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An approach to QCD vacuum as a medium describable in terms of a statistical ensemble of almost
everywhere homogeneous Abelian (anti-)self-dual gluon fields is briefly reviewed. These fields play the
role of the confining medium for color charged fields as well as underline the mechanism of realization of
chiral SULðNfÞ × SURðNfÞ and UAð1Þ symmetries. Hadronization formalism based on this ensemble
leads to manifestly defined quantum effective meson action. Strong, electromagnetic, and weak interactions
of mesons are represented in the action in terms of nonlocal n-point interaction vertices given by the quark-
gluon loops averaged over the background ensemble. New systematic results for the mass spectrum
and decay constants of radially excited light, heavy-light mesons, and heavy quarkonia are presented.
The interrelation between the present approach, models based on ideas of soft-wall anti–de Sitter/QCD,
light-front holographic QCD, and the picture of harmonic confinement is outlined.
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I. INTRODUCTION

Almost 45 years ago, Feynman et al. [1] noticed that the
Regge spectrum of meson and baryon masses could be
universally described by assuming the four-dimensional
harmonic oscillator potential acting between quarks and
antiquarks. During subsequent years, the idea of the four-
dimensional harmonic oscillator reentered the discussion
about quark confinement several times in various ways.
Leutwyler and Stern [2–6] developed the formalism
devoted to the covariant description of bilocal mesonlike
fields Φðx; zÞ combined with the idea of harmonic confine-
ment. Considerations of paper [1] and the Leutwyler-Stern
formalism [2–6] can be seen as the forerunners to, at the
present time, very popular soft-wall anti–de Sitter (AdS)/
QCD models [7] and the light-front holographic QCD
[8–10]. In recent years, the approaches to confinement
based on the ideas of the soft-wall AdS/QCD model and
light-front holography demonstrated an impressive phe-
nomenological success [7–15]. The crucial phenomeno-
logical features of these approaches are the particular
dilaton profile φðzÞ ¼ κ2z2 and the harmonic oscillator
form of the confining potential as the function of the fifth
coordinate z. All these approaches begin with a different
motivation but finally come to the Schrödinger-type differ-
ential equation with the harmonic potential in z defining the
wave functions and mass spectrum of mesons and baryons.
The physical origin of the above-mentioned particular

form of the dilaton profile in AdS/QCD and light-front
holography as well as the harmonic potential in the Stern-
Leutwyler studies and, hence, the Laguerre polynomial
form of the meson wave functions, could not be identified

within these approaches themselves. The preferable form of
the dilaton profile and/or the potential are determined by
the phenomenological requirement of the Regge character
of the excited meson mass spectrum [1–7].
The approach presented in this paper was developed, in

essence, 20 years ago [16]. It clearly incorporates the idea
of harmonic confinement both in terms of elementary color
charged fields and the composite colorless hadron field.
The distinctive feature of the present approach is that it
basically links the concept of harmonic confinement and
the Regge character of the hadron mass spectrum to the
specific class of nonperturbative gluon configurations—
almost everywhere homogeneous Abelian (anti-)self-
dual gluon fields. A posteriori a close interrelation of
the Abelian (anti-)self-dual fields and the hadronization
based on harmonic confinement can be read off the papers
[2–6,17–19]. In brief, the line of arguments is as follows
(for a more detailed exposition, see [20]).
An important benchmark has been the observation of

Pagels and Tomboulis [21] that Abelian self-dual fields
describe a medium infinitely stiff to small gauge field
fluctuations; i.e., thewave solutions for the effective quantum
equations of motion are absent. This feature was interpreted
as suggestive of confinement of color. A strong argumenta-
tion in favor of the Abelian (anti-)self-dual homogeneous
field as a candidate for the global nontrivial minimum of the
effective action originates from the papers [17,19,22–24]. In
particular, Leutwyler has shown that the constant gauge field
is stable (tachyon free) against small quantum fluctuations
only if it is an Abelian (anti-)self-dual covariantly constant
field [17,19]. Nonperturbative calculation of the effective
potential within the functional renormalization group [22]
supported the earlier one-loop results on the existence of the
nontrivial minimum of the effective action for the Abelian
(anti-)self-dual field.
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The eigenvalues of the Dirac and Klein-Gordon oper-
ators in the presence of an Abelian self-dual field are purely
discrete, and the corresponding eigenfunctions of quarks
and gluons are of the bound state type. This is a conse-
quence of the fact that these operators contain the four-
dimensional harmonic oscillator acting as a confining
harmonic potential. Eigenmodes of the color charged fields
have no (quasi-)particle interpretation but describe field
fluctuations decaying in space and time. The consequence
of this property is that the momentum representation of the
translation invariant part of the propagator of the color
charged field in the background of an (anti-)self-dual
Abelian gauge field is the entire analytical function. The
absence of a pole in the propagator was treated as the
absence of the particle interpretation of the charged field
[18]. However, just the absence of a single quark or
antiquark in the spectrum cannot be considered as a
sufficient condition for confinement. One has to explain
the most peculiar feature of QCD—the Regge character of
the physical spectrum of colorless hadrons. Usually, the
Regge spectrum is related to the string picture of confine-
ment justified in two complementary ways and limits: the
classical relativistic rotating string connecting the massless
quark and antiquark, and the linear potential between the
nonrelativistic heavy quark and antiquark with the area law
for the temporal Wilson loop as a relevant criterion for
static quark confinement. Neither the homogeneous
Abelian (anti-)self-dual field itself nor the form of the
gluon propagator in the presence of this background had
the clue to linear quark-antiquark potential. Nevertheless,
the analytic structure of the gluon and quark propagators
and the assumption about the randomness of the back-
ground field ensemble led both to the area law for static
quarks and the Regge spectrum for light hadrons.
Randomness of the ensemble of almost everywhere

homogeneous Abelian (anti-)self-dual gluon fields has
been taken into account implicitly in the model of hadro-
nization developed in [16,25] via averaging of the quark
loops over the parameters of the random fields. The
nonlocal quark-meson vertices with the complete set of
meson quantum numbers were determined in this model by
the form of the color charged gluon propagator. The
spectrum of mesons displayed the Regge character both
with respect to the total angular momentum and radial
quantum number of the meson. The reason for confinement
of a single quark and Regge spectrum of mesons turned out
to be the same—the analytic properties of the quark and
gluon propagators.
This result has almost completed the quark confinement

picture based on the random almost everywhere homo-
geneous Abelian (anti-)self-dual fields. Self-duality of the
fields plays the crucial role in this picture. This random
field ensemble represents a medium where the color
charged elementary excitations exist as quickly decaying
in space and time field fluctuations, but the collective

colorless excitations (mesons) can propagate as plain waves
(particles). It should be stressed that in this formalism, any
meson looks much more like a complicated collective
excitation of a medium (QCD vacuum) involving the quark,
antiquark, and gluon fields than a nonrelativistic quantum
mechanical bound state of charged particles (quark and
antiquark) due to some potential interaction between them.
Within this relativistic quantum field description, the Regge
spectrum of color neutral collective modes appeared as a
“medium effect” as well as the suppression (confinement)
of color charged elementary modes.
However, besides this dynamical color charge confine-

ment, a correct complete picture must include the limit of
the static quark-antiquark pair with the area law for the
temporal Wilson loop. In order to explore this aspect, an
explicit construction of the random domain ensemble was
suggested in paper [26], and the area law for the Wilson
loop was demonstrated by the explicit calculation.
Randomness of the ensemble (in line with [27]) and
(anti-)self-duality of the fields are crucial for this result.
In this paper, we briefly review the approach to confine-

ment, chiral symmetry realization, and bosonization based
on the representation of QCD vacuum in terms of the
statistical ensemble of almost everywhere homogeneous
Abelian (anti-)self-dual gluon fields, systematically calcu-
late the spectrum of radial meson excitations and their
decay constants, and outline the possible relation between
the formalism of soft-wall AdS/QCD and light-front
holography, and this, at first sight, different approach.
The character of meson wave functions in the hadroni-

zation approach [16] is fixed by the form of the gluon
propagator in the background of the specific class of
vacuum gluon configurations. These wave functions are
almost identical to the wave functions of the soft-wall AdS/
QCD with a quadratic dilaton profile and Leutwyler-Stern
formalism. In all three cases, we are dealing with the
generalized Laguerre polynomials as the functions of z. In
the hadronization approach of [16,25], the fifth coordinate z
appears as the relative distance between the quark and
antiquark in the center-of-quark-mass coordinate system,
while the center-of-mass coordinate x represents the space-
time point where the meson field is localized. This treat-
ment of coordinates goes in line with the Leutwyler-Stern
approach. A comparison of the soft-wall AdS/QCD action
and the effective action for auxiliary bilocal mesonlike
fields of the hadronization approach hints at the link
between the very appearance of the dilaton and its
particular profile and the form of the nonperturbative gluon
propagator. The strictly quadratic in z dilaton profile
corresponds to the propagator in the presence of the strictly
homogeneous (anti-)self-dual Abelian gluon field that is an
idealization of the domain wall network background with
infinitely thin domain walls. These three approaches can be
considered as complementary to each other in ways to
describe the confinement in terms of the meson wave
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functions. However, unlike the two other approaches,
bosonization in the background of the domain wall net-
works relates the form of the meson wave functions to the
particular vacuum structure of QCD and provides one with
the manifestly defined meson effective action that describes
strong, electromagnetic, and weak interactions of mesons
in terms of nonlocal vertices given by the quark-gluon
loops. New results for the mass spectrum and decay
constants of radially excited light, heavy-light mesons,
and heavy quarkonia are presented. An overall accuracy of
description is 10%–15% in the lowest-order calculation
achieved with the minimal for QCD set of parameters:
infrared limits of renormalized strong coupling constant g
and quark masses mf, scalar gluon condensate hg2F2i as a
fundamental scale of QCD, and topological susceptibility
of pure QCD without quarks. This last parameter can be
related to the mean size of domains. It should be noted that
the present paper also completes and clarifies the studies of
[16,25,28] in two important respects: diagonalization of the
quadratic part of the meson effective action with respect to
the radial quantum number and clarification of the physical
meaning of the quark mass parameters in the context of the
spontaneous chiral symmetry breaking by the background
field and four-fermion interaction.
The paper is organized as follows. Section II is devoted

to the motivation of the approach. Derivation of the
effective meson action is considered in Sec. III. Results
for the masses, transition, and decay constants of various
mesons are presented in Sec. IV. In Sec. V, we outline the
possible relation between the present hadronization
approach and the formalism of the soft-wall AdS/QCD
model, light-front holographic QCD, and compare the
quark and gluon propagators of the present approach with
the results of functional renormalization group (FRG) and
Dyson-Schwinger equations (DSEs). Important technical
details are given in the appendixes.

II. DOMAIN WALL NETWORKS
AS QCD VACUUM

The primary phenomenological basis of the present
approach is the existence of nonzero condensates in
QCD—first of all, the scalar gluon condensate hg2F2i.
In order to incorporate this condensate into the functional
integral approach to quantization of QCD, one has to
choose appropriate conditions for the functional space of
gluon fields Aa

μ to be integrated over (see, e.g., Ref. [29]).
Besides the formal mathematical content, these conditions
play the role of substantial physical input which, together
with the classical action of QCD, complements the state-
ment of the quantization problem. In other words, starting
with the very basic representation of the Euclidean func-
tional integral for QCD,

Z ¼ N
Z
FB

DA
Z
Ψ
DψDψ expf−S½A;ψ ;ψ �g; ð1Þ

one has to specify integration spaces FB for the gluon and
Ψ for quark fields. Bearing in mind a nontrivial QCD
vacuum structure encoded in various condensates, one has
to define FB, permitting gluon fields with nonzero classical
action density,

FB ¼
�
A∶ lim

V→∞

1

V

Z
V
d4xg2Fa

μνðxÞFa
μνðxÞ ¼ B2

�
:

It is assumed that the constant Bmay have a nonzero value.
The gauge fields A that satisfy this condition have a
potential to provide the vacuum with the whole variety
of condensates.
An analytical approach to the definition and calculation

of the functional integral can be based on the separation of
modes Ba

μ responsible for nonzero condensates from the
small perturbations Qa

μ. This separation must be supple-
mented with gauge fixing. The background gauge fixing
condition DðBÞQ ¼ 0 is the most natural choice. To
perform the separation, one inserts the identity

1 ¼
Z
B
DBΦ½A;B�

Z
Q
DQ

×
Z
Ω
Dωδ½Aω −Qω − Bω�δ½DðBωÞQω�

in the functional integral and arrives at

Z ¼ N0
Z
B
DB

Z
Ψ
DψDψ

Z
Q
DQ det½DðBÞDðBþQÞ�

× δ½DðBÞQ�e−SQCD½BþQ;ψ ;ψ �

¼
Z
B
DB expf−Seff ½B�g:

Thus, the defined quantum effective action Seff ½B� has a
physical meaning of the free energy of the quantum field
system in the presence of the background gluon field Ba

μ. In
the limit V → ∞, the global minima of Seff ½B� determine
the class of gauge field configurations representing the
equilibrium state (vacuum) of the system.
The quite reliable argumentation in favor of (almost

everywhere) homogeneous Abelian (anti-)self-dual fields
as dominating vacuum configurations was put forward by
many authors [17,21]. As it has already been mentioned in
the Introduction, the nonperturbative calculation of the
QCD quantum effective action within the functional
renormalization group approach [22] supported the one-
loop result [17,19,21] and indicated the existence of a
minimum of the effective potential for the nonzero value of
the Abelian (anti-)self-dual homogeneous gluon field.
The Ginzburg-Landau approach to the quantum effective

action indicated a possibility of the domain wall network
formation in QCD vacuum resulting in the dominating
vacuum gluon configuration seen as an ensemble of
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densely packed lumps of the covariantly constant Abelian
(anti-)self-dual field [20,23,24,26]. The nonzero scalar
gluon condensate hg2Fa

μνFa
μνi postulated by the effective

potential

Ueff ¼
Λ4

12
Tr

�
C1f̆

2 þ 4

3
C2f̆

4 −
16

9
C3f̆

6

�
; ð2Þ

with Λ being a scale of QCD and f̆μν ¼ T̆aFa
μν=Λ2, leads to

the existence of 12 discrete degenerate global minima of the
effective action (see Fig. 1),

Ăμ ∈ fB̆ðklÞ
μ jk ¼ 0; 1;…; 5; l ¼ 0; 1g;

B̆ðklÞ
μ ¼ −

1

2
n̆kB

ðlÞ
μνxν;

~BðlÞ
μν ¼ 1

2
εμναβB

ðlÞ
αβ ¼ ð−1ÞlBðlÞ

μν ;

n̆k ¼ T3 cosðξkÞ þ T8 sinðξkÞ;

ξk ¼
2kþ 1

6
π; ð3Þ

where l ¼ 0 and l ¼ 1 correspond to the self-dual and anti-
self-dual field, respectively, matrix n̆k belongs to the Cartan
subalgebra of suð3Þ with six values of the angle ξk
corresponding to the boundaries of the Weyl chambers
in the root space of suð3Þ.
The minima are connected by the parity and Weyl group

reflections. Their existence indicates that the system is
prone to the domain wall formation. To demonstrate the
simplest example of domain wall interpolating between the

self-dual and anti-self-dual Abelian configurations, one
allows the angle ω between chromomagnetic and chromo-
electric fields to vary from point to point in R4 and restricts
other degrees of freedom of the gluon field to their vacuum
values. In this case, the Ginsburg-Landau Lagrangian leads
to the sine-Gordon equation for ω with the standard kink
solution (for details, see Refs. [20,23])

ωðxνÞ ¼ 2 arctan ðexpðμxνÞÞ:

Away from the kink location, the vacuum field is almost
self-dual (ω ¼ 0) or anti-self-dual (ω ¼ π). Exactly at the
wall, it becomes purely chromomagnetic (ω ¼ π=2). The
domain wall network is constructed by means of the kink
superposition. In general, the kink can be parametrized as

ζðμi; ηiνxν − qiÞ ¼ 2

π
arctan expðμiðηiνxν − qiÞÞ;

where μi is the inverse width of the kink, ηiν is a normal to
the wall, and qi ¼ ηiνxν are coordinates of the wall. A single
lump in two, three, and four dimensions is given by

ωðxÞ ¼ π
Yk
i¼1

ζðμi; ηiνxν − qiÞ

for k ¼ 4, 6, 8, respectively. The general kink network is
then given by the additive superposition of lumps

ω ¼ π
X∞
j¼1

Yk
i¼1

ζðμij; ηijν xν − qijÞ:

The topological charge density distribution for a network of
domain walls with different widths is illustrated in Fig. 2.
Based on this construction, the measure of integration

over the background field Ba
μ can be constructively

FIG. 1. Effective potential (2) as a function of the angle ω
between chromomagnetic and chromoelectric field and the
mixing angle ξ in the Cartan subalgebra. The minima in the
dark gray regions correspond to the Abelian (anti-)self-dual
configurations and form a periodic structure labeled by integer
indices ðklÞ in Eq. (3) (for more details, see [20,23,26]).

FIG. 2. Topological charge density for domain wall networks
with different values of the wall width μ. The leftmost picture is
an example of confining almost everywhere homogeneous
Abelian (anti-)self-dual fields. Red (blue) color corresponds to
the self-dual field (anti-self-dual); green, pure chromomagnetic
field. The rightmost plot represents the case of preferably pure
chromomagnetic field when the topological charge density is
nearly zero and color charged quasiparticles can be excited, thus,
indicating deconfinement (for more details, see [20]).
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represented as the infinite-dimensional (in the infinite
volume) integral over the parameters of N → ∞ domain
walls in the network: their positions, orientations, and
widths, with the weight determined by the effective action.
It should be noted that chronologically the explicit con-
struction of the domain wall network is the most recent
development of the formalism that has been studied in the
series of papers [16,25,26,28,30], in which the domain wall
defects in the homogeneous Abelian (anti-)self-dual field
were taken into account either implicitly or in an explicit
but simplified form with the spherical domains. The
practical calculations in the next sections will be done
within combined implementation of the domain model
given in paper [28]: propagators in the quark loops are
taken in the approximation of the homogeneous back-
ground field and the quark loops are averaged over the
background field; the correlators of the background field
are calculated in the spherical domain approximation.

III. HADRONIZATION WITHIN THE DOMAIN
MODEL OF QCD VACUUM

The haronization formalism based on the domain model
of QCD vacuum was elaborated in the series of papers
[16,25,26,28]. We refer to these papers for most of the
technical details omitted in this brief presentation. It has
been shown that the model embraces static (area law) and
dynamical quark confinement (propagators in momentum
representation are entire analytical functions) as well as
spontaneous breaking of chiral symmetry by the back-
ground domain-structured field itself. The UAð1Þ problem
was resolved without introducing the strong charge-
parity (CP) violation [30]. Estimation of masses of light,
heavy-light mesons, and heavy quarkonia along with their
orbital excitations [16,25,28] demonstrated promising
phenomenological performance. However, calculations in
Refs. [25,28] have been done neglecting a mixing between
radially excited meson fields. Below, we present the results
of the calculation refined in this respect.
In the spherical domain approximation, the background

gluon fields are represented by the ensemble of domain-
structured fields with the strength tensor [26,28]

Fa
μνðxÞ ¼

XN
k¼1

nðkÞaBðkÞ
μν θð1 − ðx − zkÞ2=R2Þ;

BðkÞ
μν B

ðkÞ
μρ ¼ B2δνρ; B ¼ 2ffiffiffi

3
p Λ2;

~BðkÞ
μν ¼ �BðkÞ

μν ; n̂ðkÞ ¼ t3 cos ξk þ t8 sin ξk;

ξk ∈
�
π

6
ð2kþ 1Þ; k ¼ 0;…; 5

�
;

where zk is the space-time coordinate of the kth domain
center, scale Λ, and mean domain radius R are parameters
of the model related to the scalar gluon condensate and

topological susceptibility of pure Yang-Mills vacuum,
respectively [26].
The measure of integration over the ensemble of back-

ground fields is defined as [26,28]

Z
B
dB… ¼

Y
k

1

24π2
lim
V→∞

1

V

Z
V
d4zk

Z
2π

0

dφk

Z
π

0

dθk sin θk

×
Z

2π

0

dξk
X3;4;5

l¼0;1;2

δ

�
ξk −

ð2lþ 1Þπ
6

�

×
Z

π

0

dωk

X
n¼0;1

δðωk − πnÞ…

Once the measure is specified, one can return to the
functional integral (1) and integrate out the fluctuation part
of the gluon fields Q:

Z¼
Z

dB
Z
Ψ
DψDψ

Z
Q
DQδ½DðBÞQ�

×ΔFP½B;Q�e−SQCD½QþB;ψ ;ψ �

¼
Z

dB
Z
Ψ
DψDψ exp

�Z
dxψði∂þgB−mÞψ

�
W½j�;

where jaμðxÞ ¼ ψðxÞγμtaψðxÞ is the local quark current.
Recalling the definition of Green functions,

Ga1…an
μ1…μn ðx1;…; xnjBÞ ¼

1

gn
δn lnW½j�

δja1μ1ðx1Þ…δjanμnðxnÞ
����
j¼0

;

we arrive at the representation

W½jjB� ¼ exp

�X
n

gn

n!

Z
d4x1…

Z
d4xnj

a1
μ1ðx1Þ…janμnðxnÞ

×Ga1…an
μ1…μn ðx1;…; xnjBÞ

�
;

where by construction the gauge coupling constant g and
the exact renormalized n-point gluon Green functions of
pure gauge theory in the presence of the background field B
appear to be renormalized within an appropriate renorm-
alization scheme. Needless to say, the functional form of
these Green functions, the gluon propagator in particular,
has been a subject of many investigations carried out over
decades. Quite reliable information about two- and three-
point Euclidean Green functions was obtained within the
functional renormalization group, lattice QCD as well as
calculations based on Dyson-Schwinger equations.
At this step, one has to set up the approximation scheme.

We truncate the exponent in W½jjB� up to the four-fermion
interaction term. Interaction between standard local color
charged quark currents is described by the product of the
renormalized coupling constant squared and exact gluon
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propagator g2Ga1a2
μ1μ2 ðx1; x2jBÞwhich will be approximated by

the gluon propagator in the presence of the homogeneous
Abelian (anti-)self-dual field. Radiative corrections due to the
gluon and ghost field fluctuations are neglected (for more
details, see Refs. [16,25,28]). It should be noted that the
omitted radiative corrections can be represented in terms of
the standard for thepuregluodynamics set ofFeynmangraphs
for the gluon polarization function, but the internal lines in the
graphs correspond to the gluon and ghost propagators in the
background fieldB. In other words, the approximation in use
corresponds to the lowest (tree level) order with respect to
perturbative fluctuationsQ, but thebackground field (vacuum
field B) itself is taken into account exactly.
The randomness of the domain ensemble is taken into

account implicitly by means of averaging the nonlocal
meson-meson interaction vertices over all possible configu-
rations of the homogeneous background field at the final
stage of derivation of the effective meson action [25,28].
The relevant truncated part of QCD functional integral

reads

Z¼
Z
B
dB
Z
Ψ
DψDψ exp

�Z
d4xψði∂þgB−mÞψþL

�
;

L¼ g2

2

Z
d4x
Z

d4yGab
μνðx;yjBÞjaμðxÞjbνðyÞ; ð4Þ

where m is a diagonal quark mass matrix. By means of the
standard Fierz transformation of color, the Dirac and flavor
matrices the four-quark interaction can be rewritten as

L¼ g2

2

X
J;c

CJ

Z
d4x
Z

d4yGðx−yÞJJcðx;yjBÞJJcðy;xjBÞ;

where numerical coefficients CJ are different for different
spin parity J ¼ S, P, V, A. Here, bilocal color neutral quark
currents

JJcðx; yjBÞ ¼ ψðxÞλcΓJ exp

�
i
2
xμB̂μνyν

�
ψðyÞ

are singlets with respect to the local background gauge
transformations. In the center-of-quark-mass coordinate
system, bilocal currents take the form

JJcðx;yjBÞ→JJcðx;zjBÞ¼ψfðxÞλcΓJ expðizμD
↔μ

ff0 ðxÞÞψf0 ðxÞ;
D
↔ff0

μ ¼ξfD⃖μ−ξf0 ~Dμ;

D⃖μðxÞ¼ ∂⃖μþiB̂μðxÞ;
~DμðxÞ¼ ~∂μ−iB̂μðxÞ;

ξf¼
mf0

mfþmf0
;

ξf0 ¼
mf

mfþmf0
; ð5Þ

and their interaction is described by the action [16]

S¼ g2

2

X
J;c

CJ

Z
d4x
Z

d4zGðzÞJ†Jcðx;zjBÞJJcðx;zjBÞ; ð6Þ

GðzÞ ¼ 1

4π2z2
exp

�
−
1

4
Λ2z2

�
; ð7Þ

where xμ—center-of-quark-mass coordinates and zμ—
relative coordinates of the quark and antiquark. It has to
be noted here that quark fields are seen as pure fluctuations
describable in terms of four-dimensional harmonic oscillator
eigenmodes of the bound state type [20,26,28] in R4.
Interpretation of the quark field in terms of the pointlike
particle is simply does not exist in the confining background
under consideration. Function GðzÞ originates from the
gluon propagator in the presence of the homogeneous
Abelian (anti-)self-dual gluon field [16]. It differs from
the free massless scalar propagator by the Gaussian
exponent, which completely changes the IR properties
of the propagator but leaves its UV asymptotic behavior
unchanged. In momentum representation, it takes the
form

~GðpÞ ¼ 1

p2
ð1 − e−p

2=Λ2Þ: ð8Þ

It is important that nonzero gluon condensates hg2F2i and
hg2j ~FFji represented by the Abelian (anti-)self-dual vacuum
field remove the pole from the propagator which can be
treated as the dynamical confinement of the color charged
fields [18].
The quark propagator in the homogeneous as well as

domain-structured [26] Abelian (anti-)self-dual gluon field
also demonstrates confinement. The momentum represen-
tation ~HfðpjBÞ of the translation invariant part of the quark
propagator in the presence of the homogeneous field

Sðx; yÞ ¼ exp
�
−
i
2
xμBμνyν

�
Hðx − yÞ

is an entire analytical function of momentum:

~HfðpÞ ¼
1

2vΛ2

Z
1

0

dseð−p2=2vΛ2Þs
�
1 − s
1þ s

�
m2

f=4vΛ
2

×

�
pαγα � isγ5γαfαβpβ

þmf

�
P� þ P∓

1þ s2

1 − s2
−
i
2
γαfαβγβ

s
1 − s2

�	
;

fαβ ¼
n̂

2vΛ2
Bαβ; v ¼ diag

�
1

6
;
1

6
;
1

3

�
;

B̂ρμB̂ρν ¼ 4v2Λ4δμν: ð9Þ
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The propagator has a rich Dirac structure including not
only the vector and scalar parts but also the pseudoscalar,
axial vector, and tensor terms (flavor index f is omitted for
the sake of brevity)

~HðpÞ¼ m
2vΛ2

HSðp2Þ∓γ5
m

2vΛ2
HPðp2Þþ γα

pα

2vΛ2
HVðp2Þ

� iγ5γα
fαβpβ

2vΛ2
HAðp2Þþσαβ

mfαβ
4vΛ2

HTðp2Þ: ð10Þ

Here, “�” corresponds to self-dual and anti-self-dual
background field configurations. One can easily reconstruct
an explicit form of functions HJ from Eq. (9). A more
detailed description of different form factors, particularly
the scalar one, and their role in the chiral symmetry
realization will be given in Sec. V. This structure of the
quark propagator plays an important role for the successful
description of the meson spectrum, especially for the
ground-state light mesons.
There are two equivalent ways to derive the effective

meson action based on the functional integral (4) with the
interaction term L taken in the form (6). The first one is the
bosonization of the functional integral in terms of bilocal
mesonlike fields (see, for example, Ref. [31]). We shall
return to this option in the discussion section. Another more
elucidative way is to decompose the bilocal currents (5)
over the complete set of functions fnlμ1…μlðzÞ orthogonal
with the weight determined by function GðzÞ originating
from the gluon propagator (7) in Eq. (6)

JaJðx; zÞ ¼
X∞
n;l¼0

ðz2Þl=2fnlμ1…μlðzÞJaJlnμ1…μlðxÞ:

Here, n is the radial quantum number and l is the orbital
momentum. Coefficient quark currents JaJlnμ1…μlðxÞ have to
describe intrinsic structure of the collective mesonlike
excitations with a complete set of quantum numbers.
The form of interaction (6) and the natural requirement
of diagonality (with respect to n and l) of the four-quark
interaction expressed in terms of the currents JaJlnμ1…μlðxÞ
indicate the choice of fnlðzÞ,

fnlμ1…μl ¼ Lnlðz2ÞTðlÞ
μ1…μlðnzÞ; nz ¼ z=

ffiffiffiffiffi
z2

p
: ð11Þ

Here, TðlÞ
μ1…μl are irreducible tensors of the four-dimensional

rotational group, and generalized Laguerre polynomials Lnl
obey the relationZ

∞

0

duρlðuÞLnlðuÞLn0lðuÞ ¼ δnn0 ; ρlðuÞ ¼ ule−u:

The weight ρlðuÞ comes from the gluon propagator (7).
Nonlocal quark currents JaJlnμ1…μl with the complete set of
meson quantum numbers can be explicitly calculated and
depend only on the center-of-mass coordinate x [25,28],

JaJlnμ1…μlðxÞ¼CJqðxÞVaJln
μ1…μl

�
D
↔
ðxÞ
Λ

�
qðxÞ;

VaJln
μ1…μlðxÞ¼ ClnMaΓJFnl

�
D
↔2ðxÞ
Λ2

�
TðlÞ
μ1…μl

�
1

i
D
↔
ðxÞ
Λ

�
;

FnlðsÞ¼ sn
Z

1

0

dttnþl expðstÞ;

C2ln¼
lþ1

2ln!ðnþ lÞ! ; C2
S=P ¼ 2C2

V=A¼
1

9
; ð12Þ

where Ma and ΓJ are flavor SUðNfÞ and Dirac matrices,
respectively. The four-fermion interaction takes the form of
an infinite sum of the current-current interactions diagonal
with respect to all quantum numbers

L ¼ g2

2

X
aJln

Z
d4xJ†aJlnðxÞJaJlnðxÞ:

It has to be stressed that the nonlocal quark currents are
invariant with respect to the local gauge transformations of
the background gauge field as the vertices (12) depend on
the covariant derivatives.
The truncated QCD functional integral can be rewritten in

terms of the composite colorless meson fields ϕQ by means
of the standard bosonization procedure: introduce the aux-
iliarymeson fields, integrate out the quark fields, perform the
orthogonal transformation of the auxiliary fields that diag-
onalizes the quadratic part of the action, and, finally, rescale
the meson fields to provide the correct residue of the meson
propagator at the pole corresponding to its physical mass (if
any). More details can be found in Refs. [16,25,28]. The
result can be written in the following compact form

Z ¼ N
Z

DϕQ exp

�
−
Λ2

2

h2Q
g2C2

Q

Z
d4xϕ2

QðxÞ

−
X∞
k¼2

1

k
Wk½ϕ�

�
; ð13Þ

Wk½ϕ� ¼
X

Q1…Qk

hQ1
…hQk

Z
d4x1…

×
Z

d4xkΦQ1
ðx1Þ…ΦQk

ðxkÞΓðkÞ
Q1…Qk

ðx1;…; xkÞ;

ð14Þ

ΦQðxÞ ¼
Z

d4p
ð2πÞ4 e

ipxOQQ0 ðpÞ ~ϕQ0 ðpÞ; ð15Þ

where condensed indexQ denotes all relevantmesonquantum

numbers and indices (CQ¼dsCJ). IntegrationvariablesϕQ in the
functional integral (13) correspond to the physical meson
fields that diagonalize the quadratic part of the effectivemeson
action (14) inmomentum representation, which is achieved by
means of orthogonal transformation OðpÞ.
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Interactions between physical meson fields ϕQ are

described by k-point nonlocal vertices ΓðkÞ
Q1…Q2

,

Γð2Þ
Q1Q2

¼Gð2Þ
Q1Q2

ðx1;x2Þ−Ξ2ðx1−x2ÞGð1Þ
Q1
Gð1Þ

Q2
;

Γð3Þ
Q1Q2Q3

¼Gð3Þ
Q1Q2Q3

ðx1;x2;x3Þ

−
3

2
Ξ2ðx1−x3ÞGð2Þ

Q1Q2
ðx1;x2ÞGð1Þ

Q3
ðx3Þ

þ1

2
Ξ3ðx1;x2;x3ÞGð1Þ

Q1
ðx1ÞGð1Þ

Q2
ðx2ÞGð1Þ

Q3
ðx3Þ;

Γð4Þ
Q1Q2Q3Q4

¼Gð4Þ
Q1Q2Q3Q4

ðx1;x2;x3;x4Þ

−
4

3
Ξ2ðx1−x2ÞGð1Þ

Q1
ðx1ÞGð3Þ

Q2Q3Q4
ðx2;x3;x4Þ

−
1

2
Ξ2ðx1−x3ÞGð2Þ

Q1Q2
ðx1;x2ÞGð2Þ

Q3Q4
ðx3;x4Þ

þΞ3ðx1;x2;x3ÞGð1Þ
Q1
ðx1ÞGð1Þ

Q2
ðx2ÞGð2Þ

Q3Q4
ðx3;x4Þ

−
1

6
Ξ4ðx1;x2;x3;x4Þ

×Gð1Þ
Q1
ðx1ÞGð1Þ

Q2
ðx2ÞGð1Þ

Q3
ðx3ÞGð1Þ

Q4
ðx4Þ;

subsequently tuned to the physical meson representation by
means of corresponding orthogonal transformations OðpÞ.
Vertices ΓðkÞ are expressed via one-loop diagrams GðkÞ

Q1…Qk
,

which include nonlocal quark-meson vertices (12) and
quark propagators (9):

GðkÞ
Q1…Qk

ðx1;…;xkÞ

¼
Z

dBTrVQ1
ðx1jBÞSðx1;x2Þ…VQk

ðxkjBÞSðxk;x1Þ;

GðlÞ
Q1…Ql

ðx1;…;xlÞGðkÞ
Qlþ1…Qk

ðxlþ1;…;xkÞ

¼
Z

dBTrfVQ1
ðx1jBÞSðx1;x2jBÞ…VQk

ðxljBÞSðxl;x1jBÞg

×TrfVQlþ1
ðxlþ1jBÞSðxlþ1;xlþ2jBÞ…VQk

ðxkjBÞ
×Sðxk;xlþ1jBÞg:

The bar denotes integration over all configurations of the
background fields. As it is illustrated in Fig. 3, vertex
functions ΓðkÞ include, in general, several one-loop dia-
grams correlated via the background field. In the simplified
model of spherical domains, the n-point correlator
Ξnðx1;…; xnÞ is given by a volume of overlap of n four-
dimensional hyperspheres [26,28].
It has to be noted that though all Dirac structures

besides the vector and scalar ones are nullified by the
integration of the propagator (10) over the background
field, all of them give highly nontrivial contribution to the
quark loops (products of several propagators). For exam-
ple, the two-point correlators responsible for the mass
spectrum contain not only the one gluon exchange
interaction hidden in the vertex VQ but also additional
S, P, V, A, and T interactions effectively generated by the
background gluon field B.
It has to be stressed that the terms linear in the meson

fields are absent in (13). The linear terms naturally vanish
for all mesons besides the scalar ones, and their elimination
for the scalar fields requires solution of an infinite system of
equations

Λ2Φð0Þ
Q1

¼
X∞
k¼1

gk

k

X
Q1…Qk

Φð0Þ
Q2
…Φð0Þ

Qk
ΓðkÞ
Q1…Qk

; ð16Þ

where Qk ¼ fakS0nkg and Φð0Þ
Qk

¼ const can be treated as
an infinite set of scalar quark condensates labeled by the
radial quantum number n. As we shall discuss in Sec. V, the
solution of this system of equations leads to the interesting
details of the chiral symmetry realization in the presence of
the background field under consideration. Actual calcu-
lations further below will be done with constant mass,
which from now on will be treated as the infrared limit of
the running nonperturbative quark masses mfð0Þ consid-
ered as parameters of the model.
The mass spectrum MQ of mesons and quark-meson

coupling constants hQ are determined by the quadratic part
of the effective meson action via equations

FIG. 3. Diagrammatic representation of nonlocal meson vertex functions. Light grey denotes averaging over the background field;
dark grey denotes correlation of the loop diagrams by the background field.
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1 ¼ g2

Λ2
C2
Q
~ΠQð−M2

QjBÞ; ð17Þ

h−2Q ¼ d
dp2

~ΠQðp2Þjp2¼−M2
Q
; ð18Þ

where ~ΠQðp2Þ is the diagonalized two-point correlator
~Γð2Þ
QQ0 ðpÞ put on mass shell:

~ϕ†
Qð−pÞ½OTðpÞ ~Γð2ÞðpÞOðpÞ�QQ0 ~ϕQ0 ðpÞjp2¼−M2

Q

¼ ~ΠQð−M2
QÞ ~ϕ†

Qð−pÞ ~ϕQðpÞjp2¼−M2
Q
:

Explicit construction of ~ΠQðp2Þ will be discussed
in the next section. The solution of Eq. (17) identifies
the position of the pole in the propagator of the meson
with quantum numbers Q. Definition (18) of the meson-
quark coupling constant hQ provides correct residue at
the pole.
The free parameters of the model are the IR limits of the

running renormalized strong coupling constant αs, quark
masses mu ¼ md, ms, mc, mb, and the scales Λ and R.
By construction, the coupling constant and the quark
masses correspond to the background Feynman gauge
condition and momentum subtraction renormalization
scheme at subtraction point p2 ¼ 0. The scale Λ and mean
domain size R are related to the scalar gluon condensate
and topological susceptibility of pure gluodynamics,
respectively,

hαsF2i ¼ 2

3

Λ4

π
; χYM ¼ 1

72

Λ8R4

128π2
:

It should be noted that the decomposition (11) and (12)
attributes the same radial form factor Fnl to the mesons
with different spin parity J. Moreover, the form of Fnl
appears to be the same for all quarkoniumlike collective
excitations with different quark content and spin parity
such as π and J=ψ mesons. On the contrary, the physical
meson states correspond to the momentum-dependent
transformed basis and, respectively, transformed quark
current

faJlnp ðzÞ ¼
X∞
n0¼0

Onn0
aJlðpÞfln

0 ðzÞ; OaJlOT
aJl ¼ I;

~JaJðp; zÞ ¼
X∞
nl

ðz2Þl=2faJnlp ðzÞOnn0
aJl

~JaJln
0 ðpÞ;

where OaJlðpÞ is an orthogonal transformation of the
initial basis taking into account two-point function
~Γð2Þ
QQ0 ðpÞ. All this means that though ab initio the basic

property of the quark-meson interaction form factor

is set up by the gluon propagator, it is the quark loop that
defines its final physical form which is different for
different mesons.

IV. MASSES AND DECAY CONSTANTS
OF MESONS

A. Mass spectrum of radial excitations of light,
heavy-light mesons, and heavy quarkonia

Meson masses are defined by the algebraic equation (17).
This equation emerges as follows. In the momentum
representation, the quadratic part of the effective action
pseudoscalar and vector meson fields with zero orbital
momentum has the form

S2 ¼ −
1

2

Z
d4p
ð2πÞ4

~ΦaV0n
μ ð−pÞ½Λ2δaa

0
δμμ0δnn0

− g2 ~Γð2Þμμ0
aV0n;a0V0n0 ðpÞ�Φa0V0n0

μ0 ðpÞ

−
1

2

Z
d4p
ð2πÞ4

~ΦaP0nð−pÞ½Λ2δaa
0
δnn0

− g2 ~Γð2Þ
aP0n;a0P0n0 ðp2Þ� ~Φa0P0n0 ðpÞ;

where the vector two-point correlator has the structure

~Γð2Þμμ0
aV0n;a0V0n0 ðpÞ ¼ ~Γð2Þ

aV0n;a0V0n0 ðp2Þδμμ0
þ ~LaV0n;a0V0n0 ðp2Þpμpμ0 : ð19Þ

Vector fields ϕaV0n [see Eq. (15)] are subject to the on-shell
condition

pμϕaV0n
μ ¼ 0; p2 ¼ −M2

aV0n;

while the mass MaJ0n (J ¼ P, V) is determined by (17)
with

~ΠQðpÞ → ~ΠaJ0ðpÞ ¼ OT
aJ0ðp2Þ ~Γð2Þ

aJ0;aJ0ðp2ÞOaJ0ðpÞ; ð20Þ

i.e., the diagonalized first term in Eq. (19). Only one-loop
diagrams (the first diagram in the first line in Fig. 3)
contribute to two-point correlation function ΠQQ0 for all
mesons except η and η0. The quadratic part of the effective
action and all other relations for the scalar and axial vector
fields can be obtained by the exchange of indices
P → S, V → A.
In general, the one-loop contribution to ~Γð2Þ

aJ0;aJ0
in Eq. (20) can be expressed in terms of quark loops of
the form
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~Πnn0
J ð−M2;mf;mf0 Þ ¼

Λ2

4π2
Trv

Z
1

0

dt1

Z
1

0

dt2

Z
1

0

ds1

Z
1

0

ds2

�
1 − s1
1þ s1

�
m2

f=4vΛ
2�

1 − s2
1þ s2

�
m2

f0=4vΛ
2

× tn1t
n0
2

∂n

∂tn1
∂n0

∂tn02
1

Φ2
2

�
M2

Λ2

FðJÞ
1

Φ2
2

þmfmf0

Λ2

FðJÞ
2

ð1 − s21Þð1 − s22Þ
þ FðJÞ

3

Φ2

	
exp

�
M2

2vΛ2

Φ1

Φ2

�
; ð21Þ

where

Φ1 ¼ s1s2 þ 2ðξ21s1 þ ξ22s2Þðt1 þ t2Þv;
Φ2 ¼ s1 þ s2 þ 2ð1þ s1s2Þðt1 þ t2Þvþ 16ðξ21s1 þ ξ22s2Þt1t2v2;

FðPÞ
1 ¼ ð1þ s1s2Þ½2ðξ1s1 þ ξ2s2Þðt1 þ t2Þvþ 4ξ1ξ2ð1þ s1s2Þðt1 þ t2Þ2v2 þ s1s2ð1 − 16ξ1ξ2t1t2v2Þ�;

FðVÞ
1 ¼

�
1 −

1

3
s1s2

�
½s1s2 þ 16ξ1ξ2t1t2v2 þ 2ðξ1s1 þ ξ2s2Þðt1 þ t2Þv� þ 4ξ1ξ2ð1 − s21s

2
2Þðt1 − t2Þ2v2;

FðPÞ
2 ¼ ð1þ s1s2Þ2; FðVÞ

2 ¼ ð1 − s21s
2
2Þ;

FðPÞ
3 ¼ 4vð1þ s1s2Þð1 − 16ξ1ξ2t1t2v2Þ; FðVÞ

3 ¼ 2vð1 − s1s2Þð1 − 16ξ1ξ2t1t2v2Þ;
FðSÞ
1 ¼ FðPÞ

1 ; FðAÞ
1 ¼ FðVÞ

1 ;

FðSÞ
2 ¼ −FðPÞ

2 ; FðAÞ
2 ¼ −FðVÞ

2 ;

FðSÞ
3 ¼ FðPÞ

3 ; FðAÞ
3 ¼ FðVÞ

3 : ð22Þ

After diagonalization with respect to ðn; n0Þ, function (21)
contains information about themasses of all radial excitations
of light, heavy-light mesons, and heavy quarkonia with
J ¼ S, P, V, A, and zero orbital momentum l ¼ 0. One
can see from Eq. (22) that expressions for ~Πnn0

J with the same
spin but opposite parity differ only in the sign of the function
F2 [second term in square brackets in (21)]. This difference
has a peculiar consequence for the meson spectrum. RealM2

solutions of Eq. (17) for both scalar and axial mesons are
absent, while pseudoscalar and vector meson solutions exist
irrespective of the quark content of a meson. In the present
approach, scalar and axial mesons as quark-antiquark col-
lective excitations analogous to the corresponding pseudo-
scalar and vector mesons are absent in the spectrum.
However, scalar and axial mesons naturally appear in the
hyperfine splitting structures of the orbital excitations of
vector mesons [25]. For example, the σ meson as a plain
analogue of the π meson is absent. The reason is that the term
inEq. (21) proportional to the quarkmasses dominates both in
the case of heavy and light quarks. For heavy quarks, it
dominates just because of their large masses. For the light
quarks, due to the contribution of zeromodes to the scalar part
of quark propagator (9), this term dominates again. As a
result, solutions to Eq. (17) for scalar and axial states are
absent in thewhole range of the quarkmasses. Further below,
we will not discuss scalar and axial mesons anymore. The
study of the spectrum of parity partners in amore detailed and
systematic way than the estimates of paper [25] has to be
done. It will be presented elsewhere.
Two-point correlators for η0 and η8 include an additional

contribution described by the two-loop diagram in the first

line of Fig. 3. This additional contribution contains two
tadpole diagrams integrated over all configurations of the
background field. The tadpole diagram has the form

Gð1Þ
aPn ¼ Trλaiγ5F0nðxjBÞSðx; xjBÞ ¼ �i

Λ3

2π2
X
f

λaffR
n
f;

Rn
f ¼ Trv

vmf

Λ

Z
1

0

dttn
Z

1

0

ds
∂n

∂tn
1

ð2vtþ sÞ2

×
�
1 − s
1þ s

�
m2

f=4vΛ
2 s2

1 − s2
; ð23Þ

where the sign “�” corresponds to the self- and anti-self-
dual background fields. The two-point correlator in
momentum space reads

Γð2Þnn0
ab ðp2Þ ¼ Πnn0

ab ðp2Þ − δΠnn0
ab ðp2Þ;

where Πðp2Þ is the one-loop contribution expressed in
terms of functions ~Πnn0

P [see Eq. (21)], and δΠðp2Þ is a
contribution of the two-loop diagram in Fig. 3,

δΠnn0
ab ðp2Þ ¼ 32

3π4
Λ2ðΛRÞ4

X
ff0

λaffλ
b
f0f0RfRf0

~Ξ2ðp2Þ: ð24Þ

Here, ~Ξ2 is the momentum representation of the two-point
correlator of the background field B in the spherical domain
approximation [28]
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~Ξ2ðp2Þ ¼
Z

1

0

dt
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − t2

p Z
1

0

dss cosð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2R2t2s

q
Þ

×

�
3π

2
− 3 arcsin

ffiffiffi
s

p
− ð5 − 2sÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sð1 − sÞ

p �
:

Solving Eq. (17) with the completely (i.e., over radial and
flavor indices) diagonalized correlator, one finds masses of
η; η0 and their excited states.

The values of the parameters given in Table I were fitted
to the ground state of π, ρ, K, K�, J=ψ , Υ, and η0 mesons.
The fit can be successfully done irrespective of the number
N of radially excited states used for diagonalization of the
quadratic part of the action. However, the fitted values of
the parameters depend on N. Figure 4 illustrates depend-
ence of the relative variation of the model parameters on N.
The iterations converge with N for all parameters faster
than ΔN ≈ Δ1 expð−0.35NÞ for N > 5. For N ¼ 7, the
variations of light quark massmu=d and coupling constant g
slow down to the 1% level, while the change of the scale Λ
and the strange quark mass ms approach a fraction of a
percent. The parameters given in Table I and used for
calculation of all masses and decay constants correspond
to N ¼ 7.
The results of the computation of the masses of

light mesons and their lowest radial excitations are given
in Table II. The rightmost column demonstrates the
behavior of meson masses in the chiral limit as it has
been defined in [28]. Since the quark masses here have
the meaning of the IR limit of the running effective mass,
the appropriate way to turn the system into the chiral
limit is to alter the masses of quarks mu=d and ms to the
value ~m,

~mu=d ¼ ~ms ¼ ~m ¼ 136 MeV; ð25Þ

at which the light pseudoscalar octet mesons become
massless. Then, the current quark masses μf may be found
as the differences

μu=d ¼ mu=d − ~m ¼ 9 MeV;

μs ¼ ms − ~m ¼ 240 MeV:

Unlike the current masses themselves, their ratio
is renormalization group invariant. The ratio takes the
value

μs
μu=d

¼ 26.7;

 0.1

 1

 10

 2  3  4  5  6  7

Δ N
 (

%
)

N

g
Λ
mu/d
ms

FIG. 4. Dependence of the relative variation of the model
parameters ΔN ¼ jPN − PN−1j=PN−1 on the number of Laguerre
polynomials N taken into account during diagonalization of the
quadratic part of the meson action with respect to the radial
number n. It can be seen that the iterations converge with N for all
quantities faster than ΔN ≈ Δ1 expð−0.35NÞ for N > 5. For
N ¼ 7, the variations of light quark mass mu=d and coupling
constant g slow down to the 1% level, while the change of the
scale Λ and the strange quark mass ms approach a fraction of a
percent. Alternations of the masses of heavy c and b quarks and
domain size R are not shown as it is of the order of 0.1% or less
for any N, which is far smaller than the overall accuracy of
the model.

TABLE I. Model parameters fitted to the masses of
π; ρ; K; K�; η0; J=ψ ;Υ and used in the calculation of all other
meson masses, decay, and transition constants, for N ¼ 7 (see
explanations in the text and Fig. 4).

mu=d (MeV)ms (MeV)mc (MeV)mb (MeV)Λ (MeV) αs R (fm)

145 376 1566 4879 416 3.45 1.12

TABLE II. Masses of light mesons. ~M denotes the value in the chiral limit.

Meson n Mexp [32] (MeV) M (MeV) ~M (MeV) h Meson n Mexp [32] (MeV) M (MeV) ~M (MeV) h

π 0 140 140 0 3.63 ρ 0 775 775 769 1.83
πð1300Þ 1 1300 1310 1301 2.74 ρð1450Þ 1 1450 1571 1576 1.44
πð1800Þ 1 1812 1503 1466 2.83 ρ 2 1720 1946 2098 1.58
K 0 494 494 0 4.13 K� 0 892 892 769 1.99
Kð1460Þ 1 1460 1302 1301 1.97 K�ð1410Þ 1 1410 1443 1576 1.38
K 2 1655 1466 1.96 K� 2 1781 2098 1.44
η 0 548 610 0 3.74 ω 0 775 775 769 1.83
η0 0 958 958 872 2.73 ϕ 0 1019 1039 769 2.21
ηð1295Þ 1 1294 1138 1361 2.62 ϕð1680Þ 1 1680 1686 1576 1.55
ηð1475Þ 1 1476 1297 1516 2.41 ϕ 2 2175 1897 2098 1.55

REGGE SPECTRA OF EXCITED MESONS, HARMONIC … PHYSICAL REVIEW D 93, 094010 (2016)

094010-11



which is close to the generally recognized value and just
slightly differs from the result of [28] where diagonalization
has been ignored.
It follows from Eq. (23) that in the chiral limit (25), a

degeneracy emerges,

Ru=dðp2Þ ¼ Rsðp2Þ;

and according to Eq. (24), mixing between η0 and η8

disappears. The two-loop diagram contributes only to the
correlator of η0. As a result, the η meson becomes massless
simultaneously with pions and kaons, but the η0 meson
stays massive with a slightly reduced mass. This mecha-
nism provides resolution of the UAð1Þ problem as it is seen
in terms of η0 mass. A basic scheme of the simultaneous
resolution of theUAð1Þ and the strong CP problem in terms
of the quark eigenmodes was elaborated in papers [28,30]
within the spherical domain approximation.
The results of the numerical calculation of the masses of

the ground state and two first radial excitations of light,
heavy-light mesons, and heavy quarkonia are given in
Tables II–IV. The overall inaccuracy of the description is
less than 15% besides the second radial pion excitation

πð1800Þ where it rises to 17%. It has to be stressed that
there are rigid asymptotic regimes which drive the three
regions of the meson spectrum [16,25]: chiral symmetry
breaking and dynamical quark confinement for the light
mesons, proper Isgur-Wise limit for the case of heavy-light
mesons, and correct UV behavior of the gluon and quark
propagators combined with the dynamical quark confine-
ment for the heavy quarkonia.

B. V → γ transition constants

The amplitude of vector meson decay into a leptonic pair
is given by the formula

AVðpÞ→lðqÞlðpþqÞ ¼ eμðpÞMμνlðqÞγνlðpþ qÞ;

where eμ is polarization vector of a meson. Two diagrams
contributing to Mμν,

MμνðpÞ ¼ MðaÞ
μν ðpÞ þMðbÞ

μν ðpÞ
¼ ChVð½IðaÞ⊥ ðp2Þ þ IðbÞ⊥ ðp2Þ�ðδμνp2 − pμpνÞ
þ ½IðaÞ∥ ðp2Þ þ IðbÞ∥ ðp2Þ�pμpνÞ;

gVγ ¼ ChV ½IðaÞ⊥ ð−M2
VÞ þ IðbÞ⊥ ð−M2

VÞ�

are shown in Fig. 5. Constant C originates from the flavor
content of a meson and quark charges:

TABLE III. Masses of heavy-light mesons and their lowest radial excitations.

Meson n Mexp [32] (MeV) M (MeV) h Meson n Mexp [32] (MeV) M (MeV) h

D 0 1864 1715 5.93 D� 0 2010 1944 2.94
D 1 2274 2.56 D� 1 2341 1.74
D 2 2508 2.32 D� 2 2564 1.66
Ds 0 1968 1827 6.94 D�

s 0 2112 2092 3.3
Ds 1 2521 2.53 D�

s 1 2578 1.75
Ds 2 2808 2.42 D�

s 2 2859 1.72
B 0 5279 5041 9.15 B� 0 5325 5215 4.82
B 1 5535 3.9 B� 1 5578 2.88
B 2 5746 3.4 B� 2 5781 2.4
Bs 0 5366 5135 10.73 B�

s 0 5415 5355 5.39
Bs 1 5746 3.75 B�

s 1 5783 2.54
Bs 2 5988 3.42 B�

s 2 6021 2.23
Bc 0 6277 5952 14.86 B�

c 0 6314 [33] 6310 7.61
Bc 1 6842 [34] 6904 3.87 B�

c 1 6905 [33] 6938 2.81
Bc 2 7233 4 B�

c 2 7260 2.76

TABLE IV. Masses of heavy quarkonia.

Meson n Mexp [32] (MeV) M (MeV) h

ηcð1SÞ 0 2981 2751 9.95
ηcð2SÞ 1 3639 3620 3.45
ηc 2 3882 3.29
J=ψð1SÞ 0 3097 3097 4.87
ψð2SÞ 1 3686 3665 2.12
ψð3770Þ 2 3773 3810 2.27
Υð1SÞ 0 9460 9460 10.6
Υð2SÞ 1 10023 10102 3.94
Υð3SÞ 2 10355 10249 2.48

(b)(a)

FIG. 5. Two diagrams contributing to gVγ .
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Meason ρ ω ϕ J=ψ Υ

C 1=
ffiffiffi
2

p
1=3

ffiffiffi
2

p
1=3 2=3 1=3:

An exact form of the vertex operator is not important for gauge invariance, as it can be seen from Eq. (A2). Hence, we can
use the regularization

Fε
n0 ¼

Z
1

ε
dttn

∂n

∂tn exp
�
t

�
D
↔

Λ

�2	
:

The properly regularized contribution of Fig. 5(a) is

MðaÞ
μν ¼ ChV

X
n0
On00ðp2Þ

Z
dσ
Z

d4p0

2π4

Z
d4xeipx

Z
d4yeip

0yTrSðy; xÞVn0 ðxÞSðx; yÞγμ

¼ ChV
X
n0
On00ðp2ÞTrv

1

16π2

Z
1

0

ds1

Z
1

0

ds2

Z
1

ε
dt

�
1 − s1
1þ s1

�
m2

f=4vΛ
2�

1 − s2
1þ s2

�
m2

f=4vΛ
2

× tn
0 ∂n0

∂tn0
1

Φ2
1

½δμνΦ2 − pμpνΦ3� exp
�
−

p2

4vΛ2
Φ4

�
;

Φ1 ¼ s1 þ s2 þ 2ð1þ s1s2Þtv;

Φ2 ¼ −
4m2

qð1 − s21s
2
2Þ

ð1 − s21Þð1 − s22Þ
þ 4p2ðs1s2ð3 − s1s2Þ þ ðs1 þ s2Þð3 − s1s2Þtvþ 3ð1 − s21s

2
2Þt2v2Þ

3ðs1 þ s2 þ 2ð1þ s1s2ÞtvÞ2
−

8vð1 − s21s
2
2Þ

s1 þ s2 þ 2ð1þ s1s2Þtv
;

Φ3 ¼
8s1s2ð3þ s1s2Þ þ 8ðs1 þ s2Þð3þ s1s2Þtvþ 24ð1 − s21s

2
2Þt2v2

3ðs1 þ s2 þ 2ð1þ s1s2ÞtvÞ2
; Φ4 ¼

2s1s2 þ ðs1 þ s2Þtv
s1 þ s2 þ 2ð1þ s1s2Þtv

:

Contribution of the diagram shown at Fig. 5(b) looks as

MðbÞ
μν ¼ ChV

X
n0
On00ðp2Þ

Z
dσTrSðx; xÞVn0

A ðxÞγμ

¼ ChV
X
n0
On00ðp2ÞTrv

v
8π2

Z
1

0

ds
Z

1

0

dτ
Z

1

ε
dt

�
1 − s
1þ s

�
m2

f=4vΛ
2

tn
0 ∂n0

∂tn0
1

Φ2
5

½δμνΦ6 − pμpνΦ7� exp
�
−
p2

4v
Φ8

�
;

Φ5 ¼ sþ 2tv; Φ6 ¼
8tv

sþ 2tv
¼ 2 −

2s − 4tv
sþ 2tv

; Φ7 ¼ 4st2τ2v; Φ8 ¼
stτ2v
sþ 2tv

:

Form factors IðaÞ⊥ and IðbÞ⊥ contain divergences that cancel each other, so IðaÞ⊥ þ IðbÞ⊥ is finite after removal of regularization
ε → 0. Let us demonstrate this for ground state n ¼ 0:

IðaÞ⊥ þ IðbÞ⊥ ¼
�
IðaÞ⊥ þ Trv

1

16π2

Z
1

0

ds1

Z
1

0

ds2

Z
1

ε
dt

8v
ðs1 þ s2 þ 2vt1Þ3

�

þ
�
IðbÞ⊥ − Trv

v
8π2

Z
1

0

ds1

Z
1

0

ds2

Z
1

ε
dt

�
2

ðsþ 2vtÞ2 −
2s − 4vt
ðsþ 2vtÞ3

	�

þ Trv

�
−

1

16π2

Z
1

0

ds1

Z
1

0

ds2

Z
1

ε
dt

8v
ðs1 þ s2 þ 2vt1Þ3

þ v
8π2

Z
1

0

ds1

Z
1

0

ds2

Z
1

ε
dt

2

ðsþ 2vtÞ2
	

− Trv
v
8π2

Z
1

0

ds1

Z
1

0

ds2

Z
1

ε
dt

2s − 4vt
ðsþ 2vtÞ3 : ð26Þ

The terms in parentheses are finite in the limit ε → 0. The terms in square brackets read
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−
1

16π2

Z
1

0

ds1

Z
1

0

ds2

Z
1

ε
dt

8v
ðs1 þ s2 þ 2vt1Þ3

þ v
8π2

Z
1

0

ds1

Z
1

0

ds2

Z
1

ε
dt

2

ðsþ 2vtÞ2

¼ v
4π2

�
1

2v
ln
εð1þ 2vÞ2ð1þ εvÞ
ð1þ vÞð1þ 2εvÞ2 −

1

2v
ln
εð1þ 2vÞ
1þ 2εv

�
¼ 1

8π2
ln
ð1þ 2vÞð1þ εvÞ
ð1þ vÞð1þ 2εvÞ !ε→0 1

8π2
ln
1þ 2v
1þ v

:

The limit ε → 0 of the last term in Eq. (26) reads

−Trv
v
8π2

Z
1

0

ds1

Z
1

0

ds2

Z
1

ε
dt

2s − 4vt
ðsþ 2vtÞ3 ¼

v
4π2

1 − ε

ð1þ 2vÞð1þ 2εvÞ !ε→0 v
4π2

1

1þ 2v
:

The gauge invariance requirement

IðaÞ∥ þ IðbÞ∥ ¼ 0

holds, which has been checked numerically.
Numerical values of transition constants are given in

Table V. Though the masses of ρ and ω mesons are equal
to each other, their transition constants gVγ differ due to
isospin. Transition constants gVγ for heavy quarkonia turn out
to be underestimated. Though a clear reason for this has not
been identified yet, it could be due to the necessity to take into
account larger N in calculations related to heavy quarkonia.

C. Leptonic decay constants

The leptonic decay constant is defined as

MðPn → lνÞ ¼ i
GFffiffiffi
2

p KFnðp2ÞΦPðkÞkμlðk0Þγμ
× ð1 − γ5Þνðkþ k0Þ;

fPn
¼ Fnð−M2

nÞ;

where K is the Cabibbo-Kobayashi-Maskawa (CKM)
matrix element corresponding to a given meson.

The contributions to Fn of Figs. 6(a) and 6(b) are given
by the formulas

FðaÞ
n ðp2Þ¼ hPn

X
n0
On0nðp2Þ

Z
dσ
Z

d4p0

2π4

Z
d4xeipx

×
Z

d4yeip
0yTrSfðy;xÞVn0 ðxÞSf0 ðx;yÞγμð1− γ5Þ

FðbÞ
n ðp2Þ¼ hPn

X
n0
On0nðp2Þ

Z
dσ

1

K

X
f

TrSfðx;xÞVn0
WffðxÞ:

Onn0 is the matrix that diagonalizes polarization operator
~Πnn0
P corresponding to the meson under consideration. After

standard calculations, one obtains the following expression
for fPn

:

fPn
¼ hPn

X
n0
On0nð−M2

nÞ
1

4π2

�
Trv

Z
1

0

Z
1

0

Z
1

0

dtds1ds2

�
1 − s1
1þ s1

�
m2

f1
=4vΛ2�

1 − s2
1þ s2

�
m2

f2
=4vΛ2

× tn
0 ∂n0

∂tn0
1þ s1s2

ðs1 þ s2 þ 2ð1þ s1s2ÞtvÞ3
�
mf1

s1 þ 2tvð1 − ξ1ð1þ s21ÞÞ
1 − s21

þmf2

s2 þ 2tvð1 − ξ2ð1þ s22ÞÞ
1 − s22

�

× exp

�
M2

Pn

2vΛ2

s1s2 þ 2ðξ21s1 þ ξ22s2Þtv
s1 þ s2 þ 2ð1þ s1s2Þtv

�

− 2ξ1mf1Trv

Z
1

0

Z
1

0

Z
1

0

dsdtdτ

�
1 − s
1þ s

�
m2

f1
=4vΛ2

tn
0 ∂n0

∂tn0
vstτ

ðsþ 2vtÞ3 exp
�
M2

Pn

Λ2

ξ21stτ
2

sþ 2vt

�

− 2ξ2mf2Trv

Z
1

0

Z
1

0

Z
1

0

dsdtdτ

�
1 − s
1þ s

�
m2

f2
=4vΛ2

tn
0 ∂n0

∂tn0
vstτ

ðsþ 2vtÞ3 exp
�
M2

Pn

Λ2

ξ22stτ
2

sþ 2vt

��
: ð27Þ

Numerical values of several leptonic decay constants are given in Table V. In agreement with general expectations based
on arguments related to the chiral symmetry breaking [35] and finite energy sum rules [36,37], the decay constants are an
order of magnitude smaller for excited states than for the ground-state mesons. In the present approach, this sharp decrease
is a highly nontrivial feature since the integrand in (27) includes exponents ofM2

Pn=Λ
2 ∼ 10, and naively one would expect

large decay constants. However, the chiral symmetry realization combined with the orthogonal transformation O correctly
leads to a very small value.
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V. DISCUSSION

In this section, we touch on several issues which have not
been fully elaborated yet but appear to be very important, as
they allow one to identify the place of the present approach
among other models of confinement, chiral symmetry
breakdown, and hadronization, as well as the methods
underlining them. These are potential interrelations of the
present approach to the soft-wall AdS/QCD models,
comparison of the properties of gluon correlator (8) with
the Landau gauge gluon and quark propagators as they
appear in the functional renormalization group, Schwinger-
Dyson equations and lattice QCD (LQCD), as well as
details of chiral symmetry realization in the present
approach. Some basic properties of these approaches seem
to be visible from the viewpoint of the present formalism.

A. AdS/QCD and harmonic confinement

Bosonization of the four-quark interaction (6) in terms of
bilocal mesonlike fields ΦJcðx; zÞ leads to the following
quadratic part of the effective action:

S2¼−
1

2

Z
d4x
Z

d4zDðzÞΦ2
Jcðx;zÞ

−2g2
Z

d4xd4x0d4zd4z0DðzÞDðz0Þ

×ΦJcðx;zÞΠJc;J0c0 ðx;x0;z;z0ÞΦJ0c0 ðx0;z0Þ;
ΠJc;J0c0 ðx;x0;z;z0Þ¼TrVJcðx;zÞSðx;x0ÞVJ0c0 ðx0;z0ÞSðx0;xÞ;

VJcðx;zÞ¼ΓJtc expfizμD
↔

μðxÞg: ð28Þ

Meson eigenfunctions fnlμ1…μlðzÞ in the decomposition

ΦaJðx; zÞ ¼
X
nl

ðz2Þl=2fnlμ1…μlðzÞΦaJln
μ1…μlðxÞ

are defined by the action S2 via corresponding integral
equation. The solution of this eigenfunction problem is
equivalent to diagonalization of the quadratic part of the
effective action in Eq. (14). The specific Gaussian form (7)
of gluon propagator DðzÞ is the reason for the radial part of
the wave functions to be represented in terms of the
generalized Laguerre polynomials; see Eq. (11). The mass
spectrum has Regge character [25].
For the quadratic in the z dilaton profile φðzÞ ¼ κz2, soft-

wall AdS/QCD models arrive at the decomposition

Φjðx; zÞ ¼
X
n

ϕnjðzÞΦnJðxÞ

with the radial meson wave functions proportional to
generalized Laguerre polynomials,

ϕnj ¼ Rj−3=2κ1þlzl−jþ2Ll
nðκ2z2Þ;

which is a solution of the eigenfunction problem in
differential form. The eigenvalues can be treated as the
meson masses squared, and they strictly correspond to the
Regge spectrum for the quadratic in the z dilaton field.
There are obvious differences between effective action

(28) and the soft-wall AdS/QCD action. The fifth space-
time coordinate z of the AdS/QCD model appears in the
present approach as a distance between the quark and
antiquark. There are four z coordinates in (28), and, hence,
the meson wave function contains an angular part. Also, it
is not immediately clear where AdS metrics could come
from in Eq. (28). Apart from this, the feature in common is
the Gaussian weight function, which in both cases plays the
most important role for the Regge character of the mass
spectrum.
After integrating out the z coordinate, the quadratic part

of the effective meson action put on shell [that is, neglect-
ing terms of order ðp2 −M2Þk with k ≥ 2]

S2 ¼
1

2

X
aJln

Z
d4x ~ϕaJlnð−pÞðp2 −M2

aJlnÞ ~ϕaJlnðpÞ

is equivalent to the effective actions constructed within the
AdS/QCD models.
One gets an impression that the form of the dilaton

profile in the soft-wall AdS/QCD approach could be linked
to the gluon propagator and, thus, to the properties of QCD
vacuum. A systematic verification of this conjecture

TABLE V. Decay and transition constants of various mesons.

Meson n fexpP (MeV) fP (MeV) Meson n gVγ [32] gVγ

π 0 130 [32] 140 ρ 0 0.2 0.2
πð1300Þ 1 29 ρ 1 0.053
K 0 156 [32] 175 ω 0 0.059 0.067
Kð1460Þ 1 27 ω 1 0.018
D 0 205 [32] 212 ϕ 0 0.074 0.071
D 1 51 ϕ 1 0.02
Ds 0 258 [32] 274 J=ψ 0 0.09 0.06
Ds 1 57 J=ψ 1 0.015
B 0 191 [32] 187 ϒ 0 0.025 0.014
B 1 55 ϒ 1 0.0019
Bs 0 253 [53] 248
Bs 1 68
Bc 0 489 [53] 434
Bc 1 135

(b)(a)

FIG. 6. Two diagrams contributing to fP.
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requires derivation of the approximate (or reduced to some
appropriate limit) differential form of the action (28).
Weight and basis functions of the domain model have to
be systematically compared with those employed in soft-
wall AdS/QCD [7] and harmonic confinement [2–6]
approaches.

B. Gluon propagator: Landau gauge
DSE, FRG, LQCD vs Abelian

(anti-)self-dual field

It is interesting to take a look at the properties of
gluon (8) and quark (9) correlators in view of the
known functional form of quark and Landau gauge gluon
propagators calculated within the functional renormal-
ization group, lattice QCD, and Dyson-Schwinger
equations [38–44]. We do not intend to compare the
propagators on a detailed quantitative basis if for no other
reason than the difference in the gauge condition. Unlike
the just mentioned studies, the present approach has
assumed a background gauge condition so as renormal-
ization of quark-gluon coupling constant is related to the
gluon field renormalization. The tree-level gluon propa-
gator (8) without radiative corrections multiplied by the IR
limit of the running coupling constant αsð0Þ and the
corresponding “dressing” function are shown by solid
lines in Fig. 7. At large Euclidean momenta, the propa-
gator (solid line on the lhs of Fig. 7) behaves as the free
one (1=p2), and the dressing function approaches a
constant value (solid line on the rhs of Fig. 7). In order
to model the logarithmic scaling at short distances, one
may divide the tree-level propagator by an appropriate
logarithm, which, for the background gauge, can be
attributed to the effective running coupling constant,

αsðpÞGðpÞ¼
αsðpÞ
p2

ð1−e−p
2=Λ2Þ; αsðpÞ¼ αsð0ÞZðpÞ;

ZðpÞ¼ 12π

11Nc

1

lnðζþp2=Λ2Þ ; ζ¼ exp

�
12π

11Nc

�
:

ð29Þ
Here, the form of the logarithmic factor has been chosen to
correspond to the form used in [42–44]. The result is shown
by the dashed lines in Fig. 7. One can see that the propagator
itself (lhs) is not thatmuch affected by taking into account the
short-distance scaling. On the contrary, the dressing function
is expectedly modified at large p2 (rhs). The shape of the
modified by logarithmic scaling gluon correlator is in
agreement with the result of ab initio numerical calculations
presented in [38,40,41] and a corresponding part of the
ad hoc postulated input gluon propagator for the quark DSE
[42–44]. In the present setup, the bump in the dressing
function is due to the explicit ½1 − expð−p2=Λ2Þ� factor in
the fluctuation gluon field propagator (8) in the presence of
the Abelian (anti-)self-dual nonperturbative gluon fields.
This factor is also responsible for the absence of a pole in the
propagator which would correspond to the color charged
particles in the spectrum. In the infrared limit, the dressing
function behaves asp2=Λ2, where scaleΛ is exactly the same
for the tree-level (solid line) and UV-corrected (dashed line)
dressing functions in Fig. 7. In our approach, scaleΛ, a gluon
gap, is related to the scalar gluon condensate represented in
terms of the Abelian (anti-)self-dual vacuum fields. It is also
notable that the identification of this gap with a kind of
literally understood gluon mass would be misleading.
The lattice calculation of the Landau gauge propagators

for SUð2Þ Yang-Mills theory [45] based on smearing of the
gluon configuration has indicated that though smearing

 0

 1

 2

 3

 0.1  1  10

p

α(0)G(p)
α(p)G(p)

 0

 1

 2

 3

 0.1  1  10

p

α(0)p2G(p)
α(p)p2G(p)

α(p)

FIG. 7. Momentum dependence of the gluon propagator (lhs plot) and dressing function (rhs plot) without (solid line) and with
(dashed line) accounting for the running of the strong coupling constant αsðpÞ (dotted line) modeled by the function (29). The dashed
line reproduces the shape of the Landau gauge dressing function of gluons calculated within the functional renormalization group [38]
and lattice QCD [40,41], as well as a part of the input gluon propagator used in the approaches based on combined Dyson-Schwinger
and Bethe-Salpeter equations [42–44].
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leads to a suppression of ultraviolet physics, the infrared
and midmomentum behavior remains nontrivial. It was
concluded that the long-distance behavior of the propa-
gators appeared to be dominated by self-dual configura-
tions, in line with the arguments in [46–48] and in overall
qualitative agreement with the present consideration.

C. Quark propagator, confinement, and chiral
symmetry: DSE vs scaling in the Abelian

(anti-)self-dual background

Qualitative analysis of the scaling properties can
be done with regard to the quark propagator. The tree-
level propagator (9) takes into account the background
Abelian (anti-)self-dual field exactly and completely
neglects perturbative radiative corrections. In this approxi-
mation, the quark mass has a meaning of the IR limit of the
effective running mass.

The propagator has complicated Dirac structure (10),
which includes the complete set of Dirac matrices ΓJ

with corresponding form factors HJðp2Þ (J ¼ S, P, V, A,
T). For the case of constant quark mass, mð0Þ functions
HJðp2Þ and corresponding dressing functions p2HJðp2Þ
are shown in Fig. 8. At large Euclidean momentum (short
distance), the scalar and vector dressing functions tend to
unity while the rest of the functions vanish quickly, and
the propagator approaches the free Dirac propagator with
mass mð0Þ.
Mass corrections to the quark propagator (see Fig. 9)

assume the emergence of momentum dependent quark
mass. If one switches on the momentum dependence of the
quark masses and naturally assumes that m2ðpÞ ≪ p2 at
large momenta p2 ≫ 1 (we use here dimensionless nota-
tion p2 ¼ p2=2vΛ2, m2 ¼ m2=2vΛ2), then the following
simple asymptotic relations hold:

HV ¼
Z

1

0

ds
�
1 − s
1þ s

�
m2ðpÞ=2

e−p
2s !p

2→∞ 1

p2 þm2ðpÞ þOðe−p2Þ;

HA ¼
Z

1

0

ds

�
1 − s
1þ s

�
m2ðpÞ=2

se−p
2s !p

2→∞ 1

ðp2 þm2ðpÞÞ2 þOðe−p2Þ;

HS ¼
Z

1

0

ds

�
1 − s
1þ s

�
m2ðpÞ=2 1

1 − s2
e−p

2s !p
2→∞ 1

p2 þm2ðpÞ þ
e−p

2

m2ðpÞ þOðe−p2Þ;

HP ¼
Z

1

0

ds

�
1 − s
1þ s

�
m2ðpÞ=2 s2

1 − s2
e−p

2s !p
2→∞ 2

ðp2 þm2ðpÞÞ3 þ
e−p

2

m2ðpÞ þOðe−p2Þ;

HT ¼ 1

2

Z
1

0

ds

�
1 − s
1þ s

�
m2ðpÞ=2 s

1 − s2
e−p

2s !p
2→∞ 1

2ðp2 þm2ðpÞÞ2 þ
e−p

2

2m2ðpÞ þOðe−p2Þ:
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FIG. 8. Momentum dependence of various form factors HJ entering the quark propagator (10) and corresponding dressing
functions (rhs plot) for the case of constant quark mass (m ¼ 145 MeV, Λ ¼ 415 MeV). Dimensionless notations are used:
p2 ¼ p2=2vΛ2.
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It should be stressed here that the first leading terms in the
above equations have the standard perturbative form while
the subleading terms are purely nonperturbative, and they
are suppressed by the Gaussian exponents. The squared
mass in the denominator of the subleading terms in the last
three form factors (J ¼ S, P, T) originates from the zero
mode contribution to the propagator. These terms are also
finite since the scaling of the mass to zero value (in the
absence of the current masses) is suppressed by the
Gaussian factor if m2ðpÞ > expð−p2Þ at asymptotically
large p2. In the limit p2 → ∞, various dressing functions
p2HJ of the quark propagator read

p2HV → 1; p2HS → 1; p2HA →
1

p2
;

p2HP →
2

ðp2Þ2 ; p2HT →
1

2p2
;

irrespective of the running of the quark mass. In particular,
the scalar dressing function multiplied by the mass ap-
proaches the running quark mass,

mðpÞp2HS → mðpÞ þ e−p
2

mðpÞ þOðmðpÞe−p2Þ:

One can see that at large momenta, the propagator
approaches the standard Dirac propagator. For intermediate
values of momenta, the dressing functions are shown on the
lhs of Fig. 10. The rhs of this figure emphasizes that the
scalar part of the dressing function multiplied by the mass
[see (10)] scales at large momentum as the running mass,
while pseudoscalar and tensor structures vanish.
Equation (16) for scalar condensates Φð0Þ

n0 suggests a
verisimilar model for the nonperturbative running constitu-
ent mass of the quarks

mðpÞ ¼ mð0Þ
X∞
n¼0

CnFn0

�
−
p2

Λ2

�
; ð30Þ

where we have returned to the dimensionful notation. The
coefficients Cn are normalized as

X∞
n¼0

CnFn0ð0Þ ¼ 1:

If contributions to the quark mass corresponding to n > 0
are neglected in Eq. (30), then the running mass in the
chiral limit

mðpÞ ¼ mð0ÞF00ðp2Þ;

F00ðpÞ ¼
�
1 − exp

�
−
p2

Λ2

�	
Λ2

p2
;

mð0Þ ¼ 1

3
gΦð0Þ ð31Þ

is defined by the equation

FIG. 9. Schematically represented mass corrections to the quark
propagator due to the constant scalar condensates Φð0Þ

n coupled to
nonlocal form factor Fn0. Summation over the radial number n is
assumed.
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FIG. 10. Momentum dependence of the scalar (solid line), pseudoscalar (long dash), vector (dash), axial (dash dot), and tensor (dot)
dressing functions (lhs plot) in the quark propagator (10) and scalar, pseudoscalar, and tensor dressing functions (rhs plot) multiplied by
the quark mass for the case of the running mass mðpÞ given in Eq. (31) [mð0Þ ¼ 145 MeV, Λ ¼ 415 MeV]. Dimensionless notation
p2=2vΛ2 → p2 is used.
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Φð0Þ −
αsΦð0Þ

9
ffiffiffi
2

p
π
Trv

1

v

Z
∞

0

dp2p2F2
00ðpÞ

×
Z

1

0

ds

�
1 − s
1þ s

�m2ðpÞ
4v 1

1 − s2
exp

�
−
p2

2v
s

�
¼ 0; ð32Þ

where we have used dimensionless notation

p2

Λ2
→ p2;

m
Λ
→ m;

Φ0

Λ
→ Φ0:

As is illustrated in Fig. 11, this equation has two solutions
Φ0ðαsÞ for any αs. The trivial solution Φ0 ¼ 0 is absent, as
the integral over s is singular in the limit Φ0 → 0 due to the
contribution of zero modes. We see that there are two
contributions to the scalar condensate: the vacuum field
itself and the four-fermion interaction. Thus, due to the
Abelian (anti-)self-dual vacuum field, the chiral symmetry
is spontaneously broken for arbitrarily small four-fermion
interaction. For the values of strong coupling constant and

scale given in Table I, αs ¼ 3.45 and Λ ¼ 416 MeV, one
arrives at the estimate mð0Þ ¼ 166 MeV, which is not that
different from the value (25). It is also very important that
the quark propagator with the running mass of the form
(30) remains an entire analytical function in the complex p2

plane, and the dynamical confinement property stays intact.
Moreover, the propagator with the running mass decreases
both in Euclidean and Minkowski domains of p2, as it is
illustrated in Fig. 12. A similar shape of the scalar and
vector form factors was reported in the Dyson-Schwinger
approach [49] and interpreted in terms of the complex
conjugated poles of the quark propagator. However, this is
not a unique interpretation, as one may conclude from the
present consideration.
The full set of constants Φð0Þ

n , which correspond to the
invariant with respect to the local gauge transformation

quark condensates hψðxÞFn0ðD
↔
ðxÞ=Λ2ÞψðxÞi, can be

obtained by means of a complete solution of Eq. (16)
including heavy flavors. Like Eq. (32), in the chiral limit
this system of equations is free from divergences, both
ultraviolet and infrared (for a discussion of analogous quark
condensates, see paper [50]). A complete solution of
Eq. (16) should allow us to use the current quark masses
as free parameters instead of the infrared limit of the
nonperturbative constituent masses.

VI. SUMMARY

In the present approach, dependence of the light meson
masses on radial quantum number n and orbital momentum
l has Regge character for n ≫ 1 or l ≫ 1, as it was shown a
long time ago [16]. The source of the Regge mass spectrum
in the model is the same as the source of dynamical color
confinement—the impact of the Abelian (anti-)self-dual
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FIG. 11. Scalar condensate Φð0Þ=Λ versus αsð0Þ is given by
solid lines; see Eq. (32).

 0

 2

 4

 6

 8

-10 -5  0  5  10

H
J

p2

S
P
V
A
T

 0

 2

 4

 6

 8

 10

-10 -5  0  5  10

m
(p

)H
J

p2

S
P
T

FIG. 12. Momentum dependence of the scalar (solid line), pseudoscalar (long dash), vector (dash), axial (dash dot), and tensor (dot)
form factors (lhs plot) in the quark propagator (10), and scalar, pseudoscalar, and tensor form factors (rhs plot) multiplied by the quark
mass for the case of the running mass mðpÞ given in Eq. (31) with [mð0Þ ¼ 145 MeV, Λ ¼ 415 MeV]. Dimensionless notation
p2=2vΛ2 → p2 is used.
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background fields onto gluon and quark propagators
resulting in the absence of singularities in propagators in
the whole complex momentum plane. The Gaussian expo-
nential dependence of propagators on momentum is of
particular importance for the strictly equidistant spectrum
of M2

nl (see a highly instructive consideration of the toy
nonlocal Kutkosky model in papers [51,52]). The non-
diagonal in radial number terms in the quadratic part of the
action were neglected in our previous estimations [25,28].
The results of the improved computation with proper
diagonalization are given in Tables II–V. Diagonalization
significantly changes the values of the parameters of the
model but does not affect the main features of the model.
The values of parameters given in Table I were fitted to
ground-state mesons π, ρ, K, K�, η0, J=ψ ,ϒ. The rest of the
masses, decay, and transition constants were computed
straightforwardly without further tuning of the parameters.
In particular, the same strong coupling constant was taken
for light, heavy-light mesons, and heavy quarkonia.
Diagonalization in combination with chiral symmetry
implementation turned out to be crucial for computation
of leptonic decay constants fP for radially excited states. In
comparison with available experimental data, the overall
accuracy of the model is about 11%–15% (with very few
exceptions like gVγ for heavy quarkonia).
In the Discussion section, we touched on several

important issues related to the chiral symmetry implemen-
tation, comparison with Landau gauge FRG, DSE, and
LQCD results for propagators, and the interrelation of the

present formalism with AdS/QCDmodels. The preliminary
conclusion which can be made with regard to the ab initio
functional methods (FRG and DSE) as well as LQCD is
that the collective intermediate range gluon configurations
represented by the statistical ensemble of Abelian (anti-)
self-dual fields seem to reproduce the general infrared
properties of the quark and gluon propagators seen in the
numerical calculations.
At the same time, representation (28) drops a hint about a

bridge between the form of the gluon and quark propa-
gators, in particular, the ones obtained within FRG/DSE
calculations, the propagators determined by the collective
intermediate range gluon configurations responsible for
condensates, and soft-wall AdS/QCD models. Thus, rep-
resentation (28) can be useful for studying the relations
between a wide range of viewpoints on confinement and
hadron properties, including such characteristic property as
the Regge spectrum of hadron masses. More systematic
consideration of all these possible relations between differ-
ent approaches will be presented elsewhere.
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APPENDIX A: Uð1Þ GAUGING OF THE NONLOCAL MESON ACTION

Let us start with the generating functional

Z ¼
Z

dσvacDqDq exp

�
−
Z Z

d4xd4yqfðxÞS−1f ðx; yjBÞqfðyÞ þ g2
X
aJ

CJ

Z Z
d4xd4yDðyjΛ2ÞJ†aJðx; yÞJaJðx; yÞ

�
:

Bilocal currents JaJðx; yÞ are

JaJðx; yÞ ¼ qfðxþ ξyÞMa
ff0Γ

J exp

�
−i
Z

x−ξ0y

xþξy
dzμB̂μðzÞ

	
qf0 ðx − ξ0yÞ ξ ¼ mf0

mf þmf0
; ξ0 ¼ mf

mf þmf0
:

To make the Lagrangian gauge invariant, one performs substitution

∂μ → ∂μ − iefAμðxÞ
and insert the term [54]

exp

�
−ief

Z
x

xþξy
dzμAμðzÞ − ief0

Z
x−ξ0y

x
dzμAμðzÞ

	

in JaJðx; yÞ. The bilocal current takes the form

JaJðx; yjAÞ ¼ qfðxþ ξyÞMa
ff0Γ

J exp

�
−i
Z

x−ξ0y

xþξy
dzμB̂μðzÞ − ief

Z
x

xþξy
dzμAμðzÞ − ief0

Z
x−ξ0y

x
dzμAμðzÞ

	
qf0 ðx − ξ0yÞ:
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Expanding JaJðx; yjAÞ in powers of electric charge e, one obtains

JaJðx; yjAÞ ¼ JaJðx; yÞ
�
1 − ief

Z
x

xþξy
dzμAμðzÞ − ief0

Z
x−ξ0y

x
dzμAμðzÞ þ � � �

�
:

Integrals may be evaluated along the straight line:

i
Z

x−ξ0y

xþξy
dzμB̂μðzÞ ¼ −

i
2
xμB̂μνyν;Z

b

a
dzμAμðzÞ ¼

Z
b

a
dzμ

Z
d4p
ð2πÞ4

~AμðpÞeipz ¼
Z

d4p
ð2πÞ4

~AμðpÞ
Z

b

a
dzμeipz;Z

b

a
dzμeipz ¼

Z
1

0

dτðb − aÞμeipðaþτðb−aÞÞ ¼ eipa
Z

1

0

dτ
1

iτ
∂

∂pμ
eipτðb−aÞ;

Z
x

xþξy
dzμAμðzÞ ¼ −

Z
xþξy

x
dzμAμðzÞ ¼ −

Z
d4p
ð2πÞ4

~AμðpÞeipx
Z

1

0

dτ
1

iτ
∂

∂pμ
eipτξy;

Z
x−ξ0y

x
dzμAμðzÞ ¼

Z
d4p
ð2πÞ4

~AμðpÞeipx
Z

1

0

dτ
1

iτ
∂

∂pμ
eipτð−ξ0yÞ:

Expansion of the bilocal current up to the first power in charge may be rewritten as

JaJðx; yjAÞ ¼ JaJðx; yÞ
�
1þ

Z
d4p
ð2πÞ4

~AμðpÞeipx
Z

1

0

dτ
1

iτ
∂

∂pμ
fiefeipτξy − ief0eipτð−ξ

0yÞg þ � � �
�
: ðA1Þ

Now, variable y may be integrated out:

VaJln
A ðxÞ ¼

Z
1

0

dτ
1

τ

∂
∂pμ

fefVaJlnð∇↔ðxÞ þ ipτξÞ − ef0VaJlnð∇↔ðxÞ − ipτξ0Þg: ðA2Þ

For example, the interaction of a ground-state meson with quark current and electromagnetic field is described by the vertex

VaJ00
A ¼ Ma

ff0Γ
J

Z
1

0

dτ
1

τ

∂
∂pμ

Z
1

0

dt

�
ef exp

�
t
Λ2

ð∇↔ þ ipτξÞ2
	
− ef0 exp

�
t
Λ2

ðD
↔
− ipτξ0Þ2

	�
;

where p is momentum of electromagnetic field.

APPENDIX B: SUð2ÞL × Uð1ÞY GAUGING OF THE MESON LAGRANGIAN

Quark fields

Q ¼ ðu; c; t; d; s; bÞT

that diagonalize mass matrix and Higgs interaction are transformed as

Qω;ε ¼ exp

�
igω3T3

u þ ig0YLε igV ω1−iω2

2

igV† ω1þiω2

2
igω3T3

d þ ig0YLε

�
QL þ exp

�
ig0Quε 0

0 ig0Qdε

�
QR

under the action of SUð2ÞL × Uð1ÞY, where V is CKM matrix. The following notations are employed:

L ¼ 1 − γ5
2

; R ¼ 1þ γ5
2

; ta ¼ σa

2
;

YL ¼ 1

6
; YR ¼

� 2
3

0

0 − 1
3

�
¼
�
Qu 0

0 Qd

�
; t3 ¼

� 1
2

0

0 − 1
2

�
¼
�
T3
u 0

0 T3
d

�
; t3 þ YL ¼

�
Qu 0

0 Qd

�
:
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To provide gauge invariance of the Lagrangian, bilocal current

JaJðx; yÞ ¼ Qfðxþ ξyÞMa
ff0Γ

J exp

�
−i
Z

x−ξ0y

xþξy
dzμĜμðzÞ

	
Qf0 ðx − ξ0yÞ

¼ ðQfLðxþ ξyÞ þQfRðxþ ξyÞÞMa
ff0Γ

J exp

�
−i
Z

x−ξ0y

xþξy
dzμĜμðzÞ

	
ðQf0Lðx − ξ0yÞ þQf0Rðx − ξ0yÞÞ

is modified in the following way:

JaJðx; yÞ →
(
QLðxþ ξyÞP exp

"Z
x

xþξy
dzμ

 −ieQuAμ − ig T3
u−sin2θWYL
cos θW

Zμ −i gffiffi
2

p VWþ
μ

−i gffiffi
2

p V†W−
μ −ieQdAμ − ig

T3
d−sin

2θWYL

cos θW
Zμ

!#

þQRðxþ ξyÞ exp
"Z

x

xþξy
dzμ

 
−ieQuAμ þ ig sin2θW

cos θW
QuZμ 0

0 −ieQdAμ þ ig sin2θW
cos θW

QdZμ

!#)
f

×Ma
ff0Γ

J exp

�
−i
Z

x−ξ0y

xþξy
dzμĜμðzÞ

	

×

(
P exp

"Z
x−ξ0y

x
dzμ

 −ieQuAμ − ig T3
u−sin2θWYL
cos θW

Zμ −i gffiffi
2

p VWþ
μ

−i gffiffi
2

p V†W−
μ −ieQdAμ − ig

T3
d−sin

2θWYL

cos θW
Zμ

!#
QLðx − ξ0yÞ

þ exp

"Z
x−ξ0y

x
dzμ

 
−ieQuAμ þ ig sin2θW

cos θW
QuZμ 0

0 −ieQdAμ þ ig sin2θW
cos θW

QdZμ

!#
QRðx − ξ0yÞ

)
f0

;

W�
μ ¼ W1

μ∓iW2
μffiffiffi

2
p ; Aμ ¼

g0W3
μ þ gBμffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

p ; Zμ ¼
gW3

μ − g0Bμffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

p ;

e ¼ gg0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

p ; cos θW ¼ gffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

p ; sin θW ¼ g0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

p ;

where P is path antiordering (higher values of path parameter stand to the right).
Now we are ready to investigate first-order perturbative expansion of the bilocal current. Let us consider an example of

Wþ interaction with a charged meson. The term describing the interaction of the meson with the quark current and Wþ is

�
QLðxþ ξyÞ

Z
x

xþξy
dzμ

�
0 −i gffiffi

2
p VWþ

μ

0 0

��
f

Ma
ff0Γ

J exp

�
−i
Z

x−ξ0y

xþξy
dzμĜμðzÞ

	
Qf0 ðxþ ξ0yÞ

þQðxþ ξyÞMa
ff0Γ

J exp

�
−i
Z

x−ξ0y

xþξy
dzμĜμðzÞ

	�Z
x−ξ0y

x
dzμ

�
0 −i gffiffi

2
p VWþ

μ

0 0

�
QLðx − ξ0yÞ

�
f0

¼ −i
gffiffiffi
2

p Qf1ðxþ ξyÞ exp
�
−i
Z

x−ξ0y

xþξy
dzμĜμðzÞ

	

×

�
RΓJ

�
0 V

0 0

�
f1f

Ma
ff0δf0f2

Z
x

xþξy
dzμWþ

μ þ ΓJLδf1fM
a
ff0

�
0 V

0 0

�
f0f2

Z
x−ξ0y

x
dzμWþ

μ

�
Qf2ðx − ξ0yÞ:

Proceeding in the way analogous to (A1) and integrating out relative coordinate y, we write the desired vertex as

VaJln
Wþf1f2

¼ gffiffiffi
2

p
Z

1

0

dτ
1

τ

∂
∂pμ

�
R

�
0 V

0 0

�
f1f

VaJln
ff0 ðD

↔
ðxÞ þ ipτξÞδf0f2 − δf1fV

aJln
ff0 ðD

↔
ðxÞ − ipτξ0Þ

�
0 V

0 0

�
f0f2

L

�
:

SERGEI N. NEDELKO and VLADIMIR E. VORONIN PHYSICAL REVIEW D 93, 094010 (2016)

094010-22



[1] R. P. Feynman, M. Kislinger, and F. Ravndal, Phys. Rev. D
3, 2706 (1971).

[2] H. Leutwyler and J. Stern, Phys. Lett. 73B, 75 (1978).
[3] H. Leutwyler and J. Stern, Ann. Phys. (N.Y.) 112, 94

(1978).
[4] H. Leutwyler and J. Stern, Phys. Lett. 69B, 207 (1977).
[5] H. Leutwyler and J. Stern, Nucl. Phys. B133, 115 (1978).
[6] H. Leutwyler and J. Stern, Nucl. Phys. B157, 327 (1979).
[7] A. Karch, E. Katz, D. T. Son, and M. A. Stephanov, Phys.

Rev. D 74, 015005 (2006).
[8] G. F. de Teramond and S. J. Brodsky, Phys. Rev. Lett. 94,

201601 (2005).
[9] S. J. Brodsky and G. F. de Teramond, Phys. Rev. Lett. 96,

201601 (2006).
[10] G. F. de Teramond and S. J. Brodsky, Phys. Rev. Lett. 102,

081601 (2009).
[11] A. Deur, S. J. Brodsky, and G. F. de Téramond, Phys. Lett.

757B, 275 (2016).
[12] R. Swarnkar and D. Chakrabarti, Phys. Rev. D 92, 074023

(2015).
[13] T. Gutsche, V. E. Lyubovitskij, I. Schmidt, and A. Vega,

Phys. Rev. D 91, 114001 (2015).
[14] J. R. Forshaw and R. Sandapen, Phys. Rev. Lett. 109,

081601 (2012).
[15] T. Gherghetta, J. I. Kapusta, and T. M. Kelley, Phys. Rev. D

79, 076003 (2009).
[16] G. V. Efimov and S. N. Nedelko, Phys. Rev. D 51, 176

(1995).
[17] H. Leutwyler, Nucl. Phys. B179, 129 (1981).
[18] H. Leutwyler, Phys. Lett. 96B, 154 (1980).
[19] P. Minkowski, Phys. Lett. 76B, 439 (1978).
[20] S. N. Nedelko and V. E. Voronin, Eur. Phys. J. A 51, 45

(2015).
[21] H. Pagels and E. Tomboulis, Nucl. Phys. B143, 485 (1978).
[22] A. Eichhorn, H. Gies, and J. M. Pawlowski, Phys. Rev. D

83, 045014 (2011).
[23] B. V. Galilo and S. N. Nedelko, Phys. Part. Nucl. Lett. 8, 67

(2011).
[24] D. P. George, A. Ram, J. E. Thompson, and R. R. Volkas,

Phys. Rev. D 87, 105009 (2013).
[25] J. V. Burdanov, G. V. Efimov, S. N. Nedelko, and S. A.

Solunin, Phys. Rev. D 54, 4483 (1996).
[26] A. C. Kalloniatis and S. N. Nedelko, Phys. Rev. D 64,

114025 (2001).
[27] P. Olesen, Nucl. Phys. B200, 381 (1982).
[28] A. C. Kalloniatis and S. N. Nedelko, Phys. Rev. D 69,

074029 (2004).

[29] L. D. Faddeev, arXiv:0911.1013.
[30] A. C. Kalloniatis and S. N. Nedelko, Phys. Rev. D 73,

034006 (2006).
[31] J. Praschifka, C. D. Roberts, and R. T. Cahill, Phys. Rev. D

36, 209 (1987).
[32] K. A. Olive et al. (Particle Data Group), Chin. Phys. C 38,

090001 (2014).
[33] R. J. Dowdall, C. T. H. Davies, T. C. Hammant, and R. R.

Horgan, Phys. Rev. D 86, 094510 (2012).
[34] Z. Dolezal (ATLAS Collaboration), Proc. Sci., Bormio2015

(2015) 035.
[35] A. Holl, A. Krassnigg, and C. D. Roberts, Phys. Rev. C 70,

042203 (2004).
[36] A. L. Kataev, N. V. Krasnikov, and A. A. Pivovarov, Phys.

Lett. 123B, 93 (1983).
[37] S. G. Gorishnii, A. L. Kataev, and S. A. Larin, Phys. Lett.

135B, 457 (1984).
[38] M. Mitter, J. M. Pawlowski, and N. Strodthoff, Phys. Rev. D

91, 054035 (2015).
[39] C. S. Fischer, A. Maas, and J. M. Pawlowski, Ann. Phys.

(Amsterdam) 324, 2408 (2009).
[40] P. O. Bowman, U. M. Heller, D. B. Leinweber, M. B.

Parappilly, and A. G. Williams, Phys. Rev. D 70, 034509
(2004).

[41] A. Sternbeck, E.-M. Ilgenfritz, M. Muller-Preussker, A.
Schiller, and I. L. Bogolubsky, Proc. Sci., LAT2006 (2006)
076.

[42] P. Maris and P. C. Tandy, Phys. Rev. C 60, 055214 (1999).
[43] C. S. Fischer, S. Kubrak, and R. Williams, Eur. Phys. J. A

50, 126 (2014).
[44] S. M. Dorkin, L. P. Kaptari, and B. Kämpfer, Phys. Rev. C

91, 055201 (2015).
[45] A. Maas, Eur. Phys. J. C 75, 122 (2015).
[46] A. Maas, Eur. Phys. J. C 48, 179 (2006).
[47] A. Maas, Nucl. Phys. A790, 566 (2007).
[48] P. Boucaud, F. De Soto, A. Le Yaouanc, J. Leroy, J. Micheli,

O. Pène, and J. Rodríguez-Quintero, Phys. Rev. D 70,
114503 (2004).

[49] N. Souchlas, J. Phys. G 37, 115001 (2010).
[50] A. E. Dorokhov, Eur. Phys. J. C 42, 309 (2005).
[51] G. V. Efimov and G. Ganbold, Phys. Rev. D 65, 054012

(2002).
[52] A. C. Kalloniatis, S. N. Nedelko, and L. von Smekal, Phys.

Rev. D 70, 094037 (2004).
[53] T. W. Chiu et al. (TWQCD Collaboration), Proc. Sci.,

LAT2006 (2007) 180.
[54] J. Terning, Phys. Rev. D 44, 887 (1991).

REGGE SPECTRA OF EXCITED MESONS, HARMONIC … PHYSICAL REVIEW D 93, 094010 (2016)

094010-23

http://dx.doi.org/10.1103/PhysRevD.3.2706
http://dx.doi.org/10.1103/PhysRevD.3.2706
http://dx.doi.org/10.1016/0370-2693(78)90175-2
http://dx.doi.org/10.1016/0003-4916(78)90082-9
http://dx.doi.org/10.1016/0003-4916(78)90082-9
http://dx.doi.org/10.1016/0370-2693(77)90645-1
http://dx.doi.org/10.1016/0550-3213(78)90171-2
http://dx.doi.org/10.1016/0550-3213(79)90509-1
http://dx.doi.org/10.1103/PhysRevD.74.015005
http://dx.doi.org/10.1103/PhysRevD.74.015005
http://dx.doi.org/10.1103/PhysRevLett.94.201601
http://dx.doi.org/10.1103/PhysRevLett.94.201601
http://dx.doi.org/10.1103/PhysRevLett.96.201601
http://dx.doi.org/10.1103/PhysRevLett.96.201601
http://dx.doi.org/10.1103/PhysRevLett.102.081601
http://dx.doi.org/10.1103/PhysRevLett.102.081601
http://dx.doi.org/10.1016/j.physletb.2016.03.077
http://dx.doi.org/10.1016/j.physletb.2016.03.077
http://dx.doi.org/10.1103/PhysRevD.92.074023
http://dx.doi.org/10.1103/PhysRevD.92.074023
http://dx.doi.org/10.1103/PhysRevD.91.114001
http://dx.doi.org/10.1103/PhysRevLett.109.081601
http://dx.doi.org/10.1103/PhysRevLett.109.081601
http://dx.doi.org/10.1103/PhysRevD.79.076003
http://dx.doi.org/10.1103/PhysRevD.79.076003
http://dx.doi.org/10.1103/PhysRevD.51.176
http://dx.doi.org/10.1103/PhysRevD.51.176
http://dx.doi.org/10.1016/0550-3213(81)90252-2
http://dx.doi.org/10.1016/0370-2693(80)90234-8
http://dx.doi.org/10.1016/0370-2693(78)90901-2
http://dx.doi.org/10.1140/epja/i2015-15045-8
http://dx.doi.org/10.1140/epja/i2015-15045-8
http://dx.doi.org/10.1016/0550-3213(78)90065-2
http://dx.doi.org/10.1103/PhysRevD.83.045014
http://dx.doi.org/10.1103/PhysRevD.83.045014
http://dx.doi.org/10.1134/S1547477111020051
http://dx.doi.org/10.1134/S1547477111020051
http://dx.doi.org/10.1103/PhysRevD.87.105009
http://dx.doi.org/10.1103/PhysRevD.54.4483
http://dx.doi.org/10.1103/PhysRevD.64.114025
http://dx.doi.org/10.1103/PhysRevD.64.114025
http://dx.doi.org/10.1016/0550-3213(82)90094-3
http://dx.doi.org/10.1103/PhysRevD.69.074029
http://dx.doi.org/10.1103/PhysRevD.69.074029
http://arXiv.org/abs/0911.1013
http://dx.doi.org/10.1103/PhysRevD.73.034006
http://dx.doi.org/10.1103/PhysRevD.73.034006
http://dx.doi.org/10.1103/PhysRevD.36.209
http://dx.doi.org/10.1103/PhysRevD.36.209
http://dx.doi.org/10.1088/1674-1137/38/9/090001
http://dx.doi.org/10.1088/1674-1137/38/9/090001
http://dx.doi.org/10.1103/PhysRevD.86.094510
http://dx.doi.org/10.1103/PhysRevC.70.042203
http://dx.doi.org/10.1103/PhysRevC.70.042203
http://dx.doi.org/10.1016/0370-2693(83)90966-8
http://dx.doi.org/10.1016/0370-2693(83)90966-8
http://dx.doi.org/10.1016/0370-2693(84)90315-0
http://dx.doi.org/10.1016/0370-2693(84)90315-0
http://dx.doi.org/10.1103/PhysRevD.91.054035
http://dx.doi.org/10.1103/PhysRevD.91.054035
http://dx.doi.org/10.1016/j.aop.2009.07.009
http://dx.doi.org/10.1016/j.aop.2009.07.009
http://dx.doi.org/10.1103/PhysRevD.70.034509
http://dx.doi.org/10.1103/PhysRevD.70.034509
http://dx.doi.org/10.1103/PhysRevC.60.055214
http://dx.doi.org/10.1140/epja/i2014-14126-6
http://dx.doi.org/10.1140/epja/i2014-14126-6
http://dx.doi.org/10.1103/PhysRevC.91.055201
http://dx.doi.org/10.1103/PhysRevC.91.055201
http://dx.doi.org/10.1140/epjc/s10052-015-3342-8
http://dx.doi.org/10.1140/epjc/s10052-006-0003-y
http://dx.doi.org/10.1016/j.nuclphysa.2007.03.096
http://dx.doi.org/10.1103/PhysRevD.70.114503
http://dx.doi.org/10.1103/PhysRevD.70.114503
http://dx.doi.org/10.1088/0954-3899/37/11/115001
http://dx.doi.org/10.1140/epjc/s2005-02317-7
http://dx.doi.org/10.1103/PhysRevD.65.054012
http://dx.doi.org/10.1103/PhysRevD.65.054012
http://dx.doi.org/10.1103/PhysRevD.70.094037
http://dx.doi.org/10.1103/PhysRevD.70.094037
http://dx.doi.org/10.1103/PhysRevD.44.887

