The decomposition discussed in Sec. II can be general-
ized for approximating the propagator between two points
with a large temporal separation. A simple domain decom-
position, where this can be done in practice, is the one
where the lattice is divided in thick time-slices A; all* of

*We choose this setup for simplicity. The lattice can, of course,
be divided in domains of different sizes if required by a specific
problem.

thickness A, with i =0,...,n—1, n = T/A and T being
the time-extension of the lattice (see Fig. 2). The block
structure of the Wilson—Dirac matrix’ is then given by

.. Dy, 0 0 0
0 D D D 0 0
D p— 0 [8.1'7] D Al.i A!.i+] O ,
AH»l.i AH»I.H»] AH»].H»Z
0 0 Ao

(4.1)

where D, acts on quark fields in A; in the same way as D,
except that all terms involving the exterior boundary points
are set to zero. The off-diagonal terms on the r.h.s. of
Eq. (4.1) are given by

DA/./—] (x’y) =P, U(Jg(xé) - 1’x)(sx,y’
DALH] (x’y) = P—UO(X£)+1 - l’x)5

ey (4.2)
where U (x) are the temporal links, P = (1 £ y,)/2, and
xj = j- A is the first time slice of the block A;. By using
Eq. (A4), it is easy to show that

Dy, =7sDy vs, Dy, =vsD}  rs (43)

The blocking in Eq. (4.1) and the decomposition in
Eq. (B10), or equivalently in Eq. (B11), are the basic
ingredients for constructing an approximated propagator
between two points whose distance is much larger than A.
This can be achieved as described in the following
three steps.

Step 1: If x € A,, and y € A, with [ > m for instance,
choose

The same decomposition applies to the O(a)-improved
Wilson-Dirac operator as well.
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FO - Am—l U Am U s U AI U AH—I' (44)
Thanks to the results in Sec. II
S(y,x) = D) (y,x) + - (4.5)
Step 2: Decompose I’ in overlapping domains
Q=A,UA,U---UA_, i=m+2,---,[+1,
(4.6)
and*
Qf =AU Ay, (4.7)
with the boundary operators of Q; given by
Doo, = Dy, ., T Da, ;s
DQQZ‘ = DAm—Z.m 1 + DA[I 1 (4'8)

By taking the bottom-left off-diagonal element in
Eq. (B10), one arrives at

Z Dg Ys W])D()Q*(W]sWZ)DT (w2, x).
w E0Q,
Wy €08

DFO (y’

(4.9)

Step 3: Since w, and x in Eq. (4.9) are both at least at a
distance A from the exterior boundary of Q;, , one can
replace

Dr!(wy,x) = Dg_zL, (Wa,x) + -+ (4.10)
and arrive to
Dro()” Z DQ*ywl)DAHI(Wl7W2)
w €0,
Wy €0Q)
X Dé}ﬂ (Wy, x) + - (4.11)

The boundary operator D(m;« has been replaced by Dy, |

since this is the only component acting on fields in Q.
By iterating (m — [) times steps 2 and 3, it is easy to show
that one can define an approximated propagator

m+1

S0 (p.x) = (=1 mf[HDg»!DA,,I}@, D3 ()

i=l

*Notice that Q, U Q; =T is valid for i = [ only.

PHYSICAL REVIEW D 93, 094507 (2016)

which satisfies ys-hermiticity. Since in each step the
(inverse) matrix factors have been approximated so that
the source and the sink coordinates are at least at a distance
A from the Dirichlet boundary conditions, we expect

r{(S(y.x) = SV (y.x))(S(y.x)" = SO (y.x)T)}/2 ~ 7Ms2,

(4.13)

The crucial property of the r.h.s. of Eq. (4.12) is that the
dependence on the gauge field is factorized. The various
propagators D! depend on the values taken by the gauge

field in two thick slices only, while the last one Dé}m on

three. Remarkably the formula (4.12) is a systematic
approximation of the exact formula in Eq. (B7) derived
from the LU decomposition of the Dirac operator, see
Appendix B. A succession of approximations of the type in
Eq. (1.1) can finally be constructed by taking larger and
larger values of A.

A. Factorization and baryon symmetry

To insert baryon projectors in the partition function at the
boundaries of the blocks, we can introduce in the action of
the theory a time-dependent U(1),, field 6(x,) constant in

space
Hi XOZA(1+1)—1
0(xp) = , (4.14)
0 xo#A(+1)-1
by replacing
DAi.i+l - DA: it1? DA1+1 ;= el DA,H i (4 15)

Since the A; in Eq. (B2) are #-independent, the dependence
on 6 of the exact propagator can be easily deduced from the
Eq. (B12). It is given by

S(y, x) —>exp{ 29}

yEA,

xX€EA,,

[ > m. (4.16)

The D,,, are also f-independent, and therefore the approxi-

mated quark propagator S)(y, x) in Eq. (4.12) inherits the
very same #-dependence of the exact one in Eq. (4.16), i.e.
the approximation preserves the baryon symmetry.

V. MULTILEVEL INTEGRATION OF PION
AND BARYON PROPAGATORS

There is no unique way to design a multilevel integration
algorithm by starting from Egs. (4.9)—(4.12). A simple
possibility to start with is to divide the full lattice I" in only
two overlapping thick time-slices: ', which includes the
time slices [0, x{™ + A — 1] (it includes one more thick time

094507-5



CE, GIUSTI, and SCHAEFER

1 1
| |
! !
| |
1 [
|

| H
| |
! |
| |
! |
1 I
| |
1 3
! !
!

!

|
|
|
|
|
l
: T e
|
|
|
|
|
|
|

-

PHYSICAL REVIEW D 93, 094507 (2016)

| 1
| |
| |
I I
| |
i |
! Yo |
| |
1 I
| |
1 I
| |
| |
| |

|
1
\ !
!
\

FIG. 3.

slice of thickness A with respect to the I'y defined in Sec. III),
wherex{" = i A, andI'§ whichinclude those in [x{", T — 1].
Open boundary conditions in time for the full lattice are
again assumed for simplicity. By taking the bottom-left
off-diagonal element of the decomposition (B10), and by
replacing the full propagator with Dgol, the approximated

factorized propagator can be written as

(yvx) 1"* (yv )Dara(»)DE()l(vx) (51)
where x € T'yand y € T}, see Fig. 3. In this setup A is simply
the thickness of T, NI';. Inorder to cut the fermion lines in the
Wick contractions, so to transform the matrix products into

ordinary ones, we introduce the projector

Py(y.x) = iqbi(xm ) (5.2)

where ¢; are N, orthonormal vectors. The projector is then

used to define a further approximated propagator
-1

Dl-_0 J(x).

§0(y.x) = _Z[Df[ngarg¢i]()’) 2 (5.3)

i

In the following sections we will use two different set of
vectors ¢;: those which span the deflation subspace as
definedinRef. [13],and N,, orthonormal vectors constructed
by applying 10 inverse iterations of the Wilson-Dirac
operator defined in the domain Q= Ay UA; with
Dirichlet boundary conditions on its exterior boundaries.

L's

Sketch of the factorized approximation of the pion and baryon propagators.

A. Connected pseudoscalar propagator

The correlation function of two flavor nondiagonal
pseudoscalar densities is defined as

L3Z
—;;wpc(y,x»

where Wp _(y, x) is the corresponding Wick contraction. By
using the factorized propagator in Eq. (5.1), the approxi-
mated Wick contraction can be written as

Cp. (0. X0) y)ysu(y)i(x)ysd(x))

(5.4)

= tr{SO(y, x)SD(y,x)}.

f
Wi (3.x) (5.5)
When T, or equivalently A, gets larger and larger, the
Eq. (5.5) generates a succession of approximations whose

rest

r f
Wi (3.x) = W () = Wp)(vx)  (5.6)
converges exponentially fast to zero. Even if the gauge field
appears in a factorized form, it is difficult to implement a
multilevel integration scheme by using Eq. (5.5). To this
aim we can use the approximated propagator in Eq. (5.3),

and define

(5.7)

x) = Zéij(y)Bji(x)
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where

B;j(x) = [¢ngU1y5](x)[D;O]y5¢j](x),

Bj;(y) = [¢j75D8F3DF(’;175](Y)[DF£D9F3¢j](y)v (5.8)

and the vectors ¢; depend only on the gauge links
belonging to the thick time slice €7 _;. When the gauge

links in Q7 _, are kept frozen, the dependence of the action

and of V~V§Df) (v, x) on the remaining link variables in I, and

c

I'; is factorized. A multilevel similar to the one designed in
Sec. III can thus be easily implemented.

B. Nucleon propagator

A possible choice for baryon interpolating operators is

N = [u“T Cysd’]de?c, N = d°[d'CysusT)ef*.  (5.9)

The corresponding two-point function reads
1 _
Cn(Y0.Xo) = EZUKN (V)N (x))P_]
Xy
1
:EZ{O/VNI(y’x)>_<WN2(y’x)>}’ (5.10)
xy

where C = iy,y,, and the trace is over the nucleon spinor
indices. The Wy (y,x) and Wy,(y, x) are the two Wick
contractions

Wi (y, %) = t[Si (v, x)CrsSy (v, x)Crs)
X tr[SS¢ (y, x)P_le®*ce/ e,

Wa(x,y) = tr[Se (v, x)CysSte (v, x)P_S (v, x)

x Cyslecele9, (5.11)

where again the trace is on the spinor index only. The
factorized approximation of the nucleon Wick contractions

Wg)l and Wg% are defined analogously to Wy and Wy, by
replacing on the r.h.s. of Egs. (5.11) each quark propagator
by its approximated factorized expression in Eq. (5.1).

Finally the corresponding Wg)l and W](% are defined as

o (f
ng)l (v.x) = _ZB[‘fpfwfkﬂ]T}’sP—B[’h,71177715)’]

ijk
5 (f
WE\,)Z(y,x) = _ZB[ék,fhfﬁx]T}’sP—B['h,ﬂj,ﬂk;y]
ijk
(5.12)
where
& = ¢,TD1201, ni = DFgDargfﬁh (5.13)

PHYSICAL REVIEW D 93, 094507 (2016)

and the colorless spinors

Blsi. s, 5% x]g = €®{[s]] (x) Cys[s;]” (x) Hsala (%)
(5.14)

have been introduced. By choosing again the vectors ¢; to
depend only on the gauge links belonging to the thick time
slice QF _,, the two colorless spinors on the rh.s. of
Egs. (5.12) depend only on the gauge links belonging to
[y and I U Q; _, respectively. When the links belonging
to QF _, are kept frozen, the dependence of the action and

of the two approximated Wick contractions is factorized.
Also in this case their mean value can then be computed
with a two-level algorithm analogous to what has been
described in Sec. III for the disconnected pseudoscalar
propagator. Contrary to the pion propagator, the signal-
to-noise ratio in the baryon correlator is exponentially
suppressed with the distance of the sources. If it turns out
to be profitable to choose n; so that the product of the
(level-1) mean value of the two colorless spinors is
significantly reduced, and possibly proportional to
exp {—My|yo — Xo|}, then a good statistical precision is
reached with a number of updates of the lattice
(ng-ny) xexp{(My—3M,/2)|yo — xo|}. Notice again
that the factor at the exponent is halved with respect to
the standard Monte Carlo procedure. The remaining cor-
rection can be computed by a two-level algorithm with a
succession of simulations with larger and larger ['. Also in
this case the real effectiveness of the multilevel can only be
quantified by a realistic numerical test, see below.

VI. NUMERICAL TESTS FOR THE
DISCONNECTED PSEUDOSCALAR
PROPAGATOR

We test the ideas discussed in Sec. III in the quenched
approximation of QCD. We discretize gluons and fermions
with the Wilson action, and we impose open and periodic
boundary conditions in the time and spatial directions
respectively [12,14]. The inverse coupling constant is fixed
to f =6/ g% = 6.0, the length of each spatial direction to
L = 24, and the time extent to 7' = 64. The lattice spacing
is a = 0.093 fm as fixed by assuming a physical value of
0.5 fm for the Sommer scale ry/a = 5.368 [15]. The up and
down quarks are degenerate. Their masses are fixed by the
hopping parameter value x = 0.1560, corresponding to a
pion of approximately 455 MeV [16].

Numerical simulations have been carried out with a
modified version of the openQCD code version 1.4 [14,17].
We have generated ny = 200 level-0 independent gauge
field configurations spaced by 400 molecular-dynamics
units (MDUs) with the Hybrid Monte Carlo (HMC).
Following Sec. III, the lattice has been split at x{" = 32
in two domains of equal size I'y and I';. For all level-0
background gauge fields, n; = 100 level-1 configurations
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were generated by updating the two regions independently
while keeping fixed the spatial links at x§" = 32. Also for
these updates we used the HMC by skipping 400 MDUs
between measurements, a very conservative choice for
which the generation of the level-1 configurations is still
cheaper than the computation of the Wick contractions.
Within this setup, the correlator in Eq. (3.1) is naturally
decomposed as

f r I
Cr, (30:30) = Cp) (0. %0) + C5; (0. 50) + € (0. x0)-
(6.1)
The fully factorized contribution can be written as
CPd (o, X0) = <[Ztr{75Dr x x)}}
«[Setsodont])). 62
¥
The other two terms are given by
Cl("d (o, Xo) ng W + (T, x) < (I, ).
(6.3)
(r2)
C yO’ 'xO L’; Z 7 a (6'4)

where Wg;r;)(y,x) and Wg?(y,x) are defined in Egs. (3.5)
and (3.6). If the Wilson—Dirac operator is written as

2kD = 1 — KDy, (6.5)
the trace can be reexpressed as’ [18-20].
tr{}/SD 1} = Kptr{ySDhop _1} P < 8. (66)

By choosing p =8, all the traces appearing in the
contributions (6.2)—(6.4) have been estimated stochasti-
cally, e.g.

Ngre

ZZ% ()l

src i=

Ztr{ySD X, X }—>

SDEQPD 1}’577i] ('x) 4
(6.7)

by inverting the various Dirac operators on the very same
ng. = 100 Gaussian random sources #; [21,22], defined on
the whole space-time volume,” and by contracting the

>For the O(a)-improved Wilson-Dirac operator p < 2.

For the factorized contribution the #; acts effectively as two
independent random sources, one for each domain. The estimate
of the two traces is thus obtained with a single global inversion
per random source.

PHYSICAL REVIEW D 93, 094507 (2016)

solution with a time slice of #;. The hopping parameter
expansion, used in Eq. (6.6), reduces the variance of the
stochastic estimator significantly. Other techniques [23-26]
may further reduce the cost of the computation, but we
prefer to keep it simple and focus on factorization.

The C §f contribution is estimated by first averaging, for
each of the level-0 configurations, the two traces inde-
pendently over the n; level-1 background fields. The
expectation value of the product of the two means is then
computed by averaging over the n, configurations. The
other two contributions are computed as if the n; (subset of)

configurations, generated for each of the level-0 boundary

fields, were correlated level-0 ones. The measures of cﬁf;’

and C gj) are thus grouped in bins of 7, and the expectation

values and their errors are determined as usual by treating
the bins as n, independent measurements.

A. Numerical results

The numerical results for ng, cﬁfj}, and ng) are plotted

in Fig. 4 as a function of the time separation of the
pseudoscalar densities. The central values and their errors
are shown in the plots on the left and right columns
respectively. The best estimate of Cp, (the sum of the
three) is also shown in each plot on the left for comparison.
In all cases x and y, belong to different domains, y, > x,
and they are chosen to be as much as possible equidistant
from x§".

The statistical error on CQ, top-right plot of Fig. 4, is a
flat function of |y — x| with sizeable deviations near the
boundaries of the domains. Error bars are smaller than the
symbols. Up to the largest value that we have, n; = 100,

the error decreases as n; ~1 j.e. the two-level Monte Carlo

works at full potentiality. The mean value of ng, top-left

plot, is compatible with zero. The correlation between Cp,

and ng goes from 0.9 to 1.0 when |y, — x| varies from 15
to 50, a value which collapses toward zero when the
multilevel is switched on.

The statistical error on ng), middle-right plot of Fig. 4,
shows a strong dependence on |y, — xo|. It is compatible
with an exponential behavior of the form exp{—M|y, —
xo|/2} as expected from Eq. (3.5) by taking into account
that in our setup |yg— xo| ~ [yo — x§"|/2, but with an
effective mass M = 0.14 lighter than expected and roughly

2/3 of the pion mass.” It decreases as nl_l/2 up to n; = 100
and, at fixed time distance, it becomes the dominant
contribution to the error of Cp, once a large enough
number n; of level-1 updates have been carried out. The

(r1)

mean value of Cp'" is roughly 2/3 of the full correlator at

|vo — xo| = 15, and it becomes the dominant contribution

"We did not attempt to study the dependence of this parameter
on the finite size or other sources of systematics.
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FIG. 4. Left-column plots: the three contributions on the r.h.s. of Eq. (6.1) are shown, together with the best estimate of the full
correlator (the sum of the three), as a function of the time separation |y, — x|. Right-column plots: the errors of the various contributions
are shown as a function of the time distance for various values of n;.

up to |yg — xo| = 33, after which the signal is lost. The

)

statistical errors of ng decreases exponentially as

exp{—M|yo — xo|} as expected from Eq. (3.6), and it scales
as nl_l/ :

A clear picture emerges from the above analysis. At large
time distances, the statistical error on the standard estimate
of the disconnected pseudoscalar propagator is dominated
by the one on ng. The second largest contribution is the

(r1)

statistical error on Cp!” which, however, is exponentially

suppressed as exp{—M|y, — xo|/2}. Once the two-level

. . . f
integration is switched on, the error on CE,; decreases as

- : . 8 —1/2
ny!, while the one on c};‘,) continues to scale as” n; /2 The

A two-level algorithm can be used to further reduce the
statistical error on C Pr('i by a domain decomposition of the exact
inverse D! in Eq. (3.5) with the cut at, for instance, x, = 40.
This is an improvement which goes beyond the exploratory
numerical study of this work.
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FIG. 5.

The best estimate of Cp, (v, xo) (left) and of its error (right) are shown as a function of the time distance, with and without two-

level integration of the factorized contribution. In the latter case the n; (subset of) configurations, generated for each of the level-O0
boundary fields, are treated as if they were correlated level-0 ones. The n; measures are thus binned together, and the mean and its error

are computed as usual by treating the bins as independent.

parameter n; can thus be tuned, up to a prefactor of
O(1), so that n; ~exp {Md} with d being the maximum
temporal distance in which one is interested in.” This way

the error on the factorized contribution is reduced to the

level of (or below) the uncertainty on ng‘) at the same cost

of generating n - n; global configurations. The net com-
putational gain is therefore ~n;, and a good statistical
precision is reached with a number of updates (ng - n;) o
exp {M,|yo — xo|}. Notice that the factor at the exponent is
halved with respect to the standard Monte Carlo.

Our best estimate of the disconnected pseudoscalar
propagator is shown in Fig. 5, where also the result without
the multilevel is reported for comparison. Using the two-
level algorithm, the signal-to-noise ratio remains larger than
1 for ten additional time slices. This is better seen in the
right plot, where the statistical error is shown in the two
cases. With the standard Monte Carlo the error is approx-
imately flat, while for the two-level algorithm it decreases
exponentially. The reduction is evident from distance 15,
and becomes approximately n,/ = 10 at the point x, = 30
that was taken to fix n;. For n; = 100, the overall gain in
the computational cost is approximately 50 since we have
to invert two time the Wilson—Dirac operator on each
random source.

VII. NUMERICAL TESTS FOR THE PION
PROPAGATOR

We have tested the factorized approximation of the quark
propagator within the same lattice setup of the previous
section. The number of independent gauge configurations
has been increased to 1000. For each of them 10 Gaussian

The contributions Cpfj and C<r‘1 can be computed with
different number of sources, different value of p for the HPE,
etc. The prefactor of this estimate can thus change depending on
the details of the computation.

random sources have been generated on the time slice at
Xo = 4, and the exact and the approximated quark propa-
gators, as defined in Egs. (5.1) and (5.3), have been
computed on the sources. The corresponding pion propa-
gators have then been calculated by contracting the indices
and averaging over the random sources as usual. The very
same sources have been used for Cp_(yy,xo) in Eq. (5.4), for

Z

) (vo. x0) = X=fr, (7.1

and for the analogous correlators C’fvfc) and C‘Efz. Similarly to
Eq. (1.1), the pion propagator can be expanded as
C( )] 4 C;)reﬂt)'

Cp, = Cp) +1Cp) = 1 +[cr - (72)

where ng for i =0, 1, 2 is a succession of factorized

propagators cj,f} as defined in Eq. (7.1) for x{" = 24 and for
<mt) = C(r) for A = 16.

The correlation between Cp_(y. ) and C (yo, 4) turns
out to be practically 1 for all y, and for all three values of A.
In the plots on the top of Fig. 6 we show the central values
and the statistical errors of the five terms appearing on both
sides of Eq. (7.2) as a function of y,. The statistical errors
are normalized to Cp (v, 4). If we pick up a typical point,
yo = 40, we get

A =8, 12, 16 respectively, while C)p,

CY) = (101.1 £ 1.3) x 107,
[Cy) - )] = (522+0.15) x 107,
(€ = V] = (159 +0.07) x 1077,

CpY = (0.48 +0.05) x 107 (7.3)
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FIG. 6. Top line plots: central values (left) and their statistical errors (right) of the five terms appearing on both sides of Eq. (7.2).
Middle line plots: analogous results but for a factorized approximation where a projector on the deflation subspace has been inserted to
cut the fermion lines. Bottom line plots: the same but with fermion lines cut by a projector defined via 120 modes computed by the

inverse iteration technique, see main text.

All these results show that, for this quark mass, the
factorized correlator approximates the exact one at the
level of 5% already for A = 8, a precision which increases
by one order of magnitude for A = 16. The reduction of the
central value of [Cg) - CS;’C_D] is in line (even a bit faster)

with the expectations from Eq. (4.13), while the decreasing
of its statistical error is a bit slower.

The two plots in the middle of Fig. 6 show analogous
results but with the factorized propagators computed by
inserting s (v, x), as defined in Eq. (5.3), in the contrac-
tion. The set of orthonormal vectors ¢; are chosen to be
those which form the deflation subspace generated from
N, = 60 global modes as defined in Ref. [13]. The cut is

again at xf)‘“ =24, and A = 8, 12, 16. It is clear that the
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contribution from the deflation subspace saturates nicely
the exact pion correlator, and that the factorization com-
bines well with deflation provided the number of modes is
large enough.

Finally in the plots on the bottom of Fig. 6 we show
analogous data but with the ¢; being N,, = 120 orthonor-
mal vectors computed by applying 10 inverse iterations
of the block Wilson—Dirac operator, defined in the thick

PHYSICAL REVIEW D 93, 094507 (2016)

time-slice ; _; = A; _; U A; , on randomly chosen vec-

tors. In this case the leading contribution 6}? can be written

as a sum of a manageable number of terms defined as in
Egs. (5.7)—(5.8). Since the ¢; depend on the gauge links
belonging to € _; only, each term in the sum could have
been computed with a two-level Monte Carlo by keeping
frozen the links in €27 _; during the level-1 updates. It is our
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FIG. 7. Top line plots: central values (left) and their statistical errors (right) of the five terms appearing on both sides of Eq. (7.2). For
clarity in data are shown only up to x, = 41, after which the signal for the correlator is lost. Middle line plots: analogous results but for a
factorized approximation where a projector on the deflation subspace has been inserted to cut the fermion lines. Bottom line plots: the
same but with fermion lines cut by a projector defined via 120 modes computed by the inverse iteration technique, see main text.
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experience, however, that for the pion propagator this is not
cost effective as for baryons, see below. It must also be said
that, while NV,, = 120 is good enough for the lattice setup
we have chosen, this number may have to be increased
significantly at larger volumes.

VIII. TESTS OF TWO-LEVEL INTEGRATION FOR
THE BARYON PROPAGATOR

We have computed the baryon propagator on the same
ny = 1000 configurations used for the pion in Sec. VIL
Also in this case we have calculated the exact correlator
Cy (9, Xg), and the various contributions defined as

Z{ Nl yx) ( Nz(y’ X))},

X=f1r

CN Yo, xo

(8.1)

by using the exact quark propagator and the factorized
approximations as defined in Egs. (5.1) and (5.3). All of
them have been determined starting from 4 point sources
located at a randomly chosen spatial position on the time
slice at xo = 4.

As for the pion, we expand the nucleon propagator as

(rest)

Cy=C +lCy — VT +Iey - ey 1+ 6.

(i)

(8.2)

where C)/ for i =0, 1, 2 is a succession of factorized

correlators Cz(v) as defined in Eq. (8.1) for x{"" = 24 and for

=8, 12, 16 respectively, while Cﬁf,ebt) = C1(V> for A = 16.
The correlation between Cy(yg,4) and ng (vg,4) is practi-
cally 1 for all y, and for all three values of A also for
the nucleon. In the plots on the top of Fig. 7 we show the
central values (left) and the statistical errors (right) of the

five terms appearing on both sides of Eq. (8.2) as a function
of y,. Due to the exponential suppression of the signal with

PHYSICAL REVIEW D 93, 094507 (2016)

statistical errors, especially the smallest three contributions.
On the right plot the statistical error of the exact correlator
(and of all the others) follows the expected exponential
behavior « e=3M=10=4/2 (black line) with M, = 0.215 from
Yo 2 25, fully confirming the analysis in Ref. [1]. The
hierarchy among the statistical errors of the various terms is
evident in the left plot of Fig. 8, where the errors are
normalized to the one of the exact correlator. If we pick up a
typical point, y, =35 not to lose the signal for the
correlator, we get

CY = (21.3+4.6) x 10713,

[Cy) - CY)] = (144 £0.83) x 1071,

[c? - §V] (0.78 £0.35) x 10713,
= (

0.13 £0.20) x 10713, (8.3)
At this quark mass, the factorized correlator approximates
the exact one at the level of 5%—10% already for A = 8§, a
precision which increases for A = 16 even though the
statistical errors are too large to justify a more precise
statement. The reduction of the statistical error from top to
bottom in Egs. (8.3) is more than a factor 20, and it seems to
decrease a bit slower than the expectation from Eq. (4.13).
The other four plots in Fig. 7 are analogous to the ones
for the pions. The two plots in the middle show the results
for the factorized propagators computed by inserting in the
contraction S®(y, x) as defined in Eq. (5.3). The set of
orthonormal vectors ¢; are chosen to be those which form
the deflation subspace. The cut is again at x{" = 24, and
A =8, 12, 16. The remarkable fact is that the contribution
from the deflation subspace saturates nicely the exact
nucleon correlator, provided the number of modes is large
enough. The factorization combines well with deflation.
Finally in the plots on the bottom of Fig. 7 we

respect to the noise the data on the left plot has large  show analogous data but with the ¢; being N,, = 120
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FIG. 8.

Yo

Left: statistical errors of the four terms appearing on the r.h.s. side of Eq. (7.2) normalized to the error of the exact propagator

on the Lh.s. of the same equation. Right: analogous results but for a factorized approximation where the fermion lines are cut by the
projector defined via the 120 modes computed by the inverse iteration technique, see main text.
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FIG.9. The total gain on the statistical error of C,(\? (95 x9) in the two-level Monte Carlo (top left) is due to various factor: the sum over
all the points on the time-slice at x, = 4 (top right), the averaging over the n; level-1 configurations (bottom left), the two-level
averaging of the B-spinors (bottom right). See main text for more details.

orthonormal vectors computed as for the pions. The
statistical errors normalized to the one of the full correlator
are shown on the right plot of Fig. 8.

A. Two-level Monte Carlo

The colorless spinors B in Egs. (5.12) depend on the
gauge field belonging either to Iy or I';. When the links in
Q} are kept frozen, the dependence of the action and of the
approximated contractions on them is factorized. We can

thus compute c§§) (g, xp) with a two-level Monte Carlo.
For ny = 50 level-0 configurations (the first 50 of the 1000
generated previously), we generate n; = 20 level-1 gauge
fields' by freezing the link variables in Q; . The thick time-
slice averages of the colorless spinors are then performed
independently on the level-1 configurations, and the matrix
elements of y5P_ between the spinors is averaged over the
50 level-0 boundary fields.

In the top left plot of Fig. 9 we show the total reduction
achieved for the statistical error on C\ v (Yo, X0). In

"When n; is not a large number, it is feasible to avoid the cut
of the fermion lines by computing the factorized propagator on
the n? combinations of level-1 configurations.

particular what is plotted in this graph is the ratio of
(a) the statistical error on the factorized correlator—
computed by averaging over the 1000 level-O0 configura-
tions at our disposal and the 4 point sources and finally

multiplied by 4/1000/50—over (b) the statistical error
achieved with the two-level integration. For y, 2 30 we
observe a sharp reduction of the error by a factor which
becomes 40-50 for y, = 40. The cost per level-0 configu-
ration, without counting scalar products and updates, is
roughly 70 times higher. For a given target statistical error,
this results in a net reduction of the cost of the simulation of
20-40 times.

The origin of the gain is due to various factors: sum over
all the points on the time slice at x, = 4, averaging over the
n; level-1 configurations, two-level averaging. On the top
right plot we show the ratio of the errors of the local
estimator, averaged over the 4 point sources and multiplied

by 1/1000/50, over the one on C\ (y,. xo) obtained with
the 50 level-O configurations only. After a few transient
time slices, the gain is in the range 2-3. On the bottom left
plot we show the gain due to the averaging over the
n; gauge configurations but without two-level integration.
We just bin the n; measurements for each level-0
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FIG. 10. Left: best results for Cy(yg, x) with and without two-level integration, and for Cg\?) (0 xo)- Right: same as in the right plot of

Fig. 8 but with the error on C§3>
two-level estimate of the exact correlator.

configurations, and we compute the errors considering the
bins as independent. After few time slices were no gain is
observed due to the freezing of the links belonging to Q7 ,
the gain scales approximately as |/n;. In the bottom right
plot the reduction of the error due to the two-level
independent averaging is shown. For y, 2 35 the gain is
clearly visible, and at larger distances saturates the
expected /n; factor up to n; = 20.

The final results for the correlator with and without the
two-level integration are shown in the left plot of Fig. 10. In
the two-level Monte Carlo the signal-to-noise ratio for the
factorized contribution remains larger than one for 10
additional time slices with respect to the standard evalu-
ation. When we add the rest of the correlator, Cg\;), the gain
reduces to 5 additional points. The effectiveness of the two-
level integration is better seen on the right plot of Fig. 10,
which is a replica of the right graph in Fig. 8 but with the
error on Cg\(,)) coming from the two-level integration (error
with standard Monte Carlo also shown with shadow red
points). For completeness we report also the statistical error
on our best two-level estimate of the exact correlator,
normalized to the one obtained with the standard
Monte Carlo.

A rather clear picture emerges, similar to what we
discussed for the disconnected correlator. At large time

distances, the statistical error on the standard estimate of

(0)

Cy is dominated by the one on C)’. Once the two-level

(0)

integration is switched on, the error on C)’ decreases
roughly as n7!, while the one on the rest of the correlator

continues to scale as nl_l/ 2. We thus tuned ny so that the

(0)

error on C)y’ is smaller (roughly 1/2) of the uncertainty on
[C,(\p - CI(\(,))] at the same cost of generating n - n; global

configurations. If one wants to gain further (beyond the

scope of this paper), the leading correction [C](\}) - C](\(,))]

(ygs x¢) from the two-level Monte Carlo. For completeness we show also the statistical error on our best

needs also to be integrated with a two-level algorithm with
A = 12. This way the error on this contribution can be

reduced at the level or below the one on cﬁ&’) (vg, Xo) and
[Cﬁ) - CS\})}, and so on. A good statistical precision can
thus be reached with a number of updates of the lattice
(ng-ny) xexp{(My—3M,/2)|yo — 4|}, i.e. a factor at
the exponent which is halved with respect to the one in the

standard Monte Carlo procedure.

IX. CONCLUSIONS

The numerical computation of many interesting hadronic
correlation functions in lattice QCD suffers from signal-to-
noise ratios which decrease exponentially with the time
distance of the sources. Notable examples are meson
correlators with disconnected contributions, static-light
correlators, baryonic correlation functions with and without
disconnected Wick contractions, etc. Based on the expe-
rience in purely bosonic theories, our physics intuition
would suggest that multilevel algorithms would lead to an
impressive acceleration of those computations, opening
new perspectives in lattice QCD.

Formulating multilevel integration schemes in systems
with fermions, however, is not as straightforward as for
bosons. The gauge-field dependence of the fermion deter-
minant and of the propagator need to be judiciously
factorized before integrating the Wick contractions. Here
we have shown that this can be achieved in (quenched)
QCD by properly combining the ideas of multilevel
integration and domain decomposition of the quark
propagator.

The numerical tests that we have carried out for the
disconnected correlator of two flavor-diagonal pseudosca-
lar densities and for a nucleon two-point function show
indeed that the signal-to-noise ratio increases exponentially
with the time distance of the sources when a two-level
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integration is at work. In the very simple setup that we have
implemented, the number of configurations needed to reach
a given statistical precision is proportional to the square
root of those required in the standard case.

For the strategy to be useful in full QCD, the next step is
to devise a similar domain decomposition for the quark
determinant.
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APPENDIX A: WILSON-DIRAC OPERATOR

The massive Wilson—Dirac operator is defined as [27]

D = DW -+ mg, (Al)
where m( is the bare quark mass, D, is the massless
operator

1
Dy =5 {1, (Vi +V,) = ViV,.}, (A2)
¥, are the Dirac matrices, and the summation over repeated

indices is understood. The covariant forward and backward
derivatives V,, and V, are defined to be

Vap(x) = U, () (x + ) = w(x),

Vi (x) = y(x) = Ul(x = fw(x = f), (A3)
where U,(x) are the link variables. The Wilson-Dirac
operator satisfies the ys-hermiticity relation

D= 75D+75~ (A4)

APPENDIX B: LU FACTORIZATION
OF THE BLOCK-BANDED
WILSON-DIRAC OPERATOR

The LU factorization for block banded matrices leads to
the simple result for the Wilson—Dirac operator [28]

PHYSICAL REVIEW D 93, 094507 (2016)

Dy, Dy, O
Dy, Da, Da,
0 Dy, Dy,

1 By, 0O A 0 0

0 1 B Dy, A O
—l10o o0 1 0 Dy, A ’

(B1)

where the block matrices D A, are defined in Egs. (4.1)—

(4.2), while the A; and the B; are defined uniquely in terms
of the D, by the following recursion relations

AT—I = DAT—LT—] ’
Ai = DAiAi - DAi.i+1Al._":1DAi+1Ai (i =0,....T~ 2)’
B;=D, A7, (i=0,..T=-2). (B2)

Using the factorization (B1), the linear system Dy = 5 can
be easily solved, again leading to recursion relations. Let us
consider the case where the source 7 is nonzero only on one
thick time slice A;. Solutions for sources on multiple time
slices can be obtained by superposition. The system

1 B, 0 .. 0
X .
0 1 B, ’ :
X1
0 0 1 = | (B3)
XT-1
0 1 0
is solved by
T8 e i<k
0 i>k

where in the first line the obvious ordered product has to be
taken. Using Eq. (B2) we can rewrite

k=1
[I=B)m = (=)D, ATl Dy, A )nis (BS)
=i

where for i < k the y; have support only on the boundaries.
By solving the system
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Ap 0 0

Dy, A0 Yo X0

0 Dy, A 1= | (BY
Y1 XT-1

we get the final result

wo = Ay %o,
wi = A7 (yi — Dy, Wio1)

i

(i=1,...,T-1). (B7)
As for the y;, the second term in the parentheses on the
rh.s. of Eq. (B7) live on the boundaries. The matrix A;!
propagates these two contributions into the center of the
thick time-slice. The Eq. (B7) is the basis of the so-called
Thomas algorithm for the solution of (block) banded linear
systems [28].

—1

D_l _ ( AO,O
_n-1 —1 -1
DAl.lDAl-OSAvo DA].]

PHYSICAL REVIEW D 93, 094507 (2016)
1. The 2 x 2 case

The previous derivation for the 2 x 2 block-banded
Wilson-Dirac operator

_ <1 Dy, Dy ) < Shys
0 1 Dy,

where the Schur complement is defined as

SAo.o = DAo.o - DAO.IDX]I.IDAI.O’ (B9)
leads to
—1 -1
_SA().ODAO.IDAH (BIO)
+D3' D,y S7' D, D7!
Ay Avo Aoo A1 Apy

It is worth noting that SK;O is the exact block in the block inverse of D, and one can turn this formula around and compute
SX(])O by projecting the full propagator D! to the block A,. By putting the Schur complement in the bottom-right block, the

analogous formula can be written as

-1 -1 —1 -1 -1 -1
D1 — (DAO_O + DAO_ODAo,ISAl.lDA],ODAOD _DAOYODA(MSAI_I ) ‘ (Bll)

_¢-1 -1
SAI,IDALODAO.O

with Sy | defined as in Eq. (B9) but with 1 < 0.

2. Approximate factorization

The formulas (B4) and (B7) factorize the solution vector
in terms of thick time slice matrix products. Only the matrices
A; carry the dependence on the links that belong to several
slices, via (nested) Schur complements. The Eq. (4.12) can
be derived from Egs. (B4) and (B7) by a systematic

—1
Sh

approximation of the LU decomposition. As in Sec. IV we
choose the source point x € A,, and the sink y € A; with
[ > m, see Fig. 2. By using Eq. (B7) it is easy to show that

w = (=D)""A Dy AL Dot W (B12)

By approximating A; with Dq: and v, with Dg_z,lM”m we
arrive at Eq. (4.12).
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