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We calculate the neutral pion photoproduction on the proton near threshold in covariant baryon
chiral perturbation theory, including the Δð1232Þ resonance as an explicit degree of freedom, up to chiral
order p7=2 in the δ counting. We compare our results with recent low-energy data from the
Mainz Microtron for angular distributions and photon asymmetries. The convergence of the chiral series
of the covariant approach is found to improve substantially with the inclusion of the Δð1232Þ resonance.
DOI: 10.1103/PhysRevD.93.094018

I. INTRODUCTION

Single pion photoproduction on nucleons has been
abundantly studied since the early 1950s. The first low-
energy theorems (LET) trying to describe the reaction close
to threshold were obtained in the pioneering work of Kroll
and Ruderman [1] in a model-independent way by impos-
ing gauge and Lorentz invariance. Their results were later
improved by using current algebra and the partial con-
servation of the axial current [2,3]. These LET were quite
successful on the description of the charged pion channels
but showed clear discrepancies with data for the γ þ p →
pþ π0 process [4–7].
Bernard et al. [8,9] found some corrections coming from

loop-diagram contributions in a chiral perturbation theory
(ChPT) calculation, which significantly reduced these
discrepancies. Later, they calculated the reaction in
heavy-baryon ChPT (HBChPT). This approach, introduced
in Refs. [10,11], provides a systematic power-counting
scheme solving the problems found in Ref. [12] for the
loops with baryons. For the data available at the time, the
agreement with a fourth-order analysis was very good [13].
However, the advent of new and high precision threshold

data for both cross sections and photon asymmetries [14],
from the Mainz Microtron (MAMI), showed that this
approach is not sufficient for the full description of the
process. In fact, the agreement of the HBChPT calculation
up to Oðp4Þ with data is good only up to about 20 MeV
above threshold, as shown in Ref. [15]. For higher energies,
the convergence is spoiled and would require an even
higher-order calculation with many unknown low energy
constants (LECs).
On the other hand, there are some alternative renorm-

alization schemes to deal with the power-counting problem
of the baryon loops. In particular, the extended on mass
shell (EOMS) ChPT [16,17], though technically more
complicated, keeps covariance and satisfies analyticity

constraints, both lost in the HBChPT formulation.
Furthermore, it usually converges faster. This model
succeeded in describing processes like pion scattering
and many baryon observables in the low-energy regime.
Examples are masses, magnetic moments, axial form
factors, among others [18–30]. Unfortunately, as the
description of the neutral pion photoproduction on protons
goes, the fully covariant calculation up to fourth order [31]
seems even slightly worse than what the HBChPT
approaches had obtained so far.
A possibility to improve the convergence, which we

explore in this work, is the explicit inclusion of theΔð1232Þ
resonance as an additional degree of freedom. At higher
energies, the Δ clearly dominates the neutral pion photo-
production cross section [32]. Even close to threshold, its
consideration could speed up the convergence of the chiral
series if the size of the resonance tail is still large as
compared to the purely nucleonicmechanisms. The possible
relevance of the Δ mechanisms in our process was already
suggested by Hemmert et al. [33] as well as later in
Refs. [14,15].
Recently, the Δ resonance has been included as a

dynamic degree of freedom in many works. For instance,
Refs. [34–36] study pion electro- and photoproduction
although their focus is at higher energies. There are also
EOMS ChPT analyses of Compton scattering [37,38] and
πN scattering [39]. For the case of neutral pion photo-
production close to threshold, the Δmechanisms have been
investigated in HBChPT [13,33], getting only moderate
effects. As was discussed in Ref. [40], this small effect
could be due to the fact that both were static calculations,
which omitted the fast energy dependence that comes from
the full consideration of the Δ propagator. There is also a
more recent work in progress in HBChPT at Oðp4Þ which
shows a clear improvement when the Δ resonance is
included [41].
In Ref. [40], we studied the process γ þ p → pþ π0 in

covariant ChPT, incorporating theΔ resonance as an explicit
degree of freedom. The calculation was of chiral order p3 in
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the δ counting, whichwill be discussed below. This amounts
to a nucleonic sector with tree-level and loop diagrams, but
only tree diagrams containing Δ. Furthermore, the Δ pieces
only depended on two relatively well known couplings, gM
and hA. The results were very promising and showed a good
agreement with data for both differential cross sections and
asymmetries up to above 200 MeV. These results were also
shown in Ref. [42], where the low-energy constants were
discussed in more detail.
In this work, we extend the calculation to the next order

in the δ counting, namely Oðp7=2Þ, which basically adds
loop diagrams with Δ propagators. The loop diagrams do
not require any additional coupling. There is only one new
LEC, gE, which appears in a tree diagram and is poorly
known. Furthermore, we are able to describe the process
consistently with LECs which are mostly constrained by
other observables.
The paper is organized as follows: In Sec. II, we present

the basic formalism to extract the neutral pion production
channel’s amplitudes and observables. In Sec. III, we
introduce all the theoretical tools necessary for our calcu-
lation. This includes the ChPT Lagrangians, as well as the
renormalization and power-counting scheme used. In
Sec. IV, we show and discuss our results for cross sections,
photon asymmetries, and multipoles. Finally, the summary
and outlook are given in Sec. V.

II. BASIC FORMALISM

The process we are studying is represented in Fig. 1. The
four-momenta k, q, p, and p0 belong to the photon, π0,
incoming and outgoing protons, respectively.
We parametrize the scattering amplitude M as

ϵμMμ ¼ ūðp0ÞðVNq · ϵγ5 þ VKq · ϵkγ5

þ VEϵγ5 þ VEKϵkγ5ÞuðpÞ; ð1Þ

where VN , VK , VE, and VEK are complex structure
functions of the photon energy kγ in the laboratory frame
and the angle θ between the incoming photon and the
outgoing pion. The Dirac spinors uðpÞ and ūðp0Þ ¼
u†ðp0Þγ0 are those of the nucleon in the initial and final
states, respectively, and ϵ is the photon polarization.

Another commonly used representation is explicitly
current conserving by definition and has the form

ϵμMμ ¼ ϵμūðp0Þ
�X4

i¼1

AiM
μ
i

�
uðpÞ;

with

ϵ ·M1 ¼ ikϵγ5;

ϵ ·M2 ¼ iðp0 · ϵk · q − q · ϵk · ðpþ p0ÞÞγ5;
ϵ ·M3 ¼ iðϵk · q − kq · ϵÞγ5;
ϵ ·M4 ¼ iðϵk · ðpþ p0Þ − kp0 · ϵ − 2mkϵÞγ5:

Here, m is the nucleon mass. Note that in the center-of-
mass system p · ϵ ¼ 0. The conversion between paramet-
rizations is straightforward,

A1 ¼ i

�
VEK −

m
k · p

ðVE þ k · qVKÞ
�
;

A2 ¼ i
VN

2k · p
;

A3 ¼ i

�
VK

�
1 −

k · q
2k · p

�
−

VE

2k · p

�
;

A4 ¼ −
i

2k · p
ðVE þ k · qVKÞ:

Finally, for the calculation of multipoles it is con-
venient to use the equivalent representation in terms of
the Chew-Goldberger-Low-Nambu (CGLM) ampli-
tudes [43],

ϵμMμ ¼ 4πW
m

χ†fFχi;

where χi and χf are the initial and final state Pauli spinors,
respectively, andW ¼ ffiffiffi

s
p

is the center-of-mass energy. For
real photons and in the Coulomb gauge, the amplitude F
may be written as

F ¼ i~σ · ~ϵF 1 þ ~σ · q̂ ~σ ·k̂ × ~ϵF 2

þ i~σ · k̂ q̂ ·ϵF 3 þ i~σ · q̂ q̂ ·ϵF 4;

with ~σ the Pauli matrices. The conversion between para-
metrizations is given by

ϵμūðp0Þ
�X4

i¼1

AiM
μ
i

�
uðpÞ ¼ 4πW

m
χ†fFχi;

with

k q

p p ’

FIG. 1. Generic representation of the pion photoproduction
process. The incoming photon and proton momenta are given by
k and p, while those of the outgoing neutral pion and proton are
denoted by q and p0, respectively.
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F 1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðEi þmÞðEf þmÞp

8πW

�
−
�
k0 þ

k20
Ei þm

�
A1 − k · qA3 þ

�
−k20 þ 2k0mþ 2k20m

Ei þm
− k0ðEi þ EfÞ − k0j~qj cos θ

�
A4

�
;

F 2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðEi þmÞðEf þmÞp

8πW
j~qj

��
k0

Ef þm
þ k20
ðEi þmÞðEf þmÞ

�
A1 −

k0k · q
ðEi þmÞðEf þmÞA3

−
�
k0

k20 þ 2k0mþ k0ðEi þ EfÞ þ k0j~qj cos θ
ðEi þmÞðEf þmÞ þ 2k0m

Ef þm

�
A4

�
;

F 3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðEi þmÞðEf þmÞp

8πW
j~qj

�
−k20

Ei þ Ef þ k0 þ q0
Ei þm

A2 þ
�
k0 þ

k20
Ei þm

�
ðA4 − A3Þ

�
;

F 4 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðEi þmÞðEf þmÞp

8πW
j~qj2

��
k0

k0 þ Ei þ Ef þ q0
Ef þm

�
A2 þ

�
k0

Ef þm
þ k20
ðEi þmÞðEf þmÞ

�
ðA4 − A3Þ

�
:

We compare our model with the full set of data of Refs. [14,31] on the unpolarized angular cross section

dσ
dΩ

¼ j~qjm2

2πWðs −m2Þ
X
ϵ

Tr½M� · ðp0 þmÞ ·M · ðpþmÞ�
2

; ð2Þ

and Σ, the linearly polarized photon asymmetry

Σ ¼ dσ⊥ − dσ∥
dσ⊥ þ dσ∥

; ð3Þ

with dσ⊥ and dσ∥ the angular cross sections for photon polarizations perpendicular and parallel to the reaction plane,
respectively.
In the CGLM representation, the differential cross section and photon asymmetry are usually written with the help of the

response functions

RT ¼jF 1j2 þ jF 2j2 þ
1

2
sin2 θðjF 3j2 þ jF 4j2Þ − Re½2 cos θF �

1F2 − sin2 θðF �
1F 4 þ F �

2F 3 þ cos θF �
3F 4Þ�

and

RTT ¼ 1

2
sin2 θðjF 3j2 þ jF 4j2Þ þ Re½sin2 θðF �

1F 4 þ F �
2F 3 þ cos θF �

3F 4Þ�;

with which one obtains

dσ
dΩπ

¼ j~qj
kγ

RT and Σ ¼ −
RTT

RT
:

The lowest multipoles E0þ, M1þ, M1−, and E1þ read [9]

0BBB@
E0þ
M1þ
M1−

E1þ

1CCCA ¼
Z

1

−1
dx

0BBBBB@
1
2
P0ðxÞ − 1

2
P1ðxÞ 0 1

6
½P0ðxÞ − P2ðxÞ�

1
4
P1ðxÞ − 1

4
P2ðxÞ 1

12
½P2ðxÞ − P0ðxÞ� 0

− 1
2
P1ðxÞ 1

2
P0ðxÞ 1

6
½P0ðxÞ − P2ðxÞ� 0

1
4
P1ðxÞ − 1

4
P2ðxÞ 1

12
½P0ðxÞ − P2ðxÞ� 1

10
½P1ðxÞ − P3ðxÞ�

1CCCCCA
0BBB@

F 1ðxÞ
F 2ðxÞ
F 3ðxÞ
F 4ðxÞ

1CCCA;

where x ¼ cosðθÞ and Pl are the Legendre polynomials. We furthermore use the reduced multipoles
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M̄1� ¼ M1�
j~qj and Ē1þ ¼ E1þ

j~qj ; ð4Þ

as for energies close to threshold these multipoles are
linearly related to the absolute value of the pion momentum.

III. THEORETICAL MODEL

We will analyze the MAMI pion photoproduction
data [14,31] using a fully covariant ChPT framework
and including the Δð1232Þ resonance as an explicit
degree of freedom. While the baryon ChPT power-
counting problem [12] is solved in the EOMS scheme,
additional special care is needed when taking this spin-3=2
resonance into account. Besides the pion mass and
the external momenta, another small parameter appears,
δ ¼ MΔ −m ≈ 300 MeV, which is heavier than mπ∼
140 MeV, but small when compared to the spontaneous
symmetry-breaking scale Λ ∼m. In the low-energy range
of our study, we count δ2 as being of OðpÞ, following
Ref. [37]. Thus one obtains the power-counting rule

D ¼ 4Lþ
X∞
k¼1

kVk − 2Nπ − NN −
1

2
NΔ; ð5Þ

according to which is given the orderD of a diagram with L
loops, Vk vertices from LðkÞ, Nπ pionic propagators, NN
nucleonic propagators and NΔ Δð1232Þ propagators. In
Ref. [40], we presented a calculation up to order p3. A tree
diagram of order p7=2 and proportional to gE was also
investigated. Our aim here is to extend the model up to
order p7=2. That only amounts to the consideration of new
loop diagrams with Δ propagators. Thus, no further low-
energy constants are required.
We start with the relevant terms of the Lagrangian for the

neutral pion production on the proton with real photons,
including only pions, nucleons, and photons as degrees of
freedom. We follow the naming conventions for the LECs
introduced in Ref. [44]. At first order we have

Lð1Þ
N ¼ Ψ̄

�
iD −mþ g0

2
uγ5

�
Ψ; ð6Þ

where Ψ is the nucleon doublet ðp; nÞ with mass m and
Dμ ¼ ð∂μ þ ΓμÞ is the covariant derivative with

Γμ ¼
1

2
½u†ð∂μ − irμÞuþ uð∂μ − ilμÞu†�:

At a OðpÞ calculation, the low-energy constant g0 corre-
sponds to the axial-vector coupling constant gA ¼ 1.27.
The meson fields appear through

u ¼ exp
�
iϕ
2F

�
; ϕ ¼

�
π0

ffiffiffi
2

p
πþffiffiffi

2
p

π− −π0

�
;

where at OðpÞ F corresponds to the pion decay constant
Fπ with numerical value 92.4 MeV, and also in

uμ ¼ i½u†ð∂μ − irμÞu − uð∂μ − ilμÞu†�. The photon field
Aμ couples through

rμ ¼ lμ ¼
e
2
AμðI2 þ τ3Þ;

where τ3 is the Pauli matrix and e is the (negative) electron
charge. At second order, the only relevant terms are

Lð2Þ
N ¼ 1

8m
Ψ̄ðc6fþμν þ c7Tr½fþμν�ÞσμνΨþ � � � ; ð7Þ

where fþμν ¼ ufLμνu† þ u†fRμνu and for our case
fRμν ¼ fLμν ¼ ∂μrν − ∂νrμ − i½rμ; rν�. The tensor σμν is given
by i

2
½γμ; γν�. In the particular case of the γ þ p → pþ π0

scattering amplitude, the LECs c6 and c7 appear only as a
combination ~c67 ¼ c6 þ c7. This constant can be fixed
from the nucleons’ magnetic moments. Using the model of
Ref. [26] leads to the value ~c67 ¼ 2.3 at Oðp3Þ and ~c67 ¼
2.5 when Δ loops are included.1 Finally, at third order we
have

Lð3Þ
N ¼ d8

i
2m

fΨ̄εμναβTr½ ~fþμνuα�DβΨg þ H:c:

þ d9
i

2m
fΨ̄εμναβTr½fþμν�uαDβΨg þ H:c:

þ d16
1

2
fΨ̄γμγ5Tr½χþ�uμΨg

þ d18
i
2
fΨ̄γμγ5½Dμ; χ−�Ψg þ � � � ; ð8Þ

where ~fþμν ¼ fþμν − 1
2
Tr½fþμν� and χ� ¼ u†χu† � uχ†u. We

will work in the isospin limit as was done in Ref. [31],
hence taking χ ¼ m2

π , the pion mass squared.2 We use the
convention ε0123 ¼ −ε0123 ¼ −1. Here, the LECs appear in
the combinations ~d89 ¼ d8 þ d9 and ~d168 ¼ 2d16 − d18.
ChPT was initially developed for interactions between

mesons and photons [45–47]. The leading-order
Lagrangian for this kind of interactions is given by

Lð2Þ
π ¼ F2

4
Tr½DμUðDμUÞ† þ χU† þ Uχ†�; ð9Þ

where U ¼ u2 and whose covariant derivative acts
as DμU ¼ ∂μU − irμU þ iUlμ.
To describe the Δ interactions we use consistent

Lagrangians which ensure the decoupling of the spurious
spin-1=2 components of the Rarita-Schwinger field Δ ¼
ðΔþþ;Δþ;Δ0;Δ−Þ [48–51]. The relevant pieces are

1In Ref. [26], only the isovector combination was presented.
2The corrections to the approximation of using a single pion

mass and also a single nucleon mass for the loop calculations is of
higher order. Nevertheless, doing so we cannot study the cusp
effects appearing at the opening of the charged pion channels.
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Lð1Þ
ΔπN ¼ ihA

2FMΔ
Ψ̄Taγμνλð∂μΔνÞðDab

λ πaÞ þ H:c:; ð10Þ

Lð2Þ
ΔπN ¼ h1

2FM2
Δ
Ψ̄Taγμνλð∂λ∂πaÞð∂μΔνÞ þ H:c:; ð11Þ

Lð2Þ
ΔγN ¼ 3iegM

2mðmþMΔÞ
Ψ̄T3ð∂μΔνÞ ~Fμν þ H:c:; ð12Þ

Lð3Þ
ΔγN ¼ −

3egE
2mðmþMΔÞ

Ψ̄T3γ5ð∂μΔνÞFμν þ H:c:; ð13Þ

where the tensor γμνλ reads 1
4
f½γμ; γν�; γλg and the covariant

derivative Dab
λ πa ¼ δab∂λπ

b − ieQab
π Aλπ

b, with Qab
π ¼

−iϵab3. The electromagnetic field and its dual are given
by Fμν ¼ ∂μAν − ∂νAμ and ~Fμν ¼ 1

2
ϵμναβFαβ, respectively.

There are two couplings for the pion (hA, h1) and two for
the photon, the magnetic piece (gM) of chiral order two and
the electric piece (gE) of order three. At third order, the
Lagrangian contains an additional γNΔ Coulomb coupling
which vanishes for real photons. As the value for h1 has
been found to be consistent with zero [51], we neglect this
piece in our calculation. The value for hA can be directly
obtained from the Δ width, while gM and gE were obtained
fitting pion electromagnetic production at energies around
the resonance peak. The conventions and definitions for the
isospin operators T follow Ref. [51],

T1 ¼ 1ffiffiffi
6

p
�
−

ffiffiffi
3

p
0 1 0

0 −1 0
ffiffiffi
3

p
�
;

T2 ¼ −iffiffiffi
6

p
� ffiffiffi

3
p

0 1 0

0 1 0
ffiffiffi
3

p
�
;

T3 ¼
ffiffiffi
2

3

r �
0 1 0 0

0 0 1 0

�
:

In Figs. 2 and 3, we show the tree-level diagrams. The
full set of loop diagrams contributing to the considered
channel up toOðp7=2Þ can be found depicted in Figs. 9 and
10 in Appendix B. They have been evaluated applying the
EOMS renormalization scheme, with the help of FORM

[52,53] and FeynCalc[54,55]. First, we have removed the
infinities using the modified minimal subtraction ðgMSÞ

scheme [56]. Then, after making an expansion of the
amplitudes,3 we have also absorbed the power-counting
breaking terms into LECs. Obviously, those diagrams from
Fig. 9 which exclusively contain mesonic loops do not
break the power counting. The analytical expression
obtained for the power-counting breaking terms in the
nucleonic sector reads

ieg3Am
32F3

ππ
2

��
4ν − 3

m2
π

ν

�
ϵγ5 þ

�
3 − 3

m2
π

ν2

�
ϵkγ5 þ

1

ν
q · ϵkγ5

−
2m
ν

q · ϵγ5

�
:

The additional power-counting breaking terms coming
from the introduction of the Δ loops are obtained analo-
gously, but have large expressions which are therefore not
shown here.
In order to systematically take into account all the

higher-order contributions up to the studied order
Oðp7=2Þ, the wave-function renormalization (WFR) was
taken into account for the external proton and pion legs of
the tree diagrams of OðpÞ, as the correction amounts to
multiplying this tree-level amplitude by Zp

ffiffiffiffiffiffi
Zπ

p
, which

adds corrections of Oðp2Þ. All the corrections to higher-
order amplitudes or to the external photon leg would be at
least ofOðp4Þ. The analytical expression for this correction
factor when including only nucleonic intermediate states
reads

Zp ¼ 1

1 − Σp
0

����
p¼m

¼ 1 −
3g2Am

2
π

32π2F2
πm2ð4m2 −m2

πÞ
�
2mπðm2

π − 3m2Þ

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2 −m2

π

q
arccos

�
mπ

2m

�
þ ðm2

π − 4m2Þ
�
ð2m2

π − 3m2Þ log
�
mπ

m

�
− 2m2

��
þOðp4Þ; ð14Þ

FIG. 2. Tree diagrams for π0 photoproduction off protons.
Crossed terms are also included in the calculation. The black dots
represent vertices of chiral order 1 to 3. (b) Starts at order 3.

FIG. 3. Δ tree diagram for π0 photoproduction off protons. The
crossed term is also included in the calculation.

3The chosen expansion parameters were, as in Ref. [39], mπ ,
ν ¼ ðs − uÞ=ð4mÞ with s and u the Mandelstam variables of
OðpÞ, and the Mandelstam variable t of order Oðp2Þ, as well as
the parameter δ explained above.
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where Σp is the self-energy of the proton. Since we are
considering the Δð1232Þ as an intermediate state, we also
have to take into account this additional self-energy loop
that enters the wave-function renormalization. Also in this
case, we took the Oðp2Þ term and added it to Eq. (14). The
analytical expression for this piece ZΔ

p can be found in
Appendix A. The self-energy diagrams for the proton
external legs are depicted in Fig. 4.
As for the pion-leg WFR and renormalization of the

pion-decay constant, we use the well-known expansions
from Ref. [46],

Fπ ¼ F þm2
π

F

�
L4 −

1

16π2
log

�
m2

π

m2

��
þOðp3Þ;

Zπ ¼ 1 −
m2

π

F2

�
2L4 þ

1

16π2
log

�
m2

π

m2

��
þOðp3Þ: ð15Þ

Then, for the OðpÞ diagrams, the appearing factor
ffiffiffiffiffiffi
Zπ

p
=F

can be expanded around the pion mass,

ffiffiffiffiffiffi
Zπ

p
F

¼ 1

Fπ
−
3m2

π logðm
2
π

m2Þ
32π2F3

π
þOðp3Þ; ð16Þ

therefore leading to an expression which up to the con-
sidered order does not depend on L4 anymore.
Also the other low-energy constants appearing in the

leading-order Lagrangian have to be corrected up to the
considered order. This means that the nucleon mass m in
the nucleon propagator of the leading-order tree-level
diagrams has to be calculated with corrections coming
from higher-order self-energy loops. The contributions to
the physical nucleon mass coming from the loops in Fig. 4
are given by

mN ¼ m − 4c1m2
π −

3g2Am
3
π

64π2F2
π

�
mπ

m
log

�
m2

π

m2

�
− 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

m2
π

4m2

r
arccos

�
mπ

2m

��
þmΔ

N þOðp4Þ; ð17Þ

where mΔ
N is the correction arising from the loop with a Δ

propagator. Its expression can be found in Appendix A. The
Oðp2Þ correction to mN is consequently approximately
given by

m2 ¼ m − 4c1m2
π

¼ mN þ 3g2Am
3
π
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Finally, the EOMS-renormalized expression for gA,
when including nucleonic intermediate states only, is given
by [20,39]

gA ¼ g0 þ 4m2
πd16 −

gAm2
π

16π2F2
πm2

×

�ð3g2A þ 2Þm3
π − 8ðg2A þ 1Þm2mπffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2 −m2

π

p arccos

�
mπ

2m

�
þ ð3g2A þ 2Þm2 þ ðð4g2A þ 2Þm2

− ð3g2A þ 2Þm2
πÞ log

�
mπ

m

��
þOðp7=2Þ: ð19Þ

The inclusion of the Δð1232Þ-loop diagrams leads to
further corrections to gA. They have been analyzed in an
EOMS SUð3Þ calculation [29], leading to small contribu-
tions (of the order of 5% to 10%). Here, we have not
considered these corrections, which in our case would
mean just a shift of the parameter d18 without otherwise
affecting the quality of the fit.4

We opted to consistently introduce the corrections to
the constants in the Lagrangians by applying them only to
the first-order tree-level diagrams: There we took g0 for the
axial-vector coupling, m2 for the propagator mass, and F
for the pion-decay constant, and we multiplied the wave-
function renormalization. For all the higher-order tree and
loop diagrams, we took the physical constants gA, mN , and
Fπ , as otherwise we would be introducing corrections of
order higher than Oðp7=2Þ. Furthermore, this scheme
allows for a better comparison with the results obtained
in the EOMS Oðp3Þ calculation of pion-nucleon scattering
of Alarcon et al. [39]. The analytical expressions of the
amplitude can be found in Appendix B.

IV. RESULTS AND DISCUSSION

We compare the theoretical model introduced in the
previous sections to the experimental data from Ref. [14].
Data points were taken for the linearly polarized photon
asymmetry and differential cross section for an energy
range from pion-production threshold up to over 200 MeV

FIG. 4. Diagrams contributing to the proton’s self-energy.

4In our calculation, Eq. (19) is just used to determine d16 from
gA and the fit parameter g0. The constant d16 only enters in the
evaluation of two tree diagrams ofOðp3Þ, always in combination
with d18.
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with an unprecedented precision. We will first review the
Oðp3Þ calculation that was already studied in Ref. [40]. In
that work, the aim was to establish the relevance of the Δ
degree of freedom for the neutral pion photoproduction,
even close to threshold. Here, we will pay more attention to
the consistency of our results (LECs) with other calcu-
lations using the EOMS scheme and having the same
chiral order.

A. Oðp3Þ
At this order, only tree diagrams and the loop diagrams

from Fig. 9 contribute. The loop diagrams from Fig. 10,
which include Δ propagators, start at Oðp7=2Þ. Also, the
mass and coupling-constant corrections of Eqs. (17)–(19)
can be truncated at order p3. As previously discussed, we
fix gA,mN , and Fπ to their physical values and use them for
all except the lowest-order diagrams. The πNΔ coupling
hA, which is basically determined by theΔwidth, was fixed
to 2.85 [35]. The γNΔ coupling gE, which leads to an
Oðp7=2Þ contribution, has been set to zero. The constant g0
has been fixed to the value obtained at the same chiral order
in Ref. [29] (g0 ¼ 1.16). The remaining LECs ~c67, ~d89,
~d168, and gM are left as fitting parameters.
Table I shows the results of the fit at this order. As in

Refs. [40,42], the agreement with data is excellent and the
χ-squared value is very low. Notice, however, the
differences between the Oðp3Þ calculation presented here
and that of Refs. [40,42]. On the one hand, we now set g0 to
the physical value gA everywhere except in the OðpÞ tree-
level amplitude. Also, as mentioned before, we do not
include the term proportional to gE, in order to get a fully
consistent Oðp3Þ calculation. The parameter ~c67 converges
to the value required by the nucleon magnetic moment
(~c67 ¼ 2.3 [26] as discussed in the previous section). The
LEC ~d89, for which we do not have any alternative
estimation in the particular renormalization scheme we
use here, gets a value of natural size. Finally, in our
calculation the LECs d16 and d18 always appear in the
combination ~d168 ¼ 2d16 − d18, and the individual con-
stants cannot be disentangled. Actually, in the amplitude, at
tree level, they are also fully correlated with g0. This can be
clearly seen by studying the error correlation matrix in fits
that include the g0 as a free variable. As an example, fixing
g0 ¼ 1.05, quite a reasonable value [29], modifies m2

N
~d168

from −10.1 to −6.9, while maintaining the other LECs and
producing the same χ2. Using Eq. (19) and setting gA to its
physical value, we can estimate d16 and thus calculate d18.

This would lead to positive values for d18 in disagreement
with other calculations [39]. However, we have checked
that this particular result is very sensitive to choices, like the
use of gA vs g0 for loops or the application of the wave-
function renormalization for the higher-order diagrams,
even when these choices amount to Oðp4Þ corrections. We
have also estimated the size of the effects of the Oðp4Þ
contributions by including the contact terms of that order in
the amplitude. The expressions can be obtained from
Appendix C of Ref. [57]. We have found that ~d168 is very
sensitive to the ~e48, ~e50, or ~e112 LECs. For instance, taking
~e48 ¼ −4.5 GeV−3 modifies m2

N · ~d168 from −10.1 to −0.4
and leads to d18 values negative and consistent with other
works [39]. The other constants and the χ2 are barely
affected.
Finally, the Δ coupling gM obtained in the fit is

consistent with the value given in Ref. [35] in a study of
pion electroproduction in the Δ region, as well as with the
value of gM ¼ 3.16� 0.16 obtained from the Δ electro-
magnetic decay in Ref. [38]. We understand this as
meaning that the neutral pion photoproduction data are
sensitive to the size of the Δ contribution even at threshold.
We have also checked that when including the gE piece, of
Oðp7=2Þ and present in Ref. [35], the fit result for gM
changes to 2.9 and gE ¼ −1 in full agreement with the
aforementioned work.
We also tried to do a fit without the inclusion of the

Δð1232Þ diagrams. We were able to confirm the results
shown in Ref. [31]. Namely, in an EOMS calculation it is
impossible to reproduce the experimental steep growth of
the differential cross section with the photon energy at this
order. The inclusion of the Δð1232Þ degrees of freedom
strongly improves the agreement with data up to energies
higher than 200 MeV.

B. Full model at Oðp7=2Þ
Next, we have added all contributions of Oðp7=2Þ in the

δ-counting. This amounts to the Δ tree diagram with the gE
coupling, and the loop diagrams with Δð1232Þ of Fig. 10.
All these loop amplitudes depend only on LECs that
already appear at Oðp3Þ. Thus, gE is the only new addi-
tional LEC. We already explored its role in Ref. [40] and
found that its contribution was small.
As in the previous section, the value for the constant g0

has been taken from Ref. [29]. In its model with the Δ
resonance, g0 varies between 1.05 and 1.08. The remaining
LECs, ~c67, ~d89, ~d168, gM, and gE, are left as fitting
parameters. The results of the fit are shown in Table II.
The first observation is that the quality of the fit is similar to
the lower-order calculation. This happens even though we
have an additional LEC. Therefore, the contribution of the
new loop terms does not improve the agreement with data.
This is reflected in the gM parameter, which affects the Δ
mechanisms, that goes toward lower values. Also the πNΔ

TABLE I. LEC values for the Oðp3Þ calculation. Fixed values
are in boldface.

g0 ~c67 ~d89 ·m2
N

~d168 ·m2
N gM χ2=d:o:f:

1.16 2.32 1.28 −10.1 3.08 0.79
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coupling hA prefers smaller values, and the χ2 would
sensibly decrease if we allowed for a 10% reduction of
this constant. However, we prefer to keep the well estab-
lished result obtained from the Δ width. The values found
in the literature for gM, using the same Lagrangian as in the
present work, vary from 2.6� 0.2 [58] in a heavy-baryon
calculation of Compton scattering to gM ¼ 2.8� 0.2 [34]
(pion photoproduction), gM ¼ 2.9 [35,59] (pion electro-
production), and gM ¼ 3.16� 0.16 [38] (Δ electromag-
netic decay). The latter two, which correspond to covariant
chiral calculations, prefer the larger values. We obtain a

relatively low result, but we find that fixing gM ¼ 2.9 the
quality of the fit would still be reasonable. This behavior is
very consistent with power counting, as obtaining gM from
the Δ electromagnetic decay amounts to a leading-order
approximation, which is sufficient for the Oðp3Þ calcu-
lation of the previous section. However, next-to-leading
order effects in the determination of gM would also enter in
thisOðp7=2Þ calculation of the pion photoproduction, and a
reasonable deviation from gM ¼ 3.16� 0.16 could be
expected. The parameter gE is less well known, and
numbers ranging from 2 to −7 can be found [34,35,58],
although the later works prefer gE ¼ −1. Opposite to the
lower-order calculation [40], this term is relevant, and its
absence worsens the fit. Without the Oðp7=2Þ loop mech-
anisms our fit also converges to gE ¼ −1 as stated above.
However, when these higher-order terms are included, gE
prefers positive values. This term is relevant for the Eþ

1

multipole, and we have found that the contribution, close to
threshold, of the loop terms is very important in our model.

TABLE II. LEC values in different versions of the Oðp7=2Þ
model. Fixed values appear in boldface.

g0 ~c67 ~d89 ·m2
N

~d168 ·m2
N gM gE χ2=d:o:f:

1.05 2.45 1.67 −9.7 2.28 3.30 0.80
1.05 2.29 1.17 −10.4 2.90 3.53 0.96

FIG. 5. Differential cross section as a function of the pion angle at different energies. Solid line: Best-fit theoretical model atOðp7=2Þ.
Experimental points from Refs. [14,60].
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The changes from the Oðp3Þ calculation have been
rather mild for the parameters ~d89 and ~c67. In particular,
it is interesting that ~c67 is slightly larger. This change and
the final value are consistent with the results of Ref. [26]
when the Δ loops were included. Additionally, these LECs
do not have strong correlations with the other parameters of
the fit.
However, the ~d168 parameter is strongly correlated to g0.

Changes of the order of 10% in g0 lead to changes of 30%
in ~d168 without modifying either the χ2 or the other
constants’ values. As already discussed in the previous
section, ~d168 is also very sensitive to higher-order contri-
butions. To estimate their effects, we have included some of
the Oðp4Þ contact terms in our fit. For instance, the
consideration of the term proportional to ~e48, when
choosing ~e48 ¼ −6.0 GeV−3, leads to m2

N · ~d168 ¼ 3.1
(and thus a negative d18), m2

N · ~d89 ¼ 1.1, gM ¼ 2.9,
gE ¼ 2.1, and χ2=d:o:f ¼ 0.67. Namely, most LECs are

quite stable except for gE that changes by 40% and ~d168 that
is strongly modified. Similar results are obtained including
the other contact terms. Therefore, we should expect large
changes for these two parameters in a higher-order
calculation.
In Fig. 5, we show the angular differential cross section

of our best fit at Oðp7=2Þ vs the experimental data. Notice
the quite small error bars of the data and the overall good
agreement with the model for cross sections that vary more
than 1 order of magnitude. The distributions are basically
backward peaked. At the higher energies, there is a slight
but systematic under-/overestimation at forward and back-
ward angles, respectively.
The linear photon asymmetries have been plotted in

Fig. 6. Although the experimental uncertainties are larger,
they also provide a very stringent test on the models,
especially as the signal grows as a function of the photon
energy. In fact, even though the number of data is much
smaller and the error bars are larger than for the angular

FIG. 6. Photon asymmetry as a function of the pion angle at different energies. Solid line: Best-fit theoretical model at Oðp7=2Þ.
Experimental points from Refs. [14,60].
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distributions, its contribution to the full χ2 is similar. This
may reflect the quality of data but could also point out some
shortcoming of the model.
In Fig. 7, the calculation at two extreme energies of the

data set is depicted. Here, we plot the results of the full
model without Δ and of the Δ diagrams alone (always with
the parameter set of our best fit). A fit of Oðp3Þ including
only nucleonic mechanisms is also shown.
Let us first discuss the purely nucleonic fit. As mentioned

before, it is impossible to get a good fit atOðp3Þ within our
model. The reason is clear from the figure, whereas the
asymmetry and the shape of the angular distribution are
acceptably reproduced, the energy dependence is not strong
enough, and the fit overestimates the low-energy data and
underestimates the high energy ones. A higher-order cal-
culation is mandatory for this Δ-less approach.
As soon as the Δ is incorporated, the situation radically

changes. The relative size of the Δ mechanisms is much
larger at high energies, and this helps to reproduce the energy
dependence of the cross section. Thedetailed shape, and size,
depends on the interference of the two kinds of mechanisms.

C. Multipoles

In Fig. 8, we compare our model with the empirical
multipoles from Ref. [14]. There were some assumptions in
the extraction of their values. The imaginary parts of the P-
wave multipoles were neglected, which is consistent with
what we obtain in our model. For the imaginary part of Eþ

0 ,

which can be fixed from unitarity, it was found that it leads
to smaller uncertainties than the statistical errors. Another
important source of uncertainty, mainly for Eþ

0 , is the
influence of D-waves that can be sizable and grow fast as
one departs from threshold.
The calculated Eþ

1 , M
þ
1 , and M−

1 multipoles agree well
with the empirical ones. The quality of the agreement forM−

1

and Eþ
1 is similar to that of the Oðp4Þ covariant ChPT

calculation from Ref. [31]. However, we reproduce well the
largeMþ

1 multipolewhich gets a substantially lower slope in
Ref. [31], a higher-order calculation. This fact can be
explained by the absence in their model of the explicit
inclusion of theΔ, which plays amajor role in thismultipole.
For the Eþ

0 case, we reproduce well the empirical
estimation close to threshold, but our model leads to higher
absolutevalues at larger energies.A similar trend is observed
in theOðp4Þ purely nucleonic calculation [31], although the
discrepancy is lower in this case. Asmentioned before, there
is some uncertainty in the extraction of this multipole due to
the presence ofD-waves. The relevance of this partial wave
has been explored in Refs. [61,62]. They found that its
contributions could seriously compromise the analysis and
extraction of Eþ

0 ; see e.g. Fig. 3 from Ref. [61]. In our
calculation, we have a relatively smallD-wave contribution
coming fundamentally from the crossed tree diagrams. As
discussed inAppendixCofRef. [31], there could be largeD-
wave contributions coming from the Oðp4Þ Lagrangian
terms. They could strongly modify E−

2 that mixes with Eþ
0 ,

0

FIG. 7. Photon asymmetry and differential cross section as a function of the pion angle at two different energies: close to threshold and
at above 200 MeV. Solid line: full model; dashed line: full model without Δ; dash-dotted line: only Δ; dotted line: best nucleonic fit
(without Δ). Experimental points from Refs. [14,60].
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and the changes could be large enough as to solve the
discrepancies at large energies.

V. SUMMARY

We have studied the neutral pion photoproduction on the
proton at low energies in covariant ChPT with the explicit
inclusion of the Δð1232Þ resonance. We have used the
EOMS renormalization scheme and made a full calculation
up to order p7=2 in the δ counting. Comparing the Oðp7=2Þ
and Oðp3Þ calculations, we have found a good chiral
convergence, in the sense that changes are quite small.
However, as pointed out in previous works, even at the low
energies discussed here, someOðp4Þ contributions could be
relevant. For instance, in our model, there is a quite smallD-
wave. The consideration of higher-order terms could modify
that and, indirectly, affect the extraction of the Eþ

0 multipole.
The model agrees well with the differential cross-section

and photon-asymmetry data of Ref. [14], from threshold up
to above 200 MeV. This extends the range of convergence
from previous works of a higher chiral order, Oðp4Þ, in
both HB and covariant ChPT. Our model without Δ only
reproduces data very close to threshold, confirming the
results from Ref. [31], and showing that the improvement is
basically due to the consideration of the Δð1232Þ
mechanisms.
This is a nontrivial outcome of our work, because the

LECs are mostly constrained by other observables. In
particular, g0, ~c67, hA, and gM are bound by the nucleon
axial-vector coupling, the proton magnetic moment, the

strong and the elecromagnetic decays of the Δð1232Þ,
respectively. Our fits are compatible with these constraints.
The LECs ~d168 and gE, appearing in higher-order
Lagrangians, are partially constrained as well.5 However,
we find that they are sensitive to higher-order corrections to
the description of the process studied here.
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APPENDIX A: THE Δð1232Þ LOOP
CONTRIBUTION TO THE NUCLEON

SELF-ENERGY

The expression for ZΔ
p coming from the Δ loop in Fig. 4

is given by

0

FIG. 8. Real part of S- and P-wave multipoles from Ref. [14]—see also Ref. [15]—vs our full-model calculation, as a function of the
photon energy. The error bars are only statistical errors. The gray band above the energy axis shows the systematic error of data [14].

5Goldberger-Treiman relation and nucleon-to-Δ EMR relation,
respectively.
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APPENDIX B: DIAGRAMS’ AMPLITUDES

The tree-level diagrams of Fig. 2 have the following amplitude expressions:

M2ðaÞ;p1 ¼ −i
eg0
2F

hp0; qj
��

mþm2

m2 þ 2p · k −m2
2

þ mþm2

m2 − 2p0 · k −m2
2

�
ϵkγ5

þ
�

2p · k
m2 þ 2p · k −m2

2

þ 2p0 · k
m2 − 2p0 · k −m2

2

�
ϵγ5 þ

2ðmþm2Þ
m2 − 2p0 · k −m2

2

ϵ · qγ5

�
jpi; ðB1Þ

M2ðaÞ;p2 ¼ − i
egA
8mFπ

ðc6 þ c7Þhp0; qj
��

4þ 4m2

�
1

p · k
−

1

p0 · k

��
ϵkγ5 −

4m
p0 · k

ϵ · qkγ5

�
jpi; ðB2Þ

M2ðaÞ;p3 ¼ ieð2d16 − d18Þmm2
π

Fπ
hp0; qj

��
1

p0 · k
−

1

p · k

�
ϵkγ5 þ

2

p0 · k
ϵ · qγ5

�
jpi; ðB3Þ

M2ðbÞ ¼
4ieðd8 þ d9Þ

Fπ
hp0; qj

�
1

m
ðm2 þ p · p0Þϵkγ5 þ

1

m
p · kϵ · qγ5 þ ðpþ p0Þ · kϵγ5 þ ϵ · qkγ5

�
jpi: ðB4Þ

Note that the nucleon mass m is set to the physical nucleon mass mN everywhere except in the propagator of the OðpÞ
amplitude, where we perform the correction shown in Eq. (18).
The amplitudes of the diagrams of Figs. 9(a) to 9(c) combined have the following simple expression. The sum over

isospin channels has already been performed,

M9ðaÞ;9ðbÞ;9ðcÞ ¼
iemm2

πgA
96π2F3

π

�
λ − log

�
m2

π

m2

��
hp0; qj

��
1

p0 · k
−

1

p · k

�
ϵkγ5 þ

2

p0 · k
ϵ · qγ5

�
jpi; ðB5Þ

where λ ¼ 2
ϵ þ logð4πÞ − γE þ 1þOðϵÞ is the piece that is EOMS renormalized according to thegMS scheme. Note that we

are using the nucleon massm as the chiral-symmetry breaking scale. As for the other Fig. 9 diagrams’ expressions, they are
listed here before being evaluated, as they have rather large expressions,

M9ðdÞ ¼
egA
4F3

π

Z
ddz
ð2πÞd hp

0; qj ðzþ qÞðpþ k − zþmÞϵγ5
½z2 −m2

π�½ðz − p − kÞ2 −m2� −
ϵγ5ðp − q − zþmÞðz − qÞ
½z2 −m2

π�½ðz − pþ qÞ2 −m2� jpi: ðB6Þ

The contributions of the direct and crossed diagrams in Fig. 9(e) exactly cancel each other.

M9ðfÞ ¼
egA
4F3

π

Z
ddz
ð2πÞd hp

0; qj
�
−
ðzþ qÞðpþ k − zþmÞzγ5ðpþ kþmÞϵ

½z2 −m2
π�½ðz − p − kÞ2 −m2�2p · k

þ zγ5ðp0 − zþmÞðz − qÞðpþ kþmÞϵ
½z2 −m2

π�½ðz − p0Þ2 −m2�2p · k

−
ϵðp0 − kþmÞzγ5ðp0 − k − zþmÞðz − qÞ

½z2 −m2
π�½ðz − p0 þ kÞ2 −m2�2p0 · k

þ ϵðp0 − kþmÞðzþ qÞðp − zþmÞzγ5
½z2 −m2

π�½ðz − pÞ2 −m2�2p0 · k

�
jpi; ðB7Þ

M9ðgÞ ¼
eg3A
4F3

π

Z
ddz
ð2πÞd hp

0; qj
�
−
qγ5ðpþ kþmÞzγ5ðpþ k − zþmÞϵγ5
½z2 −m2

π�½ðz − p − kÞ2 −m2�2p · k
þ zγ5ðp0 − zþmÞϵγ5ðp0 − kþmÞqγ5

½z2 −m2
π�½ðz − p0Þ2 −m2�2p0 · k

þ ϵγ5ðp0 − k − zþmÞzγ5ðp0 − kþmÞqγ5
½z2 −m2

π�½ðz − p0 þ kÞ2 −m2�2p0 · k
−
qγ5ðpþ kþmÞϵγ5ðp − zþmÞzγ5
½z2 −m2

π�½ðz − pÞ2 −m2�2p · k

�
jpi; ðB8Þ

M9ðhÞ ¼
3eg3A
8F3

π

Z
ddz
ð2πÞd hp

0; qj
�
qγ5ðpþ kþmÞzγ5ðpþ k − zþmÞzγ5ðpþ kþmÞϵ

½z2 −m2
π�½ðz − p − kÞ2 −m2�4ðp · kÞ2

þ ϵðp0 − kþmÞzγ5ðp0 − k − zþmÞzγ5ðp0 − kþmÞqγ5
½z2 −m2

π�½ðz − p0 þ kÞ2 −m2�4ðp0 · kÞ2
�
jpi; ðB9Þ
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M9ðiÞ ¼
egA
2F3

π

Z
ddz
ð2πÞd hp

0; qj
�
−

ðzþ qþ kÞϵ · zðp − zþmÞzγ5
½z2 −m2

π�½ðz − pÞ2 −m2�½ðzþ kÞ2 −m2
π�

þ ðzþ kÞγ5ϵ · zðp0 − k − zþmÞðz − qÞ
½z2 −m2

π�½ðz − p0 þ kÞ2 −m2�½ðzþ kÞ2 −m2
π�
�
jpi; ðB10Þ

M9ðjÞ ¼
eg3A
2F3

π

Z
ddz
ð2πÞd hp

0; qj
�
qγ5ðpþ kþmÞðzþ kÞγ5ϵ · zðp − zþmÞzγ5
½z2 −m2

π�½ðz − pÞ2 −m2�½ðzþ kÞ2 −m2
π�2p · k

−
ðzþ kÞγ5ϵ · zðp0 − k − zþmÞzγ5ðp0 − kþmÞqγ5
½z2 −m2

π�½ðz − p0 þ kÞ2 −m2�½ðzþ kÞ2 −m2
π�2p0 · k

�
jpi; ðB11Þ

M9ðkÞ ¼
eg3A
8F3

π

Z
ddz
ð2πÞd hp

0; qj
�
−
zγ5ðp0 − zþmÞqγ5ðpþ k − zþmÞzγ5ðpþ kþmÞϵ
½z2 −m2

π�½ðz − p0Þ2 −m2�½ðz − p − kÞ2 −m2�2p · k

þ ϵðp0 − kþmÞzγ5ðp0 − k − zþmÞqγ5ðp − zþmÞzγ5
½z2 −m2

π�½ðz − p0 þ kÞ2 −m2�½ðz − pÞ2 −m2�2p0 · k

�
jpi; ðB12Þ

FIG. 9. Loop diagrams for π0 photoproduction off protons, including only nucleonic intermediate states. The crossed terms are not
shown, but are also calculated.
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M9ðlÞ ¼
eg3A
4F3

π

Z
ddz
ð2πÞd hp

0; qj
�

zγ5ðp0 − zþmÞqγ5ðpþ k − zþmÞϵγ5
½z2 −m2

π�½ðz − p0Þ2 −m2�½ðz − p − kÞ2 −m2�

þ ϵγ5ðp0 − k − zþmÞqγ5ðp − zþmÞzγ5
½z2 −m2

π�½ðz − p0 þ kÞ2 −m2�½ðz − pÞ2 −m2�
�
jpi; ðB13Þ

M9ðmÞ ¼
eg3A
8F3

π

Z
ddz
ð2πÞd hp

0; qj
�
qγ5ðpþ kþmÞzγ5ðpþ k − zþmÞϵðp − zþmÞzγ5
½z2 −m2

π�½ðz − pÞ2 −m2�½ðz − p − kÞ2 −m2�2p · k

−
zγ5ðp0 − zþmÞϵðp0 − k − zþmÞzγ5ðp0 − kþmÞqγ5
½z2 −m2

π�½ðz − p0 þ kÞ2 −m2�½ðz − p0Þ2 −m2�2p0 · k

�
jpi; ðB14Þ

M9ðnÞ ¼
eg3A
8F3

π

Z
ddz
ð2πÞd hp

0; qj
�

zγ5ðp0 − zþmÞqγ5ðpþ k − zþmÞϵðp − zþmÞzγ5
½z2 −m2

π�½ðz − p0Þ2 −m2�½ðz − p − kÞ2 −m2�½ðz − pÞ2 −m2�

þ zγ5ðp0 − zþmÞϵðp0 − k − zþmÞqγ5ðp − zþmÞzγ5
½z2 −m2

π�½ðz − p0Þ2 −m2�½ðz − p0 þ kÞ2 −m2�½ðz − pÞ2 −m2�
�
jpi; ðB15Þ

M9ðoÞ ¼ −
eg3A
2F3

π

Z
ddz
ð2πÞd hp

0; qj ðzþ kÞγ5ϵ · zðp0 − k − zþmÞqγ5ðp − zþmÞzγ5
½z2 −m2

π�½ðzþ kÞ2 −m2
π�½ðz − pÞ2 −m2�½ðz − p0 þ kÞ2 −m2� jpi: ðB16Þ

As for the diagrams including Δ propagators, we introduce the definition

SαβΔ ðpÞ ¼ pþMΔ

p2 −M2
Δ þ iε

�
−gαβ þ 1

D − 1
γαγβ þ 1

ðD − 1ÞMΔ
ðγαpβ − γβpαÞ þ D − 2

ðD − 1ÞM2
Δ
pαpβ

�

for simplicity, where D is the Minkowski-space dimension. The tree-level amplitudes of Fig. 3 then read

M3ðaÞ;p2 ¼ hp0; qj − ehAgM
2mMΔðmþMΔÞFπ

½ðpμ þ kμÞqλγμνλSνβΔ ðpþ kÞðpα þ kαÞkδϵρϵαβδρ

− ðp0
α − kαÞkδϵρϵαβδρSβνΔ ðp0 − kÞðp0

μ − kμÞqλγμνλ�jpi; ðB17Þ

M3ðaÞ;p3 ¼ hp0; qj − i
ehAgE

2mMΔðmþMΔÞFπ
½ðpμ þ kμÞqλγμνλSνβΔ ðpþ kÞðpα þ kαÞðkαϵβ − kβϵαÞγ5

− ðp0
α − kαÞðkαϵβ − kβϵαÞγ5SβνΔ ðp0 − kÞðp0

μ − kμÞqλγμνλ�jpi: ðB18Þ

The loop diagrams of Fig. 10 also have very large expressions after evaluation, and therefore we opt to show the expressions
before momentum integration and action of the Dirac equation. The sum over the isospin channels was already performed,

M10ðaÞ ¼ −
egAh2A

16F3
πM2

Δ

Z
ddz
ð2πÞd hp

0; qj
�
qγ5ðpþ kþmÞðpþ k − zÞαzδγαβδSβνΔ ðpþ k − zÞðpþ k − zÞμzλγμνλðpþ kþmÞϵ

½z2 −m2
π�ðp · kÞ2

þ ϵðp0 − kþmÞðp0 − k − zÞαzδγαβδSβνΔ ðp0 − k − zÞðp0 − k − zÞμzλγμνλðp0 − kþmÞqγ5
½z2 −m2

π�ðp0 · kÞ2
	
jpi; ðB19Þ
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M10ðbÞ ¼ −
egAh2A

24F3
πM2

Δ

Z
ddz
ð2πÞd hp

0; qj
�
qγ5ðpþ kþmÞðpþ k − zÞαzδγαβδSβνΔ ðpþ k − zÞðpþ k − zÞμϵλγμνλ

½z2 −m2
π�p · k

þ ðp0 − k − zÞαϵδγαβδSβνΔ ðp0 − k − zÞðp0 − k − zÞμzλγμνλðp0 − kþmÞqγ5
½z2 −m2

π�p0 · k

−
qγ5ðpþ kþmÞðp − zÞαϵδγαβδSβνΔ ðp − zÞðp − zÞμzλγμνλ

½z2 −m2
π�p · k

þ ðp0 − zÞαzδγαβδSβνΔ ðp0 − zÞðp0 − zÞμϵλγμνλðp0 − kþmÞqγ5
½z2 −m2

π�p0 · k

	
jpi: ðB20Þ

The contribution of the diagrams corresponding to Fig. 10(c) vanishes after dimensional regularization,

M10ðdÞ ¼ −
egAh2A

12F3
πM2

Δ

Z
ddz
ð2πÞd hp

0; qj

×

�ðpþ kÞαqδγαβδSβνΔ ðpþ kÞðpþ kÞμϵλγμνλðp − zþmÞzγ5
½z2 −m2

π�½ðp − zÞ2 −m2�

þ zγ5ðp0 − zþmÞðp0 − kÞαϵδγαβδSβνΔ ðp0 − kÞðp0 − kÞμqλγμνλ
½z2 −m2

π�½ðp0 − zÞ2 −m2�
	
jpi; ðB21Þ

M10ðeÞ ¼
egAh2A

12F3
πM2

Δ

Z
ddz
ð2πÞd hp

0; qj
�
ϵ · zqγ5ðpþ kþmÞðp − zÞαðzþ kÞδγαβδSβνΔ ðp − zÞðp − zÞμzλγμνλ

½z2 −m2
π�½ðzþ kÞ2 −m2

π�p · k

−
ϵ · zðp0 − k − zÞαðzþ kÞδγαβδSβνΔ ðp0 − k − zÞðp0 − k − zÞμzλγμνλðp0 − kþmÞqγ5

½z2 −m2
π�½ðzþ kÞ2 −m2

π�p0 · k

	
jpi; ðB22Þ

M10ðfÞ ¼
egAh2A
6F3

πM2
Δ

Z
ddz
ð2πÞd hp

0; qj
�
ϵ · zðpþ kÞαqδγαβδSβνΔ ðpþ kÞðpþ kÞμðzþ kÞλγμνλðp − zþmÞzγ5

½z2 −m2
π�½ðzþ kÞ2 −m2

π�½ðp − zÞ2 −m2�

þ ϵ · zðzþ kÞγ5ðp0 − k − zþmÞðp0 − kÞαzδγαβδSβνΔ ðp0 − kÞðp0 − kÞμqλγμνλ
½z2 −m2

π�½ðzþ kÞ2 −m2
π�½ðp0 − k − zÞ2 −m2�

	
jpi; ðB23Þ

M10ðgÞ ¼ −
egAh2A

12F3
πM2

Δ

Z
ddz
ð2πÞd hp

0; qj
�ðpþ kÞαqδγαβδSβνΔ ðpþ kÞðpþ kÞμzλγμνλðpþ k − zþmÞϵðp − zþmÞzγ5

½z2 −m2
π�½ðpþ k − zÞ2 −m2�½ðp − zÞ2 −m2�

þ zγ5ðp0 − zþmÞϵðp0 − k − zþmÞðp0 − kÞαzδγαβδSβνΔ ðp0 − kÞðp0 − kÞμqλγμνλ
½z2 −m2

π�½ðp0 − zÞ2 −m2�½ðp0 − k − zÞ2 −m2�
	
jpi; ðB24Þ

M10ðhÞ ¼ −
egAh2A

24F3
πM2

Δ

Z
ddz
ð2πÞd hp

0; qj
�ðp0 − zÞαzδγαβδSβνΔ ðp0 − zÞðp0 − zÞμqλγμνλðpþ k − zþmÞzγ5ðpþ kþmÞϵ

½z2 −m2
π�½ðpþ k − zÞ2 −m2�p · k

þ zγ5ðp0 − zþmÞðpþ k − zÞαqδγαβδSβνΔ ðpþ k − zÞðpþ k − zÞμzλγμνλðpþ kþmÞϵ
½z2 −m2

π�½ðp0 − zÞ2 −m2�p · k

−
ϵðp0 − kþmÞðp0 − k − zÞαzδγαβδSβνΔ ðp0 − k − zÞðp0 − k − zÞμqλγμνλðp − zþmÞzγ5

½z2 −m2
π�½ðp − zÞ2 −m2�p0 · k

−
ϵðp0 − kþmÞzγ5ðp0 − k − zþmÞðp − zÞαqδγαβδSβνΔ ðp − zÞðp − zÞμzλγμνλ

½z2 −m2
π�½ðp0 − k − zÞ2 −m2�p0 · k

	
jpi; ðB25Þ
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M10ðiÞ ¼
egAh2A

12F3
πM2

Δ

Z
ddz
ð2πÞd hp

0; qj
�ðp0 − zÞαzδγαβδSβνΔ ðp0 − zÞðp0 − zÞμqλγμνλðpþ k − zþmÞϵγ5

½z2 −m2
π�½ðpþ k − zÞ2 −m2�

þ ϵγ5ðp0 − k − zþmÞðp − zÞαqδγαβδSβνΔ ðp − zÞðp − zÞμzλγμνλ
½z2 −m2

π�½ðp0 − k − zÞ2 −m2�
	
jpi; ðB26Þ

M10ðjÞ ¼
egAh2A

12F3
πM2

Δ

Z
ddz
ð2πÞd hp

0; qj
�
zγ5ðp0 − zþmÞðpþ k − zÞαqδγαβδSβνΔ ðpþ k − zÞðpþ k − zÞμϵλγμνλ

½z2 −m2
π�½ðp0 − zÞ2 −m2�

þ ðp0 − k − zÞαϵδγαβδSβνΔ ðp0 − k − zÞðp0 − k − zÞμqλγμνλðp − zþmÞzγ5
½z2 −m2

π�½ðp − zÞ2 −m2�
	
jpi: ðB27Þ

The diagrams of Fig. 10(k) do not contribute to the amplitude at the considered order, due to isospin cancellation,

FIG. 10. Loop diagrams for π0 photoproduction off protons for Δ intermediate states. The crossed terms are not shown, but are also
calculated.
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M10ðlÞ ¼ −
egAh2A
6F3

πM2
Δ

Z
ddz
ð2πÞd hp

0; qj
�
ϵ · zðp0 − k − zÞαðzþ kÞδγαβδSβνΔ ðp0 − k − zÞðp0 − k − zÞμqλγμνλðp − zþmÞzγ5

½z2 −m2
π�½ðzþ kÞ2 −m2

π�½ðp − zÞ2 −m2�

þ ϵ · zðzþ kÞγ5ðp0 − k − zþmÞðp − zÞαqδγαβδSβνΔ ðp − zÞðp − zÞμzλγμνλ
½z2 −m2

π�½ðzþ kÞ2 −m2
π�½ðp0 − k − zÞ2 −m2�

	
jpi;

M10ðmÞ ¼ −
egAh2A

12F3
πM2

Δ

Z
ddz
ð2πÞd hp

0; qj
�ðp0 − zÞαzδγαβδSβνΔ ðp0 − zÞðp0 − zÞμqλγμνλðpþ k − zþmÞϵðp − zþmÞzγ5

½z2 −m2
π�½ðpþ k − zÞ2 −m2�½ðp − zÞ2 −m2�

þ zγ5ðp0 − zþmÞϵðp − k − zþmÞðp − zÞμqλγμνλSβνΔ ðp − zÞðp − zÞαzδγαβδ
½z2 −m2

π�½ðp0 − zÞ2 −m2�½ðp0 − k − zÞ2 −m2�
	
jpi: ðB28Þ
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