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The complex pole mass of the top quark is presented at full two-loop order in the Standard Model,
augmenting the known four-loop QCD contributions. The input parameters are the MS Yukawa and gauge
couplings, the Higgs self-coupling, and the Higgs vacuum expectation value (VEV). Here, the VEV is
defined as the minimum of the full effective potential in Landau gauge, so that tadpoles vanish. This is an
alternative to earlier results that instead minimize the tree-level potential, resulting in a VEV that is gauge-
fixing independent but accompanied by negative powers of the Higgs self-coupling in perturbative
expansions. The effects of nonzero Goldstone boson mass are eliminated by resummation. I also study the
renormalization scale dependence of the calculated pole mass.
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I. INTRODUCTION

The top-quark mass is one of the key parameters of the
Standard Model of particle physics. It is important for
precision electroweak fits, and for matching of the Standard
Model to ultraviolet physics, including both stability of the
electroweak vacuum and theories that attempt to address
the hierarchy problem.
In this paper, I will consider the relation between the MS

Lagrangian quantities and the complex pole squared mass,
which formally is a physical observable [1–4] and does not
depend on the choice of gauge fixing terms or on the
renormalization scheme and the renormalization scale to all
orders in perturbation theory, but is subject to nonpertur-
bative renormalon ambiguities associated with the hadro-
nization scale [5,6]. The relationship between the pole mass
and the top-quark mass as measured by hadron collider
experiment collaborations is somewhat problematic and is
the subject of continuing investigations [7]. In the approxi-
mation that the width of the top quark is neglected, the real
part of the complex pole squared mass coincides with the
on-shell squared mass. There exist several other useful
definitions of the top-quark mass, depending on the precise
relation to experimental quantities. These include the
potential-subtracted mass [8], the 1S mass [9,10], and
the running MS mass.
In this paper, I consider the relation between the top-

quark pole mass and the MS Lagrangian quantities. Many
previous works have contributed to this subject. First, the
pure QCD contributions have been given at one-loop order
[1], two-loop order [11] (confirmed in [12,13]), three-loop
order [14] (with previous approximate results in [15,16],
and a useful summary of formulas in [17]), and four-loop
order [18]. Besides these pure QCD contributions, the full
one-loop contributions to the pole mass have been given in
Ref. [19] (see also Ref. [20] and Eq. (B.5) of Ref. [21]). The
two-loop mixed QCD contributions were found in [22], and
confirmed in Ref. [23]. The full two-loop contributions

have been studied in the gaugeless limit (with the electro-
weak vector boson masses neglected compared to the
top-quark mass) in Refs. [24–28]. Most recently the full
two-loop results were given in Ref. [29].
The purpose of the present paper is to give an alternative

calculation of the full two-loop contributions to the top-
quark pole mass, using a different organization of pertur-
bation theory than in the above references. Note that the
definition of the running MS top-quark mass is not unique
for a given renormalization scale Q, because the mass is
proportional to the Higgs VEV, which can be defined in
more than one way. One way, called the “tree-level VEV”
here, is

vtree ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−m2=λ

q
; ð1:1Þ

where λ and m2 are the Higgs self-coupling and squared
mass parameter in the MS scheme, normalized so that the
tree-level MS renormalized potential for the canonically
normalized complex Higgs doublet field Φ is

VðΦ;Φ†Þ ¼ m2Φ†Φþ λðΦ†ΦÞ2: ð1:2Þ

An advantage of vtree, emphasized for example in
Refs. [29,30], is that it and the corresponding tree-level
mass mt ¼ ytvtree=

ffiffiffi
2

p
are manifestly independent of the

gauge-fixing procedure, due to the way that they are
defined in terms of the MS Lagrangian parameters. A
disadvantage is that, although there are no tree-level tad-
poles, there are tadpole loop diagrams involving the Higgs
field, which have to be included in any calculation based on
vtree or mt. As a consequence, the perturbative loop
expansion parameters include

Ncy4t =ð16π2λÞ ð1:3Þ
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rather than the usualNcy2t =16π2. The presence of powers of
λ ≈ 0.126 in the denominators of perturbative expansions is
due to the tadpoles, and is indicative of the fact that the tree-
level VEV is not a very good approximation for the true
vacuum state of the theory after including loop corrections.
For example, in Ref. [30], it was noted that when using
vtree, the one-loop non-QCD correction is surprisingly
huge, almost canceling the one-loop QCD effect, due to
the 1=λ tadpole effects.
In this paper, I follow the alternative scheme of defining

the running MS squared masses of the top quark, bottom
quark, electroweak vector bosons, and the Higgs scalar
boson by

t ¼ y2t v2=2; ð1:4Þ

b ¼ y2bv
2=2; ð1:5Þ

W ¼ g2v2=4; ð1:6Þ

Z ¼ ðg2 þ g02Þv2=4; ð1:7Þ

h ¼ 2λv2 ð1:8Þ

where the VEV v of the Higgs field is defined to be the
minimum of the full effective potential in Landau gauge. As
a benefit of this definition, the sum of all Higgs tadpole
graphs, including the tree-level Higgs tadpole, vanishes
identically. The price to be paid for this is that the VEV v,
and therefore also t and the other tree-level masses, depend
on the gauge-fixing method. Therefore, calculations based
on v are restricted to Landau gauge in the electroweak
sector (or any other gauge-fixing choice; Landau gauge is
chosen only because the effective potential is simple).
Although one therefore apparently loses the check of
requiring independence of the gauge-fixing parameters,
the checks obtained from the cancellation of the unphysical
Landau gauge Goldstone boson degrees of freedom from
the complex pole squared mass (and other observables) are
just as powerful. A benefit of this definition of the VEV is
that v is in some sense a more faithful description of the
true vacuum state. Negative powers of λ are absent in
perturbative expansions of pole masses and other physical
quantities. Indeed, this provides another useful check.
As a practical matter, the Standard Model effective

potential is now known at full two-loop order [31], together
with the three-loop contributions in the approximation that
QCD and top-Yukawa couplings are large compared to all
other couplings [32], and the four-loop contributions at
leading order in QCD [33], and with resummation of the
Goldstone boson contributions [34,35] (see also [36]) to
avoid spurious infrared singularities and imaginary parts.
As a consequence, one can write a loop expansion for the
relationship between the two VEVs, showing the tadpole
contributions explicitly,

v2tree ¼ v2 þ 1

λ

X∞
l¼1

1

ð16π2Þl Δ̂l; ð1:9Þ

where Δ̂1 and Δ̂2 are known exactly, and Δ̂3 is known in the
approximation that the QCD coupling and top Yukawa
coupling are much larger than the other couplings. They are
given in Eqs. (4.19)–(4.21) of Ref. [34]. Also, Δ̂4 is known
only at leading order in QCD; this is given in Eq. (5.5)
of Ref. [33].
The methods and results of the present paper are

designed to be compatible with similar full two-loop
calculations of the complex pole squared masses of the
Higgs scalar (with leading three-loop contributions) in
Ref. [37], the W boson in Ref. [38], and the Z boson in
Ref. [39]. All of these use the same VEV definition v, as an
alternative to similar results that are expressed in terms of
vtree, or parametrized in terms of other quantities such as the
Fermi constant GF. For important previous results on the
electroweak vector boson masses and the Higgs mass in
the Standard Model using other schemes, see [40–68].
The input parameters here are taken to be the MS top-

quark and bottom-quark Yukawa couplings, the SUð3Þc,
SUð2ÞL and Uð1ÞY gauge couplings, the Higgs self-
coupling, and the VEV as discussed above:

yt; yb; g3; g; g0; λ; v; ð1:10Þ

all at a specified renormalization scale Q. In principle, the
result also depends on the lighter quark and lepton Yukawa
couplings (or masses), but their contributions are very
small, with the largest contribution coming from the two-
loop QCD contribution of the bottom quark mass, as noted
below. The effects of Cabibbo-Kobayashi-Maskawa
(CKM) mixing on the top-quark pole mass calculation
are also negligible. The W, Z, and h physical masses, as
well as quantities such as GF and sin2 θW , are all regarded
as output quantities in this pure MS scheme adopted here.
In the following, the complex pole squared mass1 is

denoted by

spole ¼ M2
t − iΓtMt: ð1:11Þ

Methods for calculating the complex pole mass at higher
orders in perturbation theory from the fermion self-energy
components are well known, and given in various ways in
several of the references mentioned above. In this paper, I
use the 2-component fermion notation of Ref. [69], and
followed the procedure outlined in [27]. Defining the
2-component fermion self-energy functions as in Fig. 1,
the complex pole mass is the solution of

1The pole squared mass is sometimes parametrized instead as
spole ¼ ðMt

0 − iΓ0
t=2Þ2, but Mt

0 exceeds Mt by less than 2 MeV,
which is negligible compared to both experimental and theoreti-
cal uncertainties.
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0 ¼ Detðspole − ½1 − ΣLðspoleÞ�−1½mþ Ω̄ðspoleÞ�
× ½1 − ΣRðspoleÞ�−1½mþΩðspoleÞ�Þ; ð1:12Þ

where m is the tree-level quark mass. In the case of the top
quark with the approximation of this paper that the CKM
mixing is absent, the self-energy functions are numbers, not
matrices in flavor space, and the absence of complex
couplings implies that Ω̄ ¼ Ω. The loop expansion of
the self-energy functions is

ΣL ¼ 1

16π2
Σð1Þ
L þ 1

ð16π2Þ2 Σ
ð2Þ
L þ � � � ð1:13Þ

ΣR ¼ 1

16π2
Σð1Þ
R þ 1

ð16π2Þ2 Σ
ð2Þ
R þ � � � ð1:14Þ

Ω ¼ 1

16π2
Ωð1Þ þ 1

ð16π2Þ2Ω
ð2Þ þ � � � ; ð1:15Þ

and it follows that the complex pole mass is the solution of

spole ¼ m2 þ 1

16π2
Πð1ÞðspoleÞ

þ 1

ð16π2Þ2Π
ð2ÞðspoleÞ þ � � � ; ð1:16Þ

where

Πð1ÞðsÞ ¼ m2½Σð1Þ
L ðsÞ þ Σð1Þ

R ðsÞ� þ 2mΩð1ÞðsÞ; ð1:17Þ

Πð2ÞðsÞ ¼ m2½Σð2Þ
L ðsÞ þ Σð2Þ

R ðsÞ þ Σð1Þ
L ðsÞΣð1Þ

R ðsÞ
þ ðΣð1Þ

L ðsÞÞ2 þ ðΣð1Þ
R ðsÞÞ2�

þ 2m½Ωð2ÞðsÞ þ Ωð1ÞðsÞðΣð1Þ
L ðsÞ þ Σð1Þ

R ðsÞÞ�
þ ½Ωð1ÞðsÞ�2: ð1:18Þ

Now, expanding spole about m2, one obtains

spole ¼ m2 þ 1

16π2
Πð1Þðm2Þ

þ 1

ð16π2Þ2 ½Π
ð2Þðm2Þ þ Πð1Þðm2ÞΠð1Þ0ðm2Þ�

þ � � � : ð1:19Þ

The remaining part of the calculation is very similar to
the strategy used in Refs. [37–39], so the reader is referred
to those papers for more details, and only a brief outline
will be given here. The fermion self-energy functions are
computed in terms of bare couplings and masses in d ¼
4 − 2ϵ dimensions, and then the bare quantities are
expanded in terms of renormalized MS quantities. This
is more efficient than doing counterterm diagrams sepa-
rately. The Tarasov algorithm [70] is then used to reduce the
loop integrals to a set of basis functions, for which I use the
conventions and notations of Refs. [71,72], with one-loop
basis integrals AðxÞ≡ xlnðxÞ − x and Bðx; yÞ and two-loop
basis integrals Iðx; y; zÞ, Sðx; y; zÞ, Tðx; y; zÞ, T̄ð0; x; yÞ,
Uðx; y; z; uÞ, andMðx; y; z; u; vÞ. Here x; y; z… are squared
mass arguments, and there are also implicit arguments for
the external momentum invariant s and the renormalization
scale Q, and

lnðxÞ≡ lnðx=Q2Þ: ð1:20Þ

The software package TSIL [72] is used to evaluate the
basis integral functions. In some cases, the basis integrals
can be evaluated analytically in terms of polylogarithms,
which TSIL does using results from Refs. [11,13,22,71–
79]. When this is not possible, TSIL instead computes the
basis integrals by Runge-Kutta integration of the differ-
ential equations in the external momentum invariant s as
found in Ref. [71], using methods similar to those in
Refs. [80]. The one-loop self-energy functions of s are then
expanded around the tree-level squared mass t. Due to the
presence of the massless gluon and photon, this expansion
results in threshold logarithms lnðt − sÞ, which cancel
against two-loop contributions, providing a useful check.
Another important and nontrivial check is the cancellation
of poles in ϵ.
The resulting expression depends on the tree-level

Goldstone boson squared mass G ¼ m2 þ λv2 and the

FIG. 1. Fermion one-particle-irreducible self-energy functions ΣLðsÞ, ΣRðsÞ, ΩðsÞ, and Ω̄ðsÞ, using 2-component notation following
Ref. [69]. Here the external momentum invariant is s ¼ −p2, using a metric signature (−;þ;þ;þ). The 2-component fields t and t̄ are
the left-handed SUð2ÞL doublet quark and singlet antiquark, respectively, and t, t†, t̄, and t̄† are labeled as ingoing.
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Higgs boson squared mass H ¼ m2 þ 3λv2. Following the
procedure in Sec. IV of Ref. [34], the Goldstone boson
squared mass contributions are resummed, eliminating G
completely, and eliminating H in favor of h defined in
Eq. (1.8), so that the Higgs boson squared mass parameter
m2 does not appear in the resulting expression. Another
useful check is the absence of singularities as G → 0.
Finally, in the remaining expressions, yet another useful
check is provided by the cancellation between the
Goldstone contributions and the unphysical components
of the electroweak vector bosons. For one example,
consider the Feynman diagrams shown in Fig. 2. The
contributions to spole from these individual diagrams from
the neutral Goldstone boson G0 and from the unphysical
degrees of freedom of the Z boson involve the basis
integrals Mðh; Z; t; t; 0Þ and Mðh; 0; t; t; ZÞ and
Mðh; 0; t; t; 0Þ. However, in the sum, those unphysical
contributions cancel, and these basis integrals do not appear
at all in the result for the pole squared mass. This, along
with many other similar cases, illustrates how gauge
invariance provides nontrivial checks, despite the calcu-
lation being restricted to Landau gauge.
The rest of this paper is organized as follows. In Sec. II,

results are presented for the full two-loop complex pole
mass of the top quark, together with a review of the known
four-loop pure QCD results in a compatible form, using an
expansion in which the external momentum invariant for
the loop integrals is the tree-level squared mass t. In
Sec. III, the same results are presented after a reexpansion
in which the external momentum invariant for the loop
basis integrals is (the real part of) the top-quark pole

squared mass. These two expansions differ by amounts that
are formally of five-loop order in pure QCD and three-loop
order for other terms. In Sec. IV, I compare these two
expansions for a realistic set of numerical input parameters,
which provides a test of the unavoidable arbitrariness
associated with the truncation of perturbation theory. I
also study the renormalization scale dependence of the
approximation. Section V contains some concluding
remarks. Some integral identities that were useful for the
calculation are recorded in an Appendix.

II. COMPLEX POLE SQUARED MASS
OF THE TOP QUARK

In this section, the complex pole squared mass of the top
quark is written in the form

spole ¼ tþ 1

16π2
½g23δð1ÞQCD þ δð1Þnon−QCD�

þ 1

ð16π2Þ2 ½g
4
3δ

ð2Þ
QCD þ g23δ

ð2Þ
mixed þ δð2Þnon−QCD�

þ 1

ð16π2Þ3 g
6
3δ

ð3Þ
QCD þ 1

ð16π2Þ4 g
8
3δ

ð4Þ
QCD þ � � � ; ð2:1Þ

where t ¼ y2t v2=2 is the tree-level squared mass, with v
taken to minimize the full loop-corrected Landau gauge
effective potential. In this section, all of the basis loop
integrals are implicitly taken to be evaluated with the
external squared momentum invariant set to s ¼ t. I begin
by reviewing the known pure QCD results. At one-loop and
two-loop order, one has [1,11]

δð1ÞQCD ¼ CFt½8 − 6lnðtÞ�; ð2:2Þ

δð2ÞQCD ¼ CFt

�
CG

�
1111

12
−
8π2

3
þ 8π2 lnð2Þ − 12ζ3 −

185

3
lnðtÞ þ 11ln2ðtÞ

�

þ CF

�
−
7

4
þ 10π2 − 16π2 lnð2Þ þ 24ζ3 − 15lnðtÞ þ 18ln2ðtÞ

�

þ TF

Xnq
i¼1

f4ð1 − qi=tÞ½Tðqi; qi; tÞ þ lnðqiÞ½2 − lnðtÞ��

− 4ð1þ qi=tÞUðt; 0; qi; qiÞ − 4ðqi=tÞ½2lnðqiÞ þ 1� þ ½4lnðtÞ þ 1�=3g
�
; ð2:3Þ

FIG. 2. Feynman diagrams that individually involve the basis integralsMðh; Z; t; t; 0Þ and Mðh; 0; t; t; ZÞ and Mðh; 0; t; t; 0Þ, coming
from the unphysical degrees of freedom from the Z and the neutral Goldstone boson. In the total pole squared mass, the contributions
proportional to each of those basis integrals cancel.
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where the QCD group theory quantities are

CG ¼ 3; CF ¼ 4=3; TF ¼ 1=2; nq ¼ 6; ð2:4Þ

and the qi are the quark squared masses. For qi ¼ t, one has
(for s ¼ t)

Uðt; 0; t; tÞ ¼ 11

2
−
2π2

3
− 3lnðtÞ þ 1

2
ln2ðtÞ: ð2:5Þ

When qi is a lighter quark squared mass, the integrals
Tðq; q; tÞ and Uðt; 0; q; qÞ for s ¼ t are known
[11,72,76,77] in terms of dilogarithms, but it is practical
to expand them for small quark masses:

Tðq; q; tÞ ¼ −lnðqÞ½2 − lnðtÞ� − 1

2
−
π2

3
þ lnðtÞ

−
1

2
ln2ðtÞ þOðq=tÞ; ð2:6Þ

Uðt; 0; q; qÞ ¼ 11

2
þ π2

3
− 3lnðtÞ þ 1

2
ln2ðtÞ

− 2π2
ffiffiffiffiffiffiffi
q=t

p
þOðq=tÞ: ð2:7Þ

The leading correction due to small nonzero quark masses
thus is of order mq=mt and comes only from the
Uðt; 0; q; qÞ integral. Plugging in the group theory quan-
tities, and keeping only the leading part in the light-quark
mass expansion, one obtains

δð2ÞQCD ¼ t

�
2309=9þ 16π2=9þ 32π2 lnð2Þ=9 − 16ζ3=3

− 204lnðtÞ þ 60ln2ðtÞ

þ 16π2

3

X
q¼b;c;s…

mq=mt þOðm2
q=m2

t Þ
�
: ð2:8Þ

Here it is not clear whether it is best to use pole or running
masses for mq, since the resulting difference for spole
between these choices is of the same parametric order as
the presently unknown dependence of the three-loop
corrections on the lighter quark masses. However, even
if one uses

P
qmq ¼ 7 GeV, the net effect is to raise the

top-quark pole mass by only about 14 MeV, which is small
compared to both experimental and other theoretical un-
certainties.
The three-loop and four-loop pure-QCD contributions

can be written in the forms

δð3ÞQCD ¼ t½c3;0 þ c3;1lnðtÞ þ c3;2ln
2ðtÞ þ c3;3ln

3ðtÞ�; ð2:9Þ

δð4ÞQCD ¼ t½c4;0 þ c4;1lnðtÞ þ c4;2ln
2ðtÞ

þ c4;3ln
3ðtÞ þ c4;4ln

4ðtÞ�; ð2:10Þ

where the three-loop results from [14] are

c3;0 ¼ 551909=81þ 1589684π2=1215þ 700π4=81

− 42304π2 lnð2Þ=81 − 512π2 ln2ð2Þ=27
− 320 ln4ð2Þ=9 − ð2560=3ÞLi4ð1=2Þ − 13328ζ3=9

− 11512π2ζ3=27þ 31600ζ5=27; ð2:11Þ

c3;1 ¼ −53696=9 − 352π2=9 − 704π2 lnð2Þ=9
þ 2272ζ3=3; ð2:12Þ

c3;2 ¼ 2300; ð2:13Þ

c3;3 ¼ −440; ð2:14Þ

while the four-loop coefficients are [18]

c4;0 ¼ ð4.91� 0.11Þ × 105; ð2:15Þ

c4;1 ¼ −5110172=27 − 46066276π2=1215 − 26348π4=81

þ 1231424π2 lnð2Þ=81þ 14848π2 ln2ð2Þ=27
þ 9280 ln4ð2Þ=9þ ð74240=3ÞLi4ð1=2Þ
þ 1824176ζ3=27þ 333848π2ζ3=27

− 1103600ζ5=27; ð2:16Þ

c4;2 ¼ 750374=9þ 5104π2=9þ 320π2 lnð2Þ=9
þ 3296π2 lnð2Þ=3 − 40624ζ3=3; ð2:17Þ

c4;3 ¼ −65740=3; ð2:18Þ

c4;4 ¼ 3190: ð2:19Þ

The above coefficients that are associated with logarithms
ofQ (c3;n and c4;n with n ≥ 1) follow from the correspond-
ing beta functions for g3 at two-loop [81] and three-loop
[82] order and for yt at two-loop [83], three-loop [84,85]
and four-loop [86,87] order. Note that the four-loop non-
logarithmic contribution of Eq. (2.15) is only known
numerically at present, with an uncertainty from numerical
integration [18,88]. The results given above are equivalent
to those found in Refs. [1,11,14,18], but are cosmetically
different because the expansion in the present paper is for
the pole squared mass written in terms of the tree-level
squared mass. The actual difference is of five-loop order.
The one-loop non-QCD contribution to the top-quark

pole-squared mass can be obtained straightforwardly as
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δð1Þnon−QCD ¼ Q2
t e2t½8 − 6lnðtÞ� þ g2

4
f½2W − b − t − ðb − tÞ2=W�Bðb;WÞ þ ð2W − tþ bÞAðWÞ=W þ 2t − 2AðbÞg

þ ½ðIt3Þ2ðg2 þ g02Þ − 2It3Qtg02 þ 2Q2
t g04=ðg2 þ g02Þ�½ðZ − tÞBðt; ZÞ þ AðZÞ − AðtÞ þ t�

þ 2Qtg02½−It3 þQtg02=ðg2 þ g02Þ�t½3Bðt; ZÞ − 2�
þ y2t ½ðh − 4tÞBðh; tÞ þ AðhÞ − 2AðtÞ − AðbÞ�=2 − y2bAðbÞ=2; ð2:20Þ

where e ¼ gg0=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

p
and

Qt ¼ 2=3; It3 ¼ 1=2 ð2:21Þ

are the electric charge and third component of weak isospin
for the top quark. In Eq. (2.20), I have kept the contribu-
tions from a nonzero bottom-quark Yukawa coupling, but it
is completely negligible in practice. This is partly because
the leading dependence on b of Eq. (2.20) is of order b=t,
not

ffiffiffiffiffiffiffi
b=t

p
as in the two-loop QCD contribution of Eq. (2.8).

The two-loop mixed and non-QCD contributions, δð2Þmixed

and δð2Þnon−QCD in Eq. (2.1), both have the form

X
j

cð2Þj Ið2Þj þ
X
j≤k

cð1;1Þj;k Ið1Þj Ið1Þk þ
X
j

cð1Þj Ið1Þj þ cð0Þ; ð2:22Þ

where Ið1Þ and Ið2Þ are lists of one-loop and two-loop basis
integrals defined in the conventions of [71,72], and the

coefficients cð2Þj and cð1;1Þj;k and cð1Þj and cð0Þ consist of
rational functions of the tree-level squared masses t, Z, W,

h, multiplied by a global factor of 1=v2 for δð2Þmixed and 1=v4

for δð2Þnon−QCD. These coefficients are the main new results of
this paper. However, they are complicated, and in practice
will be evaluated by computer, so these results are relegated
to ancillary electronic files. For both the mixed and non-
QCD two-loop contributions, I set the lighter quark and
lepton Yukawa couplings to 0, so the list of necessary one-
loop basis integrals is

Ið1Þ ¼ fAðhÞ; AðtÞ; AðWÞ; AðZÞ; Bðh; tÞ; Bðt; ZÞ; Bð0;WÞg:
ð2:23Þ

The list of two-loop integrals needed for the mixed
contributions is

Ið2Þmixed ¼ fζ2; Ið0; t;WÞ; Iðh; t; tÞ; Iðt; t; ZÞ;Mð0; 0; t;W; 0Þ;Mð0; t; t; 0; tÞ;Mð0; t; t; h; tÞ;Mð0; t; t; Z; tÞ;
Tðh; 0; tÞ; TðW; 0; 0Þ; TðZ; 0; tÞ; T̄ð0; 0;WÞ; T̄ð0; h; tÞ; T̄ð0; t; ZÞ; Uð0;W; 0; tÞ; Uðt; h; t; tÞ; Uðt; Z; t; tÞg; ð2:24Þ

while the two-loop basis for the non-QCD case contains 49 additional integrals:

Ið2Þnon−QCD ¼ Ið2Þmixed ∪ fIð0; h;WÞ; Ið0; h; ZÞ; Ið0;W; ZÞ; Iðh; h; hÞ; Iðh;W;WÞ; Iðh; Z; ZÞ; IðW;W; ZÞ;
Mð0; 0;W;W; 0Þ;Mð0; 0;W;W; ZÞ;Mð0; t;W; 0;WÞ;Mð0; t;W; h;WÞ;Mð0; t;W; Z;WÞ;Mð0; Z;W; t; 0Þ;
Mðh; h; t; t; hÞ;Mðh; t; t; h; tÞ;Mðh; t; t; Z; tÞ;Mðh; Z; t; t; ZÞ;Mðt; t; Z; Z; hÞ;Mðt; Z; Z; t; tÞ;
Sð0; 0; 0Þ; Sð0; h;WÞ; Tðh; 0;WÞ; Tðh; h; tÞ; Tðh; t; ZÞ; Tðt; h; ZÞ; TðW; 0; hÞ; TðW; 0; ZÞ; TðW; t;WÞ;
TðZ; 0;WÞ; TðZ; h; tÞ; TðZ; t; ZÞ; Uð0;W; 0; 0Þ; Uð0;W; h;WÞ; Uð0;W;W; ZÞ; Uðh; t; 0;WÞ; Uðh; t; h; tÞ;
Uðh; t; t; ZÞ; Uðt; 0;W;WÞ; Uðt; h; h; hÞ; Uðt; h;W;WÞ; Uðt; h; Z; ZÞ; Uðt; Z; 0; 0Þ; Uðt; Z; h; ZÞ;
Uðt; Z;W;WÞ; UðW; 0; 0; hÞ; UðW; 0; 0; ZÞ; UðZ; t; 0;WÞ; UðZ; t; h; tÞ; UðZ; t; t; ZÞg: ð2:25Þ

The expressions for δð2Þmixed and for δ
ð2Þ
non−QCD are provided in

ancillary files called delta2mixed_secII.txt and delta2-
nonQCD_secII.txt, respectively. These files are available
with the arXiv submission for this paper. It should be
noted that the presentation of these results is not unique,
because of the existence of identities that hold between
different basis integrals when the squared mass arguments

are not generic. The relevant identities are listed in the
Appendix.

III. REEXPANSION OF THE POLE
SQUARED MASS

The results of the previous section can be rewritten by
self-consistently reexpanding the loop integrals that depend
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on t, writing them instead in terms of the real part of the
pole squared mass,

T ≡ Re½spole�: ð3:1Þ

The resulting expression is written as

spole ¼ tþ 1

16π2
½g23Δð1Þ

QCD þ Δð1Þ
non−QCD�

þ 1

ð16π2Þ2 ½g
4
3Δ

ð2Þ
QCD þ g23Δ

ð2Þ
mixed þ Δð2Þ

non−QCD�

þ 1

ð16π2Þ3 g
6
3Δ

ð3Þ
QCD þ 1

ð16π2Þ4 g
8
3Δ

ð4Þ
QCD þ � � � ð3:2Þ

and differs from the results of the preceding section by
amounts of higher order, namely five-loop order in the pure
QCD part, and three-loop order in the other parts. The pure
QCD contributions are easily obtained from the results of
the preceding section, or directly from Refs. [1,11,14,18]:

Δð1Þ
QCD ¼ T½32=3 − 8lnðTÞ�; ð3:3Þ

Δð2Þ
QCD ¼ T

�
2053=9þ 16π2=9þ 32π2 lnð2Þ=9

− 16ζ3=3 − ð292=3ÞlnðTÞ − 4ln2ðTÞ

þ 16π2

3

X
q¼b;c;s…

Mq=Mt þOðM2
q=M2

t Þ
�
; ð3:4Þ

Δð3Þ
QCD ¼ T½a3;0 þ a3;1lnðTÞ þ a3;2ln

2ðTÞ þ a3;3ln
3ðTÞ�;

ð3:5Þ

Δð4Þ
QCD ¼ T½a4;0 þ a4;1lnðTÞ þ a4;2ln

2ðTÞ
þ a4;3ln

3ðTÞ þ a4;4ln
4ðTÞ�; ð3:6Þ

where the three-loop coefficients are

a3;0 ¼ 420365=81þ 1560884π2=1215þ 700π4=81

− 46144π2 lnð2Þ=81 − 512π2 ln2ð2Þ=27
− 320 ln4ð2Þ=9 − ð2560=3ÞLi4ð1=2Þ − 12688ζ3=9

− 11512π2ζ3=27þ 31600ζ5=27; ð3:7Þ

a3;1 ¼ −5648=3 − 32π2=3 − 64π2 lnð2Þ=3þ 672ζ3; ð3:8Þ

a3;2 ¼ −36; ð3:9Þ

a3;3 ¼ 8; ð3:10Þ

and the four-loop coefficients are

a4;0 ¼ ð3.64� 0.11Þ × 105; ð3:11Þ

a4;1 ¼ −4581172=81 − 20170532π2=1215 − 15148π4=81

þ 616000π2 lnð2Þ=81þ 6656π2 ln2ð2Þ=27
þ 4160 ln4ð2Þ=9þ ð33280=3ÞLi4ð1=2Þ
þ 1061552ζ3=27þ 149656π2ζ3=27

− 598000ζ5=27; ð3:12Þ

a4;2 ¼ 11482=3þ 208π2=3 − 960π2 lnð2Þ
þ 3296π2 lnð2Þ=3 − 1808ζ3; ð3:13Þ

a4;3 ¼ 244=3; ð3:14Þ

a4;4 ¼ −26: ð3:15Þ

The one-loop non-QCD part has the same form as
Eq. (2.20) with the replacement t → T:

Δð1Þ
non−QCD ¼ Q2

t e2T½8 − 6lnðTÞ� þ g2

4
f½2W − b − T − ðb − TÞ2=W�Bðb;WÞ

þ ð2W − T þ bÞAðWÞ=W þ 2T − 2AðbÞg þ ½ðIt3Þ2ðg2 þ g02Þ
− 2It3Qtg02 þ 2Q2

t g04=ðg2 þ g02Þ�½ðZ − TÞBðT; ZÞ þ AðZÞ − AðTÞ þ T�
þ 2Qtg02½−It3 þQtg02=ðg2 þ g02Þ�T½3BðT; ZÞ − 2�
þ y2t ½ðh − 4TÞBðh; TÞ þ AðhÞ − 2AðTÞ − AðbÞ�=2 − y2bAðbÞ=2: ð3:16Þ

The two-loop parts below absorb the residual terms from
the expansion of t about T,

t ¼ T −
1

16π2
ðg23Δð1Þ

QCD þ Re½Δð1Þ
non−QCD�Þ þ � � � : ð3:17Þ

Note that in Eq. (3.16) I have chosen to keep the vertex
coupling yt as it is; only the one-loop t’s that come from
propagators of loop integrals are reexpanded in terms of T.
This choice affects the residual terms that are absorbed into
the two-loop parts, and is somewhat arbitrary, but is
motivated by the idea that resumming the internal
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top-quark propagators in the diagram should result in poles
close to the on-shell mass, but there is no reason why the
vertex yt’s should resum in the same way.
The resulting two-loop mixed and non-QCD contribu-

tions, Δð2Þ
mixed and Δð2Þ

non−QCD, have the same form as
Eq. (2.22) in the previous section, but now the lists of

necessary basis integrals Ið1Þ and Ið2Þmixed and Ið2Þnon−QCD are
obtained from those given in the previous section by
replacing t by T everywhere, including as the implicit
external momentum squared argument of the loop integral
functions.2 In addition, the list Ið1Þ used in the two-loop
parts must be augmented to include the real part of
Bð0;WÞ:

Ið1Þ ¼ fAðhÞ; AðTÞ; AðWÞ; AðZÞ; Bðh; TÞ; BðT; ZÞ;
Bð0;WÞ;Re½Bð0;WÞ�g: ð3:18Þ

The reason for this addition is that the reexpansion of t in

terms of T, Eq. (3.17), involves the real part of Δð1Þ
non−QCD.

The only complex part of Δð1Þ
non−QCD is proportional to the

basis integral Bð0;WÞ, which has an imaginary part
corresponding to the 2-body decay t → bW. The new

coefficients cð2Þj and cð1;1Þj;k and cð1Þj and cð0Þ are now rational
functions of T, W, Z, h, multiplied by a factor of 1=v2 for

Δð2Þ
mixed and 1=v4 for Δð2Þ

non−QCD. These results are given in
ancillary electronic files, Delta2mixed_secIII.txt and
Delta2nonQCD_secIII.txt, included with the arXiv sub-
mission for this paper. As in the previous section, the
presentation of these results is not unique because of the
basis loop integral identities given in the Appendix.

IV. NUMERICAL RESULTS

For the purposes of a numerical illustration of the results
obtained above, consider a set of Standard Model bench-
mark MS parameters

ytðQ0Þ ¼ 0.93690; ð4:1Þ

g3ðQ0Þ ¼ 1.1666; ð4:2Þ

gðQ0Þ ¼ 0.647550; ð4:3Þ

g0ðQ0Þ ¼ 0.358521; ð4:4Þ

λðQ0Þ ¼ 0.12597; ð4:5Þ
vðQ0Þ ¼ 246.647 GeV; ð4:6Þ

defined at the MS input renormalization scale

Q0 ¼ 173.34 GeV: ð4:7Þ
These parameters are the same as those used in Ref. [39].
As mentioned there, the real parts of the pole masses of the
Higgs, W, and Z bosons, as calculated in Refs. [37–39]
respectively, are

Mh ¼ 125.09 GeV; ð4:8Þ
MW ¼ 80.329 GeV; ð4:9Þ
MZ ¼ 91.154 GeV; ð4:10Þ

with the latter two corresponding to the experimental Breit-
Wigner lineshape masses

Mexp
W ¼ 80.356 GeV; ð4:11Þ

Mexp
Z ¼ 91.188 GeV: ð4:12Þ

Also, although it will play no direct role in the following, I
note for completeness that the running MS Higgs squared
mass parameter is m2ðQ0Þ ¼ −ð92.890 GeVÞ2, found by
using the full two-loop effective potential [31] with the
leading QCD and top-Yukawa corrections [32] and
Goldstone boson resummation [34,35] (see also [36]),
while one finds that the value obtained by including the
four-loop pure QCD corrections to the effective potential
[33] is only slightly different: m2ðQ0Þ ¼ −ð92.926 GeVÞ2.
For simplicity, I set yb ¼ 0, because it has a very small
effect, as noted above.
Using these input parameters, the computed top-quark

pole mass Mt is shown as a function of the choice of Q in
Fig. 3, in various approximations. The figure was made by
first using the three-loop Standard Model renormalization
group equations, found in Refs. [89–94] and as imple-
mented in the program SMH [37], to run the input
parameters from the input scale Q0 to the scale Q.
Then, the formulas of Sec. III are applied to find spole,
using TSIL [72]. In addition to the integrals that are
analytically known in terms of polylogarithms, only 12
calls of the relatively time-consuming Runge-Kutta evalu-
ation function TSIL_Evaluate are needed in the full
two-loop case, because multiple basis integrals stemming
from the same master topology are evaluated simultane-
ously. The total time to compute all of the basis integrals is
well under 1 second on a modern desktop or laptop
computer hardware. For each point, a few iterations are
required to self-consistently evaluate the complex pole
mass, updating T with each iteration. In practical

2However, note that in the two-loop parts Δð2Þ
mixed andΔ

ð2Þ
non−QCD,

one could justify using T and t interchangeably, because the
difference is of higher order and thus formally comparable to
other three-loop non-pure-QCD terms that remain uncalculated at
this time. Here I choose to use T, in solidarity with the one-loop
terms of Eq. (3.16) and the pure QCD contributions of Eqs. (3.3)–
(3.6). This has the practical benefit that if T is given as an input, t
can be extracted without having to recompute the two-loop
integrals in iteration.
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applications, the process will be different; one might supply
T as an experimental input, and derive t and therefore yt
from it. In that case, as noted in the previous footnote,
iteration of the two-loop part is unnecessary when using the
formulas of Sec. III. In such applications, only the one-loop
part will require iteration, because of the explicit appear-
ance of yt in Eq. (3.16).
The dashed line in Fig. 3 shows the result of the four-

loop pure QCD calculation as given in Eqs. (3.3)–(3.15)
above. The pure QCD result for Mt is seen to still have a
significant scale dependence of more than 1.7 GeV for
80 GeV < Q < 300 GeV, due to the effects of yt and the
electroweak couplings. This scale dependence is greatly
reduced by including also the one-loop non-QCD contri-

butions from Δð1Þ
non−QCD, as shown by the dashed (red) line.

Further including the two-loop mixed QCD corrections

Δð2Þ
mixed, as shown by the blue (dot-dashed) line, changes the

result by less than 300 MeV for any choice of Q. Finally,
using the full set of contributions in Eq. (3.2) by including

Δð2Þ
non−QCD as well, one obtains the solid (black) line with

very little Q dependence. Note that with the choice
Q ¼ Mt, the most complete result given here for Mt is
approximately 470 MeV lower than the four-loop pure
QCD result.

The complex pole mass also includes the parameter Γt,
which corresponds to the total decay width of the top quark.
This is shown in the same way as for Mt in Fig. 4, again
using the formulas in Sec. III. In this case, the width is 0 as
long as only pure QCD effects are included, so the first
approximation shown includes the four-loop pure QCD
together with the one-loop non-QCD contributions to the

complex pole mass, Δð1Þ
non−QCD, as the short-dashed (red)

line. The long-dashed (blue) line includes also the Δð2Þ
mixed

contribution, which lowers the prediction for the width by
about 10%, but without a dramatic effect on the Q
dependence. Finally, including the full two-loop effects
(on top of the pure QCD four-loop part) significantly
reduces the Q dependence. This is shown as the solid
(black) line in Fig. 4. Of course, this result for Γt is not as
useful or complete as a fully differential next-to-next-to-
leading order calculation of the decay width, as described
for example in Refs. [95,96] and references therein.
However, it is reassuring that the result found here is very
nearly Q independent.
In presenting the results above, I chose to use the

expansion of Sec. III rather than that of Sec. II. At least
in the case of the width Γt, it seems clear that the kinematics
of the decay will be best captured by using the (real part of
the) pole squared mass T rather than the running squared
mass t as the external momentum squared in the loop
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FIG. 3. The real part Mt of the top-quark pole mass as a
function of the MS renormalization scale Q at which it is
computed, in successive approximations from Sec. III. The
short-dashed (green) line is the result found in pure QCD at
four-loop order from using Eqs. (3.3)–(3.15) in Eq. (3.2). The
long-dashed (red) line includes also the one-loop non-QCD

contributions Δð1Þ
non−QCD from Eq. (3.16). The dot-dashed (blue)

line adds in the two-loop mixed QCD contributions Δð2Þ
mixed found

in the ancillary file Delta2mixed_secIII.txt. The solid
(black) line adds in the two-loop non-QCD contributions

Δð2Þ
non−QCD found in the ancillary file Delta2nonQCD_se-

cIII.txt. The input parameters yt; v; g3; g; g0; λ at Q are
obtained by three-loop renormalization group running starting
from Eqs. (4.1)–(4.7).
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FIG. 4. The pole mass width Γt of the top quark, as a function of
the MS renormalization scale Q at which it is computed, in
successive approximations from Sec. III. The short-dashed (red)
line is the result found from the one-loop non-QCD contributions

Δð1Þ
non−QCD from Eq. (3.16), in Eq. (3.2), together with the pure

QCD at four-loop order from Eqs. (3.3)–(3.15). The long-dashed
(blue) line adds in the two-loop mixed QCD contributions Δð2Þ

mixed.
The solid (black) line adds in the two-loop non-QCD contribu-

tions Δð2Þ
non−QCD. The input parameters yt; v; g3; g; g0; λ at Q are

obtained by three-loop renormalization group running starting
from Eqs. (4.1)–(4.7).
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integrals, since in general t is not close to the physical
squared mass of the decaying top quark. However, the two
expansions are formally equivalent within the approxima-
tions being used. The difference between them is a measure
of the uncertainty introduced by the truncation of pertur-
bation theory. This is illustrated in Fig. 5, which shows the
results for Mt and Γt for the full two-loopþ pure QCD
four-loop expansions in terms of t from Sec. II as dashed
lines and in terms of T from Sec. III as solid lines.
The expansion in terms of T in Sec. III has a Q

dependence that is slightly better for Mt, and significantly
better for Γt, than the expansion in terms of t in Sec. II. For
Γt, this is in accord with the expectation that the expansion
in terms of T should give a better approximation to the total
decay width. ForMt, the total variation as Q is varied from
80 to 300 GeV is only about 100 MeV. As usual, the Q
dependence is only a lower bound on the theoretical error,
but this seems to be reassuringly small compared to the
experimental sources of error and uncertainty, at least for
now. Of greater importance in the LHC era is the con-
nection [7] between the experimental “Monte Carlo mass”
determination and the pole mass or other physical versions
of the top-quark mass to which it can be related by other
calculations.

V. OUTLOOK

In this paper I have presented the complex top-quark
pole mass at full two-loop order, augmented by the known
four-loop QCD contributions, in the pure MS scheme. The
VEV is defined to be the minimum of the full effective
potential, which makes it a specifically Landau gauge
quantity, but avoids tadpole graphs. Since the VEV is
dependent on the renormalization group scale, and

therefore not a direct physical observable anyway, it should
not be too worrisome that it is defined to be gauge-fixing
dependent. The results found here are an alternative to the
results of [29], which uses a tree-level definition of the
running VEV that is independent of gauge-fixing but
requires the presence of tadpole graphs that yield powers
of 1=λ in perturbative expansions.
The results obtained in this paper differ in form, even at

one-loop order, from those found by other groups, due to
the different definition of the VEV. However, one can check
that at least the one-loop contribution of Eq. (2.20) is
consistent with, for example, Eq. (B.5) in Ref. [21] or
Eqs. (60) and (70) of [29], after taking into account
Eq. (1.9) of the present paper. In Ref. [29] it was noted
that the 1=λl tadpole effects at loop order l can all be
absorbed into a running (Q-dependent) quantity Δr̄,
defined in terms of the Fermi constant and MS quantities,
including the tree-level VEV, by

GF ¼ 1þ Δr̄ffiffiffi
2

p
v2tree

: ð5:1Þ

In view of Eq. (1.9) above, one can write instead,

GF ¼ 1þ Δ~rffiffiffi
2

p
v2

; ð5:2Þ

where the quantity Δ~r is gauge-fixing dependent (because
v is), but free of tadpoles, and in Landau gauge is related to
Δr̄ by the exact relation

1þ Δr̄ ¼ ð1þ Δ~rÞ
�
1þ 1

λv2
X∞
l¼1

1

ð16π2Þl Δ̂l

�
: ð5:3Þ
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FIG. 5. Comparisons of the real (Mt, left panel) and imaginary (Γt, right panel) parts of the complex top-quark pole massM2
t − iΓtMt,

computed using the “expansion around tree”method of Sec. II (dashed lines), and the “expansion around pole”method of Sec. III (solid
lines). The input parameters yt; v; g3; g; g0; λ at the renormalization scale Q are obtained by three-loop renormalization group running
starting from Eqs. (4.1)–(4.7). The differences between the methods are formally of five-loop order in pure QCD and three-loop order in
the remaining contributions.
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Some care must be taken in interpreting this, because the
left side is implicitly a function of vtree, and the right side a
function of v, so that Eq. (1.9) must be used again on the
left side when making the equivalence beyond one-loop
order. I have checked that with this definition, Δ~r is indeed
tadpole-free through two-loop order, at least in the
gaugeless limit for Δr̄ that was presented explicitly in
Eqs. (37)–(39) of Ref. [28].
The two-loop mixed and non-QCD results found in this

paper are too complicated to show in print, and not
amenable to unassisted human estimate anyway, so they
were provided explicitly in electronic form in four ancillary
files [97]. In the near future, they will be incorporated into a
publicly available computer program library, together with
the results for the pole masses of the Higgs scalar and theW
and Z bosons, as found in Refs. [37–39] using the same
scheme as here. (For a recent program with similar aims but
based on a different organization of perturbation theory, see
[68].) The QCD coupling g3 is determined from other
measurements. In addition, the QED coupling combination
gg0=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

p
, can be obtained from very low-energy

experiments and renormalization group running, and the
VEV can be related to the Fermi constant GF through
radiative corrections, in several different schemes. In the
forthcoming program, one will be able to specify either the

MS inputs yt, g3, g, g0, λ, v with the pole masses as outputs,
or to specify the pole masses as inputs with the corre-
sponding MS parameters as outputs, or various combina-
tions thereof. This program will be an extension of the
Higgs mass program SMH [37], and will also include the
most advanced effective potential minimization and
renormalization group running available.
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APPENDIX: SOME TWO-LOOP
INTEGRAL IDENTITIES

Listed below are some identities that hold between
different two-loop basis integrals in the notation of
Ref. [72], for one or more squared mass arguments equal
to 0. The external momentum squared invariant is denoted
s, and internal propagator squared masses are denoted x, y,
z. In the results of Sec. II, s is set equal to the tree-level top-
quark squared mass t, while s is set equal to T ¼ Re½spole�
in Sec. III.

Ið0; 0; xÞ ¼ −xð1þ π2=6Þ þ AðxÞ − AðxÞ2=2x; ðA1Þ

Ið0; x; xÞ ¼ −2xþ 2AðxÞ − AðxÞ2=x; ðA2Þ

Sð0; x; yÞ ¼ 5s=8 − x − yþ ½xðx − sÞTðx; 0; yÞ þ yðy − sÞTðy; 0; xÞ þ ðs − x − 3yÞAðxÞ=2
þ ðs − 3x − yÞAðyÞ=2þ AðxÞAðyÞ þ ðs2 − 2sx − 2syþ x2 − 2xyþ y2ÞBðx; yÞ=2�=ðs − x − yÞ; ðA3Þ

Sð0; 0; xÞ ¼ −xTðx; 0; 0Þ þ ðs − xÞBð0; xÞ=2þ AðxÞ=2 − xþ 5s=8; ðA4Þ

Uðx; 0; y; zÞ ¼ ½1=ðz − yÞ þ 1=ðs − xÞ�yTðy; x; zÞ þ ½1=ðy − zÞ þ 1=ðs − xÞ�zTðz; x; yÞ
þ ½2xTðx; y; zÞ þ 2Sðx; y; zÞ − Ið0; y; zÞ − AðxÞ − AðyÞ − AðzÞ þ xþ yþ z − s=4�=ðs − xÞ
þ Bð0; xÞ½AðyÞ − AðzÞ�=ðz − yÞ; ðA5Þ

Uðx;0; y; yÞ ¼ ½ðs− x− 4yÞTðy; y; xÞ− 4xTðx; y; yÞ− 4Sðx; y; yÞ þ 2Ið0; y; yÞ þ 2AðxÞ þ 4AðyÞ− 3x− 4yþ 3s=2�=ðx− sÞ
− ½1þAðyÞ=y�Bð0; xÞ; ðA6Þ

Uðx; y; 0; yÞ ¼ 1 − Tðy; 0; xÞ þ ½1 − AðyÞ=y�Bðx; yÞ; ðA7Þ

Uðx; 0; 0; 0Þ ¼ 1 − T̄ð0; 0; xÞ þ 2Bð0; xÞ: ðA8Þ

The remaining identities below hold only with s ¼ t, with t being one or more of the internal propagator squared masses, as
indicated.
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Bð0; tÞ ¼ 1 − AðtÞ=t; ðA9Þ

Sð0; 0; tÞ ¼ ð5=8 − π2=3Þtþ AðtÞ=2 − AðtÞ2=2t; ðA10Þ

Sðt; x; yÞ ¼ −3t=8 − tTðt; x; yÞ þ ½AðtÞ þ AðxÞ þ AðyÞ − x − yþ Ið0; x; yÞ − xTðx; t; yÞ − yTðy; t; xÞ�=2; ðA11Þ

Sðt; t; tÞ ¼ −3t=8þ 5AðtÞ=2 − 3AðtÞ2=2t; ðA12Þ

Tðt; 0; 0Þ ¼ −1þ π2=3þ AðtÞ2=2t2; ðA13Þ

Tðt; 0; tÞ ¼ −π2=18 − AðtÞ=tþ AðtÞ2=2t2 − Bðt; tÞ ðA14Þ

Tðt; 0; xÞ ¼ ½−ðπ2=12Þx − AðtÞ þ AðtÞAðxÞ=x − AðxÞ2=4x�=t
− Bðt; xÞ þ ðx=2t − 1Þ½Tðx; 0; tÞ þ Bðt; xÞ þ AðxÞ=x�; ðA15Þ

Tðt; x; xÞ ¼ −2 − Tðx; x; tÞ þ AðtÞ=t − AðxÞ=xþ AðtÞAðxÞ=tx ðA16Þ

Tðt; t; tÞ ¼ −1þ AðtÞ2=2t2; ðA17Þ

T̄ð0; 0; tÞ ¼ −π2=3 − AðtÞ2=2t2; ðA18Þ

Uðt; 0; x; yÞ ¼ f2½t − AðtÞ�½AðyÞ − AðxÞ� þ t½ðy − xÞTðt; x; yÞ − 2xTðx; t; yÞ þ 2yTðy; t; xÞ�g=ðtðx − yÞÞ; ðA19Þ

Uðt; 0; 0; xÞ ¼ ð2 − x=2tÞBðt; xÞ − ð1þ x=2tÞTðx; 0; tÞ þ AðxÞAðtÞ=txþ AðxÞ2=4tx
− ½1=xþ 1=2t�AðxÞ þ AðtÞ=tþ ðπ2=12Þx=t; ðA20Þ

Uðt; 0; 0; 0Þ ¼ 3þ π2=3 − 2AðtÞ=tþ AðtÞ2=2t2; ðA21Þ

Uðt; 0; t; tÞ ¼ 3 − 2π2=3 − 2AðtÞ=tþ AðtÞ2=2t2; ðA22Þ

Uð0; t; x; yÞ ¼ ½t − x − y − Iðt; x; yÞ�=t
þ ½2AðxÞAðyÞ − 2yAðxÞ − 2xAðyÞ − xðt − xþ yÞTðx; 0; yÞ − yðtþ x − yÞTðy; 0; xÞ
þ ðt2 − 2tx − 2tyþ x2 − 2xyþ y2ÞBðx; yÞ�=ðtðt − x − yÞÞ; ðA23Þ

Uð0; t; t; xÞ ¼ AðtÞ=tþ AðxÞ=x − AðtÞAðxÞ=tx
þ ½ð4t − xÞBðt; xÞ − xþ Ið0; 0; xÞ − 2Iðt; t; xÞ þ ð2t − xÞTðx; 0; tÞ�=2t; ðA24Þ

Uð0; t; 0; xÞ ¼ ½t − xþ ðt − xÞBð0; xÞ − Ið0; t; xÞ − xTðx; 0; 0Þ�=t; ðA25Þ

Mð0; t; t; 0; tÞ ¼ ðπ2 lnð2Þ − 3ζ3=2Þ=t: ðA26Þ

Expansions in higher orders in s − t, which were needed in the calculations of this paper, are omitted for brevity but can be
obtained straightforwardly from the above by using the differential equations in s listed in Sec. IVof Ref. [71]. Similarly,
expansions in small Goldstone boson squared masses G can be obtained using the differential equations in Sec. III of
Ref. [71]. These expansions include factors of lnðt − sÞ and lnðGÞ, which cancel in the pole squared mass, providing useful
checks.
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